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ABSTRACT

In this thesis we use the method of matched asymptotic coordinate expansions to examine
in detail the structure of the large-time solution of initial-value problems based on a class
of Burgers’ equations with time dependent coefficients. The normalized nonlinear paritial

differential equation considered is given by
wy + tuuy, = Uy, —O00<x <00, t>0.

where x and t represent dimensionless distance and time respectively, and § (> —1) is a
constant. In particular, we are interested in the emergence of coherent structures (com-
posed of the expansion wave, Taylor shock wave profile, Rudenko-Soluyan wave profile,

and the error function wave profile) in the large-time solution of the problems considered.
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CHAPTER 1

INTRODUCTION

Nonlinear evolution equations arise in the modelling of a wide range of physical phenom-
ena. However, the vast majority of these nonlinear partial differential equations cannot be
solved by existing methods (such as the inverse scattering method). Indeed, issues relating
to the global existence and uniqueness of solutions to many important and well-studied
nonlinear partial differential equations remain unresolved and are open areas of research.
For equations for which no current methods of solution are applicable researchers must
approach the initial-value or initial-boundary value problems based on these equations by
a combination of numerical and asymptotic methods. This powerful combined approach
often leads to a significant understanding of the large-time solution of the problem under
investigation, and provides valuable information that analysts can use to develop new
methods of solution.

In this thesis, we shall use the method of matched asymptotic coordinate expansions
to obtain the complete large-time solution of an initial-value problem based on Burgers’
equation when the coefficients are time dependent. Specifically, the case when the coeffi-
cients are algebraic functions of time will be discussed in detail. We note that this problem
is not tractable by existing methods. Before specifying the problem to be considered in

this thesis we begin by a historical review of Burgers’ equation followed by reviewing the



classical Burgers’ Equation.

1.1 Historical Review of Burgers’ Equation

Burgers’ equation plays a crucial role in applied mathematics, physics, mechanics and
biology. It was first introduced by Bateman [6] in 1915 when he derived the classical
Burgers’ equation in a physical situation and obtained its steady solutions. In 1948, J.M.
Burgers [10] emphasized the importance of this equation as a model in the theory of tur-
bulence. Since then the classical Burgers’ equation has found applications in many areas
of research (including fluid dynamics [19, 31, 42, 44] and gas dynamics [2, 18]). Conse-
quently many studies have analytically or numerically developed solutions for Burgers’
equation. In 1951, Hopf [17] and Cole [11] independently noted the remarkable result
that can transform Burgers’ equation to the linear heat equation, which is known as
the Cole-Hopf transformation. At the same time, Cole [11] found that the solution of
Burgers’ equation has the typical features of a shock wave, i.e. the nonlinear term of
Burgers’ equation tends to steepen the wave fronts, while the viscous term of Burgers’
equation prevents the formation of actual discontinuities. In 1972, Benton and Platzman
[8] presented specific exact solutions of the one dimensional Burgers’ equation. At the
same time, a Morgan-Michal method was applied to Burgers’ equation by Ames [4] to
determine the proper groups for Burgers’ equation without taking the auxiliary condi-
tions. Subsequently, in 1980, Varoglu and Finn [41] applied a new finite-element method
based on the space-time elements and characteristics to solve numerically the Burgers’
equation. In 1983, Weiss et al., [45] developed the Painlevé property for partial differen-
tial equations and showed how to determine the integrability, the Backlund transforms,
the linearizing transforms, and the Lax pairs for Burgers’ equation. From an applications
perspective, Vorus [43] discussed the exact solutions to Burgers’ equation on a moving

medium with a sinusoidal excitation. Subsequently, in 1993, Peralta-Fabi and Plaschko



[30], studied the stability and the bifurcation of classes of solutions to Burgers’ equa-
tion after adding an integral term, representing nonlocal behavior, to the normal form
of the equation describing flow through porous media. From a computational perspec-
tive, in 1999, Kutluay, Bahadir and Ozdes [20] developed explicit and exact-explicit finite
difference methods for the one-dimensional Burgers’ equation. In 2010, a simple numeri-
cal method presented by Asaithambi [5] to compute the solution of the one-dimensional
Burgers’ equation by marched the solution in time using a Taylor series expansion. In
2012, a collocation method for solving Burgers’ equation based on using modified cubic
B-splines basis functions was developed by Mittal and Jain [27]. In 2013, Biiytikasik and
Pashaev [7], found and discussed exact solutions of Burgers’ equations with time vari-
able coefficients. In 2015, Hanac [15], studied the large-time solution of an initial-value
problem and initial-boundary value problem for Burgers’ equation with the constant co-
efficient by using method of matched asymptotic coordinate expansions. At the same
year, a linearization method for Burgers equation with time dependent coefficients and
nonlinear forcing term was investigated by Schulze-Halberg [35]. In this paper, the results
were compared with the previously reported results in [7]. In 2016, Ali Suliman et al [3]
presented the complete structure of the large-time solution of an initial-value problem
and initial-boundary value problem for the Burgers’ equation with variable coefficients
by using method of matched asymptotic coordinate expansions. In this thesis the results

that have found in [3] have been explained in detail.

1.2 The Classical Burgers’ Equation with Constant

Coefficients

Burgers’ equation named after Johannes Martinus Burgers (1895 -1981) is given by

Up + Uy = Uy (1.1)



where the parameter p (> 0) is a measure of viscous diffusion, u is velocity, = and
t represent distance and time respectively. Burgers’ equation is a canonical equation
combining both nonlinear and diffusive effects and as such arises in the modelling of
a wide variety of physical phenomena. A short history of Burgers’ equation is given in

Section 1.1. It is convenient at this stage to non-dimensionalize equation (1.1). On writing

x=1r, u=uu, t= <L>t', (1.2)

where [ is a typical length scale and uy is a typical scale for u, equation (1.1) becomes (on

dropping the primes for convenience),
U + Uty = Dy, (1.3)

where D = uiol is a dimensionless parameter related to the Reynolds number via Re = 1/D.
We further note that the Cole-Hopf transformation (see [11] and [17]) allows the general
solution to (1.3) to be obtained explicity. In particular, following [46], the initial-value

problem

Uy +utty — Dug, =0, —oco<z<oo, t>0, (1.4)
u(z,0) = F(z), —oo<uz < o0, (1.5)

has the solution

u(x,t) = = ® 1.6
= (1.6

where
G(n;x,t) = % + /077 F(n)dn'. (1.7)



In the case of discontinuous initial data of the form

U_, x <0,
F(zx) = (1.8)

Uy, x>0,

where uy < u_, the solution can be written as

(u- —uy)

u(z,t) = uy + — — (1.9)
1+ h(x,t) e[< o (a5
where . ,
f, (z—uyt) 6_5 dé.
h(x,t) = —ml2 1.10
Vibt

For fixed ¥ in the range u, < % < wu_, the function h(z,t) — 1 as ¢ — oo, and the

solution approaches the Taylor shock ([17])

(e, t) = uy + ("fu_uff) . with U=t (1.11)
1 + e|: 5D (wat)} 2
When D = 0 equation (1.4) becomes the inviscid Burgers’ equation
uy + uu, = 0. (1.12)

This equation is considered a prototype for nonlinear hyperbolic equations and conser-
vation laws in general and it appears in studies of gas dynamics and traffic flow. It is
important to note that the solution to equation (1.12) when the initial data has a discon-

tinuous expansive step, given by

u(z,0) = (1.13)



where uy > u_, can be readily obtained (see for example [46])

U_, T <u_t,
u(z,t) =4 u_t < x < ut, (1.14)
Uy, T > uyt.

which is known as a rarefaction wave.

However, it is important to note that in many applications of acoustic waves (see, for
example [12] and [37]) the coefficient of uu, in equation (1.3) is in fact regularly approxi-
mated by a constant when in fact it is a function of time. It is therefore clearly important
to extend our knowledge of the classical Burgers’ equation by considering Burgers’ equa-

tion when the coefficients are functions of time.

1.3 Discussion of Burgers’ Equation when the Coef-

ficients are Functions of Time

In this thesis we consider an initial-value problem for Burgers’ equation with time depen-

dent coefficients [3], namely

u + (), = V(t)ug,, —oo<z<oo, t>0, (1.15)
u(z,0) = up(x), —oo <z <00, (1.16)

u_, T — —00,
u(z,t) — t>0, (1.17)

Ug, T — 00,

where u_ and u, (# u_) are parameters and the functions ®(¢) and W(¢) are algebraic

functions of time t. Further, we consider the situation when the initial data ug: R — R



is continuously differentiable and has algebraic decay as |z| — oco. Specifically,

uy + G + O(E(|z)) as T — 00,
up(z) = (1.18)

u_ + (f‘xL)W + O(E(]z])) as r — —00,

where E(|z|) is linearly exponentially small in = as |z| — oo, Ag (# 0), Ay (£ 0)
and v (> 0) are constants. We consider the cases when u, > u_ and when u, < u_
separately, with A < 0 and Ay > 0 when u, > u_ and Az > 0 and Ay, < 0 when
uy < u_. We henceforth refer to the initial-value problem (1.15), (1.16) and (1.18) as
IVP" when u; > u_ and IVP~ when u; < u_. We note that equation (1.15) is related

to the generalized Burgers’ equation
Uy + 00, + f(T)U = gy, (1.19)

where f(7) =4 (ln %), via the transformation

vz, T) = 0 u(z,t), 7= / U(s)ds. (1.20)

We observe that when f(7) = 0, equation (1.19) reduces to the classical Burgers’ equation
discussed in Section 1.2.

The generalized Burgers’ equation (1.19) appears in many applications, (see [9, 22,
33, 34]) and has been discussed in many situations where f(t) # 0. For example, when
f(t) = —1, equation (1.19) provides a simple model of nonlinear interaction of long wave
pumping with short wave dissipation [16], while when f(¢) = 2 (where A is constant)
equation (1.19) describes the propagation of finite-amplitude sound waves in ducts of

variable cross sectional area ([13], [14], [29], [36]). However, it has been noted in [28] that

there is no Bécklund transformation for the generalized Burgers’ equation (1.19), and



hence it is doubtful that a linearizing transformation such as the Cole-Hopf transformation
exists in this case. Therefore, other methods of solution need to be investigated for this
important class of equation.

In Leach [23], the complete large-time solution to IVP* and IVP~ have been consid-

ered for the cases when

via the method of matched asymptotic coordinate expansions. This analysis established
that in case (i) the form of the large-time solutions of IVP* and IVP~ depends on the
problem parameters u, and w_. In particular, when u, > u_ the solution to the initial-
value problem exhibits the formation of an expansion wave, while when u, < u_ the
solution to the initial-value problem exhibits the formation of a localized Taylor shock
profile. In both cases the large-time attractor connects u = uy to v = u_. In case (ii),
the form of the large-time solution of IVP' and IVP™ are independent of the problem
parameters and exhibits the formation of an error function profile connecting u = u, to
u=u_ .

In this thesis we extend the analysis presented in [23] and consider the case when

dt)=1" (§>-1), Vt)=1. (1.21)

The objective is to obtain, via the method of matched asymptotic coordinate expansions,
a uniform asymptotic approximation to the solution of initial-value problems IVP* and
IVP~ as t — oo. The methodology used follows that given in [25] and [26].

For completeness we note that there is no loss of generality in considering equation

(1.15) (with (1.21)). To illustrate this point we consider the more general situation when



O(t) =t (@ > —1) and ¥(t) = t# (8 > —1) where a # 3. In this case equation (1.15)
becomes

U + tuuy = tPug,. (1.22)

On introducing the change of variables

u=B+1)7°U, (B+1)r =t (1.23)
where
_ (@—p) B
§= Bl (€ (—1,00)) (1.24)
equation (1.22) becomes
U, + 70U, = Uy, (1.25)

where 6 (> —1) is a constant. The relationship between the new parameter § and the
original parameters o and [ is illustrated graphically in Figure 1.1. We will return to the
(o, B) parameter plane given in Figure 1.1 later in this thesis when we relate the results
regarding to equation (1.15) (with (1.21)) to equation (1.22).

Finally, as an illustration, it is interesting to consider a specific application [3]. We
consider the dynamics of a linearly and weakly compressible viscous fluid, with time
dependent viscosity, in one spatial dimension. With u being the fluid velocity field, the
unidirectional evolution of initial finite amplitude disturbances is governed by the following

Burgers’ equation,

+ -u

/
W) 1 g, = )
2p000 2

up + (co + (1.26)

as t > 0 being time and = € R being the spatial coordinate, whilst ¢y is the linearly

compressive sound speed, pg is the ambient fluid density and p(t) is the fluid viscosity. In



§=-1,-1<6<—1% §=-1
a=-11(-1<a<2?) (8 =2a+1)

I 0=20
i (8=a)
i
|
|
|
|
|
i —l<5<0
: (55 <a<p)
|
|
|
|
|
|
i
: 6>0
: (a>p)
|
|
|
|
|
i

-1 «Q
____________ e

Figure 1.1: The («, ) parameter plane for «, 5 > —1. We recall that § = ((%jf))
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relation to this thesis, we give attention to the case where the fluid viscosity is time depen-
dent, through, for example, increase or decrease in ambient temperature. In particular,
we put,

p=p(t) = pot* (1.27)

with pg > 0 and A > —1. Thus, the fluid viscosity is increasing with ¢ > 0 when A > 1,

but decreasing with ¢ > 0 when —1 < A < 0. Now, introduce the simple transformation,

t)\
z =T — (cot—i- Ho ),
2poco

__ Mo (1+2)
T=——1 ) .
21+ N (1.2)
A
@+x)
u=(2(1+\) T (@) i
Ho
On substitution from (1.28), the partial differential equation (1.26) becomes
A
U +7 THVuU, =u,,, —o00<z<o00, T2>0, (1.29)

which is now in the form of the generalized Burgers’ equation considered in this thesis,

with, for each A € (—1, c0),

€ (~1,00). (1.30)

We observe from (1.30) that ¢ is a monotone decreasing function of A\, with § — oo as

11



A— —1Tand 6 — —1 as A — oo. In fact,

1
o€ <—1,—§) when A € (1,00),
1
§= —3 when A =1, (1.31)

)€ (—%,oo) when e (—1,1).

For transition-type initial conditions, the theory developed in this thesis determines the
detailed evolution of (1.26). Principally, we will observe that when A € (1,00) an error
function profile will develop as 7 — oo, for any u; < u_. However, for A = 1, the
Rudenko-Soluyan similarity profile will develop as 7 — oo, for any u; < u_. However,
for A € (—1,1), a Taylor shock profile will develop as 7 — oo, when u, < u_, but an

expansion wave will develop as 7 — oo, when v, > u_.

1.4 The Method of Matched Asymptotic Coordinate

Expansions

Throughout this thesis we use the nomenclature of the theory of matched asymptotic
expansions given in Van Dyke [40]. Asymptotic methods applied to nonlinear partial
differential equations have a large and rich history, and we do not propose to review the
literature on this broad topic here. Rather, we note that we will be primarily concerned
with applying the methodology developed by J.A. Leach and D.J. Needham (see [24]) in
the context of reaction-diffusion equations to the class of variable coefficient Burgers’ equa-
tions considered in this thesis. We note that this methodology is far more generic than first
thought and has been applied with success to give information about the structure and
propagation speed of a wide range of nonlinear evolution equations (both with constant
and variable coefficients) for example nonlinear diffusion equations of Fisher-Kolmogorov

type. This methodology enables the complete large-time asymptotic structure of the solu-

12



tion to an initial-value (or initial-boundary value) problem based on a nonlinear evolution
equation to be obtained. The methodology requires careful consideration of the asymp-
totic structure as t — 0 and |z| — oo (t = O(1)), and links the initial data to the resulting

large-time attractor for the initial-value problem.

1.5 Large-Time Attractors

In this section we will review the large-time attractors that we will encounter in the
solution to the initial-value problems based on equation (1.15) (with (1.21)) considered
in this thesis (which we described in detail in Section 1.6). The specific form of the large-
time attractor encountered depends on the problem parameters. We begin by introducing

the scaled coordinate z, by

2=t @ (132)

as t — oo with z = O(1) and where « is to be determined, and expand in the form

u(z,t) = U(z) + o(1) (1.33)

as t — oo with z = O(1). On substituting (1.33) into (1.15) with (1.21) (when written in

terms of z and t), we find that
—¥@+W“Wm=fmww (1.34)

To obtain the most structured leading order balance in equation (1.34), we observe im-
mediately that there are three cases to consider depending on the parameters ¢ and «,

namely,

13



In this case, the leading order problem is given by

U.. + gUZ ~0. (1.35)

(i) a =3, d=—3.

N —=

In this case, the leading order problem is given by
U.s +5U. = UU. = 0. (1.36)

(iii) a=(6+1), 6> —1.

In this case, the leading order problem is given by
(0+1)zU, - UU, =0. (1.37)
It is also instructive to introduce the scaled coordinate z, by
z=at ™+ At~ (1.38)

as t — oo with z = O(1), where the constants «, § and A are to be determined, and

expand in the form

u(z,t) = U(z) + o(1) (1.39)

as t — oo with z = O(1). On substituting (1.39) into equation (1.15) with (1.21) (when

written in terms of z and ¢) we obtain
U. (—% + Al = B 4 0y, = ¢, (1.40)

To obtain the most structured leading order balance in (1.40) we require that o = —9,

14



f=—(20+1) and 6 > —% giving at leading order that

U.. —UU, + A6 + 1)U, = 0. (1.41)

The related ordinary differential equations (1.35), (1.36), (1.37), and (1.41) are of funda-

mental importance in what follows. We now consider each in turn.

1.5.1 Error Function

1 1

Here we consider the case when o = 5 and —1 < § < —3- We introduce the scaled

coordinate z, by

2=t 3 (1.42)

as t — oo with z = O(1), and expand in the form

u(z,t) =U(z) + o(1) (1.43)

as t — oo with z = O(1). On substituting (1.43) into (1.15) with (1.21) (when written in

terms of z and t), we obtain at leading order

We note that this is equation (1.35) mentioned previously. Equation (1.44) is to be solved

subject to the boundary conditions

Uy, Z — 00,
U(z) > (1.45)

u_, z — —00,

15



where u; and u_(# uy) are constants. It is straightforward to integrate equation (1.44)

once to obtain

2

U, = Ae™ T, (1.46)

where A is a constant of integration. One further integration of (1.46) then yields
Ulz) = A/ e~ Tds + B, (1.47)
0

where B is a constant of integration. Imposing boundary conditions (1.45) then requires
that

(uy —u-) /Z _s2 (uy +u-)
1 — : 1.4
U(z) NG Oe ds + 5 ) 00 <z < 00 (1.48)

On rewriting (1.48) in terms of the standard error function (see for example [1]) we obtain

U(z) = (b _g u-) — (- gu+) erf <§), —00 < 2z < 00. (1.49)

We note that there is no restriction on the constants v, and u_ other then the requirement
that uy # u_. A graph of (1.49) when u;, = 1 and u_ = —1 is given for illustration in

Figure 1.2.

16



Figure 1.2: Graph of error function profile (1.49) when u, =1 and u_ = —1.

1.5.2 Rudenko-Soluyan Similarity Solution

When a = % and § = —1 equation (1.15) with (1.21) admits the similarity solution
2 2

u=U(z), z=at2. (1.50)

_ U) U, =0, —o00<z< o0 (1.51)

We recall that this is equation (1.36) that we encountered earlier. Equation (1.51) is to

be solved subject to the boundary conditions

Uy as z — 00,
U(z) — (1.52)

U_ as z — —o0,

17



where uy and u_(# u, ) are constants. On making the substitution

1
U=—"0Q, z2=+V22Z, 1.53
o (1.53)

equation (1.51) becomes
Quz+(Z-Q)Qz =0, —o0<Z <0, (1.54)

which has been analyzed by Rudenko and Soluyan [32]. It is straightforward to establish

(see for example [36] and [32]) that the solutions in terms of the similarity variable Z = —%

T
are
¢ dc ¢ = o, (1.55)
7z = 5
T /C ()
where
P(Q) =% (¢~ G e ), (1.56)

Here ( is the implicit variable, v and (o(> —3) are constants. The wave profile Q(Z) is
bounded with constant boundary conditions as |Z| — oo, and consists of two parts (the
plus sign in (1.56) is taken to give Q(Z) for Z > ~, while the negative sign is taken in (1.56)
to give (Z) for Z < ) which smoothly join at Z = ~. Further, the wave profile Q(Z7)
is monotonically decreasing (increasing) when (j is positive (negative) respectively. The
parameter (, determines the strength of wave profile 2(Z), where the limiting behaviour

of (1.55) is given by
QZ) = vE£A) as Z— +o0
with the height of the wave being 2A((p), is a function of ¢y, where A((y) can be deter-

mined numerically. It was shown by Rudenko and Soluyan [32] that as {; — 0, the wave

profile 2(Z) takes the error function form while when (5 — oo the wave profile Q(Z7)

18



takes Taylor shock profile. Furthermore, the wave profile Q(Z) approaches an expansion

wave profile as (; — —1. In order to satisfy boundary conditions (1.52) we take

v = ?(Wr +u-)

and determine (y such that A({y) = %i(qu —u_). We observe from (1.53) and (1.55) that

2
U(z) =uy + O (lexp (—ZZ + u+z>) as  z — 00. (1.57)
2

The corresponding asymptotic form for U(z) as z — —oo follows (1.57) with
replaced by u_.

