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ABSTRACT

Let g = g(A) be a Kac-Moody Lie algebra with generalized Cartan matrix A. Brundan,
Goodwin and independently Kostant developed a theory of root system known as Levi
type root system when A is a Cartan matrix so that g(A) is a finite dimensional semisimple
Lie algebra. This theory replicates much of the structure of usual root systems. In this
thesis we build up the theory of Lie algebras to review this. Then we go on to define Levi
type roots for the case where A is of affine type. To describe Levi type root systems we
show how these roots are related to the roots of centralizers of nilpotent elements in g.
We also determine the normalizers of parabolic subgroups of finite and affine Weyl groups

of classical types which can be viewed as the Weyl groups for so called root systems.
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INTRODUCTION

Let g = g(A) be a finite type or an untwisted affine Kac-Moody Lie algebra with gener-

alized Cartan matrix A. Let h be a Cartan subalgebra of g, and

g:h@@ga

acd

be the weight space decomposition of g with respect to h with the set of simple roots
II ={ay,...,aq} or the fundamental roots II = {ay, ..., } for g of finite type or affine
type respectively. Let Y C {1,...,1}, and &y = o N (P, .y Zo).

Let gy = b ® @,co, 9o be the Levi factor of a standard parabolic subalgebra

Py = gy D uy

where uy = @aew\@; 0o and ®f = dT N Oy, Let hY = 3(gy). Since hY C b, it acts

semisimply on g and we have

0=000 P 0a

acdY
where g, = {z € g| [t,z] = a(t)z for all t € h* } and go = ¢, (hY).
The subset ®¥ = {a € (hY)* | go # 0} C (hY)* is called the Levi type root system.
The theory of Levi type root systems when g is a finite dimensional semisimple Lie
algebra is independently developed in Brundan and Goodwin [3] and Kostant [18]. This

theory replicates much of the structure of usual root systems.
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In this thesis we generalize much of this theory to the case when g is an untwisted

affine Kac-Moody Lie algebra, and Y C {1,...,l}.

Remark. If there exists a graph automorphism 7 of Dynkin diagram such that 0 ¢ 7Y
then we use the same technique for example when g is of type A. If this is not the case,

then we expect the theory to be similar, but a bit more complicated.

The following theorem [18, Theorem 1.9] where R is the set of Levi type roots for the
finite semisimple Lie algebra g plays a key role in developing the theory of Levi type root

systems.

Theorem. Let v =@, ., 9,. Then g, is an irreducible ad gy -module for any v € R and
any irreducible gy -submodule of v is of this form. Furthermore, t is a multiplicity-free
ad gy -module and v = @, 8, s the unique decomposition of v as a sum of irreducible

ad gy -modules.

The theory of Levi type root systems in many ways replicates results in the usual
root theory. For example it is established that if u,v € R, and u+ v € R, then we have
the equality [g,,8,] = @u+v. Also if p,v € R and if (p,v) < 0, then g+ v € R, and if
(u,v) > 0, then u — v € R, see Theorem 2.2.2.

The theory of Levi type root systems have found applications in other areas of math-
ematics. For example Levi type root system has been Kostant’s motivation in Borel
de-Siebenthal theory, see [18] and Brundan and Goodwin’s motivation in good grading
of Lie algebras, see [3]. Orlik and Solomon and many others have considered underly-
ing hyperplane arrangements, see [20]. Levi type root systems also play a role in the
representation theory of the finite WW-algebras which has attracted a lot of attention in
Mathematical physics. Brundan, Goodwin, and Kleshchev set up a framework to study
representation theory of finite W-algebras via highest weight theory, see [4]. For further

applications, see [1], and [10].



For the case when g is an untwisted affine Kac—-Moody Lie algebra, the Proposition
4.1.1 shows that Levi type root spaces are finite dimensional.
For o € ® we define oY € ®¥ which is a restriction of a to hY .

The following theorem is a description of these root systems.

Theorem. Let g = g(A) be an untwisted affine Kac—Moody Lie algebra with a generalized
Catran matriz A, Cartan subalgebra by, the set of roots ® and the set of fundamental roots
IT = {ag,...,q}. Then for any subset Y C {1,... 1} the corresponding Levi type root
system is

Y ={id" |i € ZuptU{a+i6" |a e (®°)Y,ic Z}.

where § € ® is the indecomposable imaginary root, ®° is the root system of the finite
dimensional Lie algebra g(A°), and (®°)Y is the Levi type root system for g(A®) corre-

sponding to Y .

In fact

" = ((I)Y)Re U ((I)Y)Im

where (®Y)ge = {a +i6" | a € (9°)Y,i € Z} and (P )1, = {i0” | i € Z o}
Now let e be a regular nilpotent element in gy. Then we have h¥ = 3(gy) = hng® = h°

where g° and h¢ are centralizers of e in g and b respectively. We also have

0° = (90)° @& P (9 N ")

acdY

where (g9)¢ = go N g°. Let ®° = {a € ®¥ | g, N g° # 0}. The next proposition says that

e”

we can view ®Y as the “root system of g*”.

Proposition. Let Y C {1,...,l} ande =),y ¢; € gy be a regular nilpotent element in

the Levi subalgebra gy . Then ®¢ = &Y,



The normalizers of parabolic subgroups of finite and affine Weyl groups are related to
the Levi type root systems. We can consider them as the Levi type Weyl groups. For the
finite Weyl groups the isomorphism classes of the normalizers of parabolic subgroups are
already done by Howlett, see [11]. The normalizers of parabolic subgroups for Coxeter
groups in general are done by Brink and Howlett, see [2]. In this thesis we aim to present
a permutation representation for classical finite Weyl groups and affine Weyl groups from
7], [8], and [9]. We will relate the root system of Levi type ® with the normalizer of the
parabolic subgroup Ny (W) = WE x W, where L is the partition of Z corresponding to
Y.

For the case when G = GL,(C[t,t7]), g = gl,,(C[t,t"!]) and W = W(A,) we will
show the Levi type Weyl group WY is isomorphic to Ng(gy)/Gy. We expect this is also
true in other types.

The first chapter of this thesis is devoted to give an overview of the theory of Lie
algebras. We define Lie algebras and semisimple Lie algebras in particular. We list some
standard definitions and basic facts about Lie algebras. The representation theory of sl,
is presented to show some properties of the root space decomposition as we study further
on. The Cartan decomposition of a semisimple Lie algebra into root spaces with respect
to a maximal toral subalgebra is described. We also introduce reductive Lie algebras.
The rest of the first chapter is devoted to classify semisimple Lie algebras and to focus
on the the idea of existence and uniqueness of a semisimple Lie algebra with a given root
system.

The main content of the Chapter 2 focusses on defining Levi type root systems for
finite dimensional semisimple Lie algberas. Some properties of these root systems are
investigated. The rest of the chapter is devoted to relate Levi type root systems to the
centralizers of nilpotent elements in semisimple Lie algebras.

In Chapter 3 we first introduce the theory of the Kac-Moody algebra associated to a



generalised Cartan matrix. We obtain a trichotomy of indecomposable generalised Cartan
matrices into those of finite, affine and indefinite type. Then the Weyl group and root
system of a Kac—Moody algebra is discussed. Then the chapter is focused more on Kac—
Moody Lie algebras of affine type and their roots. The rest of the chapter is focused
on showing a method to construct the affine Kac-Moody Lie algebras from the finite
dimensional simple Lie algebra via loop algebras.

In the fourth chapter we study the structure of Levi type root systems for affine Kac—
Moody Lie algebras. Then we consider the centralizer of a nilpotent element and show
how the centralizers of regular nilpotent elements are related to Levi type root systems.
Finally we investigate some properties of these root systems.

The fifth chapter starts with some preliminaries on Coxeter groups. First we briefly
study two of the most important types of Coxeter groups, finite reflection groups and
affine Weyl groups including the classification of associated Coxeter graphs. We continue
the general study of Coxeter groups. To describe the normalizers of parabolic subgroups
of affine Weyl groups up to isomorphism as the main part of this chapter we aim to present
a permutation representation for classical finite Weyl groups and affine Weyl groups.

In the final chapter we relate the Weyl group of Levi type WY with the normalizer of
the parabolic subgroup Wy of finite and affine Weyl groups. We will prove WY known as

the Levi type Weyl group is isomorphic to Ne¢(gy)/Gy when g is of type A,.



CHAPTER 1

LIE ALGEBRAS

In this chapter we give an overview of the theory of Lie algebras. All the material can
be found in the books of Humphreys [12] and Tauvel and Yu [24]. We do not include the
references for all the results we state. In this chapter k is an algebraically closed field of

characteristic 0.

1.1 Lie algebras

Definition 1.1.1. A Lie algebra over k is a k-vector space g, with a bilinear operation
gxg — g denoted by (z,y) — [z,y] called the bracket of x and y, satisfying the following

axioms:
(i) [x,z]=0forall zin g
(ii) [x,[y, 2]] + [y, [z, x]] + [z, [z, y]] = 0 for all z,y, 2z € g (called the Jacobi identity).

Let A be an associative algebra over k, then A with an operation [a, b] := ab — ba for
all a,b € A is a Lie algebra which is denoted by [A]. If V' is a finite dimensional vector
space over k, then End V' is an associative algebra. We write gl(V') for [End V| and call
it the general linear Lie algebra. The set of all n x n matrices M(n, k) identified with
the set of endomorphism of V' is a Lie algebra with [a,b] = ab — ba for all a,b € M(n, k)
denoted by gl(n, k).



Next we list some standard definitions about Lie algebras.

o

o

e}

e}

A Lie algebra g is called abelian if [x,y] = 0 for all x,y € g.

A subalgebra b of g is a subspace of g such that [z,y] € b for all z,y € b.

A subspace a of g is called an ideal if [z,y] € a for all z € g and y € a.

A non abelian Lie algebra g is simple if it has no ideals other than itself and 0.

The centre of g is defined by 3(g) = {z € g | [z,y] = 0 for all y € g} and is an ideal

of g.

The derived subalgebra of g denoted by ®©(g) consists of all linear combinations

of commutators [z, y], for all z,y € g.
The normalizer of a subalgebra t of g is defined by ng(t) = {z € g | [z, C t}.

A map ¢ : g — ¢ is a homomorphism of Lie algebras g and ¢’ if ¢ is a linear
map and ¢([z,y]) = [¢(x), ¢(y)] for all z,y € g and it is an isomorphism if ¢ is a

bijective.

A representation (V) of g is a Lie algebra homomorphism ¢ : g — gl(V)
where V' is vector space over k. A representation is finite dimensional if V' is finite

dimensional and is faithful if it is injective.

The map ad : g — gl(g) defined by ad z(y) = [z,y] is a Lie algebra homomorphism

so it is a representation of g known as the adjoint representation.

If A is an algebra over a field k, a derivation of A is a linear map 6 : A — A
satisfying 0(ab) = ad(b)+0(a)b for all a,b € A. The collection Der A of all derivations
of A is a subspace of End(A) and it is a Lie algebra with [§, '] = §6’ — §’'9 for all
0,0 € Der A.



o Let g be any Lie algebra over a field k. A Lie module for g, or alternatively a
g-module, is a finite dimensional vector space V together with a map g x V — V

denoted by (z,v) — x - v satisfying the following conditions:
(a) (az +by)-v=a(z-v)+bly-v),
(b) z - (av + bw) = a(z - v) + b(x - w),

(€) gyl v=2-y-v—y-z-v

for all z,y € g,v,w € Vand a,b € k.

o}

Lie modules and representations are equivalent, i.e if ¢ : g — gl(V') is a representa-
tion of g, then we make V' a g-module by defining = - v = ¢(z)(v) for all z € g, and
v € V. Conversely, given a g-module V', then ¢ : g — gl(V) is a representation of g

given by p(x)v = x - v where z € gand v € V.

o}

Let V' be a g-module. A submodule of V' is a subspace W of V' such that for all

z € g and for all w € W, we have z - w € W.

o A homomorphism of g-modules is a linear map ¢ : V' — W such that p(x-v) =

x-p(v) forallz e gandve V.

e}

Let g be a Lie algebra. A g-module V is said to be irreducible or simple, if it
is nonzero and has precisely two g-submodules 0 and V. It is called completely
reducible or semisimple if V' is a direct sum of irreducible g-submodules, or

equivalently, if each g-submodule W of V' has a complement .
Here are some examples known as classical algebras.

