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ABSTRACT

There are well known embeddings of GL,, (¢) in Sp,, (¢) and GO3, (¢), as well as an
embedding of GL, (¢*) in GUs, (¢). These give embeddings of Singer cycles of GL,, (¢)
and GL, (¢?) in the corresponding classical group, which we call linear Singer cycles. In

this thesis, we classify the overgroups of such a Singer cycle in these groups.
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CHAPTER 1

INTRODUCTION

A Singer cycle of GL,, (¢) is an element of order ¢™ — 1. These were shown to exist in [30]
as a result of the fact that the multiplicative group of the field GF (¢") is cyclic. We can
also define Singer cycles in other classical groups as shown in [19]. If a classical group
contains an irreducible cyclic subgroup, we can define a Singer cycle to be the generator
of an irreducible cyclic subgroup of maximum possible order.

The presence of a Singer cycle in a group can tell you something about its structure.
For instance, a result of Kantor [21] says that a subgroup of GL,, (¢) that contains a Singer
cycle normalizes a subgroup isomorphic to GL, /s (¢°), for some s dividing n. There are
also results by Bereczky [4], Malle et al [27] and Seitz [29] which classify the subgroups
of other classical groups containing a Singer cycle of its corresponding classical group.

Let X be one of Sp,,, (q), GUa, (¢) or GO3, (¢) and let

2, if X = GUgn (q) s

1, otherwise.

There are well known embeddings of GL,, (¢*) in X, which give rise to embeddings of
Singer cycles of GL, (¢*) in X, which we call linear Singer cycles as in [8]. In this

thesis, we classify the subgroups of X that contain a linear Singer cycle of X. When



n = 1, we compute all overgroups of a linear Singer cycle by a straightforward application
of Dickson’s [11] classification of the subgroups of PSLs (¢). When n > 2, we give a
collection of subgroups such that any overgroup of a linear Singer cycle of X is contained
in one of these subgroups. In Chapter 7, we explain how we can determine all overgroups
of a linear Singer cycle of X.

In Chapter 2, we collect some preliminary definitions and results which we shall use
throughout this thesis. This includes background information on Singer cycles, primitive
prime divisors and bilinear and sesquilinear forms. Our main tool in the proof of the main
theorems is a theorem of Aschbacher [2]. This states that a subgroup of a classical group
either lies in one of eight geometrically defined classes or lies in a collection of subgroups
which are almost simple modulo scalars. In this chapter, we also present a version of
this theorem for Sp,,, (¢), GUs, (¢) and GOJ,, (¢) and give the structure of the maximal
members of the geometric classes.

In Chapter 3, we give the precise embeddings of GL,, (¢") in X and use this to define
the linear Singer cycles of X. We then give the actions of these on the underlying vector
space and give some properties of these actions. The highlight of this chapter is the
computation of all invariant subspaces of a linear Singer cycle. In most cases, the only
proper non-trivial invariant subspaces are the subspaces W; and W5, which we will define
in this chapter. However when n and ¢ are small, there are some other exceptional
invariant subspaces. We conclude this chapter by applying our classification of invariant
subspaces to the computation of the centralizer and normalizer of a linear Singer cycle in
X.

In Chapter 4, we give the main theorems of this thesis. These can be stated as follows.

Theorem 1.0.1 Let G < Sp,,, (¢) with n > 4 and suppose that G contains a linear Singer

cycle of Spy,, (q). Then G is contained in one of the following:

1. Stabgy, () (W1) or Stabgy, (q) (Wa). Both groups have the structure ¢""+t9/2 . GL, (q);
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2. GL, (q) .2, with q odd;
3. SPayss (¢°) -5, where s is a prime dividing n;
4. GU, (q) .2, with n even and q odd; or

5. GO3. (q), with q even.

Theorem 1.0.2 Let G < GUsy, (q) with n > 3 and suppose that G contains a linear

Singer cycle of GUy, (q). Then G is contained in one of the following:
1. Stabqu,,(q (W1) or Stabgus,, ) (W2). Both groups have the structure ¢" : GL, (¢%);
2. GL, (¢%) .2; or
3. GUgp/s (¢®) .s, where s is an odd prime.

Theorem 1.0.3 Let n > 5 and let G be a subgroup of GO, (q) not containing Q3 (q)
and suppose that G contains a linear Singer cycle of GO3, (q). Then G is contained in

one of the following:

1. StabGO; @ (Wh) or StabGO;r @ (Wa3).  Both groups have the structure q"™"=V/%

GL, (q);
2. GL, (¢) .2;

3. GOF

on /s (¢°) .s, where s is a prime dividing n; or

4. GU, (q) .2, with n even.

In lower dimensions, the same properties hold. However, there are also some excep-
tional examples that occur when ¢ is small. For example, when X = Sp, (3), the linear
Singer cycle is contained in a Sylow 2-subgroup of a group isomorphic to 2'74.Q; (2). In

this chapter, we also deal with the case when n = 1. As the subgroup lists for GO3, (¢)
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in [24, §4] and [36, Theorem 3.12] only apply when n > 3, we also deal with the case when
X = GO (q). Since PQJ (q) = PSL; (q) x PSL; (¢), we apply a result on the maximal
subgroups of direct products of simple groups in this case.

In Chapter 5, we begin the proof of the main theorems by considering the geometric
classes of Aschbacher’s Theorem. It is in these classes that the main examples of over-
groups occur. We mainly use primitive prime divisors and bounds on the element orders
of classical groups to deal with these examples.

Chapter 6 consists of the second half of the proof of the main theorems. Here we deal

with the collection of groups, G that satisfy

S <G/ (GNZ(X)) < Aut(S),

where S is a non-abelian simple group. We therefore apply the classification of finite
simple groups, which states that a non-abelian simple group is either a sporadic group, a
simple group of Lie-type or an alternating group on at least 5 letters. We therefore break
this chapter into four parts. First we assume that S is one of the 26 sporadic simple
groups. These cases can be dealt with by by considering the maximum element orders
and the minimum projective representation degrees of such groups. We then assume S is
an alternating group, where we use primitive prime divisors and a theorem of Feit [13].
Finally, we apply a similar method to [15, Proposition 7.2, Proposition 8.1] to the case
when S is a simple group of Lie-type. Since, we use bounds on the minimum projective
representation degrees of such groups, we distinguish between the cases when the Lie-
type group is defined over a field of characteristic dividing ¢ and when the characteristic
is coprime to q.

Throughout this thesis, ¢ is a power of a prime p, all groups are finite and all vector

spaces are finite dimensional. We use ATLAS [9] notation for groups and group extensions.



CHAPTER 2

PRELIMINARIES

In this chapter, we give some preliminary definitions and results which we will use through-

out this thesis.

2.1 Singer cycles

Definition 2.1.1 A Singer cycle of GL,, (q) is an element of order ¢" — 1. We call the

subgroup generated by a Singer cycle a Singer subgroup.

Lemma 2.1.2 If q is a power of a prime, then GL, (q) contains Singer cycles for all n

and q.

Proof. Let V' be the underlying vector space of GL,, (¢) and let A be a generator for the
multiplicative group of the finite field GF (¢™). Then identifying V' with GF (¢"), we see
that left multiplication by A determines a bijective linear map from V' to itself and this

map has order ¢" — 1. O

When we refer to a Singer cycle of GL,, (¢), we will refer to the Singer cycle given in

Lemma 2.1.2. That is, the map ay : V' — V defined by

vay = A\v,



where ) is a generator of GF (¢")”. The next result says we can do this.

Proposition 2.1.3 [18, p.187] All Singer subgroups of GL, (q) are conjugate.

A useful property of Singer subgroups of GL,, (¢) is that they act regularly on non-zero
vectors of the underlying vector space V. To see this, we identify V\ {0} with GF (¢")”
and then, given x,y € V'\ {0}, we see that za,-1, = y and zay = = if and only if A = 1.

Also if 2 is a Singer subgroup of GL, (¢) and W is a non-zero -invariant subspace

of V, then for any v € W\ {0}, the vectors

0, Mo, Mo, ..., My

lie in W. Since the Singer cycle acts regularly on V'\ {0}, these vectors are all distinct
and so

"< WL |V]=4q"

and W = V. This says that 2 acts irreducibly on V.

It can also be shown that Singer cycles in GL,, (¢) are the elements of maximal order
in GL,, (¢), see for example [28, Proposition 3.27].

Singer cycles are useful as they can determine the structure of a group, as shown by

a theorem of Kantor.

Theorem 2.1.4 [21] If G < GL, (q) contains a Singer cycle, then GL, /s (¢°) < G, for

some s dividing n.

The subgroups GL,/, (¢°) arise as follows: if V' is an n/s-dimensional vector space
over GF (¢°), then we can view V'’ as an n-dimensional vector space, V over GF (¢). When

we do this, an invertible GF (¢°)-linear transformation of V’ can be viewed as an invertible



GF (g)-linear transformation of V. Therefore, we get the following embedding:
GL,/s (¢°) = GL (V') < GL(V) = GL, (q) .

Note that these subgroups do indeed contain Singer cycles since the Singer cycle of
GL,/s (¢°) has order (¢)"* =1 = ¢" — 1, and is contained in GL, (q). Since all cyclic
subgroups of order ¢" — 1 in GL, (¢) are conjugate, the Singer subgroup of GL, (¢q) is
contained in a conjugate of GL,, /s (¢°).

Moreover, if we take s = n, then we get the subgroup GL; (¢") of GL,, (¢), which we
can view as the Singer subgroup.

It is useful to know the structure of the centralizer and normalizer of a Singer subgroup

in GL,, (¢). A result of Huppert gives this.

Lemma 2.1.5 [18, p.187] If A is the Singer subgroup of GLy, (¢), then Cqr, () (A) = A
and Nar, (o) () /24 is cyclic of order n.

We will explicitly construct the normalizer of the Singer subgroup of GL, (¢). But to
do this, we will need to discuss semilinear transformations.
Let F' be a field and E a subfield. If V' is an F-vector space, then a semilinear

transformation of V is function v : V' — V that satisfies for all A € F and v,w € V,

(v+w)y = vy+wy

(Av)y = Aoy,

where o is a field automorphism of F' lying in Gal (F/E), called the companion auto-
morphism of . The group of invertible semilinear transformations of an n-dimensional
F-vector space with companion automorphisms lying in Gal (F//E) is denoted I'L,, (F/E)

and is called the general semilinear group. 1If F and E are finite fields of sizes x and v,



respectively, then we write I'L,, (x/y) for I'L,, (F/E) and Gal (z/y) for Gal (F/E). Also,
if £ is the prime subfield of F, then we just write I'L,, (F'), instead of I'L,, (F/E).
Now there is a surjective group homomorphism from I'L,,, (F//E) to Gal (F'/E), sending

an element to its companion automorphism. This has kernel GL,, (F') and so
'L, (F/E)/GL, (F)= Gal(F/F).

Moreover, we can view Gal (F/E) as a subgroup of I'L,, (F'/E) by identifying it with
{Io :0 € Gal(F/E)}, and it can be shown that

L, (F/E) = GL, (F) : Gal (F/E).

We are now in a position to describe the normalizer of the Singer subgroup of GL,, (¢).

Proposition 2.1.6 If2 is the Singer subgroup of GL, (q), then Ngr,,(q) (%) = 'Ly (¢"/q).

Proof. We first show that I'L; (¢"/q) is a subgroup of GL, (¢). Define the map sending
v € 'Ly (¢"/q) to itself. We can view 7 as a GF (¢)-semilinear transformation of an n-
dimensional vector space. But, letting o € Gal (¢"/q) be the companion automorphism

of v, we have for all A € GF (¢) and v,w € V:

(v+ \w)y = vy + XNwy = vy + \wy,

so in fact the image of v is GF (g)-linear, so lies in GL,, (¢). The map is clearly an injective
group homomorphism, so I'L; (¢"/q) is isomorphic to a subgroup of GL, (q).
Now, we know that GL; (¢") <T'L; (¢"/q) and 'L (¢"/q) < GL, (q) so 'Ly (¢"/q) <

Nar,(g) (). But by Lemma 2.1.5, we have

ITL1 (¢" /)] /IGL1 (¢")] = n = [Nav, @) ()] / |,
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SO NGLT,,(q) (Q[) =TL (qn/Q)- U

From [19], we can also define Singer subgroups in other classical groups. They are
defined as irreducible cyclic subgroups of maximal possible orders and are the intersection
of the classical groups with the Singer subgroup of GL,, (¢).

The following theorem of Bereczky gives conditions on a maximal overgroup of a Singer
subgroup of one of these classical groups. Here d is odd, when X = GU, (¢) or SU, (¢) and
d is odd, when X = Sp,(¢), GO, (q), SO, (¢) or 25 (¢). The odd-dimensional unitary
groups and the plus type orthogonal groups are not dealt with as these classical groups

do not contain irreducible cyclic subgroups.

Theorem 2.1.7 (Bereczky) [4] Let X be one of SLyq(q), GUs(q), SUs(q), Spy(q),
GOy (¢), SO, (q) or Q (q), where d > 2. Also let H < X be a mazimal overgroup

of a Singer subgroup of X. Then one of the following holds:

1. H is an extension field type subgroup of X;

2. X =SLa(q) and (d,q) = (2,2), (2,5), (2,7), (2,9) or (3,4);

3. X = GUq(q) and (d,q) = (3,2), (3,3) or (5,2);

4. X =8SU4(q) and (d,q) = (3,2), (3,3), (3,5) or (5,2),

5. X = Sp, (q) with q even and Q; (¢) < H;

6. X =Sp,(q) and (d,q) = (2,2), (2,5), (2,7), (2,9), (4,3) or (8,2);
7. X = GOy (q) with q odd and H = SO (q);

8. X =GOy (¢q) = SO, (¢q) with q even and H = (q);

9. X =GOy (¢) and (d,q) = (4,3) or (6,2);

10. X =S50y, (q) or Q; (q) and (d,q) = (4,3), (6,2) or (6,3).
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It can also be shown that each Singer subgroup contains the centre of the corresponding
classical group, so we can view the Singer subgroups modulo the centre as Singer subgroups

of the corresponding projective group.

2.2 Primitive prime divisors and bounds on the ele-

ment order

A useful tool we will use in the proof of the main theorem is the notion of a primitive

prime divisor.

Definition 2.2.1 If a and m are positive integers greater than 1, then a prime r dividing
a™ — 1 is said to be a primitive prime divisor of a™ — 1 if it does not divide a’ — 1 for any

1 with 1 <i<m.
The following theorem gives a criterion for the existence of a primitive prime divisor.

Theorem 2.2.2 (Zsigmondy) [37] If a and m are positive integers greater than 1, then
primitive prime divisors of a™ — 1 exist, unless (a,m) = (2,6) orm =2 and a+ 1 is a

power of 2.

Remarks 2.2.3 1. If r is a primitive prime divisor of ™ — 1, then a has order m
modulo 7. By Fermat’s Little Theorem, we also have "' = 1 (mod r), which

means 7 — 1 = xm > m for some x € N. If m > 2, this means that r is odd.

2. If r divides o™ — 1, with 0 < t < m, then r divides
(@™ —1) = (@ = 1) =a"" (a" = 1)

Since a™ — 1 and a are coprime, r must divide ¢* — 1, which forces t = 0. Hence, if

r is a primitive prime divisor of a¥ — 1, then m divides k.

10



If a given group contained a Singer cycle, then its order would have to be divisible by
a primitive prime divisor of ¢" — 1, if one exists. We will use this fact to rule out many of
the possibilities for overgroups in the proof of the main theorems. When we assume that
a primitive prime divisor of ¢" — 1 does not exist, we will often assume either n = 2 or
(n,q) = (6,2).

At one point in Chapter 6, we will use the notion of a large primitive prime divisor.

Definition 2.2.4 If a and m are positive integers greater than 1, then a primitive prime
divisor 7 of a™ — 1 is called large if either 7 > m + 1 or r? divides a™ — 1. A primitive

prime divisor is called small if it is not large.

The following gives the conditions on a and m for which a large primitive prime divisor

of a™ — 1 exists.

Theorem 2.2.5 [13] If a and m are integers greater than 1, then there ezists a large

primitive prime divisor of a™ — 1 except in the following cases.

i) m=2 and a = 2°3" — 1, for some natural number s, and t =0 or 1.
ii) a =2 and m = 4,6,10,12 or 18.
iii) a =3 and m =4 or 6.
iv) (a,m)=(5,6).

In addition to primitive prime divisors, we shall frequently make use of bounds on the
maximum element orders of classical groups. These are particularly useful in Chapter 6,
where a Singer cycle is contained in the automorphism group of a simple group of Lie-
type. We shall also make use of MAGMA [5] and the ATLAS [9] for the maximum element

orders of other simple groups.

Theorem 2.2.6 [14, Theorem 2.6] The maximum element orders of the automorphism

groups of the the classical simple groups are shown in Table 2.1.
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Simple Group T

Maximum element order

Remarks

in Aut (T)
PSL, (q) (¢"=1)/(¢—1) (n,q) # (2,4), (3,2)
6 (n,q) = (2,4)
8 (n,q) = (3,2)
PSp,, (¢) <q™/(g-1) (n,q) # (2,2)
Sp4 (2) 10 (n,q) = (2,2)
PSU,, (q) -1 n odd, ¢ > p and (n,q) # (3,4)
16 (n,q) = (3,4)
(P"24+1)q n odd, ¢ = p and (n,q) # (5,2)
24 (n,q) = (5,2)
¢+ 1 n even and g > 2
4273 + 1) n even and g = 2
PQani1 (q) <¢"/(g-1)
PQ3, (q) <@/ (g-1)
PQ5, (9) <q¢t/(g—-1)

Table 2.1: Maximum element order in automorphism groups of classical simple groups
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2.3 Bilinear and sesquilinear forms

Here, we collect information on bilinear and sesquilinear forms on vector spaces which we
shall use in Chapter 3. More information can be found in [3, §7] and [24, §2.1].
A bilinear form on a vector space V over a field F' is a function f: V x V — F that

satisfies

f ()‘u + MU,’LU) =Af (u’w) +pf (v,w)

and

f(ua Av + :U'w) =Af (uvv) +uf (u,w),

for all w,v,w € V and \,u € F. It is symmetric if f (u,v) = f (v,u), for all u,v € F;
skew-symmetric if f (u,v) = —f (v,u), for all u,v € F'; and alternating if f (v,v) = 0 for
allv e F.

Note that if f is alternating, then it is skew symmetric. Conversely, if F' has odd char-
acteristic and if f is skew symmetric, then f is alternating. However if F' has characteristic
two, then f can be skew symmetric but not alternating.

A conjugate symmetric sesquilinear form on V over a field F' that has an automorphism

o of order 2, is a function f : V x V — F that satisfies

f O+ o, w) = Af (u,w) + pf (v, )

and f (u,v) = f (v,u)?, for all u,v,w € V and \,u € F.

If X C V., then define the subspace
Xt={veV:f(z,v0)=0, forallz € X}.
The set V= is called the radical of f and is denoted Rad (f). We say that f is non-

13



degenerate if Rad (f) = {0}.

A non-degenerate, skew symmetric, alternating bilinear form is called a symplectic
form. A non-degenerate conjugate symmetric sesquilinear form is called a unitary form.
A non-degenerate symmetric bilinear form that is alternating in characteristic 2 is called
an orthogonal form.

A vector v € V' is called isotropic if f (v,v) = 0. A subspace W of V' is called totally
1sotropic if f restricted to W is zero. We say that W is non-degenerate if f restricted to
W is non-degenerate.

A quadratic form on V over F is a function Q : V — F such that Q (Av) = A\?Q (v)
for all v € V, A € F and the function fg : V x V — F defined by

fo (u,v) =Q(u+v) = Q(u) = Q(v)

is a symmetric bilinear form. A quadratic form @) is non-degenerate if fg is non-degenerate.

A vector space together with a symplectic form is called a symplectic space. A vector
space together with a unitary form is called a unitary space. A vector space together with
a quadratic form and an associated bilinear form is called an orthogonal space.

If V' is an orthogonal space, a vector v € V is called singular if v is isotropic and
Q (v) = 0. If v is a singular vector, then it is also isotropic. Conversely, if F' has odd
characteristic and v is isotropic, then v is singular. But if F' has characteristic two, then
every vector is isotropic, but not all vectors are singular.

A subspace W of V' is called totally singular if W is totally isotropic and every vector
of W is singular. The Witt index of V' is the maximum dimension of a totally singular
subspace.

If V' is a symplectic, unitary or orthogonal space with form f, then an isometry g

of V' is an invertible linear transformation of V' that satisfies f (ug,vg) = f (u,v) for all

14



u,v e V.

The group of isometries of a 2n-dimensional symplectic space over GF (¢) is called the
symplectic group and is denoted Sp,,, (¢). The group of isometries of an n-dimensional
unitary space over GF (¢?) is called the general unitary group, denoted by GU,, (q). If n
is odd then the group of isometries of an n-dimensional orthogonal space is denoted by
GO,, (q). If n is even, then the group of isometries of an n-dimensional orthogonal space
with Witt index n/2 — 1 is denoted by GO,, (¢) and we say the quadratic form has minus
type. The group of isometries of an n-dimensional orthogonal space with Witt index n/2
is denoted by GO (¢) and we say the quadratic form has plus type. These groups are
called the orthogonal groups.

In this thesis, we shall be concerned with the groups Sp, (¢), GUa, (¢) and GO3,, (¢).

We shall need the following fact to define linear Singer cycles of these groups.

Proposition 2.3.1 1. [24, Proposition 2.4.1] Let V' be a 2n-dimensional symplectic
vector space with symplectic form fs. Then there is a basis vy, ..., Uy, W1, ... w, of

V' such that for all i, j, we have fs(vi,v;) = fs (w;,w;) =0 and fs (v, w;) = d;;.

2. [24, Proposition 2.3.2] Let V be a 2n-dimensional unitary vector space with unitary

form fy. Then there is a basis vy,...,v,, wq,...w, of V such that for all i,j, we

have fU (?}Z‘, Uj) = fU (U}Z‘, wj) = O and fU (vi,wj) = 61]

3. [24, Proposition 2.5.3] Let V be a 2n-dimensional orthogonal vector space with
quadratic form Q) of plus type. Also, let fo be the symmetric bilinear form as-

sociated to (). Then there is a basis vy, ..., V,, W1,...w, of V such that for all i, ,

we have Q (v;) = Q (w;) = 0 and fg (v, w;) = 0;j.
We end this section with an important result on isometries of subspaces.

Lemma 2.3.2 (Witts Lemma) Let V' be a symplectic, unitary or orthogonal space and

U a subspace. If g : U — U is an isometry, then we can extend g to an isometry of V.
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2.4 Maximal subgroups and Aschbacher’s theorem

We require some results on subgroups of Sp,,, (q) , GUy, (¢) and GO3,, (¢) in our analysis.
When we deal with Sp, (¢) and GU; (q) , we will use a theorem of Dickson [11, §12] which
gives the maximal subgroups of PSLs (¢). We have taken the result from [23, Corollary
2.2] and [31, Theorem 6.25].

Theorem 2.4.1 Let ¢ > 4 and d = ged(2,q—1). If M is a mazximal subgroup of
PSLs (q), then M is one of the following:

1. Dag—1y/4, where ¢ = 13 when q 1s odd;
2. Dog41)/d, where g # 7 or'9 when q is odd;

3. The semi-direct product of an elementary abelian group of order q with a cyclic group

of order (¢ —1) /d;
4. PSLs (qo), where ¢ = ¢ and m is prime, m # 2 when q is odd;
5. PGLy (qo), where qo is odd and ¢ = q¢2;
6. Ay, where q is a prime with ¢ = £3 mod §;
7. S4, where ¢ = +1 mod 8 and either q is prime or ¢ = p* and 3 < p = £3 mod §;

8. As, where ¢ = 1 mod 10 and either q is prime or ¢ = p? and p = £3 mod 10.

As a corollary, we can obtain the maximal subgroups of PGLs (¢).

Corollary 2.4.2 [23, Corollary 2.3] If ¢ = 4 and M is a mazimal subgroup of PGLs (q),

then M 1is one of the following:

1. D2(q71); fOT’ q 7& 57.
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2. Dogr1);

3. The semi-direct product of an elementary abelian group of order q with a cyclic group

of order (¢ —1);
4. PSLs(q), when q is odd;
5. PGLy(qo), where ¢ = qi* and m is prime;

6. Sy4, where q is a prime with ¢ = £3 mod 8.

For the majority of this thesis, we shall use a result of Aschbacher. This states that
a subgroup of a given classical group either lies in one of eight geometrically defined
classes or lies in a collection S of subgroups which are almost simple modulo scalars. We
state a version of this theorem for the group X, where X is one of Sp,, (¢), GUs, (¢q) or
GO3, (¢). Before we do this, we collect some definitions needed to define S and give a
brief description of the geometric classes.

The socle of a group is the product of its minimal normal subgroups. A group G
is perfect if G = G'. A central extension of a group G is a group H together with a
surjective homomorphism 7 : H — G such that Ker (7) < Z(H). A central extension
which is perfect is called a covering group. All covering groups of a perfect group are
finite and every perfect group G has a unique covering group of maximal possible order,
called the full covering group of G.

Let G be a group and V' be an irreducible G-module over a field F'. If E is an extension
field of F', then we can form the tensor product V ® E, which is a G-module over E. We
say that V' is absolutely irreducible if V' ® E is irreducible for all extension fields £ of F'.

We can now define the collection S.

Definition 2.4.3 Let X be one of Sps, (¢), GUs, (¢) or GO3, (q), with n > 3 when

X = GO3, (q) and n > 2 otherwise. Let Xy be one of Spy, (q), SUa, (q) or Q3. (q),
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when X is Spy,, (q), GUs, (q) or GOZ (q), respectively. Also, let V' be the vector space

associated to X and
2, ZfX = GUgn (q) s

1, otheruse.

A subgroup G of X not containing Xy lies in S if and only if the following hold:

a) The socle of G is a non-abelian simple group, S, so that

S<G/(GNZ(X)) < Aut(S).

b) If L is the full covering group of S and p : L — Gla, (¢") is a representation of L

corresponding to G, in the sense that p(L) < G and

p(L)/(p(L)NZ(X)) =5,

then p (L) is absolutely irreducible.
c) p(L) cannot be realized over a proper subfield of GF (¢*).
d) If p(L) preserves a non-degenerate quadratic form on V', then Xo = Q3, (q).

e) If p (L) preserves a non-degenerate symplectic form but no non-degenerate quadratic

form on V', then Xy = Sp,, (¢).

f) If p (L) preserves a non-degenerate unitary form on V', then Xo = SUy, (q).

We now give a brief description of the geometrically defined classes, Cy, . .. ,Cs appear-
ing in Aschbacher’s Theorem. The members of class C; stabilize subspaces of V. These
subspaces are either totally singular or non-degenerate. These groups are also referred to

as reducible.
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The class Cy contains the stabilizers of direct sum decompositions V = @2:1 V;, where
dim (V;) = dim (V}) for all ¢ and j. These decompositions consist of either totally singular
or non-degenerate subspaces of V. These groups are also referred to as imprimitive.

Class Cj3 is the class of extension field type subgroups. If u is as in Definition 2.4.3,
then these subgroups preserve an extension field of GF (¢*) of prime index.

The class C4 contains the stabilizers of tensor product decompositions of the form
V =V ® V,, where dim (V}) # dim (V5).

Class Cs is the class of subfield subgroups. As opposed to Cs, these preserve a subfield
of GF (¢*) of prime index.

Now, if r is a prime, then a group of symplectic-type is an r-group that satisfies

O(R)=Z(R)=R =r

and every characteristic abelian subgroup of R is cyclic. Class Cg contains the normalizers
of symplectic type r-groups lying in absolutely irreducible representations.

Class C; contains the stabilizers of tensor product decompositions of the form V =
®._, Vi, where dim (V;) = dim (Vj) for all i and j. These groups are also referred to as
tensor induced.