A graph of the implicit solution (1.55) when v = 0 for {;, = 0.04, 1 and 2.5 is given
in Figure 1.3. We note that curves (a), (b), (c) illustrate expansion wave, error function,

Taylor shock type profiles respectively.

|
N

Figure 1.3: Graph of the Rudenko-Soluyan implicit solution of (1.55) for v = 0 when
Co=0.04, 1 and 2.5.
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1.5.3 Expansion Wave

Here we consider the case when a = (6 + 1) and § > —1. We introduce the scaled

coordinate z, by

z = gt~ (1.58)

as t — oo with z = O(1), and expand in the form

u(z,t) =U(z) + o(1) (1.59)

as t — oo with z = O(1). On substituting (1.59) into (1.15) with (1.21) (when written in

terms of z and t), we obtain at leading order

—UU, + 200+ 1)U, =0, —o0< 2z < o0. (1.60)

Therefore, after consideration of (1.60), we have that

U=constant or U= (5+1)z (1.61)

are solutions of (1.60). If we further require a solution which satisfies the boundary

conditions
Uy, zZ — 00,
U(z) —
u_, Z — —00,
where uy > u_, then we require
Uy, z > (;_:-1)’
U@)=14 (6+1)2, g <z<g% (1.62)
Uy 2 < Gay

20



which is the well known expansion wave solution. A graph of (1.62) when u; = 1 and

u_ = —1 is given for illustration in Figure 1.4.
15 7 7 7 7 7

1_
0.5+ L

0

= 0
—0.51 -

_1 -
_15 T T T T T
-1 -0.5 0 0.5 1 15
z
=—1and uy = 1.

-15
Figure 1.4: Graph of the expansion wave profile (1.62) when u_
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1.5.4 Taylor Shock Wave

Here we consider the case when o = =6, f = —(26 + 1) and § > —%. We introduce the

scaled coordinate z, by

z = at? + AP (1.63)

as t — oo with z = O(1), and where the constant A is to be determined. We expand in

the form

w(z,t) = U(z) + o(1) (1.64)

as t — oo with z = O(1). On substituting (1.64) into (1.15) (when written in terms of z

and t), we find at leading order

U.—UU,+ A0+ 1)U, =0, —o0< 2z < . (1.65)

Equation (1.65) is to be solved subject to the boundary conditions

Uy, z — 00,
U(z) = (1.66)
u_, Z — —00.
On integrating (1.65) once, we obtain
U2
U, = o5 A+ DU + ¢, —00< 2z <00, (1.67)

where ¢ is a constant of integration. On imposing boundary conditions (1.66) we require

that
A - Uy + U_

Uy U_
26+ 1) ’

2

and ¢ =
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After which we can rewrite (1.67) as

2
_ _ 1

which on separating variables and integrating gives

dU 1
(U—qu) (U—u,) = 52"‘02, (169)

where ¢, is a constant of integration. We note that U, > 0 for vy, < U < u_. On using

the method of partial fractions we obtain after integration

= —z+ co. (1.70)

Now on restricting attention to uy < U < u_ we have that

U—u_ 1
IHIU——ZLJ = §(u, —uy)z + ca(u— — uy). (1.71)

On rearranging we obtain

(2555 e
U(z) = U_ +upe\ ?

, —00 < 2z < 00, (1.72)

U_—uf

1+ e<#)z+¢c

where ®,. = co(u_ — uy) is a constant. We note that U(z) — u; as z — oo, and that

U(z) = u_ as z — —oo (as required).

Finally, we can write (1.72) in terms of the hyperbolic tangent as

U(z) = %(uJr +u_)— % (u_ — uy ) tanh (}L(u_ — Uy )z + gbc> , —oo<z<oo, (L73)
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where ¢. = ¥ and u; < u_. Equation (1.73) is the well known Taylor shock profile [38].
A graph of (1.73) when u, = —1 and u_ = 1 is given for illustration in Figure 1.5. We

note that we have taken ¢. = 0 for convenience.

0.5

-0.51

_1_

=20 -15 -10 -5 0 5 10 15 20

Figure 1.5: Graph of the Taylor shock profile (1.73) when u_ = 1 and u; = —1 (with
translational invariance fixed by taking ¢. = 0).

1.6 An Overview of the Mathematical Problems Con-

sidered

In Chapter 2 and 3 we consider the initial-value problem

Up + Uty = Upy, —00<zT <00, t>0, (1.74)
u(z,0) = ug(x), —oo0 <z <00, (1.75)

Uy, T > —00,
u(z,t) — (1.76)

u_, x < 00,



where u; and u_ (# u4 ) are constants. In particular, we consider the case when the initial

data wug is continuously differentiable and has algebraic decay as |x| — oo. Specifically,

@) u++é—)%+O(E(|x])) as T — 00, )
U\ T ) = .
u_ + (f‘xL)W + O(E(|z)])) as r — —o0.

where E(|z|) is linearly exponentially small in x as |z| — oo, Ag (# 0), AL (# 0)
and v (> 0) are constants. In Chapter 2 we consider the case when u; > u_. As
discussed earlier in this case initial-value problem (1.74)-(1.77) is labelled as IVP" and
where Agr < 0 and Ay, > 0. We will develop, via the method of matched asymptotic
coordinate expansions, the complete large-time asymptotic structure of the solution to
IVP". The behaviour of the solution depends critically on the problem parameter 6 (# 0).

In particular, the large-time attractor of the solution to IVP™T is
(i) An expansion wave when § > —1.

(ii) The Rudenko-Soluyan Similarity Solution when § = —1.

(iii) The error function when —1 < § < —1.

In Chapter 3 we extend the analysis of Chapter 2 by considering the case when u, <
u_. In this case initial-value problem (1.74)-(1.77) is labelled as IVP~ and where Ag > 0
and Ay, < 0. Again we use the method of matched asymptotic coordinate expansions
to obtain the complete large-time asymptotic structure of the solution to IVP~. As in
Chapter 2 the behaviour of the solution depends on the problem parameter § (# 0). In

particular, the large-time attractor of the solution to IVP™ is
(i) A Taylor shock wave when § > —2.

(ii) The Rudenko-Soluyan Similarity Solution when § = —3.
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(iii) The error function when —1 < § < —1.

Table 1.1 provides an overview of the results contained in Chapters 2 and 3, presenting
which large-time attractor arises in the solution to initial-value problem (1.74)-(1.77) for

the given problem parameters.

Uy < u_ Uy > u_
o> —% Taylor Shock Expansion Wave
0= —% Rudenko-Soluyan Similarity Solution

—l1<éd<—3 Error Function

Table 1.1: The type of large-time attractor connecting u, to u_ in the solution of initial-
value problem (1.74)-(1.77) for § > —1.

We recall that the case when 6 = —1 has been considered in [23]; the large-time

attractor in this case is of error function type.
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CHAPTER 2

THE INITIAL-VALUE PROBLEM IVP™

In this chapter, we consider the initial-value problem for Burgers’ equation with a time

dependent coefficient [3] , namely,

Uy + Uty = Uy, —00<z <00, t>0, (2.1)
u(z,0) = up(x), —oo <z <00 (2.2)

u_, T — —00,
u(z,t) — t>0, (2.3)

Us, r — 00,

where 0 > —1 and uy > u_. Further, we consider the situation when the initial data

uo : R — R is continuously differentiable and has algebraic decay as || — co. Specifically

u++é—)12+O(E(|x])) as T — 00,
up(z) = (2.4)

u,+(j47Lw+O(E(|x|)) as T — —00,

where E(|z|) is linearly exponentially small in x as |z| — 0o, Agp < 0, A, > 0 and v (> 0)
are constants. We henceforth refer to the initial-value problem (2.1), (2.2) and (2.4) as
IVP' when uy > u_. We develop the structure of the large-time solution to IVP*

using the method of matched asymptotic coordinate expansions. The large-time solution
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is obtained by consideration of the asymptotic structures as t — 0 (—oo < z < 00) and

as |x| — oo with t = O(1). In particular, it is required to obtain
(i) the asymptotic structure of the solution to IVP* as ¢t — 0.

(ii) the asymptotic structure of the solution to IVP* for t = O(1) as |z| — 0.

(iii) the asymptotic structure of the solution to IVPT as t — oo.

We begin by examining the asymptotic structure of the solution to IVP* as ¢ — 0.

2.1 Asymptotic solution to IVP" as ¢t — 0

Consideration of initial data (2.2) (with (2.4)) indicates that the asymptotic solution to

IVPT as t — 0 will consist of a single asymptotic region, which we label as region 1.
Region I: =z =0(1).

Since u(z, 0) is analytic in region I, with u = O(1) as t — 0, we expand u(z,t) as a regular
power series in ¢t and substitute into equation 2.1. However, the cases when 6 > 0 and
when —1 < § < 0 need to be considered separately [3]. Further, we note that the case

when 0 = 0 is classical Burgers’ equation. We begin by considering the case when § > 0.

211 46>0

To examine region I where z = O(1) and u(z, t) = O(1) as t — 0, we look for an expansion
of the form

u(z,t) = up(z) + t°us(x) +0o(t°) as t—0 (2.5)
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where z = O(1) and s > 0 is a constant to be determined. On substituting expansion

(2.5) into equation (2.1) we obtain

st* My (@) 4+ 0 Jug () + thuy (z) + . Juh () + 5] (2) 4 ..] = [uf(z) + 5 (z) +...] (2.6)

After expanding and grouping terms together in (2.6) we arrive at

st uy (1) 4 tPug(z)up(z) + 0 ug(2)u) () + 05 uy () uh(x) + ... = uf(x) + t°u) (z) + ... .
(2.7)

We now seek values of s > 0 which provide possible balances in (2.7). It is straightforward
to find that there is only one possible balance, and that requires s = 1. Thus, at leading

order we obtain

ur() = ug () (2.8)

giving, via (2.5)

u(w,t) = up(x) + tuy(z) + O(t?) as t—0 (2.9)

with 2 = O(1) and 8 > 0 to be determined. The correction term to expansion (2.9)
depends upon ¢ and can readily be obtained on continuing expansion (2.9) on omitting
the details for brevity. It follows that in region I, the asymptotic solution to IVP™ as

t — 0, when 6 > 0, is given by

[6] u(22)($) A
u(z,t) = uo(x) + Z 0 Tt
i=1 )

1

ug (x)up(x) u2(5+1)(m) §a1 £(5+2)
( 0(5+1(]) - 0(6+1)! t(+)+0 W When5€N,

(2.10)
uo (z)ug(x (6+2)
0((61_10)( )_t(é—i-l) +0 <_(1+t|z)(w+3)> when § ¢ N,
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as t — 0 with = O(1), where [J] is the smallest integer greater than or equal to 0
[3]. It is clear that expansion (2.10) when x = O(1) as t — 0, in fact remains uniform
for |z| > 1, and therefore no further asymptotic regions are required in the asymptotic

structure of u(x,t) as t — 0. In particular, we have from (2.4) and (2.10), that

[9]

u(z,t) = (u+ + A— + O(E(|x|) ) + Z AR s 2,; 7+122> (1 + O(E(yx\)))ti

uy Ay 1 1 (64+1) $(6+2)
* (6 4+ 1)z0+D) (1 + O(E’ x(25+1)))t +0 (1 + |20+ (2.11)

as t — 0 uniformly for z > 1, whilst

- Ay 2L Ap(y+2i— 1) i
u(x,t)—<u_+W+O(E(|J:D))+Zi' e (1+0( (|x|)))t

i=1 v

u_Ary 1 1 (641) $(5+2)
G+ (=)0 (”O(W’W))t ) (212)

as t — 0 uniformly for (—z) > 1.

2.1.2 —-1<6<0

Following Section 2.1.1 we have in this case that

[ ]

u(z,t) = Z Ty ()t
ug ()t + o(t) when %< ¢ N,

w0 O+ (2.13)
(ug(z) + Tﬁ ()t + o(t) when (6+1) eN,
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as t — 0 with x = O(1), where the functions T;(x) can be determined in terms of ug(x)
straightforwardly. For example,

—uo()up(7)

Tilx) = (6+1)

and

 [ug(@)up (o))
Ty(z) = 61

Expansion (2.13) (with (2.4)) remains uniform for > 1 as t — 0 and for (—z) > 1 as
t — 0. This completes the asymptotic structure as t — 0, with expansion (2.13) of region

I providing a uniform approximation to the solution of IVP™ as t — 0 with 2 = O(1)[3].

2.2 Asymptotic solution to IVP" for t = O(1) as

x| = o0
We now investigate the asymptotic structure of the solution to IVP* as |x| — oo with
t = O(1). We first obtain the structure of the solution to IVP* as z — oo with ¢t = O(1).
The form (2.10) (0 > 0) and (2.13) (—1 < 0 < 0) for x > 1 indicates that in this region,

which we label as region II*, we must expand as

u(z,t) = uy +

F F E F 1
o(t) 1 (t) 2(2) n 5(1) Tol =) as 2o oo (2.14)
xY z(+1) x” s
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with ¢ = O(1), where

_(27+1, 0<y <1,
T_k’y+2, v > 1.

[ h2 0<q<l, (2.15)
s = 4 4 v=1,

\27+1, v > 1.

On substituting expansion (2.14) into equation (2.1), expanding, and solving at each order,
subject to matching with expansion (2.11) (when § > 0) and (2.13) (when —1 < § < 0)

in region I as ¢ — 0, we obtain

Fo(t) = Ap, (2.16a)

_ ,yu_‘rARt((erl)

0+1) 7

VAR 4 (5+1
Gty 0<vy<1,

Fy(t) = | £Et0) 4245,  y=1, (2.16¢)

Fi(t) (2.16D)

(v +1)Agt, v > 1
and

A2
Fy(t) = JOR 46+1)

ot v > 1. (2.16d)

The form of F3(t) when 0 < v < 1 is not required in what follows where it is a small
term and will not effect on structure of solution [3]. Thus, the structure of (2.14) depends

on the parameters § and -y, we observe that expansion (2.14) remains uniform for ¢ > 1
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provided that z > A(t), but becomes nonuniform when z = O(A(t)) for ¢ > 1, where

0+ §>—1, >0,
Aty =9 7, —l<d< L >0, (2.17)
Aol —1<6<—3, 0<y<l

For completeness we provide the above information relating to the nonuniformity of ex-

pansion (2.14) in Figure 2.1.

We next examine the structure of the solution to IVPT as z — —oo with t = O(1).
The form of expansion (2.12) (when 6 > 0) and (2.13) (when —1 < ¢ < 0) in region I
when (—z) > 1 requires that in region II~ we expand in the form

Fo(t) Fi(t) Fy(t) | F3(t) 1
e e et (e BRI R T

u(z,t) =u_+

with t = O(1), where

B 2v+1, 0<vy <1,

o \ v+ 2, v > 1.
( vy+2, 0<y<l1, (2.19)

5= 4 v=1,

\27—{—1, v > 1.

On substituting expansion (2.18) into equation (2.1), expanding, and solving at each order,

subject to matching with expansion (2.12) (when § > 0) and (2.13) (when —1 < 6 < 0)
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Figure 2.1: The (v, ) parameter plane.
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in region I as t — 0, we obtain

Fot) = Ay, (2.20a)

u_A
Fi(t) = —ﬁt(‘”l), (2.20D)

YA (641
— a5ty 0<vy<1,

Fy(t) =1{ — (;j_%l)twm F2ALt, N =1, (2.20c)

(v + 1AL, 7> 1

and

A2
Fy(t) = — 2L _46+1)

Gt >t (2.20d)

The form of F3(t) when 0 < v < 1 is not required in what follows where it is a small
term and will not effect on structure of solution [3]. Thus, the structure of (2.18) depends
on the parameters 0 and y. We observe again that expansion (2.18) remains uniform for
t > 1 provided that (—z) > A(t), but again becomes nonuniform when (—x) = O(\(t))
for t > 1, with A(¢) given by (2.17), This completes the asymptotic structure of IVP™

as |z| — oo with t = O(1).

2.3 Asymptotic solution to IVP" as t — oo

We next consider the asymptotic structure of the solution to IVP* as t — oo. Consid-
eration of expansions (2.14) and (2.18) for ¢ > 1 in regions IT* indicates that there are a

number of cases to consider, which are now developed in turn.

2.3.1 §>—3

We now investigate the structure of IVP*(we recall in this case that u; > u_) ast — oo

when 0 > —3. We recall from Section 2.2 that expansions (2.14) and (2.18) of regions

II" (z — oo, t = 0O(1)) and I~ (z — —o0, t = O(1)), respectively, continue to remain
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uniform provided that |z| > ¢+ as t — co. We begin by considering the asymptotic
structure as t — oo moving in from region II*, when z > t©®*+Y as t — co. To proceed
we introduce a new region labelled as region III*, in which x = O(t®*1)) as t — co. To

examine region III" it is convenient to introduce the scaled coordinate
y =t (2.21)

with y = O(1) as t — oo [3]. The aim is now to develop an asymptotic approximation to
u(y,t) as t — oo with y = O(1). We begin in region IIIT mowving in from region 11"
(when y > 1) to y = O(1) as t — oo . The form of the asymptotic expansion for u(y,t)
in region ITI* follows from the structure of expansion (2.14) in region IT7, when written
in terms of y and ¢, and expanded for y = O(1) as t — oo. This requires that in region

IIT* we expand in the form
uy, t) = uy + go(y)t 7 + 0(t7(5+1)) as t— o0 (2.22)

with y = O(1), and where go(y) is a function to be determined. On substitution from
(2.22) into equation (2.1) (when written in terms of y and t) we obtain at O(t—7+Y)) the

following ordinary differential equation for go(y), namely

9o + (Lm)go =0, y=0(). (2.23)
CES))

Equation (2.23) has to be solved subject to the matching condition with expansion (2.14)

in region II* (when z = O(t¥+1))), which requires

Ap Yuy Ag

go(y) ~
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The solution of (2.23) subject to (2.24) is then readily obtained as

gO(y):AR<y_ﬁ) ; y>(64:1)' (2.25)

) ) This anticipates an inner

We observe that go(y) develops a singularity as y — <

asymptotic region being required when y = + 0(1) as t — oo. Thus, the domain for

(5+1
region III™ is restricted now to y = 755 + O(1) as t — oo. To proceed we examine this
region of nonuniformity by introducing a new region, which we label as region IV*. In

region IV, we write

y= (51 1 +& (2.26)

where £ = O(1) as t — oo, and r > 0 to be determined. We look for expansion in region
IV* in the form

ut)=us + F(Et " +0(t™") as t—o0 (2.27)

with £ = O(1), and s > 0 is to be determined. On substitution of expansion (2.26)
and (2.27) into equation (2.1) (when written in terms of £ and ¢) we obtain after some

calculation that
—sF(£) + 5(7“ —(0+ 1))F§ + F(E)Fet=) = Fpet?r=@++1,

We now choose r and s to obtain the most structured leading order balance. This requires
first that
s=r (2.28)

and then that

0D )<y <26+ 1
N BN CESVA 7 ! (2.29)

(64 3), v > 20 + 1.
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This delineates three cases 0 < v <2+ 1,7 >20+1and v =20+ 1, which we consider

in turn [3].

(i) 0<y<20+1

In this case the leading order problem is

_(6+1) _y(0+1) _ e ~
(F (7+1)§)F§ (7+1)F 0, <€ < 0. (2.30)

Equation (2.30) is to be solved subject to matching with region III* as £ — oo; that is,

we require

F(§) ~ ARl as £ — oc. (2.31)

We observe that equation (2.30) admits the exact solution
F(§)=(0+1)§, —o00<<o0.