Example 1.1.2. Let V be a vector space over a field k then,
Ay Let dimV = £+ 1. The set sl(V) of all endomorphisms of V' having trace zero is

a subalgebra of gl(V') called the special linear algebra.



The Lie algebra g = s[(2, k) such that the characteristic of k is not 2, is simple. Take

0 1 00 1 0
T = LY = ,and h = as the standard basis for g so that

0 0 10 0 —1
[z,y] = h, [h,z] = 2z and [h,y] = —2y. Let a be a nonzero ideal of g and ax + by + ch

be a nonzero element of a. By applying ad x twice, we get —2bx € a, and applying ad y
twice, we get —2ay € a. If a or b is nonzero, a contains either y or x and then clearly
a = g. On the other hand, if a = b =0, then 0 # ch € a, so h € a, and again a = g. So g
is simple.

Let J = J, be an n x n matrix defined by J;; = 1if j =n —i+4+1, and J;; =0
otherwise.

Cp: Let dimV = 2¢. Let f be the nondegenerate skew symmetric bilinear form on V

0 J
whose matrix is S = . We denote by sp(V), or sp(2¢, k), the symplectic
—Jy 0
algebra, the set of all endomorphisms X of V' satisfying f(X(v),w) = —f(v, X (w)).
M N
In matrix terms, the condition for X = where M, N, P,Q € gl(¢,k) to be
P Q

symplectic is that SX = —X%S, that means N5 = N, P¥ = P and M = —(Q where
(Az‘j>5tr = (Al—j+1€—i+1)'

By Let dimV = 2¢ 4+ 1, and let f be the nondegenerate symmetric bilinear form
on V whose matrix is S = Jyp11. The orthogonal algebra denoted by o(V) or o(2¢ + 1)
consists of all endomorphisms of V' satisfying f(X(v),w) = —f(v, X(w)). In matrix
terms, X € M(2¢+ 1,k) is orthogonal if SX = —X"S, i.e. X = —X5,

Dy: This is another orthogonal algebra. The construction is similar to that for B,
except that dimV = 2/ is even.

The set b(n, k) = {A = (4;;) € gl(n, k) | A;; =0 i > j} called the set of upper
triangular matrices and n(n, k) = {A = (4;;) € gl(n, k) | A;; =0 ¢ > j} known as the

strictly upper triangular matrices and finally 9(n, k) the set of diagonal matrices



are some subalgebras of gl(n, k).

Now we give some more standard definitions in the theory of Lie algebras.

o The derived series is defined by g = g and g = [g(~Y g(=Y] for i € Z>;. A
Lie algebra g is solvable if g™ = 0 for some m > 1. The Lie algebra of upper

triangular matrices is solvable.
o If g is finite dimensional there is a unique solvable ideal rad g of g containing every
solvable ideal of g called the radical of g.

Let a and b be two solvable ideals of g. Thena+b={z+y |z € a,y € b} is an
ideal of g and solvable see [12, Proposition 3.1]. Therefore, we can define the radical
of g as the sum of all the solvable ideals of g, hence the radical of g is unique and

solvable.
o A Lie algebra g is called semisimple if radg = 0.

o The descending central series is defined by g° = g and g’ = [g,¢" '] for i € Z>;.
A Lie algebra g is said to be nilpotent if g™ = 0 for some m > 1. The Lie algebra

of strictly upper triangular matrices is nilpotent.

o Let g be any Lie algebra and z € g. We call x ad-nilpotent if ad z is a nilpotent

endomorphism. Therefore, if g is nilpotent, then all elements of g are ad-nilpotent.

Below are two basic theorems in the theory of Lie algebras.

Theorem 1.1.3 (Engel’s Theorem). Let V' be a finite dimensional vector space and g
a Lie subalgebra of gl(V') such that each element of g is nilpotent. Then there exists a

basis of V' such that the matrices of g are all strictly upper triangular matriz.

The following is a consequence of Engel’s theorem.

10



Corollary 1.1.4. Let g be a Lie algebra. Then g is nilpotent if and only if all element of

g are ad-nilpotent.

Theorem 1.1.5 (Lie’s Theorem). If g be a solvable subalgebra of gl(V') where V is
finite dimensional vector space over a field k, then there exists a basis of V' in which every

matrices of g is upper triangular.

If V is a vector space over an algebraically closed field k, there is a unique expression
known as Jordan—Chevally decomposition for z € End(V) as a sum = = z; + x,
where z, € End(V) is semisimple and x,, € End(V) is nilpotent, and x,, and =, commute.
Moreover, there exists polynomials p(X), ¢(X) € k[X], with no constant term, such that

xs = p(x), x, = q(x). The following Lemma will be used later.

Lemma 1.1.6. Let A be a finite dimensional k-algebra. Then the semisimple and nilpo-

tent parts of Jordan decomposition of all elements of Der A belong to Der A.

1.2 Semisimple Lie algebras

Let §:V xV — k be a bilinear form on V where V is a vector space over k. Then 3
is called nondegenerate if g = {r € g | S(z,y) =0forally € g} = 0. If (V,p) is a
finite dimensional representation of g, then we can define a symmetric bilinear form 3,
on g associated to ¢ by B,(z,y) = tr(¢(z)p(y)) for all z,y € g. For all z,y and z € g
we have S,([z,y],2) = B,(x, [y, 2]); this is known as the associativity or invariance
property. The Killing form on g is the symmetric bilinear form associated to the adjoint
representation of g and is denoted by /.

The following well known results will be used later.

Theorem 1.2.1. Let g be a Lie algebra. Then g is semisimple if and only if its Killing

form is nondegenerate.

Theorem 1.2.2. Let g be a semisimple Lie algebra. Then,

11



(a) g is a direct sum of simple Lie algebras.
(b) adg = Derg.

Let g be a semisimple Lie algebra. Then the map g — adg is one to one and also
we have Der g = ad g. Since Der g contains the semisimple and nilpotent parts of all its
elements by Lemma 1.1.6, we can determine for every € g unique elements s, n € g such
that ad x = ad s + ad n as the usual Jordan decomposition of ad x. This gives x = s+ n
known as abstract Jordan decomposition of x where [s,n] = 0 and ad s and adn are
semisimple and nilpotent respectively.

Here are some more known facts in the theory of Lie algebras.

Theorem 1.2.3 (Weyl’s theorem). Let g be a semisimple Lie algebra. Then every

finite dimensional representation of g is completely reducible.

Now we give one of applications of Weyl’s theorem in the study of semisimple Lie

algebras.

Theorem 1.2.4. Let g be a semisimple Lie algebra and ¢ : g — gl(V') be a finite dimen-
sion representation of g. Suppose x € g has abstract Jordan decomposition x = s + n.

Then the Jordan decomposition of p(x) is p(x) = p(s) + ¢(n).

1.3 Representation theory of sl,

Let g = s[(2, k) with the standard basis z,y, h where [h, z] = 2z, [h,y] = =2y, [z,y] = h.
Let V be a g-module of finite dimension over an algebraically closed field k. Since h acts
diagonally on the g-module V', therefore V' = @, ., V) where V\ = {v € V | h-v = Av}.
For A € C when V), # 0, it is called a weight of h in V' and we call V), a weight space. We
can check that if v € V), then x-v € Vy,5 and y-v € V) _5. Since V is finite dimensional,
there exists V) # 0 such that Vy,o = 0. For such A\, any nonzero vector in V) is called a

maximal vector of weight A\. Here are some facts about irreducible modules for s[(2, k).

12



Theorem 1.3.1. Let V' be an irreducible module for g = sl(2, k).

(a) Relative to h, V is the direct sum of weight spaces V,,, where p =m,m—2,...,—(m—

2),—m, and m + 1 =dim V. Moreover, dimV, =1 for each p.

(b) V has (up to nonzero scalar multiples) a unique mazimal vector, whose weight (called

the highest weight of V') is m.

(c) There exists at most one irreducible g-module (up to isomorphism) of each possible

dimension m + 1, m > 0.
Now we can use this result to prove the following result.

Corollary 1.3.2. If V' be any finite dimensional g-module, then the eigenvalues of h on
V' are all integers, each occurs with its negative with equal number of times. Moreover,
if we decompose V' into direct sum of irreducible submodules, the number of summands is

exactly dim Vy 4+ dim V.

1.4 Root system decomposition

For any semisimple Lie algebra g there exists an element x € g whose semisimple part
Zs in the abstract Jordan decomposition is nonezero because otherwise g is nilpotent Lie
algebra which is not semisimple. A subalgebra of g consisting of semisimple elements is
called a toral subalgebra. It is known that toral subalgebras are abelian and if we let
b be a maximal toral subalgebra of g, then adyh is a family of commuting semisimple

endomorphisms. Therefore, ady b is simultaneously diagonalizable and we have

9=1009 P ga

acd

known as root space decomposition or Cartan decomposition of g where g, = {z €

g | [h,z] = a(h)x for all h € b}, o € h* and go = ¢4(h). The set ¢ of roots of g relative

13



to b is the set of all nonzero v € h* such that g, # 0. For a € ® an element z € g, is
called a root vector.
Let 8 be the Killing form on g. Then following proposition gives some properties

about the root space decomposition.

Proposition 1.4.1. For all o, 5 € ®;

(a) [8a,988] C Bats-

(b) If x € gq, then ad x is nilpotent for o # 0.
(¢) 9o is orthogonal to gg relative to the Killing form 5 of g if o+ 5 # 0,.

Corollary 1.4.2. The restriction of the Killing form to go = ¢4(h) is nondegenerate.
Proposition 1.4.3. If b is a mazimal toral subalgebra of g, then b = ¢4(h).

Now we can easily deduce that
Corollary 1.4.4. The restriction of B to b is nondegenerate.

Therefore we can identify h with h* via 3. Given ¢ € b*, let 5 € h be the unique
element satisfying ¢(h) = B(ty, h) for all h € .
Using the Killing form § we can get more information about the root space decompo-

sition.
Proposition 1.4.5. (a) ® spans b*.
(b) If « € @, then —a € P.
(c) Let € D, x € go,y € §_o- Then [z,y] = B(x,y)ta.
(d) If « € @, then [ga, §_o) is one dimensional, with basis t,.

(e) a(ty) = B(tasta) #0 , for a € ®.

14



(f) If « € ® and x,, is any nonzero element of g, then there exists y, € g_o such that

Tas Yo, ha = [T, Yo SPa @ three dimensional simple subalgebra S, of g isomorphic

01 0 0 1 0
to sl(2,k) via x, — s Yo > s ha =

0 0 10 0 -1
(g) hoc = Qta/ﬁ(tomta)a ha = _h—a'

(h) For a € &, dimg, = 1. In particular, So = go + §—a + ba (ha = [gas 9-a]), and for

given nonzero T, € go, there exists a unique Yo, € §_o salisfying [q, Yo| = ha-

We know the restriction of the Killing form to b is nondegenerate so we can transfer
the form to h* such that for 7,0 € ® we have (v,d) = B(t,,t5). Since ® spans h*, we can
choose a basis aq,...,a, of h* consisting of roots. Each element § € & can uniquely be
written as § = Zle cia;, where ¢; € Q see [12, Section 8.5]. Moreover, the form on by is
positive definite. Now if we extend the base field from Q to R, i.e. by = by ®g R. This
form extends canonically on b which is positive definite and turns by into an Euclidean

space. Theorem below gives some properties about roots.
Theorem 1.4.6. Let g, b, ® and b be as above. Then:
(a) ® spans b, and 0 does not belong to P.
(b) If « € , then —a € @, but no other scalar multiple of o is a root.