Finally, the class Cg contains classical subgroups. In our situation, these only occur
when ¢ is even and X = Sp,,, (¢) and consist of the orthogonal groups GO3., (q).

We are now in a position to state Aschbacher’s Theorem for Sp,, (¢), GUa, (¢) and
GO3, (a)-

Theorem 2.4.4 (Aschbacher) [2/ Let X be one of Sp,,, (q), GUs, (q) or GOZ,, (q), with
n = 3 when X = GOJ (q) and n > 2 otherwise. Let Xy be one of Spy, (q), SUay (q) or
OF (q), when X is Spy, (q), GUs, (q) or GOZ. (q), respectively. If G is a subgroup of X

not containing Xo, then either G is contained in a member of C1,...,Cs or G lies in S.

19



Class Maximal member of class Conditions
Ci | "3 (GLy (¢*) X GUgm—g) (9)) 1<k<n
GUg (q) x GUgy— (q) 1<k<2n
Co GL, (¢*) .2
GUyi (q) 1S 2n = km
Cs GUan/s (¢°) -5 s an odd prime
Cy GUg (q) o GU,, (q) 2n = km
Cs Cy+1.-PGUs, (o) q5" = q, m an odd prime
Cyi10GOZ, (q) q odd
Cot1 0 SPay (q)
Ce Cyi1 02172 Spy (2) 2n = 2™, ¢ = 3 mod 4
Cr Cy1- (PGUg (g) 2 S1) 2n=kK" k=3

Table 2.2: Maximal members of the geometric classes in GUy, (q).

In Tables 2.2, 2.3 and 2.4, we give the maximal members of the classes Cyq,...,Cg in
Spsy, (), GUa, (¢) and GO3,, (q), which we have taken from [6, §2.2], [24, §4] and [36,
Theorems 3.7, 3.8, 3.9 and 3.12]. Note that in these tables, the notation G% denotes a
subgroup of index 2 in G, whereas the notation € = o in class C4 of Table 2.3 means m is
odd and we write GO,, (¢) instead of GO, (¢). We also do not write the 4 signs in the

subgroups Cy;1 0 217%™ Sp,  (2) in class Cg of Table 2.2, as

Cyi1 02472 2 €y 0 2142m,

If G is a subgroup of Sp,, (¢), GUs, (¢) and GO3, (q), lying in Cy,...,Cg, then G is
contained in one of the groups in these tables. We will use these in Chapter 5 when we

consider which of these contain a linear Singer cycle.
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Class Maximal member of class

Conditions
Cr | ") QL (g) X Spagnry (0)) 1<k<n
SPa (@) X SPan—r) (¢) 1<k<n
C, QL. (q) .2 g odd
Spay, (4) 1Sm n =km
Cs SPan/s (¢°) -5 s prime, 2n/s even
GU, (q) .2 q odd
Cy (Spai (9) © GO;, (g)) - ged (m, 2) n = km, q odd,
m>3,¢e€{o,— +}
Cs SPan (o) - ged (2,9 — 1,m) 4y’ = ¢, m prime
Cs 212 O (2) n=2""1 q¢g=p>3,

p =13 (mod 8)
2172 GOy, (2) n=2""1q=p=3,

p==+1 (mod 8)
Cr 2. (PSpy (¢) 22Sm) 3 2n = (2k)™, gm odd,
(k,q) # (2,3)
Cs GOz, (q) g even

Table 2.3: Maximal members of the geometric classes in Sp,, (q)
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Class

Maximal member in class

Conditions

e | Hen=15E) (GLk (¢) x GOy, (q)) 1<k<n k#n—1
GO3; (9) X GO (9) I<m<n
GOsgk+1(q) X GOgpy1 (q) qodd, k+m +1=n, either k <m
or k=m and ¢ =3 mod 4
SPan—2 () q even
Cy GL, (¢) .2
GO, (9) 1S n=km
GOy, (¢) 1S, n = km, m even
GO (¢) 1Si, 2n = km, kq odd,
n even or ¢ = 1 mod 4
Cs GO;,L/S (¢°) .5 s prime, 2n/s even
GU, (¢) .2 n even
GO, (¢%) .2 nq odd
Cs (Spay (q) © Spayy, () - ged (2,4 — 1) n = 2km
GOy, (q) x SO (q) n = km, mq odd
(GO (4) 0 GO, () 2 n = 2km, g odd, m > 2
Cs GO, (q0) 45" = ¢, m prime
GOy, (¢0) @ =q
Ce 27205 (2) n =2m"1 ¢ prime,
q¢ = £3 (mod 8)
2172 GO, (2) n =2m"1 ¢ prime,
¢ ==£1 (mod 8)
Cr 2. (PSpy (¢) 21Sm) & 2n = (2k)™ , gm even

2. (PGOy;, (9) .21Sy)

1
2

2n = (2k)™, q odd,

Table 2.4: Maximal members of the geometric classes in GO3, (q).
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CHAPTER 3

LINEAR SINGER CYCLES

Let X be one of Spy, (¢), GUs, (q) or GO3,, (¢). In this chapter we define the linear Singer
cycles of X, which are the subject of this thesis and determine how they act on the vector

space, V' associated to X.

3.1 Constructions

Throughout the rest of thesis, let

2, if X = GUQn (Q) s

1, otherwise.

The following theorem shows that we can embed GL, (¢*) in X. We follow the exposition
in Huppert [18, §II. Satz 9.24] for the embedding of GL, (¢) in Sp,, (¢) and apply the
argument to the unitary and orthogonal cases. Although the methods for each case are
similar, we present each case individually to emphasize the precise embedding in each

case.

Theorem 3.1.1 1. There is an embedding of GL, (q) in Spy, (q). Moreover, if g €

GL, (q) and if g is the matriz representing g with respect to some basis, then there
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1s a basis of V' such that g maps to the block matrix

2. There is an embedding of GL, (¢*) in GUy, (¢). Moreover, if g € GL,, (q) and if §
i1s the matrixz representing g with respect to some basis, then there is a basis of V

such that g maps to the block matrix

3. There is an embedding of GL, (q) in GO3, (q). Moreover, if g € GL,, (¢) and if g is
the matrix representing g with respect to some basis, then there is a basis of V such

that g maps to the block matriz

Proof. 1. Let V' be a 2n-dimensional symplectic vector space over GF (q) with sym-
plectic form fg. By Proposition 2.3.1, V' has a basis, vy, ..., v,,ws, ..., w, such that
fs (vi,vj) = fs (w;, wj) =0 and fs (v;, w;) = &;;. Let g be a non-singular linear map
on (vy,...,v,) with v,g = > ;_, gixvr. Witt’s Lemma says we can extend ¢ to an

isometry of V by setting wjh = > | hjw;. For this, we need,

oij = Is (Uiawj) = fs (Uigawjh) = fs (Zgikvmzhjzwz)
k=1 =1

= Z Zgikhjlfs (v, wy) = Zgikhjk.
=1

k=1 I=1
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From this, we can conclude that h = g~T. Therefore the map 7 given by

is an isomorphism of GL,, (¢) in Sp,, (¢) .

. Let V be a 2n-dimensional unitary vector space over GF (¢?) with unitary form fy.
By Proposition 2.3.1, V' has a basis v1,...,v,, w1,...,wy, such that fy (v;,v;) =
fu (w;, w;) = 0and fi (v;, w;) = &;;. Let g be an invertible linear map on (vy, ..., vy,)
with v;g = D> 7_, gikvk. As before, we can use Witt’s Lemma to extend g to an
isometry of V' by setting w;h = > ", hyw;. This time, letting o :  — z7 denote

the field automorphism of GF (¢?) of order 2, we require

b0 = fulvi,w;) = fu (vig, w;h) = fu <Zgikvk,zhﬂwz>
i =1

= Z Zgikh?sz (ve, wi) = Zgi’“h?k'
k=l

k=1 =1

We conclude that h = ¢g~79. Therefore the map 7 given by

is an isomorphism of GL, (¢*) in GUs, (q).

. Now let V' be a 2n-dimensional orthogonal vector space over GF (¢) and let @) be the
quadratic form on V' with Witt index n and let fg be its associated bilinear form.
Since our quadratic form has Witt index n, there is a basis vy, ..., v,, w1, ..., w, of

V such that @ (v;) = Q (w;) = 0 and fq (v;, w;) = 0;; by Proposition 2.3.1. We now
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argue exactly as in the first case. Let g be a non-singular linear map on (vy, ..., v,)
with v;g = > "7, girvk. Again by Witt’s Lemma, we can extend g to an isometry of

V by setting w;h =Y hjw;. As before, we require,

0y = Jq(vi,w;) = fq(vig,w;h) = fq (Z ik Uk, Zhjlwl>
k=1 =1

- Z ZgikhjlfQ (Uka wl) - Zgikhjk.
k=1

k=1 =1

From this,we can conclude that h = g=7. Therefore the map 7 given by

is an isomorphism of GL, (¢) in GO3, (¢). O

Note that the centre of X is contained in these copies of GL, (¢*). Furthermore, these

embeddings motivate the following definition.

Definition 3.1.2 Let a be the matrix of a Singer cycle of GL,, (¢*). Then from the above

result, we can find a basis of V' such that a embeds in X as

where

q, if X = GUQn (q) s

1, otherwise .

We will refer to the Singer cycle of GL, (¢*) inside X as a linear Singer cycle of X. We
also call the subgroup generated by a linear Singer cycle a linear Singer subgroup. We

will frequently denote a linear Singer subgroup by 2.
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Let V' be the underlying vector space of X. Using the above embeddings, we now define
group actions of GL, (¢*) on V. These can be restricted to the linear Singer subgroups
of X. We also show that these actions preserve the forms on V after Proposition 3.2.8.

Suppose first that X = Sp,, (¢) or GO3, (¢). Then V is a 2n-dimensional GF (q)-
vector space. We let W = GF (¢"), which we consider as a GF (¢q)-vector space. We then
identify V' with W @& W*, where W* denotes the dual space of W. Define an action of

GL, (¢) on V' by

(v,0) - g:= (vg,g7'0).

This is indeed a group action and if g is the matrix of the action of g on W with respect

to some basis of W, then the matrix of the action of g on V' is

so this action agrees with the above embeddings.
Now assume X = GUy, (q), so V is a 2n-dimensional GF (g*)-vector space. This time
we let W = GF (¢*"), which we consider as a GF (¢?)-vector space and o : x — 27 be the

automorphism of GF (¢?) of order two. We then identify V' with W @& W*? where

W+ :={07 :=0oc:0c W"}.

Define an action of GL, (¢*) on V by

(v,07) - g := (vy, (9719)0) .

It is easy to check that this is also a group action. Moreover if g is the matrix of the

action of g on W with respect to some basis of W, then the matrix of the action of g on
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which also agrees with the above embedding.

It is natural to ask if these actions share any properties with the action of a Singer
cycle of GL, (¢*) on non-zero vectors of the vector space associated to GL, (¢*). We
have seen in Chapter 2 that the action of a Singer cycle on the vector space associated
to GL,, (¢*) is transitive on non-zero vectors. However, this is not true for the action of

linear Singer cycles of X on the non-zero vectors of V. For example, if

g, if X = GUQn (Q) s

1, otherwise,

and 6 € W*\ {0}, then there is no a, € 2 that maps (1,0) to (0,6%). However, as we will
show in the following lemma, this action is still semi-regular and the size of each orbit

has length ¢"" — 1. We will use this to explicitly describe these orbits.

Lemma 3.1.3 Suppose that the linear Singer subgroup A of X acts on the non-zero

vectors of V' as above. Let

g, ZfX = GUQn (q) s

1, otherwise.

Then for all (v,0%) € V\ {0}, we have Stabg (v,0%) =1 and |Orby (v,0%)| = ¢"" — 1.

Proof. Suppose that ay € Staby (v,0%). Then we have

(v,0%) = (v,0%) - ay = (vay, (ax-10)7).
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If v # 0, then examining the first coordinate, we have

vay—v=v(A—1)=0,

and so A = 1, as required.

Hence, we may assume v = 0 and thus 0% # 0. Pick z € W\ {0}. Then we have

(20)" = ((zay-1) )"
= 20 = (zray-1)0

= (z—zay-1)0=0.

This holds for all § € W*\ {0}, hence

x (1 — )\’1) =x —zay-1 = 0.

Since = # 0, we get A™! = 1 and so Staby (v,6%) = 1.

Therefore by the Orbit-Stabilizer Theorem, we have

|Orby (v, 6%)] = [A] / [Staby (v,0%)] = [A] = ¢"" -1,

as required. O

Remark 3.1.4 Identifying W** with {(0,60%): 0% € W**}, a consequence of the above
Lemma is that Orbgy (0,0%) = W**\ {0}. In particular, if (0,6%),(0,¢%) € W*\ {0},

then there is ay € A such that

(O’ 90) = (07 (a)\*lqb)a) = (07 ¢a) a.
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We are now in a position to describe the orbits of 2.

Proposition 3.1.5 There are ¢"" + 1 distinct orbits of 2 on V\ {0}. These are the sets
O = {(0,0%) : 0% € W**\ {0}}

and for 6 € W*,
Op = {(A, (ax-10)") : A e W\ {0}} .

Proof. Let m be the number of distinct orbits. Since the orbits partition the set of
q*"™ — 1 vectors of V'\ {0} and each orbit has length ¢“" — 1 by Lemma 3.1.3, we have
m (¢ — 1) = ¢**" — 1, which gives m = ¢“" + 1.

Consider the sets Oy and Oy. These are indeed orbits as Oy is the orbit of (1,6%)

and if (0,0%),(0,¢%) € O, then there is ay € A such that

(07 901) = (07 (aA—1¢)a) = (07 ¢a) cAy.

Now if Oy = Oy, then (1,0%) € O,, so there is a A € W\ {0} such that (1,0%) =
(A, (ax-19)") . Hence A = 1 and so § = ¢. Therefore the Oy and O, are all distinct. Since

the Oy are indexed by the elements of W*, these sets are all the ¢"* + 1 distinct orbits.[]

3.2 Invariant subspaces

In Chapter 2, we saw that Singer subgroups of GL,, (¢) act irreducibly on the vector space

associated to GL,, (¢). This obviously is not true for linear Singer subgroups of X as
Wy :={(v,0):v e W}

and

Wy = {(0,0%) : 0 € W™}
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are 2l-invariant subspaces of V. It is useful to ask if there are any more invariant subspaces.
To this end, we will compute all the 2-invariant subspaces of V. We shall show that except
for some small values of n and ¢, the subspaces, W; and W5 are the only proper non-trivial
2A-invariant subspaces of V.

Before we state the main theorem in this section, we need to define some subspaces of

V' that occur for these small values of n and gq.

Definition 3.2.1 1. Let X = Sp,(2) or GOJ (2), so V is a 4-dimensional GF (2)-
vector space. Then

W=GF4)= {O, 1,w,w2},

where w? +w + 1 =0 and W* = {0,0,,0,, 0,2}, where

Then we define the subspaces Uy, U, and U2 of V as follows:

Uy = {(0,0),(1,61),(w,0.), (0 0.2)} = (1,61, (w,0.)),
Uso = {(0,0),(1,60.), (w,0.2), (w0)} = ((1,0.), (w,0.2)),

Uwz = {(0, O) s (1, 9w2) s (w, 91) 5 (w2, Hw)} = <(1, 6w2) s (w, 91)> .

2. Let X = GUy (2), so V is a 2-dimensional GF (4)-vector space. Then W = GF (4)
as defined above and W*? = {O, o7, 92, gbgg}, where

e =1, (1)¢o=w?  (1)¢% =w.

Then we define the subspaces Vi, V,, and V2 of V' as follows:
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Vi = {(0,0),(1,¢9), (w. 6%), (W ¢2)} = (1, ¢7)),
Vo = {(0,0),(1,¢7), (w. 6), (w? %)} = ((1,62)) .
Ve == {(0,0),(1,¢2), (w,¢2), (w ¢7) } = ((1,65)) .

3. Let X = Sp, (3) or GO (3), so V is a 2-dimensional GF (3)-vector space. Then
W = GF (3) and W* = {0,¢, —¢}, where (1) = 1 and (1) (—¢) = —1. Then we

define the subspaces X; and X _; by

X1 = {(Ou O) ) (17 L) ) <_17 _L)} = <(17 L)) )
Xq = {<07 O) ) (17 _L) J <_17 L)} = <<17 _L)> :

4. Let X = Sp,(2) or GOJ (2), so V is a 2-dimensional GF (2) vector space. Then

W = GF (2) and W* = {0, x}, where (1) k = 1. Then we define the subspace Y by

Y= {(070> ) (17’@} = <<17’i)>

We can now classify the 2A-invariant subspaces of V.

Theorem 3.2.2 Suppose that U 1is an A-invariant subspace of V. Then either U &
{{0}, Wi, Wy, V'}, or one of the following holds:

1. X =Sp,(2) or GOf (2) and U € {U,, U,, U,2};
2. X =GUy(2) and U € {Vi, Vi, Vo)
3. X =8py(3) or GOJ (3) and U € {Xy, X_1}; or

4. X =8Spy(2) or GO5 (2) and U =Y.
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Before, we prove this theorem, we need the following lemma which says that WW; and

W, are irreducible 2(-submodules of V.

Lemma 3.2.3 If U is an A-invariant subspace of Wy and U # {0}, then U = Wj.
Similarly, if U is an A-invariant subspace of Wy and U # {0}, then U = W.

Proof. Let U be an -invariant subspace of W, with U # {0}. Then there exists (v,0) € U
with v # 0. Then for any (w,0) € W, with w # 0, we have

(w,0) = (v,0) ay-1,, € U.

So U = Wj.

Now let U be an -invariant subspace of W5 with U # {0}. Then there exists (0,0%) €
U with 6% # 0. By Remark 3.1.4, for any (0, ¢%) € Wy with ¢® # 0, there is A € GF (¢**)*
such that

(0,9%) = (0, (ax-10)") = (0,0%) ay, € U.
Hence U = W, O

We now prove Theorem 3.2.2 in a series of propositions.

Proposition 3.2.4 If U is an A-invariant subspace of V and U N W; # {0} for some 1,
then U € {Wl, Wg, V}

Proof. Suppose that U # W, or W,. We will show that U = V.
Without loss of generality, assume U N W; # {0}. Then U NW; < Wy, so by
Lemma 3.2.3, UNW; = Wj and so Wy < U. Also V = W; & Wy, so given x € U\W;, we

can write r = wy + wo with w; € W; and w, # 0. Hence

wy=x —w; € UNWs,
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so UN Wy # {0}. By Dedekind’s Modular Law, we have

U=U0UnV=UnW,+Wy) =W, +UnNW,).

But U N W, # {0} and U N Wy < Wy, so by Lemma 3.2.3,

Wi+ (UNWy) =W+ Wy =V.

So U =V as required.

O

Proposition 3.2.5 If U is an A-invariant subspace of V. with UNW; = U N W, = {0}

and U # {0}, then q < 3.

Proof. Suppose that (v,0%) € U with v and 6% non-zero. Then

(1, (a,0)%) = (v,0%) a,-1 € U.

Since U is a GF (¢*)-subspace of V, for all A € GF (¢*)”, we have

A(1, (a,0)%) = (A, (\a,0)") € U

and hence, so is (A, (A*a,0)%) ax-1 = (1, (AA\*a,0)”) . This means that

(0, (A" = 1) a,0)%) = (1, AX*au8)") = (1, (au0)") € U N W,

so by our assumption ((AA* —1)a,0)* = 0. Since 8% # 0, we can pick x € W with

(zv) 6 # 0. Therefore if (AN — 1) a,0)® = 0, then (A\* — 1) (zv) 0 =0, so AX\* — 1 = 0.

If X = GUy, (¢), then this gives A9 = 1. The number of solutions to this equation in

GF (¢?) is ged (¢> — 1,¢+ 1) = ¢ + 1. On the other hand, by the above argument, every
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A € GF (¢%)” satisfies this equation. Hence ¢> —1 = ¢+ 1 and so ¢ = 2.
If X # GUy, (q), then the above equation becomes \> = 1, so A = +1. This forces

qg<3. 0J

Proposition 3.2.6 IfU is a non-zero A-invariant subspace of V- with UNW, = UNW, =

{0} and q < 3, Then one of the following holds:
1. X =Sp, (2) or GO (2) and U € {Uy, Uy, U,2};
2. X =GUy(2) and U € {V1, V,,, V.2 };
3. X =Sp,(3) or GO (3) and U € {Xy, X_1}; or
4. X =Spy(2) or GO5 (2) and U =Y.

Proof. If (v,0%) € U with v and 6% non-zero, then by the proof of Proposition 3.2.5,

(1, (a,8)™) € U. Hence

(14w, (a,0+0)") = (1, (a,0)”) + (v,0%) € U.

If v # —1 then

(L, (@p41000 + ap110)%) = (1 + v, (a,8 + 0)%) ag,y 1)1 € U,

and so

(0, (Aps 10,0 + ayi10 — a,0)") = (1, (ayr10,0 + ay110)") — (1, (a,0)*) € U N W

By our assumptions we must have a, 10,60 + a,+160 — a,0 = 0. This means, for all z € W,
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we have

0 = (o) (ayp1000 + ayi10 — a,0)
= (@) (av110,0) + (2) (ap110) — (z) (a,0)
= (z(v+1v)0+(z(v+1))0— (2v)6

= (:z:(1)2+v+1))«9.

Since 6 # 0, this yields v2 + v + 1 = 0. Therefore either v = —1 or v — 1.

If X = GUy, (¢), then by the proof of Proposition 3.2.5, v € GF (2?")" and the number
of solutions to v® = 1 in GF (2?") is ged (22" — 1,3) = 3. On the other hand, by the above
argument, every element of GF (22")* satisfies v = 1. This forces 22" — 1 = 3 and so
n=1and X = GU, (2). This means W = GF (4) and W** = {0, ¢, ¢7, ¢% }, as defined

in Definition 3.2.1.

Without loss of generality, assume that v = 1. If 87 = ¢7, then since U is 2(-invariant,

U= {(O7O) ) (17(25(17) ) (wv ¢Z2> y ((,UZ, (bg)} = {/1’
if 07 = ¢7, then
U ={(0,0),(1,63), (w,67), (w?,67) } = VL,

and if 67 = ¢°,, then

U={(0,0),(1,¢%) (. ¢3) , (w*,67) } = Via,

as required.
Hence X # GUs, (q). If ¢ = 3, then the only element in GF (3")* which satisfies
v® =11is v = 1. Therefore v € {—1,1} and so n = 1 and X = Sp, (3) or GO3 (3). This
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means W = GF (3) and W* = {0, (¢, —¢}, as defined in Definition 3.2.1.

As above, we can assume v = 1. If # = ¢, then as U is 2-invariant,
U= {(07 0) ) (L L) ) (_17 _L)} = Xla

and if 6 = —¢, then

U= {(070) ’ (17 _L> ) (_17 L)} = X 1,

as required.

Therefore ¢ = 2. If n is odd, then the only element in GF (2"), which satisfies v® = 1
is v = 1. Therefore n = 1 and X = Spy (2) or GO (2). This means W = GF (2) and
W* = {0, k}, as defined in Definition 3.2.1. Hence (v,6) = (1, k) and so

U= {(O’ O) ) (17 ’{)} =Y,

as required.

All thats left to consider is the case when n is even. Here the number of solutions
to v> = 1 in GF (2") is ged (2" — 1,3) = 3. By the above argument, every element of
GF (2")" satisfies v® = 1. We therefore have 2" — 1 = 3, so n = 2 and X = Sp, (2) or
GOj (2). Hence W = GF (4) and W* = {0,6,,0,,0.:}, as defined in Definition 3.2.1.

Again we can assume that v = 1. If § = 6;, then since U is 2A-invariant,

U={(0,0),(1,61), (w,0.), (w b.2)} = U,

if 0 =60, then
U = {(07 O) ) (17 Qw) ) (w7 6&)2) 5 (CU27 61)} = [va7
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and if § = 0,2, then

U={(0,0),(1,6.2),(w,61), (v 6,)} = U,e.

This concludes the proof of the proposition and the proof of Theorem 3.2.2. O

As a result of Theorem 3.2.2, we can make the following observation.

Corollary 3.2.7 If U is a proper non-trivial 2l-subspace of V', then A is transitive on

non-zero vectors of U.

Proof. If U = W, then for any (v,0), (w,0) € Wy with v,w # 0, we have (w,0) =
(v,0) ay-1,,. Hence A is transitive on non-zero vectors of Wy. If U = Wy, then 2 is

transitive on nonzero vectors of U by Remark 3.1.4. Finally, if
Ue{Uy, U,, Upe, Vi, V,, Voo, Xy, X1, Y},

then it is obvious from Definition 3.2.1 that 2 is transitive on non-zero vectors of U. O

It is useful to know which of the proper non-trivial 2-invariant subspaces are non-
degenerate, and which are totally singular. To determine this, we need to define sym-
plectic, unitary and quadratic forms on V. The following proposition gives the forms we

require.
Proposition 3.2.8 Let V' be the vector space associated to X.

1. If X = Sp,, (q), then the function fs:V xV — GF (q) defined by

fs ((v,0) , (w, ) = vp — wb,

1s a symplectic form on V.

38



2. If X = GUy, (q), then the function fy :V x V — GF (¢?) defined by

Jo(0,07) , (w,¢7)) = vo + wh?,

is a unitary form on V.

3. If X = GO3,, (q), then the function Q : V — GF (q) defined by

Q ((U7 9)) = v,

1s a non-degenerate quadratic form on V of plus type.

Proof. 1. We have
fs ((v,0),(v,0)) =v0 — vl =0,

and

fs (w,9), (v,0)) = wl — v = — (v —wlh) = —fs ((v,0) , (w, 9)),

for all (v,0),(w,¢) € V. Also, for all (v,0), (w, ), (x,v) € V and A € GF (q), we

have

fs (v, 0) + Mw,9), (z,¢)) = (v+Iw)—z(0+ )
= v —x0 + \(wp — x¢)

= Js((v,0),(x,9) + Afs ((w, @), (2,9)) .

Therefore fg is a skew-symmetric, alternating bilinear form.

Now, let (v,0) € Rad (fs). So for all (w, ¢) € V, we have

fS ((Uve)?(w>¢)) = U(b—we = 0.
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In particular setting w = 0, we get v¢p = 0 for all ¢ € W*, which implies v = 0.
Hence wf = 0 for all w € W, and so § = 0. Therefore Rad (fs) = 0 and fg is

non-degenerate, so fg is a symplectic form on V.

2. This time, we have
Ju ((wa ¢0> ) (U7 90)) = wl +vg? = (wea + v¢)o = (fU ((Uv 00) ) (w7 ¢J)))U )

for all (v,07), (w,¢”) € V.

Also, for all (1,07, (1, ¢) , (z,10°) € V and A € GF (¢?), we have

fu ((v,07) + X(w,¢7), (z,¢7)) = (v+w)+x(07 4+ \p?)
= v+ 20° + X (w + x¢7)

= Ju((v,07),(2,97)) + Mv (w, ¢7) , (,97)) ,

so fy is a conjugate-symmetric sesquilinear form. A similar sort of argument as

before shows that fy is non-degenerate so f is in fact a unitary form.

3. Define fo : V x V — GF (q) by

fo ((v,0), (w,9)) = Q((v,0) + (w,9)) —Q((v,0)) — Q ((w,9))
= (v+w) 0+ ¢)— vl —wo

= vo+ wh

Then for all (v,0), (w, ), (z,v¥) € V and A € GF (¢q), we have
fo (w,9), (v, 0)) = fq ((v,0), (w,9))
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and

fo((v,0) + A(w,¢), (x,¢)) = (v+Iw)y+z(0+Ap)
= v + 20 + X (w + 2¢)

= Jo((v,0),(x,9) + Mq (w,9), (z,4)),

Therefore fg is a symmetric bilinear form

Also, if (v,0) € V and A € GF (q) then,

Q (A (v,0)) = (W) (M) = A* (v) = NQ ((v,0)).