In general, equation (2.30) is of homogeneous type, and admits a quadrature, after which

the solution to (2.30) with (2.31) is given implicitly by,

€= <%)7 + e o £ < oo. (2.32)

It follows from (2.32) that (on recalling that A < 0),

F(&) <0 forall —oo<£< o0, (2.33)
F(§) is strictly monotone increasing, with — oo < & < o0, (2.34)
F(€) ~ A€ + ((5’@%5@7*1) as & — o0, (2.35)
F(&) ~(+ 1) — (—Ap) (6 + DI (=6)77  as € — —oo. (2.36)
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10 ~ -

Figure 2.2: A graph of F(&) against £ when 7 = 2, § = 1 and Ag = —1. The solid
line represents the solution F'(£) from (2.32) while the dashed line represents the solution

F(&) = (0 +1)¢.

A graph of F (&) against £, when 6 =1 ,y =2 and Agr = —1 is given as an illustration in
Figure 2.2 [3].

(i) v>20+1

In this case the leading order problem is

The principal matching condition with region III* requires

F() =0 as §— 0. (2.38)
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Solutions to (2.37) which satisfy (2.38) have the form
F(€) ~ AL~ 4 Be®emi8  as ¢ — oo, (2.39)

with A and B being arbitrary constants. In this case, the expansion in region IV* is given
by

w(€t) ~uy + (Ag‘(%“) + B§25e—ifz>t‘(5+” + . (2.40)

as t — oo. Expansion in region ITIIT (2.22) (for £ > 1) when written in terms of £ is gives
by

w(é,t) ~uy 4+ AT T 4 (2.41)

as t — oco. However, we observe immediately that the algebraic power in (2.40) will
preclude matching at two-terms with region III*T. A local passive adjustment region is
required. This is achieved by requiring A = 0 in (2.39) and the passive region is then

located at & = &,(t) + O(1) as t — oo, where,
Et)=2(y—(26+1))Int + O(ln ((v— (20 +1)) lnt)> as t— 00. (2.42)
Thus the leading order problem is now (2.37) with
F(&) ~ B£25e’i£2 as £ — o0 (2.43)
for some constant B. We again note that equation (2.37) admits the exact solution

F§)=0+1)¢ —oo<E<oo,
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and for region IV™ to act as transition region, we require the solution of (2.37) and (2.43)
to satisfy
F)~((+1)¢ as &— —oc. (2.44)

An examination of equation (2.37), with condition (2.39), reveals that for each fized A <0,
the (F, F) phase portrait of solutions to (2.37) takes the form of Figure 2.3(a) when A < 0
and Figure (2.3)(b) when A = 0. The local structure of the equilibrium point (0,0) is
obtained via linearization of equation (2.37) (note that although (2.37) is nonautonomous,
local phase paths do not intersect because the general form (2.39) is restricted by either
fixing A < 0 or setting A = 0, after which local phase paths are a one parameter family,
parameterized by B € R). The straight line phase path follows from the exact solution
F(&) = (0 + 1)¢, with local phase paths to this line again determined by a linearization
of (2.37) about this exact solution.The remaining phase paths, and, in particular, the
existence of the phase path H*, and deduced by continuous deformation. In addition,
the structure of the phase portrait has been confirmed numerically. Each phase path
connecting to (0,0) corresponds to a unique B € R. An examination of Figure 2.3 then
enables us to conclude that there exists a unique B*, which corresponds to the phase path
H*, for which (2.37) has a solution F' = F*(£), —oo < £ < oo, which satisfies conditions

(2.43) and (2.44). It is readily established that B* < 0 , whilst,

F*(&) <0 vV o £eR,

F* (&) >0 Vv feR (2.45)

F*(&) ~ (04 1)E—C* (=) @0 as £ — —oo,

for some constant C* > 0 [3]. A numerical determination of F' = F*({) (using a shooting
method, employing (2.43) at large positive &) for a range of values of ¢ is illustrated in

Figure 2.4 (a-d). The associated values of the constants B* and C* are given in Table 2.1.
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) B c*

0.1 -3.05]195

0.5]-2321295

1.0 | -1.95|5.05

20 (-0.25]7.15

Table 2.1: The values of the constants B* and C* with the associated values of § when
v > 20+ 1.

(ifi) v =26+ 1

In this case the leading order problem is again equation (2.37), but now matching with

region 111" is possible with the matching condition requiring that,
F(6) ~ At~ @D a5 € 5 0. (2.46)

Recalling that A < 0, then it follows from Figure 2.3(a), on taking A = Ag, that there
exists B = B*(Ag), such that (2.37) and (2.46) has a solution F' = F}(§), —oo < £ < o0,

corresponding to the phase path H* in Figure 2.3(a). In particular,

Fp) <0 vV (EeR,
Fr)>0 ¥V ¢€eR (2.47)
F(€) ~ ApE™®*) 4 B*(Ap)Pe i as € — oo,

Fi(€) ~ (0 + 1§ — C*(Ap)(—) ™ as £ — —ox, (2.48)

for some constant C*(Ag) > 0[3].
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Figure 2.3: The (F, F") phase plane for (2.37) with fixed A. (a) The case A < 0 and (b) the case
A=0.

As € — —oo, we move out of the localized region IV*" into region V, where now
y = % — O(1). It is convenient as this stage to leave region V until later, and to
next develop the asymptotic structure of u(y,t) as t — oo, moving in from region 11~

(when (—y) > 1) toy = O(1) as t — oo. To proceed we introduce a new region, labelled

as region II1T7. The details of this region follow those given for region III* and are not
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repeated here. In region III™ we have that

-
u(y,t) =u_ + Ag ( o= j y) t770HD g (f”(‘sﬂ)) as t— o0 (2.49)

(0+1

with y = — O(1). Expansion (2.49) becomes nonuniform when
(@+1)

6+1

V=TT

—i—O(t*”) as t— oo

with r > 0 as given in (2.29). Thus, we examine this region of nonuniformity by intro-
ducing region IV~. Accordingly we introduce the scaled variable &, via

y= + & (2.50)

(5+1)

with £ = O(1) as t — oo, and expansion (2.49) dictating that we expand in the form
w(é,t) =u_+ F(Et " +o (t") as t— o (2.51)

with & = O(1). The details are identical to those for region IV*, and are not repeated
here. In fact, making the replacement of Ar by (—Ay), we obtain for F(f), —00 < € < 00,

that
—F(=¢), 0<vy<2+1,

A

F(&) =< —F* (=&, ~v>25+1,

As & — o0, we move out of the localized region IV~ into region V where now y =

(5 T O(1). To complete the asymptotic structure as ¢ — oo, it remains to consider

region V, where +0(1) <y < — O(1) as t — oo. The expansions (2.27) and

(5+1 (5+1)
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(2.51) in regions IVT and IV~ respectively dictate that we expand in region V as,
u(y,t) = Go(y) + G ()t~ 4 Go()t 20+ 4 o(t 20 as t — o0 (2.52)

with +0(1) <y< — O(1). On substitution of expansion (2.52) into equation

5+1 (6+1)

(2.1) (when written in terms of y and t) we obtain at leading order that

U= oy W
6+ S

e (GO (6 + 1)y) — 0, (2.53)

We note that we have examined equation (2.53) in Section 1.5.3. Equation (2.53) is

to be solved subject to the matching conditions with regions IV™ and IV~, namely

Goly) ~ s + (5 + 1) (y— (51*1)) a5 y— ((5“:1)), (2.54)
and
Goly) ~u_ + ([0 +1) (y— (511)) as Yy — (;HY. (2.55)

The solution to (2.53) subject to (2.54) and (2.55) is trivially given by

Go(y) = (6 + 1)y,

(2.56)

The function G (y) remains undetermined, being a remnant of the global evolution when

t = O(1). However, matching to regions IV* requires

1 1 -2 +
AT+ 1)) (y— =) 7 asy = (=) ,
Gily)~{ (v=5) X () (2.57)

(ARG )0 (- 0) T asy o ()
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when 0 < v < (20 + 1), whilst

1
* U_ T (2641 U_ +
¢ (?J - (5+1)> asy = ((5+1)> )

Gi(y) ~ . B (2.58)
« [ w 25+1 ”
-C ((5++1) - y) asy — ((5++1)) )
when v > (2§ + 1), and,
o) (v i) 7w ()
Gi(y) ~ . ) (2.59)
* u 26+1 u
—C*(AR) ((5++1) —y) as y — <(5++1)> ,
when v = (20 + 1). At next order, we obtain
1 !
Ga(y) 0t 1)G1(y)G1(y) (2.60)
The asymptotic expansion in region V is then, via (2.52), given by
/
u(y,t) = (6 4+ 1)y + Gy (y)t~ O+ 4 GG ) -2 +o(t720M)) ast — 0o (2.61)

(6+1)

with s +0(1) < y < 5 — O(1)[3).

The asymptotic structure of IVPT as t — oo when § > —% is complete now. A

uniform approximation has been given through regions II*, III*, IV* and V. A schematic
representation of the location and thickness of the asymptotic regions as t — oo is given

in Figure 2.5 (we recall that depending on the problem parameters, there may be passive

Ut

regions located at GiD

and ( which allow for the reordering of terms in the expan-

511)
sions in regions 1T and IIT~, respectively). The large-t attractor for solution of TVP*

is an expansion wave, which allows for the adjustment of the solution from u, to u_.
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Figure 2.5: A schematic representation of the asymptotic structure of u(y,t) in the (y, u)
plane as t — oo for IVPT when § > —1. We note that u = uy + O (t™") as t — oo in
region IVt while u = u_ + O (t7") as t — oo in region IV~ with r given in (2.29).
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Finally, the asymptotic structure to the solution of IVP" as ¢t — oo when 6 > —% can

be summarized as:

Region IT": t = O(1) as = — oo

u(®,t) = uy + 7 (1) x’ xs z°

Bo(t) , A F(t)  Fa() +0( 1) a5 T = 00

with t = O(1), with r and s given in (2.15), Fy(t), Fi(t), Fy(t) and F3(t) given in (2.16).

Region IIT": y = g +O) as t = o0

a9

—
u(y,t) = uy + Ag (y — ) t770F0) L o(t770H9)) as t — oo.

with y = (1u++5) + O(1).

Region IV*: y = (113:5) +O0(t7") as t — o0

ut)=us +F)t 7" +o(t™") ast — o0

with £ = O(l)( € (—o0, oo)), and where £ = (y — (1“;;)>t’”, with r given in (2.29).

Region V: (1uT_5) +0(1)<y< (lu:é) —0O(1) ast —

u(y,t) = (140) y+ Gi(y) t7 1 + —Gl((ly >+G§)<y) t72059) 4 o(+720H9)) as t — oo
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with (5+1 +0(1)<y< ((;jjl) — O(1) and where
A §+ 1)) g w7
3+ 1% (y_(5+1)> ’ sy (@50)
Gi(y) ~ . _
—(—Ag)™ (64 1) ) as y — ((;:1)) )

when 0 < v < (20 + 1), whilst

1
* U— _m u— +
C <y_(5+1)> as y — ((6+1)> )

1
* U4 (@51 U h
¢ <(5+1)_y) = ()

when v > (2§ + 1), and,

Gi(y) ~

d+1
Guly) ~ L i
—C* (AR)<(5+1)—y> asy—><(++1)> ,
when v = (2§ + 1).
Region IV™: y = (1“;5) +O0(t ") ast — o0

w(ét) =u_+FE) t7" 4o (t77) ast — o0
with £ = O(l)( € (—o0, oo)), and where £ = (y - ﬁ)tr, with r given in (2.29) .
Region IIT: y = -~ — O(1) as t — o0

(149)

-

20



with y = (1“;6) —O(1).

Region II": t =O(1) as = — oo

w(et) =+ 22O BO B F) +0( |

(—z)y  (—z)0+D)  (—z)r " (—2)® (—:L‘)5> as r — 00

with t = O(1), with r and s given in (2.19), Fy(t), Fi(t), Fy(t) and F3(t) given in (2.20).

The above asymptotic structure can be summarized in the following Proposition which
has been established via matched asymptotic coordinate expansions. It is first convenient

to introduce the function ug : R — R such that

Uy, A > ((;ujl)a
us(A) =0+ G5 <A< 5 (2.62)
U, A< Gy

We then have,
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Proposition 1. Let u : R x [0,00) — R be the solution to initial-value problem
IVP* withy > 0,8 > -1 and uy > u_. Then, in terms of the coordinate y = xt=(1+9),

on writing,

u(y,t) = up(y) + R(y,t)

for (y,t) € R x [0,00), it follows that R(y,t) — 0 as t — oo uniformly for y € R, with

the rate of convergence being algebraic in t ast — oo . In particular,

~+(1+6)
O( ) in regions IIIT,
(1+y)
R(y,t) = O( ) in regions IV*,
O(t 1+5)) in regions V,

as t — oo, with r given in (2.29)[3].

2.3.2 0=—3

We recall from Section 2.2 that in this case, we need to consider the cases v > 1 and

0 < v < 1 separately. We begin by considering the case 0 <y < 1 [3].
2321 0=—3,0<y<L:

In this case, expansions (2.14) and (2.18) of regions II* (x — oo, t = O(1)) and II~
(x — —o0, t = O(1)), respectively, continue to remain uniform provided that |z| > $2)
as t — oo. However, a nonuniformity develops when |z| = O (tﬁ> We begin by
considering the asymptotic structure as ¢ — oo by moving in from region It when
T > 1209 as t — 0. To proceed, we introduce a new region, which we label as region

III*. To examine region IIIT, we introduce the scaled coordinate
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where y = O(1) as t — oo [3]. The form of the asymptotic expansion for u(y,t) in region
III* follows from the structure of expansion (2.14) in region II", when written in terms
of y and ¢, and expanded for y = O(1) as t — oo. This requires that in region IIIT we

expand in the form
__ . __3 __3
uly,1) = us + Fo(g)t 707 + F()t 77 + By(y)t 707 +o (£7707)  (2.64)

as t — oo with y = O(1), and where Fy(y) , Fi(y) and Fy(y) are functions to be deter-
mined. On substitution from (2.64) into equation (2.1) (when written in terms of y and

t). We obtain after some calculation *

Y PR Y — 3’7 3y
I — t 20-v — F t - —— [ t 20-v
( 201 — ) o(y) 1—7) 1(y) >(y) >

2(1—7)
y

“2(1-7) (Pt + Fi(y)t ™7 + Fy(y)t" 07 ) 4770
-

[(m + Fo(y)t =09 + Fy(y)t T + Fg(y)t—wflw) (Fof(y)t—u?—w + Fl(y)t T
/ -5l " 3y 17 2y / 5y
+ Fy(y)t =000 | | ~ Fy(y)t 200 + F'(y)t” 09 + F (y)t 209,

We now equate at each order in turn and solve to find Fy(y), Fi(y) and Fy(y). Equating

at O(t~ 2017)) we have the following ordinary differential equation for Fy(y), namely

Fl+ (g)EJ =0, y=O0(1)(>0). (2.65)

2
Ou _ (Ou 4 Oudy Ou _ (ou) ( 9y *u _ (%u 9y
ot (Bt + Oy ’t)’ ox (3y> (896) and ox2 (8y2 Ox where

1
sty and & =720,
ox
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Equation (2.65) has to be solved subject to the matching condition with expansion (2.14)

in region 11" (When x=0 <t2’(177—7>>>, which requires
Foly) ~— as y— 0. (2.66)
The solution of (2.65) subject to (2.66) is then readily obtained as
Fo(y)=Ary™", y>0. (2.67)
Equating at O(t_ﬁ) we have the following ordinary differential equation for Fi(y),
o+ (?)F Mgy (- )y 0D =05 0).  (268)

This is to be solved subject to the corresponding matching condition with expansion (2.14)

in region 1T (When x=0 <t<1177>>>

y+1)

Fi(y) ~ 2usyAgy™ as Yy — oo. (2.69)

The solution of (2.68) and (2.69) is then readily obtained as
Fi(y) = 2uiyApy= 0D as y > 0. (2.70)
8y
Equating at O(t 20-7) we have the following ordinary differential equation for Fy(y),

(3 )
Fi+ (5”) Fy= 21 ) [ (107 + 1) A + 290 + 1) Agesd ) y~0+

¥ vAzy-W”]  y=0(1)(>0). (2.71)

o4



This is to be solved subject to the corresponding matching condition with expansion (2.14)

in region IT* (When x=0 <t%>>
Fy(y) ~ 29A%y~ ) fon(y + 1) Apy= 02 as y — oo. (2.72)
The solution of (2.71) and (2.72) is then readily obtained as
Fy(y) =2y A% o=@+ 4 (v(v+ 1)Ar + 2v(y + 1)u’ AR) y= 02 as oy >0. (2.73)

In this case the expansion in region III* is given by (2.64) with (2.67), (2.70) and (2.73).
That is,

w(y,t) = uy + Ay T 4 2uyy Ap y O

3

+ (29 ALy @D g (y(y + 1) Ap + 29(y + Dud Ag) y~ D) w0 4o (fﬁ)

(2.74)

as t — oo with y = O(1). We observe that expansion (2.74) becomes nonuniform when
y20<t—2(17_7)> as t— o0 (whenx:O<t%) ast—>oo>.

We now consider the asymptotic structure as ¢ — oo by moving in from region I~ when
(—x) >t~ . To proceed, we define a new region III7. The details of this region

follow, after minor modification, those given for region IIIT above. We have in region

ITI-that

w(y,t) = u_ + Ap(—y) T + 0 (t_ﬂzv)) (2.75)
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as t — oo with y = O(1) (< 0). We observe that expansion (2.75) becomes nonuniform

when
y=0 (t_mv-v)) as t— oo.

That is, when x = O <t%>. To proceed, we define a new region SS. To examine SS we

introduce the scaled coordinate z, via

p=a it =yt (2.76)
as t — oo with z = O(1), and expand in the form

u(z,t) =U(z) + o(1) (2.77)

as t — oo with z = O(1). On substituting expansion (2.77) into equation (2.1) (when

written in terms of z and ¢) we obtain at leading order that
— U) U, =0, —00 < z < 0. (2.78)

We note that equation (2.78) has been considered in Section 1.5.2. We recall that
equation (2.78) is to be solved subject to the leading order matching conditions with

region ITI* (2 — oo) and region 11T~ (2 — —o0) , namely,

Uy as z — 00,
U(z) — (2.79)
U_ as z — —OoQ.

The boundary value problem (2.78) and (2.79) has been examined by Rudenko and

Soluyan [32] and Scott [36]. It was established that for each u; and u_ (uy # u_),
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(2.78) and (2.79) have a unique solution U = ug(z), which is strictly monotone in z, and
satisty

1/, 2
Uy 4+ Cy(uy,u_)z e 124" as 2 — oo,

ur(z) ~

(2.80)

1 2
u_ +C_(uy,u_)z te”1372u-)0" a5 2 5 —o0.

with Cy and C_ globally determined nonzero constants, depending upon u, and u_ [3].
A numerical study of (2.78) and (2.80) using a shooting method again reveals that there

exists

Ci(uy,u_) <0 and  C_(uq,u_) > 0. (2.81)

such that boundary conditions (2.79) are satisfied. A numerical determination of U =
ug(z) for a range of values of uy and u_ is illustrated in Figure 2.6. The associated value

of Cy and C_ are given in Table 2.3.

o fo-] & | [ofe] ¢ |
1] -1]—774x10% 1] -1]7.36x10°
14] 0 | —347x 10° 14] 0 |352x10°
0 | -1 | —6.34x 10 0 | -16.03x10°

Table 2.3: The values of the constants C; and C_ corresponding to Figure 2.6.

Expansion (2.77) (with (2.80)) (for z > 1) when written in terms of z is given by

—2u 2
Ci(uy,u) e*( 2u)

w~ Uy (2.82)
as t — oo. Expansion (2.74) (for z > 1) when written in terms of z is given by
AR _2

as t — oo. However, we observe from (2.77) with (2.80) that expansion (2.77) fails to

match at higher order to expansion (2.74) as z — oo and expansion (2.75) as z — —oc.
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Figure 2.6: A graph of U(z) when (a) uy = 1, u_ = —1 with C; = —7.74 x 10'® or

C_=736x10% (b) uy =14, u_ =0 with Cy = —3.47 x 10% or C_ = 3.52 x 10° and (c)
= —1 with C, = —6.34 x 10'® or C_ = 6.03 x 103.

uy =0, u_
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We therefore require transition regions , which we label as TR*. To examine region TR™*

we introduce the scaled coordinate £ , via

N[

§=(z—c(t)) (Int)2, (2.84)

where the function ¢(¢) is a function to be determined. Comparison of the corrections to

uy in (2.82) and (2.83) indicates that they are of the same order when z = ¢(t) as t — 0.

