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Abstract

In this work, a ternary system of Cahn-Hilliard equations is used to model
phase separation processes in bimetallic nanoparticles. The third component
in the ternary system is taken to be vacuum, such that we are able to simu-
late bimetallic nanoparticles without any need to impose restrictions on the
nanoparticle boundary. Strain effects, due to lattice mismatch, are intro-
duced by coupling with the Navier-Lamé equations. The use of this diffuse-
interface approach allows the simulation of significantly larger systems than
currently feasible with atomistic methods. Particular attention is paid to the
core-shell to quasi-Janus particle transition that has been observed in CuAg
and other bimetallic nanoparticles of weakly miscible elements. Our simula-
tions are able to capture the various effects seen previously in experimental
work and in atomistic simulations. In particular, we observe a transition
from core-shell structure to quasi-Janus particle structure as the size of the
particles increases. Moreover, it is shown that core-shell particles prevail
when the thickness of the shell is small in comparison to the core size. The
inclusion of elastic effects into the model further promotes the formation of
quasi-Janus particles. The transition from core-shell to quasi-Janus particle

structure is, however, also seen in the absence of elastic effects.
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Chapter 1

INTRODUCTION

Nanoparticles — particles consisting of several individual atoms or molecules,
and generally defined as having a diameter between 1nm and 100nm — have
attracted a great deal of attention from the scientific community in recent
years, due to the fact that their properties show distinct variations from those
of both the corresponding bulk material and of smaller molecules [I]. Further-
more, the inclusion of two or more different atomic species in a nanoparticle
leads to a large number of possible chemical configurations that a nanopar-
ticle of any given composition may adopt, with different configurations and
morphologies often exhibiting distinct properties to one another. This leads
to a high degree of tunability, thus paving the way to a vast array of possi-
ble applications in fields such as magnetics [2], optics [3], medicine [4] and

catalysis [5].

Of particular significance to the properties of nanoparticles is the large surface-
to-volume ratio, which leads to surface atoms having a far greater influence

than they would in the corresponding bulk material. This provides opportu-



nities in the field of catalysis, since smaller amounts of a catalyst in nanopar-
ticle form are required to provide the same catalytic activity, thus reducing
expenditure. In this context, bimetallic core-shell nanoparticles can offer a
more economical approach. A core-shell particle consists of a core of one ele-
ment surrounded by a shell of another element. Thus, by utilising core-shell
particles with a core made of a cheaper metal than the shell, it is possible
to reduce the cost of catalysts further. Pt, for example, is used as a catalyst
in solid oxide fuel cells. Due to its cost, however, it is increasingly being
alloyed with other elements, such as Ir and Ru in a core-shell configuration.
In certain cases, it has been shown that alloying in this way can also provide
enhanced catalytic properties compared to pure nanoparticles. Core-shell
Pt-Ru nanoparticles are an example, and have been shown to be more effec-

tive than monometallic Pt nanoparticles in the oxidation of CO in fuel cells

[6].

In biomedicine, nanoparticles have found applications as markers used for
detecting protein and DNA sequences [I} 4], and in targeted drug delivery
and targeted cancer therapy. Ag nanoparticles have been shown to exhibit
anti-bacterial properties [7, [§]. Monometallic magnetic nanoparticles, as well
as bimetallic nanoparticles containing a constituent magnetic element alloyed
to a non-magnetic element, have been used in cancer therapy and targeted
drug delivery [I], and are also touted as future materials for high-density

magnetic recording devices, such as hard disk drives [I].

Modelling the size-dependence of the properties of nanoparticles is essen-



tial, both as a tool for gaining fundamental insights into the physics of the
system, and in order to guide future experiments, ultimately leading to new
technological applications. To date, the vast majority of modelling studies
have been focused on atomistic computational methods such as Density Func-
tional Theory (DFT), Monte Carlo methods and Molecular Dynamics sim-
ulations. However, due to limitations on currently available computational
resources, atomistic simulations are restricted to the modelling of systems
consisting of approximately 10* atoms or less, and modelling the transition

to bulk is not feasible.

1.1 Pattern formation and self-assembly in
nanoparticles

Bimetallic nanoparticles — or nanoalloys — consist of a mixture of two
types of atom. For a given number of atoms, the chemical arrangement of a
bimetallic nanoparticle may depend on several contributory factors, including
the relative sizes of the constituent atoms, the relative surface energies and
the relative bond strengths of the three types of bond present. The various
chemical arrangements that a bimetallic nanoparticle may adopt are outlined

below [I 9], and an illustration is provided in figure [1.1]

Core-shell nanoparticles

Core-shell nanoparticles are — as their name suggests — nanoparticles which

have a core of one element surrounded by a shell of the other element. This



morphology is energetically favourable in cases where there is a significant
difference in the surface energies of the constituent elements, with the shell

then consisting of the element with the lower surface energy.

Janus nanoparticles

Janus particles are side-segregated particles with two faces at the surface,
and with an interface between both faces. Similar to Janus particles are
the so-called quasi-Janus and ball-and-cup configurations. In Quasi-Janus
nanoparticles the core is displaced to an off-centre position. However, a thin
layer of the other element still surrounds the core. Ball-and-cup nanoparticles
have a distinctly curved interface between the two constituent elements of the
nanoparticle; however, the interface is only found on one side of the particle.

An illustration of quasi-Janus and ball-and-cup configurations is shown in
figure [1.2]

Mixed nanoparticles

The placement of atoms in a mixed nanoparticle can be either ordered or
random, as shown in figure [L.1]

Multi-shell nanoparticles

Multi-shell nanoparticles consist of several layered onion-like shells, with the

shells alternating between the two constituent types of atom.



Figure 1.1: Some of the possible configurations of a binary nanoparticle: a)
Core-shell, b) Janus particle, ¢) Mixed d) Three-shell/onion-like. Reprinted
with permsision from Ferrando et al., Chem. Rev. 108(3), 845-910 (2008).
Copyright 2008 American Chemical Society.

1.1.1 Factors affecting chemical ordering in nanoalloys

The main factors affecting the chemical ordering of bimetallic nanoparticles
are given below [I, [0]. In general, the configuration of a given nanoalloy

is dependent upon a combination of these factors, as well as the particular



Quasi-Janus configuration Ball-and-cup configuration

Figure 1.2: Quasi-Janus and ball-and-cup configurations.

conditions in which the nanoalloy is generated.

Relative bond strengths

Given a nanoalloy consisting of atoms of type A and B, strong A-B bonds
will favour mixed configurations. If, on the other hand, A-A or B-B bonds
are the strongest, this will favour segregation in the nanoalloy.

Relative surface energies

The element with the lower surface energy will usually be found at the sur-
face, in order to minimise the surface contribution to the free energy.
Relative atomic sizes

The element having the smaller atomic size will typically be positioned in
the core, as this can minimise the elastic strain due to lattice mismatch.
Charge transfer

The transfer of electrons between elements with differing electronegativities

favours mixed configurations, such that attractive Coulombic interactions are



maximised.

Strength of binding to substrate or surfactant

In the case of supported or passivated nanoparticles, there is a tendency for
the element which binds most strongly to the substrate or surfactant to be

positioned nearer the surface.

1.2 Atomistic simulations

The last few decades have seen a tremendous increase in computational re-
sources available, and as a result, computer simulation has become an es-
sential tool in the armoury of the scientist. In the field of nanoscience,
recent years have seen the overlapping of experimental and computational
length scales, with high-precision experimental apparatus allowing the study
of smaller nanoclusters, and advances in computational hardware leading to

the study of ever-larger nanoclusters.

As far as bimetallic nanoparticles are concerned, the main aim of a simula-
tion is to find the most stable structure for a system, given a particular set of
conditions (e.g. the total number of atoms, the composition, the temperature
etc.). However, as the number of atoms increases, there is a factorial increase
in the number of possible chemical arrangements, making it a difficult task
to find the structure with the lowest energy. The possible configurations for
a fixed number of atoms and fixed composition, and for the same overall

structure are known as homotops [Il, 9], with the number of homotops given



N! N!
NalNg!  Npl(N — Ny)!’

(1.1)

where N4 and Npg are the number of atoms of type A and type B respectively,
and where N = N4 + Np is the total number of atoms. A cluster consisting
of 15 atoms of type A and 15 of type B, for example, gives rise to 155117520
homotops! Many of these will be equivalent due to symmetry. Nevertheless,

this poses a challenging problem.

1.3 CuAg system

Nanoalloy systems of weakly miscible metals, such as CuAg, tend to adopt
phase-separated configurations. In the case of CuAg, there are several rea-
sons for this. The presence of a considerably large lattice mismatch of ap-
proximately 12% between Cu and Ag induces elastic strain and promotes
the segregation of the larger Ag atoms to the surface of the nanoparticle.
Moreover, the lower cohesiveness and lower surface energy of Ag compared

to Cu both favour the segregation of Ag to the surface [10].

Recent experiments and computer simulations have shown that CuAg nanopar-
ticles undergo size-dependent structural phase transitions. At the lower end
of the scale, CuAg nanoparticles tend to have a core-shell structure with a
Cu core surrounded by an Ag shell, such that the surface contribution to the
free energy is minimised. It has been found, however, that as the size of the

particles is increased, a transition from core-shell structure to quasi-Janus



structure occurs, in which the two elements are separated and the Cu core
is off-centred, while still being coated in a thin layer of Ag (see figure
(111, 12].

The experimental literature on Cu-Ag nanoparticles is still somewhat lim-
ited [I]. The last few years have, however, seen an increased interest in the
system, and several experimental studies of Cu-Ag nanoparticles have been
conducted [111, [12], 13}, 14, [15] 16}, 17, 18]. Cazayous et al. [14] have recently
used the method of vapour deposition to synthesise CuAg nanoparticles un-
der ultra-high vacuum, depositing the nanoparticles onto a thin amorphous
carbon film, resulting in core-shell particles with a Cu core and Ag shell. The
results of Langlois et al., using the same techniques, have also confirmed this
[11]. They obtained nanoparticles of the order of 25nm and found that a Cu
core size of under 12nm leads to core-shell structures. For core sizes above
12nm, they found that almost no particles conform to a core-shell structure,
with evidence of the generation of Janus particles. In 2012, Langlois and co-
workers [12] studied CuAg nanoparticles of various chemical compositions,
synthesised via pulsed laser deposition. They concluded that there is a de-
pendence of the configuration on the amount of Ag present, with a core-shell
configuration being adopted for an Ag shell thickness under 4nm and a Janus
configuration otherwise. Pellarin et al. [I8] have recently conducted experi-
ments on smaller CuAg nanoparticles of the order of bnm in diameter, and
have suggested that the nanoparticles most probably adopt a core-shell con-

figuration.



Several computational studies of CuAg nanoparticles have also been con-
ducted recently [1I, 12, 19, 20} 21], 22} 23], 24]. Global optimisation studies of
small clusters consisting of 30-40 atoms have shown that core-shell structures
are, in general, preferred |21 25]. These results have also been verified by
further optimisation at the DFT level [26]. Global optimisation of 34, 38 and
98 atom clusters of CuAg have been performed in ref. [27], with the global
minima corresponding to core-shell structures for all compositons. DF'T cal-
culations were also carried out to confirm some of the results obtained for
the 38 atom clusters. Molecular dynamics simulations of the growth of Cu-
Ag nanoparticles by deposition — whereby Ag atoms are deposited onto a
core of Cu or vice versa — have given rise to stable core-shell structures or

metastable onion-like structures consisting of three layers [I} 19} 20].

The experimental work of Langlois and co—workers, mentioned previously
[12], was supported with DFT calculations and molecular dynamics simu-
lations, for small clusters, which suggested the formation of off-centre Cu
cores in Ag-rich clusters. Bochicchio and Ferrando [28], 29] have studied the
global optimisation of CuAg in various structural motifs and have found that
off-centred cores are preferable in all cases. They did, however, find that for
icoashedral particles, a centred core is preferable for small Cu core sizes, and
that there is a transition to a particle with an off-centred core as the size of

the Cu core is increased.
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1.4 Outline of this work

The aim of this work is to develop a new approach for modelling bimetallic
nanoparticles, whereby atomistic calculations are coupled to a continuum-
scale method. The proposed continuum-scale method is the so-called phase-
field method, which has been widely used in the modelling of processes such
as solidification [30], dendritic growth and spinodal decomposition [31]. We
pay particular attention to the CuAg system and its size-dependent proper-

ties.

The phase-field method is a diffuse-interface approach to modelling the evo-
lution of a thermodynamic system. The general idea behind the method is
to choose an order parameter which takes on distinct values in the differ-
ent phases/components of the system and varies smoothly at the interface
between the phases/components, such that the interface has a finite width.
The method is based upon a Cahn-Hilliard/Ginzburg-Landau formulation of
a free energy functional of the order parameter, . One may then derive a
partial differential equation that governs the time evolution of ¢, with the
particular form of the equation being dependent upon whether ¢ corresponds
to a conserved or non-conserved quantity. In this way, the whole domain
may be governed by a single PDE (for a binary system), and interfaces are
tracked automatically. In terms of its application to modelling nanoparticles,
the phase-field method allows us to simulate significantly larger system sizes
than would be possible with atomistic methods. Moreover, it is possible to

exclude certain effects, such as elasticity, from the model, thus allowing us

11



to probe the influence of different properties separately.