Therefore () is a quadratic form on V. By the same argument as in the symplectic

case, fo is non-degenerate and so () is non-degenerate.

Finally, if W) is the subspace of V' defined in Theorem 3.2.2; then dim (W;) = n
and for all (v,0) € Wy, we have @ ((v,0)) = 0, so @ has plus type. O

As an aside, if g € GL, (¢*), then if X = Sp,, (¢), we have

fs((v,0)g,(w,0)g9) = fs((vg,97'0),(wg,97"9))
= (vgg ") ¢ — (wgg™") 0
= vp— wh

= fS ((U,@) ) (w7¢)) :

If X = GO3, (¢), then

Q ((U7 0) g) = Ugg_19 =0l =Q ((Uu 6)) )
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and if X = GUa, (¢), then

fo (0, 07) g, (w.67) g) = fu((vg,(97'0)"), (wg, (97'¢)"))

= vgg ¢ +wg (97'0)°

= vp+ wb’

= Jfu ((U7 QU) ) (w7 d)o)) :

so our actions of GL, (¢*) preserve the forms on V. In particular, so does 2.

Proposition 3.2.9 1. If X = Sp,, (q), then the subspaces Wy, Wy, U, X1, X_1 and

Y are isotropic. The subspaces Uy and U,z are non-degenerate.

2. If X = GUy, (q), then the subspaces Wy, Wy and Vy are isotropic.

V., and V2 are non-degenerate.

The subspaces

3. If X = GO3, (q), then the subspaces Wy, Wy and U,, are singular. The subspaces

Uy, U,2, X1, X_1 and Y are non-singular.

Proof. 1. Note that for all (v,0), (w,0) € Wy, we have

fs ((v,0), (w,0)) = (v) 0 = (w) 0 =0,

and for all (0,0), (0,¢) € Wy, we get

f5((0,0),(0,0)) = (0) ¢ — (0)6 = 0.

Therefore the subspaces W7 and W, are isotropic. Also since fg is bilinear and

alternating, any 1-space in V' is isotropic. This means X7, X _; and Y are isotropic.
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Now (1,6,), (w,0,) € Uy and

fS ((1791) ) (wvew)) = (1) ew - (w) 91 =1

Similarly (1,6,2), (w,6:) € U,z and

fs ((1,0.2), (w, 601)) = (1) 61 — (W) B2 = 1.

Therefore the subspaces U; and U, are non-degenerate. This leaves the subspace
U,. Since fg is a symplectic form, we only need to compute fs ((1,6,), (w,0.2)).
We have

fs((1,00), (w,0u2)) = (1) b2 — (w) b, = 1 = 1 = 0.

Therefore U, is isotropic.

. For all (v,0), (w,0) € Wy, we have

fu ((v,0), (w,0)) = (v) 0 = (w) 0 =0,

and for all (0,07),(0,¢%) € Ws, we get

fu ((0,67),(0,67%)) = (0) ¢ — (0) 67 = 0.

Hence the subspaces Wi and W5 are isotropic. Now (1,¢7) € V,, and (1, o 2) € Ve,

SO

fU ((1a¢g)7(17¢g)) = (1)¢w+ (1)¢Z, :w+w2 =1

and

fu ((17 3;2) ) (17 312)) = (1> G2 + (1) Ol2 = w4+ w=1.
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Hence the subspaces V, and V2 are non-degenerate. This leaves V. Since fy is a

unitary form, we only need to compute fir ((1,¢7),(1,¢7)). We have

Jo((1,67),(1,¢7)) = (1) ¢1 + (1) ¢ =141 =0,

as fu ((1,067),(1,¢9)) lies in GF (4). Therefore V; is isotropic.

. For all (v,0) € Wj and (0,0) € Wy, we have

Q(v,0) = (v)0=0

and

Q(0,0) = (0)6 = 0.

Hence the subspaces W, and W, are singular. Also (1,6,) € Uy and (1,0,2) € U,z

SO

Q(L6)=(1)6 =1

and

Q(1,0.) = (1) 0,2 = 1.

Hence U; and U, 2 are non-singular. Similarly

and
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so X1, X_1 and Y are also non-singular. This leaves the subspace U,,. We have

Q(1,0.,) = (1) 0, =0,

Q (w, ewz) = (w) ewz =0
and
Q (. 6:) = () 6, = 0.
Therefore U, is singular. ([l

As a remark, if U = Uy, V,, or Xi, then it it easy to see that U+ = U2, V2 or X_;,

respectively.

3.3 Centralizers and normalizers

We conclude this chapter by using our classification of the invariant subspaces to compute
the centralizer and normalizer of the linear Singer cycle of X.
From [24, the proofs of Lemma 4.1.9 and Corollary 4.2.2], the stabilizer of the direct

sum W7 & Wy in X is

g € GL, (qu)> )

where the sign is negative, when X = Sp,, (¢) and positive, when X # Sp,, (¢). For

n > 2, we define the group 'Ly (¢“"/¢") .2 as the subgroup of GL,, (¢*) .2 given by

) 0|1

b

Ly (¢*"/q") .2 = <
0|~ Te +70

ry €Ty (Q""/CJ“)> :

where I'L; (¢""/q") is defined in Chapter 2.

45



Proposition 3.3.1 Suppose that X is not one of GUy(2), Sp, (2), GO (2), Sp, (3),
GO3 (3), Sp, (2) or GOF (2). If A is the linear Singer subgroup of X, then

GL; (¢") .2, ifn =1,
Nx () =
'Ly (¢""/q") .2, otherwise.
Proof. Let N = Ny (2) and suppose n € N. If W, is the subspace defined in The-

orem 3.2.2, then the image under n, Win is also a subspace of V. Let a € 2 and

(v,0) € Wy. Then since a” ' € 2 and W is -invariant, we have
(v,0)na = (v,0)a™ n € Win.

Therefore Win is an -invariant subspace of V', so since by our assumptions, we
have Win € {W;, W5} by Theorem 3.2.2. Similarly, Wyn is also -invariant, and so
Waon € {Wy, Wa}.

Now, n either fixes the W; or swaps them, for if Win = W; and Wyn = Wi, then since

n has finite order e, we have
Wy = Won® = Win® ! = ... = Win =W,

which is a contradiction. Similarly, we cannot have Win = Wy and Won = W,. This
means that N preserves the direct sum W & W; and so lies its stabilizer, GL,, (¢*) .2.

For a € A, we have
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Also by Proposition 2.1.6, if g € GL, (¢*) normalizes 2, then

GL; (¢%), ifn=1,
ge
'Ly (¢""/q"), otherwise.
Therefore
GL; (¢%) .2, ifn=1,
Nx () =
'Ly (¢**/q") .2, otherwise,
as required. 0

Corollary 3.3.2 Suppose X is not one of GUy (2), Sp, (2), GOJ (2), Sp, (3), GO3 (3),
Spy (2) or GOJ (2). If A is the linear Singer subgroup of X, then Cx (21) = 2.

Proof. Since Cx () < Nx (), we have Cx () < GL,, (¢*) .2, by Proposition 3.3.1.

By the proof of Proposition 3.3.1, the element

0|1
—11]0

does not centralize 2. On the other hand, if g € GL,, (¢*) centralizes , then g € 2, by
Lemma 2.1.5. Therefore Cx () = 2. O

Note that if X = GOj3 (g), then by considering orders, we have Ny () = X.

The exceptional cases are easy to deal with. If X = GU,(2), Sp, (3) or Sp, (2), then
21 = Z(X) and so Nx (%) = Cx (A) = X. Similarly, if X = GOJ (3) or GO (2), then
as X is abelian, we also have Ny () = Cx () = X. Finally, if X = Sp, (2) or GOJ (2),

then the linear Singer cycle of X has order 3. Hence C'y (21) = S3 x 3 and

Nx(m):S;),XSggQI(Q)
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CHAPTER 4
STATEMENT OF THE MAIN THEOREMS

AND SMALL DIMENSIONAL CASES

In this chapter we give the main theorems of this thesis. We also deal with the cases in

small dimensions.

4.1 Main theorems

We now state the main theorems which are the subject of this thesis.

Theorem 4.1.1 Letn > 2 and let G < Spy, (q). Suppose that G contains a linear Singer

cycle of Spy, (q). Then one of the following holds:

1. G € Cy and G is contained in either Stabg,, (g (W1) or Stabgy, () (W2) or when
(n,q) = (2,2), G is contained in Stabg,, (o) (Uy). All groups have the structure

q""D/2 - GL, (q) in Spy, (9);
2. G € Cy and G is contained in GL, (¢) .2, with q odd;
3. G € C3 and G is contained in Sps,, s (¢°) .5, where s is a prime dividing n;

4. G € C3 and G is contained in GU,, (q) .2, with n even and q odd;
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5. G € Cs and G is contained in GO3, (q), with q even;

6. G €Cy, (n,q) = (2,2) and G is contained in Stabgy, (2) (Ur) = Stabgy, (2) (U,2). This

group 1is isomorphic to Spy (2) X Spy (2) = S3 x Ss;
7. G € Cy, (n,q) =(2,2) or (2,3) and G is contained in Spy (¢) 1 Sa;
8. G €Cs, (n,q) =(2,3) and G is contained in 2'7*.Q; (2) = 217 A;;
9. GeES, (n,q) =(2,2) and G = Ag = Sp,,, (q)';
10. G S, (n,q) = (3,2) and PSU3 (3) < G < PSU3(3) : 2; or
11. Ge S, (n,q) = (3,3) and G is is one of two copies of SLy (13).

Theorem 4.1.2 Let n > 2 and let G < GUy, (q). Suppose that G contains a linear

Singer cycle of GUs, (q). Then one of the following holds:

1. G € C, and G is contained in either Stabgu,, ) (W1) or Stabgu,,(q) (W2). Both

groups have the structure q”2 : GL, (¢%);
2. G € Cy and G is contained in GL, (¢%) .2;
3. G € Cs and G is contained in GUay /s (¢°) .5, where s is an odd prime; or
4. G €Cs, (n,q) =(2,2) and G is contained in C3 0 Sp, (2) = 3 x Sg.

Theorem 4.1.3 Let n > 3 and let G be a subgroup of GO3, (q) not containing Q3 (q).

Suppose that G contains a linear Singer cycle of GOJ. (q).Then one of the following holds:

1. G € C and G is contained in either Stabgoy () (W1) or Stabgos () (W2).  Both

groups have the structure ¢""~1/2 . GL,, (q);

2. G € Cy and G is contained in GL, (q) .2;
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3. G € C3 and G 1is contained in GO;H/S (¢°) .s, where s is a prime dividing n;

4. G € C3 and G is contained in GU,, (q) .2, with n even;
5. G €Cy, (n,q) = (4,2) and G is contained in Sp, (2) o Spy (2) = Sg x Ss;
6. GeS, (n,q) =(3,2) and A < G < Sy; or

7. GeS, (n,q) = (4,2) and G = A,.

From these, we can deduce that if n is large and G is as stated in the main theorems,

then G is contained in

CLUC,UC3UCs, if X =8Sp,y, (q),

C1 U CQ U Cg, otherwise.

The group GL, (¢%) .2 is just the stabilizer of the direct sum W; @ Ws. The groups
SPan/s (¢°) -8, GUzpys (¢°) .5 and GO;H/S (¢®) .s are analogous to the groups in Theorem 2.1.4.
These arise in a similar way: we take a 2n/s-dimensional GF (¢**)-vector space, V' and
consider it as a 2n-dimensional GF (¢")-vector space, V. We then take a symplectic, uni-
tary or orthogonal form, £’ on V' and construct a symplectic, unitary or quadratic form,

k on V, respectively, by putting xk = &’ Trg;gz;), where Trggggzz)

is the trace map from
GF (¢**) to GF (¢"). Then any isometry of V' can be viewed as an isometry of V.

The GU, (q) .2 subgroups arise in a similar way. We take a unitary form on a unitary
space and use it to construct a symplectic or quadratic form and then view the isometries
of GU, (q) as elements of Sp,, (¢) and GO3, (¢) .

The subgroup, GO (q) of Sp,, (q) arises since the associated bilinear form of a
quadratic form is skew-symmetric and alternating in characteristic 2.

The proof of Theorems 4.1.1, 4.1.2 and 4.1.3 constitutes Chapters 5 and 6. In Chap-

ter 5, we distinguish between the cases when X = Sp,, (¢), GUa, (¢) or GO, (¢) for
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clarity. In Chapter 6 however, we consider these together until we need to consider spe-

cific cases.

4.2 The case when n =1

For the remainder of this chapter, we concern ourselves with the small dimensional cases.
In this section, we assume that n = 1. We do not need to consider X = GOJ (q), as
then X = Dy(,—1) and the result is obvious, so we assume that X = Sp, (¢) or GU; (q).
Since Sp, (¢) = SLs (¢) and PSU, (¢) = PGL2 (¢), these cases are just an application of
Theorems 2.4.1 and 2.4.2. In contrast to Theorems 4.1.1, 4.1.2 and 4.1.3, we can compute

all the overgroups of the linear Singer cycle in these cases.

Theorem 4.2.1 Suppose that G is a proper subgroup of Sp, (q) containing a linear Singer

cycle of Spy (q). Then up to conjugacy, one of the following holds:
1. G = GLy (q), the linear Singer subgroup;
2. GeCand G=q:GLi(q);
3. G €Cy and G = GLy (q) .2, for q odd;
4. G €Cs and G = GOJ (q), for q even,
5. Ge€Cs, q=2 and G = GU; (2);
6. GE€Cs,q=3orb5 and G =GU; (q).2;

7. G € Cs,q =5 or 7T and G = 2772Q;5 (2). There is one conjugacy class of such

subgroups when q =5 and two conjugacy classes when q =7;

8. GeCs q="10r9 and G =2""2GO; (2). There are two conjugacy classes in each

case; or
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9. Ge S, q=11, and G = SLy (5) of which there are two conjugacy classes.

Proof. Suppose that G is a proper subgroup of Sp, (¢) containing a linear Singer cycle
of Sp, (¢) and let 2 be the linear Singer subgroup of Sp,(¢). First assume that ¢ €
{2,3,4,5,7,9, 11}. We use MAGMA [5] and the ATLAS [9] to determine the overgroups
of 2 in these cases.

If ¢ = 2, then 2 is the trivial group. Therefore all subgroups of Sp, (2) contain it.
Therefore G is conjugate to GL; (2), GU; (2) or 2: GL; (2) =2 GOJ (2).

If ¢ = 3, then the linear Singer cycle of Sp, (3) is the unique element of order 2 in
Sp, (3). Hence, it is contained in all even order subgroups. Therefore G is conjugate to
one of GL; (3), 3: GL; (3), GL; (3) .2, or GU;y (3) .2.

If ¢ = 4, then 2 has order 3. Moreover all subgroups of order 3 are conjugate in
Spy (4). Therefore G is conjugate to any subgroup of Sp, (4) whose order is divisible by
3. Up to conjugacy, these are GL; (4), 4 : GL; (4) and GOJ (4).

If ¢ = 5, then 2 is a subgroup of order 4 and all cyclic subgroups of such order are
conjugate in Sp, (5). Therefore G is conjugate to any subgroup of Sp, (5) that contains an
element of order 4. Up to conjugacy, these are GL; (5), 5: GL; (5), GL; (5) .2, GU; (5) .2
and 212.Q5 (2).

If ¢ = 7, then in Sp, (7), 2 has order 6 and all cyclic subgroups of such order are
conjugate in Sp, (7). Hence G is conjugate to any subgroup of Sp, (7) containing an
element of order 6. Up to conjugacy, these are GL; (7),7 : GLy (7), GL; (7) .2, two
conjugacy classes of 2172.Q2; (2) and two conjugacy classes of 272.GO; (2).

If ¢ = 9, then 2 has order 8. Also all cyclic subgroups of order 8 are conjugate
in Sp, (9). This means G is conjugate to any subgroup of Sp, (9) that contains an ele-
ment of order 8. These are GL; (9), 9 : GLy (9), GL; (9) .2 and two conjugacy classes of
2172.GO; (2), up to conjugacy.

If ¢ = 11, then in Sp, (11), A has order 10. Since all cyclic subgroups of order 10
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are conjugate in Sp, (11), G is conjugate to any subgroup of Sp,(11) that contains an
element of order 10. Up to conjugacy, these are GL (11), 11 : GL; (11), GL; (11) .2 and
two conjugacy classes of SLs (5).

Hence, we can assume that ¢ ¢ {2, 3,4,5,7,9,11}. The image of 2 in PSp, (q)
has order (¢ — 1) /d, where d = ged (2, —1). Since PSp, (¢) = PSLs (¢), we use The-
orem 2.4.1 to see which maximal subgroups of PSp, (¢) can contain an element of this
order.

If Do(g+1)/4 contained an element of order (¢ — 1) /d, then (¢ — 1) /d divides

2d(qg+1) _Qd(q—l) 4
d d 7

and hence ¢ = 2, 3, 5, or 9, a contradiction. The subgroups Dy—1y/4 and g : (¢ — 1) /d
clearly contain an element of order (¢ — 1) /d. If ¢ ¢ {2, 3,4, 5, 7,9, 11}, then (¢ — 1) /d >
6, so there is no element of order (¢ — 1) /d in Ay, Sy or As. Lastly, let ¢ = g with m
a prime. If PSLs(qy) or PGLy (qo) contained an element of order (¢ — 1) /d, then by

Theorem 2.4.1, we have

QO+1> if %#4’
6, lf qO:4,

which gives (m, qo) = (2,2) or (2,3). But then ¢ =4 or 9, which is a contradiction.

Therefore, since there is a single conjugacy class of cyclic subgroups of order (¢ — 1) /d
in PSLs (¢) by [23, Theorem 2.1], we have shown that the image of 2 is contained in
Do(g—1)/a 0r q : (¢ — 1) /d. Let M be the preimage of Dy(4—1)/a in Spy (¢). If ¢ is even then
M = Dyy—1) = GO3 (g) . Since 2 has index 2 in M, we observe G is conjugate to GL; (¢)
or GOJ (q) .

So assume that ¢ is odd. The image of 2 in PSp, (¢) is normal in Dy(,_1y/4, hence
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2A < M. By Proposition 3.3.1, we therefore have
M < Nep,(q) (%) = GL1 () 2.

But |M| = d|Dag-1)/a|, s0 M = GLi () .2. Since 2 also has index 2 in GL; (q).2 we
observe G is conjugate to GL; (¢) or GL; (¢) .2.

Therefore, let M be the preimage of ¢ : (¢ — 1) /d in Sp, (¢). The image of g : GL; (¢)
in PSp, (¢) has a normal p-subgroup. Moreover the only maximal subgroup of PSL; (¢)
having a normal p-subgroup is ¢ : (¢ — 1) /d. Thus we must have M = q : GL; (¢). Now
GL; (¢) acts transitively on the elements of order p in the subgroup of M of order q.
Therefore the only subgroups of M that contain 2 are ¢ : GL; (¢) and GL; (¢). This
means G = ¢ : GL; (q) or GL; (q). O

Theorem 4.2.2 Let G be a proper subgroup of GUs (q) containing a linear Singer cycle

of GUsy (q). Then up to conjugacy, G is one of the following:
1. GLy (¢%), linear Singer subgroup;
2. GECy and G = q: GL; (¢%);
3. G €Cy and G = GLy (¢°) .2;
4. GECy,q=2and G =GU; (2) x GUy (2);
5. G€Cqy q=3 and G =GUy (3)1Sy; or

6. G€Cs q=5 and G = Cgo2'"Sp, (2).

Proof. Let 2 be the linear Singer subgroup of GU, (¢) and suppose G < GUs (¢) contains
a linear Singer cycle of GUs (¢). Assume first that ¢ < 5. We can again use MAGMA [5]

and the ATLAS [9] to verify these cases.
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If ¢ = 2, then A = Z (GUsy (q)) . Therefore G is one of the subgroups containing the
centre of GU, (¢). Up to conjugacy, these are GL; (4), 2 : GL; (4) = GL; (4).2 and
GU; (2) x GUy (2).

If ¢ = 3, then 2 has order 8 and all cyclic subgroups of such order are conjugate in
GU, (3). Therefore G is conjugate to any subgroup of GUs (3) that contains an element
of order 8. These are GLy (9), 3: GL; (9), GL; (9) .2, and GU; (3) ¢ Ss.

If ¢ = 4, then 2 has order 15. Furthermore there is a single conjugacy class of
subgroups of order 15 in GUy (4). This means G is conjugate to any subgroup of GU; (4)
that contains an element of order 15. These subgroups are GL; (16), GL; (16).2 and
4 : GL; (16).

If g = 5, then 2 has order 24. In GUs (5), all cyclic subgroups of order 24 are conjugate.
Thus G is conjugate to any subgroup of GUs (5) containing an element of order 24. These
are GL; (25), 5: GL; (25), GL; (25) .2 and Cg 0 2'72.Sp, (2).

Now suppose that ¢ > 7. The image of 2 in PGUs (¢) has order ¢—1. Since PGU, (¢) =
PGL; (q), we can use Corollary 2.4.2, to determine the maximal subgroups of PGUs (q)
that contain an element of this order.

If Dy(g11) contained an element of order ¢ — 1, then ¢ — 1 divides

2(q+1)—2(g—1) = 4.

Hence ¢ = 2, 3 or 5 contrary to our assumptions. Also, the subgroups Dy(,—1) and ¢ : ¢—1
clearly contain elements of order ¢ — 1. If ¢ > 7, then ¢ — 1 > 6. This means S; cannot
contain an element of order ¢ — 1. Now if ¢ = ¢, with m prime and PGL; (g) contained

an element of order ¢ — 1, then by Theorem 2.2.6, we have

QO+1, if q07£47
6, if q0:4
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We therefore have (m, qy) = (2,2) and g = 4, which contradicts our assumptions. Lastly,
assume ¢ is odd and PSLs (¢) contains an element of order ¢ — 1. Since ¢ — 1 is coprime
to g, by [22, Table A.1], we have ¢ — 1 < (¢ + 1) /2. But this gives ¢ < 3, a contradiction.

Therefore, since there is a single conjugacy class of cyclic subgroups of order ¢ — 1
in PGL3 (¢) by [23, Theorem 2.1], we have shown that the image of 2 in PGU, (¢) is
contained in a conjugate of Dy,_1y or ¢ : ¢ — 1. If M is the preimage of Dy(,—1y in GU; (¢),
then since the image of 2 in PGU; (¢q) is normal in Dy, we see that 2 < M. By

Proposition 3.3.1, we have
M < Nguy(g) () = GL1 (%) 2.

But [M| = (¢ +1) ]Dz(q_l)

, 0 M = GL; (¢?) .2. Hence, if G < GL; (¢?) .2 contains 2,
then G = GL; (¢?) or GL; (¢*) .2.

Therefore, let M be the preimage of ¢ : ¢ — 1 in GUy (¢). The image of ¢ : GL; (¢?)
in PGU; (¢) has a normal p-subgroup. Since the only maximal subgroup of PGL, (¢)
having a normal p-subgroup is ¢q : ¢ — 1, we must have M = ¢ : GL; (¢*). Now GL; (¢?)
acts transitively on the elements of order p in the subgroup of M of order ¢q. Therefore.
the only subgroups of M that contain 2 are ¢ : GL; (¢?) and GL; (¢*). Therefore either
G = q: GL; (¢%) or GL; (¢?). O

4.3 Four-dimensional orthogonal groups

We finish this chapter by turning our attention to the case when X = GOJ (¢). It is
well known that PQJ (¢) = PSLy (q) x PSLy (g), see for example [24, Proposition 2.9.1].
Therefore we shall need to know about subgroups of direct products of simple groups in
our analysis. We start with a general result about the maximal subgroups of such groups.

We adapt the method of [32].
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Proposition 4.3.1 Let M be a maximal subgroup of G := L x R where L and R are

1somorphic non-abelian simple groups. Then one of the following holds:
1. M = L x Mg, where Mg is a mazimal subgroup of R;
2. M = My, x R, where My, is a maximal subgroup of L; or

3. M = Ay :={(a,ab) : a € L}, where 0 : L — R is an isomorphism and M = L = R.

Proof. Let 7, : G — R and g : G — R be the projection maps defined by (I,7) 7, = (I, 1)
and (I,r)mr = (1,7). Set My = (M)n and Mg = (M) ng. Note that if (I,r) € M,
then (I,r) = (I,1)(1,7) € M Mg, so M < My Mr < G. But M is maximal, so either
M = M;pMg or My Mg =G.

If M = M Mg, then note that

M:MLMR<ML><R<G

and

M:MLMRéLXMRéG,

so either M = My x Ror M = L X Mg. In these cases, M and Mg are proper subgroups
of L and R, respectively and 7, and mr are surjective homomorphisms. Therefore M,
and Mp are maximal subgroups of L and R, respectively.

So suppose that G = M Mpg. Then My = L and Mr = R. Since L <G, we have
M N L <M, hence

MﬂL:(MmL)ﬂ'LSI<M)7TL:ML:L
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Ift M N L= L, then by the First Isomorphism Theorem, we have
M/L=(M)rr =R,

so |[M| = |L||R| = |G|, contrary to M # G. Therefore since L is simple, we must have
M N L =1. By a similar argument, M N R = 1.

Now, given (z,y) € M, define the map 6 : L — R by z6 = y. If (z,y),(x,y) € M,
then

(z,9) " (z,9) = (Ly ") eMNR=1,

so y = 1/, which means that 0 is well defined. We also have
(z2') 0 = yy' = (20) («0)

so 6 is a homomorphism. Also, reversing the roles of x and y, the map ¢ : R — L defined

by y¢ = x is an inverse to 6, so 6 is an isomorphism from L to R. Now define the group
Ag:={(x,20):x € L} < G.

Then if (z,y) € M, we have x0 = y, so (x,y) € Ay. By the maximality of M, we conclude
that M = Ag. It is clear that Ay = L = R. O

The next result gives the conjugacy of maximal subgroups of direct products of simple

groups.

Proposition 4.3.2 Let G, L and R be as in Proposition 4.3.1. Two mazimal subgroups
L x My and L x My of G are conjugate in G if and only if My and My are conjugate in
R. Similarly, two mazimal subgroups M; X R and Ms x R of G are conjugate in G if and

only if My and My are conjugate in L.
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Also, two mazimal subgroups Ng and A, are conjugate in G if and only if 0~ ¢ is an

inner automorphism of R.

Proof. Let (z,y) € G such that (L x M;)®™" = L x M. Then
(L x M"Y = L% x MY = L x M?.

Hence M} = M.

Conversely, let y € R such that M{ = M,. Then
(L x M)™) =L x MY =L x My,

as required. The proof of the second statement is similar.

Now, (z,y) € G such that AYY = A,. Then for all (w, we)) € Ay, we have
(w,w)) = (2,20)"" = (=%, (20)"),

for some z. Hence

wo = (20)Y = <<w””71> 8)y = (w@)(w)ily.

Therefore letting g = (w@)fl y and ¢, : R — R be conjugation by g, we see ¢ = fc,, so
671 = c,.

Conversely suppose that ~'¢ = ¢, for some g. Then if (x,2¢) € Ay, then
(z,20) = (z, (20) ¢;) = (z,20)"? € AJHY.
On the other hand, if (z,20) € Ay, then

(z,20)1) = (2, (0) ¢;) = (z,2¢) € Ay,
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Therefore A(gl’g) = Ay, as required. O

As an aside, we can deduce the number of conjugacy classes of the Ag.

Corollary 4.3.3 The number of conjugacy classes of maximal subgroups of the form Ag

is |Out (R)|.

Proof. The conjugacy classes of such subgroups partition the set of all Ay. By Proposi-
tion 4.3.2, the size of each conjugacy class is |Inn (R)|. Therefore, if there are r conjugacy

classes, we have r |Inn (R)| = |[Aut (R)|, so r = |Aut (R)| /|Inn (R)| = |Out (R)]| . O

Let 2 be the linear Singer subgroup of GOZ, (¢) and 2 be the image of 2 in PGO] (q) .
We wish to know the order of 2 N PQJ (g). It follows from the definition of a linear
Singer cycle of GO3,, (¢) in Definition 3.1.2, that 2 lies in SO} (¢). The following lemma

gives a necessary and suffient condition for 2 to lie in € (¢). From this we can deduce

}ﬁ NP (q) |
Lemma 4.3.4 The linear Singer cycle of GO3, (q) lies in Q3. (q) if and only if q is even.