That is
2
Ci) = %lnt +c(t)uy + (v — Dne(t) —u2
which requires
1 (v —1) In(Int) In(Int)
c(t) = /27 (Int)2 + 2u, + +o0 as ¢t — oo, 2.85
0= V2 s+ 2+ =00 ) (Int)3 (289)

and it is determined so that matching between regions TR*, III* and SS is possible and

in region TR* we look for an expansion of the form
W€ 1) = uy + K(E)(Int) 33 +o ((mt)—%t—%) as - oo (2.86)

with £ = O(1) and where K () is a function to be determined [3]. On substituting

expansion (2.86) into equation (2.1) (when equation (2.1) is written in terms of £ an ¢),
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we obtain after some calculation?

— KO t) e = 2R (©nt) P 4 (K(nt) GG

—?tl(lntﬁ = gzl + gtl(lnt)l — et +H (30 (us + K t)gtgﬂ

[N

~ (K&(lnt)_%t_ y
which gives at leading order that

Kgg + \/gKg =0, —oo0<¢< . (287)
Equation (2.87) has the solution
K(f):A—i—Be_\/;&, —00 < € < 00.

where A and B are constants to be determined on matching. Matching with region I1T*

as & — oo requires that A = (A’;l and matching with region SS as £ — —oo requires

2v)2

that B = L\/%”‘) Therefore, equation (2.87) is to be solved subject to the following

matching conditions with region ITIT (as £ — o0o0) and region SS (as £ — —o0), namely,

K@~ mem (2.89)
L\/J#Je—ﬁﬁ as £ — —oo.

The solution to (2.87) (with(2.88)) is readily obtained as
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Therefore, we have in region TR* that

A C — 0 0l 0l

w(et) =y + AR Gl U) -3 g3 4 ((hlt)’%t’%) (2.89)
(27)> vy

ast — oo with £ = O(1). Finally, we conclude this case by noting that matching expansion

(2.77) (as z — —o0) to expansion (2.75) similarly fails and we require a corresponding

transition region, which we label as TR™. To examine region TR~ we introduce the scaled

coordinate f by

~

€= (2 +c(t) (Int)3, (2.90)

N|=

as t — oo with € = O(1). The details of region TR~ follow, after minor modification,

those given above for region TR* and summarized here for brevity. Therefore, in region

TR~ we have that

~ AL C,(U+,U7) \/Eg _x, _x,_x

w(ét) = u_ + 4 eVat | (Int)~3¢ 2+0<(1nt) 3 ) (2.91)
((27)2 V2

as t — oo with é = O(1). It is again worth noting that higher order matching of ex-

pansions (2.89) and (2.91) in regions TR* and TR, with expansion (2.14) in region SS,

requires the correction term in region SS to be O ((Int)~2 +72) [3].

The asymptotic structure of IVP* as ¢t — oo when 0 < v < 1 and § = —% is com-
plete now. A uniform approximation has been given through regions I1*, III*, TR* and
SS. A schematic representation of the location and thickness of the asymptotic structure
as t — oo is given in Figure 2.7. The large-time attractor for the solution of IVP™ in

this case is the similarity solution found by Rudenko and Soluyan [32], which allows for

the adjustment of the solution from uy to u_. This attractor is in a stretching frame of
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Figure 2.7: A schematic representation of the asymptotic structure of u(y,t) in the (y, u)
plane as t — oo for IVPT when § = —% and 0 < v < 1. We recall that y, = —y, =
¢TI c(t), where ¢(t) is given by (2.85).
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reference of thickness |z| = O (t%> as t — oo. Finally, the asymptotic structure to the

solution of IVP* as t — oo when § = —% and 0 < v < 1 can be summarized as:

Region II*: t = O(1) as = — oo

Arp  yuyAgt®tD Y A%+ 1
ule ) = b (5 D)t (5 g O\ g@en ) 8T e

with ¢t = O(1).

Region IIT": y = O(1)(> 0) as t — oo

w(y, t) = uy + Agy "t T 4 QuyApy T T

+ (29 A%y~ 4 (y(y + 1) Ag + 29(y + Dud Ag) y~O0F)e 705 4o (t‘ﬁ)

as t — oo with y = O(1)(> 0).

Region TR*: y = (c(t) + £ > 72 with € = O(1) ast — o0

Int

[N]9)

A 1 1% _y,_ 2 _x,_
w(é,t) =uy + ((2’; + Cy (ug,u_)(2y) 2e~2) 5) (Int)~ 2t 2 +0<(lnt) 2t 2)

as t — oo with £ = O(1), and ¢(t) given in (2.85).
Region SS: y = 2t 70 with z = O(1) ast — o0

u(z,t) = ug(z) + o(1)
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as z — 00,

1(z—2uy)?

where
uy +Co(uy,u_)z"te 1
1 2
u_ +C_(uy,u_)z"temi1="2u-)" a5 2z = —o0.

up(z) ~
with C, and C_ globally determined nonzero constants, depending upon u, and u_, with

and  C_(uq,u_) >0

C+(U+, U,) <0

%t—%)

£

as t — oo with z = O(1)
) 73 with € = O(1) ast — —o0

Int

NI

Region TR™: y = <—c(t) +
5) (Int)"3t % +o ((m)—

A L
b O ) (29) e

U A,t =U_
e

as t — oo with € = O(1), and ¢(t) given in (2.85).

R

__ 37
2(1*v)>

Region III7: y = O(1)(< 0) as t — o0

u(y,t) =u_+ Ap(—y)'t" ) — 2u,7AL(—y)*(7+1)t7<117w)
+ (=274 (—y)" B+ (g + DAL+ 2y(v + Dl Ar) (—y) )0 4o (t

as t — oo with y = O(1)(< 0).
)
as T — 00

y A2 40+1) Y
) (2v+1)

Region IT": t =0(1) as = — o0
5+1)
N (6 + 1)z

yu_Aptt
(0 + 1)z0+D)
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In this case, expansions (2.14) and (2.18) of regions II" (x — oo, t = O(1)) and 11~
1
(x = —o0, t = O(1)), respectively, continue to remain uniform provided that |z| > t* as
1
t — oco. However, a nonuniformity develops when |z| = O(t*). As in Section 2.3.2.1, we

introduce the scaled coordinate

where z = O(1) as t — oo. We have established in Section 2.3.2.1 that the solution
in region SS, where |z| > £ as t — 00, is given by (2.77) with the similarity solution
U = ug(z). Therefore, all that remains in this case is to introduce transition regions TR*
and TR~ to allow the solution in region SS to match to the far field where |z| > t% as

t — 0o. The details of regions TR* and TR~ follow those given in Section 2.3.2.1 [3].

The asymptotic structure of IVPT as t — oo when v > 1 and § = —% is complete
now. A uniform approximation has been given through regions II*, TR* and SS. The
large-time attractor for the solution of IVP™ in this case is the similarity solution found
by Rudenko and Soluyan [32], which allows for the adjustment of the solution from wy to
u_. This attractor is in a stretching frame of reference of thickness |z| = O(t2) as t — co.
Finally, the asymptotic structure to the solution of IVP* as t — oo when § = —% and

v > 1 can be summarized as:

Region II": 2 =0(1)(> 0) as t — o©

u(z,t) = uy + (Apz™" + 2u v Az ™0 + (v + 1) Ape™ ) 172 4 0 (t_

[N])
N—

as t — oo with z = O(1)(> 0).
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with € = O(1) as t — o0
f) (Int)"3t"% +o0 <(1nt)—%t—%)

e
T T

NI

Region TR*: z = ¢(t)

o C(ug,us)(2y) 2@

X
2

£,1) = uy +
u(,t) = uy <(27)
as t — oo with £ = O(1), and ¢(t) given in (2.85).

with 2 = O(1) as t — o0

[N

ur(z) + o(1)

Region SS: z = 2t
u(z,t)

(o2
(2=2u4)" a5 2 — o0,

_16 1

Uy + Cy(ug,u-)z
1 2
—1(am2u)T ae 0y 0,

where
u_ +C_(up,u_)z"te 1

ugp(z) ~
with C, and C_ globally determined nonzero constants, depending upon u, and u_, with

and  C_(uq,u_)>0

Ci(uy,u_) <0

as t — oo with z = O(1)
with £ = O(1) as t — —o0

Region TR : z = —¢(t) + \/%
IR ¥ o o
+C_(uy,u_)(2y)"2e3?¢ | (Int)"2t72 40 ((lnt)_itT)

(@
U_ +
(27)

R

u(é,t) =

as t — oo with € = O(1), and ¢(t) given in (2.85).
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Region IT: 2 = O(1)(< 0) as t — o©
u(@t)::u,—k(AL(—ZYW——QU,VAL(—z)*7+U—%70y+])AL(—z)’“+m)t*%4—0<t*%)

as t — oo with z = O(1)(< 0).

233 —-1<d<—3

We recall from Section 2.2 that in this case, we need to consider the cases v > 1 and

0 < v < 1 separately. We begin by considering the case v > 1 [3].
2331 -1<6<—1,7>1:

In this case, expansions (2.14) and (2.18) of regions It (z — oo, t = O(1)) and 1T~ (z —
—o00, t = O(1)), respectively, continue to remain uniform provided that || > t~°. How-
ever, a nonuniformity develops when |z| = O(t=°). We begin by considering the asymp-
totic structure as ¢ — oo by moving in from region II* when z > t= as t — oo. To
proceed, we introduce a new region, which we label as region III*. To examine region

IIT*, we introduce the scaled coordinate
y = at’ (2.92)

with y = O(1) as t — oo [3]. The form of the asymptotic expansion for u(y,t) in region
IIT* follows from the structure of expansion (2.14) in region IIT, when written in terms
of y and ¢, and expanded for y = O(1) as t — oo. This requires that in region IITT we

expand in the form

u(y, 1) = g+ Fo(y)® + Fy(y)t 00+ 4 o (1004240 (2.93)
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as t — oo with y = O(1), and where Fy(y) and Fi(y) are functions to be determined.
On substitution from (2.93) into equation (2.1) (when written in terms of y and t). We

obtain after some calculation®

((48) Foly) t994(8(y + 2) + D Fy(y) tO0F2H) 4+ ( Fi(y) (09 +F(y) £°0F2)

(0y + tZHY) (uy + Fy(y)t" + Fy(y)t OOt ~ B/ (y) O

We now equate at each order in turn and solve to find Fy(y) and Fi(y). Equating at

O(t"°) we have the following ordinary differential equation for Fy(y), namely
Fl+ (1>F0 =0, y=0(1)(>0). (2.94)
)

Equation (2.94) has to be solved subject to the matching condition with expansion (2.14)

in region 11" (when z = O (¢77?)) , which requires

Foly) ~— as y— oo. (2.95)
The solution of (2.94) subject to (2.95) is then readily obtained as

Foly) =Agy™", y>0. (2.96)

At O (tP0+2+D) we obtain the following ordinary differential equation for F}(y), namely

) 2)+1 A A 1
F{+ <—(7 J;.y) i > F= (—R;u+) yo ) 4 (—RV(; - >> yO .y =0(1)(> 0).

(2.97)

Sug + uy (ye + t°uys) = uyy(ys)? where y, = t° and y, = 67"’.

68



This is to be solved subject to the corresponding matching condition

yuy Ag Ary(y +1)

Fi(y) ~ (6 + 1)y(7+1) y(r+2)

as Yy — 00. (2.98)
The solution of (2.97) and (2.98) is then readily obtained as

uyrAgy _ _
Fi(y) = ﬁy O 4 Apy(y + D)y, y > 0. (2.99)

In this case the expansion in region III* is given by (2.93) with (2.96) and (2.99). That

is,

uy A
u(y,t) = uy + Agy 4 + (ﬁy”*” + Apy(v + 1)y”+2>) $@0+2)+1)

+ o (t0GF2HD) (2.100)

as t — oo with y = O(1)(> 0) [3]. Expansion (2.100) becomes nonuniform when

N

yzO(t(M%)) as t—>oo<whenx=0<t>ast—>oo>.

We now consider the asymptotic structure as ¢ — oo by moving in from region II~ when
(—z) > t7%. To proceed, we define a new region, which we label as region I1I-. The
details of this region follow, after minor modification, those given for region IIIT above.

We have in region I1I™ that

u(y,t) = u_ + Ap(—y) 7t + O (HO0FDT) (2.101)
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as t — oo with y = O(1)(< 0). We observe that expansion (2.101) becomes nonuniform

when

y=0 (t(‘”%)) as  t— 00,

that is, when = O (t%> as t — oo [3]. To proceed, we define a new region, which we

label as region SS. To examine region SS, we introduce the scaled coordinate z, via
2=tz =yt~ OF3), (2.102)
with z = O(1) as t — oo, and expand in the form
u(z,t) =U(z) + o(1) (2.103)

as t — oo with z = O(1) [3]. On substituting expansion (2.103) into equation (2.1) (when

written in terms of z and t) we obtain at leading order that

U.. + g U,=0, —o00<z< . (2.104)

We note that we have examined equation (2.104) in Section 1.5.1. The solution to (2.104)

is readily obtained as
z
U(z) = Ay + By erf <§) , —00 < z < 00, (2.105)

where erf(.) is the standard error function? (see, for example [1]), A; and B, are constants

to be determined. Equation (2.104) is to be solved subject to the leading order matching

terf () =1 — %/ e=%"ds where

—z2
1-¢ T > 00,
erf (z) ~ T,
1+ W, (—Z‘) < —o0.
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conditions with regions I1I*, namely,

Uy as z — 00,
U(z) — (2.106)
Uu_ as z — —oQ.

Therefore
Uy = Al + B2 (2107)
and
U_ = A1 - BQ (2108)
giving
Al = —(U+ ;— u_) and BQ = ——(u_ ; u+) .

The solution to (2.104) and (2.106) is then obtained as

2 2

U(z) = (usy +u)  (u —uy) erf(é) ,

—00 < z < 0. (2.109)

We recall from Section 1.5.1 that (2.109) is an error function of (2.1). Thus in region SS

we have that

u(z ) = ;r u-) _ (o 5 U)o <§) +o(1) (2.110)

as t — oo with z = O(1). Expansion (2.110) (for z > 1) when written in terms of z is

given by

u~u++% exp <—ZZ2) (2.111)

as t — oo. Expansion (2.100) (for z > 1) when written in terms of z is given by

A
U~ Uy + Z—f 2 (2.112)
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ast — oo. However, we observe that matching expansion (2.111) (as z — o) to expansion
(2.112) at next order is not possible and we need a transition region, which we label TR*.

To examine region TR™, we introduce the scaled coordinate 7 , via
1
n=(z—c(t)) (Int)2 (2.113)

where the function ¢(t) is a function to be determined. Comparison of the corrections
to uy in (2.111) and (2.112) indicates that they are of the same order when z = ¢(t) as

t — oo. That is
c(t)?
4

= %lnt + (v — 1)lnc(t)

which requires

B L)k (v—=1) In(Int) ) In(Int)
c(t) = /27 (Int)? + V3 ()] - <—(1nt)é) (2.114)

as t — oo, and it is determined so that matching between regions TR™, III*T and SS is

possible. In region TR we look for an expansion of the form
w(t) = us + F(n)(Int)~3 73 + o <(1nt)*% f%) as  t— oo (2.115)

as t — oo with n = O(1). On substituting expansion (2.115) into equation (2.1) (when

equation (2.1) is written in terms of 7 and ¢) we obtain at leading order that
F,, + %Fn =0, —oco<7n< o0 (2.116)
The solution to (2.116) is readily obtained as

F(n)=A+ Be V3, —o00<n< o0,
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AR
il
(27)2

where A and B are constants. Matching with region I1I*as n — oo requires that A =

and matching with region SS as n — —oo requires that B = (“*2%;) Therefore, equation

(2.116) is to be solved subject to the following matching conditions with region III* (as

n — o0) and region SS (as n — —o00), namely,

(2‘41;% as 1 — 00,
F(n) ~ g (2.117)
(

— _ X
u—uy) o=/3n as 1 — —oo.
2ym

The solution to (2.116) and (2.117) is readily obtained as

o P S el VTR (2.118)
(27) 2ym

[N

Therefore, we have in region TR that

u(n,t) = uy + ((;:; M 2_7?)@—\/?”) (Int)~2 t73 + o((lnt)—l t—l) (2.119)

ast — oo with n = O(1). Finally, we conclude this case by noting that matching expansion
(2.110) (as z — —o0) to expansion (2.101) similarly fails and we require a corresponding
transition region, which we label TR™. To examine region TR~ we introduce the scaled

coordinate 7 by

N[

i = (z+c(t) (Int) (2.120)

as t — oo with 7 = O(1). The details in TR~ follow, after minor modification, those

given for region TR™ and are summarized here for brevity. Therefore, in region TR~ we
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have that

u(n,t) =u_ + (( ALW i u+)e\/jﬁ> (Int)"2 7% + o ((lnt)’% t’%) (2.121)

as t — oo with 7 = O(1) [3].

The asymptotic structure of IVPT as t — oo when —1 < § < —% and v > 1 is now

complete. A uniform approximation has been given through regions II¥, III*, TR* and
SS. A schematic representation of the location and thickness of the asymptotic structure
as t — oo is given in Figure 2.8. The large-time attractor for the solution of IVP™ in this
case is the error function, which allows for the adjustment of the solution from wu, to u_.
This attractor is in a stretching frame of reference of thickness |z| = O <t%> as t — oo.
Finally, the asymptotic structure to the solution of IVP* as ¢t — oo when —1 < § < —%

and v > 1 can be summarized as:

Region IT": t = O(1) as = — oo

u(z,t) =uy +

Ap | yug At (v DAt | ARCT 1
xY (5 + 1)x(v+1) z(r+2) ((5 + 1)x(27+1) 2(27+1)

with t = O(1).
Region IIT*: y = O(1)(> 0) as t — c©
u(y,t) = uy + Ay + (%y”“) + Amy(y + 1)y(7+2)> (OO g (160421

as t — oo with y = O(1)(> 0).
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SN—
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-
S
=1
+
o 2
v

(Int)

I~ SS 1+

u(y, t) =uy — O (°)

u(y,t) = U(z) + O <t‘%(lnt)‘

[N]S]
N——

Figure 2.8: A schematic representation of the asymptotic structure of u(y,t) in the (y, u)
plane as t — oo for IVP* when —1 < § < —% and v > 1. We recall that y; = —y, =

2
—t(2) ¢(t), where ¢(t) is given by (2.114).
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Region TR*: y = (c(t) + %) t0+2) with n = O(1) ast — o0

Int

(1)

)

as t — oo with n = O(1), and ¢(t) given in (2.114).

Region SS: y = 2t~ 0+2) with z = O(1) as t — oo

T ; u-) _ (e ; W) o (g) +o(1)

as t — oo with z = O(1).

Region TR : y = (—c(t) + —= ) t®2) with § = O(1) as t — —o0
Vint "

u(n,t) =u_ + ((;;g CE 2_71;:)6\/?’7) (Int)"2t7% + o <(ln t)_%t_%>

as t — oo with 7 = O(1), and ¢(t) given in (2.114).

Region IIT": y = O(1)(< 0) as t — o0

_ uy A
u(y, t) =u_ + Ap(—y) % + (— ( 1++L57>(—y)_(”+1) + Apy(y + 1)(—y)_(7+2)> £00+2+1)

+ o (H0+214D)

as t — oo with y = O(1)(< 0).
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Region II: t = O(1) as = — o0

Ap qyu_AptPtY  y(y + 1) ALt Y AZ¢O+D) ( 1

u(z,t) =u_ + — — D)

xv (5 + 1)37(7—"_1) x(’Y+2) - (5 + 1)1‘(274_1) + o ) as r — OO

with ¢ = O(1).

2332 —-1<d<—1,0<y<1:

In this case, expansions (2.14) and (2.18) of regions II*" and II~ with ¢ = O(1), respec-
tively, continue to remain uniform provided that |z| > £TT as t — oo However, a
nonuniformity develops when |z| = O (tﬁ) We begin by considering the asymptotic
structure as t — oo by moving in from region II" when z > tﬁéfl) as t — o0o. To proceed,
we introduce a new region,which we label as region III". To examine region IIIT, we
introduce the scaled coordinate

y=at GO (2.122)

with y = O(1) as t — oo [3]. The form of the asymptotic expansion for u(y,t) in region
[T follows from the structure of expansion (2.14) in region II*, when written in terms
of y and ¢, and expanded for y = O(1) as t — oo. This requires that in region ITIT we

expand in the form

2 (@] (@]
u(yﬂf) =uy + Fo(y)t7<%) + Fl(y)ti(rfl)Jrl + F2(y)t7<67j12))+1 +o0 <t7<6’7j12))+1>
(2.123)
ast — oo with y = O(1), and where Fy(y), Fi(y) and F5(y) are functions to be determined.