An outline of this thesis is as follows. In Chapter [2], the phase-field method is
introduced, and in particular, we pay attention to the Cahn-Hilliard theory
[32]. In Chapter 3], the ideas laid down in Chapter [2 are extended to account
for multicomponent systems. In Chapter [d] we provide an overview of the
numerical methods typically used in the solution of the phase-field equations.
The effects of lattice mismatch, and the coupling of elasticity to phase-field
models is discussed in Chapter [5] In Chapter [0, phase-field simulations of
bimetallic nanoparticles are presented, followed by a discussion of the results

obtained. Finally, in Chapter [7] possibilites for future work are discussed.

12



Chapter 2
PHASE-FIELD METHODS

In the last few decades, the modelling of phase transformations on the con-
tinuum scale has been carried out using either sharp-interface models or
diffuse-interface models [33]. An example of a sharp-interface model is the
Stefan problem [34],[35], in which a two-phase material with a moving bound-
ary/interface between the phases is modelled. In such models, the interface
between phases is considered to have zero width. The problem is formulated
as a set of coupled differential equations, with one differential equation needed
for each phase. In addition, boundary conditions must also be applied at the
interface. For this reason, sharp interface methods require explicit tracking
of the location of the interface. In two and three spatial dimensions, and par-
ticularly for complex morphologies, sharp interface models can thus become

complicated to solve, due to the difficulty in tracking the interface [36].

In phase-field models, one defines an order parameter, ¢ (also known as
the phase-field) over the entire domain of the system. This order parameter

is defined in such a way that it has a distinct, constant value in each of the

13



constituent phases of the system, while varying continuously at the inter-
faces between the phases. The free energy of the system, or alternatively
the entropy, is then formulated in terms of the order parameter. Taking into
account the minimization of the free energy, or the maximization of the en-
tropy [37], and imposing any constraints or conservation laws on the system
then gives us the equations that govern the evolution of the system. The
advantage of such an approach over the sharp-interface models is that the
interface is taken into account automatically, with no requirement to impose
boundary conditions at the interface, or to track the interface explicitly, thus
leading to a reduction in the number of differential equations to be solved,

and also, therefore, in the complexity of the model.

As an example, in modelling the solidification of a pure material, it is natu-
ral to define the order parameter, ¢(x), as the local fraction of solid material
present at the point x. Thus, ¢ would take the value 0 in the liquid phase
and 1 in the solid phase, with a smooth variation between 0 and 1 at the
solid/liquid interface. Phase-field models may be split into effectively two
groups. The particular solidifcation example mentioned here belongs to the
type of phase-field model in which the order parameter corresponds to an
actual physical quantity. This class of methods has been applied to mod-
elling solid-state phase transformations [37]. On the other hand, there are
phase-field models in which the order parameter is merely phenomenological
in nature, and does not correspond to any physically measurable quantity.
In this case, the introduction of the order parameter simply serves as a tool

to avoid explicit tracking of the interface [36].

14



The foundations of the phase-field method lie in the work of Cahn and
Hilliard in the 1950s and 60s [32], [38], [39]. The method’s basis is in consid-
ering the free energy functional of a heterogeneous system to be a function of
the composition (the order parameter) and the gradients of the composition
— an idea first put forward by van der Waals in developing his square gradi-
ent theory [40]. The work of Cahn and Hilliard led to the derivation of what
is now known as the Cahn-Hilliard equation for conserved order parameters,
which has been used to model processes such as spinodal decomposition, nu-
cleation, Ostwald ripening and solid-state phase transformations in binary
alloys. These ideas were further developed by Allen and Cahn [41], after
whom the Allen-Cahn equation for non-conserved order parameters is named.
The majority of phase-field models which have appeared in later years can be
traced back to the Cahn-Hilliard and Allen-Cahn equations. An example is
the popular model of Wheeler, Boettinger and McFadden [42], who modelled
isothermal solidifcation in binary alloys using a coupling of a Cahn-Hilliard
type equation for the composition to an Allen-Cahn equation for the non-

conserved liquid fraction.

2.1 Landau theory of phase transitions

Since the development of phase-field models was heavily influenced by the
Landau mean-field theory, it is instructive to begin with a discussion of the
Landau theory of phase transitions and the role of an order parameter in the

description of first- and second-order phase transitions. A phase transition is
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an abrupt change-of-state of matter in response to an infinitesimal change of
some parameter (e.g. temperature, pressure, density etc.). As a result, a sys-
tem undergoing a phase transition goes from a disordered state to an ordered
state or vice versa. Since this change is abrupt, it follows that the free energy
must be a non-analytic (discontinuous) function of the variable, X, where X
is the parameter which has changed to induce the phase transition [43]. This
non-analyticity may arise, for example, if there is a discontinuity in 0F/0X
or *F/0X? at a critical point, giving rise to a first- or second-order phase

transition respectively.

The aim of Landau theory is to deduce an approximate form for the free
energy, F', which is adequate in describing the properties of the system, as
follows. We begin by defining an order parameter, ¢, for the system. The
order parameter is used to distinguish between the ordered and disordered
states, and it is usually chosen such that it is zero in the disordered state

and has some finite value in the ordered state.

The main assumption in Landau theory is that fluctutations of the order
parameter are negligible, and hence, only the mean value of the order pa-
rameter is used in order to calculate thermodynamic quantities. Landau
therefore postulated that the free energy density, f(7T, ¢), of the system may

be written as a power series in the order parameter, ¢ [44], [45],

§(1.0) = 10 =0)+ Y 2B g (2.)
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while taking into account the symmetry of the system, such that any terms
which would lead to a violation of the symmetry are neglected. Here, a,, is a

constant that generally depends on the temperature, 7T'.

2.2 Cahn-Hilliard free energy

Since the Landau theory of phase transitions neglects fluctuations, it is only
possible to use it in the description of the bulk properties of a system. How-
ever, many properties of real systems are goverened by the interfaces between
phases. It is therefore necessary to construct a theory which accounts for the

effects of interfaces, and this is the goal of Cahn-Hilliard theory.

Cahn and Hilliard [32] assumed that the free energy density of a system
may be expanded as a function of the order parameter and derivatives of the
order parameter, with the derivatives accounting for spatial variations across
interfaces. This approach was not, in fact, a new one, and was actually first
proposed in 1893 by van der Waals who used it to describe the liquid-gas
interface in a one-component system [40]. It was later reinvented by Landau
and Lifshitz in their theory of magnetic domain structure [40] and was used

by Ginzburg and Landau in their theory of superconductivity [46].

Consider the total free energy functional of a two-phase system, F[¢,T],

such that

Fl6,T) = / (6. T)av, (2.2)
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where f(¢,T) is the free energy density of the system, and the integral is
over the whole volume of the system. ¢ is known as an order parameter,

usually defined as

1 ordered phase

0 disordered phase

with ¢ varying smoothly across the interface between the two phases, 0 <
¢ < 1. Following the approach of Cahn and Hilliard [32], we expand the
free energy density, f(o, Vo, V3¢, ...), about fy — the free energy of the
system when the system is uniform throughout — in order to correct for

nonhomogeneous effects. Thus,

2 _ | (s _ of
0
+ ﬁ (V20) + ...
0
1 |: an (V¢)2 + an (v2¢)2
210(Vo)?|, A(V2p)?|,
0*f
+ QW D(W))?’ - 1 +.. (23)
= fo(¢) + K1V + ko V20 + k3(V)?, (2.4)

where the subscript, 0, refers to the case in which the system is uniform

throughout, and where

of of 1 o0*f
= — R3 = §—a(v¢)2 0. (2-5)



Terms higher than second-order have been neglected. Since the free energy
is invariant to changes in the sign of a coordinate, terms involving odd orders
of differentiation are set to zero. Hence, k1 = 0, and the total free energy of

the system may be written as

Fl¢,T) = /v (f0(¢, T) + ko V320 + mg,(w)?) v, (2.6)

Let us now consider the second term in this equation and use the divergence

theorem, to obtain

/ ko V2P dV = KoV -ndS — / VkaVodV . (2.7)
14 \%

In one dimension, ko Vo = /ﬂg%, and therefore the first term in equation ([2.7))

is zero, as before, due to symmetry. In higher dimensions, we may choose

the boundary of integration such that V¢ - n = 0 at the boundary. Hence,

2 _ % 2
/V@v PV = /V(w (Ve)2dV . (2.8)

We may therefore write the free energy as

Flo 1= [ (o) + 5702 ) av. 29
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with

d
K = 2Kk3— 2di¢2
B 0*f 0 f
= Ao, - 2—8¢8V2¢ 0. (2.10)

The function fy(¢) is typically chosen as a double-well function with minima
corresponding to the value of ¢ taken in the two different phases (e.g. 0 and
1). Note that it is not necessary, however, for the minima to be located at
¢ =0 and ¢ =1 — one could just as well choose ¢ = —1 and ¢ = 1 to be the
minima, and indeed this is a popular choice in the literature. The underlying

physics of the system is recovered in both cases.

2.3 Free energy of a homogeneous system

Regular Solution Theory

Considering pairwise interactions only, the internal energy, U, of a binary
alloy consisting of N, atoms of type A and Np atoms of type B may be
expressed as

U= —€aaNaa — egpNpp — €apNap, (2.11)

where —e 4, —€gp and —e g are the interaction energies between A-A, B-B
and A-B pairs respectively, and where N4, Ngg and N4 p are the number

of A-A, B-B and A-B nearest-neighbour pairs respectively.
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Now, for a randomly ordered configuration of the alloy, the probability of
a given site being occupied by either an A or B atom is given by the total

fraction of A and B atoms respectively. If we denote by

N
cA=c= WA (2.12)
and
N
chl—c:WB, (2.13)

the fractions of A and B atoms respectively, with N = N4 + Np being the

total number of atoms, then the number of pairs of each type are given by

[47]
Nzc?
Naag = 5
Nz(1—¢)?
o Vel
2
Nagp = Nzce(l—c¢), (2.14)
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where z is the coordination number. Hence, substituting the above into

equation (2.11)), we find

U = —ean N;CQ - GBBM —eapNze(l = ¢)
— —%(EAACZ—FEBB(l—C)2+2€ABC<1_C))
= —%(GAchLeBB(l—c)—i—QC(l—C)e) , (2.15)
where
€= cap— w _ (2.16)

Let us now consider the entropy, S, given by
S=kglnW, (2.17)

where kp is Boltzmann’s constant and W is the number of possible mi-
crostates (ways of arranging the A and B atoms) for a given macrostate

(total number of atoms) of the system, and is given by

N! N!
T NAINGL T (N [N(I—o)]! (2.18)

w
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Substituting into equation (2.17]) and using Stirling’s approximation, we ob-

tain
S =~ k:B{NlnN—N— (Ncln(Nc) +N(1—¢)ln (N(1—¢)) — N(1 —c))}
= —Nkg(clne+ (1 —¢)In(1—0)). (2.19)

Assuming that the pressure is zero, so that the Gibbs free energy, F' =
A+ pV, is equal to the Helmholtz free energy, A = U — T'S, where T is the

temperature, we obtain

F=U-TS = —%(mAc—i— epp(l —c¢)+2¢(1 — c)e)

—i—Nk:BT(clnc—i-(l—c)ln(l—c))
= c¢Fy+ (1—¢)Fp — Nzec(l —¢)
—|—N/<;BT(clnc+(1—c)ln(1—c)>, (2.20)

where Fiy = —Nzegac/2 and Fp = —Nzeqga(1l —¢)/2 are the free energies of
the pure A and B components of the system [47]. The term — N ze is usually

called the reqular solution parameter, €, so that
F = cFa+(1—c¢)Fp+Qc(l—c)

+NkBT(clnc +(1—¢)In(1 — c)) : (2.21)
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Note that if €2 is negative, then the free energy function has only one min-
imum, located at ¢ = 0.5, and the system is completely miscible regardless
of the temperature. If, on the other hand, the regular solution parameter is
positive, then there is a trade-off between the entropic and energetic contri-
butions to the free energy. In this case, a critical temperature, T' = T, exists.
Above the critical temperature, there is only one minimum of the free energy,
and the system exists as a mixture of the two components. As the temper-
ature is lowered to below T, however, the free energy exhibits two minima.
As a result, the system undergoes phase separation into two demixed phases
which are rich in each component. This phenomenon is known as spinodal

decomposition and is discussed further in section [2.4.2]

Polynomial form

Polynomial forms for the free energy typically take the form of a double-well
potential and are used as an approximation to physical models such as the

regular solution model. An example is

f(o) = % - % (2.22)

The minima are then located at ¢ = 1 and ¢ = —1 (see figure . A similar

polynomial form, with minima at ¢ =0 and ¢ = 1, is given by

f(9) =¢°(1 - ¢%)". (2.23)
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fo(@) =

Figure 2.1: Double-well form of the free energy, given by equation (2.22)).