(c) If a,p € ®, then § — 2

Eg:gga c ®.

(d) If a, 8 € ®, then 2(8,a)/(a, ) € Z.

1.5 Root systems

In this section let E be a fixed Euclidean space. A reflection in E, is an invertible

linear transformation leaving pointwise fixed some hyperplane and sending any vector
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orthogonal to that hyperplane to its negative. For any nonzero vector a there is a reflection

oa(B) =B — 2%&, with reflecting hyperplane P, = {5 € E | (5,a) = 0}. We use (53, a)

to abbreviate 2(8, «)/(a, a).

Definition 1.5.1. A root system in an Euclidean space E is a subset ® of E such that

the following conditions are satisfied:

(a) ® is finite, spans E, and does not contain 0.
(b) If & € @, then the only multiples of a in ® are +au.

(c) If @ € @, then the reflection o, leaves ® invariant.
(d) If a, p € &, then (B, «) € Z.

Let ® be a root system in E. The subgroup W of GL(FE) generated by the reflections
0, where a € ® is called the Weyl group of ®. By part (c) of the definition of a root
system, W permutes the set ®. Then we can identify W with a subgroup of the symmetric
group on ®. Therefore, W is finite.

The following lemma gives a useful property about root systems.

Proposition 1.5.2. Let a, f be nonproportional roots. If («, ) > 0, then a— f3 is a root.

If (o, B) <0, then o+ B is a root.

Next we recall some standard definitions and properties of root systems.

o A subset II of ® is called a base if Il is a basis of E and each root [ can be written as
B =3 pen kae with k, all nonnegative or all nonpositive integers. This expression

is unique.
o All root systems have a base, see [12, Theorem 10.1].

o The roots in II are called simple and Card Il = ¢ where ¢ = dim £ which is called

the rank of a root system ®.
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o The hyperplanes P, where o € ® partition E into finitely many regions. The

connected components of E'\ (.4 Fu are called the (open) Weyl chambers of E.
o The Weyl chambers are in 1-1 correspondence with bases.

o The height of a root § =) koo relative to II is defined by ht 8 = > 1 ka.

a€ll

o If all integral coefficients k, > 0 we call § positive and we write 5 > 0, otherwise

we call it negative and we write 5 < 0.
o The collection of positive and negative roots relative to II is denoted by ®* and ®~.

o A root system @ is called irreducible if it cannot be partitioned into a union of
two proper subsets such that each root in one set is orthogonal to each root in the

other.

o If @ is an irreducible root system then we have at most two root lengths in ®, and
all roots of a given length are conjugate under W. These roots are regarded as

either long or short roots.

Let (o, ..., ap) be an ordering of the simple roots. The matrix ({(c;, a;)) is called the
Cartan matrix of ®. The Cartan matrix is independent of the choice of 11, since W acts
transitively on the collection of bases. The Cartan matrix is nonsingular, as II is a basis of
E. If o, 8 are distinct positive roots, since («, 5){3,a) = 0,1,2,or,3. The graph having
¢ vertices such that the ith joined to the jth (i # j) by (u, ;) (e, ;) edges is called the
Coxeter graph of ®. If we have more than one root length, to recognize which root is
of short length and which to long length we can add an arrow pointing to the shorter of

the two roots and we call it the Dynkin diagram of ®.

Theorem 1.5.3. If ® is an irreducible root system of rank £, then its Dynkin diagram is

one of the diagrams from Figure 1.1.

17



Ay

C

D,

Er

Fy

Go

0O—O0— -+ —0—20
0O—O0— — 0 =0
O—O0— -+ — 0 < 0
o
O—O0— =+ —O0—0
0

O—O0—0—0—0

O—O0—0O0—0—0—0

©)

O—O0——O0—O0—0—0—0

O— O = 0—0

0= 0

Figure 1.1: List of Dynkin diagrams
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1.6 Reductive Lie algebras

In this section we give an overview of the structure of reductive Lie algebras. Then
we introduce some subalgebras of Lie algebras such as Borel subalgebras and parabolic
subalgebras.

Let g be a Lie algebra. The intersection of the kernels of all finite dimensional simple
representations of g is an ideal called the nilpotent radical of g. The following theorem

gives an equivalent alternative definition of nilpotent radicals, see [24, Theorem 19.6.2].

Theorem 1.6.1. Let n be the nilpotent radical of g. Thenn =rad gN®(g). In particular,

when g is solvable, then n = D(g).

The following theorem states that any finite dimensional Lie algebra is a semidirect

product of a solvable Lie algebra and a semisimple Lie algebra, see [24, Proposition 20.3.5].

Theorem 1.6.2. (Levi—Malcev Theorem) Let g be a Lie algebra and v = radg. There

exists a subalgebra s of g such that g = s ® t. Moreover, s is semisimple.

Corollary 1.6.3. Let v =rad g and n the nilpotent radical of g. Then
n=tN9(g) = [g,1].

Proof. Let s be a complement of v as in Theorem 1.6.2. Then we have D(g) = [s,s] +

[s,t] 4+ [t,v] =8+ [s,v] + [v,t] = s D [g,t]. So by Theorem 1.6.1, n =tND(g) = [g,v]. O

A Lie algebra g is said to be reductive if its adjoint representation is semisimple.
The proposition below gives equivalent properties for a Lie algebra g to be reductive, see

[24, Proposition 20.5.4].

Proposition 1.6.4. Let vt = radg and n the nilpotent radical of g. The following condi-

tions are equivalent:
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(a) g is reductive.
(b) g =5@ a where s is semisimple and a is abelian.

(c) g has a finite-dimensional representation such that the associated bilinear form is

nondegenerate.

(d) g has a faithful semisimple representation of finite dimension.

(e) n={0}.
(f) v is the centre of g.

Corollary 1.6.5. A Lie algebra g is reductive if and only if ©(g) is semisimple. In

particular, if g is reductive, then g = D(g) ® 3(g).

1.7 Cartan subalgebras, Borel subalgebras and parabolic

subalgebras
In this section we give more standard definitions in the theory of Lie algebras. Let g be
a Lie algebra.
o A maximal solvable subalgebra of g is called a Borel subalgebra of g.

Let g be a semisimple Lie algebra, h a maximal toral subalgebra and ® be the
root system of g relative to h. Let II be a base of ® and let ®* and ®~ be the

corresponding sets of positive and negative roots respectively. Now let
W= P v =P, br=pont, b =hon
aedt aed—

The decomposition g =n~ @ h @ nt is called the triangular decomposition of g

relative to h and ®*. The subalgebras n™ and n~ are nilpotent. The subalgebras b
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and b~ are maximal solvable subalgebras of g; therefore these are Borel subalgebra
of g relative to h. We call b* the standard Borel subalgebra relative to § and

o,

o A subalgebra of g containing a Borel subalgebra is called a parabolic subalgebra.

A parabolic subalgebra containing b is called a standard parabolic subalgebra.

o A Cartan subalgebra of a Lie algebra g is a nilpotent subalgebra which is equal

to its normalizer in g.

Let g be semisimple, with Cartan decomposition g = h ® 4 ga relative to a
maximal toral subalgebra h. Since b is abelian, it is nilpotent and because [h, go] =
gq for a € ® we have ng(h) = h. Therefore, in this case Cartan subalgebras exist

and in fact Cartan subalgebras are the same as maximal toral subalgebras.

o Let g be a semisimple Lie algebra, p a parabolic subalgebra of g and n the nilpotent
radical of p. A subalgebra m of p is called a Levi factor of p if it is reductive in g

and p=m®n.

Theorem 1.7.1. Let g be a semisimple Lie algebra and p a parabolic subalgebra of g. Let

t = 3(m) be the center of m. Then m is the centralizer of t in g.

1.8 Classification of semisimple Lie algebras

In this section we first start with describing free Lie algebras. Then we give a presentation
of a semisimple Lie algebra g by generators and relations which depends only on the root
system ® of g. Later we state the theorem about both existence and the uniqueness of a

semisimple Lie algebra having ® as a root system.
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Free Lie algebras

Let X = {x; | i € I} be a set with an index set I. Let F'(X) be the set of all finite sums
Zrzo Zil ,,,,, ioel Niin Tiy - Ty, With Ay 50 € ky 7 € Zso and all 4y,...,4, € I. When
r = 0 the product z;, ...x;. is the empty product, and written as 1. The operation of
addition, multiplication and scalar multiplication are in an obvious way making F'(X) into
an associative algebra over k with identity 1. Let [F'(X)] be the Lie algebra corresponding
to the associative algebra F'(X) and let §£(X) be the intersection of all the Lie subalgebras
of [F(X)] containing X. Then F£(X) is called the free Lie algebra on the set X.

Let X be a set as above. A Lie monomial in the elements of X is a finite product
of elements of X bracketed by Lie brackets in any manner. A Lie word in the elements
on X is a finite linear combination of Lie monomials on X with coefficients in k. Let
R = {w; | j € J} be a set of Lie words in the elements of X. We know all Lie words
w; lie in FL(X). Let (R) be the ideal of FL(X) generated by R, i.e. the intersection of
all ideals of FL(X) containing R. We call the Lie algebra F£(X)/(R) the Lie algebra
generated by X subject to relations R.

In the following proposition we single out a set of generators for a semisimple Lie

algebra g.

Proposition 1.8.1. Let g be a semisimple Lie algebra, b a mazimal toral subalgebra of g,
and ® the corresponding root system of g relative to . Let 11 be a fized base of ®. Then

g 1s generated by arbitrary nonzero root vectors xo € g, Ya € §_o for a € I1.

Proof. Let B be an arbitrary positive root relative to II. We know that § can be written
in the form 8 = oy + ...+ a, where o; € Il and where each partial sum a; +... 4+ a; is a
root. We also know that [g.,, 5] = 9,46 Whenever v,d,7 + € ®. By using induction on
s, we see that gs lies in the subalgebra of g generated by all g, where a € II. Similarly

if B is negative, then gg lies in a subalgebra of g generated by all g_, where a € II. But
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9= P, o8 and b =3 _4[8a,9-a], so the proposition follows. ]

Now let IT = {ay,..., o} be a fixed base of . We know (;, aj) = % = a;(hy)

where h; = h,;. Now choose a standard set of generators z; € ga,,¥i € g, SO that

[951'; yi] = h;.

Proposition 1.8.2. With the above notation, g is generated by {x;,y;,h; | 1 < 1 < (£},

and these generators satisfy the following relations
(a) [hi,hj] =0 for 1 <1i,5 <U.
(b) [wi,ys] = hi, [ws,y;] =0 4f i # 5.
(¢) [hi, zj] = (aj, cu)xj, [hiy ys] = —(a, )y,
(d) (adx;)~ 90t (z;) = 0 fori # j
(¢) (ady,)~ I H (y;) = 0 fori # j.

Now fix a root system ® with base IT = {«y,...,a,}. We abbreviate the Cartan inte-
gers (o, a;) by ¢;j. Let FL(X) be the free Lie algebra on the set X = {#, 7, hi | 1 < i < £}
and (R) be the ideal in FL(X) generated by the set of elements R = {[h;, h;], [, 7;] —
0i;hi, Thi, T3] — ¢y, [ha, 5] + ¢t} Let § = FL(X)/(R) and z;,y;, h; be the images of
generators in g. Now we construct a module for the free Lie algebra §£€(X). We define

a linear transformation corresponding to each of the 3¢ generators. Let V' be the tensor

algebra on a vector space with basis (vq,...,v). The tensors v;, ® ... Quv;, fort € Z > 1,
i; € {1,...,0} together with 1 form a basis of V' over k. Now we define automorphisms
as follows

hij-1=0

hj-viy . v, = —(cij+ oo 4 Cij) iy -V,
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Y- 1=

Yj Vi oV = VU4 ... Uy,

xj~1:0:xj~vi

Ty ViV =03 (5 Vi o 03,) — 04y (Cinj oo Ciyj)Vig - -V,

Then there is a unique extension to FL£(X) of this action by its generators which gives
us a representation ¢ : FL(X) — gl(V). We can show (R) C ker ¢, see [12, Proposition
18.2]. So ¢ factors through g, making V' a g-module. The theorem below gives useful

information about g from the existence of this homomorphism, see [12, Theorem 18.2].