On substitution from (2.123) into equation (2.1) (when written in terms of y and t), we
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obtain after some calculation

<—L§ Fo(y) ¢ (377) — (L - 1) Fi(y) G MFg(y) t—(f:l)+1>

v—1
% <F6(y)t7(%) + Fl’(y)t*(%)Jrl n Fé(y)tf(égjf))“) N tég:fhrl

20

(s + Foly)t G0 4+ Ry G ) (R G 4 R (G0 )

~ FJ/(y) 00240
We obtain at O (f%) the following ordinary differential equation for Fy(y), namely
F+ (%) Fo=0, y=0(1)(>0). (2.124)

Equation (2.124) has to be solved subject to the matching condition with expansion (2.14)

in region IT* (When x=0 <t%>>, which requires
Foly) ~— as y— oo. (2.125)
The solution of (2.124) subject to (2.125) is then readily obtained as
Fo(y)=Ary™", y>0. (2.126)

At O (t_%H) we obtain the following ordinary differential equation for F}(y), namely

h (T)Fl T R(S(y(vﬂ)) =, y=0(1)(>0). (2.127)
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This is to be solved subject to the corresponding matching condition with expansion (2.14)

in region IT* (when x=0 <t%71>>, which requires

usL A B
(y) ~ U+ LR —(+1)

G+ D) as Yy — 00. (2.128)

The solution of (2.127) and (2.128) is then readily obtained as

us Ary —(v+1)
Fi(y) = B, =0+) 4 5 0. 2.129
At O (t 76w(ﬁ2)+1> we obtain the following ordinary differential equation for Fy(y), namely

o (0D -06=D)p  Am( =D+ Duy ARy(y — Duy
2 5y > 5y 3) Syt

y=01)(>0).  (2.130)

This is to be solved subject to the corresponding matching condition with expansion (2.14)

in region 11" (when x=0 <t(%)71)>, which requires
uy A
Fy(y) ~ ﬁy“”“) + Apy(y + D)y 0D as Yy — oo, (2.131)

The solution of (2.130) and (2.131) is then readily obtained as

uy A%y _
K(y) = ((;L—RSy @) L Apy(y+ 1Dy 0Dy > 0. (2.132)

79



In this case the expansion in region IIT" is given by (2.123) with (2.126) , (2.129) and
(2.132). That is,

uy Ary _(7+1)t%+1
(0+1)
3(v+2)

A2 —6(y+2)
n (?(;r+1z1’)yy(2y+1) + Apy(y + 1)y('y+2)) 1ty (t%H) (2.133)

S
u(y, t) = uy + Apy "t +

ast — oo with y = O(1)(> 0) [3]. We observe that expansion (2.133) becomes nonuniform
when y = O <t7%> as t — 0o. To proceed, we label region I as 111" (a) and introduce
a new region, labeled as IIIT(b). To examine region IITT(b), we introduce the scaled

coordinate

§ =y toD (2.134)

with g = O(1) as t — oo, and look for an expansion of the form
u(i, t) = uy + Fy()0° + Fy(g)tC0FDHD 4o (100F2+D) (2.135)

as t — oo with § = O(1), where Fy(j)) and Fj(§) are functions to be determined [3].
On substitution from (2.135) into equation (2.1) (when written in terms of y and ¢). We

obtain after some calculation

((98) Bo@)t® + (807 +2) + 1) B@ETHH) 4 (By@)ea® + F{()e=+)

[5 § + 120+ (u+ + Ey()t + p1<g)t(6('y+2)+1)>} - (Fé’(g))t”‘;) . F{/@)t(é(ym)ﬂ)) (25+1)

We now equate at each order in turn and solve to find Fy(y) and Fi(7). Equating at

O (t'y‘s) we have the following ordinary differential equation for Fy(y), namely
Fl+ (l)FO =0, §=0(1)(>0). (2.136)
Yy
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Equation (2.136) has to be solved subject to the matching condition with expansion (2.14)

in region 11" (When x=0 (t*“";)), which requires

Fo(g) ~ as gy — oo. (2.137)

g’Y
The solution of (2.136) subject to (2.137) is then readily obtained as

Fol§) = Apg™", 0. (2.138)

At O (tCOF2+D) we obtain the following ordinary differential equation for Fy(g),

g =0@1)(>0).

Fl + (M) P = U+Amg,(w) L Ary(r £ 1)5~0+9
1 4 5 :

(2.139)

This is to be solved subject to the corresponding matching condition with expansion (2.14)

in region II'* (when z = O (t(-°0+2+D))  which requires

. uy Apy .
Fi(g) ~ ((;F+I;;y O+ as = oo, (2.140)

The solution of (2.130) and (2.131) is then readily obtained as

. us Agy . . .
Fi()) = (ngPi)y O 4 Apy(y + 1) 02, §> 0. (2.141)

We find that

X - uy ARy . .
u(g,t) = uy + Agg " + (@Tﬁ;y O+ Apy(y + 1)j ‘7“)) $CO+2)+1)

+ o (00T (2.142)
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ast — oo with g = O(1)(> 0) [3]. We observe that expansion (2.142) becomes nonuniform

when

7=0 (t(‘”%)) as t— 0.

We now consider the asymptotic structure as ¢ — co by moving in from region 11~
when (—z) > tﬁ. To proceed, we define a new region, which we label as region I11~.
we note that region III~ will need to be replaced by region I~ (a) and region 111~ (b). The
details of these regions follow, after minor modification, those given for regions III*(a)

and IIT*(b) above. Therefore, we have in region III™(a) :

w(y, t) = u_ + Ap(—y) G £ 0 (t‘(%)“) (2.143)
as t = oo with y = O(1)(< 0), and in region II1I7(b) :
(g, t) = u_ + Ap(—3) 7 + o (tPGTATD) (2.144)

as t — oo with g = O(1)(< 0). We observe that expansion (2.144) becomes nonuniform

when

gij(t(M%)). as t— 00

The remaining asymptotic structure in this case now follows that given in Section 2.3.3.1

for v > 1.

The asymptotic structure of IVP' as t — oo when —1 < § < —% and 0 < v < 1
is complete now. A uniform approximation has been given through regions II*, II1(a)®,
[1I(b)*, TR* and SS. Finally, the asymptotic structure to the solution of IVP* when

—-1<d< —%, 0 <~v<1ast— oo can be summarized as:
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Region II": t = O(1) as = — oo

Ag | qup At v A%t O+ 1
e (0 +1)z0t) (6 + 1)x@+D) T to 227D

u(z,t) =uy + >asx—>oo

with ¢t = O(1).

Region III"(a): y = O(1)(> 0) as t — oo

ut+Ary —(+1) 4 (525)+1
(0+1)

2
+ (?gil?l;y—(zv+l) + Apy(y + 1)y—('y+2)> t<_5v(f1r2))+1 +o0 (t(%)J“l) as t— oo

u(y,t) = uy + Agy 1) 4

as t — oo with y = O(1)(> 0).

+ o (HE0+21+D)

as t — oo with g = O(1)(> 0).

Region TR": § = <C<t) + (I—T’)—1> t0+2) with n = O(1) as t — oo
nt)2

u(n, t) = uy + <(;§2 I 2_7::*)6\/?") (Int)" 3% + 0 ((lnt)’%t’%>

as t — oo with n = O(1), and ¢(t) given in (2.114).
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Region SS: § = 2t~ +2) with z = O(1) as t — oo

u(z,t) = (14 ; u-) _ (u ; u+)erf (g) +o(1)

as t — oo with z = O(1).

(Int)2

Region TR™: y = <—c(t) 4 1) t0+32) with = O(1) as t — —oo

(i t) = u_ + (éiL)g _ - 2_71:)6\/3’7> (nt) 3% 4o ((nt) 3173

as t — oo with 7 = O(1), and ¢(t) given in (2.114).

Region III-(b): gy =O(1)(< 0) as t — o0

N o u_A o N
w(,t) = u_ + Ap(—9) 7t + (_((STLS(_y) O+ 4 Apy(y + 1) (=9) (7+2)> H6(r+2)+1)

+o (t(5(w+2)+1))
as t — oo with y = O(1)(< 0).

Region IIT (a): y = O(1)(< 0) as t — o0

ol _A 26
H=u_+ A(—y)" —(3%) _ =47 —(y+1) = (%5 ) +1
u(y, t) =u_ + Ap(—y) "t <5+1>( Y) t
_A2 —0(y 2 —8(y 2
- (_?5 +L1§<_y)_(2”+” + Ay(y + 1)(—y)‘(”+2)) e i)

as t — oo with y = O(1)(< 0).
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Region II: t = O(1) as = — o0

A _Apto+ 1At A2 ¢(0+1) 1
u(a:,t):u,—i——L—%L L +7(7+ JAL 4L ‘o
v (0 +1)z0+D) x(r+2) (0 + 1)+ 2(2v+1)

with t = O(1).

) as r — o0

2.4 Numerical Solution to the Initial-Value Problem

IVP*

In this Section we develop a numerical solution to IVPT. In particular, we adopt the

numerical method that is described in [21]. Specifically, to obtain numerical solutions

to IVPT we use a explicit finite difference scheme which we briefly summarize below

with N = 100 where N is the number of grid points time step At = 0.1 and the length

Az = 0.5 (Further details of the the convergence test of numerical solutions of IVP* are

given in Appendix A.1). Following [21], we begin by rewriting equation (2.1) in the form

w4+ [o(u)]y = Upy, —00 < <00, t>0,
with
2
u
v(u) = —.
="
On integrating equation (2.145) from z;_1 to x;, 1 we obtain

S

x_+l .Z’.+l l‘,+
/] * wpdr — [ux} TR {v(u)} ’

1 )
=3 i-% Jj—

[N

(2.145)

(2.146)

with {z;},;en being a discretization of the z-axis, with uniform spacing Azx. We now

approximate the terms in (2.146) as follows
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+3 d
/ o UtdSE =~ —u(xj,t) A X,
- dt
Tird
— |uy = |ua(2;_1,1) —uw(xﬁ%,t) ~

Az Az
_U(.Tj+1, t) — 2U(Ij, t) + U(xj—l,t>
Ax ’

[U(%’a t) —u(zj_1t)  u(zjz1,t) - U(ﬂﬁj,t)]

4 [@(U)} TR [v(u(xﬂé,t)) — wo(ule;_s, t))] . (2.147)

On substituting (2.147) into (2.146) we obtain the following ordinary differential equation
for U;(t), namely
dU;  Ujp —2U; + U 5U(Uj—

1 1
— =t 2 2 2.14
dt Ax? Az ( §)

where U;(t) ~u(x;,t) and v(U,

4+1) is the average of v(U;) and v(Uj+1). Following [21] we

1
2
then discretize the time derivative in (2.147) by a forward difference to obtain the explicit

method

[

(2.149)

=y ] (L= U) () MDY)

Azx?
where {t, },en is a discretization of the ¢ — axis, with uniform spacing At. We anticipate
that this explicit numerical method will be stable when At < %Amz, and this has been
confirmed by numerical testing [39].

We now use this numerical method to obtain numerical solutions to IVP* . In par-
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ticular, we consider IVP™ with initial data uy : R — R given by,

(0.5 (uy —u_))Ag

Uy + , as ¢ > 0,
up(z) = b
0.5 —u_))A
u_+< (uy —u)) L, as ¢ < 0,
1+ (—x)
where v > 0, Ap = —1 and A;, = 1. There are three cases to consider, in each of these

cases we compare numerical simulation of the solution with of IVP™T to the theoretically

predicted solution. These are:
(i) 6>-1 >0,
(i) 0 =—%, >0,

(iii) —1 <6< —1

29 7>0>

and we consider each case in turn.

2.4.1 0>—1,

v >0

In this case we have established in Section 2.3.1 that a expansive wave develops in the
solution of IVP* as t — oco. We now present numerical evidence to support that the
solution u(y,t) of IVPT exhibits the formation of expansion wave profile with § > —%
and v > 0. In Figures 2.9-2.11 we plot the numerical solution of IVP* against y at times

t =5, 10, 20, 30, 40 and 50 for the cases
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respectively. The dashed line represents the theoretically predicted solution (2.62) that is

Uty y > (5u+_+1)7
\U_, y < (6+1)>
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Figure 2.9: Graphs of the numerical solution of IVP* in the (y,u) plane when u, = 1
and u_ = —1 at times t = 5, 10, 20, 30, 40 and 50 with (a) § = 0.01, v = 1 and
(b) § = 0.5, v = 1. The graphs illustrate the development of the expansive wave with
the solid lines showing the numerically computed solutions and the dash line representing
theoretically predicted solution ug is given by (2.62).
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In Figure 2.9 we observe that the numerically computed solution of IVP* when u, = 1
and u_ = —1 with § > —% in this approaches the predicted large-time attractor, the
expansion wave. This is in line with the Proposition 1 where we expect the numerical
solution converges to an expansion wave profile in y as ¢ — oo. Specifically, at t = 50
and § = 0.5 we see that the gradient of numerical solution is in good agreement with the

theoretically predicted solution given by dashed line.
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Figure 2.10: Graphs of the numerical solution of IVP™ in the (y,u) plane when u, =1
and u_ = 0 at times ¢ =5, 10, 20, 30, 40 and 50 with (a) 6 = 0.01, v = 1 and (b)
0 = 0.5, v = 1. The graphs illustrate the development of the expansive wave with the
solid lines showing the numerically computed solutions and the dash line representing
theoretically predicted solution ug is given by (2.62).
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In Figure 2.10 we observe that the numerically computed solution of IVP*when u, =
1 and u_ = 0 with 6 > —% in this approaches the predicted large-time attractor, the
expansion wave. This is in line with the Proposition 1 where we expect the numerical
solution converges to an expansion wave profile in y as ¢ — oo. Specifically, at t = 50

and § = 0.5 we see that the gradient of numerical solution is in good agreement with the

theoretically predicted solution given by dashed line.
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Figure 2.11: Graphs of the numerical solution of IVP" in the (y,u) plane when u, =0
and u_ = —1 at times t = 5, 10, 20, 30, 40 and 50 with (a) § = 0.01, v = 1 and
(b) § = 0.5, v = 1. The graphs illustrate the development of the expansive wave with
the solid lines showing the numerically computed solutions and the dash line representing
theoretically predicted solution ug is given by (2.62).
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In Figure 2.11 we observe that the numerically computed solution of IVP* when
uy =0 and u_ = —1 with 6 > —% in this approaches the predicted large-time attractor,
the expansion wave. This is in line with the Proposition 1 where we expect the numerical
solution converges to an expansion wave profile in y as ¢ — oo. Specifically, at t = 50
and § = 0.5 we see that the gradient of numerical solution is in good agreement with the

theoretically predicted solution given by dashed line.

242 d=-1 ~4>0

In this case we have established in Section 2.3.2 that the similarity solution found by
Rudenko and Soluyan [32] develops in the solution of IVPT as t — co. We now present

numerical evidence to support that the solution u(y,t) of IVP* exhibits the formation

of the similarity solution found by Rudenko and Soluyan when § = —% and v > 0.

In Figures 2.12-2.14 we plot the numerical solution of IVPT against y at times ¢ =

5, 10, 20, 30, 40 and 50 for the cases
(i) up =1, w_=-—1,

(i) up =1, u_ =0,

(i) uy =0, wu_ = -1,

respectively. In this case, the theoretically predicted solution (2.80) that is

Uy + Cy(up,u)ytem 107200 a5y — o0,
uR(y ~ 1 2
u_ 4+ C_(uy,u_)y e 10=2u-)" a5y — —o0,

with C, and C_ globally determined nonzero constants, where

Ci(up,u_) <0 and C_(uy,u_)>0.
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Figure 2.12: Graphs of the numerical solution of IVP™ in the (y,u) plane when u, =1
and u_ = —1 at times t = 5, 10, 20, 30, 40 and 50 with (a) § = —0.5, v = 0.5 and

(b) 6 = —0.5, v = 1. We note that the numerically computed solutions represent the
formation of the similarity solution found by Rudenko and Soluyan [32].
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We observe that in Figure 2.12 the numerically computed solution of IVPT when
uy =1 and u_ = —1 with 6 = —% approaches the predicted large time attractor which is
the similarity solution found by Rudenko and Soluyan [32] as t — co. This is in line with
the Proposition 3 (later presenting in this thesis) where we expect the numerical solution
converges to the similarity solution found by Rudenko and Soluyan [32] as ¢ — oo. In

fact, by t = 50 there is already good agreement as can be seen from Figure 2.12.
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Figure 2.13: Graphs of the numerical solution of IVP™ in the (y,u) plane when u, =1
and u_ = 0 at times t = 5, 10, 20, 30, 40 and 50 with (a) 6 = —0.5, v = 0.5 and
(b) 6 = —0.5, v = 1. We note that the numerically computed solutions represent the
formation of the similarity solution found by Rudenko and Soluyan [32] .
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We observe that in Figure 2.13 the numerically computed solution of IVPT when
uy =1 and u_ = 0 with 0 = —% approaches the predicted large time attractor which is
the similarity solution found by Rudenko and Soluyan [32] as t — co. This is in line with
the Proposition 3 (later presenting in this thesis) where we expect the numerical solution
converges to the similarity solution found by Rudenko and Soluyan [32] as ¢ — oo. In

fact, by t = 50 there is already good agreement as can be seen from Figure 2.13.
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Figure 2.14: Graphs of the numerical solution of IVP" in the (y,u) plane when u, =0
and u_ = —1 at times t = 5, 10, 20, 30, 40 and 50 with (a) § = —0.5, v = 0.5 and
(b) 6 = —0.5, v = 1. We note that the numerically computed solutions represent the
formation of the similarity solution found by Rudenko and Soluyan [32] .
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We observe that in Figure 2.14 the numerically computed solution of IVPT when
uy =0and u_ = —1 with 6 = —% approaches the predicted large time attractor which is
the similarity solution found by Rudenko and Soluyan [32] as ¢ — co.This is in line with
the Proposition 3 (later presenting in this thesis) where we expect the numerical solution
converges to the similarity solution found by Rudenko and Soluyan [32] as ¢ — oo. In

fact, by t = 50 there is already good agreement as can be seen from Figure 2.14.

243 -1<d<-1 ~>0

In this case we have established in Section 2.3.3 that the error function profile (2.110)
develops in the solution of IVPT as t — oo. We now present numerical evidence to
support that the solution u(y,t) of IVPT exhibits the formation of an error function
profile when —1 < § < —% and v > 0. In Figures 2.15-2.17 we plot the numerical solution

of IVP™T against y at times ¢ = 5, 10, 20, 30, 40 and 50 for the cases
(i) upy =1, w_=-1,
(i) uy =1, u_ =0,
(iii) uy =0, wu_ =—1,
respectively. In this case, the theoretically predicted solution (2.109) that is

P C ; u) _ (u- 5 Ut) arf(y), —o0 <y < co. (2.150)
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Figure 2.15: Graphs of the numerical solution of IVP™ in the (y, u) plane when u, =1
and u_ = —1 at times ¢t = 5, 10, 20, 30, 40 and 50 with (a) § = —0.75, v = 0.5 and
(b) 6 = —0.75, v = 1. The graphs illustrate the numerically computed solutions and the
theoretically predicted solution (dashed) ug at ¢ = 50.
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In Figure 2.15 we observe that the numerically computed solution of IVP* when
uy = land u_ = —1 with -1 < § < —% in this approaches the predicted large-time
attractor, an error function profile. This is in line with the Proposition 4 (later presenting
in this thesis) where we expect the numerical solution converges to be an error function
profile in y as ¢ — oo. Specifically, at t = 50 with § = —0.75 and v = 1 we see that
the gradient of numerical solution is in good agreement with the theoretically predicted

solution given by uz.
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Figure 2.16: Graphs of the numerical solution of IVP™ in the (y, u) plane when u, =1
and u_ = 0 at times ¢t = 5, 10, 20, 30, 40 and 50 with (a) 6 = —0.75, v = 0.5 and
(b) 6 = —0.75, v = 1. The graphs illustrate the numerically computed solutions and the
theoretically predicted solution (dashed) ug at ¢ = 50.
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In Figure 2.16 we observe that the numerically computed solution of IVP* when
uy = 1 and u_ = 0 with —1 < § < —% in this approaches the predicted large-time
attractor, an error function profile. This is in line with the Proposition 4 (later presenting
in this thesis) where we expect the numerical solution converges to be an error function
profile in y as t — oo. Specifically, at t = 50 with § = —0.75 and v = 1 we see that

the gradient of numerical solution is in good agreement with the theoretically predicted

solution given by ug.
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Figure 2.17: Graphs of the numerical solution of IVP" in the (y,u) plane when u, =0
and u_ = —1 at times ¢t = 5, 10, 20, 30, 40 and 50 with (a) § = —0.75, v = 0.5 and
(b) 6 = —0.75, v = 1. The graphs illustrate the numerically computed solutions and the
theoretically predicted solution (dashed) ug at ¢ = 50.
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In Figure 2.17 we observe that the numerically computed solution of IVP* when
uy = 0and u_ = —1 with -1 < § < —% in this approaches the predicted large-time
attractor, an error function profile. This is in line with the Proposition 4 (later presenting
in this thesis) where we expect the numerical solution converges to be an error function
profile in y as ¢ — oo. Specifically, at t = 50 with § = —0.75 and v = 1 we see that
the gradient of numerical solution is in good agreement with the theoretically predicted

solution given by uz.