2.4 Cahn-Hilliard equation

If a conserved quantity (e.g. composition) is chosen to be the order parame-

ter, then ¢ must obey a continuity equation. Hence,
0] -
—=-V-J 2.24
at ) ( )

where the flux, f, is given by Fick’s first law

J=—-MVpu. (2.25)
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Here, M is the solute mobility and p is the chemical potential, which is

defined as the variational derivative of F' with respect to ¢ [45]

OF

= . 2.26
=5 (2.26)
Combining equations ([2.24)), (2.25) and (2.26)), we obtain
0o OF
L _ov. (MmviE 2.2
5 =7 () 227

where the variational derivative of the free energy (equation ([2.9))) is given

by
o = D _ i, (2.28)
and therefore
g—f -V [MV(aJ;O—f) —~ W%)] : (2.29)

Equation ([2.29)) is the general form of the Cahn-Hilliard equation, with the

specific form being dependent upon the choice of fy(¢).

Gradient Energy Term

Consider the gradient energy term, xV2¢, and let us assume that the bulk
free energy is given by
¢t ¢

fo(®) T 9 (2.30)

Without the gradient energy term, the equilibrium constraint that % =0

implies that ¢3 — ¢ = 0. Thus, we find that ¢ = —1 or ¢ = 1. On the other
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hand, if we include the gradient energy term, then in one dimension, we have

o _0j(0)
0x? 0¢

=0. (2.31)

Multiplying both sides by %, and integrating from —oo to a position z, we

obtain [45]

_ v P9 0s * 0fo() 09 |,
0 = /i/ooaxa%dx—/_oo 96 %dx

= 2 / OO % (g—f) da’ — (fo(é(@)) = fo(é(—o0)))
= 5(%) - ntoton + ftot-o0)), 2.8

where ¢(—o0) = —1. On substitution of equation (2.30) for fo(¢), we find

do\? ¢t ¢ 1
(W)-5-5 em

that

and hence

dp  [2 [t 42 1
d \/;\/Z_?*Z
i A e
1 2 2
= \/—2—/{ (¢* —1)
_ Lot
= im. (2.34)



In order to solve this equation, we separate the terms and integrate:

dp [ do
i/1_¢2_ v (2.35)

which gives

F tanh ™' (¢) = — (2.36)

or

Peq = * tanh (\/%) , (2.37)

where ¢ denotes the equilibrium profile (the subscript has been omitted
above). Thus, the gradient energy term, KV?2¢, leads to diffuse interfaces, as

shown in figure , with a characteristic interfacial width given by v/2k.

1 T T T T T T E——
0.8
0.6 -
04

¢eq 021

0+

-0.2 -

04}

0.6 |

-08 |

1 L _

T
Figure 2.2: Diffuse interface with hyperbolic tangent profile.
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2.4.1 Interfacial energy

The interfacial energy, o, of a flat 1D interface, in the Cahn-Hilliard model

is given by [32] [4§]

o [ o ()] e
where
AF(D) = fold) - [WB . ¢>MA] | (2.39)

and 4 and pp are the chemical potentials of species A and B in the A and

B phases respectively:

o

_ 9
Ha = By,

A7 uB:@(b

(2.40)

o
For the specific case of the homogeneous free energy being given by the

regular solution theory, we have [32]

Af(9) = —Q(¢ - )

shar{omio/o) + 1 -om ((=2)] @

where ¢, can be either of the equlibrium compositions given by the regular

solution model.
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2.4.2 Spinodal Decomposition

Spinodal decomposition is the process whereby a homogeneous mixture of
two components undergoes spontaneous phase separation to form two stable
phases. Consider an initially homogeneous binary mixture of composition

¢0, and let us apply a one-dimensional sinusoidal fluctuation, so that [31]

2rx

¢ — ¢pg = Acos (T) = Acos(fz), (2.42)

where 8 = 27/A, A is the amplitude and A is the wavelength of the fluctu-
ation. Assuming the compositional fluctuation to be sufficiently small, we
may expand the free energy density, f(¢), in a Taylor series, about ¢y:

10°f
2 0¢?

F(8) = 1)+ 2

96 (¢ — do)* + - - (2.43)

P=do

(¢ — o) +

P=¢0

The free energy of the mixture,

F- [ {f(¢) " f(%f}dv, (2.44)

[\

may then be written as

P of 102
f:/{f(%)JF%

k[ 0¢ 2
¢=¢o(¢_¢0)+53752 (¢_¢0)2+§(8_x) }dx,

(2.45)

p=do
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where ' is the area of the system. Hence, the free energy density is

@) = 5 / A{f<¢o>+Acos (%Tx)g—j;

1., o272\ 0*f
2Acos.()\)a¢2

P=¢o

"

P=do

42 2
+ o A?sin? (%x) } dz. (2.46)

Let us now consider each term in the integral separately:

A
o ICOITS (2.47)

A/A (m) of A[ , (m) )\r
= [ cos| == |dr = == —lsin| == )=—| =0 (2.48)
om0 X Jo A 0P| 4 gy A A ) 2r],

06%|,_,. 2X Jy ) 2 N )i,

oy A
8¢2 P=do 4

of

d¢

= RA? (2.50)
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Hence, the change in the free energy density upon applying the sinusoidal

fluctuation given by equation ([2.42), is

=452

5+ /{52] : (2.51)
4
Since k is positive, Af is positive if the second derivative, f”, is positive, in
which case the homogeneous mixture is stable with respect to such fluctu-
ations, and phase separation is not energetically favourable. On the other
hand, when f” is negative, Af is negative when [ is less than the critical
wavenumber (.,
|/

fe=1["— (2.52)

through which we may define the critical wavelength, A., as

42k
\\ 17”1

such that the mixture is unstable to any fluctuation of wavelength A > ..

Figure 2.3| shows a series of snapshots from a numerical simulation of the
Cahn-Hilliard equation in 2D. The simulation is started with a homogeneous
mixture of two components with equal compositions. A random fluctuation
is then applied, and the system is allowed to evolve. During the initial stages,
we see the process of spinodal decomposition and phase separation. Domain

coarsening is seen in the latter stages.
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o

Figure 2.3: Numerical solution of Cahn-Hilliard equation, showing the pro-
cess of spinodal decomposition.

2.4.3 Ostwald Ripening

If, instead of starting the solution of the Cahn-Hilliard equation at ¢y = 0.5,
we start at a composition of ¢y = 0.25, the second derivative of the free
energy, f”, is less than zero, and we see nucleation of the minority phase
inside a matrix of the other phase, as in figure 2.4, However, since the free
energy increases due to the increasing interfacial area, small nuclei tend to
shrink and diffuse into the larger nuclei, so that the larger nuclei coarsen over
time, in order to reduce the total interfacial area. This process is known as

Ostwald ripening, after the German chemist, Wilhelm Ostwald [49].
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Figure 2.4: Numerical solution of Cahn-Hilliard equation, showing the pro-
cess of Ostwald ripening.

2.5 Allen-Cahn equation

If we consider a non-conserved order parameter, ¢, the continuity equation

(equation ([2.24))) is no longer satisfied, and we may instead write [45]

o9 §F
a — Mg
= M(w2 —%—J;)). (2.54)

Equation ([2.54) is the Allen-Cahn equation, and is also referred to as the

time-dependent Ginzburg-Landau equation.
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Chapter 3
MULTICOMPONENT SYSTEMS

3.1 Multiple order parameter phase-field mod-
els

Chen and Khachaturyan [50] were the first to use multiple order parame-
ters to describe solid-state phase transformations. In their approach, the
order parameters were used to describe the many possible phases of a single-
component system, and the free energy functional for a system consisting of
N phases, each of which is represented by an order parameter ¢;, is given by

[45]
N2
Flitod] = [ av [ah + X 4190 (3.
i=1
where {¢;} represents the set of all ¢;, (; is a gradient energy coefficient and
f({#:}) is the bulk free energy, which typically takes the form of a multi-well

potential. A simple extension of the Allen-Cahn equation (equation (2.54))

for non-conserved order parameter fields, then gives us the following set of
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equations which govern the dynamics of multiphase systems:

0¢; of{i}) oo
% —Mi(T@ _ev @) . (3.2)

Wheeler, Boettinger and McFadden (WBM) [42] [51] developed a similar
phase-field model to that of Khachaturyan et al., which is capable of simu-
lating phase transitions in a two-component, two-phase system. The WBM

free energy functional is given by

Fiodd = [ av [so.0+ SIver+ SIver]. 63

where k is the compositional gradient energy coefficient and c is the compo-
sition of one component, with the other component having composition 1 —c.
¢ = 0 in the liquid phase and ¢ = 1 in the solid phase. The bulk free energy,

f(#,c) used by Wheeler et al. is that of an ideal solution,

flo,¢) =cfp(d)+ (1 —c)fald) + k’BT[clogc + (1 —¢)log(1 — c)] , (3.4)

where fa(¢) and fp(¢) are the free energy densities of pure A and B, and
are represented by double-well functions with respect to the phase-field order
parameter, ¢. The system is then governed by an Allen-Cahn equation for
the non-conserved order parameter, ¢,

90\ (9
E__Ml(% <2v2¢), (3.5)
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and a Cahn-Hilliard type equation for the composition,

gj_v M2{ (1—c)v(g£ ﬁv%)}. (3.6)

Steinbach et al. [52], introduced the multiphase-field method, which is ca-
pable of treating an arbitrary number of phases. Each of the N phases is
represented by a non-conserved volume fraction, ¢, and hence, the system

must obey the constraint,
N
Z (ba =1 s (37)
a=1

or, equivalently

Z ai =0. (3.8)

In order to account for the constraint on the volume fraction, the following

term is added to the free energy functional [45]:

/VdVA(ai¢a—1), (3.9)

where A is an undetermined Lagrange multiplier.

3.2 Multicomponent Cahn-Hilliard equations

In the previous section, we have described some of the commonly used meth-
ods for treating multiple order parameters in the context of phase-field theory.
However, the methods described are only suitable for the treatment of mul-
tiple non-conserved order parameters. We have therefore chosen to use the

ternary Cahn-Hilliard system of equations to model the process of phase sep-
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aration in bimetallic nanoparticles, with the three components in our ternary
system corresponding to the two metallic components plus vacuum. To each
component, 7, corresponds an order parameter, ¢;, which represents the lo-
cal composition of that component. The decision to have a ternary sytem
is motivated by the fact that it removes the requirement to enforce bound-
ary conditions on the surfaces of the particles. The shape of the particles is
thus determined by the thermodynamics of the system, via the processes of
spinodal decompositon and coarsening. The Cahn-Hilliard system has been
chosen since the order parameters in our system are conserved. Moreover, it
is the only phase-field method that is capable of modelling spinodal decom-

position.

For a system composed of N components, let us define a set of order parame-
ters, {¢;(x)}, corresponding to the local fraction of component ¢ (i =1--- N)

at point x. Conservation of mass then implies that

Z@(x, t)=1. (3.10)

Thus, N — 1 of the {¢;} are independent. Analogously to equation (2.9)), the

free energy of a multicomponent system may be written, as [53], [54]

F= / {fo({cbi(x,t)}) s g w}dv, (3.11)

ij=1
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where (;; are the gradient energy coefficients. The flux of component ¢ is
OF
==Y MV, (3.12)
- 00

and the general form of the multicomponent Cahn-Hilliard equations is thus

a@ =V (ZM”VMJ) (3.13)

where the variational derivative is dependent on the specific form of the bulk

free energy, fo, which we are yet to define, and where M;; are mobilities.

3.2.1 Ternary Cahn-Hilliard equations

Expanding equation ({3.13) for a ternary system, we obtain the following set

of coupled Cahn-Hilliard equations:

% = My {V (gﬁ (1 Vi — —(Clg + (1)V Qﬁz)}

+Ms {V (§£0 (2 V3¢ — —(C12 + 1)V ¢1>}

% = My {V (gii) Vi — —(Clg + (1)V ¢2):|

+Mpy {V (872 — (Vs — —(Clz + (21)V ¢1)] . (3.14)
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From the Taylor expansion of the free energy for the ternary case, we obtain

a 3 X 3 matrix of coefficients, k;;,

kll k12 k13
k21 k22 k23 : (315)
k31 k32 k33

However, since only two of the ¢; are independent, we have the following

gradient energy coefficients, (;;, in our system:

G Ci2 | (3.16)
C1 G2
where the relation between the two sets of coefficients is given by
G = ki — 2ki3 + ka3
G2 = kia — ki3 — ko3 + ka3
G2 = koo — 2koz + k3. (3.17)

We now note that the system must reduce to the two-component Cahn-

Hilliard model in the absence of one of the phases. Hence, the (;; are related
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to the gradient energy coefficients in the binary Cahn-Hilliard model, x;;, by
ki3 = ki1 —2ki3+ksz3 = (nn
ko3 = koo — 2koz + K3z = (20
K13 = ki1 — 2kia + kog = K13 + Koz — 212, (3.18)

and therefore

1
G2 = 5(513 + a3 — Ki12) - (3.19)

3.2.2 Ternary regular solution

Let us proceed to write down an explicit form for the bulk free energy,

fo(@1, ¢2), of the ternary system:

3

Jo = Z (sz‘fio + ¢;log ¢i) + ZQz‘j¢z¢j
i=1 i#]

= O1f) + dofs + P3fs + d1log ¢ + b2 log P + ¢3log 3

+ Qiad192 + Q130103 + Qozdagds (3.20)

where the €);; are the binary regular solution parameters, and are related to

the gradient energy coefficients via [32]

Rij = QijCLZ, (321)
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where a is an interaction length, typically taken to be the interatomic dis-
tance. In general, there is a term of the form Q2301 ¢2¢3 in equation ((3.20));
however, we neglect this, since the ternary regular solution parameter, €253,

is usually small.