Theorem 1.8.3. Let ® be a root system with base {a,...,a,}. Let g be the Lie algebra
with generators {x;,y;, h; | 1 <1 < £} and relations (a)-(c) of Proposition 1.8.2. Then
the h; are a basis for an (-dimensional abelian subalgebra b of g and g =ndhd®n~ where

n, = are subalgebras of g generated by x; and y;, respectively.

The proof of the preceding theorem shows that we can describe the decomposition

g=ndhPdn in terms of weights. For A € h* we define

gr={xe€g|[h,z] =Ah)z for all h € b}.

All weights A which occur in g have the form njay + ... + nyay with either n; € Z>0 or
n; € Z<0 for all i.
The next theorem is the case when we impose the ”finiteness” conditions (d) and (e)

of Proposition 1.8.2.

Theorem 1.8.4 (Serre’s Theorem). Let ® be a root system with base Il = {ay, ..., a}.
Let g be the Lie algebra generated by 3¢ elements {x;,y;, h; | 1 < i < £} with relations
(a)—(e) listed in Proposition 1.8.2. Then g is a finite dimensional semisimple algebra with

maximal toral subalgebra generated by the h; and with corresponding root system ®.
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Sketch proof. Let g = g/m where m is the ideal generated by elements x;; = (ad ;) =%+ (x;),
yij = (ady;) "% (y;) with ¢ # j. Let i be the ideal of it generated by z;; and j be an ideal
of n~ generated by all y;;. It can be shown that i and j are ideals of g and in fact m = i@j.
Now as g = n~ @ hdn we can say that g = n~®dhdn wheren™ =n~ /jand n =n/iand b is
the identified with its image under the canonical map g — g. As > Ka;+> . Kh;+)Y_ Ky;
maps isomorphically into g we may identify x;,y;, h; with elements of g and we can con-
sider decomposition of g into weight spaces with respect to h. For each weight A € h* we
define the weight space g\ = {x € g | [h,z] = A(h)z for all h € h}. The algebra g is direct
sum of its weight spaces and we have h = go, n = @, g, and n~ = @, _, g» moreover
g, is finite dimensional. The maps ad x; and ady; for 1 < ¢ < £ are locally nilpotent.
Hence 7; = exp(adx;) exp(ad(—y;)) exp(ad z;) is a well defined automorphism of g. If
A€ b and oA = p for 0 € W where W is the Weyl group of @, then dim gy = dim g,,.
To prove this we show that this is true when ¢ = o,,. This is because the automorphism
7; of g coincides on the finite dimensional space g\ + g, with the ordinary product of
exponentials, and therefore 7; interchanges g\ and g, and dim gy = dimg,. We also for
1 < ¢ < (¢ have dimg,, = 1, while gi,, = 0 for & # 0,1, —1. Because each root is W-
conjugate to a simple root so if @ € ®, then dimg, = 1, but gg, = 0 for & # 0,1, —1.
Furthermore g is semisimple. Let A be an abelian ideal of g. We show A = 0. Because
g=h+> o 0o and ad b stabilizes A, we have A = (ANh)+ >, o(ANga). If go C A4,
then [g_a, 8] C A, and g_, C A and A contains a copy of the simple algebra sly which
is absurd. So A = ANb C b, therefore [go, A] =0 and A C (), kera = 0. Finally we
can show that § is a Cartan subalgebra of g with the corresponding set of roots ®. This
is because b is abelian hence nilpotent and self normalizing i.e, b is a Cartan subalgebra.

Then obviously ® is the corresponding set of roots. O]

The following theorem states both the existence and the uniqueness of a semisimple

Lie algebra having root system ®.
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Theorem 1.8.5. (a) Let ® be a root system. Then there exists a semisimple Lie algebra

having ® as its root system.

(b) Let g and g' be semisimple Lie algebras, with maximal toral subalgebras b and by’ and
root systems ® and ¥, respectively. Let & — &’ be an isomorphism which sends a
given base 11 to a base II'. We denote by m : h — b the associated isomorphism.
For each o € 11 and o € II' choose arbitrary nonzero x, € g, and z, € g, ,
respectively. Then there exists a unique isomorphismm : g — ¢ extending w: h — b’

and sending x, to xl, for a € II.

Proof. Part (a) follows from Theorem 1.8.4. For part (b) choose y,, ¥/, satisfying [z, ya] =
ho, (20, Y] = h., = w(hy) for @ € I, and o' € II'. Since 2/, ., h., satisfy the relations
in Proposition 1.8.3, there is a unique homomorphism 7 : g — g’ sending ., Yo, ha to
xl,, yl., hl,, respectively. This 7 extends the given isomorphism b — b'. Similarly there

is a homomorphism 7’ : g’ — g and the composition of these homomorphisms are the

identity on the generators for g or g’, hence 7 is an isomorphism. O]
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CHAPTER 2
LEVI TYPE ROOT SYSTEMS AND
CENTRALIZERS OF NILPOTENT ELEMENTS

IN SEMISIMPLE LIE ALGEBRAS

In this chapter we define root systems of Levi type corresponding to a proper parabolic
subalgebra of a finite dimensional semisimple Lie algebra g over C. We will use some
theorems from the first chapter to establish properties of these root systems that replicates
much of the structure of classical root systems. The materials can be found in [3] and

[18]. We will also use representation theory of semisimple Lie algebras from [12, Chapter

6).

2.1 Root systems of Levi type for finite dimensional

semisimple Lie algebras

Let g be a finite dimensional semisimple Lie algebra over C with a root system ® relative
to a maximal toral subalgebra h. Let @1 be the set of positive roots corresponding to a
set of simple roots II. For each o € ®, let x, € g, be a corresponding root vector. For

any v € ® let v = > ko where k, € Z. Let u C g be an ad h-stable subspace of
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g. Let ®(u) = {a € & |z, € u}, *(u) = ®(u) NP+ and &~ (u) = ¢(u) N P~. Let b
be the Borel subalgebra of g, containing b such that ®(b) = ®*. Assume that p is some
fixed standard proper parabolic subalgebra of g and let p = m @ n be the unique Levi
decomposition of p where n is the nilpotent radical of p and m is a Levi factor of p which
contains h. Since m is reductive, we have m = t & s where t = 3(m) is the center of m and
s = [m, m] is the unique maximal semisimple ideal in m, see Section 1.6.

Let 8 be the Killing form on g and let h(s) = h N s which is a Cartan subalgebra of s.
Proposition 2.1.1. The direct sum m = t® s is a B-orthogonal decomposition.

Proof. We have t C h and s = h(s) ® @aeq,(s) go. Also b is orthogonal to g, for all
a € ®. We just need to check that t is S-orthogonal to h(s). Let = € t and y = [y1, 2] €
h(s) where y;,y2 € m. Since x € 3(m) and y; € m we have adzady,; = ady; adz.
Then f(x,y) = tr(adzrady) = tr(ad z(ad[ys,ye]) = tr(adz(ady; adys — adysady;)) =

tr(adzady; adys —adzadys ady;) = tr(adyy(adzad y2)) —tr((ad xad yo) ad y;) = 0. O
Corollary 2.1.2. The direct sum b =t @ h(s) is a S-orthogonal decomposition

Let 1 be the span of all x_, for @ € ®(n). Then we have a triangular decomposition
g=mdndn. Let t =ndn. Then we have a S-orthogonal decomposition g = m@ t. So
B|m is nondegenerate. Because m = t @ s is a S-orthogonal decomposition so f|; and S,
are nondegenerate. Moreover, we have h = t @ h(s) as a S-orthogonal decomposition and
B is nondegenerate on h(s).

Let h* be the dual space to hh. We know the nondegenerate bilinear form |, induces

a nondegenerate bilinear form on h* which we also denote by B|s«. Now we can embed
the dual spaces t* and h(s)* in h* such that t* is the annihilator of h(s) and h(s)* is the

annihilator of t. Then |+ is nondegenerate on both t* and h(s)* and h* = t* G h(s)" is a
B

p=-orthogonal direct sum.
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Let bg be the real form of h* spanned over R by ®. Therefore

h; 1s positive definite
on h% and we use (-,-) to denote the Sls«. Now similarly, let h(s); be the real form of

h(s)* spanned over R by ®(s). Clearly h(s)y is a real subspace of by and, if t; is the /5

br~
orthogonal complement of h(s)y in b, then tf is a real form of t* and b = t; @ h(s)g.

*

Now for any v € bg, let v = v + v, where 74 € t; and v, € h(s)g, restrictions of v to

t and s respectively, are the components of v with respect to the decomposition so that

(’Y’tv ’Yﬁ) =0.
Note that m is the centralizer of t in g by Theorem 1.7.1 and

O(r) = {a € ®| oy £ 0}

Let V be a g-module. Then V is a t-module and t acts semisimply on V. Let

Vo={veV |z -v=yp(x), forall z et}

where p € t*. The subspace V), is called the y-weight space for t of V. If V, # 0, then
 is called a t-weight of V' and any v € V,, is called a p-weight vector. So i € t* is a
t-weight of V' if and only if y = v, where v is any h-weight of V.

Now consider g as a g-module defined by adjoint action. For u € t* let

g, ={recg|[tz]=pt)r foraltet}

and

R ={uet|g, #0).

Let V be any g-module, { be a t-weight of V' and p € R'. Then g, - Ve C V,4¢. Clearly
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0 € R and gy = m so that V¢ is an m-module. Let R = R’ \ {0}. So
R={v et |v =y for some p € P(r)}

and moreover,

g=me Do

VER

We refer to elements in R as Levi type roots in g corresponding to a Levi factor m of
the parabolic subalgebra p. Also we call g, the Levi root space for any v € R.

From these discussions we have disjoint unions ® = | | ., ®(g,) and ®(v) = ||, .5 ®(g.).
Moreover if v € R, then ®(g,) = {a € ® | oy = v} and the set {z, | « € ®(g,)} is a basis
of g,. Note that v € R if and only if —v € R and ®(g_,) = —®(g,). If v, € R, then
clearly [g,,g0] C g, and if v + o € R then [g,,9,] C gv+,. Furthermore if 1, € R and
v # —pu, then (g,,9,) =0 and g, and g_, are nondegenerately paired by (-, ).

Let 7 : h — b* be the linear isomorphism defined by S|,. Thus for z € h and p € b,

(2.1) (,2) = (. 7(2)) = (77 (1), )

Thus if tg = 77!(t), then we have the following proposition.
Proposition 2.1.3. (a) tg is a real form of t.

(b) B is real and positive definite on tg

(c) t={x€t|v(z) €R foralv e R}.

Proof. (a) This is clear as tj is a real form of t*.
(b) B is real and positive definite on hr then it is also on tg as tg C bg, .
(c) Let © € tg C t. We need to show v(z) € R for all v € R C t*. We know 7(z) € t;

and (7(z),v) = v(z) by definition of 7. Since 7(x),v € t; and [ is real on t;, we have
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v(z) € R.

Conversely, suppose x € t and v(z) € R for all v € R. We need to show that = € tg
or equivalently 7(z) € t;. By definition (7(x),v) = v(z) € R for all v € R. Also t* is
spanned by R. As 7(z) € t* we can write 7(z) = >_;_, b;8; where B = {f,...,6,} C R
is a basis of t* and b; € C for 1 <4 < r. Then we have (7(z),5;) = >.._, b:i(8;,5;) € R

for all 5; € B. We know that the matrix ((5;, 5;)) . is an invertible matrix over R

/L?]:]‘ 7777

as (-,-) is nondegenerate. So ((f;, 5;)) . is a real matrix. Thus b; € R for 1 <7 <.