2.5 Summary

In this chapter we have obtained, via the method of matched asymptotic coordinate
expansions, the uniform asymptotic structure of ¢ — 0, ¢ = O(1) and the large-t solution
to the initial-value problem IVP* (u; > u_) over all parameter values. The form of the
large-t solution to the initial-value problem IVP* depends on the problem parameters §

and v as follows:

(i) When § > —1 and v > 0, the solution u(z,t) of IVP* exhibits the formation of

expansion wave profile, with

Uy, y > ((;3:1)7
(6+1) U_ u
U, Y < G

as t — oo, uniformly for y € R. The detailed rate of convergence is given in Proposition 1.

(ii) When § = —1 and v > 0, the solution u(z,t) of IVP* exhibits the formation of

the similarity solution found by Rudenko and Soluyan [32], with

u(zté,t) — Up(2)
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as t — oo with z = O(1), where Ug(z) is given by (2.80). We observe that this profile is

in a stretching frame of reference of thickness O (té) as t — o0.

(iii) When —1 < 6 < —3 and v > 0, the solution u(z,t) of IVP" exhibits the

formation of an error function profile, with

() s [l ) ()

as t — oo, uniformly for z = O(1). We observe that the error function profile is in a

stretching frame of reference of thickness O (té) as t — oQ.
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CHAPTER 3

THE INITIAL-VALUE PROBLEM IVP ™

In this chapter, we consider the initial-value problem for Burgers’ equation with a time

dependent coefficient, namely,

wp + Uty = Uy, —00<z <00, t>0, (3.1)
u(z,0) = up(x), —oo<z <00 (3.2)

u_, T — —00,
u(z,t) — t>0, (3.3)

Ug, T — 00,

where § > —1 and now u_ > u,. Further, we consider the situation when the initial data

uo : R — R is continuously differentiable and has algebraic decay as || — co. Specifically

u++é—)12+O(E(|x])) as T — 00,
up(z) = (3.4)

u,+(j47Lw+O(E(|x|)) as T — —00,

where E(|z|) is linearly exponentially small in x as |z| = oo, Ag >0, A, <0 and vy >0
are constants. We henceforth refer to the initial-value problem (3.1), (3.2) and (3.4) as
IVP~ when u_ > uy. We develop the structure of the large-time solution to IVP~

using the method of matched asymptotic coordinate expansions. The large-time solution
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is obtained by consideration of the asymptotic structures as t — 0 (—oo < z < 00) and

as t — 00o.

We begin by examining the asymptotic structure of the solution to IVP~ ast — 0 .

3.1 Asymptotic solution to IVP™ as ¢t — 0

Again the consideration of initial data (3.2) (with (3.4)) indicates that the asymptotic
solution to IVP™ as t — 0 will consist of a single asymptotic region, which we label as
region I. We find that the detail of region I in both cases (§ > 0 and —1 < § < 0) follow

those given in Sections 2.1.1 and 2.1.2.

3.2 Asymptotic solution to IVP™ as |z| — oo

The details of the asymptotic structure of the solution to IVP ™ as |z| — oo with ¢ = O(1)

follow those given in Section 2.2 and are not repeated here.

3.3 Asymptotic solution to IVP™ as t —+

We now investigate the asymptotic structure of the solution to IVP~ as ¢t — co. We recall
Section 2.2 that expansions (2.14) and (2.18) of regions II* (z — oo, ¢t = O(1)) and 11~
(z — —o0, t = O(1)), respectively, continue to remain uniform provided that |z| > t°+1

as t — oo. However, as already noted, a nonuniformity develops when |z| = O (t‘SH) as

t — 00. As in Section 2.3.1, we introduce the scaled coordinate

y = at~ O+, (3.5)

where y = O(1) as t — 00, and begin by summarizing the asymptotic structure as t — oo
in regions I11¥, the details of which follow, after minor modification, those given in Section

2.3.1, and are not repeated here.
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Region IIT7:

-
u(y,t) =uy + Ag (y — (5?1)) 0T g (370D (3.6)
as t — oo with y = 55 4+ O(1), and where Ap > 0.
Region III™:
u(y,t) =u_ + Ag (@uT_) - y> 70D g (170FD) (3.7)

uU—

(6+1)

as t — oo with y = — O(1), and where A, < 0. Consideration of expansions (3.6)
and (3.7) for ¢t > 1 in regions III* indicates that there are a number of cases to consider,
which are now developed in turn [3]. We note that, the details of the asymptotic structure
of solution to IVP™ as ¢t — oo in both cases § = —% and —1 < 6 < —% follow those given

in Sections 2.3.2 and 2.3.3 respectively. Thus, in order to avoid repetition we give a brief

summary of the asymptotic structure of solution to IVP™ as ¢t — oo in each case.

3.31 §>—3
In this case, when u_ > u, the nonuniformity in expansion (3.6) and (3.7) must occur
when y = a+0(1), for some a € (é—*l), (51;__1)> which is to be determined. To proceed, we

introduce a new region which we label as region SS. To examine region SS we introduce

the scaled coordinate z, via

110



where ¢(t) = o(1) as t — oo, is an as yet undetermined gauge function, and expand in
the form

u(z,t) =U(z) + o(1) (3.9)

as t — oo with z = O(1) [3]. On substituting expansion (3.9) into equation (3.1) (when

written in terms of z and ¢) we obtain
—a(L+ 0t o) U, + UUL ()™ = Ut 20 (4) 72 4 0 (120 (1) 72)
which simplifies to
—a(1+0)U, + UU, = Ut # ()™ + o (=@ pt)™). (3.10)

We now choose ¢(t) to provide the most structured balance in (3.10).This requires, without

loss of generality, taking

P(t) =t~ D), (3.11)

We then obtain at leading order that
U,.—UU,+a(l+0)U, =0, —00 < 2 < 00. (3.12)

We note that we have examined equation (3.12) in Section 1.5.4. The solution to (3.12)

is readily obtained as the standard Taylor shock profile (see [38]) and is given by
1 1 1 1
U(z) = §(u+ +u_)— 5 (u_ — uy ) tanh (Z(u_ — Uy )z + 5@) ,—00 < z < 00, (3.13)

where ¢, is a globally determined constant. A graph of (3.13) for u_ = 1 and uy = —1

(up to translational invariance in z) is given in Figure 3.1. Therefore the expansion in
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region SS is given by
1 1 1 1
u(z,t) = §(u+ +u_)— 5 (u_ — uy ) tanh (z_l(u —uy)z + 5@) +o(1), (3.14)
with z = O(1) as t — 0.

1.5 | | | | |

0.5 A -

'1.5 T T T T T
-15 -10 -5 0 5 10 15

Figure 3.1: A graph of the Taylor shock profile (3.13) when u_ = 1 and uy = —1 (with
translational invariance fixed by taking ¢. = 0).

We note that

1
Uy + (u_ — uy e zU-—ur)z=0 4 O (u-—ut)z as z — 00,
N LR ( ) -
u_ — (u_ — uy)ez(U-"ur)zoe 1 (e (u-—u4)2) as z — —00.

The similarity solution (3.14) represents a wavefront connecting u, (as z — 00) to u_

(as z — —00). Specifically, when & > 0, the Taylor shock profile is located at x = at’*!
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and contained in a localized region of thickness O (t“s) as t — oo (the profile steepens
as t — o0). The Taylor shock is accelerating in the +x (—z) direction as t — oo when
—u_ < uy <u_ (up <u- < —uy), respectively. When —3 < 6 < 0, the Taylor shock
profile is located z = at%*! and contained in a localized region of thickness O (t"”) as
t — oo (the profile becomes stretched as ¢ — 00). The Taylor shock is decelerating in
the +z (—x) direction as ¢ — oo when —u_ < uy <u_ (uy <u_ < —uy), respectively.
However, we observe that matching expansion (3.9) (as z — o0) to expansion (3.6) as

+
Yy — <(“2?6T1§)) at next order fails and we require a transition region, which we label

TR*. To examine region TR we introduce the scaled coordinate 1 by

(uy +u) 2y(6+1) s
B 2(+5+1) <(u—u+) lnt+n>t o, (3.16)

with n = O(1) as t — oo in region TR™ (that is, 2 = % Int +n). The t=2+VInt
shift in (3.16) is dictated by the matching requirements with regions III* and SS, as will
be seen. The form of expansion (3.14) (for z > 1) then suggests that in region TR we

expand as
(i, t) = uy + F(p)t 700 4 o(t0+) (3.17)

as t — oo with n = O(1). On substituting expansion (3.17) into equation (3.1)(when

equation (3.1) is written in terms of 7 and ) we obtain at leading order that

(u— —uy)

F,
7777+ 92

F,=0, —oo<n<o0. (3.18)

Equation (3.18) is to be solved subject to the following matching conditions with region
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III* (as n — oo) and region SS (as n — —o0), namely,

.
AR(%) as n — 0o,
Fln) ~ (3.19)

(u_ — uy)e 9eemz(u-"un a5y — —o0.
The solution to (3.18), (3.19) is readily obtained as

25+ 1)
U_ — Up

PwnzAR(

y
) + (u_ —uy) e g2 (u-—u)n, —oo <np<oo. (3.20)

Therefore, we have in region TR* that

2(5+1)

.
) + (u_ —uy) e % e-%(u—w)n) ¢(A+0) O(t—v(1+5)) (3.21)
U — Uyp

u(n,t) = uy + (AR (
as t — oo with n = O(1). We also note that matching between region TR* and region
SS, via (3.21) and (3.14), also determines that the correction term in (3.14) must be
O+,

Finally, we conclude this case by noting that matching expansion (3.14) (as z —
—00) to expansion (3.7) <y — [%] _> similarly fails at higher order and we require

a corresponding transition region, which we label TR™. To examine region TR~ we

introduce the scaled coordinate 7 by

up +u_ 29(6 + 1) —(204+1) | py—(2041)
- - Int ¢ t 3.22
Y 20+1)  u_ —uy " T (322)

so that 7 = O(1) as t — oo in the region TR™. The details of region TR~ follow, after

minor modification, those given for region TR™ and are only summarized here for brevity.
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Thus, in region TR~ we have that

2(5+ 1)
U — Uyp

u(n,t) =u_ + (AL (

v
> — (u_ —uy) e’ eé(ﬂ—u+)ﬁ> ¢Y(A+d) O(tfv(Hé)) (3.23)

as t — oo with 7 = O(1) [3].

The asymptotic structure of IVP™ as t — oo when § > —% is complete now. A uni-
form approximation has been given through regions II*, III¥, TR* and SS. A schematic
representation of the location and thickness of the asymptotic structure as ¢t — oo is given
in Figure 3.2. The fundamental attractor of the solution is a localized Taylor shock

1

profile. Finally, the asymptotic structure to the solution of IVP~™ when § > —3 as

t — oo can be summarized as:

Region II*: t = O(1) as = — o0

u(z,t) = uy + .

F
o(t) () 210 + Fs(t) + o0 l as r — 00
xY r(+1) x" xs s

with t = O(1), with r and s given in (2.15), Fy(t), Fi(t), Fy(t) and F3(t) given in (2.16).

Region IIT": y = (ngﬁ) +0(1) as t — o0

-
u
U(y, t) = Uty + AR <y — ﬁ) t_'Y((S"rl) To (t—'y((S—f—l))

as t — oo with y = (ggfﬁ) +O(1).

Region TR*": y = (1;?51%) + (ﬁ(i?) Int ¢~ 1y =2+ with n = O(1) as t — oo

20+1) " L
u(n, t) = uy + (AR (%) 4+ (u- —uy) e 62(“—U+)77) YA+0) 4 (tﬂ(éﬂ))

U — Uy
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O (t—(25+1))

I~ It

u(y,t) = u_ — O (t0F)

Ut +uU—
2(6+1)

u(y,t) = uy + O (t70)

u(y,t) =U(z) + O (t—v(6+1))

Figure 3.2: A schematic representation of the asymptotic structure of u(y, t) in the (y,u)

plane ast — oo for IVP~. We recall that region SS is located at y = ggfﬁ (with thickness

O (t=*1) as t — o), while regions TR* are located at y = (7;?;“”15) + (fl(ii)) it (with
thickness O (t~FV))) as t — oc.
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as t — oo with n = O(1).

Region SS: z = (y — %TS)) t2*D) with 2z = O(1) ast — oo

u(z,t) = %(UJF +u_)— % (u_ — uy ) tanh (i(u_ —uy )z + %gzﬁc) + o(1)

as t — oo with z = O(1).

Region TR™: y = “;EIS) — 51((:13) Int ¢~ 5 =2+ with ) = O(1) as t — oo

2(0+1 7 1
u(i,t) =u- + (AL (%) — (u_ —uy) e¥e ez(“—_“+)’7>t—7(1+5) +o (t—fy(5+1))

U — Uyp

as t — oo with 7 = O(1).

Region IIT: y = (égfﬁ) —O(1) as t = o0

-
Uu_
u(y,t) =u_+ Ag (5 1 y) AR (t—7(6+1))

as t — oo with y = (ZJ{(;%) —O(1).

Region IT": t =0O(1) as = — o0

Fy(t) Fi(t) Fy(t)  F3(t) +0< 1
(—

(—x)Y (_x)(vﬂ) (—2)" ' (—a)® m)s) as r — 00

u(z,t) =u_ +
with ¢ = O(1), with  and s given in (2.19), Fy(t), Fi(t), F»(t) and F3(t) given in (2.20).

The above asymptotic structure can be summarized in the following Proposition 2
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which has been established via matched asymptotic coordinate expansions. It is first

convenient to introduce the function ur : R — R such that
1 1 1
up(N) = §(u+ +u_)— 5 (u_ — uy ) tanh (Z(u_ - u+))\> vV AeR. (3.24)

We then have,
Proposition 2. Let u: R x [0,00) = R be the solution to initial-value problem TVP~
with 6 > — and v > 0. In terms of the coordinate y = xt~0+1)

1 , there exists a glolally

determined constant ¢, such that, on writing,

for (y,t) € R x [0,00), then R(y,t) — 0 as t — oo uniformly for y € R, with

+—(0+1)
Rly.t) = O((l T rym)

as t — oo, uniformly for y € R [3]. We remark that the globally determined constant ¢
is a consequence of the evolution over all ¢ — 0o, and as we have seen, is indeterminate

through our asymptotic analysis as t — oc.

1
332 §=-1

The details of the asymptotic structure of solution to IVP™ as t — oo when ¢ = —%
in both cases (0 < v < 1 and v > 1) follow those those given in Sections 2.3.2.1 and
2.3.2.2 respectively. A uniform approximation has been given through regions II*, III*,
TR* and SS. The details of regions II*, III*, TR* follow those given in Section 2.3.2.1

when 0 < v < 1 and in Section 2.3.2.2 when v > 1. In The solution in region SS, where
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lz] = O <t%> as t — oo, is given by
u(z,t) = ugr(z) + o(1)

where

z—2uy)?

1
Uy + Cy(uy,u_)z temal as 7 — 00,

ur(z) ~

L(z—2u_)?

u_ +C_(up,u_)z"le 1 as z — —00,

with C, and C_ globally determined nonzero constants, depending upon u, and u_, with
Ci(up,u) >0 and C_(uy,u_) <0,

as t — oo with z = O(1). A numerical determination of U = ug(z) for a range of values
of uy and w_ is illustrated in Figure 3.3. The associated values of C, and C_ are given in

Table 3.2. A schematic representation of the location and thickness of the asymptotic

[erfo-] & | [er]u-] & ]
11 |46x1073 1] 1| =5x10"
0 |1.4]24x1077 0 |14]—3.4x 10"
-1 ] 0 | 5.3x10° 1] 0 | =5.4x108

Table 3.2: The values of the constants C, and C_ corresponding to Figure 3.3.

structure as ¢ — oo is given in Figure 3.4 when 0 < v < 1. The large-time attractor for the

solution of IVP~ when § = —% is the similarity solution found by Rudenko and Soluyan

[32], which allows for the adjustment of the solution from u, to u_. This attractor is in

a stretching frame of reference of thickness |z| = O <t%) as t — oo.

Therefore, when § = —% the asymptotic structure can be summarized in the following

Proposition which has been established via matched asymptotic coordinate expansions.
Proposition 3. Let u: R x [0,00) — R be the solution to initial-value problem IVP

with v > 0, 6 = —% and any uy and u_. Then, in terms of the coordinate §y = zt72, on
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Figure 3.3: A graph of U(z) when (a) uy = —1, u_ = 1 with C; = 4.6 x 1073 or

C_.=-5x10" (b) uy =0, u_ =14 with C; =24 x 1077 or C_ = —3.4 x 10" and (c)
uy =—1,u_ =0 with Cy =5.3x10% or C_ = —5.4 x 10°.
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Figure 3.4: A schematic representation of the asymptotic structure of u(y,t) in the (y, u)
plane as t — oo for IVP™ when § = —% and 0 < v < 1. We recall that y, = —y, =
¢TI c(t), where ¢(t) is given by (2.85).
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writing,

u(ya t) = uR(g) + R(@, t)

for (g,t) € R x [0,00), it follows that R(g,t) — 0 as t — oo uniformly for y € R. In

particular, for 0 <y <1, ast — oo,

2(1 v)
O( > in regions 1T,
(1+yl)
R(y,t) = ( 2(Int) %> in regions TR*,
(t 3 (Int) %> in regions SS.

where y =7 t_2<11V> while for v > 1

in regions 1T,

R(y,t) = O(t_%(lnt)_%> in regions TRT,

O(t_%(ln t)_%) in regions SS.
as t — oo [3].

333 —-1<d<—3

The details of the asymptotic structure of solution to IVP~ ast — oo when —1 < § < —%
in both cases (v > 1and 0 < v < 1) follow those those given in Sections 2.3.3.1 and
2.3.3.2 respectively. A uniform approximation has been given through regions II*, ITI*,
[I(a)*, III(b)*, TR* and SS. when v > 1. The details of regions II*, III*, TR* and
SS follow those given in Section 2.3.3.1 wheny > 1. The details of regions IT1%, III(a)*,
III(b)*, TR* and SS follow those given in Section 2.3.3.2 when 0 < v < 1. A schematic
representation of the location and thickness of the asymptotic structure as ¢t — oo is

given in Figure 3.5 when v > 1. The large-time attractor for the solution of IVP~ when
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—-1<d< —% is the error function, which allows for the adjustment of the solution from
uy to u_. This attractor is in a stretching frame of reference of thickness |z| = O <t%> as
t — 00.

Therefore, when —1 < § < —% the asymptotic structure can be summarized in the
following Proposition which has been established via matched asymptotic coordinate ex-

pansions. It is first convenient to introduce the function uy : R — R such that

ug(y) = Lt L) g (3.25)

We then have,
Proposition 4. Let u : R x [0,00) — R be the solution to initial-value problem IVP
withy >0, -1 < < —% and any uy and u_. Then, in terms of the coordinate y = xt_%,

on writing,

for (g,t) € R x [0,00), it follows that R(g,t) — 0 as t — oo uniformly for y € R. In
particular, for v > 1,

79
@) (m) in regions IIIT,
Y

R(y,t) =40 (t‘%(lnt)‘

[N

> in regions TR,

(N3

@) (t’%(ln )~ ) in regions SS,
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1+

u(y,t) = U(z) + O (t’%(lnt)_%>

u(y,t) =uy + O (2°)
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Figure 3.5: A schematic representation of the asymptotic structure of u(y,t) in the (y, u)
plane as t — oo for IVP~ when —1 < § < —% and v > 1. We recall that y; = —y, =

2
—t(2) ¢(t), where ¢(t) is given by (2.114).
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as t — oo, while for 0 < vy < 1,

IO< P . ons IIT{a)*
—_ in regions I1(a)*,
(1 +[yl)

(t?) in regions I11(b)*,

R(y,t) =
(In t)_%> in regions TRE,

(
(t’%(ln t)_%> in regions SS,
as t — oo [3].