Figure shows a plot of the free energy, given by equation (3.20]), as

a function of composition, with all €;; being equal. Figure shows a
series of snapshots from a numerical solution of the ternary Cahn-Hilliard
equations, with the free energy given by the ternary regular solution model,
and with €;; = 3.5 in reduced units, for all ¢, j. The initial conditions are
$1 = ¢o = ¢35 = 1/3, so that we have an equal mixture of all three compo-
nents. A random fluctuation is then added, and the system undergoes phase

separation.

Figure 3.1: Plot of the free energy of a ternary regular solution. In this case,
all €2;; are equal. The height represents the energy, while the other two axes
represent the composition of two of the components.
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Figure 3.2: Numerical solution of the ternary Cahn-Hilliard equations, with
the bulk free energy given by the ternary regular solution model; red, blue
and white represent the three components.

3.2.3 Interfacial energy for a ternary system

Consider the three minimum points, P, @ and R, of the free energy (equa-

tion (3.1)) of a ternary system. The coordinates of these three minima are

given by
P = (¢4, ¢p,h') (3.22)
= (¢4, 95, 1°) (3.23)
= (¢, 05, 17), (3.24)
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where ¢ and ¢ (i = 1,2,3) are the fractions of components A and B at
each of the three minima, and where A’ is the height of the i*® minimum
point (i.e. the value of the free energy at the i® minimum). Let us now
consider the plane connecting the three minima. The vectors P_Q and P_R,

which lie in the plane, are then

PQ = (¢4 — )%+ (0% — dh)y + (B2 — h')z (3.25)

PR = (¢4 — 0%+ (95 — ¢p)y + (h° — h')z. (3.26)

Taking the cross product of PZQ and PR gives us a vector that is orthogonal
to the plane,

ax + by + cz, (3.27)

and the equation of the plane is thus

a(¢pa — ¢4) + b(op — ¢5) +c(h — ™) =0, (3.28)

where (¢, ¢5') may be chosen to correspond to any one of the three minima,

and where

a = (¢%—dh)(h> — ') — (h® = h))(6% — dk)
b = (h* = h')(¢h — du) — (¢ — du)(h* = h')

c = (04— oa)(0p — op) — (65 — Op) (0 — da).- (3.29)
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If we define d, such that

d = ad% + boS + ch® (3.30)
then
_ eq eq
C

and Af(¢a,¢p) is given by

Af(da,¢p) = folda, ¢p) — h* a4, dp) . (3.32)

Analogously to equation (2.38)), the contribution to the interfacial energy

from the interface between components ¢ and j is then

Uij:/ {Af—l—HUngZV@ dx . (333)
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Chapter 4
NUMERICAL METHODS FOR
PHASE-FIELD EQUATIONS

The most widely used numerical method for solving phase-field equations
is the explicit finite difference method. This is mainly due to the simplic-
ity of the method and the relative ease with which it may be implemented.
The Cahn-Hilliard equation, however, contains a fourth-order derivative term
which renders the equation stiff. This means that the fourth-order term in-
duces rapid variations in the solution which, in turn, require the use of pro-

hibitively small time steps in order to guarantee numerical stability.

It is well known that the explicit finite difference method is susceptible to
the stiffness in the Cahn-Hilliard equation, and it may be shown that the
method is only numerically stable if the time step, At, satisfies the relation

5]

(4.1)



where Ax is the grid spacing. This clearly poses severe problems for small
Az, and requires the use of extremely small At. The use of the explicit finite
difference method is therefore not a particularly wise choice for solving the

Cahn-Hilliard equation.

It is possible, through the use of implicit methods, to alleviate some of the
constraints on the step size when solving the Cahn-Hilliard equation. Im-
plicit methods, however, carry a significant disadvantage in that they require
the solution of a linear system of equations at each time step. In this respect,
a direct matrix inversion requires O(n%) operations at each time step, while
iterative methods require O(n?®) — O(n*) operations (n is the size of the sys-

tem).

Spectral methods have, in recent years, become a popular choice for the nu-
merical solution of PDEs such as the Navier-Stokes equations. The advantage
of spectral methods is that we may convert a PDE in real space into an ODE
in Fourier space. Chen and Shen [55] have presented an application of spec-
tral methods to the solution of the Allen-Cahn and Cahn-Hilliard equations.
The method they used is a semi-implicit or implicit-explicit (IMEX) method.
The stiffness arising from the fourth-order term in the Cahn-Hilliard equa-
tion is addressed by treating the term implicitly, while the nonlinear term,
involving the derivative of the bulk free energy, is treated explicitly. This
allows for an increase in At of 2-3 orders of magnitude compared to the

explicit finite difference method.
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A similar spectral method — the exponential time-differencing method —
has been proposed by Cox and Matthews [56] for the solution of stiff PDEs.
In this case, the linear fourth-order term is integrated exactly via the use of
an integrating factor. What remains is to then find an approximation to the

integral involving the nonlinear term.

Another approach to dealing with the problem of stiffness is to construct
methods that are unconditionally stable. This means that the numerical so-
lution does not become unstable, regardless of the step size chosen. Eyre
[57] has presented implicit and semi-implicit methods, for the Cahn-Hilliard

equation, that are unconditionally stable.

In the following sections, an outline of the main methods used in solving the
Cahn-Hilliard equation are presented. The advantages and disadvantages of

each method are also considered.

4.1 Finite difference method

Consider the Taylor series of a function, f, about the point z,

flx+ Ax) = f(x) + f'(z2)Ax + %Azj o (4.2)

Truncating the series at first order in Az, we obtain an approximation for

the first derivative:
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which is exact in the limit Az — 0. Equation (4.3)) is the forward finite
difference method which uses function values at x and = + Ax to evaluate an
approximation to the first derivative. It is convenient to use the subscript ¢
to represent the i gridpoint in the x direction, thus

fix1 = fi

flla) = =1 (4.4)

If, on the other hand, the derivative is evaluated in the opposite direction on
the grid, we obtain the backward finite difference method:

fi - fifl ‘

fllo) = == (4.5)

Similarly, we may use the adjacent cells to evaluate the derivative via the
central difference approximation,

() ~ % (4.6)

Both the forward and backward difference approximations are accurate to
first order in Ax, while the central difference approximation is second order

accurate.

In order to obtain approximations to the second derivative, f”(z), we may
apply the approximations given above for f’(x) twice. The forward difference
approximation for f”(x) is thus

weon o Jive = 2firi+ fi

(4.7)
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Similarly, the backward difference approximation is

Ji—=2fic1 + fico .

(o)~ (18)

The most common choice for evaluating f”(z) is perhaps the central differ-

ence approximation, given by

i =20+ fina

(o)~ TR (19)

Of course, it is also possible to combine the forward, backward and central

difference operators in other ways, to obtain various other approximations

for f"(z).

In two dimensions, the central difference approximation for V2 f(x,y) is given

by

9 Sy = 2fii+ fic1yg
\Y f(ﬂf,y> ~ (AJ})Q

fij+1— 2fij + fij—1

" (Ay)? ’

(4.10)

where the subscript j is used to represent the y direction. This approximation
for the Laplacian in 2D uses the value of the function at five points — the point
at which it is being calculated along with four neighbouring points. Various
other approximations can also be used. If, for example, a more accurate
calculation is required, then we may use the nine-point finite-difference stencil

shown in figure £.1} In this case, an appropriate formula for the Laplacian is
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given by [45] [5§]

Vif(z,y) =~ (Alx)g B (fz‘+1,j + ficrg + fige + fi,jfl)

1
+Z(fi+1,j+1 + ficij41 + fir1j-1 + fifl,jfl)
_3fi7].1 , (4.11)

where we have assumed that Az = Ay.

fictg+a| Jig+1 |fiv1,5+1

ficiy | Jig | fivr

ficvj—1| fij—1 |fit1.-1

Figure 4.1: 9-point stencil used for calculating the finite difference approxi-
mation of the Laplacian in 2D.

4.1.1 Boundary conditions

Since the finite-difference approximation of a derivative requires function val-

ues at neighbouring nodes, the approximation cannot be carried out for nodes
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along the edges of the domain, as some of the neighbouring nodes required
for the calculation do not exist. In order to overcome this, the implementa-
tion of boundary conditions may be carried out by using a set of ghost nodes
along the boundary, as shown in figure (the interior nodes constitute the
domain on which the equation is to be solved, while the surrounding yellow
nodes are the ghost nodes). The ghost nodes are then given appropriate

values, in order to satisfy the boundary conditions.

For example, for zero-flux boundary conditons, the ghost nodes on the left
and right boundaries are chosen to take the same value as the cells two places
directly to the right and left respectively, so that the first derivative in the
horizontal direction is zero at the boundary. Similarly, the ghost nodes lo-
cated at the upper and lower boundaries are given the same values as the
cells two places directly below and above respectively, in order that the first

derivative in the vertical direction is zero.
For periodic boundary conditions, the ghost nodes on each edge are set to be

the same as the actual nodes on the opposite edge, so that the grid effectively

wraps round on itself.
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Figure 4.2: Ghost nodes are in yellow.

4.2 Time discretization

4.2.1 Explicit methods

Consider a time-dependent partial differential equation of the form

9]
5 (x,t) = u(x,t). (4.12)

If we use the forward Euler method to discretize the temporal derivative,

then
f(Xat+At) — f(X7t)
2 4.1
o u(x.1). (4.13)
and we may rewrite this as
f(x,t+ At) = f(x,t) + u(x,t)At. (4.14)
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Equation (4.14]) is an explicit scheme — at each time step, the function f is

calculated using only information from the previous time step.

As an example, let us consider the Cahn-Hilliard equation in the following
form:
o¢

5 = MY, (4.15)

with p given by

_ O _ kV2. (4.16)

In order to solve equation (4.15)) using the explicit finite difference method
(equation (4.14))) for the time derivative, along with equation (4.10)) for the

Laplacian, we may follow the procedure outlined here:

1. Discretize ¢ and g on a grid with N, cells in the z direction and N,
cells in the y directiion. As discussed previously, additional ghost cells
are required for the implementation of boundary conditions. The total

number of cells will therefore be (IV, + 2) x (N, + 2).
2. Initialise ¢.
3. for t =0 — t = tiorar:

e Enforce boundary conditions on ¢.

e Calculate V2¢ at each interior gridpoint using equation (4.10)) or
(4.11)). Use this to calculate p at each gridpoint.

e Calculate V?u at each gridpoint, and use this to update ¢ via
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equation (4.14)):
n+1 n 2
v= o MAIN

end for

Here, the superscript, n, refers to time, ¢, while n+1 refers to time, t+At. The
simplicity of this method makes it a popular choice for phase-field models;
however, as metioned previously, the method has a severe restriction on the
size of At (equation , when applied to the Cahn-Hilliard equation, owing

to the presence of the fourth-order derivative.

4.2.2 Implicit methods

Implicit methods find a solution to a given problem by solving a system of
equations that involves the current state of the system as well as its state
at a later time. For example, at time ¢ + At, the Cahn-Hilliard equation
(equation (4.15)) may be discretized in time using the backward difference
operator, while the space discretization may be carried out using the central

difference operator. The resulting finite difference scheme is given by

-t Mty = 207 4
At (Az)?
+u?f+11 = 2 4w (4.17)
(Ay)? ' |

We are therefore required to solve a linear system of equations,

AF = b, (4.18)
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at each time step.

Although implicit methods offer greater numerical stability compared to ex-
plicit methods, the requirement to solve a linear system of equations at each
time step can outweigh the benefits of using a larger step size. Direct matrix
inversion can take O(N®) operations, while iterative methods generally re-
quire O(N?) — O(N*) operations [45]. For more details on implicit methods,

the reader is referred to ref. [59).

4.3 Spectral methods

In order to alleviate the time step constraints imposed by explicit methods
and at the same time avoid costly matrix inversion incurred when using im-
plicit methods, Chen and Shen [55] presented a semi-implicit Fourier spectral
method for solving the Cahn-Hilliard and Allen-Cahn equations. The method
treats the fourth-order term implicitly and the nonlinear term explicitly, and
allows an increase of 2-3 orders of magnitude compared to the explicit Euler
method for the Cahn-Hilliard equation, while requiring O(N?) steps (where

N is the size of the system), thus greatly improving efficiency.

Consider the forward Fourier Transform of a function,

f(k) = /_00 f(z)e ™ da (4.19)
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and its inverse,

= /00 f(k)e™ da . (4.20)

Taking the Fourier transform of the derivative, f'(z), we obtain

[ raeear = feg)” - [ kg

= ik / f(z)e ™ dx
ik f(k (4.21)

This result — namely, that the Fourier transform of the derivative of a func-
tion is simply the Fourier transform of the function itself multiplied by ¢k —
greatly simplifies the calculation of derivatives in Fourier space. Thus, the

Cahn-Hilliard equation,

8¢ 2 afO 2
FTie =MV (8¢ KV qb) (4.22)
may be written as
09 (k. ) 2 [ 9fo 2147
e =—-MEk { a¢} — MrE*o(k,t), (4.23)

after taking the Fourier transform. The algorithm for the semi-implicit

Fourier spectral method is as follows:

9fo.