—1
ij=1,...,

Hence we have proved 7(z) € t; and the result follows. ]

Let v € R. Then ker v has codimension 1 in t. So ker vt = (z) is one dimensional
subspace of t. Then (v, z) = A for some 0 # A € R by Proposition 2.1.3 part (b) and there
exists a unique element h, = 2x/\ € tg which is S-orthogonal to kerv and (v, h,) = 2

and by definition of 7 we have

(2.2) 7(h,) =2v/(v,v)

Let v € R and m(v) = [gy,9-,]. Then m(v) is an ideal of m by the Jacobi identity.
Let t(r) = m(rv) Nt and s(v) = m(v) Ns. By restriction m(v) is an s-module. As s is
semisimple we can decompose m(v) as a direct sum of irreducible s-modules. Let m(v)g
be the direct sum of trivial s-submodules of m(v). Because t(r) C t commutes with s,
then t(v) C m(v)y. Also, since 3(s) = 0 then s(v) Nm(v)y = @. Thus t(v) is equal to
m(v)o and s(v) is the sum of the remaining components. Consequently we have the direct

sum

If s; is a simple component of s, then ®(s;) = —®(s;) and the restriction of § to s; is

nonzero and nondegenerate. If s; and s; are distinct simple components then [s;,s;] = 0.
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Moreover, s; and s; are S-orthogonal by the equality [s;,s;] = s; and the associativity of
B.

Proposition 2.1.4. Let v € R. Then
t(v) = Ch,.

In addition B|ww) is nondegenerate and the kernel of the adjoint action of m on g, is the

orthogonal complement of m(v) in m. In particular m(v) acts faithfully on g,.

Proof. Let m(v)* be the S-orthogonal subspace to m(v) in m. First we show that m(v)*
is the kernel of the adjoint action of m on g,. Let x € m,y € g,, and z € g_,. By
associativity (invariance) of 3 we have B(z, [y, z]) = B([z,y],2) . Now if z € m(v)* as g,
and g_, are nondegenerately paired, then [z,y] = 0 for all y € g,. Therefore m(v)* is in
the kernel of the adjoint action of m on g,.

Conversely, suppose z is in the kernel of the adjoint action of m on g,. Then [z,y] =0
for all y € g,. Therefore for all z € g_, we have = 5(z, [y, 2]) = S([z,y],2) = 0. Thus
B(z,w) = 0 for all w € m(v) and z € m(r)*. So we showed that m(v)* is the kernel of
the adjoint action of m on g,. Thus we have kerv = m(v)* Nt. As we mentioned before
t = kerv & Ch,. We know [ is nondegenerate on Ch, and t, so is on kerv. Then it
follows that t(r) must be the one-dimensional S-orthogonal complement of ker v in t and
by definition of h, we have t(r) = Ch,. Since m(v) = t(v) & s(v) where s(v) is an ideal

of 5 and is a sum of simple components of s. Therefore 3|y, is nondegenerate. n

In this section we will mainly be concerned with decomposing v into irreducible m-
modules. FEffectively this comes down to understanding the action of s on g, for any
veR.

Let b(s) = h(s) © > cop+() Crp be a Borel subalgebra of s where ®*(s) is a choice

of positive roots in ®(s). Let €(s) = {z € h(s); | (z,a) > 0 for all @ € & (s)} be the
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fundamental Weyl chamber.

Proposition 2.1.5. Let £, n € €(s). Then

(&mn) >0.

Proof. Let I be an index set for the simple components s; for ¢ € I in 5. Then clearly
&(s) = > s €(s;) where h(s;) = hNs; and €(s;) C 7(h(s;)) is the dominant Weyl chamber
for s;. If 4,5 € I, then €(s;) and €(s;) are orthogonal with respect to 8|h*. Therefore it
suffices to prove that (£,1) > 0 when &, n are nonzero elements in €(s;) for ¢ € I. But we
know that (s, is a positive multiple of the Killing form of s; and (£,7) > 0 is known for

the Killing form of s; for £, 1 € €(s;), see [13, Lemma 2.4]. O]

Theorem 2.1.6. Let v € R. Then the Levi root subspace g, is an irreducible m and
irreducible s-module under the adjoint action. In fact, it is a faithful irreducible m(v)-
module and an irreducible s(v)-module. In addition v = @, ., 0, is a multiplicity one

representation of m and the Levi root spaces are the irreducible components.

Proof. Each element of v € R gives a different character of t. So corresponding m-modules
g, for all v € R are non isomorphic. Since every s submodule of g, is an m-submodule,
we need to prove that g, is an irreducible s-module. The set of elements {z, | ¢ € ®(g,)}
is a basis of g, consisting of weight vectors for the Cartan subalgebra h(s). Since root
spaces for h have multiplicity one, the h(s)-weights in g, have multiplicity one because
for ¢, " € ®(g,), we have ¢ = ¢;. Now suppose g, is not an irreducible s-module. By
representation theory of semisimple Lie algebra, then there exists distinct ¢, ¢’ € ®(g,)
such that z, and x, are s-highest weight vectors. Moreover, ¢, and ¢, are in W.%) By
Proposition 2.1.5, we have (¢, L) > 0. Since ¢ = v + @, and ¢’ = v + ¢., we have
(p,¢") > 0. Therefore = ¢ — ¢’ is a root. Now since 3y = 0, we have § € ®(m) = O(s).

Without loss of generality we may choose the ordering so that 8 € ®*(s). Thus [xg, 2]
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is a nonzero multiple of z, which contradicts the fact z7, is an s-highest weight vector and

hence the result follows. OJ

2.2 Properties of the Levi type root system R
We will use Theorem 2.1.6 to establish some properties of R.
Lemma 2.2.1. Assume v,u € R and v+ p # 0. Assume also that [g,,9,] # 0. Then

v+p e R and [guagu} = Gvtp-

Proof. As[g,,9,] is a nonzero m-submodule of the g,, and g, is irreducible m module,

therefore the equality follows. m

Let p,q € Z where p < q. Let [p, q] denote the set of integers m such that p < m < gq.

A finite nonempty subset I C Z will be called an interval if I = [p, ¢] for some p,q € Z.
Theorem 2.2.2. Let v € R and assume V' is a finite dimensional g-module with respect
to a representation ¢. Let v be a t-weight of V' and let

I={j€eZ|~v+jv be at-weight of V},

noting that I is of course finite and nonempty since 0 € I. Then,

(a) There exists p < 0 < q for p,q € Z such that I = I, ,. In particular, if I has only

one element, (i.e. p=q=20) then (y,v) =0
(b) If I has more than one element i.e. p < q, then (v + qu,v) >0 and (y+ pv,v) < 0.

(¢c) Let m € I, ,. If m < g, then

¢(gu)(v’y+mu) 7é 0;

34



and if p < m, then

¢(g—u) (Vv-l-mu) 7é 0

Proof. (a) Let X = X;c/Vy4 . Then X is stable under ¢(g,) and ¢(g_,) as well as
¢(m). Now if j € I and v € V1, then ¢(h,)|(v) = (v + jv)(h)v = ({7, hy) + 25)v. So
V,+ju is the eigenspace of ¢(h,)| corresponding to the eigenvalue (7, h,) + 2j. Now since
h, € [gy,9_.,], for any subspace Y C X which is stable under ¢(g,) and ¢(g_,) we have
tr ¢(hy)|y = 0. If I has one element, then I = Iy, and we have V,, as the only t-weight of
V. Then tr ¢(h, )|y, = (7,v) = 0. Thus it suffices to consider the case where I has more
than one element. Now let Y7,Y5 be two nonzero subspaces of X that are both stable
under ¢(g,) and ¢(g_,), then we have tr¢(h, )|y, = 0 and tr ¢(h, )|y, = 0. So from these
it follows that one cannot have that the maximal eigenvalue of ¢(h,) in Y] less than or
equal minimal eigenvalue of ¢(h,) in Ys. Now assume that p,q € I and m € Z is such
that m ¢ I and p < m < ¢. If we define Y} (resp. Y2) to be the sum of all V., ;,, where
j €1l and j < m (resp.j > m), the above conditions are satisfied which, as noted above,
is a contradiction. Thus I = I,,, for some p, ¢ € Z where ¢ > p and the result follows.

(b) This follows from tr ¢(h, )|y = 0 where ¥ = X.

(c) Let m € I, , where m < g. Assume that ¢(g,)(Vy4my) = 0. That is, ¢(z4) (Vygmy) =
0 for all & € ®(g,). Thus for any v € V4 11y, and o € ®(g, ), we have ¢(x,)p(z_o)v = 0.
Also this implies that ¢(x_,)v = 0 by the representation theory of the sly. That is
A(9-1) (Vis(m+1)y) = 0. But then if Yy (resp. Y3) is the sum of all V., for j € I, , where
Jj < m (resp. j > m+1), then Y} and Y; are satisfying the contradiction mentioned above

and the result follows. O

The next theorem shows that some familiar properties of ordinary roots still hold for

Levi type roots.

Theorem 2.2.3. Let v,p € R. If u+v € R, then [9,,0,] = @utv- If 4 —v € R, then
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8, 8-0] = 9u—v. Furthermore, if (u,v) <0, then p+v € R and p+v # 0. If (p,v) > 0,
then p—v € R and p— v # 0.

Proof. 1f we take V' = g and ¢ the adjoint representation then by Theorem 2.2.2, and

Lemma 2.2, the result follows. O

Now let d, be in m* such that for z € m we have (0,, z) = trad z|,. Since n and n are

stable under adm, let R = R, U R|; such that n = @, g, and n = P, g,- Then

Lemma 2.2.4. We have §, € t;. Furthermore (0,,v) > 0, if v € Ry and (0,,v) < 0, if

VERﬁ.

Proof. Since s is semisimple, d,|s = 0 and therefore 6, € t*. Let ¢ € &. We normalize the
choice of root vectors such that (z,,x_,) = 1. Let a, be the sl,-subalgebra corresponding
to ¢ and let h, = [z,,2_,]. Then 7(h,) = ¢. Let &, = a, + b. Since £, is reductive, for

some index set P, we have g = € _p u, as the decomposition of g into a sum of irreducible

peP
ad £, -submodules. We have the direct sum (with possibly 0-dimensional summands) n =
@pe ph, where n, = nNu, FEach u, is an irreducible a,-module, so for any p € P
we have u, = V(m) for some m € Zsg. Recall that V(m) is the direct sum of V,, for
pw=m,m-—2,...,—(m—2),—m, see 1.3.1. Since each n, is stable under ad z,, for any
p € P, by the representation theory of sly, it is clear that tradhy|n, = Z%gnpi > 0.
But there exists py € P such that n,, = Cz, so that trad hyl,, > 0. Thus d,(h,) > 0
and then (d,, ) > 0. Now let v € R, and let ¢ € ®(g,) then clearly v = ¢. Now since
(0, ) > 0 and the fact that 6, € t* we have (d,,) > 0. The second part follows by
Rs = —R,. Since t}; is clearly spanned by R,, it follows from Proposition 2.1.3 (b) that

5y € . O

Now we introduce the lexicographical ordering in t; with respect to an orthogonal
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ordered basis of t; having ¢, as its first element. It follows from Lemma 2.2.4, that if R*

is the set of positive Levi roots with respect to this ordering, then R™ = R,.

Remark 2.2.5. Recall that t; is a lexicographically ordered real Euclidean space. Now
if ¢ € t where i = 1,...,k such that (§,&) < 0 for i # j, then the ¢ are linearly

independent, see [12, Theorem 10.1].

Let £(t) = dim t and ¢(s) = dim h(s) so that ¢(s) is the rank of s and ¢ = ¢(t)+{(s). Let
IT = {ay,...,q} be the set of simple positive roots in ®*. If p € d*(s) and ¢ = 1 + o
where @1, € O, obviously (¢1)¢ = —(¢2)¢. But then (p1); = (p2); = 0 by Lemma
2.2.4. Hence ¢1,py € ®1(s). Therefore if p € ®*(s) is simple with respect to ®*(s),
it is simple with respect to ®*. We may therefore order II so that oy € ®*(s), for
i =1,...,4(s), and hence if II; = {041, .., }, then II; is a basis of h(s)*. A Levi
root v € RT is called simple if v cannot be written v = vy + v, where vy, € R™. Let

Rgimp be the set of simple Levi roots in R*.