Proof. If q is even, then ¢" — 1 is odd. Since €, (¢) has index 2 in GO3, (¢), the linear
Singer cycle of GO3, (¢) lies in Q3 (q).

Conversely, suppose that ¢ is odd. Let vy,...,v,,wy,...,w, be the basis of the un-
derlying vector space as in Proposition 2.3.1. If a is a linear Singer cycle of GO3. (q),
then a fixes the subspaces W := (vy,...,v,) and U := (wy,...,w,). If a € Q3 (q), then
by [24, Lemma 2.7.2], the determinant of a considered as a linear map of W, dety (a) is
a square. Since ¢ is odd, dety (a) lies inside the index 2 subgroup of GF (¢)™ . But by [7,
the proof of Lemma 4.2], dety (a) generates GF (¢)™ , a contradiction. Therefore a does

not lie in Q3 (q). O

Now, if ¢ is even, then |Z (2 (¢))| = 1 and so by Lemma 4.3.4, [A N PQY (¢)| = ¢*—1.
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If ¢ is odd, then by the Second Isomorphism Theorem and Lemma 4.3.4, we have

2]/ 20 Qf (9)] = 1297 ()] /|2 (¢)] = |SOF (9)] /|4 (9)] = 2.

Hence [2ANQf (¢)] = (¢* — 1) /2 and since |Z (] (¢))| = 2, we have |[ANPQJ (¢)]| =

(¢ = 1) /4.

Before we prove the result for X = GO} (g), we shall need the following lemma.

Lemma 4.3.5 Letq ¢ {2, 3,4,5,7,9, 11} and let M be a mazimal subgroup of PSLy (q).
Also let d =ged (2, —1).

1. If M contains an element of order (¢ — 1) /d, then either M = q : (¢—1)/d or
Dagg-1)/a-
2. If M contains an element of order (q+ 1) /d, then M = Daggy1y/4.

Proof. 1. This follows from the proof of Theorem 4.2.1.
2. We use Theorem 2.4.1 to determine which maximal subgroups of PSL, (¢) contain
an element of order (¢+ 1) /d.

If Dy(g—1)/a contains an element of order (¢ + 1) /d, then (¢ + 1) /d divides

2d(g+1) 2(g-1) _,
d d

Hence ¢ = 3 or 7, contrary to our assumptions. Similarly, if ¢ : (¢ — 1) /d contains

an element of order (¢ + 1) /d, then (¢ + 1) /d divides

dq(q—l)_d(q—2)(Q+1):2
d d '

So ¢ = 3, which cannot happen. Now if ¢ ¢ {2, 3, 4,5, 7,9, 11}, then (¢+ 1) /d >

7,80 Ay, Sy and A cannot contain an element of order (¢ + 1) /d. Let ¢ = ¢* where
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m is a prime. If PSLy (¢o) or PGLs (go) contain an element of order (¢ + 1) /d, then

by Theorem 2.2.6, we have

qo + 17 if qo 7& 47
6, lf qo = 4,

(0" +1)/d <

which gives (m, qo) = (2,2) or (2,3). But then ¢ =4 or 9.

Since Dy(g41y/a contains an element of order (¢ + 1) /d and we have exhausted all

other possibilities for M, the result follows. 0

We are now in a position to prove the case when X = GO} (q).

Theorem 4.3.6 Suppose G is a subgroup of GO (q) not containing 25 (q) and suppose

that G contains a linear Singer cycle of GOJ (q). Then one of the following holds:
1. G €C and G is contained in q : GLs (q);
2. G € Cy and G is contained in GLs (q) .2;
3. G € C3 and G is contained in GUy (q) .2;
4. q=2 and G is contained in (Q (2) x Q5 (2)) : 4;
5. q=3,G € Cy and G is contained one of two conjugates of GOy (3) 1Sy, or

6. ¢ =5 and G is contained in 2. (A5 X Ayg) .2.

Proof. Let 2 be the Singer subgroup of GO} (¢), and suppose G is a subgroup of GO} (q)
not containing €2} (¢) that contains a linear Singer cycle of GO} (¢). First assume g €
{2,3,4,5,7,9, 11}. As in Section 4.2, we use MAGMA [5] to give the result in these

cases.
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If ¢ = 2, then 2 has order 3, so is contained in a Sylow 3-subgroup of GO} (2). Also all
maximal subgroups of GO} (2) contain a Sylow 3-subgroup. Therefore up to conjugacy, G
is contained in (05 (2) x €5 (2)) .4 and one of two conjugacy classes of groups isomorphic
to GU;y (2).2.

If ¢ = 3, then 2 has order 8 and there is a single conjugacy class of cyclic subgroups
of order 8 in GO (3). This means G is contained in a subgroup containing an element of
order 8. The maximal subgroups of GO} (3) that contains such an element are SO} (3)
and two conjugacy classes of groups isomorphic to GO; (3)1S;. The maximal subgroups of
SO; (3) that contain an element of order 8 are 3 : GL, (3), GU, (3) .2 and two conjugacy
classes of groups which consist of the elements of GO; (3) ! S; having determinant 1.
Therefore, up to conjugacy, G is contained in 3 : GLy (3), GUz (3) .2 or one of the two
classes of groups isomorphic to GO; (3) ¢ S,.

If ¢ = 4, then 2 has order 15 and there is a single conjugacy class of subgroups of order
15in GOj (4), so G is contained in a subgroup containing an element of order 15. The only
maximal subgroup of GO} (4) that contains such an element is f (4), whereas the max-
imal subgroups of 2} (4) that contain an element of order 15 are 4 : GLy (4), GLy (4) .2
and GUjy (4).2. Therefore G is contained in a conjugate of 4 : GLy (4), GL2 (4) .2 or
GU, (4) .2.

If ¢ =5, then 2 has order 24 and there is a single conjugacy class of cyclic subgroups
of order 24 in GO (5). Thus G is contained in a subgroup containing an element of
order 24. But the only maximal subgroup of GO; (5) that contains such an element is
SO (5), and the maximal subgroups of SO} (5) that contain an element of order 24 are
5: GLy(5), GUy(5).2 and 2.(As x Ay).2. Therefore G is contained in a conjugate of
5:GLy(5), GUy(5).2 or 2. (A5 x Ay) .2.

If g =7,9 or 11, then 2 has order 48, 80 or 120, respectively. For these values of ¢,

there is a single conjugacy class of cyclic subgroups of order ¢ — 1 in GO} (q), so G is
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contained in a subgroup containing an element of order ¢ —1. The only maximal subgroup
of GO} (q) that contains such an element is SO} (q), whereas the maximal subgroups of
SOJ (q) that contain an element of order ¢> — 1 are q : GLy (q) , GLa (¢q) .2 and GU, (q) .2.
Therefore G is contained in a conjugate of ¢ : GLy (¢), GL2 (q) .2 or GU; (q) .2.
Therefore we may assume that ¢ ¢ {2, 3,4, 5, 7,9, 11}. Let L = PSLy(q) x 1 and
R =1 x PSLy(q), so PQJ (¢) = L x R. As mentioned above 2 N P (¢) has order
(¢> — 1) /d?, where d = ged (2,q — 1). If PSL; () contains an element of this order, then

by Theorem 2.2.6, we have

qg+1, ifqg#4,
6, if ¢ =4,

(¢ —1)/d* <

which gives ¢ = 2, 3 or 5, a contradiction.

Hence, if M is a maximal subgroup of PQJ (¢) containing ANPQ (¢), then by Propo-
sition 4.3.1, either M = L x Mg, where Mg is a maximal subgroup of R, or M = M x R,
where M| is a maximal subgroup of L.

Consider % N Mz. By [22], the two largest element orders coprime to g are (¢ — 1) /d

and (¢ + 1) /d. Therefore as

(@>—=1) (¢—1) (¢+1)

d? d d

the order of N My is either (g — 1) /d or (¢ + 1) /d. Therefore by Lemma 4.3.5, My is

one of ¢ : (¢ — 1) /d, Da(g—1)/d or Dagg41/a-
For simplicity, let
Ko SOf (q), if ¢ is odd,
Q5 (q) if ¢ is even

and let K be the image of K in PGOJ (¢). By [24, Lemma 2.9.4, Lemma 2.5.8], PGOJ (q)
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acts on {L, R} by conjugation and there is an element g € PGOJ (¢q) /K such that LI = R.
Hence, if N is a maximal subgroup of PSL; (¢), then L x N is conjugate in PGO} (¢) to

N x R. This means up to conjugacy in PGOJ (¢q), M is one of
1. Lxq:(qg—1)/d,
2. L X Dyg—1)/q or
3. L X Dag41)/d-

Now let G be the image of G in PGO} (¢q). We will show that G < K.

Consider G N P (q). This contains an element of order (¢ — 1) /d? and so lies in
L x Mpg, where Mg is one of g : (¢ — 1) /d, Dagg—1)/a or Da(g+1)/4, as shown above.

As GNP (q) contains an element of order (¢> — 1) /d?, there exists a prime r such
that G N PQJ (¢) contains a Sylow r-subgroup of L. For example, we can take r to be a
prime dividing

(¢q—1)/d, if Mg = Dy(gy1y/a,

(¢g+1)/d, otherwise.

Let T be such a Sylow subgroup of G N PQJ (¢). We know G NPQJ (q) < G, so by the
Frattini argument, we have G = Ng (T') (G N PQY (q)) -
Suppose G is not contained in K. Then there is ¢ € G such that LY = R. In particular,

we may pick n € Nz (T') such that L™ = R. But this means

T=TNT=TNT"<LNL"=LNR=1,

which cannot happen. Hence G <K andsoG<K.
Finally, let Y be one of ¢ : GLy (¢), GLy (¢q) .2 or GUy (g) .2 and let Y be the image
of Y in PGOJ (q). The same arguments in Theorems 5.1.1, 5.2.5 and Proposition 5.3.8

applied to GOj (¢q) show that Y contains a linear Singer cycle of GO} (q), so the above
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argument says that Y < K. This means Y NPQY () has order [Y| /d?. Also Y NP (q)
contains A N P (¢) and so is contained in a conjugate of L x M.

IfY =q:GLy(g), then |Y NPQY (q)] = ¢* (¢ — 1) (¢* — 1) /d*. By comparing orders,
we observe Y NP (¢) is conjugate to L x ¢ : (¢ — 1) /d.

If Y = GLs (¢) .2, then |7 NPQy (q)‘ =2q(q—1)(¢* — 1) /d*. Again by comparing
orders, we see Y N PQJ (q) is conjugate to L X Da(y—1)/a-

If Y = GUy(q) .2, then |Y NPQY (¢)| = 2¢(¢+1) (¢* — 1) /d* and so by comparing
orders, Y N PQY (g) is conjugate to L x Doggi1)/a-

We have shown that if G < GO} (¢) containing a linear Singer cycle of GO} (g), then
the image of G in PQYJ (q) is contained in L x Mp. Since G < K and the L x My form a
complete list of maximal subgroups of P§); (¢) containing an element of order (¢* — 1) /d?,

we conclude that G is contained in a conjugate of ¢ : GLy (¢) , GL2 (¢q) .2 or GUy (¢q) .2. 0
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CHAPTER 5
(GEOMETRIC SUBGROUPS CONTAINING A

LINEAR SINGER CYCLE

In this chapter, we begin the proof of the main theorem. Let X be one of Sp,, (q),
GUs, (q) or GO, (¢q), where n > 2 for Spy, (¢) and GUs, (¢) and n > 3 for GO3, (¢),
and suppose that G < X contains a linear Singer cycle of X. Our main tool will be
Aschbacher’s classification of the subgroups of X, into the so called Aschbacher classes,
given in [2].

We first assume that G lies in one of the classes C; to Cg of Aschbacher’s theorem.
We will use the subgroup lists in Tables 2.2, 2.3 and 2.4 to determine which classes of
subgroups that G can lie in. Most of the time, we will use primitive prime divisors of
¢"™ — 1 as well as bounds on the element orders in classical groups found in [14] and [28].

As before, let 2 denote the linear Singer subgroup of X.

5.1 Reducible subgroups

Suppose first that G acts reducibly on V', so GG stabilizes a proper, non-trivial subspace of

V', so lies in class C;. Assume first that X # Sp, (2). The following theorem immediately
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follows from Theorem 3.2.2. Recall that V' = W; & W5, where
Wy ={(v,0):v e GF(¢"")},

and

Wa = {(0,6%) : 6 € (GF (¢""))™"}.

Theorem 5.1.1 Let G < X contain a linear Singer cycle of X and suppose that G is
reducible. Also, let Wy and Wy be the subspaces of V' defined above. If X # Sp, (2), then
either G < Stabyx (W7) or G < Stabx (W3).

The subspaces W; and W5 are n-dimensional and isotropic and so their stabilizers are
maximal parabolic subgroups of X. From Tables 2.2, 2.3 and 2.4, if M is the stabilizer

of one of these subspaces in X, then

qn(n+1)/2 . GLn (Q) , it X = San (q) )
M = an . GLn (q2) , if X = GU2n (q) )

Now assume that X = Sp, (2). Recall the definitions of the subspaces U;, U, and
U, of V from Theorem 3.2.2. These, together with W; and W5, are the only subspaces
invariant under the action of the linear Singer cycle. Hence in this case, we obtain the

following.

Theorem 5.1.2 Suppose that X = Sp, (2). Let G < X contain a linear Singer cycle of
X and suppose that G is reducible. Then G lies in the stabilizer of one of Wy, Wy, Uy, U,

or U,z.
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Each of the subspaces W7, W5 and U, are 2-dimensional isotropic subspaces. Therefore

their stabilizers are maximal parabolic subgroups isomorphic to
222+D/2 . QLy (2) =2 23 1 S5 = 21 Ss.

On the other hand, the subspaces U; and U 2 are 2-dimensional non-degenerate subspaces

and Uj" = U,2. This means their stabilizer is isomorphic to
Sp2 (2) X sz (2) = Sg X 83.

This group is not maximal in X since it is contained in the direct sum stabilizer Sp, (2)2

which is a member of C5. We shall deal with this in the next section.

5.2 Imprimitive subgroups

Suppose that G acts irreducibly on V' and assume that G acts imprimitively on V. That is,
G preserves a direct sum decomposition V' = @, V;, where the V; are subspaces having
the same dimension. We investigate when the linear Singer cycle of X can preserve such a
decomposition. The case when the V; are isotropic subspaces follows from Theorem 3.2.2.
When the V; are non-degenerate, we use primitive prime divisors of ¢"* — 1 to obtain
conditions on m. We then apply element order bounds from Theorem 2.2.6. From now

on, we consider the symplectic, unitary and orthogonal cases separately.

Symplectic Case

Let X = Sp,, (). Our Theorem in this section is the following.

Theorem 5.2.1 Let G < Spy, (¢) and suppose that G contains a linear Singer cycle of
SPan, (q). Also assume that G preserves a direct sum decomposition of V, so G lies in

class Co. Then either q is odd and G is contained in GL, (q) .2 or (n,q) = (2,2) or (2,3)
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and G lies in Spy (q) 1 Ss.

It follows directly from Theorem 3.2.2 that a linear Singer cycle of Sp,, (¢) preserves
the isotropic direct sum W; @& W5, and so lies in the isotropic direct sum stabilizer
GL,, (¢) .2. Therefore we only need to consider the case when each V; is non-degenerate

in which case the stabilizer of the direct sum is Spy (¢) 2 S,, with n = km.

Proposition 5.2.2 Let M be the subgroup Spyy, (q) 1Sy of Spay, (¢), with km = n. Then

M contains a linear Singer cycle of Sps, (q) if and only if (k,m) = (1,2) and ¢ =2 or 3.

Proof. Let M = Spy, (¢) 1 S, and suppose first that m # 2. If a primitive prime divisor
of ¢" — 1 does not exist, then by our assumptions, we have (¢,n) = (2,6) and either
(k,m) = (1,6) or (2,3). But in these cases, 7 divides the order of 2, but does not divide
the orders of Sp, (2) 2 Sg or Sp, (2) 1 Ss.

Therefore, ¢" — 1 has a primitive prime divisor, r. Since

ren+1l=km+1>m,

r cannot divide |S,,| and so divides |Spy (¢)|. This means that r divides an expression

of the form ¢* — 1, for 1 <4 < k. This is a contradiction, since 2k < km = n, by our
assumption.

Therefore, we can assume that m = 2 and so n is even, M = Sp, (¢) ! Sz and V
is a direct sum of two non-degenerate subspaces V; and V5. Let M, be the pointwise
stabilizer of {Vi,V5}, so My = Sp, (q¢) x Sp,, (q). Let Ay = A N My and note that
120 : Ap| = ged (2, — 1). Also, let L :=Sp,, (¢) x 1 and R :=1x Sp,, (¢q), so My =L x R.

Then, by the Second Isomorphism Theorem, we have

Ao/ (Ao N R) = RA/R < LR/R L.
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If Ay N R # 1, then there is a non trivial element of 2 that fixes every vector in V;, which
contradicts Lemma 3.1.3. So 2l N R = 1 and 2, is isomorphic to a subgroup of Sp,, (¢q).
Therefore we can use the bounds on the element order of Sp,, (¢) given in Theorem 2.2.6
to get

(¢"—1)/ged (2, — 1) < ged (2,¢ — 1) "2/ (g — 1).

This only gives the solutions n =2 and ¢ = 2, 3 or 5.

If ¢ = 5, then the maximum element order in Sp, (5) is 10. But(5? — 1) /2 = 12, a
contradiction.

If ¢ =3, then M = SL5 (3) S, and this contains an element order 8 from MAGMA [5].
Since there is a single conjugacy class of cyclic subgroups of order 8 in Sp, (3), the Singer
cycle of GLj (3) lies in a conjugate of SLy (3) ¢ Ss.

Finally if ¢ = 2, then as mentioned in Section 5.1, the linear Singer cycle of Sp, (2)
preserves a non-degenerate subspace. Therefore the linear Singer cycle lies in M, =

SLs (2) x SLs (2) and consequently is in M = Sp, (2) ¢ So. This gives the result. O
This concludes the proof of Theorem 5.2.1.

Unitary Case

Now assume X = GUgy, (¢) . Our theorem is as follows.

Theorem 5.2.3 Let G < GUs, (q) and suppose that G contains a linear Singer cycle of
GUsy, (q). Also assume that G preserves a direct sum decomposition of V', so G lies in

class Co. Then G is contained in GL, (¢*) .2.

As before, by Theorem 3.2.2, the linear Singer cycle of GUy, (¢q) preserves W; @ W,
which means it lies in the isotropic direct sum stabilizer, which in this case is GL, (¢*) .2.
So again we can assume each V; is non-degenerate and the direct sum stabilizer is GUy (g)

S, where 2n = km.
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Proposition 5.2.4 Let M be the subgroup GUy, (q)1S,, of GUs, (q), with 2n = km. Then

M does not contain a linear Singer cycle of GUs, (q).

Proof. As before, we assume first that m # 2. If ¢*® — 1 does not have a primitive prime
divisor, then (n,q) = (3,2) and (k,m) = (1,6) or (2,3). But neither GU; (2) ! Sg nor
GUs (2) 1S3 contain elements of order 7, so cannot contain a element of order 63.

Therefore ¢*" — 1 has a primitive prime divisor, r. Since
rez2n+l=km+1>m,

we see that 7 must divide |GUy (¢)|, and so divides []}_, <qi - (—1)i). This means that
2k > 2n = km, a contradiction since m # 2.

So assume that m = 2 and M = GU,, (¢) 1 Se. Let My = GU,, (q) x GU,, (q) and let
Ao = AN My. A similar argument as in Proposition 5.2.2 shows that 2l is isomorphic to

a subgroup of GU,, (¢). By examining the element orders in Theorem 2.2.6, we see

(®"—1) /ged (2,g—1) < (¢+1) (¢" '+ &),

which gives n = 2 and ¢ = 3 or 2. Here the maximum element orders in GU; (2) and
GU, (3) are 6 and 12, respectively, and so using these numbers in our bounds gives a

contradiction. H

This concludes the proof of Theorem 5.2.3.

Orthogonal Case
Finally, let X = GO3, (¢). Then our theorem is the following.

Theorem 5.2.5 Let G < GO3,, (q) and suppose that G contains a linear Singer cycle of
GO3. (q). Also assume that G preserves a direct sum decomposition of V, so G lies in

class Co. Then G is contained in GL, (q) .2.
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We again note that by Theorem 3.2.2, the linear Singer cycle preserves the direct sum
W1 @ W, and so lies in the isotropic direct sum stabilizer GL,, (¢) .2. Consequentially, we
may assume that each V; is non-degenerate. The stabilizer of the direct sum then is either
GO3;, (¢) 1S, where e = £+, n = km and m is even when ¢ = —, or GOy (q) ¢ S,,, where

km = 2n, kq is odd and either n is even or ¢ = 1 mod 4.

Proposition 5.2.6 Let M be the subgroup GO3, (q) 1S, of GO3, (q), where e = 4+, n =

km and m is even when ¢ = —. Then M does not contain a linear Singer cycle of
GOy, ().
Proof. First we assume that m # 2 when ¢ = —. If ¢" — 1 does not have a primitive prime

divisor then (n,q) = (6,2) and M is one of GO3 (2)1Ss, GOj (2) 1S3 or GOZ (2)1S,. But
none of these groups contain an element of order 63.

So ¢"™ — 1 has a primitive prime divisor, r. We have

rezn+1l=km+1>m,

so r divides |GO3;, (¢)|. Since 2k — 2 < km = n and r is a primitive prime divisor, we see
that r divides ¢* 4 1, a contradiction.
Therefore, we may assume that m =2, son > 4 and M = GO,, (¢) 1 Sz. By a similar

argument as in the symplectic case, by Theorem 2.2.6 we see

(¢"—1)/ged (2, — 1) < ged (2, — 1) ¢"272/ (¢ — 1),

which has no solutions for n > 4. O

Proposition 5.2.7 Let M be the subgroup GOy (q) 1S, of GO5. (q), where km = 2n, kq
1s odd and either n is even or ¢ = 1 mod 4. Then M does not contain a linear Singer

cycle of GO3,, (q).
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Proof. By our assumption, ¢" — 1 has a primitive prime divisor, r. Note that r cannot
divide |GOy (¢)|, since
E—1<(km—2)/2<n.

So r divides |S,,| and in particular » < m. On the other hand,

rzn+1=(km+2)/2,

So (km 4+ 2) /2 < m, which gives (kK —2)m < —2. In particular K —2 < 0, so k = 1.
Thus M = GO; (¢)!Ss,. Using the bound for the maximum element order in symmetric

groups given in [28, Proposition 3.22], we get

qn -1 < 2€2n/e’

which has no solutions for n > 3 and ¢ a power of a prime. O

This concludes the proof of Theorem 5.2.5 and the imprimitive case.

5.3 Stabilizers of extension fields

Assume G acts primitively on V' and suppose that G does not act absolutely irreducibly
on V. Then G lies in class C3 and G lies inside an extension field-type subgroup of X. For
all but two sets of groups in class Cs, we use embeddings of extension field type groups of
GL, (¢"), appearing in Theorem 2.1.4 to prove the result. For the remaining two cases,

we use primitive prime divisors of ¢"* — 1 to rule these out.

Symplectic Case

First let X = Sp,, (¢). Then there are two sets of subgroups in class C3. These are
SPan/s (¢°) -8, for some prime s dividing n and GU,, (¢) .2 for ¢ odd. Our Theorem in this

section is the following;:
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Theorem 5.3.1 Let G < Sp,, (q) and suppose that G contains a linear Singer cycle
of Sps, (q). Assume that G lies inside class Cs so is contained in an extension field-type
subgroup of Sp,, (q). Then either G is contained in Sp,, ;, (¢°) .s for some prime s dividing

n, orn is even, q is odd and G is contained in GU, (q) .2.

We first show that the subgroups, Sp,,, /s (¢°) .5 contain a linear Singer cycle of Sp,, (q) -

Proposition 5.3.2 If s is a prime dividing n, then the subgroups Spy,, s (¢°) -s of Spy,, (¢)

contain the linear Singer cycle of Sp,, ().

Proof. There are embeddings of GL,/, (¢°) into Sp,,, /s (¢°) as well as GL,, (¢) illustrated in

Figure 5.1. By Theorem 2.1.4, the Singer cycle of GL,, (¢) lies in a conjugate of GL,/s (¢°)

SPa, ()

Figure 5.1: Embedding GL,/; (¢°) into Sp,, /s (¢°) and GL, (¢)

and so lies in a conjugate of Sp,, ; (¢°). Hence it lies in a conjugate of Sp,, ; (¢°) .s. [

For GU,, (¢q) .2, we distinguish between the cases when n is odd and when n is even.

Proposition 5.3.3 If n is even and q is odd, then the subgroups GU, (q).2 of Sps, (q)

contain the linear Singer cycle of Sp, (q).

Proof. We have embeddings of GL,, /> (¢*) into GU,, (¢) and GL,, (¢). The partial subgroup

lattice of these groups in Sp,, (¢) is shown in Figure 5.2.
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GU, (

2\

n/2 (q2)

Figure 5.2: Embedding GL, > (¢*) into GU,, (¢) and GL, (¢).

As before, the Singer cycle of GL,, (¢) lies in a conjugate of GL,, /5 (¢*) by Theorem 2.1.4

and hence lies in a conjugate of GU,, (¢). Therefore it lies in a conjugate of GU,, (¢) .2.0

If n is odd, then GU,, (¢) .2 does not contain a linear Singer cycle of Sp,,, (¢), or in fact

any element of order g™ — 1. This follows directly from the following proposition.

Proposition 5.3.4 Let ng be odd. Then the order of GU, (q).2 is not divisible by a

primitive prime divisor of ¢" — 1.

Proof. Note that since n is odd, a primitive prime divisor of ¢ — 1 exists. Let r be such
a prime that divides the order of GU,, (¢).2. We know r cannot be 2, so r divides the

order of GU,, (¢) . We can write

(n+1)/2 (n-1)/2
GUL () =" T @ '+1) ] (@ -1).
k=1 k=1

Now 7 cannot divide ¢, since ¢ and ¢® — 1 are coprime, nor can it divide ¢** — 1 for
1 <k<(n—1)/2since 2k < n. Also r does not divide ¢"+ 1, since the greatest common
divisor of ¢" — 1 and ¢™ + 1 divides 2. Therefore » must divide one of the ¢**~ + 1 for

1<k<(n+1)/2, sor divides

(qQk‘—l + 1) (qQk‘—l _ 1) — q2(2k;—1) —1.
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Consider ged (¢™ —1,¢" — 1) where m := 2(2k — 1). By [19, Hilfssatz 2a], this is
equal to ¢&4™™ — 1 and note that ged (m,n) < n. If ged (m,n) = n then n divides m.
But then, since m/2 < n, this forces m = n, contrary to n being odd.

So ged (m,n) < n. But r divides ged (¢™ — 1, ¢™ — 1) which contradicts the assumption
that r is a primitive prime divisor. Thus the order of GU, (¢) .2 cannot be divisible by a

primitive prime divisor of ¢" — 1. 0
Propositions 5.3.2, 5.3.3 and 5.3.4 together prove Theorem 5.3.1.

Unitary Case

Now assume that X = GUs, (¢). In this case, there is only one set of subgroups in class
C3. These have the structure GUy, /s (¢°) .5, where s is an odd prime. Our Theorem in

this section is the following.

Theorem 5.3.5 Let G < GUy, (q) and suppose that G contains a linear Singer cycle of
GUay, (q). Assume that G lies inside class C3 so is contained in an extension field-type

subgroup of GUs, (q). Then G is contained in GUs, /s (q) .5, where s is an odd prime.