1. Calculate Discrete Fourier Transforms of ¢ and 5

2. Update the Fourier transform, ¢y, of ¢, treating the nonlinear term
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explicitly and the fourth-order term implicitly,

¢n+;t o _ _kQ{((;_{;}n _ R2EAGH
k

o Atk:?{afo }n
n+1 k
A v

(4.24)
where the superscript, n, refers to the current time step, and n + 1
refers to the next one.

3. Take the inverse transform to obtain ¢"*!.

4. Repeat steps 1-3 with the updated values of ¢ (i.e. set ¢" = ¢"*! on

the whole domain, and go to step 1).

4.4 Exponential Time-Differencing

Consider equation (4.23), the Fourier transform of the Cahn-Hilliard equa-

tion, and let us rewrite it as

9ok, t) _ Lo+ N, (4.25)

where the linear operator, L= —Mgkk*, and N = Mk2{8fo} is a non-
~ k ~
linear function of ¢. Multiplying through by the integrating factor, e, we

obtain

gt<¢e Lt) — e UN(t). (4.26)
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Integrating the equation over one time-step, from ¢ to ¢t + At, we obtain

t+At o N N ~ A ~ S
/ 5 <¢eLT> dr = ¢(k,t+ At)e LU _ gk t)e M
t T

t+ae
— / e "N dr, (4.27)
t

where 7 is a dummy variable. Thus, after rearranging, we arrive at an ex-

pression for ¢(k,t + At):

N . ) t+At .
ok, t +At) = Mok t) + A / e '"N(r)dr
t

L A t+at
_ eLAtqb(k,t)—l—eLAt/ e*LTN(t_i_T) dr. (4.28)
0

Equation (4.28]) is exact, and no approxmations or assumptions have been
made so far. Hence, the essence of the exponential time-differencing method
is to integrate the linear term ezactly, thus removing any stiffness associated
with it from the problem. What remains is to then find an approximation to
the integral involving nonlinear terms, and these approximations may take
several forms. Cox and Matthews [56] provide details of various numerical
schemes for the solution of the nonlinear integral, including explicit Euler
methods and Runge-Kutta methods of varying order of accuracy. They found
that, in general, their proposed fourth order Runge-Kutta scheme (ETDRK4)
has the largest region of stability compared to the explicit Euler schemes
and to the lower order Runge-Kutta schemes, ETDRK2 and ETDRK3 (of
order two and three respectively). They also conducted a comparison of
numerical simulations of stiff PDEs using other implicit-explicit methods and

integrating factor methods, and found ETDRKA4 to be consistently among the
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most superior schemes in terms of both accuracy and its stability properties.
Kassam and Trefethen [60], however, have shown ETDRK4 to be an unstable
scheme, due to rounding errors induced when calculating the Runge-Kutta
coefficients. In order to circumvent this problem, Kassam and Trefethen
modified the scheme, and proposed a contour integral based approach to the
calculation of the coefficients. Other modifications have also been proposed,

such as using the truncated Taylor Series for each coefficient.

4.5 Unconditionally gradient-stable algorithms

Several unconditionally stable schemes for the solution of the Cahn-Hilliard
equation with a polynomial form of the free energy have been proposed in
recent years. The general idea behind such schemes is to develop an algo-
rithm that guarantees that the free energy cannot increase from one time
step to another, independent of how large the time step may be. Eyre [57]
has shown that if the free energy can be split into a convex and concave part,
then we may construct a numerical scheme for the Cahn-Hilliard equation
that has no stability constraint on the step size; the time step is then limited

by accuracy constraints alone.

Using the polynomial form of the free energy, given by

4 2
f=2-2 (4.29)
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we may write the Cahn-Hilliard equation as

(Z—f = MV? (¢3 —¢— W%) . (4.30)

For each of the three terms inside the brackets, let us now add and subtract

the corresponding term multiplied by a constant factor a; (i = 1,2,3). Thus,

we may rewrite equation (4.30]) as

% _uve (a1¢3 b (1= a)d® — asd— (1 — as)o
V6 — (1 agmv?) | (4.31)

From this we may construct a semi-implicit splitting in which the coeffi-
cients, a;, determine whether a term is calculated explicitly, implicitly or as

a mixture of the two:
d(x,t+At) — MAtV? {(1 — )PP (x,t + At) — (1 — a2)d(x,t + At)
—(1 — a3)kV2(x, t + At)]
= ¢(x,t) + MAtV? {(alqﬁg(x, t) — asp(x,t)
—azkV2p(X, t)] : (4.32)

For Kk = 1 and M = 1, and if a; = 1, that is, if the ¢* term is treated

explicitly, then it has been shown that this scheme is unconditionally stable
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for ay < 0.5 and a3 > 2 [61], 62].

Similarly, for the logarithmic form of the free energy,

fo=0mo+(1-¢)In(l—¢)+Q6(1 —¢), (4.33)

we have

0
a—f = MVZ(alln(lfgb)+(1_a1)1n<1f¢)

+as2(1 —2¢) 4+ (1 — a2)Q(1 — 2¢)
—azkV?¢ — (1 — ag)/{Vng) , (4.34)
which may be solved using the following scheme

p(x,t+ At) + MAIV?| — (1 — ap)Q(1 — 2¢(x,t + At))

o(x,t + At)
—(I—a)ln (1 —o(x 1+ At))

+(1 — a3)kV2p(x, t + At)]

= o(x,t) + MAtV? [al In (1 — ﬁg{xﬁ At)>

+aQ(1 — 2¢) — a3HV2q§(X,t)} . (4.35)
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If we set a; = 1, such that the logarithm term is treated explicitly, this
scheme is unconditionally stable, for example, if a; = 3 and a3 = 0, with

Q=35 k=1and M =1.

4.6 Adaptive time step

Solutions of the Cahn-Hilliard equation display greatly varying temporal
scales. If we start with a homogeneous mixture and apply a fluctuation, the
initial process of spinodal decomposition occurs on a much shorter timescale
than the subsequent process of coarsening. For such situations, efficiency
can be significantly increased if, instead of using a fixed time step, we use a

variable time step.

For example, a commonly used algorithm for varying the time-step is as

follows:

e Calculate ¢ = ¢(t + At) from ¢" = ¢(¢) in two steps, using a time-

step of size At/2;

e (Calculate qgn“ from ¢™ in one step of size At;

1/2

o The error is then: e = [|¢"+1 — "1 = | 32,52 (o5 — grst)?

17 %]
e If the error is less than the desired maximum error, e,.., then let

1/2
At — (_> At

e

e Otherwise, discard the solution and try At — At/2.
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As noted by Soderlind and Wang [63], it is often necessary to take limiting
cases into account when using such an algorithm, in order to prevent too
large a step being taken. As a result, this can lead to numerical instabilities.
Soderlind and Wang have instead proposed an algorithm for adjusting the

time-step based on control theory:

(At = (rin)ﬁ (7;1)52 ((gﬂnl)az(m)n. (4.36)

Here, (1, B2 and as are model parameters that can be found in ref. [63], € is

a fraction of the tolerance, and 7" is a local error estimator.

4.7 Discussion

By testing the numerical methods outlined in this chapter, it is clear that
the semi-implicit spectral methods — the method of Chen and Shen [55]
(section and the Exponential Time Differencing method of Cox and
Matthews [56] (section — are distinctly more efficient than the finite
difference methods. However, despite the fact that ETD methods are con-
sidered to have a greater region of stability than the semi-implicit method of
Chen and Shen, we found that when using large regular solution parameters,
the difference in efficiency between the methods is negligible, and that the
solution requires very small time steps in all cases. Indeed, in many cases, we
found that the method of Chen and Shen allows the use of a larger time step
than the ETDRK2 and ETDRK4 methods. Moreover, we found that the un-

conditionally stable algorithms, that have been described in section {4.5| are
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only unconditionally stable in the case of small regular solution parameters,
and additionally, in the case of the ternary Cahn-Hilliard equations, if all of
the regular solution parameters are equal. Since we require the use of large
regular solution parameters in our simulations, we have chosen to use the
method of Chen and Shen which has been described in section L3l In terms
of using an adaptive step size, we note that, when using large regular solution
parameters, the methods described in section become unstable, and that
the method of Soderlind and Wang is not suitable for this scenario. Thus,
in order to avoid the overhead involved with the time-adpative strategies, a

fixed time step is used for all simulations presented in this work.
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Chapter 5
ELASTIC EFFECTS CAUSED BY
LATTICE MISMATCH

For systems, such as CuAg, in which there is a considerable lattice mismatch
(approximately 12%) between elements, elastic effects must be taken into
account. In order to do this, an elastic energy term, E°, is added to the free
energy functional, and the stress and strain and/or the elastic constants are

expressed in terms of the order parameters.

Consider the displacement of a material resulting from a deformation, as
shown in figure p.I In order to quantify the deformation, we choose the
reference state to be the state of the material prior to deformation — in
other words, the undeformed state. The displacement of the material is then

considered relative to the undeformed state.

Let the position vectors of an element of material in the deformed and unde-

formed states be x and x’ respectively. The displacement vector is then the
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Deformed state

Undeformed state

X1
Figure 5.1: Material in the undeformed, reference state undergoes a defor-
mation which displaces the material from x’ to x.

vector that connects the same element in both states, and is given by [64]
u=x-—x, (5.1)

or, for the individual components of the vector represented by the index i,
U; = x; — T, . (5.2)

An infinitesimally small vector, dx’, in the reference state, is deformed into
the vector dx in the deformed state. The relationship between the two may

be deduced by the chain rule [64]:

ox;
" da. )
o T, (5.3)

dl’i =
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where we have used the Einstein summation convention, in which repeated

indices are summed over, so that equation (5.3) implies

8:1:1
ox)

81’1
oxh,

Oz,
oxh

dry = ——da| + z—da) + —daf, (5.4)

and similarly for + = 2 and ¢ = 3.

Li is a measure of the deformation, and is known as the de-

The quantity gx,_
J

formation gradient tensor, Fy; [64]:

8:61-
F;: = . 5.9
o (5.5)
Hence,

In order to relate the deformation gradient tensor to the displacement, let us

rewrite equation ([5.2)) as
T = u; + (5.7)

and then differentiate with respect to xg-, to obtain

Oz;  Ou; Oz
or.  or' * oxr'.’ (5.8)

J J J

The term on the left hand side in equation ([5.8) is simply the deformation

gradient tensor, Fj;. The second term on the right is equal to one when i = j
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and is zero for i # j. Hence, rewriting equation ([5.8)), we obtain

@Uz‘

/
axj

Fiyj = =+, (5.9)

where 0;; is the Kronecker delta.

In order to define the strain, let us consider the stretching of the material in
going from the reference state to the deformed state. Let the lengths of the
vectors dx and dx’ be ds and ds’ respectively. Taking the dot product of dx

with itself, we have [64]
(ds)? = dx - dx = daydu; . (5.10)
Now, from equation , we have that
dride; = FjdoFydr,
= o Fyj Fyday, . (5.11)
In the reference state, we have

(ds')? = dajda’; = da/idjday (5.12)
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and therefore, the stretch may be measured by the difference:
(ds)? = (ds')? = daFy;Fyda), — dalidspday,
= dx; (FZ]F”C - 6jk)dx;€
= 2da}Ejday, (5.13)
where Ej, is the Lagrangian strain tensor [64], defined as

Ej, = = (FijFji — 61,) - (5.14)

N | —

Using equation (5.9)) for Fj;, we may rewrite the strain tensor as

1 I 3uz an

1[0u;  Oup  Ou; Ou,
_ . 5.15
92, " o, T Bw axgj (5:15)

DO |

If we consider small deformations only, then the third term,

/ /0
8:6]- oz},

(5.16)

may be neglected. In this case, we obtain the small strain tensor, €y,

1| 0u;  Ouy
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Equation (5.17)) gives the total strain, and is the sum of the elastic and misfit

strains, ej}g and e;“k‘Sﬁt, respectively:

€ij = ef]l + e?;iSﬁt . (5.18)

5.1 Stress

In linear elasticity theory, the stress is given by Hooke’s Law,
Oij = Oijklezlla (5.19)

where Cjjj; is the elastic moduli tensor. Using equations ([5.18)), (5.17) and
(5.19)), the stress is given by

1 {((Mk 8ul :|

Oij Cz]kl2 aIL’l 8l’k (5 O)

In the absence of an external force, the equations of mechanical equilibrium

are [64]
Jdo. ij

o = 0. (5.21)

Applying this equation to equation (5.20]), we obtain the Navier-Lamé equa-

tions of elasticity:

8 1 8uk aul 0 -
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5.2 The stiffness tensor, Cj;;

In the general, three-dimensional case, the fourth-rank stiffness tensor, Cj;,
has 3% = 81 components. For a crystal lattice, however, the number of inde-
pendent components is significantly reduced due to the inherent symmetries
of the system. For an anisotropic material, there are at most 21 independent
components to the stiffness tensor. On the other hand, an isotropic material

may be characterized by just 2 independent quantities, such that [64]
Cijii = MijOny + 1S + 6adji) (5.23)

where A and p are referred to as Lamé’s constants.