Lemma 2.2.6. Assume &;,& € Rgmp are distinct. Then (&1,&) < 0 so that by Remark

2.2.5, the elements in Rgnp are linearly independent. In particular, Card Rgmp, < ((t).

Proof. Assume (&1,&;) > 0. Then by Theorem 2.2.3, & — &, and & —&; are in R. Without
loss of generality let v € R™ where v = & — &. Then & = v + & which contradicts the

simplicity of & and the result follows. m

As we mentioned before h(s)* is the annihilator of t in b and Iy = {ayy+1,..., o} is
a basis of h(s)*. Now if 5; = (a;) for j = 1,...,€(t), then clearly §; € Rt and f; for
j=1,...,L(t), are a basis of t.

For any v = Zf.(:t)l koo in R, let kj = ko, where ¢ € ®(g,).

Theorem 2.2.7. We have Rgmp = {B1,...,Bup} so that Rewmp is a basis of t and
(Bi, B;) <0 fori# j. Moreover, for v € Rt we have v = Zﬁ(:t)l k;B;.
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Proof. Let B; ¢ Rgmp for j € {1,...,0(t)}. Then there are vy,15 € R such that 3; =
vi + 5. Then by Theorem 2.2.3, we have [g,,,8.,,] = gs,- Now as ; = (a;); we know
that x,, € gg,. Therefore there exists ¢ and ¢, € ®(g,,) such that ¢, + @2 = a;.
This contradicts the simplicity of «; since ¢, s € ®*. As we mentioned in Lemma
2.2.6, the elements in Ry are linearly independent and Card Rgmp < £(t) hence Rgmp =
{B1,...,Byy} and Rgmp is a basis of t; and by Lemma 2.2.6, we have (§;, 3;) < 0 for

i # j. Now let v € RT and let ¢ € ®(g,). Then we have v = > _n,q and the result

a€ll

follows. O

2.3 Centralizers of nilpotent elements in semisimple

Lie algebras

Let G be a semisimple algebraic group over C, let H be a maximal torus and B be a
Borel subgroup containing H. We write g, h and b for the corresponding Lie algebras.
In this section we fix a nilpotent element e € g. The main reference for the material in
this section is [3], [5, Chapter 5], and [15, Chapter 1-5]. We denote the centralizer of e
in g by g°. By the Jacobson-Morozov theorem, we can embed e into an sl, subalgebra
s = (e, h, f), so that [h,e] = 2e, [h, f] = —2f and [e, f|] = h. Moreover, by a result
of Kostant, any other such triple (e, h’, f’) is conjugate to (e, h, f) by an element of the
connected centralizer (G¢)°. Let g = -, 9(j) be the ad h-eigenspace decomposition of
g. Let ¢ = go and let C be the corresponding closed connected subgroup of GG. In other
words, ¢ and C' are the centralizers of h in g and G. Let v = @j>og(j) and let R be
the corresponding closed connected subgroup of G. It is known that C° is a maximal
reductive subgroup of G¢, with Lie algebra ¢, and R¢ is the unipotent radical of G¢, with
Lie algebra t¢. Moreover, G¢ is the semidirect product C° x R® and g° is the semidirect
sum ¢® @ t°. Finally, the component group G¢/(G¢)° is isomorphic to C°¢/(C*)°.

Now fix a maximal torus H of GG contained in C' and containing a maximal torus of
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C*. Let h° be the centralizer of e in the Lie algebra h of H. This is a maximal toral
subalgebra of the reductive part ¢® of the centralizer g°. Let L be the centralizer of H¢ in
G, and [ be the Lie algebra of L, i.e. the centralizer of h° in g.

By the Bala-Cater theory, see [5, Theorem 5.9.3], [ is a minimal Levi subalgebra of g
containing e which is a distinguished nilpotent element of the derived subalgebra [[, [] of

[.
Lemma 2.3.1. The centre of | is equal to b°.

Proof. We have h° as a maximal toral subalgebra of g°. Also [ = ¢4(h°) so h* C 3([). The
subalgebra 3([) is a toral subalgebra which centralizes e. So 3(I) C g° and h° = 3([) by

maximality. [

Since h¢ is a subset of h, then it acts semisimply on g. Let g = @QGRU{O} ga be
the ad h®-decomposition of g where g, = {x € g | [t,2] = «a(t)x for allt € h¢} and
R ={a € (b°)* | go # 0}, the set of weights of h* on g. By Lemma 2.3.1 we have h* = 3(I)
where [ is a levi subalgebra of g. Therefore R is the Levi type root system corresponding
to the Levi subalgebra [.

Let g = h® P, 8a- Since g° is ad h® stable then we have g° = P (ga)¢ such that

acde

(8a)¢ =g°Ngs and ¢ = {a € (h9)* | (ga)¢ # 0} which we call “root system of g¢”. The
following theorem shows that a Levi type root system can be viewed as a root system of
g°.
Lemma 2.3.2. The set ¢ of weights of h® on g° is equal to the set R of weights of h¢ on
g.

Proof. Let a« € R. Then g, is stable under ads, because [h¢ s] = 0. Since g, is an
s-module, by representation theory of sl, there exists a nonzero element = € g, such that

le,z] = 0. So (o) =9g°Ngae # 0 for all @ € R. So a € ®° for all @ € R. Therefore d°

the set of weights of h° on g¢ is equal to the set R of weights of h¢ on g. m
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2.4 Levi type Weyl group WV

Let g be a finite dimensional semisimple Lie algebra over C with a root system ® relative
to a maximal toral subalgebra . Let Il = {a, ..., a,} be a simple system for ® with the
corresponding Weyl group W. Let b be a real form of h* spanned over R by ag, ..., a,.
Let m be a Levi subalgebra of a standard parabolic subalgebra p such that p = m & n
with nilpotent radical n. We know m is reductive and m = t & ©D(m) where t = 3(m)
and D(m) = s is a semisimple subalgebra. Then we have s = h(s) ® P cp() 9o We
know ®(s) C @ is a closed subsystem. Let Y = {i | a; € ®(s)} C {1,...,n}. Thisis a
subset of index set {1,...,n} corresponding to the Levi subalgebra m and we denote the
subsystem ®(s) with ®y. Also we denote the Levi type root system R corresponding to
m with ®¥. Let h(s); be the real form of h(s)* spanned over R by a; where i € Y. Then
by = b(s)g @ t; where t} is a real form of t*. We introduce the Levi type Weyl group
WY, namely, the pointwise stabilizer in W of the set IIy = {o; | i € Y'}. This is a well
known subgroup, studied particular by Howlett [11], see also [5, Section 10.4].
We have
WY ={w €W | wa = a for all a € Ily}.

Then WY fixes h(s); pointwise. So WY stabilizes t;. Because, let w € WY, v € h(s)*g,
and u € t;. Then (v,u) = 0 and we have (u,v) = (wv,wu) = (v,wu) = 0. So wu € t*g.
Therefore WY acts on t.

Also WY acts on ®Y. Because let a € ® and let o = ay + oY where ay € ®y and
a¥ € Y. Let w € WY. Then wa = way + wa?. We have wa € @, and way = ay
which means wa¥ € ®Y. Therefore WY acts on ®¥ and we can view WY as the Weyl
group of ®¥ see also [3]. It is also known that WY = Ny, (Wy)/Wy where Wy is the

group generated by reflections o; for i € Y, see [11, Lemma 2].
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CHAPTER 3

KAC-MooODY LIE ALGEBRAS

In this chapter we introduce certain Lie algebras denoted by g(A) associated with a
generalized Cartan matrix A. We shall briefly explain the definitions and some of the

basic properties of g(A) in this chapter. All materials here can be found in [6].

3.1 The Lie algebra g(A) associated with a complex

matrix

First we start with some standard definitions about Kac-Moody Lie algebras.

o A generalized Cartan matrix, abbreviated as GCM, is an n x n matrix A = (4,;)
such that the following conditions are satisfied
(a) AZZZQ for izl,...,n

(C) Aij =0 1mphes Aji =0.
o Let A be an n x n matrix over C. A realisation of A is a triple (b, II, IIV) where:

(a) b is a finite dimensional vector space over C
(b) IIV = {hq,..., hy,} is a linearly independent subset of b
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(¢) I ={o,...,o,} is a linearly independent subset of h* such that «;(h;) = A;;

for all 4, j.
o If (h,II,IIV) is a realisation of A then dim b > 2n —rank A see [6, Proposition 14.1].

o A minimal realisation of A is a realisation in which dim h = 2n —rank A. We can
show that any n x n matrix over C has a minimal realisation, see [6, Proposition

14.2].

o Two realisation (b, II,I1V) and (', IT', (II')") of A are isomorphic if there is an iso-
morphism of vector spaces ¢ : h — b’ such that ¢(h;) = h; and ¢*(a}) = a; where
¢* 1 (h")* — b* is the isomorphism induced by ¢. It is known that any two minimal

realisations of an n x n matrix A over C are isomorphic, see [6, Proposition 14.3].

Let A be an n X n matrix over C with rank ¢. Let (h,II,1IV) be a minimal reali-
sation of A. We define a Lie algebra g(A) by generators and relations. Let X =
{e1, ... en, f1, ... fa} Ub where h = {Z | z € h} is a copy of h. Let R be the following

set of Lie words in X:
(a) Z—Ay—pz forall zy,z€h, ApeC with z=Ny+puz
(b) [z,y] forall z,ye€h
(¢) les fi] —hi for i=1,....n
(@) [eof;] forall i#j
(e) [Z,e] —a;(xz)e; forall ze€bh and i=1,...,n

(f) [&, fi] + as(x)f; forall z€bh and i=1,...,n
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We define g(A) = FL(X)/(R) to be the Lie algebra generated by the elements X
subject to relations R where F£(X) is the free Lie algebra on the set X and (R) is the
ideal of FL(X) generated by the above set R of Lie words.

Let h be the subalgebra of g(A) generated by the elements Z for all z € h. Let n be
the subalgebra generated by ey, ..., e, and n~ the subalgebra generated by fi,..., f,. In
fact we have §(A) = i~ @ h @ @t see [6, Proposition 14.10].

Let Q ={a=> 1 kio; | ki € Z}, QT ={a =" kioy € Q\ {0} | k; € Z>o} and
Q" ={a =21 kici € Q\{0} | ki € Z<o}. For cach a € Q let go = {y € 3(4) | [Z, 9] =

a(z)y for all x € b}.
Proposition 3.1.1.  (a) g(A) =D, c( 9a-
(b) dim g, is finite for all o € Q.
(¢) 8o =1,
(d) If a« # 0 then g, = 0 unless a € Q1 or v € Q.
(¢) [8a: 8] C Gatp for all o, 5 € Q.
Proof. This is [6, Proposition 14.11]. O

Now n is spanned by by Lie monomials in eq,...,e, and each Lie monomial lies in
some g,. Let a = kiay + ... + k,«,, with k; € Z and k; > 0. A Lie monomial lies in g,
if and only if e; appears k; times in it for each i. But there are only finitely many Lie
monomials in which e; appears k; times for each ¢. Thus dim g, is finite. In particular

dimg,, = 1,dimg_,, =1, dimgg,, =0, and dimg_j,, =0 if £ > 1.

Proposition 3.1.2. The algebra g(A) contains a unique ideal i mazximal with respect to

inh=0.
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go and we consider

Proof. Let j be an ideal of §(A) with jNh = 0. We have §(A) = Docy-
3(A) as an h-module. Then we have j = D.cp- (82 Nj). Each g, with a # 0 lies in n or
in n~. Hence j = ("~ Nj) @ (nNj). In particular j C n~ @ n. Now if we consider the ideal
i of g(A) generated by all ideals j with j N fh = 0. All such ideals j lie in &~ @ #, thus i lies

in A~ @ a. Hence iNh = 0. Thus i is the unique maximal ideal of g(A) with respect to

inh=0. O

3.2 The Kac—Moody Lie algebra g(A)

Let A be a GCM and g(A) be the Lie algebra associated with A defined as before and i be
the unique maximal ideal of §(A) with i N = 0. Let g(A) be defined by g(A) = §(A)/i.
The Lie algebra g(A) is called the Kac—Moody Lie algebra with GCM A. We have

the natural homomorphism 6 : g(A) — g(A). We define n = 6(n) and n~ = 6(n").
Proposition 3.2.1. g(A) = n~ @ 6(h) ® n. Moreover 6 : h — 0(h) is an isomorphism.