Proof. Since there is only one set of subgroups in class C3 in this case, we only need
to show that GUy, /s (¢°) .s contains the linear Singer cycle of GU,, (¢). We argue as in
Proposition 5.3.2.

We have embeddings of GL, /s (¢**) into GUy,/s (¢°) and GL, (¢*). The partial sub-
group lattice is shown in Figure 5.3. By Theorem 2.1.4, the Singer cycle of GL,, (¢*) lies
in a conjugate of GL, /s (¢**) and hence lies in a conjugate of GUs, /s (¢*). Therefore the

Singer cycle of GL,, (¢?) lies in a conjugate GUs, /s (¢°) 5. O

Orthogonal Case

Now let X = GO3, (q). There are three sets of subgroups in class C3. These are
GO;

q®).s with s a prime dividing n, GU, (¢) .2 with n even, and GO, (¢?).2 with
2n/s
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GLn/s (q28)

Figure 5.3: Embeddings of GL,/, (¢**) into GUa, /s (¢°) and GL,, (¢°).

nq odd. Our main theorem in this section is the following.

Theorem 5.3.6 Let G < GO3, (q) and suppose that G contains a linear Singer cycle of
GO3 (q). Assume that G lies inside class C3 so is contained in an extension field-type

subgroup of GOZ,, (q). Then either G is contained in GO}

onss (@°) -5 for some prime s

dividing n, or n is even and G is contained in GU, (q) .2.

The GO;“R/S (¢°) .s and the GU,, (¢) .2 cases are dealt with the same methods as before.

In fact the GU,, (¢) .2 case is very similar to Proposition 5.3.3.

Proposition 5.3.7 If s is prime, then the subgroups GO;“n/S (¢°) .s of GO3, (q) contain

the linear Singer cycle of GO3,, (q).

Proof. There are embeddings of GL,, /s (¢*) into GOJ /5 (¢°) and GLy /s (¢°) illustrated in

Figure 5.4. The Singer cycle of GL,, (¢) lies in a conjugate of GL,/s (¢°) and hence lies

+
2n/s

GO;n/S (¢%) .s. O

in a conjugate of GO] , (¢*). Therefore the Singer cycle of GL,, (¢) lies in a conjugate of

Proposition 5.3.8 If n is even, then the subgroups GU, (q) .2 of GOJ (q) contain the

linear Singer cycle of GO3,. (q).

Proof. See Proposition 5.3.3. U
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GLn/s (qs)

Figure 5.4: Embeddings of GL, /s (¢%) into GO, ;. (¢°) and GL,, (¢°)

2n/s

As in Proposition 5.3.4, GO,, (¢?) .2 does not contain a linear Singer cycle of GO, (¢),

or any element of order ¢" — 1. This is a result of the following Proposition.

Proposition 5.3.9 Let nq be odd. Then the order of GO, (¢*).2 is not divisible by a

primitive prime divisor of q¢" — 1.

Proof. By our assumptions, ¢" —1 has a primitive prime divisor, r. Suppose that r divides

the order of GO,, (¢*).2. Then r divides
BCSIE
‘GOn (qQ) .2’ = 4q("_1) /2 H (q4Z — 1) )

i=1

Obviously 7 does not divide 4 or ¢™=9*/2 and so r must divide Hgi}l)/ (g% —1). But,

since n is odd, ¢" — 1 is not one of the terms in the product and
4((n—1)/2)=2n—-2<2n.

This gives a contradiction. 0

Propositions 5.3.7, 5.3.8 and 5.3.9 together prove Theorem 5.3.6. This concludes the

case of the extension field-type subgroups.
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5.4 Stabilizers of tensor product decompositions

We now assume that G acts absolutely irreducibly on V. Suppose that G lies in class
C4. That is G preserves a tensor product decomposition of the form V = V; ® V5 with
dim (V}) # dim (V3). We will use primitive prime divisors of ¢** — 1 to obtain conditions
on dim (V;) and dim (V3). We then apply the element order bounds from Theorem 2.2.6
and use MAGMA to consider any remaining cases. We will show that these groups do not

contain a linear Singer cycle except for just one case in GOg (2).

Symplectic Case

We first assume that X = Sp,,, (¢). In this case ¢ is odd and G is contained in the group

(Spax (q) © GOy, (¢)) - ged (m, 2)

with n = km, ¢ € {—,0,+} and m > 3. Our theorem in this section shows that this case

does not arise.

Theorem 5.4.1 Let G < Sp,, (q) and suppose that G contains a linear Singer cycle of
SPay, (q). Then G ¢ Cy.

Proof. Suppose otherwise. Then as mentioned above, ¢ is odd and G is contained in

M := (Spy, (q) © GOy, (q)) - ged (m, 2)

where n = km, ¢ € {—,0,+} and m > 3. If M contained a linear Singer cycle of Sp,, (¢),

then the order of the group,
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must be divisible by ¢" — 1. Now m > 3 and n = km, which implies n > 3 and so since
q is odd, ¢" — 1 has a primitive prime divisor, r, which must divide the order of M. We

know that r cannot divide any power of ¢ and since m > 3, we have 2k < n, which means

k

that 7 does not divide [];_, (¢ — 1). Therefore  cannot divide the order of Sp,, (¢) and

so divides the order of GO;, (q) .

If & = o, then r must divide [[" /2 (¢% — 1). But m — 1 < km = n which is a con-
tradiction. So € # o and since we also have m—2 < n, r does not divide HEZ‘; (2 1)
and so r must divide ¢™/2 — e1. If ¢ = +, then 7 divides ¢™/? — 1 and since m/2 < n, we

m/2

get a contradiction. So ¢ = — and r divides ¢"/* + 1 and so divides ¢™ — 1, which is also

a contradiction unless n = m.

Suppose now that m = n and € = —. Then n is even and M is of the form

(Sps () © GOy, (9)) 2 = (SLa (q) © GOy, (q)) -2.

Now the image of M in PSp,, (¢) is M := (PSL; (¢) x PGO;, (¢)) .2 and since M contains
a linear Singer cycle, M has to contain an element of order (¢" — 1) /2. We will now use
the element order bounds in Theorem 2.2.6 to obtain a contradiction.

If n > 8, then an upper bound for the element order of M is
(q+1)-q"72.2/ (g =1) = 24" (g +1) /(¢ = 1),
by Theorem 2.2.6. So since M contains an element of order (¢" — 1) /2, we must have
(¢"=1)/2<2¢"™P2 (g +1) /(¢ - 1).

But this inequality has no integer solutions for n > 8 and ¢ a power of an odd prime.

If n = 6, then Py (q) = PSU, (q), so this time the maximum element order in M is
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at most

(g+1)-(*+1)-2

As before, if M contains an element of order (¢" — 1) /2, we have
(°—1)/2<(¢+1)-2¢"-2=4¢" (g +1).

Again this inequality has no solutions for ¢ a power of an odd prime.

Therefore we have n = 4. Note that P (q) = PSLy (¢*), so this time an upper bound
on the element order of M is 2 (¢ + 1) (¢*> + 1). Assuming that M has an element of order
(¢" — 1) /2, we get

(¢'—1)/2<2(q+1) (£ +1),

which gives ¢ = 3 or 5. If ¢ = 5 then since the maximum element orders in PSL, (5)
and PGO; (5) are 5 and 13, respectively, an upper bound on the element order of M is

5-13-2 = 130. But in this case
(¢" —1)/2 =312 > 130.

Therefore ¢ = 3. Here, the maximum element orders in PSL, (3) and PGOj (3) are 3 and

6 and so the maximum element order of M is at most 3 -6 -2 = 36. But
(¢" — 1) /2 = 40 > 36.

This contradiction concludes the proof of the theorem. 0

Unitary Case

Now suppose that X = GUs, (¢). Then G is contained in the group GUy (q) o GU,, (q)

where 2n = km. Our main theorem in this section is the following.
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Theorem 5.4.2 Let n > 2 and let G < GUy, (q). Suppose that G contains a linear

Singer cycle of GUy, (q). Then G ¢ Cy.

Proof. If G lies in C4 then as mentioned above, G is contained in the group

M := GUy (q) o GU,, (q)

with 2n = km and k # m. Without loss of generality, we can assume that & > m.
Suppose first that m > 2. Then ¢** — 1 has a primitive prime divisor, r. If M contains a
linear Singer cycle, then r divides the order of M and so divides |GUy (¢)| or |GU,, (¢)] .
If r divides the order of GU,, (¢q), then r divides an expression of the form ¢* — (—1)i, for
1 <1< m. But 2k < km = 2n, so this cannot happen.

So we may assume that r divides the order of GU(¢). Then, r must divide an
expression of the form ¢ — (—1)i, for 1 <4 < k. Since m # 2, we have 2k < km = 2n
which gives a contradiction.

Therefore we can assume that m = 2, and k¥ = n. Then M becomes

If n is even, then a primitive prime divisor of ¢*® — 1 exists and must divide the order of
M, given that M contains a linear Singer cycle. We can assume that r divides the order
of GU, (¢). This means r either divides ¢* — 1 or an expression of the form ¢* — (—1)",
for1<i<k—1. But

k <2k —2<2k=2n,

so this cannot happen.
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Thus n is odd. Note that the image of M in PGU,, (¢) is

M :=PGU, (q) x PGU, (¢) = PGU, (¢) x PGL; (q).

If M contained a linear Singer cycle, then M contains an element of order (¢>* — 1) / (¢ + 1).
By Theorem 2.2.6, the maximum possible element order in M is ¢ (¢"2+1) - (¢ +1).

Therefore if M contains an element of order (¢*" — 1) /(g + 1), we must have

(@ =1)/(g+1)<q(@"2+1) (g +1).

But this inequality has no integer solutions with n > 3 odd and ¢ a power of a prime.

This concludes the proof of the theorem. O

Orthogonal Case

Suppose that X = GO3, (¢). Then there are three sets of groups in class C4. These are

(SPay. () © Spy,, () - ged (2,9 — 1),

where n = 2km;

GOy, (9) x SOy, (q),

with n = km and mq odd and

(GO, (g) 0 GOZ;, (9)) -2,

where m > 2, n = 2km, ¢; = + and ¢ is odd. Our main theorem is the following.

Theorem 5.4.3 Let n > 3 and let G < GOJ (q). Suppose that G contains a linear
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Singer cycle of GO3,, (¢) and that G € Cy. Then (n,q) = (4,2) and G is contained in

Sp4 (2) o Sp2 (2) = S6 X Sg.

We begin with the first set of groups in Cy.

Proposition 5.4.4 Let n > 3 and

M = (Spay, (9) © Spay, () - ged (2, — 1),

where n = 2km. Suppose further that M contains a linear Singer cycle of GO3,, (q). Then

(n,q) = (4,2).

Proof. Without loss of generality, we can assume that £ > m. Suppose first that m > 1.
Then ¢" — 1 has a primitive prime divisor, r. If M contains a linear Singer cycle, then
r divides the order of M and so divides |Spy (¢)] or |Sps,, (q)|. If  divides the order
of Spy,, (q), then r divides an expression of the form ¢* — 1, for 1 < i < m. But
2m < 2km = n, so this cannot happen.

Hence we may assume that r divides the order of Spy; (¢). Then r divides an expression
of the form ¢% — 1, for 1 <1 < k. But then 2k < 2km = n, which gives a contradiction.

So we can assume m = 1. So n = 2k and

M = (Sp,, (¢) ©Sp, (¢)) -ged (2, — 1) = (Sp,, (¢) 0 SLa (g)) - ged (2,9 — 1)

Observe that the image of M in PGO3, (q) is

M := (PSp,, (¢) x PSL2(q)) .gcd (2,9 —1).

If M contains a linear Singer cycle of GO, (¢), then M contains an element of order
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(¢" — 1) /ged (2,q — 1). By Theorem 2.2.6, an upper bound for the element order of M
is

(¢"*272/(q=1)) - (q+1) - ged (2, — 1)

We therefore have to have

(¢"—1)/ged(2,q—1) < ged (2, = 1) ¢ (g +1) /(¢ - 1).

The only integer solutions to this inequality with n > 4 and ¢ a power of a prime, are
n=4and ¢ =2, 3 orb.

If ¢ = 5, then the largest element orders in PSp, (5) and PSLy (5) are 30 and 5, respec-
tively, so the largest possible element order in M is 300. But (¢* — 1) / ged (2,¢ — 1) = 312,
a contradiction. If ¢ = 3, then we can observe that 5 divides (¢* — 1) /ged (2,¢ — 1) but
doesn’t divide the order of M, so this case is also ruled out.

This leaves us the case when ¢ = 2. Here ¢" — 1 = 15 and
M = Sp, (2) X Sp, (2) =S¢ x Ss.

In GOy (2), there are two conjugacy classes of subgroups of order 15. One class contains
subgroups whose centralizer has order 30, the other contains self centralizing subgroups.
Hence by Proposition 3.3.2, the linear Singer cycle is contained in a conjugate of a sub-
group of GOy (¢) that contains a self-centralizing subgroup of order 15. From the MAGMA
code in Appendix A.1, M contains a self centralizing subgroup of order 15. Therefore the

linear Singer cycle is contained in a conjugate of M. 0

Now all that is left to do is to rule out the other cases. This will follow from the

following two results.
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Proposition 5.4.5 Let n = km and mq be odd. Then the order of M := GOJ, (¢q) x

SO, (q) is not divisible by a primitive prime divisor of ¢* — 1.

Proof. Since mq is odd, ¢" — 1 does indeed have a primitive prime divisor. Let r be such
a prime divisor and suppose that r divides the order of M. If r divides |SO,, (¢)|, then
r divides an expression of the form ¢* — 1, for 1 < i < (m — 1) /2. This cannot happen
because

m-—1<km—-—1<n.

Therefore r divides ‘GO;}C (q)| and so divides either ¢* — 1 or an expression of the form

¢ —1,for 1 <i<k—1. But k< km=nand
2k —2 <km —2 < n.

The result follows. 0

Proposition 5.4.6 Let n = 2km and q be odd. Also let m > 2 and ¢; € {—,+}. Then

the order of M = (GO3}. (q) o GOZ2, (q)) .2 is not divisible by a primitive prime divisor of

2m

qt —1.

Proof. Note that since ¢ is odd, a primitive prime divisor of ¢" — 1 exists, so let r be
such a prime divisor. Assuming r divides the order of M, we observe r divides either
|GO3;, (¢)] or |GO3Z2, (q)| - By relabeling if necessary, we may assume that r divides the

order of GO3. (¢q). Note r cannot divide ¢F — 1 as
k < 2k < 2km = n,
therefore r divides an expression of the form ¢* — 1, for 1 <i <k — 1. But

2k — 2 < 2km — 2 < n,
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which cannot happen. 0

Propositions 5.4.4, 5.4.5 and 5.4.6 together give the proof of Theorem 5.4.3.

5.5 Stabilizers of subfields

Assume that G lies in class Cs, so G is contained in the stabilizer of a subfield of GF (¢")
of prime index. As before, we use primitive prime divisors of ¢“* — 1 and the element
order bounds in Theorem 2.2.6 to deal with this case. We will show that these groups do

not contain a linear Singer cycle of X except in just one case when X = GU, (2).

Symplectic Case

Suppose first that X = Sp,,, (¢). Then ¢ = ¢, where m is prime and G is contained in

the group

v SPa, (q0) -2, if m = 2 and ¢ is odd,

SPan (90) otherwise.

Our Theorem in this section is the following.

Theorem 5.5.1 Let n > 2 and G < Spy, (¢). If G contains a linear Singer cycle of

SPay, (q), then G ¢ Cs.

Proof. Suppose G € Cs, so ¢ = ¢ for some prime m and let M be as above. We will
show that M cannot contain any element of order ¢" — 1, to obtain a contradiction.
Suppose first that m # 2 so mn > 6. If gg = 2 and mn = 6, then n = 2 and
¢" — 1 = 63. On the other hand, M = Sp, (2), which obviously contains no element of
order 63.
Therefore, ¢gi"™ — 1 has a primitive prime divisor, 7. If M contains an element of order
q" — 1, then r divides the order of M. Hence r divides an expression of the form ¢3' — 1,

for 1 < i < n. Since 2n < mn, this is a contradiction.
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So assume m = 2 and M = Sp,,, (qo) - ged (2,9 — 1). By 2.2.6, an upper bound for the

element order in M is

ged (2, — 1) (¢¢™/ (g0 — 1)) -ged (2,g — 1) = ged (2,g — 1)* g5/ (g0 — 1) -

If M contained an element of order ¢" — 1, we get

@ —1<ged (2,017 (90— 1),

which has no integer solutions for n > 2 and ¢y a power of a prime.
This contradiction shows M cannot contain an element of order ¢" — 1 and proves the

theorem. ]

Unitary Case

Now suppose that X = GUs, (¢). There are three sets of groups in class C5. These are
Cyi1.PCUy, (qo) , where ¢f' = ¢ with m an odd prime, C,,; o GO3, (¢), for ¢ odd and

Cy+1 0 SPy, (q) . Our theorem is the following.

Theorem 5.5.2 Let n > 2 and let G < GUy, (q). Suppose that G contains a linear
Singer cycle of GUy, (q) and that G € Cs. Then (n,q) = (2,2) and G is contained in
C3 @) Sp4 (2) = 3 X SG.

We first rule out the C,41.PGUs, (go) case. This follows immediately from the follow-

ing proposition.

Proposition 5.5.3 Let ¢ = qf* with m an odd prime. Then the order of Cy41.PGUa, (qo)

15 not divisible by a primitive prime divisor of qf'™ — 1.

2nm

Proof. Since n > 2 and m is an odd prime, ¢;

— 1 does indeed primitive prime divisor.

Let r be such a prime divisor and suppose that r divides the order of C,41.PGUy, (o). If
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r divides ¢ + 1, then r divides ¢*> — 1 = ¢#™ — 1, which cannot happen. So r divides the
order of PGUy, (q) and so divides an expression of the form ¢}, — (—1)i, for 1 < i < 2n.

But 4n < 2nm, a contradiction. 0

Proposition 5.5.4 Let g be odd and M = Cyiq 0 GO3, (q) where e = . Then M does

not contain a linear Singer cycle of GUg, (q) .

Proof. Assume that M contains a linear Singer cycle of GUy, (¢). Suppose first that
€ = +. Since ¢ is odd, ¢** — 1 has a primitive prime divisor, . If M contains a
linear Singer cycle of GUy, (¢), then r divides the order of M. We know that r cannot
divide ¢ + 1, ¢"Y or ¢™ — 1, so it must divide an expression of the form ¢* — 1, where
1 <i<n—1. But 2n — 2 < 2n, a contradiction.

So we may assume that ¢ = —. The quotient group,

M= C(q+1)/2 X PGOQ_n (q)

of M contains an element of order (¢*® — 1) /2, by our assumption. If n > 4, then by

Theorem 2.2.6, an upper bound on the element order of M is

((g+1)/2)- (¢""/(@=1) =¢"" (¢+1)/2(¢—1).

Since M contains an element of order (¢?® — 1) /2, we must have

(" —=1)/2< " (q+1) 2(¢—1).

But this inequality has no integer solutions for n > 4 and ¢ an odd power of a prime.

If n = 3, then using the fact that PQy (¢) = PSUy4 (¢) and Theorem 2.2.6, an upper
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bound on the element order of M is

((g+1)/2)- (¢ +1).

Again, using our assumptions,

(°=1)/2<(q+1) (*+1) /2,

which again has no integer solutions for ¢ an odd power of a prime.

[

So we can assume n = 2. In this case using Theorem 2.2.6 and noting PQ, (¢) =

PSL;, (¢?), an upper bound on the element order of M is

((g+1)/2)- (¢ +1).

Hence, using our assumptions again, we get

(¢ —1)/2<(qg+1) (¢ +1) /2.,

But again this inequality has no integer solutions for ¢ an odd power of a prime.

Therefore we can conclude that M cannot contain a linear Singer cycle of GUy, (¢).00

Proposition 5.5.5 Let M := C,110Sp,, (¢) and suppose that M contains a linear Singer
cycle of GUy, (q). Then (n,q) = (2,2).

Proof. Suppose that M contains a linear Singer cycle of GUg, (¢). By our assumption,
the quotient group,

M = Clg+1)/ ged(2,9-1) X PSPy, (q)

of M contains an element of order (¢*" —1)/ged (2,q —1). Using Theorem 2.2.6, an
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upper bound for the element order in M is

((q+1)/ged (2,g—1))- (¢""/ (¢ —1)).

Hence, since M contains an element of order (¢*® — 1) /ged (2, ¢ — 1), we must have

(@ —1)/ged(2,¢-1) < (g+1)¢"/ged (2, = 1) (¢ — 1).

Since n > 2 and ¢ is a power of a prime, the only integer solution to this inequality is

(n,q) =(2,2).
In this case

M = C308p, (2) =3 x Sg

and the linear Singer cycle of GUy4 (2) has order 15. Using MAGMA [5], we can see all
subgroups of order 15 in GUy (2) are conjugate and M clearly contains a subgroup of

order 15, therefore the linear Singer cycle is contained in a conjugate of M. O

Propositions 5.5.3, 5.5.4 and 5.5.5 form the proof of Theorem 5.5.2.

Orthogonal Case

So we can assume that X = GO3, (¢). Here ¢ = ¢, where m is prime and G is contained
in M := GOS, (qo), where ¢ = + and m = 2 when ¢ = —. Our main theorem is the

following.

Theorem 5.5.6 Let n > 3 and G < GO3, (¢). If G contains a linear Singer cycle of

GO3. (q), then G ¢ Cs.

Proof. Suppose G € Cs, so ¢ = (' for some prime m and let M be as above. We show

that M does not have an element of order ¢" — 1, to obtain a contradiction.
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Suppose otherwise and first assume ¢ = +. If gg = 2 and kn = 6 then kK =2, n = 3.
But then M = GO (2) has no element of order 63.

Therefore g§™ — 1 has a primitive prime divisor, r, which divides the order of M by our
assumption. This implies that r divides an expression of the form ¢2 —1, for 1 <i < n—1.
But 2 (n — 1) < 2n < kn, a contradiction.

So we may assume that ¢ = — and so m = 2. We again use the element order bounds
in Theorem 2.2.6 to rule out these cases. If n > 4, then an upper bound for the element

order in M is

ged (2,q0 — 1) - 5™/ (qo — 1) .

Therefore by our assumption we have

g —1<ged(2,g0—1)- g™/ (qo—1).

But this inequality has no integer solutions for n > 4 and ¢y a power of a prime.
Therefore n = 3. If gy > 2 then since P§; (o) = PSUy (o) and using Theorem 2.2.6,
an upper bound on the element order of M is ged (2,q0 — 1) (¢* + 1) and so by our as-

sumption we get

(a6 — 1) <ged (2,00 - 1) (4" + 1)

This again has no integer solutions for ¢y a power of a prime. So gy = 2 and ¢" — 1 = 63.
But M = GOg (2) has no elements of such order.
Therefore that M cannot contain an element of order ¢" — 1. This concludes the proof

of the theorem. O

This concludes the case of the subfield stabilizers.
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5.6 Normalizers of symplectic-type groups

Now assume that G lies in class Cg. Then G normalizes a symplectic-type r-group lying
in an absolutely irreducible representation, where r is a prime different to p. We use the
element order bounds from Theorem 2.2.6 to show that these groups do not contain a
linear Singer cycle of X except in just one case when X = Sp, (3).

Symplectic Case

Assume X = Sp,, (¢). Then ¢ is an odd prime and G lies in the group

. 212m 0o (2),  when ¢ =43 (mod 8),
212 GO, (2), when ¢ =41 (mod 8),

where 2n = 2™. Our theorem in this section is the following.

Theorem 5.6.1 Let G < Sp,, (q) and suppose that G contains a linear Singer cycle of
SPy,, (¢). If G € Cg then (n,q) = (2,3) and G is contained in 2. (2) = 214 A5,

Proof. Let M be as above and suppose M contains an element of order ¢" — 1. Suppose
first that m > 4. The largest possible element order in 2'7*™ is 4 and an upper bound

for the element order in GO, (2) is 2! by Theorem 2.2.6. Therefore
q" —1<4 (27 =2mt,
and so since ¢ is an odd prime, we have
3T—1< gt —1<2ms,

Since n = 2™, there are no integer solutions to this inequality for m > 4 and ¢ an odd

prime.
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Now suppose that m = 3 and so n = 4. Then the largest element order in GOy (2) is
12. Therefore we have

80=3"—1<¢"—1<4-12=48,

which cannot happen.
Therefore m = 2 and so n = 2. The largest element order in GO, (2) is 6, so this time

we get ¢> —1 <4 -6 = 24, which means ¢ = 3 or 5. In these cases

M =21 QO (2) =21 Ay,

and the maximum element order in Aj is 5. This means the largest element order in M
is at most 4 -5 = 20. But if ¢ = 5, then ¢*> — 1 = 24, so this cannot happen.

Therefore ¢ = 3. Letting 2 be the linear Singer subgroup of Sp, (3) as usual, we see
that 21 has order 8, so is contained in a Sylow 2-subgroup, 7" of Sp, (3). Since M has
odd index in Sp, (3), M contains a Sylow 2-subgroup, S of Sp, (3). Since any two Sylow

2-subgroups are conjugate, there is a g € Sp, (3) such that S9 = T'. Therefore

ALT =59 < MY,

This proves the theorem. O

Unitary Case

If X = GUy, (q), then ¢ = 3 mod 4 and G lies in

M = Cyy1 0272 Sp,,. (2),

where 2n = 2™. Before we prove the main theorem of this section we shall need the

following lemma.
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Lemma 5.6.2 For all d > 2, we have the following polynomial factorization
-1
22— 1= (x+1)(:p—1)H<:p21+1>.
i=1
Proof. We prove by induction on d that
-1
<x2d—1>/(x+1) — @-1)1‘[(#41).
i=1
If d = 2, we have
<x22 —1)/(x+1) =@ (P +1) /@t =(x—1) (2 +1),

as required, so assume the result for d = k. Then by induction, we have

(:102k+1 — 1> [(x4+1) = (ka - 1> (:L'Qk + 1) /(x+1)

k—1
_ (a:?k—l—l) (x—1)H(xT+1> :(x—l)H(xTH).
i=1 i=1
Hence result follows by induction. 0

Now we are ready to prove the main theorem of this section.

Theorem 5.6.3 Let n > 2 and G < GUs, (q). Suppose that G contains a linear Singer

cycle of GUy, (q). Then G ¢ Cs.

Proof. Let M be as above. We will show that M cannot contain an element of order

¢*" — 1. Using Theorem 2.2.6, an upper bound for the element order in M is

If M contained an element of order ¢** — 1, then ¢** — 1 < 2™ (¢ + 1) and so
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(¢ —1) /(g +1) < 2™+, (5.6.1)

Also 2n = 2™, so by Lemma 5.6.2, we have

O —1)/4 = (3™ -1)/B+1)=03B-1 ﬁ1<32+1) <(g—1) Tﬁ(fﬂ)

= (¢ -1)/(g+1)

and so (92m_1 — 1) /4 < 2m3. This inequality gives only the solution m = 2. In this
case, we also have n = 2 and so since ¢ = 3 mod 4, Inequality 5.6.1 gives only the solution
= 3. Therefore
M = 402"8p, (2) = 402!

lying inside GUy(3). But the largest element order in 4 o 2% and Sz are 4 and 6,
respectively, and so the largest possible element order in M is 24. Since ¢** — 1 = 80, we

have a contradiction. This concludes the proof of the theorem. 0

Orthogonal Case

If X = GO3, (¢), then ¢ is an odd prime and G is contained in

o 242m QOF (2),  if g= 43 mod 8,

247 GO, (2), if g==+1mod 8,
where 2n = 2™. Qur main theorem in this section is as follows.

Theorem 5.6.4 Let n > 3 and G < GO3, (q). Suppose that G contains a linear Singer

cycle of GOZ., (q). Then G ¢ Cs.