At this point we may simplify the fourth-rank stiffness tensor, by trans-
forming it into a matrix, using the Voigt notation, in which Cjjp — Cep, in

the following way

ij |11 22 33 23,32 13,31 12 21
a |1 2 3 4 5 6

For a cubic material, we may then write

Cijir = C120i;0k + Cua(9i0510 + 00j5) + (Cr11 — Cra — 2C44)0ijiy - (5.24)
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In the isotropic case, we have

Ci = Cia+2Cu
012 = A

044 = Wu. (525)

5.3 Coupling with the Cahn-Hilliard equa-
tion

In order to couple elastic effects with the Cahn-Hilliard equation, we must
add an elastic energy term to the free energy functional (equation (2.9))),

such that [63, 66, 67, 68]
— R 2 cl
Fiot= [ (b1 + 5902 + £ av. (5.20)

Applying equation ([2.27)), we then obtain

9 §F
o V'(MV@)

o | oL°
96 | 0o

= MV? ( — W%) . (5.27)

Elastic effects are included by connecting the order parameter, ¢, with the

elastic moduli tensor and the misfit strain, so that Cjju = Ciju(é) and
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emisfit — emisfit () - More specifically [66, 67, [68],
Cijra(¢) = Cijy + X () ACim (5.28)

where C7,, is the elastic moduli tensor of one phase, x(¢) is an interpolating
function and ACjjy, is given by

ACyjm = Cppy — Ci (5.29)
with C%, and ijkl being the elastic moduli tensors for the o and 3 phases
respectively. Similarly, the misfit strain is also interpolated between the two
phases. If, for example, we take the undeformed lattice of the @ phase to be

the reference state, then the misfit strain will be zero in the a phase, and it

will attain its maximum value, €’ in the 3 phase. Thus

GZI'iSﬁt = VT(Cb)% ) (5.30)
where
el p=1
Y(0) =14 ()l 0<op<1
0 p=0

with 7(¢) interpolating between the two phases. The maximum value of the

transformation strain, €’ is given by

el = , (5.31)

74



where a® and a” are the lattice parameters of the pure a and S phases

respectively.

5.3.1 Elastic energy

In order to calculate the elastic energy, we first solve the Navier-Lamé equa-
tions for the displacements. This allows us to then calculate the stress
and elastic strain, from which we may obtain the elastic energy, E¢, via
[66, 167, [68]

1

B = Eaije‘;}, (5.32)

Using equations ((5.19) and (5.18]), we may write the elastic energy as

1 . .
Eel — 5(62_] o EmISﬁt)Cijkl(Ek:l _ EEISﬁt) ] (533)

ij

To solve the elastic Cahn-Hilliard equation, we must calculate the derivative

of E°(¢) with respect to the order parameter, ¢, at each time step as follows

[66, 67, [68]
aEel 1 a mis mis
99 = §a—¢(eij — € ﬁt)Cijkl(Ekl — €kl ﬁt)
1 0

_|_§ (Eij o E;?iSﬁt) a_¢0ijkl (ekl . EEiSﬁt)

1 .
+§( i — EE?ISﬁt)OZ‘

0

jkla_gb(em — GEiSﬁt) . (534)
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We may now substitute for Cj;;; using equations (5.28)) and ( - ) to obtain

aaEq:l = — TcS” 822?) Cijraer — €(6)0x1)
+ %(Eij - ETW(@%)A%MaE—?(EM — " 3(¢)0w)
= e~ 31000 el T2
_ ;ag(j) ACijm(eij — €75 (ew — eiy™™)
az)gb) 75 Coal€rg — €St (5.35)

5.4 Numerical solution

In order to solve the Navier-Lamé equations, we use an iterative procedure in

Fourier space [66), 67, 68] . Using equations (5.28) and ([5.29)) and substituting

into equation ([5.22)), we may write the Navier-Lamé equations as

8%3{ (C?jkz + X(¢)ACW> (gu; —€ 5m(¢))} =0. (5.36)

To start the iteration, we assume that the elastic constants are the same in
both phases, so that
B
f}kl = Cijk:l ) (5-37)

and therefore
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We may then solve the Navier-Lamé equations, in the following form, directly

in Fourier space:
97(¢)
oz, (5.39)

0 T

For the purpose of simplifying the equation, let us define a “misfit stress”,

T

0;;, via Hooke’s law, such that

ij
We may then rewrite equation (5.39)) as

uy 707() '

Ozojklm = 0j; oz, (5.41)
Taking the Fourier transform of this equation, we obtain
i(q) = —ig;Gao;i(a) , (5.42)
where we have defined q as the wave vector and where
Go' = Cijnd;qr - (5.43)

Equation ([5.42) may be solved directly in Fourier space. We may then drop
the assumption that ACj;,; = 0, and use the solution we have to calculate

the next iteration using

u'(q) = —ig;Gao A (5.44)
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where

aunfl

AZ-1za?jﬁ(q)+AcijrseT6m{x<¢)a<¢>}q—Acz-jm{xw) 3 } . (5.45)

Here, the superscript, n, refers to the current solution and n — 1 refers to the

previous solution. The iteration is allowed to continue until convergence.

Figure 5.2: Numerical solution of the binary Cahn-Hilliard equation with
elastic effects included.
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Chapter 6
SIMULATIONS

In this chapter, results obtained from the numerical solution of the ternary
Cahn-Hilliard equations are presented. Simulations are carried out using the
semi-implicit Fourier spectral method of Chen and Shen [55], which has been
described in section L3l An outline of the structure of the code used to

implement the method is displayed in figure [6.1]

The initial conditions for each simulation are set such that we have a uniform
mixture of composition (4}, ¢9, ¢3), where ¢}, ¢9 and ¢3 represent the over-
all fraction of components 1, 2 and 3 present. At each gridpoint, therefore,
1 = @Y, do = @3 and ¢3 = ¢3. A small, random fluctuation is then applied,

and the system is allowed to evolve.

In the following sections, the effect, on particle morphology, of varying regular
solution parameters, varying particle composition, varying particle size and
the addition of elastic effects (via a coupling with the Navier-Lamé equations)

are studied. Results of simulations of the CuAg system are also presented.
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Input model parameters and numerical parameters.

v

Declare complex 2D arrays:
PHI_1, PHI_2, df0_dPhil, df0_dPhi2 (derivatives of
bulk free energy with respect to PHI_1 and PHI_2).

h 4

Initialize PHI_1 & PHI_2.

|

Define components, k_x and k_y, of wavevector,
to reflect the periodic boundary conditions.

v

Calculate real parts of df0_dPhil and df0_dPhi2,
using PHI_1 and PHI_2. p

|

FFT of PHI_1, PHI_2, dfo_dPhi1, df0_dPhi2.

‘I’ Time loop

Update PHI_1, PHI_2 according to semi-implicit
algorithm.

!

Inverse FFT PHI_1 and PHI_2 and then normalize.

Figure 6.1: Structure of the code.
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Unless stated otherwise, we begin each simulation with ¢, = = ¢° , = 0.15
and ¢V, ... = 0.7, so that the red and blue components together occupy 30% of
the domain. This allows us to observe the formation of particles, as opposed
to the “snake-like” structures typically observed in solutions of the Cahn-

Hilliard equation when the overall fractions of the components are similar to

each other.

6.1 Dimensionless form of the Cahn-Hilliard
equation

All simulations are carried out using the dimensionless form of the Cahn-
Hilliard equations [68, [69]. Energy is scaled by a characteristic energy of

kgT, where kg is the Boltzmann constant and 7' is the temperature. Thus,

- E
EFE=— 6.1
T (6.1)

where E is the energy, and F is the dimensionless energy. Similarly, the

dimensionless length, #, and dimensionless time, ¢, are given by

=2 (6.2)
l*
and
~ t
f=— .
=, (6.3)
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respectively. Here, [* is a characteristic length and ¢* is a characteristic time.

We may then rewrite equation [2.9 as

~ " ~ K ~
F:liﬁ(ﬁ+2%TGwF)&a (6.4)

where a tilde appearing above a variable represents the dimensionless form
of that variable. Similarly, the general form of the Cahn-Hilliard equation

(equation [2.29) may be written as

% mz(‘?f;_? - ww) | (6.5)
where
k= ShTT o0
and
M = %7 (6.7)

are the dimensionless gradient energy coefficient and mobility respectively.

Setting M =1, the characteristic time, ¢*, is then

Ml*2
tr = . 6.8
T (6.8)
The dimensionless regular solution parameter, €, is given by
~ Q
Q=— 6.9
— (69)
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and is related to the gradient energy coefficient through the relation [32],
k= Qa?, (6.10)

where @ = a/l* is the dimensionless form of a, which is an interaction length,
typically taken to be the interatomic distance [32]. We choose the char-
acteristic length, [* = Inm. Unless stated otherwise, the length, [, of our
square simulation domain is 2¢/27nm = 8.9nm. This is varied in section
to study the effect of an increased system size. In the following sections,
for convenience, we drop the convention of using a tilde to denote a non-

dimensional quantity.

6.2 Classification of particles

In order to quantitatively distinguish between centred and off-centred cores
in our simulations of binary particles, we may calculate the positions of the

centres of mass of the two constituent components using the following equa-

83



tions:

20

g = Z” Qﬁ’jy]’

1 = o a7
> O

7 = 2” ¢y’

2 = = a7
2y 93

>y 00y

go = =27 (6.11)

> 08

where (Z1,71) and (Z2,y2) are the coordinates of the centres of mass of com-
ponents 1 and 2 respectively, and where 2 and j represent the gridpoints
in the = and y directions respectively. Using equation (6.11]), we may then

calculate the distance, dcy between the centres of mass,

devt = v/ (T2 — 11)% + (T2 — 71)2, (6.12)

along with the gradient, mcy, of the line connecting the centres of mass of
the two components:

mceM = — — . (613)

From this, we are able to calculate the length of the particle by extending
the line connecting the centres of mass to opposite edges of the particle. The
ratio of the distance between the centres of mass to the length of the particle

then provides us with a suitable measure of how off-centred the core of the
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particle is.

Let us define the parameter, dog_centre, Such that

dew

, (6.14)

5off—centre = I
particle

where Lparicle 15 the length of the particle. For a perfect, centred core-shell
particle, dog_centre = 0, whereas for a fully off-centred core, dog_contre = 0.5.
Figureﬂshows a core-shell and quasi-Janus particle with dog_centre = 0.0683

and o _centre = 0.0454 respectively.

5oﬁ—centre = 0.0683 5oﬁ—centre = 0.454

Figure 6.2: dof_centre for a core-shell and quasi-Janus particle.

6.3 Varying regular solution parameters, {);;

In the results presented in this chapter, components 1, 2 and 3 are repre-
sented by the colours blue, red and white respectively. In the case of the
CuAg simulations, blue represents Cu, and red represents Ag, with white

representing vacuum. It is thus convenient to refer to (215, {293 and €23 as
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leuefredv Qredfwhite and leuefwhite TeSpeCthelY-

If all of the regular solution parameters, €2;;, are chosen to be below a cer-
tain value, phase separation will not occur, and the system will remain in its
initial steady state. This is shown In figure in which all of the ;; are
equal to 3.0, and phase separation is not seen. Similarly, if any one of the €;;
are too small, then phase separation between components ¢ and j will not
occur. This is shown in figure [6.4] in which Qpue—red = 2.0, Qred—white = 3.5
and Qpjue—white = 3.9, and separation between the red and blue components
is not seen. On the other hand, if we set all €2;; equal to 3.5, then separation
between all components is seen, and the steady-state shape of the final par-

ticle obtained is a dumbbell/Janus particle. This is shown in figure [6.5

For the CuAg system, Qcy—ag < Qag—vac < 2cu—vac, i-e. the CuAg interfacial

t=20 t=1.0 t=10.0

Figure 6.3: Numerical solution of the ternary Cahn-Hilliard equations with
leue—red = 307 Qred—white = 307 leue—white = 307 gI‘ld size: 128X1287 At =
1 x 107

energy is less than the surface energy of Ag, which is less than the surface
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t=20 t=0.5 t=10.0

Figure 6.4: Numerical solution of the ternary Cahn-Hilliard equations with
leue—red = 2-O;Qred—white = 35a leue—white = 357 gI‘ld size: 128X1287 At =
1 x 1074

t=20
t=0.8 t=0.9 t =10

Figure 6.5: Numerical solution of the ternary Cahn-Hilliard equations with
leue—red = 3.5, Qred—white = 3.5, leue—white = 3.5, gl"ld size: 256 X 2567 At =
1x 1074
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5off—centre
05 -

0.45
0.4
035
03
0.25
0.2
0.15
01 7

0.05 -

t

Figure 6.6: Variation of dug_centre With dimensionless time, t. The graph
corresponds to the simulation shown in figure |6.5|

0 0.2 0.4 0.6 0.8 1 1.2 14 16

energy of Cu. In order to simulate core-shell particles, we therefore choose
Qplue—red < Qred—white < plue—white: Iblue—red 1S chosen to be large enough
to induce phase separation between the blue and red components. Choos-
ing higher Qpue_rea While maintaining the same ratios, Qpue_white : 2blue—red
and 2red—_white : blue_red, leads to qualitatively similar results. The problem,
however, with using higher regular solution parameters is that it amplifies the
stiffness in the numerical solution caused by the nonlinear term. It therefore
becomes necessary to use significantly smaller time steps, and simulations

take a long time to reach the steady state.