Proof. We know from the proof of Proposition 3.1.2 that i = (= Ni) @ (nNi). Since
3(A) = i~ @ h @ a it follows that g(A) = n~ @ A(h) ® n and that 6 : h — 6(h) is an

isomorphism. O

As we mentioned before there is a natural isomorphism § — h. So combining this

with 6 would give us an isomorphism f — 6(h). Therefore we shall use this isomorphism

to identify 0(h) with b, and we will write g(A) =n~ @ h D n.

To show that a given Lie algebra is isomorphic to g(A) the following result is useful.

Proposition 3.2.2. Suppose we are given an n x n GCM A = (A;;). Let g be a Lie
algebra over C and b be a finite dimensional abelian subalgebra of g with dimbh = 2n —
rank A. Suppose Il = {aq,...,a,} is a linearly independent subset of h* and 11V =
{h1, ..., hy} @ linearly independent subset if b satisfying a;(h;) = A;j. Suppose also that

€1y €n, f1,-- ., fn are elements of g satisfying
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[ei, fi] = hi

[ei, fil =0 if i #

(2, e5] = as(x)es for o € b
[z, fi] = —ai(@)fi for x € b

Suppose that e, ..., en, f1,..., fn and b generate g and that g has no nonzero ideal j with

jNbh =0. Then g is isomorphic to the Kac-Moody algebra g(A).

Proof. The elements ey, ..., e,, f1,..., fn and z € § generate g and satisfying all the defin-
ing relations of g(A) given in the previous section. Thus there is a surjective Lie algebra
homomorphism 6 : g(A) — g and g is isomorphic to g(A)/kerd. But the restriction map
6 :h — b is an isomorphism. Thus kerf N'h = 0. It follows that ker# C i, the largest
ideal of §(A) with inh = 0. In fact we have ker @ = i since g has no non-zero ideal j with

jNbh =0. Hence g = g(A)/i = g(A). O

Corollary 3.2.3. If A is a Cartan matriz then g(A) is the finite dimensional semisimple

Lie algebra with Cartan matriz A.

Proof. In this case we have rank A = n, so dimh = n. The finite dimensional semisimple
Lie algebra satisfies all the hypothesis of the Proposition 3.2.2, so is isomorphic to the
Kac-Moody algebra g(A). ]

This result shows that the theory of Kac-Moody algebras is an extension of the theory
of finite dimensional Lie algebras. To describe more basic properties of the Kac-Moody
algebra g(A), we denote the image of ¢;, h;, f; € g(A) under the natural homomorphism
9(A) — g(A) by e;, hy, fi € g(A).

For each a € @ define g, = {y € g(A) | [z,y] = a(z)y for all z € h}. The next

proposition is an analogue of Proposition 3.1.1. For the proof see [6, Proposition 14.18].
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Proposition 3.2.4. (a) g(A) = D ,cq 9o

(b) dim g, is finite for all o € Q.

(c) go =1

(d) If a« # 0 then go = 0 unless « € Q1 or a € Q.

(¢) [8a,88] C Garp for all o, f € Q.

The subgroup b is called a Cartan subalgebra of g(A). An element o € h* is called
a root of g(A) if a # 0 and g, # 0. The root system ® of g(A) is the set of all roots
of g(A). Every root lies in QT or Q. The roots in Q% are called positive roots and
those in ()~ negative roots. The elements oy, as, ..., a, are called the fundamental
roots of g. If o is a root then g, is called the root space of a. The dimension of g,
is called the multiplicity of a. When A is a Cartan matrix we recall that all roots have

multiplicity 1 but we will show that this not always the case when A is a GCM.
Proposition 3.2.5. (a) dimg,, =1 and dimg_,, = 1.
(b) If k > 1 then dim gg,, = 0 and dim g_g,, = 0.

Proof. Since g,, = 0(ga,) and dimg,, = 1 we have dimg,, < 1. If dimg,, = 0 we have
e; € i=kerd. This means [e;, f;] = h; € i which is a contradiction as iNfh = 0. Therefore
dim g,, = 1. Similarly we have dimg_,, = 1. Since gr, = 0 and g_xo, = 0 for £ > 1 this

implies grq, = 0 and g_xo, = 0. O
Now we give some more standard definitions.

o Two GCMs A, A" are called equivalent if they have the same degree n and there

is a permutation o of 1,...,n such that A}, = A, s, for all 4, 5.
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o A GCM A is called indecomposable if it is not equivalent to a diagonal sum

Ay
of smaller GCMs Ay, A,.

0 A

o If Ais a GCM so is its transpose A™. Moreover A is indecomposable if and only if

A" is indecomposable.

o Let v = (vq,...,v,)" be a vector in R". We write v > 0 if v; > 0 for each ¢, and

v > 0 if v; > 0 for each 7.

The GCM A has finite type if
(a) det A#0
(b) there exists u > 0 with Au >0
(¢) Au >0 implies u > 0 or u = 0.

The GCM A has affine type if

(a) corank A =1
(b) there exists u > 0 such that Au =0

(¢) Au > 0 implies Au =0
The GCM A has indefinite type if

(a) there exists u > 0 such that Au <0

(b) Au >0 and u > 0 imply u = 0.

All the vectors in this definition are assumed to lie in R", and are column vectors.
The following theorem gives a trichotomy on the set of indecomposable matrices, see

[6, Theorem 15.1].
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Theorem 3.2.6. Let A be an indecomposable GCM. Then exactly one of the three possi-

bilities holds:
(a) A has finite type
(b) A has affine type
(c) A has indefinite type.
Moreover, the type of A™ is the same as the type of A.
Corollary 3.2.7. Let A be an indecomposable GCM. Then:
(a) A has finite type if and only if there exists u > 0 with Au > 0.
(b) A has affine type if and only if there exists uw > 0 with Au = 0.
(c) A has indefinite type if and only if there exists u > 0 with Au < 0.

Proof. (a) Let uw > 0 and Au > 0. Then A is not affine type as Au > 0 implies Au = 0.
Also, A is not indefinite type since u > 0 and Au > 0 implies u = 0. Hence A has finite
type.
(b) Let u > 0 and Au = 0. Then A is not finite type since det A = 0. Also, A is not
indefinite type since u > 0 and Au > 0 would imply v = 0. Therefore A has affine type.
(c) Let w > 0 and Au < 0. Then A(—u) > 0 and A is not finite type as this implies
—u > 0 or —u = 0. Also, A is not affine type since A(—u) > 0 implies A(—u) = 0. Hence

A has indefinite type. O

Next we give some standard definitions and facts about a special type of GCM called

the symmetrisable GCM.

o A GCM A is symmetrisable if there exists a nonsingular diagonal matrix D and

a symmetric matrix B such that A = DB.
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o If A is a symmetrisable indecomposable GCM. Then A can be expressed in the form
A = DB where D = diag(ds, . ..,d,), B is symmetric, with dy,...,d, > 0in Z and
B;; € Q . Also D is determined by these conditions up to scalar multiple by [6,
Corollary 15.16].

o It is known that if A is an indecomposable GCM of finite or affine type then A is

symmetrisable see [6, Theorem 15.17].

o Let A= (A;;) be a GCM with 4,j € {1,...,n} and let J be a subset of {1,...,n}.

Let Ay = (Aij)ijes. Then Aj is also a GCM, called a principal minor of A.

The following basic description of our trichotomy generalizes our previous description for

symmetric indecomposable GCMs, see [6, Theorem 15.18].
Theorem 3.2.8. Let A be a symmetric indecomposable GCM. Then:
(a) A has finite type if and only if all its principal minors have positive determinant.

(b) A has affine type if and only if det A=0 and all proper principal minors have positive

determinants.
(c) A has indefinite type if and only if A satisfies neither of these two conditions.

Now we see which indecomposable GCMs lie in each class of our trichotomy, see [6,

Theorem 15.19].

Proposition 3.2.9. Let A be an indecomposable GCM. Then A has finite type if and

only if A is a Cartan matriz.

To determine the indecomposable GCMs of affine type first for each GCM A we
define an associated diagram A(A) called the Dynkin diagram of A. This extends the

definition of the Dynkin diagram of a Cartan matrix. The vertices of A(A) are called
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1,...

,n where A is an n x n matrix. Two distinct vertices i, j of A(A) are joined in A(A)

depending on the pair (A4;;, A;;) and the rules as follows.

(2)

If A;;Aj; = 0, vertices 7, j are not joined.
If A;;Aj; =1, vertices 7, j are joined by a single edge.

If Aj;Aj =2, Ajj = =1, Aj; = —2 vertices 1, j are joined by a double edge with an

arrow pointing towards j.

If Aj;Aj; =3, Ai; = —1, Aj; = —3 vertices ¢, j are joined by a triple edge with an

arrow pointing towards j.

If Aj;A; =4, A;; = —1, A;; = —4 vertices 1, j are joined by a quadruple edge with
344 j j

an arrow pointing towards j.

If A;;A; =4, A;; = —2, A;; = —2 vertices 1, j are joined by a double edge with two
3445 j J

arrows pointing away from 1, j.

If A;;A;; > 5 vertices i, j are joined by an edge with the numbers |A;;],|A4;;| shown

on 1it.

It is clear that the GCM A is determined by its Dynkin diagram A(A). Moreover A

is indecomposable if and only if A(A) is connected. Now we consider a set of con-

nected Dynkin diagrams called the affine list, which are shown in Figures 3.1 and 3.2.
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O—O0—0— ---

o
O—O0—0— ---
O=>0— -+ — 0 <=0
O« o0o— -+ —0 =0
O o0o— - —0 <0

Figure 3.1: List of affine Dynkin diagrams part 1
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O—O0—0—0—0
O—O0—O0—0O0——0—0—0

O—0—0—0—0—0—0—0
O—0—0=0—0

O—O0—0 < 0—0

O—O0 =0

0O—0 & 0

Figure 3.2: List of affine Dynkin diagrams part 2
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Proposition 3.2.10. Let A be a GCM whose Dynkin diagram lies on the affine list. Then
det(A) = 0.

Proof. This is [6, Proposition 15.21]. ]

Theorem 3.2.11. The Dynkin diagram of a GCM A lies on the affine list if and only if

A has affine type.

Proof. By Proposition 3.2.10, we have det A = 0. As the Dynkin diagram of any proper
principal minor has connected components on the finite list so all the proper principal
minors have positive determinants. So A has affine type by Theorem 3.2.8. The converse

is true, see [6, Theorem 15.23]. O

Corollary 3.2.12. Let A be an indecomposable GCM. Then A has indefinite type if and

only if its Dynkin diagram A(A) does not appear on the finite or affine list.
Proof. This is true by Theorems 3.2.6, 3.2.9, and 3.2.11. [

Now we show that there is a nondegenerate, symmetric, associative bilinear form on
g(A) when A is symmetrisable.

Suppose A is a symmetrisable GCM. Then A = DB where D is diagonal and B is
symmetric. Let D = diag(dy,...,d,). Let (h,I1,11V) be a minimal realisation of A, where
IIY = {hy,...,h,} is a linearly independent subset of b, the set Il = {ay,...,q,} is a
linearly independent subset of h*, c;(h;) = A;; and dim b = 2n — [ where [ = rank A. Let
b’ be the subspace of §h spanned by hq, ..., h, and let h” be a complementary subspace of
h" in h. Then we have h = b’ @ bh” such that dim b’ = n, and dimbh” = n — [. We define a

bilinear form (-,-) : h x h — C by the rules:
(hi7hj) :dlijZj Z,j: 1,...,72
(hi, x) = (z, h;) = d;oi(x) for x € "
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(x,y) =0 for x,y € h”.