Proof. Let M be as above. We show that M cannot contain any element of order ¢ — 1.
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If m > 4, then an upper bound for the element order in GOJ, (2) is 2™*!, using Theo-
rem 2.2.6. Following the same method as in the symplectic case then gives a contradiction.
So we can assume m = 3, which means n = 4. Using MAGMA [5] the maximum

element order in GO (2) is 15, so we have
¢'—1<4-15=160

But this has no solutions for ¢ an odd prime. Therefore M cannot contain any element

of order ¢" — 1 and so the result follows. O

5.7 Tensor induced subgroups

Now we can assume that G is contained in C;. This means that G preserves a tensor
product decomposition of the form V = ", V;, where dim (V;) = k. We will show that
for all possibilities for X, these groups do not contain linear Singer cycles of X. We will use
primitive prime divisors of ¢*” — 1 to rule out all cases except the case when X = GUy (q)
and (k,m) = (2,2) . In this case, we apply the element order bounds from Theorem 2.2.6

to prove the result.

Symplectic Case

First, let X = Spy, (¢). Then 2n = (2k)™ and G is contained in the group
1
M := 2. (PSpy (4) 218m) 5,

where gm is odd. Our theorem in this section is the following.

Theorem 5.7.1 Let n > 2 and G < Spy, (q). If G contains a linear Singer cycle of

SPay, (q), then G ¢ C.
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Proof. Let M be as above with 2n = (2k)™ and gm odd. We will show that the order of
M cannot be divisible by a primitive prime divisor of ¢ — 1 and so M cannot contain a
linear Singer cycle of Sp,,, (¢).

We know gm is odd, so ¢" — 1 has a primitive prime divisor. If r is such a prime
divisor and r divides | M|, then r must divide the order of Spy (¢) 2 S;,.

Now, r is a primitive prime divisor, so we have

rzn+1>(2k)" /2 >m.

Hence r cannot divide the order of S,,, therefore r divides the order of Sp, (¢). This
means that r divides an expression of the form ¢* — 1, for 1 <4 < k. This cannot happen

as 2k < (2k)™ /2 = n. The result follows. O

Unitary Case

Now let X = GUs, (¢). In this case 2n = k™ and G is contained in the group

M = Cysr. (PGU, (q) 1Sm) -

Our main theorem is the following.

Theorem 5.7.2 Let n > 2 and G < GUy, (q). If G contains a linear Singer cycle of

GUay, (q), then G ¢ Cy.

Proof. Let M be as above with 2n = k™. We will show that M cannot contain any
element of order ¢*" — 1.
First assume (k,m) # (2,2). Since 2n = k™ > 4, ¢** — 1 has a primitive prime divisor,

r. If M contains an element of order ¢** — 1, then its order is divisible by r. Now r cannot
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divide ¢ + 1, since n > 2 and since r is a primitive prime divisor, we have

r=2n+1=kK"4+1>m,

so r cannot divide |S,,|. Hence, r divides |[PGUy (q)|, so divides an expression of the form
¢ — (1), for 2 < i < k. But since (k,m) # (2,2), we have 2k < 2n, which cannot
happen.

Therefore (k, m) = (2,2), and so n = 2 and M becomes

Coi1- (PGU2 (¢) 12) = Cgia. (PGL2 () 22).

By Theorem 2.2.6, an upper bound on the element order of M is 2 (¢ + 1)3 and so we get,
¢* —1<2(q+ 1), which yields ¢ = 2 or ¢ = 3. But in these cases, ¢* — 1 is divisible by
5, which does not divide the order of M.

We therefore conclude that M does not contain any element of order ¢?* — 1. 0
Orthogonal Case

Finally, let X = GO3,, (q). Then 2n = (2k)™ and either G is contained in the group

2. (PSpy, (q) -20S,)

Y

N | —

where kq is even, or G is contained in the group

1
2. (PGOg;, (9) .21Sn) 5

where ¢ is odd. Our main theorem is the following.

Theorem 5.7.3 Let n > 3 and G < GO3, (q). If G contains a linear Singer cycle of
GO3, (¢), then G ¢ Cy.
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We will show that the orders of the above groups in C; are not divisible by primitive

prime divisors of ¢" — 1, then Theorem 5.7.3 will follow.

Proposition 5.7.4 Suppose that 2n = (2k)™ and kq is even. Then the order of

1
M :=2.(PSpy, (9) 218m) 5

1s not divisible by a primitive prime divisor of ¢" — 1.

Proof. Because m > 2, we have n > 3. Therefore a primitive prime divisor of ¢" — 1

exists. Now argue as in Theorem 5.7.1. U

Proposition 5.7.5 Suppose that 2n = (2k)™ and q is odd. Then the order of

1
M := 2. (PGO3;, (q) 21 Sm) 3

s not divisible by a primitive prime divisor of ¢" — 1.

Proof. Since n > 3 and ¢ is odd, ¢" — 1 does indeed have a primitive prime divisor. Let
r be a primitive prime divisor of ¢" — 1 and assume that r divides the order of M. Then
r must divide the order of GOQik (¢) 1Sy. By the same argument as in Theorem 5.7.1, we
see that 7 cannot divide [S,,| and so divides |GO3,, (¢)| Hence either r divides ¢™ F 1, or
r divides an expression of the form ¢? — 1, for 1 <i < m — 1. Both of these possibilities

give a contradiction, since 2m < n. 0

Proposition 5.7.4 and 5.7.5 together prove Theorem 5.7.3.

5.8 Classical subgroups

Finally we can now assume that G is contained in the class Cg of classical groups embedded
in X. These groups only occur when X = Sp,, (¢) and ¢ is even and consist of the

subgroups GO3, (¢). Our final main theorem of this chapter is the following.
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Theorem 5.8.1 Let n > 2 and G < Spy, (q). Also assume that G contains a linear
Singer cycle of Sp, (q) and suppose that G € Cg, so q is even. Then G is contained in
GO3, ().

The discussion preceding Proposition 3.2.9 shows that the linear Singer cycle of Sp,,, (¢)
preserves a quadratic form of plus type on V. Therefore, the linear Singer cycle of Sp,,, (q)
is contained in GOJ,, (¢). However the subgroups GO,, (¢) do not contain a linear Singer

cycle of Sp,,, (¢). This a result of the following proposition.

Proposition 5.8.2 Let 2 be the linear Singer subgroup of Sps, (q). If & preserves a

quadratic form on the vector space V', then it has plus type.

Proof. Let ) be a quadratic form on V' which is preserved by 2 and let U be a proper
non-zero 2-invariant subspace of V. Note that U has dimension n by Theorem 3.2.2. By
Aschbacher [3, the proofs of 20.11, 21.1, 21.2 and 21.3], U contains a singular vector.
Since 2 is transitive on non-zero vectors of U and 2 preserves (), all vectors in U are
singular and hence, all vectors are isotropic. This means U is a totally singular subspace.

We conclude that the Witt index of @) is n and so () has plus type. OJ

This concludes the classical subgroups case and the geometric case.
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CHAPTER 6

ALMOST SIMPLE CASES

In this chapter, we assume a subgroup G of X containing a linear Singer cycle of X lies

in class S of Aschbacher’s Theorem. Recall that G € S if and only if the following hold:

a) The socle of G is a non-abelian simple group, S, so that

S<G/(GNZ(X)) < Aut(S).

b) If L is the full covering group of S and p : L — GLy, (¢") is a representation of L

corresponding to G, in the sense that p (L) < G and

p(L)/(p(L)NZ(X)) =5,

then p (L) is absolutely irreducible.
c) p(L) cannot be realized over a proper subfield of GF (¢*).
d) If p (L) preserves a non-degenerate quadratic form on V, then X, = Q3 (q).

e) If p (L) preserves a non-degenerate symplectic form but no non-degenerate quadratic

form on V, then Xy = Sp,, (q).
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f) If p (L) preserves a non-degenerate unitary form on V', then X, = SUy, (¢).

We note that, if 2 is the linear Singer subgroup of X as usual, then since 2l contains
the centre of X, we have Z (X) < Z (X) N G. On the other hand, Z (X) NG < Z(X), so
in fact Z (X)NG =7 (X).

In the following four sections, we will determine possibilities for G by considering each
of the possible cases for S. Using the Classification of Finite Simple Groups, we consider
the cases when S is an alternating group, a sporadic group, and a Lie-type group. We
consider separately the cases where a Lie type group is defined over a field of characteristic
dividing ¢ and coprime to q.

We first deal with the sporadic groups.

6.1 Sporadic groups

Assume that S is one of the twenty six sporadic simple groups. The maximum element
orders in Aut (S) are known and can be found by looking at the character tables of S
given in the ATLAS [9]. Let X denote X/Z (X). The image of the linear Singer cycle of
X in X has order (¢"* — 1) /d where

q+1, 1fX:GU2n(q),

ged (2,¢g—1), otherwise.

So if G lies in S and contains a linear Singer cycle then, using meo (H) to denote the

maximum element order in a group H, we have
(¢"" — 1) /d < meo (Aut (5)) . (6.1.1)

Also we use a paper by Jansen [20], which lists the minimal representation degrees for

all the sporadic simple groups and their covering groups. From this, we can deduce the

104



S | meo(Aut(S)) | R(S) | S | meo(Aut(S)) | R(S5)
My 11 ) He 42 50
M, 12 6 Ly 67 111
Moo 14 6 O'N 56 45
Mas 23 11 Coy 60 24
Moy, 23 11 Cog 30 22

J1 19 7 Cogs 30 22

Jo 24 6 Figo 42 27

Js3 34 9 Fiag 60 253

Ty 66 112 | Fiy, 84 781
HS 30 20 HN 60 132
Suz 40 12 Th 39 248
McL 30 21 B 70 4370
Ru 29 28 M 119 196882

Table 6.1: meo (Aut (5)) and R (.5), where S is a sporadic group.

minimal projective representation degrees of a sporadic group. Since S is embedded into
X, it has a projective representation of degree 2n. So, using R (H) to denote the minimal

projective representation degree of a group H, we have

R(S). (6.1.2)

Using Inequalities 6.1.1 and 6.1.2 gives us an easy way to rule out most of the pos-
sibilities for S. We shall see that there are no cases for S if G lies in & and contains a
linear Singer cycle. For convenience, the values for meo (Aut (S)) and R (S) are given in
Table 6.1. We shall use this method throughout this chapter, as well as using results from

Hiss [17] and Liibeck [26] to rule out values of n. Our main result is the following.
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Theorem 6.1.1 Let G be a subgroup of X lying in S such that G/Z(X) has socle S
where S 1s one of the 26 sporadic simple groups. Then G does not a contain linear Singer

cycle

Proof. Suppose that G contained a linear Singer cycle. Assume first that X = GU,, (q) .

Then Inequality 6.1.1 becomes

(q2” — 1) /(¢ +1) < meo (Aut (9))

and so using this together with Inequality 6.1.2 and the values in Table 6.1, we can reduce
to the case when S = Jo and (n, q) = (3,2) . Hence we get an embedding of Jo in PGUg (2).
But this cannot happen since 25 divides the order of Jo but not the order of PGUg (2).

Therefore we can assume that X is either Sp,, (¢) or GO3, (¢). Inequality 6.1.1 then
becomes

(¢" —1)/ged (2, — 1) < meo (Aut (5)).
Again, using this with Inequality 6.1.2 and Table 6.1, we can reduce to the following cases:

i) S =M;j; and (n,q) = (3,2),

ii) S =M;js and (n,q) = (3,2)

iii) S = Mgy and (n,q) = (3,2) or (3,3),

iv) S =1J; and (n,q) = (4,2),

v) S =Jyand (n,q) = (3,2), (3,3), or (4,2),

vi) S =J;sand (n,q) = (5,2).

We can rule out most of these cases as these would contradict Jansen’s result. For

instance, My; has no 6-dimensional faithful irreducible representation in characteristic 2,
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so we cannot have S = Mj; and (n,q) = (3,2). The only cases we have to consider are
when S = Jo and (n,q) = (3,2), (3,3) or (4,2). The last case is ruled out since J, has
no 8-dimensional faithful irreducible representation in characteristic 2 by [17]. Hence Jo
embeds in PSpg (2), PSpg (3) or PGO{ (3). But 25 divides the order of Jo but not the
order of these groups.

Therefore since we have exhausted all possibilities for S, we can conclude that G

cannot contain a linear Singer cycle of X. O

6.2 Alternating groups

We now assume that S is an alternating group on k letters where £ > 5. Results of
Dickson and Wagner [10, 33, 34] give the smallest irreducible representation degrees of
Ay. Together with [35], we can deduce the minimal irreducible projective representation
degrees of Ay. From [24, 5.3.7],if k > 9, then R (4y) =k —2. If 5 < k < 8 then R (4y)
is smaller than k& — 2. For this reason, we divide the case of the Alternating groups into
these two cases.

For 5 < k < 8, we use the same approach as in the sporadic case. If G lies in § and has
socle Ay, we use Inequalities 6.1.1 and 6.1.2 to find values for n and ¢, then we examine
whether GG can contain a linear Singer cycle of X. For k£ > 9, we will use primitive prime

divisors which we will also use throughout the rest of this chapter.

Theorem 6.2.1 Let G be a subgroup of X containing a linear Singer cycle of X. Also
suppose that G lies in S and the socle of G/Z(X) is Ay where 5 < k < 8. Then either
X =8Sp,(2) and G = Ag, or X = GO¢ (2) and Ay < G < S7.

Proof. First let X = GUy, (¢), so the image of the linear Singer cycle of X in X has order

(¢** — 1) /(¢ +1). By our assumptions, we have

(¢*" —1) / (g +1) < meo (Aut (A;)) < meo (Sg) = 15,
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The only integer solution to this inequality with n > 2 and ¢ a power of a prime is
(n,q) = (2,2). Then we have an embedding of Ay in PGU, (2). This immediately rules
out k = 7 and k = 8, as in these cases 7 divides the order of A, but not the order of
PGUy4 (2). Now in PGU, (2), there are two conjugacy classes of groups isomorphic to Aj
contained in a single conjugacy class of Ag from MAGMA [5]. But these are contained in
the group Sp, (2) which is a member of Cs.

This completes the case when X = GUy, (¢), so we may assume that X is either
SPs,, (¢) or GO, (q). This time the image of the linear Singer cycle of X in X has order
(¢" —1)/ged (2, —1).

We now consider each value of k separately. Suppose first that S = A5. Then using

Inequality 6.1.1, we get

(¢"—1)/ged(2,q — 1) < meo(S;5) = 6.

The only integer solutions to this inequality with n > 2 and ¢ a power of a prime are
(n,q) = (2,2) or (2,3). Since we are assuming that n > 3 when X = GO (q), we only
need to consider X = Sp, (2) or PSp, (3). If X = Sp, (2), then there are two conjugacy
classes of subgroups isomorphic to A in X, using MAGMA [5]. One class has representative
Sp, (4) which is a member of Cs, the other has representative GOy (2) which is a member
of Cs. So X = PSp,(3). In this case, there are also two conjugacy classes of groups
isomorphic to As in X, but they are both contained in a conjugate of PSp, (9) which is a
member of Cs.

If S = Ag, then Inequality 6.1.1 gives

(¢"—1)/ged (2,q — 1) < meo (PT'Ly (9)) = 10.

The only integer solutions to this inequality with n > 2 and ¢ a power of a prime
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are (n,q) = (2,2), (2,3) or (3,2). We can immediately ignore (n,q) = (3,2), as then
(¢" —1)/ged(2,q— 1) = 7, which does not divide the order of PI'Ly (9). Therefore by
our assumptions, we have either X = Sp, (2) or PSp, (3). If X = PSp, (3). Then there is
a single conjugacy class of subgroups isomorphic to Ag in X. But any representative of
this class is conjugate to PSp, (9) which lies in C3. Therefore X = Sp, (2). Now Ag is a
normal subgroup of Sp, (2) lying in S and the linear Singer cycle of Sp, (2) has order 3.
Moreover, via the isomorphism Sp, (2) = Sg, all element of order 3 in Sp, (2) correspond
to even permutations in Sg. Therefore the linear Singer cycle of Sp, (2) is contained in

Ag. Therefore we have

A < GJZ(G) = G < Sp, (2).

Since G is a proper subgroup of Sp, (2), G is conjugate to Ag.

If S = Ay, then Inequality 6.1.1 gives

(¢"—1)/ged (2,q — 1) < meo (S7) = 12.

The only integer solutions to this inequality with n > 2 and ¢ a power of a prime are
(n,q) = (2,2), (2,3), (2,5) or (3,2). If (n,q) # (3,2), then X is one of Sp, (2), PSp, (3)
or PSp, (5) . But 7 does not divide the order of X, so A; cannot embed in X. So (n,q) =
(3,2) and X = Spg(2) or GOZ (2). Now in GO (2), the linear Singer cycle has order
7 and all subgroups of order 7 in GO (2) are conjugate. Also using MAGMA [5] and [6,
Table 8.3.2], there is a single conjugacy class of subgroups isomorphic to S; lying in S
and these contain an element of order 7. Therefore the linear Singer cycle of GOZ (2)
is contained in a conjugate of S;. Therefore since G/Z(X) is almost simple, we have
A; < G < S7. As a consequence of this, we can see there is a single conjugacy class of

subgroups isomorphic to S; in Spg (2), but this is contained in Cs.
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Finally, If S = Ag, then Inequality 6.1.1 gives

(¢" — 1) /ged (2,¢ — 1) < meo (Sg) = 15.

The only integer solutions to this inequality with n > 2 and ¢ a power of a prime are
(n,q) = (2,2),(2,3), (2,4), (2,5), (3,2), (3,3) or (4,2). If n = 2, then X = PSp, (q).
But for these values of ¢, 7 divides the order of Ag but not the order of X. If (n, q) = (3,3),
then X = PSpg (3) or PGO{ (3). In both these cases, the image of the linear Singer cycle
in X has order 13, which doesn’t divide the order of Sg, so these cases are also ruled
out. If (n,q) = (3,2), then X = Spg (2) or GOZ (2). In the latter case, there is a single
conjugacy class of subgroups isomorphic to Ag. But as Ag = Qf (2), this contradicts
our assumptions on G. This also means that the single conjugacy class of subgroups
isomorphic to Ag in Spg (2) are contained in Cg, so we can ignore this case. This leaves us
with the case when (n,q) = (4,2). Here X = Spg (2) or GOZ (2). But by [17], there are
no 8-dimensional absolutely irreducible representations of Ag in characteristic 2.

This concludes the proof of the theorem. O

We can now assume k > 9.

Theorem 6.2.2 Let G be a subgroup of X lying in S such that the socle of G/Z (X) is
Ay for k>=9. Then X = GO{ (2) and G = A,.

Proof. In this case Aut (Ay) = Sk. By [24, 5.3.7], the minimal degree for an irreducible
projective representation of Ay is k — 2, so k < 2n+ 2 and G/Z (X) < Sonia.

Note that & > 9 implies that n > 4. If (n,q,u) = (6,2,1), then (¢"" —1) /d = 63.
But then G/Z (X) < Sy4 and Sy4 contains no element of this order since it would have to
contain in its disjoint cycle decomposition: a cycle of length 63, or a cycle of length 7 and

a cycle of length 9.
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Therefore, ¢"* — 1 has a primitive prime divisor. Let r be such a primitive prime
divisor and let a be the image of the linear Singer cycle in G/Z (X). Also let (I1,...,0y)
be the lengths of the cycles in the disjoint cycle decomposition of a. Since the order of a
is the least common multiple of the lengths of its disjoint cycles, r divides [; for some ¢

and so r < 2n 4 2. On the other hand, by Remark 2.2.3, we have

2ezn+ 1, if X = GUy, (q),

xn+1,  otherwise,

for some z € N. Therefore, we either have r = 2n + 1, or X # GU,, (¢) and r = n + 1.
If r = 2n + 1, then since r divides ; and [; < 2n + 2, we see that a is a cycle of length
2n + 1 and therefore (¢"" — 1) /d = 2n + 1. But there are no integer solutions to this

equation with n > 4 and ¢ a power of a prime.
Therefore X # GUs, (q), u=1and r = n+1. Suppose r? divides ¢" — 1. If r? divides

one of the [;, then this would mean that

r=n’+2n+1<2n+2,

which gives n? < 1, contrary our assumptions. Hence r must divide [; and [; with i # j
and so a is the product of two cycles of length n + 1, which yields (¢ — 1) /d = n + 1.
But again, this has no integer solutions to this equation with n > 4 and ¢ a prime power.

It follows that r2 does not divide ¢" — 1. Therefore,  is a small primitive prime divisor

of g™ — 1 and so by Theorem 2.2.5, this leaves only the following possibilities to consider:
i) ¢ =2 and n € {4,10,12,18},
ii) ¢ =3 and n € {4,6},
iii) (¢,n) = (5,6).
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If (n,q) = (10,2),(18,2), or (6,5), then (¢" — 1) /d does not divide the order of Sy, 2,
so these cases are automatically ruled out. If (n,q) = (4, 3), then (¢" — 1) /Jd =40 =235
so any element of this order would need to act on at least 8 + 5 = 13 points. Therefore

a ¢ Sy in this case. If (n,q) = (6, 3), then

(¢"—1)/d=364=2%7-13.

Any element of this order would need to act on at least 4 + 7 + 13 = 24 points and so
a ¢ Sy14. Also if (n,q) = (12,2), then

(¢"—1)/d=1023=3%-5-7-13,

so any element of this order would need to act on at least 9 + 5+ 7 + 13 = 34 points.
Therefore a ¢ Sog.

This leaves the case when (n,q) = (4,2). Here we have G = G/Z (X) < Sjpand k=9
or 10. If k = 9, then up to conjugacy, there are two subgroups of GOy (2) isomorphic to
Ay lying in S, from MAGMA [5], [6, Table 8.50] and the ATLAS [9, p. 85]. One of these is
contained in a subgroup isomorphic to Sg, the other is not. As mentioned in the proof of
Proposition 5.4.4, up to conjugacy, there are two subgroups of order 15 in GOy (2), only
one of which is self-centralizing. From Appendix A.2, the copy of Ag lying in Sy contains
a non-self-centralizing subgroup of order 15, whereas the copy of Ag that is not contained
in Sg contains a self-centralizing subgroup of order 15. Hence, the linear Singer cycle of
GOy (2) is contained in a conjugate of this latter subgroup. Therefore, since G is almost
simple, we have G = Ag. Now in Spg (2), there are two conjugacy classes of subgroups
isomorphic to Ag. But these are contained in a member of Cs.

So k = 10. From MAGMA [5], there are no subgroups of GOy (2) having the same

order as Ajg, so this case is ruled out. Also from MAGMA [5] and [6, Table 8.49], up
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to conjugacy, there is a subgroup of Spg (2) isomorphic to Ajy contained in a maximal
subgroup isomorphic to Sig. As shown in Appendix A.3, up to conjugacy, there are three
subgroups of order 15 in Spg(2), only one of which is self-centralizing. However, the
subgroup of order 15 in Sjy is not self-centralizing in Spg (2) and so cannot be conjugate
to the linear Singer subgroup of Spyg (2).

This concludes the proof of the theorem and the alternating case. 0

6.3 Lie-type groups in non-defining characteristic

We can now assume that S is a simple group of Lie-type. We first consider the case when
S is defined over the field GF (s), where p does not divide s. In this section we will prove

the following theorem.

Theorem 6.3.1 Let G be a subgroup of X containing a linear Singer cycle of X. Also
suppose that G lies in S and the socle of G/7Z (X) is a simple group of Lie-type defined

over a field whose characteristic does not divide q. Then either X = Spg (2) and

or X = Spg (3) and G is one of two copies of SLa (13).

To prove this, we will make use of results of Landazuri and Seitz [25], which give
lower bounds on the minimal degree of a projective representation of a Lie-type group
in non-defining characteristic. These are illustrated in Table 6.2 which we have taken
from [24, Theorem 5.3.9]. Here e (S) denotes a lower bound for the minimum projective
representation degree of S in characteristic coprime to p.

We follow a similar approach to the method of Guralnick et al [15, Proposition 8.1].
If ¢“* — 1 has a primitive prime divisor, we use a result of Hering [16], which gives the

largest prime dividing the order of a Lie-type group, to rule out all but a few finite and

113



S e(9) exceptions
PSL; () (s—1)/(2,5s—-1) e (PSLy (4)) = 2
e (PSLy (9)) = 3
PSLy (s),k >3 sh1 -1 e (PSL3 (2)) =2
e (PSLs (4)) = 4
PSpy (s), k> 2 (s" —1)/2,s 0dd e (PSp,(2)') =2
S (P = 1) (s — 1) /2,5 even | e(PSpg(2)) =7
PSU (s),k >3 s(s¥1=1)/(s+1), kodd | e(PSU4(2)) =4
(s*=1)/(s+1), k even e (PSU4(3)) =6
PQJ, (s), k>4 ("1 =1) (s*24+1), s #2,3,5
sP2 (P71 —1), s =12,3,5 e(PQg(2)) =8
Py, (), k >4 (st +1) (52— 1)
Qo1 (), k = 3,5 odd 2= 1 5s>5 e (Q7(3)) = 27
shh (st —1),5=3,5
E (), 2Eg (s) s%(s2 — 1)
E; (s) s1% (52 — 1)
Ex (s) s (52 — 1)
Fy(s) s%(s2—1),s odd
s™ (s> —1) (s — 1) /2,s even e(Fy(2)) =2 44
Gz (s) s(s*—1) (G (3)) =14
e(Gy(4)) =12
°Dy (s) s* (s = 1)
“Fy(s), s =2°mH st/s/2(s — 1)
’Bs (s), s = 22! s/2(s —1) e(*Bz(8)) =8
2Gy (s), s = 32m ! s(s—1)

Table 6.2: Lower bounds for the minimal degree of projective representations of Lie type
groups in non-defining characteristic.
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infinite cases. We then deal with these separately using Theorem 2.2.6 as well as MAGMA
and the ATLAS [5, 9].
But before we can do this, we need to deal with the case when ¢“* — 1 has no primitive

prime divisors.

Proposition 6.3.2 Let G be a subgroup of X and suppose that G lies in S and the socle
of G/Z (X) is a simple group of Lie-type defined over a field whose characteristic does not
divide q. If ¢"" — 1 does not have a primitive prime divisor, then G does not contain a

linear Singer cycle of X.

Proof. Suppose that G does contain a linear Singer cycle of X. By Theorem 2.2.2 and our
assumptions on n, if ¢“" — 1 has no primitive prime divisor, then either (n,q) = (6/u, 2)
or X = Sp,, (q) and n = 2. Suppose first that (n,q) = (6/u,2). If X # GU,, (q),
then we have a 12-degree projective representation in characteristic 2. Thus s is odd and
e (S) < 12. By examining the possible values of e (S) in Table 6.2, the only cases when

we get integer solutions to this inequality are when
1. S =PSLy(s) and s € {5,7,9,11,13,17,19, 23,25} ,
2. S =PSL;(3),
3. S=PSp,(3) or S =PSp, (5),
4. S =PSU;3(3) or S = PSU,4(3).

In these cases the maximum element order in Aut (S) is at most 30 by the ATLAS [9].
But the image of the linear Singer cycle in X has order 63, and so cannot be contained
in Aut (.5).

So X = GUs, (q). In this case we have a 6-degree projective representation in charac-
teristic 2. Thus s is odd and e (S) < 6. Again examining the possible values of e (S) in

Table 6.2, the only cases where we get integer solutions to this inequality are when

115



1. S =PSLy(s) and s € {5,7,9,11,13},
2. S =PSp,(3),

We can rule out all cases except S = PSU, (3), by the previous argument as the image
of the linear Singer cycle in X has order 21 and the maximum element order in Aut (S)
is at most 14. But if S = PSU,(3), then by the ATLAS [9, p. 52], Aut (S) contains no
element of order 21.

Therefore this means (n,q) # (6/u,2) and so X = Sp,, (¢) and n = 2. Thus S has
a 4-degree projective representation and e (S) < 4. Once again examining the possible

values of e (S) in Table 6.2, we only get integer solutions to this inequality when
1. S=PSLy(s) and s € {4,5,7,9},
2. S =PSL3(2) or S =PSL3(4),
3. S =PSp,(2) or S =PSp, (3),
4. S =PSU4(2).