3.4 Numerical Solution to the Initial-Value Problem

IVP~

In this section we present numerical solutions of IVP~ which both support and illustrate
the detailed asymptotic analysis given in the above Sections. The details of the numerical
method outlined in [21], which follow those given in Section 2.4 for IVPT (Further details
of the the convergence test of numerical solutions of IVP~ are given in Appendix B.2).

In particular, we consider IVP~ with initial data uy : R — R given by,

0.5 (u_ —uy)Ag

Ug + Tx ) as x> 0,
x
uo(z) =
0.5 (u_ — A
u_ + (u ut) L, as x < 0,
14 (—x)
where v > 0, Ag =1 and A; = —1. There are three cases to consider. These are:

(i) 6 = -1, >0,

27

(iii) —1 <6< -1

29 7>0>
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and we consider each case in turn.

34.1 6> -1,

v >0
In this case we have established in Section 3.3.1 that the Taylor shock wave develops in
the solution of IVP™ as t — co. We now present numerical evidence to support that the

solution u(y,t) of IVP~ exhibits the formation of a localized Taylor shock profile when

1

0 > —5 and v > 0. In Figures 3.6-3.8 we plot the numerical solution of IVP™ against y

at times t = 5, 10, 20, 30, 40 and 50 for the cases
(i) ue =1, wuy=-1,
(i) u- =1, wuy =0,

(ifi) u_ =0, wuy=—1,

respectively. In this case, the theoretically predicted solution (3.14) is that

u(y,t) = %(m fu)— % (u_ —u,)tanh Gm_ —uy) <<y - %) t<25+1>>> |
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Figure 3.6: Graphs of the numerical solution of IVP~ in the (y, u) plane when u, = —1
and u_ = 1 at times t = 5, 10, 20, 30, 40 and 50 with (a) 6 = —0.25, v = 1 and
(b) 6 = 0.01, v = 1. We note that the dashed line represents the theoretically predicted
solution uy is given by (3.24) at t = 50.
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In Figure 3.6 we observe that the numerically computed solution of IVP™ when u, =1
and u_ = —1 with § > —% in this approaches the predicted large-time attractor, the
formation of a localized Taylor shock profile. This is in line with the Proposition 2 where
we expect the numerical solution converges to be Taylor shock wave in y as t — oc.

Specifically, at t = 50 and 6 = 0.5 we see that the gradient of numerical solution is in

good agreement with the theoretically predicted solution uy given by dashed line.
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Figure 3.7: Graphs of the numerical solution of IVP~ in the (y,u) plane when u, = 0
and u_ = 1 at times t = 5, 10, 20, 30, 40 and 50 with (a) 6 = —0.25, v = 1 and
(b) 6 = 0.5, v = 1. We note that the dashed line represents the theoretically predicted
solution uy is given by (3.24) at t = 50.
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In Figure 3.7 we observe that the numerically computed solution of IVP~ when u, =0
and u_ = 1 with ¢ > —% in this approaches the predicted large-time attractor, the
formation of a localized Taylor shock profile. This is in line with the Proposition 2 where
we expect the numerical solution converges to be Taylor shock wave in y as t — oc.

Specifically, at t = 50 and 6 = 0.5 we see that the gradient of numerical solution is in

good agreement with the theoretically predicted solution uy given by dashed line.
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Figure 3.8: Graphs of the numerical solution of IVP~ in the (y, u) plane when u, = —1
and u_ = 0 at times t = 5, 10, 20, 30, 40 and 50 with (a) 6 = —0.25, v = 1 and
(b) 6 = 0.5, v = 1. We note that the dashed line represents the theoretically predicted
solution uy is given by (3.24) at t = 50.
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In Figure 3.8 we observe that the numerically computed solution of IVP~ when u, =
—1 and u_ = 0 with § > —% in this approaches the predicted large-time attractor, the
formation of a localized Taylor shock profile. This is in line with the Proposition 2 where
we expect the numerical solution converges to be Taylor shock wave in y as t — oc.
Specifically, at t = 50 and 6 = 0.5 we see that the gradient of numerical solution is in

good agreement with the theoretically predicted solution uy given by dashed line.

342 d=-1 ~4>0

In this case we have established in Section 2.3.2 that the similarity solution found by
Rudenko and Soluyan [32] develops in the solution of IVP~ as t — oo. We now

present numerical evidence to support that the solution wu(y,t) of IVP™ exhibits the

1

formation of the similarity solution found by Rudenko and Soluyan when § = —3 and

v > 0. In Figures 3.9-3.11 we plot the numerical solution of IVP™ against y at times
t =5, 10, 20, 30, 40 and 50 for the cases

(i) up =1, w_=-—1,
(i) up =1, u_ =0,
(i) ue =0, u_=—1,

respectively. In this case, the theoretically predicted solution that is

Uy 4 Cy (g, u )y e 10200 a5 4 — o0,
UR(y ~ 1 2
u_ +C_(uy,u_ )y te 102" a5y — —oo.

with C; and C_ globally determined nonzero constants, where

Ci(uy,u_)>0 and C_(uy,u_) <0.
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Figure 3.9: Graphs of the numerical solution of IVP~ in the (y, u) plane when u, = —1
and u_ = 1 at times t = 5, 10, 20, 30, 40 and 50 with (a) 6 = —0.5, v = 0.5 and
(b)d = —0.5, v = 1. We note that the numerically computed solutions represent the
formation of the similarity solution found by Rudenko and Soluyan [32].
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We observe that in Figure 3.9 the numerically computed solution of IVP~ when
uy = —1 and u_ = 1 with § = —% approaches the predicted large time attractor which
is the similarity solution found by Rudenko and Soluyan [32] as ¢ — oo. This is in line
with the Proposition 3 where we expect the numerical solution converges to the similarity
solution found by Rudenko and Soluyan [32] as t — oo. In fact, by ¢t = 50 there is already

good agreement as can be seen from Figure 3.9.
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Figure 3.10: Graphs of the numerical solution of IVP~ in the (y,u) plane when u, =0
and u_ = 1 at times t = 5, 10, 20, 30, 40 and 50 with (a) 6 = —0.5, v = 0.5 and
(b) 6 = —0.5, v = 1. We note that the numerically computed solutions represent the
formation of the similarity solution found by Rudenko and Soluyan [32].
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We observe that in Figure 3.10 the numerically computed solution of IVP~ when
uy = 0 and u_ =1 with 6 = —% approaches the predicted large time attractor which
is the similarity solution found by Rudenko and Soluyan [32] as ¢ — oo. This is in line
with the Proposition 3 where we expect the numerical solution converges to the similarity
solution found by Rudenko and Soluyan [32] as t — oo. In fact, by ¢t = 50 there is already

good agreement as can be seen from Figure 3.10.
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Figure 3.11: Graphs of the numerical solution of IVP~ in the (y, u) plane when u, = —1
and u_ = 0 at times t = 5, 10, 20, 30, 40 and 50 with (a) 6 = —0.5, v = 0.5 and
(b)d = —0.5, v = 1. We note that the numerically computed solutions represent the
formation of the similarity solution found by Rudenko and Soluyan [32].
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We observe that in Figure 3.11 the numerically computed solution of IVP~ when
uy = —1 and u_ = 0 with § = —% approaches the predicted large time attractor which
is the similarity solution found by Rudenko and Soluyan [32] as ¢ — oo. This is in line
with the Proposition 3 where we expect the numerical solution converges to the similarity

solution found by Rudenko and Soluyan [32] as t — oo. In fact, by ¢t = 50 there is already

good agreement as can be seen from Figure 3.11.

343 -—1<d§<—4,

v >0
In this case we have established in Section 3.3.3 that the error function profile develops
in the solution of IVP™ as t — co. We now present numerical evidence to support that

the solution u(y,t) of IVP~ exhibits the formation of an error function profile when

1

-1 < < —5 and v > 0. In Figures 3.12-3.14 we plot the numerical solution of IVP~

against y at times t = 5, 10, 20, 30, 40 and 50 for the cases
(i) u =1, wuy=-1,
(i) u- =1, wuy =0,
(ili) u_ =0, wuy=—1,
respectively. In this case, the theoretically predicted solution (2.109) that is

Uy + U_ U_ — U _
um(y,t) = ¢ 5 ) 5 ) eri(y), —00 <7 < co.
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Figure 3.12: Graphs of the numerical solution of IVP~ in the (y,u) plane whenu, = —1
and u_ = 1 at times ¢t = 5, 10, 20, 30, 40 and 50 with (a) 6 = —0.75, v = 0.5 and
(b) 6 = —0.75, v = 1. The graphs illustrate the numerically computed solutions and the
theoretically predicted solution (dashed) ug at ¢ = 50.
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In Figure 3.12 we observe that the numerically computed solution of IVP~ when
uy = —1l and u_ =1 with -1 < § < —% in this approaches the predicted large-time
attractor, an error function profile. This is in line with the Proposition 4 where we expect
the numerical solution converges to be an error function profile in y as t — co. Specifically,
at t = 50 with 6 = —0.75 and 7 = 1 we see that the gradient of numerical solution is in

good agreement with the theoretically predicted solution given by ug.
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Figure 3.13: Graphs of the numerical solution of IVP~ in the (y,u) plane whenu, = 0
and u_ = 1 at times ¢t = 5, 10, 20, 30, 40 and 50 with (a) 6 = —0.75, v = 0.5 and
(b) 6 = —0.75, v = 1. The graphs illustrate the numerically computed solutions and the
theoretically predicted solution (dashed) ug at ¢ = 50.
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In Figure 3.13 we observe that the numerically computed solution of IVP~ when
uy = 0and u_ = 1 with —1 < ¢§ < —% in this approaches the predicted large-time
attractor, an error function profile. This is in line with the Proposition 4 where we expect
the numerical solution converges to be an error function profile in y as t — co. Specifically,

at t = 50 with 6 = —0.75 and 7 = 1 we see that the gradient of numerical solution is in

good agreement with the theoretically predicted solution given by ug.
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Figure 3.14: Graphs of the numerical solution of IVP~ in the (y, u) plane when u, = —1
and u_ = 0 at times ¢t = 5, 10, 20, 30, 40 and 50 with (a) 6 = —0.75, v = 0.5 and
(b) 6 = —0.75, v = 1. The graphs illustrate the numerically computed solutions and the
theoretically predicted solution (dashed) ug at ¢ = 50.
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In Figure 3.14 we observe that the numerically computed solution of IVP~ when
uy = —1l and u_ = 0 with -1 < ¢ < —% in this approaches the predicted large-time
attractor, an error function profile. This is in line with the Proposition 4 where we expect
the numerical solution converges to be an error function profile in y as t — co. Specifically,
at t = 50 with 6 = —0.75 and 7 = 1 we see that the gradient of numerical solution is in

good agreement with the theoretically predicted solution given by ug.

3.5 Summary

In this chapter we have obtained, via the method of matched asymptotic coordinate
expansions, the uniform asymptotic structure of ¢ — 0, ¢ = O(1) and the large-t solution
to the initial-value problem IVP~ (u_ > wuy) over all parameter values. The form of the
large-t solution to the initial-value problem IVP~ depends on the problem parameters o

and ~ as follows:

(i) When § > —3 and v > 0, the solution u(x,t) of IVP™ exhibits the formation of a

localized Taylor shock profile, with

u (W) e s )
2(1+0)

{(m —QF u-)  (u- ; “t) tanh (wz + %@)]

as t — oo with z = O(1), and ¢. being a globally determined constant. It follows

that the Taylor shock wavefront is at x = s(¢) where

(ug 4+ u_)

P+ g0 )
206+ 1) +ct™ +o(t7°)

s(t) =
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as t — oo. We note that

=0 when wuy=-—-u_ with wu_>0,
e ru)) o0 " 0
211 0) < when  up < —u_  wit up <0,

>0 when  uy > —u_  with  u_ > 0.

with ¢ being a globally determined constant, which is a consequence of the evolution

over all ¢ > 0, and is undetermined by our asymptotic analysis as ¢ — oco. The

Taylor shock propagation speed is then

(uy +u_)

(t) =~

as t — o0o. We see that:

(a)

uy = —u_, the Taylor shock front is decelerating as ¢ — oo with 5(t) = O (¢~0+D);
s(t) — 0, for 6 >0

and

1
s(t) ~ ctll for — 5 < 0 < 0.

In each case, the Taylor shock profile is contained within a region of thickness
O(t7°%), which is a thinning region when § > 0 and a thickening region when

—3 <6 <0.

uy < —u_, the Taylor shock front has negative acceleration as ¢t — co when ¢ > 0
($(t) = —o0 as t — 00), but negative deceleration when —3 < & < 0 (5(t) — 0~
as t — o0). However, s(t) — —oco as t — oo for all § > —1. The region containing

the Taylor shock front is of thickness O(¢t7%) in each case.
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(¢) uy > —u_, the Taylor shock front has positive acceleration as t — oo when 6 > 0
($(t) — oo as t — 00), but positive deceleration when —1 < § < 0 (5(t) — 0
1

as t — 00). However, s(t) — oo as t — oo for all 6 > —35. Again the region

containing the Taylor shock front is of thickness O(¢7%) in each case.

(ii) When § = —1 and v > 0, the solution u(z,t) of IVP~ exhibits the formation of

the similarity solution found by Rudenko and Soluyan [32], with
u (ztit) — Ugr(2)

as t — oo with z = O(1), where Ug(z) is given by (2.80). We observe that this

profile is in a stretching frame of reference of thickness O <t%> as t — oQ.

(ili) When —1 < 6 < —3 and v > 0, the solution u(z,t) of IVP™ exhibits the

formation of an error function profile, with

(b)) () (2]

as t — oo, uniformly for z = O(1). We observe that the error function profile

is in a stretching frame of reference of thickness O (t%> as t — oQ.
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CHAPTER 4

CONCLUSION

We have now completed the detailed structural analysis of the large-time structure of the
solution to initial-value problem of Burgers’ equation with a time dependent coefficient.

In this chapter we will present a summary of the work completed and the results obtained.

4.1 Thesis Review

In this thesis we have considered an initial-value problem for Burgers’ equation with a

time dependent coefficient, namely

U + Outy = Uyy, —00 <z <00, t>0, (4.1)

u++(‘2—)’2+O(E(\:c])) as r — 00,
u(z,0) = (4.2)

u_+ 2+ O(E(jz]))  asz — —oo,

where E(|z|) is linearly exponentially small in z as |z| — oo, Ar(# 0), AL(5 0), v(> 0),
uy and u_ (uy # wu_) are constants. The method of asymptotic coordinate expansions
is used to obtain the complete uniform large-t solution to the initial-value problem for

Burgers’ equation with a time dependent coefficient. The complete large-time solution to
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the initial-value problem of Burgers’ equation with a time dependent coefficient in this
thesis is obtained by consideration of the small-time solution (¢ — 0,2 = o(1)) and then
the large-time x solution (|z| — oo, = O(1)). Although the solution to Burgers’ equation
can in certain cases (when the coefficient of uu, in Burgers’ equation is a constant) be
obtained by the Cole-Hopf transformation (see Section 1.2) it provided a simple model for
me to start to develop my understanding of the large-time solution of nonlinear PDEs.
In Chapter 2, we considered the case when u, > u_ with § > —% and v > 0. We

found that the solution u(x,t) to (4.1) and (4.2) exhibits the formation of an expansion

wave profile, that is

Uy, y > ﬁa
0+1 U_ U
u(yt”™t) = (6 + 1)y, o << G (4.3)
u-, Y < &1y

as t — oo, uniformly for y € R. The detailed rate of convergence is given in Proposition
1. In Section 2.4 we present numerical solutions of (4.1)-(4.2) which confirm and support
the asymptotic analysis presented in the Section 2.3.1. In Figures 2.9- 2.11 we see that
the numerical simulations are in good agreement with the Proposition 1 as t — oo.
Similar patterns which corroborate the above results with different values of u, and u_
have been depicted in [15].

In Chapter 3, we considered the case when u, < u_ with § > —% and v > 0. We
found that the solution wu(z,t) to (4.1) and (4.2) approaches the formation of the Taylor

shock profile, with

u((u+ +u_)

1 1 1
(6+1) -0 - _ - . - -
201 1) O 2t ,t) — 2(u++u_) 2(u_ u+)tanh(4(u_ u+)z—|—gz5c) (4.4)

as t — oo, uniformly for y € R. The detailed rate of convergence is given in Proposition
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2. In Section 3.4 we present numerical solutions of (4.1)-(4.2) which confirm and support
the asymptotic analysis presented in the Section 3.3.1. In Figures 3.6- 3.8 we see that the
numerical simulations are in good agreement with the Proposition 2 as ¢t — co. Similar
patterns which corroborate the above results with different values of v, and u_ have been
depicted in [5, 7, 15, 27].

In Chapter 2 and Chapter 3, we see that for both cases uy, > u_ and u_ < uy,
respectively, with § = —1 and v > 0, the large-time solution solution u(z,t) to (4.1) and
(4.2) exhibits the formation of the similarity solution found by Rudenko and Soluyan [32],
with

u(zté, t) . Uy 4 Cy (g, u)z e 1200 ag 2 5 oo, (45)

u_ +C_(up,u_)ztemam20)" g 2 5 o0,
as t — oo, uniformly for y € R. The detailed rate of convergence is given in Proposition
3. In Sections 2.4 and 3.4 numerical solutions of (4.1)-(4.2) which confirm and support the
asymptotic analysis presented in the Sections 2.3.2 and 3.3.2 are presented for the above
cases. In Figures (2.12- 2.14) (when uy > w_) and Figures (3.9- 3.11) (when uy < u_)
we see that the numerical simulations are in good agreement with the Proposition 3 as

t — o0.

In Chapter 2 and Chapter 3, we see that for both cases uy > w_ and u_ < uy,

1

respectively, with —1 < § < —5 and vy > 0, the large-time solution u(z,t) to (4.1) and

(4.2) exhibits the formation of an the error function profile, with

() o [l) ) 2 n

as t — oo, uniformly for y € R. The detailed rate of convergence is given in Proposition

4. In Sections 2.4 and 3.4 numerical solutions of (4.1)-(4.2) which confirm and support
the asymptotic analysis presented in the Sections 2.3.3 and 3.3.3 are presented for the

above cases. In Figures 2.15- 2.17 (when u; > u_) and Figures 3.12- 3.14 (when u; < u_)
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we see that the numerical simulations are in good agreement with the Proposition 4 as
t — oo. Similar patterns which corroborate the above results with different values of u
and u_ have been depicted in [15].

It is interesting to note that although the parameter v plays an important role in the
development and structure of the large-t solution of the initial-value problems considered
in this thesis it does not appear at leading order in expansions 4.3, 4.4, 4.5 and 4.6 (which

are dependent only on the constants u,, u_ and ¢).