Figure [6.7] shows snapshots from a simulation in which the dimensionless
regular solution parameters are given by Qpue_red = 3.0, Qred—white = 3.5 and
Qblue—white = 4.0. In the initial stages of the simulation, the white component
separates from the red and blue components due to the fact that Qpue_white

and eq_white are greater than Qpue_req- This leads to the formation of par-
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ticles containing a mixture of blue and red components. Following on from
this, the blue and red components separate, forming core-shell particles. The
blue component occupies the core, since Qpue—white > 2red—white, and the red
component, therefore, has a lower surface energy than the blue component.
With increasing time, we see the Ostwald ripening phenomenon taking place,
whereby larger particles grow at the expense of smaller ones. Finally, as the
particles coarsen and coalesce to form a single large particle in the steady
state, we see a transition from small core-shell structures to a larger quasi-
Janus structure. A thin layer of red is observed on the outside of the blue

side of the particle.

Figure shows the steady-state solutions obtained for varying Qpiue—whites
while Qplue—_rea = 3.0 and Qpeq_white = 4.0 are fixed. In figure , Qplue—white =
4.0, and the steady-state solution is a quasi-Janus particle. Owing to the fact
that Qpiue—white = Pred—white, We see a flat red-blue interface. As Qpue—white
is steadily increased through figures [6.8b— [6.8¢, however, we see that the
red-blue interface becomes curved, and that its curvature increases with in-
creasing Qplue—white- Figures and [6.8c, in which Qpue_white is 4.5 and 5.0
respectively, show that a quasi-Janus particle is still the lowest energy con-
figuration. For Qpiue_white = 5.5 (figure ), however, quasi-Janus particles
are not observed, and the final particle obtained is core-shell. Moreover, if
we increase Qplue_white further, as in figures and [6.8f, where Qpjue—white
is 6.0 and 6.5 respectively, while keeping cq_white and Qreq_pre fixed, we
obtain similar results, with a core-shell arrangement as the lowest energy

configuration. This is to be expected, since increasing pue—white iNCreases
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the surface energy of the blue component, and it is therefore less likely to

migrate towards the surface.

Figure shows the variation of dog—_centre With Qpjue—white for the steady-
state solutions shown in figure [6.8] A series of snapshots of the simulations
used to obtain the steady-state solutions in figure are shown in figures

[6.10] [6.17] [6.12] [6.13], [6.14] and [6.15] corresponding to Quue—white = 4.0,

Qplue—white = 4.9, Qplue—white = 9.0, Qplue—white = 9.9, Qplue—white = 6.0 and

Qlue_white = 6.5 respectively.

50ﬁ'—centre
06

0.5

04

0.3

0.2

0.1

3.5 l‘l 4j5 5‘ 5j5 I‘S GjS 7‘
leue —white

Figure 6.9: Variation of dog_centre With Qpiue—white for fixed Qpue_rea = 3.0
and Qred—white = 4.0.
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t="7.0 t=10.0 t=35.0

Figure 6.7: Numerical solution of the ternary Cahn-Hilliard equations with
leuefred = 307 Qredfwhite = 357 leuefwhite = 40; grld size: 256 X 2567 At =
1x 107, 91



) ¢

a a

a) leuefwhite =4.0 leue white — =4.5 leue white — =5.0

. ab ¢

) leue—white =5.5 leue—white = 6.0 leue—white =6.5

H

o,

Figure 6.8: Steady-state solutions obtained for Qpue—rea = 3.0 and
Qred—white = 4.0, while increasing Qpue_white from fig. a) to fig. f)
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Figure 6.10: Numerical solution of the ternary Cahn-Hilliard equations with
leue—red = 30; Qred—white = 4()’ leue—white = 40; grld size: 256 X 2567 At =
1 x 1072,
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t=16 t=3.0 t=4.0
.
t=4.2 t=45 t=5.0
t=6.0 t=80 t =60.0

Figure 6.11: Numerical solution of the ternary Cahn-Hilliard equations with
leuefred = 307 Qredfwhite = 407 leuefwhite = 457 grld size: 256 X 2567 At =
1x107°. 94



t=538 t="7.0 t=60.0

Figure 6.12: Numerical solution of the ternary Cahn-Hilliard equations with
leuefred = 307 Qredfwhite = 407 leuefwhite = 507 grld size: 256 X 2567 At =
1x107°. 05
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t=20 t=0.07 t=0.15
w B B
® » % .
t=20.3 t=20.5 t=0.75
t=1 t=1.7 t=28.0

96

Figure 6.13: Numerical solution of the ternary Cahn-Hilliard equations with
leue—red = 307 Qred—white = 407 leue—white = 557 grld size: 256 X 2567 At =
1 x 1076,



t=0.63 =4 t=10.5

Figure 6.14: Numerical solution of the ternary Cahn-Hilliard equations with
leuefred = 307 Qredfwhite = 407 leuefwhite = 607 grld size: 256 X 2567 At =
7x 1077, o7



e
»
e

t=0.6 t=132 t=>5.712

Figure 6.15: Numerical solution of the ternary Cahn-Hilliard equations with
leue—red = 307 Qred—white = 407 leue—white = 657 grld size: 256 X 2567 At =
6 x 1077,
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6.4 Varying composition

It has been shown, in experiments [I1] and simulations [28, 29], that the
size of the core has an effect on the morphology of the particles obtained.
Figure [6.16] shows steady-state solutions obtained using a decreased core
size, such that the blue : red particle composition ratio is 20 : 80. All
other parameters are fixed, and we use Qpue_red = 3.0, Qred_white = 4.0
and Qpue_white = 6.0, as in figure [6.14] in which case it has already been
shown that, for a 50 : 50 blue : red ratio, a core-shell particle is the most sta-
ble structure. Figures a), b) and c¢) show that the placement
of the core is, in fact, random, with dog_centre = 0.072, dof—centre = 0.336 and
Ooff—centre = 0.039 respectively. The corresponding dimensionless, total inter-
facial energies are equal to 3.570, 3.56324 and 3.5692 respectively, suggesting

that these structures are energetically equivalent.

Similar results to those shown in figure [6.16| are shown in figures -
in which the blue : red composition ratio is increased from 30 : 70 through
to 60 : 40. In each case, the core remains fully contained within a shell of
the red component, while the position of the core is random. As the shell

thickness decreases, the particles become more centred.

Let us now consider the simulation shown in figure for Qpue—rea = 3.0,
Qred—white = 4.0, Qplue—wnite = 9.0. In this case, the steady-state solution is
a quasi-Janus particle. By varying the blue : red composition ratio, we find

that a quasi-Janus particle is obtained as the steady-state solution in each
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a) 5oﬂ—centre = 0.072 b) 50ff—centre = 0.336 C) 5oﬁ—centre = 0.039

Figure 6.16: Steady-state solutions obtained for a blue : red ratio of 20 : 80.
leue—red = 307 Qred—white = 407 leue—white = 6.0.

a) 50ﬁ—centre = 0.031 b) 5oﬁ—centre = 0.065

Figure 6.17: Steady-state solutions obtained for a blue : red ratio of 30 : 70.
Qbtue—red = 3.0, Qred—white = 4.0, Qplue—white = 6.0.

case, except when the shell of the particle becomes too thin, in which case,
core-shell particles are observed. steady-state solutions for varying blue : red
ratios are shown in figure The results we obtain are in accordance
with experimental evidence [12] which suggests that Janus particles are not

observed if the shell of the particle is too thin.
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a) 50f‘f—centre = 0.083 b) 5oﬁ—centre = 0.335

Figure 6.18: Steady-state solutions obtained for a blue : red ratio of 40 : 60.
leue—red = 307 Qred—white - 40) leue—white = 6.0.

L s =~ |

a) 50fffcentre = 0.063 b) 50fffcentre = 0.196

Figure 6.19: Steady-state solutions obtained for a blue : red ratio of 50 : 50.
leue—red = 307 Qred—white = 407 leue—white = 6.0.
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a) 5off—centre = 0.008 b) 50ff—centre = 0.002

Figure 6.20: Steady-state solutions obtained for a blue : red ratio of 60 : 40.
Qblue—red = 3.0, Qred—white = 4.0, Qplue—white = 6.0.

a Vi

a) 30:70 ) 40 : 60 ) 50 : 50
5offfcentre = 0.437 5oﬁfcentre 0.434 50ﬁfcentre 0.447

e

d) 60 : 40 e) 70 : 30 £) 80 : 20
5off—centre = 0.457 5oﬂ—centre = 0.004 5oﬁ—centre = 0.003

Figure 6.21: steady-state solutions obtained for varying blue : red ratios,
going from 30 : 70 in a) to 80 : 20 in f). Blue and red together occupy 30%
of the system. Qplue—red = 3.0, red—white = 4.0, Qplue—white = 5.0.
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6.5 Elastic effects

The elastic effects caused by a lattice mismatch between the constituent com-
ponents of a particle are included in the model via a coupling of the ternary
Cahn-Hilliard equations with the Navier-Lamé equations of elasticity (see
section . In the ternary systems that are simulated, elastic effects are only

considered between the blue and red components.

Figures [6.22f—6.25| show the effect of misfit strain on the core-shell to quasi-
Janus particle transition. The blue:red composition ratio is 50:50, and ,eq—plue =
3.0, Qpiue—white = 4.0 and Qreq—white = 6.0. Thus, apart from the addition of
elastic effects, all parameters are the same as those used to obtain figure
As seen previously, this set of parameters leads to the formation of core-shell

particles, but does not lead to the formation of Janus/quasi-Janus particles.

For the simulations presented in this section, we use the elastic constants of
the CuAg system, and vary the misfit. For Ag, C;; = 132GPa, C15 = 97GPa
and Cy = 51GPa, whereas for Cu, we have C7; = 176GPa, C12 = 125GPa
and Cyy = 82GPa [70]. In figures [6.22] and [6.2] the lattice misfit is
5%, 10% and 15% respectively. For 5% misfit, we see that the results are not
dissimilar to those obtained without elasticity (figure , and the effects
of elasticity are not visible. When the misfit is increased to 10%, however,
the elastic effects are more pronounced. In the initial stages of the simu-
lation, small core-shell particles are observed. However, as the simulation

progresses, the particle core becomes off-centred, and we eventually see a

103



transition from core-shell structure to quasi-Janus particle structure. In the
case of 15% lattice mismatch, quasi-Janus structures are observed even at
small particle sizes, and there is a large deformation in the shapes of the

particles as they coarsen.

S |
oo™ oo
s N .1
' ¥ ..

T T
. - ®°

t=0.875 t =146

—

t =233 t="7.0 =27

Figure 6.22: Simulation with 5% lattice mismatch included; Quue—red =
3.0, Qred—white = 4.0, Qpiue—white = 6.0; grid size: 128 x 128, At =5 x 1077,
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t=10.5

t=11.0 t =120 t=24.0

Figure 6.23: Simulation with 10% lattice mismatch included; Quue_red =
3.0, Qred—white = 4.0, Qppe_white = 6.0; grid size: 128 x 128, At = 5 x 1077,
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a) Without misfit

1

R

b) 10% misfit

Figure 6.24: Comparison of steady-state solutions obtained for Qyue_reqa =
3.0, Qed—white = 4.0, Qpue—white = 6.0, a) without elasticity, b) with 10%
misfit.
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t=1.0 t=25 t=39

Figure 6.25: Simulation with 15% lattice mismatch included; Qpue_red =
3.0, Qred—white = 4.0, Qpiue—white = 6.0; grid size: 128 x 128, At =1 x 1078,
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6.6 Varying size

For bimetallic nanoparticles of weakly miscible metals, such as CuAg, it
has been observed in experiments [12, [I1, 14] and computer simulations
[12, 28, 29] that, as the size of the nanoparticle increases, there is a transition
from core-shell structures to quasi-Janus particle structures. We have already
seen this effect in the simulation results that have been presented thus far in
this chapter, with the initial stages of simulations showing core-shell parti-
cles, while Janus particles are seen in the latter stages, as the particles grow.

In figure [6.13] however, a core-shell particle is obtained in the steady-state.

In figure a), a steady-state solution is shown for the case of Qpue—rea =
3.0, Qed—white = 4.0 and Qpjue—white = 9.5, as in figure with the final
particle morphology being core-shell. However, in figure b), the length
of the square simulation domain is increased by a factor of two, such that the
length is changed from 2v/27nm to 4y/27nm. In this case, the emergence of
quasi-Janus particles is seen, both during the evolution and in the steady-

state. The time evolution of the system is shown in figure [6.27]

Conversely, if Qpue—red = 3.0, Qrea—white = 4.0 and Qpue_white = 9.0, we
have seen, in figure [6.12] that quasi-Janus particles are preferred. However,
if we decrease the system by a factor of two in each dimension, Janus/quasi-
Janus particles are not seen, and core-shell is the most stable configuration,

as shown in figure [6.28]
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X

a) Domain length = 2v/27nm = 8.89nm

-

b) Domain length = 4/27nm = 17.77nm

Figure 6.26: steady-state solutions for Quue—rea = 3.0, Qred—white
4.0, Qplue—white = 5.5. The domain length in b) is double that in a).
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t=20.0 t=46.0 t=60.0

Figure 6.27: Qpiue—red = 3-0, Qred—white = 4.0, Qplue_white = 9.5, domain length
= 44/27nm (double that used in figure [6.13); grid size = 256 x 256, At =
1 x 1075,

110



..