Using the known isomorphisms of some of these classical groups and noting that we
have already considered the case when S is an alternating group, we only need to consider
when S is one of PSLy (7), PSL3 (4) or PSp, (3). If S = PSL, (7), then the maximum
element order in Aut (PSLy (7)) is 8 and Inequality 6.1.1 gives ¢ = 2 or 3. However 7
divides the order of S, but not the order of PSp, (¢), for these values of g.

If S = PSL;3 (4), then the maximum element order in Aut (PSL3 (4)) is 21 and Inequal-
ity 6.1.1 gives ¢ = 2, 3, 4 or 5. But again, for these values of ¢, 7 divides the order of S,
but not the order of PSp, (¢).

Finally if S = PSp, (3), then the maximum element order in Aut (PSp, (3)) is 12. This

time Inequality 6.1.1 gives ¢ = 2, 3 or 5. Since ¢ is coprime to s, we can ignore ¢ = 3, so
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in fact ¢ = 2 or 5. But 81 divides the order of S but not the order of PSp, (¢) for these
values of q.

This contradiction concludes the proof of the proposition. 0

We can now assume that ¢ — 1 has a primitive prime divisor. As already mentioned,
we use a similar method to [15, Proposition 8.1]. A result of Hering gives an upper
bound, ry., for the largest prime dividing the order of S. Also by looking at the values
of |Out (S)| given in [24, Page 170], we note that rp.x = |Out (5)], so these bounds also

hold for |Aut (S)|. Therefore by Remark 2.2.3, we have

un <r— 1< rpax — 1.

Also our simple group, S has a projective representation of degree 2n and so the
Landazuri-Seitz bounds give

e (S) < 2n. (6.3.1)

Putting these together give

u-e(S) /2 <un < rpax — 1. (6.3.2)

In most of the cases for S, this gives a contradiction. These cases are given in Table 6.3.

We still have to consider a few finite cases for small values of s. These are when S is
PSp, (4), PSpg (2), PSU4(3), PQF (2), G2 (3), Ga(4), *Dy (2), 2F4 (2)' or 2Bs (8), when
X = Sp,, (q) or GOZ (q) and Gy (4), 2F4(2)" or 2By (8), when X = GU,, (¢). We also
need to consider three infinite cases. These are when S is PSp,, (s), for s odd; PSUy (s),
for k odd; or PSLy (s).

We first deal with the finite cases.

Proposition 6.3.3 Suppose that n > 4 —u and (n,q) # (6/u,2) and let G be a subgroup
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S e(9) Tmax conditions
Spoi () | 3571 (s 1 —=1) (s — 1) sk 41 k> 2, s even,
(k,s) # (2,2), (3,2)
PSU (s) S:;f sk;fl k > 6, k even,
= $241 k=4, 542 3
POy (s) | (s"1—1) ("2 +1) Sl k>4,542 3,5
sF2 (551 1) gd(j—t;) k>4, s=2 3,5,
(k,s) # (4,2)
P, (s) (Sk_l + 1) (Sk_2 o 1) gcd(s::k‘l—Q k>4, (ks) # (4,2)
Qojer1 (8) skl —1 1(sh+1) k>3,s>5
shL(shh—1) s (s"+1) s=5ors=3and k>3
27 13 s=k=3
Es (s) s9 (s —1) O+ s34+ 1
E; (s) glo (52 —-1) 557:11
Es (s) s¥ (s —1) 8 +s"— s — st
—s3+s5+1
Fy(s) s8 (s —1) st s odd
1s7(s* = 1) (s —1) st+1 seven, s > 4
44 17 s=2
2Eg (s) 9 (s —1) 9 —s3+1
Gy () s(s?—1) 2+ s+1 s=5
3Dy (s) s3(s?2—1) st—s?4+1 s>3
2Fy (s) st(s—1) (%3)1/2 st—s2+1 5 =22m+l > 9
2B, (s) (s—1) (1s)"? s+ (252 +1 s =22+l 5 8
2Gy (s) s(s—1) s+ (3s)/*+1 s = 32mtl > 27

Table 6.3: Values of e (S) and 7y, that contradict Inequality 6.3.2.
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S meo (Aut (5)) | e(95) S meo (Aut (5)) | e(S5)
PSp, (4) 20 18 | Gy (3) 18 14
PSp; (2) 15 7 | G2(4) 24 12
PSU, (3) 28 6 | *Dy(2) 28 24
POy (2) 30 8 || 2F4(2) 20 26
PQg (2) 30 27 | 2By (8) 15 8

Table 6.4: meo (Aut (5)) and e (5), for the finite cases.

of X. Also, suppose G lies in S and the socle, S of G/7Z(X) is one of the groups in
Table 6.4. Also, assume that q is not divisible by 3, when S = Gy (3) or PSU4(3) and q

1s odd in the other cases. Then G does not contain a linear Singer cycle of X.

Proof. Table 6.4 gives the possibilities for S as well as the maximum element order in
their automorphism groups which we have taken from the ATLAS [9]. We have also given
a lower bound on the minimum degree of a projective representation of S in non defining
characteristic, which we have taken from [24, p. 188].

Suppose that G contains a linear Singer cycle of X. If X = GUgy,(¢q), then S =
Gy (4), 2F4 (2) or 2By (8). But using Inequality 6.1.1 together with Inequality 6.3.1 gives
a contradiction.

Hence X # GU,, (¢) and S is one of the groups in Table 6.4. We can again use
Inequality 6.1.1 and Inequality 6.3.1 to rule out all but a few cases. These are S =
PSps (2), PQg (2) or By (8), when (n,q) = (4,2) and S = PSU, (3), when (n,q) =
(3,2), (3,3) or (4,2). By our assumptions on ¢, we only need to consider S = PSU, (3)
and (n,q) = (3,2) or (4,2). But for these values of n and ¢, we observe that 729 divides
the order of S but not the order of X, so PSUy (3) cannot embed in X.

Since we have exhausted the possibilities for S, this gives the required result. ([l

The following three propositions deal with the infinite cases.
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Proposition 6.3.4 Suppose that n > 4 —u and (n,q) # (6/u,2) and let G be a subgroup
of X lying in S. Also, suppose that the socle S of G is PSLy (s) and assume that s and
q are coprime. If G contains a linear Singer cycle of X, then X = Spg(3) and G is

conjugate to one of two copies of SLy (13).

Proof. We distinguish between the cases when k£ = 2 and when k > 3. Suppose first that
k = 2. We do not need to consider S = PSLj (4) or PSLy (9) as these were dealt with in
the alternating groups case. Therefore using the Landazuri-Seitz bounds, Inequality 6.3.1
gives

(s—1)/ged(2,s — 1) < 2n.

Also, by Theorem 2.2.6, the largest element order in Aut (S) is s + 1. Therefore, since G

contains a linear Singer cycle of X, we have

(" —=1)/d<s+1<2nged(2,s—1)+1+1<4n+ 2. (6.3.3)

If X = GUs, (¢q), then the only integer solution to this inequality with n > 2 and ¢ a
power of a prime is (n,q) = (2,2). For this value of n, Inequality 6.3.1 gives s = 4,5,7
or 9. Since the alternating groups have already been dealt with, we only need to consider
S = PSLy (7). Now, Aut (PSL, (7)) = PGLy (7) and the image of the linear Singer cycle
of X in PGUy (2) has order 5. But 5 does not divide the order of PGLs (7).

Hence X # GUs,, (¢). In this case, the only integer solutions to Inequality 6.3.3 with
n > 3 and ¢ a power of a prime are (n,q) = (3,2),(3,3) and (4,2). With these values
of n, we again use Inequality 6.3.1 to determine the values of s. Ignoring any values of s

that are not copime to ¢ and values such that S is an alternating group, we get
1. s=7,11 or 13, when n = 3;

2. s=17,11,13 or 17, when n = 4.
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When n = 4, the image of the linear Singer cycle in X has order 15. However by the
ATLAS [9, p. 3, 7-9], for these values of s, Aut (S) = PGL; (s) contains no element of such
order.

So n = 3. The image of the linear Singer cycle in X has order 7 or 13, when ¢ = 2
or 3, respectively. Since the order of Aut (PSLs (11)) is not divisible by 7 or 13, we can
rule these cases out. If s = 7, then the order of Aut (S) is not divisible by 13, so we
can immediately rule out the case when ¢ = 3. If ¢ = 2, then using MAGMA [5], we can
see in Spg (2) and GO (2), there are two conjugacy classes of subgroups isomorphic to
PSLs (7), however these lie in C; and are not irreducible. Therefore s = 13. If ¢ = 2, then
13 divides the order of S, but not the order of X, so this case is ruled out. Similarly, we
can ignore the case when X = PGO{ (3), as 7 divides the order of S but not the order of
X.

This leaves the case when X = PSpg(3). Here, there are two conjugacy classes of
groups isomorphic to PSLy (13) lying in S, from MAGMA [5] and [6, Table 8.29]. In
Spg (3), these correspond to conjugacy classes of groups isomorphic to SLy (13). Moreover
all subgroups of order 26 in Spg (3) are cyclic and conjugate. Therefore, since the order
of a linear Singer cycle is 26, the linear Singer cycle is contained in a conjugate of one of
these copies of SLy (13). Since G/Z (X) is almost simple and the subgroups isomorphic
to SLg (13) are maximal subgroups of Sp (3), we conclude G is conjugate to one of these
two copies of SLy (13).

Therefore we can now assume that £ > 3. We do not need to consider S = PSL; (2)
as this was dealt with when we considered S = PSLy (7). If S = PSL;(4), then the
maximum element order in Aut (PSL3 (4)) is 21. If X = GUy, (¢), then the only integer
solutions to Inequality 6.1.1 with n > 2, ¢ a power of a prime and (n,q) # (3,2) are
(n,q) = (2,2) and (2,3). We can immediately ignore ¢ = 2, by our assumption on s. If

g = 3 then the image of the linear Singer cycle in PGUy (3) has order 20. But by the
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ATLAS [9, P. 23], Aut (PSL3 (4)) has no elements of such order.

Hence X # GUs, (¢). This time the only integer solutions to Inequality 6.1.1 with
n > 3, ¢ a power of a prime and (n,q) # (6,2) are (n,q) = (3,2), (3,3) and (4,2). We
can again ignore both cases when ¢ = 2, by our assumptions on s, so we only need to
consider (n, q) = (3,3). But the image of the linear Singer cycle in X has order 13 which
does not divide the order of Aut (PSL; (4)).

Therefore S # PSL3 (2) or PSL3 (4) and so using the Landazuri-Seitz bounds, Inequal-
ity 6.3.1 gives

s —1<2n.

Also, by Theorem 2.2.6, the largest element order in Aut (S) is (s* — 1) /(s — 1). There-

fore, since GG contains a linear Singer cycle of X, we have

(@"=1/d < (s"=1)/(s-1)
= ST s
= S (F=1) /(s - 1)
S e

= 2(s"1=1)+1

N

dn + 1. (6.3.4)

If X = GUy, (¢), then the only integer solution to this inequality with n > 2 and
q a power of a prime is (n,q) = (2,2). But for this value of n, Inequality 6.3.1 gives
(k,s) = (3,2), which has already been dealt with.

So X # GUs, (q), in which case the only integer solutions to Inequality 6.3.4 with
n > 3 and g a power of a prime are (n,q) = (3,2), (3,3) or (4,2). With these values of n,

we again use Inequality 6.3.1 to determine the values of k and s. These are (k, s) = (3,2),
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when n = 3 and (k,s) = (3,2), (3,3) or (4,2), when n = 4. Since S # PSL3 (2) and s is
coprime to ¢, we only need to consider the case when S = PSL3 (3), when (n,q) = (4, 2).
In this case, the image of the linear Singer cycle in X has order 15. But 15 does not
divide the order of Aut (PSL;(3)).

This contradiction concludes the proof of the proposition. 0

Proposition 6.3.5 Suppose n > 4 —u and (n,q) # (6/u,2) and let G be a subgroup of
X. Also suppose G lies in S and the socle of G/Z (X) is PSpy (s), where s is coprime to

q and s is odd. Then G does not contain a linear Singer cycle of X.

Proof. Since s is odd and S has a 2n-dimensional projective representation, Inequal-
ity 6.3.1 becomes
(s*—1) /2 < 2n,

by the Landazuri-Seitz bounds. We also know the largest element order in Aut (S) is at
most s**1/ (s — 1), by Theorem 2.2.6. Therefore, if G contains a linear Singer cycle of

X, we have

(" =1)/d < /(s 1)
= s".s5/(s—1)
< (n+1)(1+1/(s— 1)

< 6n+3/2. (6.3.5)

If X = GUgy, (q), then the only integer solution to this inequality with n > 2, ¢ a power
of a prime and (n,q) # (3,2) is (n,q) = (2,2). For this value of n, Inequality 6.3.1 then
gives (k,s) = (2,3). But then

S =PSp, (3) 2 PGU,4(2) = X.
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Therefore X # GUs,, (¢) in which case, the only integer solutions of Inequality 6.3.5
with n > 3 and ¢ a power of a prime are (n,q) = (3,2), (3,3), (4,2) or (5,2). For each of
these values of n, Inequality 6.3.1 gives (k, s) = (2,3). This means we cannot have ¢ = 3,
by our assumptions and so PSp, (3) has an absolutely irreducible projective representation
in characteristic 2 having degree 6, 8 or 10. But this contradicts the result of Hiss and

Malle [17]. O

Proposition 6.3.6 Suppose n > 4 —u and (n,q) # (6/u,2) and let G be a subgroup of
X lying in S. Also suppose that the socle S of G is PSUy, (s), where s is coprime to q and

k is odd. If G contains a linear Singer cycle of X, then X = Spg (2) and
PSU; (3) < G < PSU3(3) : 2.

Proof. First assume that S = PSU; (2). By the Landazuri-Seitz bounds, a lower bound
for the minimum degree of a projective representation in odd characteristic is 10, so
10 < 2n. On the other hand the largest possible element order in Aut (S5) is 24 and so
(¢"™ — 1) /d < 24, which has no integer solutions with n > 5 and ¢ a power of a prime.
Therefore assume S # PSUj; (2). Then since k is odd and S has a 2n-dimensional

projective representation, using the Landazuri-Seitz bounds, Inequality 6.3.1 becomes
n>s(s" 1) /(s+1)=s(s"=1)/(s+1)=s(s—1) >s.

Also by Theorem 2.2.6, the largest element order in Aut (.9) is at most s*~!+s. Therefore,

since GG contains a linear Singer cycle of X, we have

(" =1 /d < s +s

< 2n(s+1)/s+1+s
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= 2n(l+1/s)+1+s
< 2n-3/2+1+2n

= bn+1. (6.3.6)

If X = GUy, (q), then the only integer solution to this inequality with n > 2 and g a power
of a prime is (n,q) = (2,2). But for this value of n, Inequality 6.3.1 gives (k,s) = (3,2),
which contradicts the simplicity of S.

Hence X # GUjy, (¢). Then the only integer solutions of Inequality 6.3.6 with n > 3
and ¢ a power of a prime are (n,q) = (3,2), (3,3) or (4,2). For these values of n,
Inequality 6.3.1 gives (k, s) = (2,3), (3,3) or (5,2). By our assumptions and the simplicity
of S, we only need to consider (k,s) = (3,3) and (n,q) = (3,2) or (4,2). We can
immediately rule out (n,q) = (4,2), as the image of the linear Singer cycle in X has
order 15 and the largest element order in Aut (PSU;(3)) is 12 by the ATLAS [9]. Hence
(n,q) = (3,2). If X = PGO{ (2), then we note that 27 divides the order of S but not the
order of X so this cannot happen.

Hence X = PSpg (2) = X. Now

Aut (PSU; (3)) = PSU, (3) : 22 Go (2)

and there is a single conjugacy class of subgroups lying in S isomorphic to PSU3 (3) : 2 in
X by [6, Table 8.29]. Moreover the linear Singer cycle of X has order 7 and all subgroups
of order 7 in X are conjugate, being Sylow-7 subgroups. Therefore the linear Singer cycle
of X is contained in a conjugate of PSU;3(3) : 2. Since G/Z(X) is almost simple, we
conclude

as required. O
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This concludes the proof of Theorem 6.3.1.

6.4 Lie-type groups in defining characteristic

Finally, we can assume that S is a simple group of Lie-type defined over GF (s), where

s = p®. In this section, we will prove the following Theorem.

Theorem 6.4.1 Let G be a subgroup of X containing a linear Singer cycle of X. Also
suppose that G lies in S and the socle of G/7Z (X) is a simple group of Lie-type defined

over a field of characteristic p. Then G does not contain a linear Singer cycle of X.

As in the non-defining characteristic case, we use the same approach as [15, Proposi-
tion 7.2]. If G contains a linear Singer cycle of X, then since G € S, Aut (S) contains an
element of order (¢"" — 1) /d. This means the order of Aut (S) is divisible by a primitive
prime divisor of ¢"" — 1, if one exists. We use this to determine an upper bound on n.

We also have lower bounds on the minimum degree of a projective representation of
a Lie-type group in defining characteristic, which we use to obtain a lower bound on n.
These values are given in Table 6.5 which we have taken from [24, Proposition 5.4.13]. Here
R, (S) denotes the minimum degree of a projective representation of S in characteristic
p. We will also make use of results from [24, Section 5.4] and [26] in our analysis.

But first, as in the non-defining characteristic case, we need to deal with the case
when ¢"" — 1 has no primitive prime divisors. Throughout the remainder of this thesis,

let ¢ = p°.

Proposition 6.4.2 Let G be a subgroup of X and suppose that G lies in S and the socle
of G/Z (X) is a simple group of Lie-type defined over a field whose characteristic divides
q. If ¢"™ — 1 does not have a primitive prime divisor, then G does not contain a linear

Singer cycle of X.
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S R, (5)
PSLy (s) ; PSU (s) , k > 3 k
PSpy, (s),k = 2;PO5; (s) k> 4 2k
Qog11(s), k> 3,s odd 2k +1
Eg (s) 5> Eo (s) 27
E7 (s) 56
Eg (s) 248
Fy(s) 26 — 9,3
Ga (s) 7= 0p2
3Dy (s) 8
2F, (s), S = 22+l 2
B, (s), s = 22m*! 4
2Gy (s), s = 32Tt 7

Table 6.5: Minimum degrees of projective representations in characteristic p of Lie-type
groups, S defined over characteristic p.
Proof. Suppose that GG contains a linear Singer cycle of X. Since a primitive prime divisor
of ¢" — 1 does not exist, by Theorem 2.2.2 and our assumptions on n, we either have
(n,q) = (6/u,2) or X = Sp,, (¢) and n = 2.

Suppose first that (n,q) = (6/u,2) and assume that X # GUsy, (¢). Then, we have
a 12-degree projective representation over GF (2) and Rs (S) < 12. By looking at the
values of R, (S5) in Table 6.5, we only need to consider the cases when S is one of
PSLy (), PSU (), PSpy, (s), PQ5;. (s), Ga (s), ®Dy (s) or 2By (s).

Note that in this case a = 1. Therefore by [24, Proposition 5.4.6, Remark 5.4.7], we
have

12 > Ry (9)". (6.4.1)
If S is either 2By (s) or Gy (s), then Inequality 6.4.1 gives b = 1 and so S is either 2B, (2)
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or Gy (2). But 2B, (2) is not simple and since Gy (2)" = PSU;(3), we do not need to
consider this case.

Similarly, if S = 3Dy (s), then from Inequality 6.4.1, we also get b = 1 and so S =
3D, (2). But the image of the linear Singer cycle in X has order 63, and it can be seen
from the ATLAS [9, p. 89] that Aut (*Dy (2)) contains no element of such order.

If S = P (s), then Inequality 6.4.1 gives b= 1 and k = 4, 5 or 6. By [26], PQ5 (2)
and PQ5 (s) have no irreducible 12-degree projective representations, so S = PQF, (2).
If X = Spy,(2), then S is contained in Cg, so we can assume X = GO}, (2). But if
S = PQy, (2), then 13 divides the order of S but not the order of X and if S = PQ7, (2),
then this contradicts our assumptions on G.

If S = PSpy (s), then from Inequality 6.4.1, we have b = 1 and k = 2, 3,4, 5 or
6. We do not consider k = 2, since then S = PSp, (2) which was already considered in
the alternating groups case. Also if k£ = 3, 4 or 5, then S does not have any irreducible
12-degree projective representations by [26], so we can also rule out these cases. Hence
S = PSpyy(2). But if X = Spy,(2), then G is not a proper subgroup of X and if
X = GOY, (2), then the order of S is larger than the order of X.

Lastly, if S = PSLy, (s) or PSUy (), then Inequality 6.4.1 and [24, Theorem 5.4.6], give
b=1and 2 < k < 12. Since S is simple and recalling PSL3 (2) = PSL, (7), PSL, (2) = Ag
and PSUy (2) = PSp, (3), we may assume k > 5. Also, by [26], we can ignore the cases
when 5 < k < 11 as for these values of k£, S has no irreducible 12-degree representations.
Therefore S is either PSLis (2) or PSUys (2). But the orders of these groups are much
larger than the order of X.

Hence we can assume X = GUsy, (¢). In this case we have a 6-degree projective
representation over GF (4) and Ry (S) < 6. Comparing the values of R, (S) in Table 6.5 as
before, we only need to consider the cases when S is one of PSLy, (s), PSUyg (s), PSpy (),
Ga (s) or 2By (s).
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First assume S # PSUyg (s). Then by [24, Proposition 5.4.6, Remark 5.4.7] and since

a = 2, we have b = 2f for some positive integer f and

6 >R, (9) . (6.4.2)

This immediately rules out S = 2By (s) as b is odd in this case.

If S = Gy(s), then by Inequality 6.4.2, we have f = 1 and so b = 2. This means
S = Gy (4). But 13 divides the order of S, but not the order of PGUjg (2).

If S = PSpy (s), then Inequality 6.4.2 gives f = 1 and k = 2 or 3. But for these
values of k, 17 divides the order of PSp,, (4), but not the order of PGUs (2).

If S = PSLy (s), then by Inequality 6.4.2, we have f =1 and k =2, 3, 4, 5 or 6. We
can ignore k = 2, since then S = PSL; (4) & A5, which has already been dealt with. Also,
we can ignore k = 4,, 5 and 6 as for these values of k, 17 divides the order of PSLy (4)
but not the order of PGUg (2). This leaves S = PSL3 (4). Now, there are two conjugacy
classes of subgroups isomorphic to PSLs (4) in PGUg (2) by MAGMA [5] and the ATLAS 9,
p. 115]. However none of these are irreducible.

Hence we can assume that S = PSUy (s). By [24, Proposition 5.4.6], either b = 2f or
b= f and b is odd, for some positive integer f. In the former case, we have 6 > kf and so
f=1and k=3,4,5o0r 6. But then S = PSUy (4) and for these values of k, we note 13
divides the order of S, but not the order of PGUg (2). Therefore b = f and b is odd. As
before, we have f =1 and k = 3, 4, 5 or 6 and S = PSU (2). By the simplicity of S and
since PSUy4 (2) = PSp, (3), we can ignore k = 3 or 4. Also PSUj (2) has no irreducible
representations of degree 6 by [26], so this case is ruled out. Therefore S = PSUg (2). But
the image of the linear Singer cycle in PGUjg (2) has order 21 and PSUg (2) contains no
elements of such order.

Finally we can assume that (n,q) # (6/u,2), so X = Sp,, (¢) and n = 2. We have
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a 4-degree projective representation and R, (S) < 4. We again compare the values of
R, (S) in Table 6.5. This time we only need to consider the cases when S is one of
PSLy (s), PSUg (s), PSpy (s) or 2By (s).

First consider the case when S # PSUj (s). Then by [24, Proposition 5.4.6, Re-

mark 5.4.7], we have b = af for some positive integer f and
4> R, (5) . (6.4.3)

If S = 2B, (s), then Inequality 6.4.3 gives f = 1 and so s = ¢ = 2*™*1 By [14,
Theorem 1.2, Table 4], the maximum element order in Aut (*B; (¢)) is (¢*> + 1) /4 and so
if Aut (S) contains a linear Singer cycle of Sp, (¢q), we have ¢* — 1 < (¢* + 1) /4, which
cannot happen.

If S = PSpy (s), then by Inequality 6.4.3, we have f = 1 and & = 2. But then
S = PSp, (¢q), so G is not a proper subgroup of Sp, (¢q).

If S = PSLg (s), by Inequality 6.4.3, we have (f, k) = (1,2), (1,3), (1,4) or (2,2).
We can immediately ignore (f,k) = (1,4), as then the order of S is larger than the
order of PSp, (¢). We can also ignore the case when (f,k) = (1,3), as PSL3 (¢) has no
irreducible 4-degree representations by [26]. Also by [6, Theorem 5.3.9], there are no
subgroups of PSp, (q) isomorphic to PSL; (¢?) lying in S, so we also rule out (f, k) =
(2,2). Now if (f,k) = (1,2), then S = PSLs (¢) . Since we have already dealt with the
alternating groups, ¢ # 4 and so the maximum element order in Aut (PSLs (¢)) is ¢ + 1,

by Theorem 2.2.6. Therefore since G contains a linear Singer cycle of Sp, (¢), we have

(¢*—1)/ged (2,¢—1) < g+ 1,

which gives ¢ = 2 or 3. This contradicts the simplicity of S.

So we can assume that S = PSUy (s). By [24, Proposition 5.4.6], either b = af or
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2b = af and a does not divide b, for some positive integer f. In both cases we have
R, (S)f < 4, which gives f = 1 and &k = 3 or 4. We can immediately rule out k = 3,
because PSUj; (s) has no irreducible 4-degree prepresentations by [26]. If b = af, then
S = PSUy (¢) lying in PSp, (q). But the order of PSUy (q) is larger than the order of
PSp, (¢). Therefore 2b = af, where a does not divide b and S = PSU, (s) lying in
PSp, (s%). Now s # 2, since then S = PSU, (2) = PSp, (3), which has already been dealt
with. Therefore s® — 1 has a primitive prime divisor, r. But we can observe that r divides
the order of PSU, (s), but not the order of PSp, (s?).

This contradiction concludes the proof of the proposition. 0

Therefore, we can now assume ¢“"—1 has a primitive prime divisor, r. Suppose further
that r divides |Out (S)| but not the order of S. Arguing exactly as in [15, Proposition 7.2]
and by expecting the orders of |Out (S)| in [24, p. 170], we see that r divides a. Also
r divides the order of GG, so GG contains an element of order r, which must be a field
automorphism in Out (S). This automorphism preserves our irreducible 2n-dimensional

G-module. Hence by [24, 5.4.2, 5.4.5], we have 2n > 2". Hence by Remark 2.2.3, we have

which is a contradiction.
Therefore we can assume that r divides |S|. By inspecting the orders of S in [24,

p. 170] and noting, if r divides s® + s* + 1, then r divides
(38+s4+1) (84—1) =521,

we observe that r divides s* — 1 = p™ — 1. But by [24, 5.4.6, 5.4.7], we can write
b=af/c, where ¢ = 1, 2 or 3 depending on S. Therefore r divides p®*//¢ —1 = ¢*f/° — 1.

By Remark 2.2.3, this means that un divides x f /c. This also gives an upper bound on un.
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The values we take for x are given in Table 6.6. They can easily be found by inspecting

the order of S.

S x

PSLy (s); k

PSpy (s), k= 2; PSUL(s), k> 3; POy (s), k> 4; Qo (s), k=3 | 2k
PO, (s),k > 4, ok — 2

Eg (5); °Dy(s), Fa(s), 2Fy(s) 12

E; (s), ?Eg (s) 18

Ey (s) 30

Ga (s), 2Ga (s) 6

’B,y (s), s = 22m*! 4

Table 6.6: Values for z

We also have a 2n-dimensional projective representation of S and by [24, 5.4.6, 5.4.7],
there is an irreducible module M such that 2n = dim (M)’, so R, (S)’ /2 gives a lower
bound on n.