4.2 Future Work

The theory and results developed in this thesis consider the large-time structure of the
solution of Burgers’ equation with time dependent coefficients when the initial data is
continuously differentiable and has algebraic decay as |z| — co. An interesting extension
to this thesis would be to investigate the large-time solution of the initial-value problem
for the Burgers’ equation with space and time dependent coefficients when the initial data

is continuously differentiable and has algebraic or exponential decay as x — oo.
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Appendix A: Convergence Test of Numerical Solution
to the Initial-Value Problem IVP™

The following figures present the numerical solutions of IVP™ which both support and
illustrate the detailed asymptotic analysis given in the Sections 2.3.1, 2.3.2 and 2.3.3. The
numerical simulations were performed using a numerical method outlined in [21] based on
the method of explicit finite difference with N = 100 where N is the number of grid points
time step At = 0.01 and 0.005, and the length Az = 0.5 and 0.25. In order to ensure the
reliability of our results in Section 2.4, we compare the numerical simulation of IVP* that
presented in Section 2.4 to the numerical solutions of IVPT with Az = 0.5, At = 0.005
and the numerical solutions of IVP™ with Az = 0.25, At = 0.01, respectively, at ¢ = 50.
As well as, the root mean square error have been computed between the previous cases
to obtain the temporal and spatial convergence. The values of the temporal and spatial
convergence are reported in Table 1, Table 2 and Table 3 for cases § < —%, o= —% and
—-1<d< —% respectively. Based on Figure 1-9, we observe that we have similar patterns
in Sections 2.4.1, 2.4.2 and 2.4.3 when 0 < —%, 0= —% and -1 < ¢ < —% respectively,

which corroborate the above results in Section 2.4.
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Figure 1: Graphs of the numerical solution of IVP™ in the (y,u) plane when v, = 1 and
u_ = —1 at times t =5, 10, 20, 30, 40 and 50 with (a) 6 = 0.01, vy =1, Az = 0.5 and
At =0.005, (b) 6 =0.01,y =1, Az =0.25 and At =0.01, (¢) § =0.5,v=1, Az =0.5
and At = 0.005 and (d) § = 0.5, v = 1, Az = 0.25 and At = 0.01. We note that the
numerically computed solutions represent the expansive wave with the solid lines and the
dash line representing theoretically predicted solution ug is given by (2.62).
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Figure 2: Graphs of the numerical solution of IVP™ in the (y,u) plane when u, =1 and
u_ =0 at times ¢t =15, 10, 20, 30, 40 and 50 with (a) § = 0.01, v =1, Az = 0.5 and
At =0.005, (b) 6 =0.01, vy =1, Az =0.25 and At =0.01, (¢) § =0.5,v=1, Az =0.5
and At = 0.005 and (d) § = 0.5, v = 1, Az = 0.25 and At = 0.01. We note that the
numerically computed solutions represent the expansive wave with the solid lines and the
dash line representing theoretically predicted solution ug is given by (2.62).
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Figure 3: Graphs of the numerical solution of IVP™ in the (y,u) plane when u, = 0 and
u_ = —1 at times t =5, 10, 20, 30, 40 and 50 with (a) 06 = 0.01, vy =1, Az = 0.5 and
At =10.005, (b) 6 =0.01, vy =1, Az =0.25 and At =0.01, (¢) § =0.5,v=1, Az =0.5
and At = 0.005 and (d) § = 0.5, v = 1, Az = 0.25 and At = 0.01. We note that the
numerically computed solutions represent the expansive wave with the solid lines and the
dash line representing theoretically predicted solution ug is given by (2.62).
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Temporal convergence Spatial convergence

v=1 Ax =0.5 and At =0.005 Az =0.25 and At =0.01

uy =land u_ = -1 1.17 x 107° 7.74 x 107°
§=001 wy=1andu_ =0 9.04 x 1076 5.28 x 1075

uy =0and u_ = —1 9.04 x 10°¢ 5.28 x 107

up =1and u_ = —1 6.12 x 107° 1.63 x 107°
=05 wu,=1landu_=0 5.61 x 107° 1.17 x 107°

uy =0and u_ = —0 5.61 x 107 1.17 x 107°

Table 1: Numerical convergence test between the numerical solutions of IVP* with
Ax = 0.5, At = 0.01, the numerical solutions of IVP* with Az = 0.5, At = 0.005 and
the numerical solutions of IVP" with Az = 0.25, At = 0.01, respectively, when § > —%
and v = 1 at t = 50. Values quoted are root mean square error on holding time and space
steps respectively.
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Figure 4: Graphs of the numerical solution of IVP™ in the (y,u) plane when v, = 1 and

U_ =

—1 at times t =5, 10, 20, 30, 40 and 50 with (a) 6 = —0.5, v = 0.5, Az = 0.5

and At = 0.005, (b) 6 = —0.5, v = 0.5, Az = 0.25 and At = 0.01, (¢) 6 = —0.5, v =1,
Az = 0.5 and At = 0.005 and (d) § = —0.5, v = 1, Az = 0.25 and At = 0.01. We
note that the numerically computed solutions represent the formation of the similarity
solution found by Rudenko and Soluyan [32].

156



(b) uy =landu_ =0

1 1 , ,
=5 =5 —
0.9 1 =10 0.9 =10 ey
=20 =20 1/ /
0.8 4 =30 0.8 t=30 i/ /
=40 t=40 / /
07+ =50 Il 07+ 1=50 I/
i/ I/
06 | ) 06 i
< [ £ l
305+ I/ 3054 I/
] }V S /
0.4 4 | 047 /
[ I
J f 1 i
03 / /, 03 y
02+ / ‘,/ 02+ /|
01 / i o1 / f
1 /)l .1
) )
0 +— : — . . 0- i — . :
5 4 3 2 1 0 4 - -4 1 0 1 3 4 5
y y
(a) (b)
1 : 1 —
t=5 t=5
0.9 t=10 0.9 t=10
=20 =20
0.8 =30 08 =30
t=40 t=40
074 (=50 074 t=50
06 06
e =
505 505+
= =l
04 04
03 1 03
02 | /‘ 02
/
4 // i
01 y 01
0 T 7 — T T 0 T T T
20 15 -10 5 0 15 B 15 5 0 5 10 15 20
Yy y

Figure 5: Graphs of the numerical solution of IVP™ in the (y,u) plane when u, = 1 and
u_ =0 at times ¢t =5, 10, 20, 30, 40 and 50 with (a) § = —0.5, v = 0.5, Az = 0.5
and At = 0.005, (b) 6 = —0.5, v = 0.5, Az = 0.25 and At = 0.01, (¢) 6 = —0.5, v =1,
Az = 0.5 and At = 0.005 and (d) § = —0.5, v = 1, Az = 0.25 and At = 0.01. We
note that the numerically computed solutions represent the formation of the similarity
solution found by Rudenko and Soluyan [32].
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Figure 6: Graphs of the numerical solution of IVP™ in the (y,u) plane when u, = 0 and
u_ = —1 at times t =5, 10, 20, 30, 40 and 50 with (a) § = —0.5, v = 0.5, Az = 0.5
and At = 0.005, (b) 6 = —0.5, v = 0.5, Az = 0.25 and At = 0.01, (¢) 6 = —0.5, v =1,
Az = 0.5 and At = 0.005 and (d) § = —0.5, v = 1, Az = 0.25 and At = 0.01. We
note that the numerically computed solutions represent the formation of the similarity
solution found by Rudenko and Soluyan [32].
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Temporal convergence Spatial convergence

)= —% Ax =0.5 and At =0.005 Az =0.25 and At =0.01
ur =1land u_ =—1 1.36 x 107° 3.93 x 107°
¥y=05 uy=1landu_ =0 2.97 x 107¢ 2.44 x 107°
uy =0and u_ = —0 2.97 x 107° 2.44 x 107
uy =1land u_ = —1 2.56 x 107¢ 4.36 x 1076
y=1 wu,=1landu_ =0 3.22 x 1079 2.50 x 1075
uy =0and u_ = —0 3.22 x 107° 2.50 x 107°

Table 2: Numerical convergence test between the numerical solutions of IVPT with
Ax = 0.5, At = 0.01, the numerical solutions of IVP* with Az = 0.5, At = 0.005 and
the numerical solutions of IVPT with Az = 0.25, At = 0.01, respectively, when § = —%
at ¢ = 50. Values quoted are root mean square error on holding time and space steps
respectively.
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Figure 7: Graphs of the numerical solution of IVP™ in the (y,u) plane when v, = 1 and
u_ = —1 at times ¢t =5, 10, 20, 30, 40 and 50 with (a) 06 = —0.75, v = 0.5, Az = 0.5
and At = 0.005, (b) § = —0.75, v = 0.5, Az = 0.25 and At = 0.01, (c) 6 = —0.75, v =1,
Az = 0.5 and At = 0.005 and (d) 6 = —0.75, v = 1, Az = 0.25 and At = 0.01. We note
that the numerical solution converges to an error function profile as t — oo and the dash
line representing the theoretically predicted solution ug (3.25) at ¢t = 50.
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Figure 8: Graphs of the numerical solution of IVP™ in the (y,u) plane when u, = 1 and
u_ =0 at times ¢t =5, 10, 20, 30, 40 and 50 with (a) § = —0.75, v = 0.5, Az = 0.5
and At = 0.005, (b) § = —0.75, v = 0.5, Az = 0.25 and At = 0.01, (c) 6 = —0.75, v =1,
Az = 0.5 and At = 0.005 and (d) 6 = —0.75, v = 1, Az = 0.25 and At = 0.01. We note
that the numerical solution converges to an error function profile as t — oo and the dash
line representing the theoretically predicted solution ug (3.25) at ¢ = 50.
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Figure 9: Graphs of the numerical solution of IVP™ in the (y,u) plane when u, = 0 and
u_ = —1 at times ¢t =5, 10, 20, 30, 40 and 50 with (a) § = —0.75, v = 0.5, Az = 0.5
and At = 0.005, (b) § = —0.75, v = 0.5, Az = 0.25 and At = 0.01, (c) 6 = —0.75, v =1,
Az = 0.5 and At = 0.005 and (d) 6 = —0.75, v = 1, Az = 0.25 and At = 0.01. We note
that the numerical solution converges to an error function profile as t — oo and the dash
line representing the theoretically predicted solution ug (3.25) at ¢ = 50.
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Temporal convergence Spatial convergence

0 =—0.75 Ax =0.5 and At =0.005 Az =0.25 and At =0.01
ur =1land u_ =—1 1.49 x 1076 3.53 x 1076
¥y=05 uy=1landu_ =0 3.17 x 107¢ 2.02 x 1075
uy =0and u_ = —0 3.42 x 107° 2.024 x 107°
uy =1land u_ = —1 2.41 x 107¢ 3.86 x 107°
y=1 wuy=landu_=0 3.42 x 1076 2.09 x 107
uy =0and u_ = —0 3.42 x 107° 2.09 x 107°

Table 3: Numerical convergence test between the numerical solutions of IVP* with
Ax = 0.5, At = 0.01, the numerical solutions of IVP* with Az = 0.5, At = 0.005
and the numerical solutions of IVP" with Az = 0.25, At = 0.01, respectively, when
-1<i< —% at t = 50. Values quoted are root mean square error on holding time and
space steps respectively.
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Appendix B: Convergence Test of Numerical Solution
to the Initial-Value Problem IVP™

The following figures present the numerical solutions of IVP~ which both support and
illustrate the detailed asymptotic analysis given in the Sections 3.3.1, 3.3.2 and 3.3.3. The
numerical simulations were performed using a numerical method outlined in [21] based on
the method of explicit finite difference with N = 100 where N is the number of grid points
time step At = 0.01 and 0.005, and the length Az = 0.5 and 0.25. In order to ensure the
reliability of our results in Section 3.4, we compare the numerical simulation of IVP~ that
presented in Section 3.4 to the numerical solutions of IVP~™ with Ax = 0.5, At = 0.005
and the numerical solutions of IVP~ with Az = 0.25, At = 0.01, respectively, at t = 50.
As well as, the root mean square error have been computed between the previous cases
to obtain the temporal and spatial convergence. The values of the temporal and spatial
convergence are reported in Table 4, Table 5 and Table 6 for cases § < —%, 0 = —%
and —1 <4 < —% respectively. Based on Figure 10-18, we observe that we have similar
patterns in Sections 3.4.1, 3.4.2 and 3.4.3 when § < —%, 0 = —% and —1 < § < —%

respectively, which corroborate the above results in Section 3.4.
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Figure 10: Graphs of the numerical solution of IVP~ in the (y,u) plane when u, = —1
and u_ =1 at times ¢ =15, 10, 20, 30, 40 and 50 with (a) 6 = —0.25, vy =1, Az = 0.5
and At = 0.005, (b) 6 = —0.25, v =1, Az = 0.25 and At = 0.01, (¢) 6 = 0.01, v =1,
Az = 0.5 and At = 0.005 and (d) § = 0.01, vy = 1, Az = 0.25 and At = 0.01. We note
that the numerical solution converges to Taylor shock wave as t — oo and the dash line
representing the theoretically predicted solution up (3.24) at t = 50.
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Figure 11: Graphs of the numerical solution of IVP~ in the (y,u) plane when u, = 0
and u_ =1 at times ¢ =15, 10, 20, 30, 40 and 50 with (a) 6 = —0.25, vy =1, Az = 0.5
and At = 0.005, (b) 6 = —0.25, v =1, Az = 0.25 and At = 0.01, (c) 6 = 0.01, v =1,
Az = 0.5 and At = 0.005 and (d) § = 0.01, v = 1, Az = 0.25 and At = 0.01. We note
that the numerical solution converges to Taylor shock wave as t — oo and the dash line
representing the theoretically predicted solution ur (3.24) at ¢ = 50.

166




0 s : ]
01 1 Ur 01
01 t=5 01 t=5
t=10 t=10
0.2 =20 027 =20
=30 =30
031 0 034 0
t=50 =50
0.4 A \ 04
= =
3051 305
E] \ El
06 1 1\ 0.6 1
07 0.7
il
081 L\ 081
AN
091 \\\ 091
1 ~— = 1
4 3 2 1 0 1 2 3 4 E 4
y
(a)
0 — ]
0.1 U 014 U
01 s 0.1 s
t=10 t=10
024 20 024 20
t=30 =30
031 t=40 0317 t=40
=50 =50
041 044
< =
505 5051
-06 1 06 1
074 0.7 4
081 084
09 A \ 0.9 4
-1 —_— -1
4 3 2 1 1 2 3 4 - 4

Figure 12: Graphs of the numerical solution of IVP~ in the (y,u) plane when u, = —1
and u_ = 0 at times ¢ =15, 10, 20, 30, 40 and 50 with (a) 6 = —0.25, vy =1, Az = 0.5
and At = 0.005, (b) 6 = —0.25, v =1, Az = 0.25 and At = 0.01, (c) 6 = 0.01, v =1,
Az = 0.5 and At = 0.005 and (d) § = 0.01, v = 1, Az = 0.25 and At = 0.01. We note
that the numerical solution converges to Taylor shock wave as t — oo and the dash line
representing the theoretically predicted solution ur (3.24) at ¢ = 50.
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Temporal convergence Spatial convergence

v=1 Az =0.5 and At =0.005 Az =0.25and At =0.01

up =—landu_ =1 3.37 x 1077 2.14 x 1076
0=-025 uy=0andu_=1 3.32 x 107 4.14 x 107°

uy =—landu_=0 3.32 x 107 4.14 x 107°

uy =—landu_ =1 7.09 x 1078 1.44 x 1076
0=001 wuy=0andu_=-1 8.39 x 107¢ 8.83 x 107°

up =—land u_ =0 8.39 x 107 8.83 x 107

Table 4: Numerical convergence test between the numerical solutions of IVP™ with
Az = 0.5, At = 0.01, the numerical solutions of IVP~ with Az = 0.5, At = 0.005 and
the numerical solutions of IVP™ with Az = 0.25, At = 0.01, respectively, when § > —%
and v = 1 at t = 50. Values quoted are root mean square error on holding time and space
steps respectively.
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Figure 13: Graphs of the numerical solution of IVP~ in the (y,u) plane when u, = —1
and u_ = 1 at times t =5, 10, 20, 30, 40 and 50 with (a) § = —0.5, v = 0.5, Az = 0.5
and At = 0.005, (b) 6 = —0.5, v = 0.5, Az = 0.25 and At = 0.01, (¢) 6 = —0.5, v =1,
Az = 0.5 and At = 0.005 and (d)d = —0.5, v = 1, Az = 0.25 and At = 0.01. We note
that the numerically computed solutions represent the formation of the similarity solution
found by Rudenko and Soluyan [32].
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Figure 14: Graphs of the numerical solution of IVP~ in the (y,u) plane when u, = 0
and u_ = 1 at times ¢ =15, 10, 20, 30, 40 and 50 with (a) § = —0.5, v = 0.5, Az = 0.5
and At = 0.005, (b) 6 = —0.5, v = 0.5, Az = 0.25 and At = 0.01, (¢) 6 = —0.5, v =1,
Az = 0.5 and At = 0.005 and (d)d = —0.5, v = 1, Az = 0.25 and At = 0.01. We note

that the numerically computed solutions represent the formation of the similarity solution
found by Rudenko and Soluyan [32].
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Figure 15: Graphs of the numerical solution of IVP~ in the (y,u) plane when u, = —1
and u_ = 0 at times ¢ =15, 10, 20, 30, 40 and 50 with (a) § = —0.5, v = 0.5, Az = 0.5
and At = 0.005, (b) 6 = —0.5, v = 0.5, Az = 0.25 and At = 0.01, (¢) 6 = —0.5, v =1,
Az = 0.5 and At = 0.005 and (d)d = —0.5, v = 1, Az = 0.25 and At = 0.01. We note
that the numerically computed solutions represent the formation of the similarity solution
found by Rudenko and Soluyan [32].
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Temporal convergence Spatial convergence

0= —% Azr =0.5and At =0.005 Az =0.25 and At = 0.01
uy = —landu_ =1 4.28 x 1077 2.49 x 107°
vy=05 uy=0andu_=1 3.26 x 107¢ 2.37 x 1075
uy =—landu_ =0 2.99 x 107¢ 2.37 x 107
uy =—landu_=1 4.52 x 1077 2.77 x 1076
y=1 wy=0andu_=1 3.24 x 107¢ 2.41 x 1075
ur =—landu_ =0 3.24 x 1076 2.41 x 107°

Table 5: Numerical convergence test between the numerical solutions of IVP™ with
Ax = 0.5, At = 0.01, the numerical solutions of IVP~ with Az = 0.5, At = 0.005 and
the numerical solutions of IVP™ with Az = 0.25, At = 0.01, respectively, when § = —%
at t = 50. Values quoted are root mean square error on holding time and space steps
respectively.
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Figure 16: Graphs of the numerical solution of IVP~ in the (y,u) plane when u, = —1
and u_ =1 at times ¢ =5, 10, 20, 30, 40 and 50 with (a) 6 = —0.75, v = 0.5, Az = 0.5
and At = 0.005, (b) § = —0.75, v = 0.5, Az = 0.25 and At = 0.01, (c) 6 = —0.75, v =1,
Az = 0.5 and At = 0.005 and (d)é = —0.75, v = 1, Az = 0.25 and At = 0.01. We note
that the numerical solution converges to an error function profile as t — oo and the dash
line representing the theoretically predicted solution ug (3.25) at ¢t = 50.
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Figure 17: Graphs of the numerical solution of IVP~ in the (y, u) plane when u, = 0 and
u_ = 10 at times ¢t =15, 10, 20, 30, 40 and 50 with (a) 6 = —0.75, v = 0.5, Az = 0.5
and At = 0.005, (b) § = —0.75, v = 0.5, Az = 0.25 and At = 0.01, (c) 6 = —0.75, v =1,
Az = 0.5 and At = 0.005 and (d)d = —0.75, v = 1, Az = 0.25 and At = 0.01. We note
that the numerical solution converges to an error function profile as t — oo and the dash
line representing the theoretically predicted solution ug (3.25) at ¢ = 50.
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Figure 18: Graphs of the numerical solution of IVP~ in the (y,u) plane when u, = —1
and u_ = 0 at times ¢ =5, 10, 20, 30, 40 and 50 with (a) 6 = —0.75, v = 0.5, Az = 0.5
and At = 0.005, (b) § = —0.75, v = 0.5, Az = 0.25 and At = 0.01, (c) 6 = —0.75, v =1,
Az = 0.5 and At = 0.005 and (d)d = —0.75, v = 1, Az = 0.25 and At = 0.01. We note
that the numerical solution converges to an error function profile as t — oo and the dash
line representing the theoretically predicted solution ug (3.25) at ¢ = 50.
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Temporal convergence Spatial convergence

0 =—0.75 Ax =0.5 and At =0.005 Az =0.25 and At =0.01
uy =—landu_ =1 3.44 x 1077 2.87 x 107°
v=05 wuy=0and u_ = -1 3.55 x 107¢ 1.9 x 107°
uy =—landu_=0 3.28 x 107°¢ 1.9 x107°
uy =—landu_=1 6.85 x 1077 3.12 x 107¢
y=1 wuy=0andu_= -1 3.54 x 107¢ 1.95 x 1075
ur =—landu_ =0 3.54 x 107° 1.95 x 107°

Table 6: Numerical convergence test between the numerical solutions of IVP~™ with
Ax = 0.5, At = 0.01, the numerical solutions of IVP~ with Ax = 0.5, At = 0.005

and the numerical solutions of IVP~ with Ax = 0.25, At = 0.01, respectively, when
—-1<i< —% at t = 50. Values quoted are root mean square error on holding time and

space steps respectively.
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