Figure 6.28: leue—red = 307 Qred—white = 407 leue—white = 50; domain length
= +/27nm, i.e. half the length of the simulation box used in figure m
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6.7 CuAg system

Atanasov [71] has carried out Monte Carlo calculations using the Gupta
potential in order to obtain the dissolution energies of Cu in Ag and of Ag
in Cu, which were found to be 0.276 eV and 0.396 eV respectively. The
average of these values, 0.336 eV, is taken as the regular solution parameter
Qcu—ag. The non-dimensional Qcy_ag is then equal to 3896/T, where T is
the temperature. To calculate the other two regular solution parameters,
Qag—vac and Qcy—_vac, we use the surface energies of Cu (2.166Jm_2) and Ag
(1.210Jm™?) [72]. The regular solution parameters may then be calculated

using the following equation for the interfacial energy, o,

N0 — 6.’
3v/2 ’

(6.15)

which has been derived in ref. [48] for an interface in equilibrium. ¢, and ¢g
are the compositions of the o and [ phases respectively, and N, is the number
of atoms per unit volume. Using this equation, we obtain Qg_vae = 16103 /7
and Qcy_vac = 21742/T for the non-dimensional regular solution parameters.
At a temperature of 673K, we therefore have Qcy_ag = 5.79, Qag—vac = 23.93

and Qcu_vac = 32.31.

As has been mentioned earlier, the use of large regular solution parame-
ters leads to numerical instabilities, and as a result, the use of small time
steps is required. In the CuAg system, Qcy—vac and Qag_vac are signifcantly

larger than Qcy_ae. Because of this, it becomes paractically impossible to
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use Qoy—vac and Qg vac as their actual values, and doing so would require
extremely small step sizes to maintain stability, making the simulation un-
feasible. However, a way of overcoming this problem is to note that the
interfacial energy is proportional to vxQ. Thus, if we scale by a factor
€(€ > 1) and scale Q2 by 1/¢, the interfacial energy remains unchanged in
the model [73] [74]. This means that Q is reduced, so the instability caused
by using large 2 decreases, and we may use larger time steps. It should also

be noted that increasing x leads to more diffuse interfaces.

Figures and show results from simulations of the CuAg system
with ¢ = 5 and & = 4 respectively. In all simulations, we let T=673K. The
results obtained in the two cases are qualitatively similar, with core-shell
particles emerging in the early stages of the simulations and then coarsening
to adopt a quasi-Janus configuration. Note that only Qcy—vee and Qag_vae

are scaled — Qc¢y_ 4, is left as it is.

Figure shows steady-state configurations for particles with varying Cu:Ag
ratios. As discussed in section particles with thin shells tend to adopt
core-shell configurations. This is seen in the 80% Cu case (compare with

figure [6.21]

In figures [6.32] [6.33], [6.34] and the size of the system is increased by

a factor of 3, 10, 20 and 40 respectively (giving a domain length of 6y/27nm,
20\/§7mm, 40+/27mnm and 80v/27nm respectively). In each case, we observe a

transition from core-shell structures to quasi-Janus structures as the particles
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grow. In order to simulate larger systems, the nuber of gridpoints used must
also be increased. This leads to the requirement to use smaller time steps in
order to maintain stability in larger systems. It should also be noted that the
initial stages of spinodal decomposition occur on a much shorter timescale
than the later stages of particle coarsening. Simulations of the Cahn-Hilliard
equation have been shown to display a “freezing” behaviour, whereby the
system almost comes to a standstill for the vast majority of the simulation.
It can thus be a difficult task to reach the last stage of a simulation, when
we are left with just one particle. The simulation shown in figure [6.33] for
example, has taken several months to evolve into one particle. Increasing the
size of the system further, as we have done to obtain the results shown in
figure [6.34] and requires even longer simulation times due to the large
number of gridpoints required to resolve the interface, and hence the require-

ment to use smaller time steps.

Finally, figure [6.36] shows a simulation of the CuAg system coupled with

elastic effects. The domain length of the system in this case is 10v/27nm.
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Figure 6.29: Simulation of CuAg system, £ = 5; grid size = 256 x 256,
At =1 x 1076.
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Figure 6.30: Simulation of CuAg system, £ = 4; grid size = 256 x 256,
At =3 x 1078,
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Varying composition

a) 30 : 70 b) 40 : 60 ¢) 50 : 50

R 4

d) 60 : 40 e) 70 : 30 f) 80 : 20

Figure 6.31: steady-state solutions for CuAg system, with blue : red compo-
sition ratios varying from 30 : 70 to 80 : 20. The particle accounts for 40%
of the system size. Grid size = 256 x 256; At =1 x 1075,
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Varying size

Figure 6.32: Simulation of CuAg system, ¢ = 5, domain length = 6v/27nm.
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Figure 6.33: Simulation of CuAg system, ¢ = 5, domain length = 20+/27nm.
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Figure 6.34: Simulation of CuAg system, ¢ = 5, domain length = 40+/27nm.
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Figure 6.35: CuAg system, ¢ = 5, domain length = 80v/27nm, grid size =
800 x 800, At =3 x 107°.
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Addition of elastic effects

Figure 6.36: CuAg system, with elastic effects included, £ = 5, domain length
= 10v/27nm.
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6.8 Discussion

We have used the ternary Cahn-Hilliard equations to model bimetallic nanopar-
ticles in vacuum. By choosing appropriate values for the overall composition
of the system, such that the metallic components account for 30-40% of the
system, we are able to see the process of spinodal decomposition, leading to
the formation, and subsequent coarsening, of particles. It has been shown,
in section [6.3] that, by varying the three binary regular solution parameters
of the system, we are able to generate core-shell, Janus and quasi-Janus par-
ticles. The formation of Janus/quasi-Janus particles begins, in each case,
with the formation of core-shell particles which coarsen and coalesce to form
Janus particles as the size of the particles increases (section . Moreover,
for cases in which the lowest energy configuration is a core-shell particle,
we have demonstrated that, if the size of the system is increased, a transi-
tion from core-shell to quasi-Janus particles is observed (section . The
same effects are seen, in section for the CuAg system, and our results
are in agreement with both experimental findings [12, 11, 14] and previous
atomistic simulations [12), 28 29] in which it has been shown that there is a

transition from core-shell to quasi-Janus particles at larger sizes.

In section [6.4] the size of the core has been varied while keeping the over-
all particle size the same. We have found that, for core-shell particles, the
placement of the core varies according to the random fluctuation applied to
the initial conditons of each simulation, with dog_centre lying in the range 0 to

0.35. For quasi-Janus particles, we see similar quasi-Janus structures, with
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Ooff—centre > 0.4, when the size of the core is varied. However, in all cases,
as the core size is increased beyond a certain amount (while maintaining
the same size of the particle overall), core-shell particles are preferred. This
effect has been demonstrated experimentally in ref. [12], in which it was
shown that the thickness of the shell plays an important role in determining
whether or not Janus particles are observed, with Janus particles not being

seen when the thickness of the Ag shell of the nanoparticle was less than 4nm.

In section (6.5, we have presented simulations in which the ternary Cahn-
Hilliard equations are coupled to the Navier-Lamé equations, in order to
model the effect of a lattice mismatch between the two metallic compo-
nents. It is seen that the addition of elastic effects increases significantly
the tendency of the nanoparticle core to migrate towards the surface, and
that quasi-Janus particles are formed in situations that do not give rise to

quasi-Janus particles without elasticity.

In order to see the effects of interfacial energy on the core-shell to Janus par-
ticle transition, let us compare the results obtained in section |6.3|to those ob-
tained using a simple analytical model that has been developed by Atanasov
[75]. The model approximates a Janus particle as consisting of three spher-
ical caps with volumes, V; (i = 1,2, 3), surface areas, S;, and heights, z;, as
shown in figure [6.37, The three spherical caps share a common circular base,
of radius, a. The radii of the spherical caps are then given by

2 2
T (6.16)

T, =
Ql’i
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Figure 6.37: Spherical cap model for Janus nanoparticles.

The corresponding volumes are

and the surface areas of the caps are

Sl':’ﬂ'(CLZ—FQZ?).

- x} : (6.17)

(6.18)

In order to obtain the optimal configuration for given interfacial energy den-

sities, 012, 023 and o;3, we minimise the total interfacial energy, E™,

E™ = 5135) + 09355 + 01253 ; (6.19)
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with respect to x1, 2, x3 and a, subject to fixed volumes, V;. Figure [6.38

Simulation Analytical

leuefwhite =45 ( D
N
leuefwhite =5.0 < D
leue—white =5.9 \/ @
AN
leue—white =6.0 ( @
R,

Figure 6.38: Comparison of simulation results with an analytical model.
Qred—blue = 3.0 and Q,eq—white = 4.0 in each case, while Q}ue—white 1S varied.

shows a comparison between some results obtained in section 6.3 with the
analytical model described in this section. In each case Q.eq_pwe = 3.0 and
Qred—white = 4.0, while Qpjue_white 18 varied. Notice how the dihedral angles

change as Qpue_white INCreases, giving a more curved red-blue interface. Ac-
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cording to the analytical model, ball-and-cup particles are the lowest energy
configurations if Qpiue—white > red—white > blue—red, as long as Qpjue—white <
Qred—white T 2blue—red- If, on the other hand, Qpue—white > $2red—white T 2blue—red;
we obtain a core-shell particle as the lowest energy configuration, as shown
in figure |6.39, This follows from Neumann’s Law, which states that any one
of the interfacial energies in a ternary system cannot exceed the sum of the

other two, in order for a triple point to exist. The problem with the ana-

Figure 6.39: Core-shell particles are seen in the analytical model when
Qblue—white > Qred—white T Qblue—red- Although the core is off-centred, it is
beneath the surface, and hence equivalent to a centred core-shell particle in
the analytical model.

lytical model is that size effects are not taken into account, and the results
obtained are independent of the size of the particle. For the simulations
shown in figure when Qpue—white = 9.9, we obtain a core-shell particle
as the steady-state solution. However, when the size of the system is in-

creased, we obtain a Janus particle, as shown in figure [6.27] The analytical
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model is therefore not adequate in describing the core-shell to Janus particle

transition observed in bimetallic nanoparticles.

One effect that is missing from the analytical model is that of strain. It
is generally agreed upon that the main cause of the core-shell to Janus par-
ticle transition, in systems such as CuAg, is the presence of strain at the
atomic level [28] 29]. It is interesting to note, however, that the transition is
observed both with and without the inclusion of elastic effects in our model.
This leads us to believe that, in the Cahn-Hilliard model, there must be an
influence of curvature on the interfacial energy, which leads to Janus particles

being observed at larger sizes while core-shell particles prevail at smaller sizes.

Tolman [76] proposed a first order curvature correction to the surface tension
of a spherical droplet in 1949. He assumed that the surface tension, o, may

be related to oy, the surface tension of a flat interface, via the relation

2
o =0y (1 - ;T> : (6.20)

where R, is the position of the surface of tension, and ér is the Tolman
length, which is defined as the distance between the equimolar surface and the
surface of tension [T6, [T7, [78]. To this day, however, there is still controversy
over both the sign of the Tolman length and its magnitude [79]. Granasy
et al. [80] have studied the Tolman length in the context of Cahn-Hilliard
theory and have found that dr itself is strongly size-dependent. Related to

the concept of the Tolman length is the concept of bending energy, which has
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been used to study the shape of lipid bilayers and the processes of budding
and fusion in biological membranes [81], 82} 83],[84]. The study of the effects of
curvature and the concept of the Tolman length in the context of the ternary

Cahn-Hilliard model presented in this work is left as a future endeavour.
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Chapter 7
FUTURE WORK

Although we have been able to model the core-shell to quasi-Janus particle
transition in bimetallic nanoparticles, using a ternary Cahn-Hilliard system
of equations, several challenges need to be faced in order to extend this work
significantly. The most important of these is, perhaps, the challenge in ap-
plying the method presented in this work quantitatively to real systems, such
as the CuAg nanoparticle system. The main problem in doing so is the in-
herent stiffness associated with the Cahn-Hilliard equations. Although much
work has been devoted to tackling the issue of stiffness arising due to the
linear term in the Cahn-Hilliard equation (see chapter , there has been
little work in the way of addressing the stiffness caused by the nonlinear
term. Indeed, this stiffness is amplified by the use of large regular solution
parameters, and prohibitively small time step sizes are subsequently required
to quantitatively model real systems using the ternary Cahn-Hilliard equa-
tions. Moreover, when coupling the Cahn-Hilliard equations with elasticity,
at each time step, the majority of computational time is spent on the solution

of the Navier-Lamé equations. In addition to this, increasing the size of the
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system being modelled requires the use of finer computational grids and is
therefore computationally expensive. It is, therefore, important to develop
new solution techniques which improve upon the efficiency of the spectral

methods presented in chapter [4

In terms of understanding the physical effects seen in the simulations pre-
sented in this work, a natural next step would be to study the effects of
curvature on the transition from core-shell to quasi-Janus particle structure.
In this respect, it would be interesting to see whether or not the concept of

the Tolman Length may be applied.

Having applied the ternary Cahn-Hilliard model to obtain qualitative results
for the CuAg system, we may extend this work to the modelling of other
bimetallic nanoparticle systems. However, further work is also required to
ascertain the limits of the applicability of rescaling the gradient energy co-
efficients and regular solution parameters when trying to obtain qualitative

results for real nanoparticle systems (section [6.7)).
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