If S is not PSU (s),PQy (s),%Eg (s) or Dy (s), then by [24, 5.4.6, 5.4.7] and Ta-
ble 6.5, we have b = af and

zf =n>R,(8) /2. (6.4.4)

If S'is PSU (s), P, (s),0r 2Eg (s), then by [24, 5.4.6, 5.4.7] and Table 6.5, we either
have b = af and Inequalities 6.4.4 hold, or 2b = af, where a does not divide b and we

have

zf/2>n>R,(5) /2. (6.4.5)
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If S is 3Dy (s), then by [24, 5.4.7] and Table 6.5, we either have b = af and Inequali-

ties 6.4.4 hold, or 3b = af, where a does not divide b and we have
wf/3>n>R,(S) /2. (6.4.6)

These bounds enable us to rule out a lot of cases for n. If f = 1 though, we shall need
to use [24, 5.4.11] to determine the values of n.

We begin with the situation when S is not PSUy (s), P, (s), ?Eg (s) or Dy (s).

Proposition 6.4.3 Suppose n > 4 —u and (n,q) # (6/u,2) and let G be a subgroup of
X. Suppose that G lies in S and the socle of G/Z (X) is a simple group of Lie-type other
than PSUy (s), PQy, (s), 2Eg (s) or 3Dy (s), where s = p®. Then G does not contain a

linear Singer cycle of X.

Proof. By [24, Proposition 5.4.6, Remark 5.4.7], we have b = a f, for some positive integer
f and Inequality 6.4.4 holds. First assume that S is an exceptional group of Lie-type.
Using the values in Table 6.5 and Table 6.6 in Inequality 6.4.4, we get a contradiction,
unless S = 2By (s), Gy (s) or Gy (s).

If S = 2By (s), then Inequality 6.4.4 becomes
4f > un > 4fu/2.

If X = GUy, (q), then we have 4f > 4/, which means f = 1 and 2n = 4. We therefore
have a possible embedding of 2By (¢) in PGUy (q). By [14, Theorem 1.2, Table 4], an
upper bound for the element order of Aut (*B;(q)) is (¢* + 1) /4. Since G contains a

linear Singer cycle of GUs, (¢q), we have

("' =1)/(g+1) < (¢ +1) /4,
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which has no solutions for ¢ an odd power of 2.

Hence X # GUy, (q), so we have 4f > 47 /2. Since b is odd, this gives f = 1. Also, n
divides 4 and since n > 3, we get 2n = 8. But this cannot happen by [26].

If S =2Gy(s), then we have

6f > un > 7fu/2.

If X = GUy, (q), then we get 6f > 7/, which cannot happen. So X # GU,, (q), then we
get 6f > 7/ /2, which gives f = 1. Hence n divides 6 and n > 7/2. This means 2n = 12.
But by [26], this cannot happen.

If S = Gy (s), then Inequality 6.4.4 becomes
6f =>un > (7— (5p72)fu/2.

If X = GUy, (¢), then we have 6f > (7—6p72)f, and so (f,p) = (1,2) and 2n = 6.
We therefore have a possible embedding of Gs (¢) in PGUg (¢). By the ATLAS [9, p. 97]
and [14, Theorem 1.2, Table 4], an upper bound for the element order in Aut (Gz (¢)) is
24, when ¢ = 4 and (¢® — 1) /4 (q — 1), when ¢ > 8. But since G contains a linear Singer

cycle of GUy, (q), we have

(®—=1)/4(q¢—1), ¢=8,
24, q=4,

(°=1)/(@+1) <

which has no solutions for ¢ a power of 2.
So X # GUy, (¢). We have 6f > (7 — 5p72)f /2, and so f = 1. This means n divides
6 and since n > (7 — d,2) /2, we either have n = 6 or (n,p) = (3,2). The former case is

ruled out by [26], so we have a possible embedding of G, (q) in PSpg (¢) or PGO{ (q)
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Now ¢ # 2 so ¢° — 1 has a primitive prime divisor and we can observe that this prime
divisor divides the order of Gy (q) but not the order of PGO{ (q), so Gs(q) does not
embed in PGO{ (¢q). On the other hand G, (¢) is a maximal subgroup of PSpg (¢q) by [6,
Table 8.29]. By [28, Table 2], an upper bound for the element order Gg (¢) is 21, when

g=4and 8(q+ 1)2, when ¢ > 8. If G contains a linear Singer cycle of Sp,, (¢), we have

po1<] BT a8
21, q =4,

which gives ¢ = 8. Examining the orders of the maximal subgroups of Gs (8) in [6,

Table 8.30], the only maximal subgroup of G (8) whose order is divisible by 8 —1 = 511

is SL3 (8) .2. Thus if Go (8) contains a linear Singer cycle of Spg (8), then so does SLj (8) .2

But the largest possible element order in SL3 (8) .2 is at most 73-2 = 146, a contradiction.
Now we can assume that S is a classical group of Lie-type. If S = Qg1 (), then from

Inequality 6.4.4, we have

okf > un > (2k + 1) u/2.

If X = GUs, (¢), then we get 2kf > (2k + 1)/, which cannot happen. So X # GUs, (q)
and 2kf > (2k + 1) /2, which implies f = 1. Hence n divides 2k and so since n >
(2k +1) /2, we have n = 2k. We therefore have a possible embedding of €, (¢) in
PSp,,, (q) or PGO3, (¢). By Theorem 2.2.6, an upper bound on the element order of

Aut (Q41 () is ¢q™+2/2/ (¢ — 1) . But if G contains a linear Singer cycle of X, we have

(¢"—=1)/2< ¢/ (g 1),

which has no integer solutions for n > 6 and ¢ a power of an odd prime.
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If S =PQJ, (s) then Inequality 6.4.4 becomes,
2(k—1)f >un > (2k) u/2.

If X = GUs, (q), then 2(k — 1) f > (2k)’, which cannot happen. So X # GU,, (¢) and
we get 2kf > (2k + 1)’ /2, which implies f = 1. Hence n divides 2 (k — 1) and since
n > k, we have n = 2(k —1). We therefore have a possible embedding of P, (q)
in PSp,, (¢) or PGO3, (q). By Theorem 2.2.6, an upper bound on the element order of

Aut (PQ;,, (¢)) is ¢"t/2/ (¢ — 1). But if G contains a linear Singer cycle of X, we get

(¢"—1)/ged (2, — 1) < "2/ (¢ - 1),

which has no integer solutions for n > 6 and ¢ a power of a prime.

If S = PSpy (s), then Inequality 6.4.4 becomes
okf = un > (2k) u/2.

If X = GUy, (q), then 2kf > (Qk:)f ,s0 f =1 and n = k. We therefore have an embedding
of PSp,,, (¢) in PGUy, (¢). By Theorem 2.2.6, an upper bound for the element order of

Aut (PSp,, (q)) is ¢/ (¢ — 1), so if G contains a linear Singer cycle of GUs, (¢), we have

(" =1)/(q+1) </ (g—1).

But this gives (n,q) = (2,2) and so S = PSp, (2) = Sg, which has already been dealt
with.
Hence X # GUs, (¢) and we have 2kf > (2k)’ /2. Hence f =1 or (f,k) = (2,2). In

the latter case, we have n = 8 and we have a possible embedding of PSp, (¢?) in PSpy; (¢)
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or PGOY; (¢). By Theorem 2.2.6, an upper bound on the element order in Aut (PSp, (¢?))

is ¢°/ (¢* — 1). But if G contains a linear Singer cycle of X, then

(¢ —1)/ged(2,a—1) < ¢®/ (¢ — 1),

which has no integer solutions for ¢ a power of a prime.
Hence f = 1. Then n divides 2k and since n > k, we either have n = 2k or n = k. If
n = k, then S = PSp,, (¢) . Note that the order of PSp,, (¢) is larger than the order of
PGO3, (q), so we must have X = Sp,, (¢). But then G is not a proper subgroup of X.
Son = 2k and we have a possible embedding of PSp,, (¢) in PSp,,, (¢) or PGO3, (¢). By
Theorem 2.2.6, an upper bound on the element order of Aut (PSp,, (¢)) is ¢™*?/2/ (¢ — 1)

But if G contains a linear Singer cycle of X, then

(¢"—1)/ged(2,g—1) < g™/ (g — 1),

which has no integer solutions for n > 3 and ¢ a power of a prime.

Finally, suppose that S = PSLg (s). Then Inequality 6.4.4 gives
kf >un > k;fu/Q.

If X = GUy, (q), then kf > k7, so either f =1 or (f, k) = (2,2). If f =1, then 2n = k,
so we have a possible embedding of PSLy, (¢) in PGUs, (¢). However this cannot happen
because, if r is a primitive prime divisor of ¢**~! —1, then r divides the order of PSLy, (q),
but not the order of PGUy, (q).

So (f,k) = (2,2) and so 2n = 4. Thus we have a possible embedding of PSL, (¢?)
in PGUy (¢). Now g # 2, as then S = As, so by Theorem 2.2.6, an upper bound on

the element order of Aut (PSLy (¢%)) is ¢*> + 1. But if G contains a linear Singer cycle of
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GUy (q), then we have

(" —1)/(g+1) < ¢ +1,

which gives ¢ = 2, a contradiction.

Therefore X # GU,, (¢) and we get kf > k/ /2,501 < f < 4. If f = 4, then k = 2 and
2n = 16. We therefore have a possible embedding of PSL; (¢*) in PSpy4 (¢) or PGOY; (¢).
By Theorem 2.2.6 an upper bound on the element order of Aut (PSL, (¢*)) is ¢* + 1. But

if G contains a linear Singer cycle of X, we have

(qg_l)/ng(Qaq_]-><q4+]-7

which has no solutions for ¢ a power of a prime.

If f =3, then £k = 2. Thus n divides 6 and so since n > 4, we have 2n = 12. But this
cannot happen as 2n is a 3rd power by [24, Proposition 5.4.6].

If f=2,then k =2, 3or4. If k=2, then n divides 4, so since n > 3, we have 2n = 8
which is not a square. So by [24, Proposition 5.4.6], this cannot happen. Similarly, if
k = 3, then n divides 6 and since n > 9/2, we get 2n = 12, which also cannot happen
by [24, Proposition 5.4.6]. If £ = 4 and 2n = 16. We therefore get a possible embedding of
PSL, (¢?) in PSpyg (q) or PGOYs (q). By Theorem 2.2.6, an upper bound on the element
order of Aut (PSLy4 (¢%)) is (¢® — 1)/ (¢* — 1). But if G contains a linear Singer cycle of
X, we get

(°—1)/ged(2,q-1) < (" =1) /(¢ —1),

which has no integer solutions for ¢ a power of a prime.

Therefore we can assume f = 1. If 2n = k, then S = PSLs, (¢), which has a larger
order than the order of X. Hence, since & > n > 3, we have 2n < k(k+1)/2 and
so by [24, Proposition 5.4.11], (k,n) = (3,3), (4,3) or (5,5). But this contradicts [6,
Theorem 5.4.22]. O
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Proposition 6.4.4 Suppose n > 4 —u and (n,q) # (6/u,2) and let G be a subgroup of
X. Suppose that G lies in S and the socle of G/Z(X) is either PSUy (s), PQy, (s) or

2E¢ (), where s = p®. Then G does not contain a linear Singer cycle of X.

Proof. By [24, Proposition 5.4.6], we either have b = af or 2b = af and a does not divide
b, for some positive integer f. Suppose first that b = af. Then Inequality 6.4.4 holds. If

S = 2 (s), then this inequality becomes
18f = un > 277u /2.

If X = GUy, (¢q) then we get 18f > 27/, which cannot happen. So X # GU,, (¢) and so
187 > 27/ /2, which gives f = 1. Hence n divides 18 and since n > 27/2 we have 2n = 36.
But by [26], this cannot happen.

If S =PQ,, (s), then Inequality 6.4.4 becomes
okf > un > (2k) u/2.

If X = GU,, (q), then we get 2kf > (2k)’. Thus f = 1, n = k and we have an embedding
of PQ,, (¢) in PGUy, (¢). By Theorem 2.2.6, an upper bound on the element order of
Aut (PQy, (¢)) is ¢"*'/ (g — 1). But if G contains a linear Singer cycle of GUs, (¢), then

we have

(" =1)/(q+1) </ (g—1),

which has no integer solutions for n > 4 and ¢ a power of a prime.

Hence X # GUy, (¢) and we have 2kf > (2k)’ /2. Thus f = 1, so n divides 2k
and since n > k, we either have n = 2k or n = k. If n = 2k, then we have a possible
embedding of P (¢) in PSp,, (¢) or PGOJ (q). By Theorem 2.2.6, an upper bound on

the element order of Aut (P, (¢)) is ¢""*?/2/ (¢ — 1), so since G contains a linear Singer
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cycle of GUs, (q), then we have

(¢"—1)/ged (2, — 1) < "2/ (¢ - 1),

which has no integer solutions for n > 8 and ¢ a power of a prime.
Son =k > 4 and we have a possible embedding of P, (¢) in PSp,, (q) or PGO3,, (q).
If X = GOJ, (q), then the order of P, (q) is divisible by a primitive prime divisor of
¢*™ — 1, but the order of PGO3, (q) is not. Hence PQs,, (¢) cannot embed in PGO3, (q).
If X = Sp,, (q), then by [6, Lemma 1.12.4], P25 (q) does not embed in PSp,, (¢), if
q is odd. Also, if ¢ is even, then P, (¢) in contained in a member of Cs.

If S = PSUy (s), then combining Inequality 6.4.4 and [24, Proposition 5.4.8|, we get

K (k=1 u/2, k>7,
2kf Zun = ¢ 207u/2, 5 < k<6,
6/u/2, 3< k<4

If X = GUgy, (q), then this gives f =1 and k = 3 or 4. If £ = 4, then 2n divides 8. Since
2n > 6, we have 2n = 8. But by [26], this cannot happen.

So k = 3, then 2n = 6 and we have a possible embedding of PSUj; (¢) in PGUs (g).
If G contains a linear Singer cycle of GUg (¢), then using the element order bounds in

Theorem 2.2.6, Inequality 6.1.1 gives

*+1,  g>p qg#4,
(°=1)/(qg+1) << 16, q=4,

(g+1)q, q¢=p,

which has no solutions for ¢ a power of a prime.

Therefore X # PGUs,, (¢) and from the above bounds on n, we have f = 1 and
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3 < k<6, If k=6, then n divides 12. Since n > 10, we have 2n = 24. But this
contradicts [26]. Similarly, if & = 5, then 2n = 20 contradicting [26]. If k = 4, then n
divides 8 and so since n > 3, we either have 2n = 16 or 2n = 8. The latter case is ruled
out by [26], whereas if 2n = 16, then the order of PSUy (¢) is not divisible by a primitive
prime divisor of ¢" — 1. Hence & = 3. In this case n divides 6, so since n > 3, either
2n = 12 or 2n = 6. But the former is ruled out by [26] and if 2n = 6, then the order of
PSUs (¢) is not divisible by a primitive prime divisor of ¢" — 1.

Therefore we can assume 2b = af, where a does not divide b. Then Inequality 6.4.5

holds. If S = ?Eg (s), then this becomes
9f > un > 27fu/2,

which is impossible.

If S =PQ;, (s), then Inequality 6.4.5 becomes
kf > un > (2k) u/2.

If X = GUs, (q), then we have kf > (2k)’ | which cannot happen. So X # GUs, (¢) and
kf > (2k)f /2, which gives f = 1 and n = k. We therefore have a possible embedding of
PQ;,, (s) in PSp,, (s?) or PGO3, (s?). If G contains a linear Singer cycle of X, then using

the element order bounds in Theorem 2.2.6, we have

((s)" —1) /ged (2,8* —1) <"/ (s —1),

which has no integer solutions for n > 4 and s a power of a prime.
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Finally, if S = PSUy (s), then Inequality 6.4.5 gives
kEf >un > k;fu/2.

If X = GUy, (q), then we get kf > k/ and so f = 1 and 2n = k. But then the order of
PSUs,, (s) is not divisible by a primitive prime divisor of (s2)*" — 1.

So X # GUy, (¢) and we have kf > k//2. By our assumptions on a and b, we
get f = 1. Now 2n < 2k < k(k+1)/2, so by [24, Proposition 5.4.11], either 2n = k
or (k,n) = (3,3), (4,3), (5,5). By [6, Theorem 5.4.22], these latter three cases do not
occur, so we have a possible embedding of PSUy, (s) in PSp,, (s?) or PGO3, (s?). If G

contains a linear Singer cycle of X, then using the bounds in Theorem 2.2.6, we have

2n—1+1’ 2’
()"~ 1) Jged (2,8~ 1) <{ i
4223 +1), s=2,

which has no integer solutions for n > 3 and s a power of a prime. U

Proposition 6.4.5 Suppose n > 4 —u and (n,q) # (6/u,2) and let G be a subgroup of
X. Suppose that G lies in S and the socle of G/7Z (X) is *Dy (s), where s = p®. Then G

does not contain a linear Singer cycle of X.

Proof. By [24, Remark 5.4.7], we either have b = af or 3b = af and a does not divide
b, for some positive integer f. Suppose b = af. Then Inequality 6.4.4 holds, so using
Table 6.6, we have

12f > un > 87u/2.

If X = GUs, (q), then we get 12f > 8 and so f = 1. This means 2n divides 12.
Since we also have 2n > 8, this means 2n = 12. But by [26], 3Dy (s) has no irreducible

12-degree representations.

142



So X # GU,, (q) and we have 12f > 8//2. Hence f = 1. This time n divides 12 and
n > 4 and so 2n = 8, 12 or 24. Using [26], we only need to consider 2n = 8. Hence we
have a possible embedding of 3Dy (¢) in PGOg (q) or PSpg (¢). Let 7 be a primitive prime
divisor of ¢* — 1. If G contains a linear Singer cycle of X, then by our assumptions, r
divides the order of 3Dy (s), and so by inspection, we see that r divides ¢® + ¢* + 1. This
means 7 divides

F+a+1-(¢"+2) (¢* 1) =3,

so r = 3. But by Remarks 2.2.3, » > n + 1 = 5, a contradiction.
Therefore we can assume 3b = af and a does not divide b. Then Inequality 6.4.5

holds, so by Table 6.6, we have
dn > un > 8fu/2.

If X = GUy, (q), we get 4f > 8/, which cannot happen. So X # GU,, (¢) and 4f > 8//2,
which means f = 1 and n = 4. We therefore have a possible embedding of *Dy (s) in
either PGOj (s%) or PSpyg (s?).

Now, by [28, Table 2], an upper bound for the element order of Aut (*Dy (s)) is
Tp(s+1)*-3b < 21s (s +1)°.
Since GG contains a linear Singer cycle of X, we have
((7)" = 1) /ged (2,5° = 1) < 2Ls (s +1)°,

which has no solutions for s a power of a prime. O

This concludes the defining characteristic case and the proof of the main theorems.
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CHAPTER 7

CONCLUDING REMARKS

In this thesis, we have proved the following results.

Theorem 7.0.1 Let G < Sp,,, (¢) with n > 4 and suppose that G contains a linear Singer

cycle of Spy,, (q¢). Then G is contained in one of the following:
1. Stabsy, (o) (W1) or Stabsy, () (Wa). Both groups have the structure ¢""+V/2 : GL,, (q);
2. GL, (q) .2, with q odd;
3. SPayss (¢°) -8, where s is a prime dividing n;
4. GU, (q) .2, with n even and q odd; or

5. GO3, (q), with q even.

Theorem 7.0.2 Let G < GUy, (q) with n > 3 and suppose that G contains a linear

Singer cycle of GUsy, (q). Then G is contained in one of the following:
1. Stabqu,,(q) (W1) or Stabgus,, ) (W2). Both groups have the structure ¢ : GL, (¢%);
2. GL, (¢%) .2; or
3. GUays (¢°) .5, where s is an odd prime.
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Theorem 7.0.3 Let n > 5 and let G be a subgroup of GOJ (q) not containing 03, (q)
and suppose that G contains a linear Singer cycle of GO3, (q). Then G is contained in

one of the following:

1. StabGO; @ (Wh) or Sta,bGO;r @ (W5).  Both groups have the structure ¢""~Y/% .
GL, (¢);

2. GL, (¢q) .2;

3. GO;n/S (¢°) .s, where s is a prime dividing n; or

4. GU,, (q) .2 with n even.

As a consequence of these, we obtain the following corollary.
Corollary 7.0.4 Let X be one of Spy, (q), GUa, (q) or GO3, (¢), where
47 if')( = SI)Qn (q>7

n={ 3 if X =GUsp(q),
5, if X =GO3, (q).

Also, let G be an irreducible subgroup of X that does not contain Q3, (¢) when X =

GO3. (q). If G contains a linear Singer cycle of X, then one of the following holds:
1. G is contained in GL,, (¢*) .2;
2. X =Spy, (q) and G is contained in Sps, s (¢°) .5, where s is a prime dividing n;

3. X = GUy, (q) and G is contained in GUsg, /s (¢°) .5, where s is an odd prime;

4. X = GO3, (¢) and G is contained in GO

q°) .s, where s is a prime dividing n;
2n/s

5. n is even, X = Spy, (¢) with ¢ odd, or X = GO3 (q) and G is contained in
GU, (q) .2; or
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6. X = Spy, (q) with q¢ even and G is contained in GO3, (q) .

This corollary, together with Theorem 2.1.4 allows us to inductively determine all
irreducible subgroups containing linear Singer cycles.

For example, if G is an irreducible subgroup of Sp,, (¢) containing a linear Singer
cycle of Spy,, (), then by Corollary 7.0.4, G lies in GLy, () .2, Spa,, /s (¢°) -5, GU, (q) .2 or
GO3 (q). If G is contained in GL, (q) .2, then we can use Theorem 2.1.4 to determine
the possibilities for G. If G lies in Sp,, ; (¢°) .5, then we use the subgroup list for the
symplectic groups in Corollary 7.0.4 again and repeat the argument. If G lies in GU,, (¢) .2,
then we use the subgroup list for the unitary groups in Corollary 7.0.4 and repeat the
argument. If G lies in GO;, (q), we use the subgroups list for the orthogonal groups in
Corollary 7.0.4 and again repeat the argument. We can do this in a similar way when
X = GUy, (g) or GOy, (9).

For small values of n, the method is similar. However G could lie in one of the
exceptional cases to the main theorems and the small dimensional cases. If this occurs,
then the possibilities for G can be determined using MAGMA.

Our results complement Theorem 2.1.7, since we look at the plus type orthogonal
groups and the even-dimensional unitary groups which are not dealt with in Bereczky’s
result. We imagine our results could have similar applications as Bereczky’s and Kan-
tor’s results. These applications include Abhyankar and Keskar [1, Theorem 1.9], where
Kantor’s Theorem is used to determine the structure of a Galois group and Fairbairn et
al [12], where B ereczky’s Theorem is used for results on Beauville groups.

We imagine our results could be applied to any situation involving a group containing

a linear Singer cycle.
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APPENDIX A

COMPUTER PROGRAMS

At certain points in this thesis, we use MAGMA [5] to determine if specific subgroups in
either GOg (2) or Spg (2) contain a linear Singer cycle. We provide the necessary details

here.

A.1 The tensor product stabilizer in GOy (2)

The following process shows that the tensor product stabilizer, Sp, (2)oSp, (2) in GOg (2)

contains a linear Singer cycle. This is needed in the proof of Proposition 5.4.4.

> G:=GeneralOrthogonalGroupPlus(8,2);

\4

X:=Subgroups (G:0rderEqual:=15) ;

> #X;

\4

for i in [1..2] do #Centraliser(G,X[i] ‘subgroup); end for;
30

15

This shows that up to conjugacy, there are two conjugacy classes of subgroups of order 15,
only one of which is self-centralizing. This one is conjugate to the linear Singer subgroup

by Corollary 3.3.2.
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> S:=Subgroups (G:0rderEqual:=4320) ;
> #S;
8
> for i in [1..8] do IsTensor(S[i] ‘subgroup); end for;
false
false
false
false
false
false
false
true
> 58:=5[8] ‘subgroup;
> TensorFactors(S8);
MatrixGroup(4, GF(2))
Generators:
[1 10 1]
[0111]
(1 110]

[0010]

[0110]
[0 10 0]
(111 1]

[0 10 1]
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[0 10 0]

[1 10 0]

(111 1]

[1010],
MatrixGroup(2, GF(2))
Generators:

[1 1]

[1 0]

[1 1]

[0 1]
This finds the tensor product stabilizer.

> Y:=Subgroups(88:0rderEqual:=15) ;
> #Y,

1

> #Centraliser(G,Y[1] ‘subgroup);

15

Finally, this shows that the subgroup of order 15 is the tensor product stabilizer is self-

centralizing and so is conjugate to the linear Singer subgroup.

A.2 The subgroups of GO7 (2) isomorphic to Ag

This process shows that of the two subgroups of GOgZ (2) isomorphic to Ag, one contains
the linear Singer cycle, the other does not. This also shows that the subgroup of GOg (2)
isomorphic to Sg does not contains a linear Singer cycle. We use these arguments in

Theorem 6.2.2.
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> G:=GeneralOrthogonalGroupPlus(8,2);

\4

S:=Subgroups (G:0rderEqual :=181440) ;

> #S;

> S1:=S[1] ‘subgroup;

> 52:=5[2] ‘subgroup;

> Isoml:=IsIsomorphic(S1,A1t(9));
> Isoml;

true

> Isom2:=IsIsomorphic(S2,A1t(9));
> Isom2;

true
This argument finds both subgroups isomorphic to Ag in GOg (2), up to conjugacy.

> X:=Subgroups(S1:0rderEqual:=15);
> #X;

1

> #Centraliser(G,X[1] ‘subgroup) ;

30

This shows that the subgroup of order 15 in one copy of Ag is not self-centralizing and

cannot be conjugate to the linear Singer subgroup.

> Y:=Subgroups (52:0rderEqual:=15) ;
> #Y;

1

> #Centraliser(G,Y[1] ‘subgroup);

15
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This shows that the subgroup of order 15 in the other copy of Ay is self-centralizing and

so is conjugate to the linear Singer subgroup.

> T:=Subgroups (G:0rderEqual :=362880) ;
> #T,;

1

> T1:=T[1] ‘subgroup;

> Isom3:=IsIsomorphic(T1,Sym(9));

> Isom3;

true

> Z:=Subgroups(T1:0rderEqual:=15);
> #7;

1

> #Centraliser(G,Z[1] ‘subgroup);

30

Finally, this argument finds the subgroup of GOZ (2) isomorphic to Sy, up to conjugacy
and shows that the subgroup of order 15 lying inside it is not self-centralizing and so

cannot be conjugate to the linear Singer subgroup.

A.3 The subgroups of Spg(2) isomorphic to Sy

This process shows that the subgroup of Spg(2) isomorphic to S;jg does not contain a

linear Singer cycle. This argument is also used in the proof of Theorem 6.2.2.

> G:=SymplecticGroup(8,2);
> X:=Subgroups (G:0rderEqual:=15);
> #X;

3
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> for i in [1..3] do #Centraliser(G,X[i] ‘subgroup); end for;
90
90

15

This shows that up to conjugacy, there are three conjugacy classes of subgroups of order
15, only one of which is self-centralizing. By Corollary 3.3.2, this one is conjugate to the

linear Singer subgroup.

> S:=Subgroups (G:0rderEqual :=3628800) ;
> #S;

1

> S1:=S[1] ‘subgroup;

> Isom:=IsIsomorphic(S1,Sym(10));

> Isom;

true
This finds the subgroup isomorphic to Sip, up to conjugacy.

> Y:=Subgroups(S1:0rderEqual:=15) ;
> #Y,;

1

> #Centraliser(G,Y[1] ‘subgroup);

90

Finally, this shows that the subgroup of order 15 lying in Sjq is not self-centralizing and

cannot be conjugate to the linear Singer subgroup.
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