This is clearly a symmetric bilinear form which can be proved to be nondegenerate on b

as well, see [6, Proposition 16.1].

Theorem 3.2.13. Suppose A is a symmetrisable GCM. Then the Kac-Moody algebra

g(A) has a nondegenerate symmetric associative bilinear form.

Sketch proof. We have g(A) = @%Q go. For a = myay + ... myua, € QQ we define the
height of a by ht o« = my + ... 4+ m,. Then g(A) = @, g; where g; is the direct sum
of all g, with ht « = 4. Since [g4, 95] C ga+s, We have [g;, ;] C giy;. Thus g(A) can be
considered as a Z-graded Lie algebra. We define for each integer r > 0, g(r) = @ _, <i<r Gi-
Then we have h = g(0) C g(1) C ... and |J,5,8(r) = g(A). We have already defined a
symmetric bilinear form on h = g(0). We shall extend this definition to give a symmetric
bilinear form on g(r) for r = 1,2,3,... thus eventually such a form on g(A). We shall
define the form on g(r) by induction on r, assuming that is already defined on g(r — 1).
We begin with the case r = 1. We have g(1) = (@], Cf;) @b @ (D}, Ce;). We define

a bilinear form (-, -) on g(1) which is uniquely determined by the following rules:
(+,-) agrees with the form already defined on b.
(9i,9;) =0 unless i + j = 0.
(65, fi) = (fi,ei) = ds
(e, fj) = (fj,e;) = 0 for i # j.

This is clearly a symmetric bilinear form on g(1). We can also show it is associative. Now
suppose inductively that a symmetric bilinear form has already been defined on g(r — 1)

and satisfies:

(9i,9;) =0 unless i + j =0 for |i],[j| <r—1
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([z,y],2) = (z, |y, 2]) for all z € g;,y € g;,2 € gx with ||, |j], k| <r—1and i+ j+
k=0.

This form can be extended to one on g(r) with analogous properties. We extend the form
to g(r) by defining

(9i,9;) = 0 unless i + j = 0 for |3|, |j] <.

Also we need to define (x,y) = (y,z) for x € g,,y € g_,. We assume r > 2 and as we
know g(A) = n~ ®h @ n with h = go, n~ = P, 9, n = P,., 9. The algebra n™ is
generated by fi,..., f., so each element of n™ is a linear combination of Lie monomials in
fi,---, fn. An element of g_,, is a linear combination of Lie monomials in fi,..., f, such
that the number of factors in each Lie monomial is r. If r > 2 each Lie monomial is the
Lie product of Lie monomials of degree s, ¢ say with s+¢ = r. This means each element of
g—o can be written in the form y = 3 ;[c;, d;] where ¢; € g_,,; and d; € g, with u; >0,
v; > 0 and u; +v; = r. Note that the expression of y in this form need not be unique. Let
T € gp, Y € g Wewritey =3 _[c;, d;] as above and try to define (z,y) = >_,([z, ¢;], d;).
The right hand side is known since [z, ¢;| and d; lie in g(r — 1). However the right hand
side seems to depend on the particular expression y = > ; [¢j, d;] for y which need not be
unique. We can show that the right side remains the same if a different such expression for
y is chosen, see [6, Theorem 16.2]. Therefore our form (-,-) is well defined on g(r), where
it is bilinear, symmetric. Using the invariance of the form on g(r — 1) we can prove that
the form is associative on g(r) and finally by induction the form is associative on g(A)
see, [6, Theorem 16.2]. Thus we have now defined a symmetric associative bilinear form
on g(A). We show it is nondegenerate. Let gt = {z € g(A4) | (z,y) = 0 for all y € g(A)}.
Since the form is associative, g is an ideal of g(A). Since the form is nondegenerate on
h we have g Nh = 0. But the Kac-Moody algebra g(A) has no nonzero ideal i such that

iNh = 0. Therefore g* = 0 and the form is nondegenerate on g(A). O
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The form constructed in Theorem 3.2.13 is called the standard associative form on

g(A). The following corollaries follow from Theorem 3.2.13.

Corollary 3.2.14. For each i € 7 the pairing g; X g_; — C given by z,y — (z,y) is

nondegenerate.

Proof. Suppose x € g; and we have (z,y) = 0 for all y € g_;. Since (g;,g;) = 0 unless i +
j =0 we have (z,y) = 0 for all y € g(A). Therefore, z = 0 because (-, -) is nondegenerate.
0

Corollary 3.2.15. (g4, 95) = 0 unless a + 3 = 0.

Proof. Suppose a+ 3 # 0 and let x € g, and y € gg. Then there exists h € b such that
(a+ B)(h) # 0. Then by the fact that ([x,h],y) = (z,[h, y]) this implies —a(h)(z,y) =
B(h)(x,y) which means (a + §)(h)(r,y) = 0. Therefore (z,y) = 0. O

Since the form (-,-) is nondegenerate on b it determines a bijection h* — b given by

a — h!, where (h!,h) = «(h) for all h € b.

Corollary 3.2.16. (a) Suppose x € 9o,y € §_a, then [x,y] = (x,y)h.,.
(b) The pairing go X g§—o — C given by (-,+) is nondegenerate.
(c) For each x € g, with x # 0 there exists y € g_, with [x,y] # 0.

Proof. (a) Consider the element [x,y] — (z,y)h,, € h. For all h € h we have ([z,y] —
(x,y)h.,, h) = ([z,y],h) — (x,y)(h.,h) = (z,[y,h]) — a(h)(x,y) = 0. Since the form is
nondegenerate on h we conclude that [z,y] — (z,y)h., = 0.

(b) Since the form is nondegenerate on g(A) and (ga,9s) = 0 unless § = —a the
pairing g, X g_o — C must be nondegenerate.

(¢c) For each 0 # x € g, there exists y € g_, with (x,y) # 0. Hence [z, y] # 0 by part
(a). O
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3.3 The Weyl group and the roots of a Kac—-Moody

Lie algebra

It is known that in g(A) we have (ade;)'"e; = 0 and (ad f;)' =4 f; = 0 for i # j, see
[6, Proposition 16.10]. So the maps ad e; and ad f; are locally nilpotent i.e. for all z € g
there exists N € N such that (ade;)Vz = 0. Therefore, exp ad(e;) and expad(—f;) can
be defined as automorphisms of g(A).

Let n; = exp ad(e;) oexpad(—f;) ocexpad(e;) € Aut g(A). Then we have n;(h) = b and
for x € h we have n;(z) = v — a;(x)h;, see [6, Proposition 16.11].

Now let s; be the restriction of n; to h. Then the map s; : h — b satisfies s? =
1,si(h;) = —h;, and s;(x) = = when (h;,x) = 0. The maps s; : h — b are called
fundamental reflections. The group W of nonsingular linear transformations of b
generated by si,...,s, is called the Weyl group W of g(A). This group W preserves
the bilinear form (-,-) on b.

We may also define the action of W on b* by (wA\)x = Mw™'z) forw € W, \ € b*,z €
h. Hence the action of s; on h* is given by s;(A) = A — A(h;) .

The Weyl group leaves the root system ® of g(A) invariant, i.e. if « € &, w € W then
w(a) € ¢ and we have dim g, = dim gy (q)-

The element o € ® is called a real root if there exists a; € II and w € W such that
a = w(q;). The set of all real roots is denoted by ®r.. The element o € & is called an
imaginary root if « is not real. The set of all imaginary roots is denoted by ®p,.

Note that if « is a real root, then so is —«a. For let a = w(«;) for some «a; € II and
w € W. Then we have —a = ws;(«;). It also follows that if § is an imaginary root so is
—f. Moreover, as o = w(o;) and the fact that dim g,.,) = dima; = 1, we have a with
multiplicity 1. Also as we know if £ > 1 then kq; is not a root. So as ka = w(ka;), ka is

also not a root.

57



Proposition 3.3.1. The Weyl group W preserves the set of positive imaginary roots, i.e.

if « € ®f and w € W then w(a) € ¥ .

Proof. We know that W acts both on ® and on the set ®g. of real roots. Therefore W
acts on the set @, of imaginary roots. We shall show that an element w € W cannot
change the sign of the imaginary roots. Let a = >_" | k;o; where k; > 0. Now at least two
coefficients k; must be positive. Otherwise o would be a multiple of some «; and hence
equal to a;. Then « would be real which is a contradiction. Now s;(a) = a — a(h;)q;
contains at least one fundamental root with positive coefficient. Hence s;(«) € @ . Since

w € W is a product of fundamental reflections s; we have w(a) € @ . O

Let A be a GCM and take a real minimal realisation (hg,II,IIV). Then the funda-
mental chamber is defined as € = {\ € b | A(h;) > 0 fori =1,...,n}. Its closure is

C={ eb;y|Mh)>0fori=1,...,n}
Proposition 3.3.2. Let o € ®f . Then there exists w € W with w(a) € —€.

Proof. Consider the set of all elements w(«) for w € W. These are all positive imaginary
roots by Proposition 3.3.1. Let 8 = Y k;a; be such a root for which ht(5) is as small as
possible. Then s;(8) =  — B(hi)ay. Since hts;(5) > ht § we have S(h;) < 0 for all .
Thus 8 € —. O

Now for a € ® with o = > " | k;o; we define suppa = {i | k; # 0}. We can show
that supp « is connected, i.e. supp a cannot be written as suppa = J; U Jy with Jy, Jo
nonempty and A;; = 0 for all ¢ € J;, j € Jo. For the proof see, [6, Proposition 16.21].

The following theorem shows that in order to understand the imaginary roots it is

sufficient to understand the positive imaginary roots which lie in —€, see [6, Proposition

16.23].
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Theorem 3.3.3. The set of positive imaginary roots of g(A) are given by 7 = e w(K)
where K = {a € Q% | a # 0, supp « is connected, and o € —€}. The set of all imaginary

roots is ®f U (—®; ).

By the above theorem and the fact that o € K implies ka € K for all positive integers

k we have,
Corollary 3.3.4. Let o € ®f. . Then ka € & for all positive integers k.

Now we consider the real and imaginary roots of g(A) when A is symmetrisable. As
we know g(A) has an invariant bilinear form (-,-) which is nondegenerate on restriction
to b, so determines an isomorphism h* — h under which X — h/, where \(z) = (h), ) for
all € h. Therefore we can transfer the bilinear form to h* by defining (A, ) = (b}, h},).
In particular we can define (o, «) for aw € ®. It can be shown that if A is a symmetrisable
GCM, then if « is a real root of g(A) we have (a,«) > 0 and if it is an imaginary root
then (a, a) < 0 by [6, Proposition 16.26].

Now we mention some information about the imaginary roots in the three cases of our

trichotomy, see [6, Proposition 16.27].
Theorem 3.3.5. Let A be an indecomposable GCM.
(a) If A has finite type, then g(A) has no imaginary roots.

(b) If A has affine type, then there exists u > 0 with Au = 0. The vector u is determined
up to a scalar multiple. Thus there is a unique such u whose entries are positive
integers with no common factor. Let uw = (ay,...,a,). Let § = ajaq + ... + apan,.

Then the imaginary roots of g(A) are the elements ko for k € Z,k # 0.

(¢c) If A has indefinite type, then there exists a € ®f  such that o = Y 7 | ki with

ki >0 and a(h;) <0 foralli=1,... n.
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A significant consequence of the last theorem is that if A is an indecomposable GCM
of affine or indefinite type then g(A) has infinite dimension. Because in both cases g(A)
has an imaginary root . So g(A) has infinitely many imaginary roots ka for k € Z, k # 0.

Since g(A) = b © @, 9o, therefore dim g(A) must be infinite.

3.4 Kac—Moody Lie algebras of affine type

Let g(A) be a Kac-Moody Lie algebra where A is a GCM of affine type. Let A be an
n X n matrix of rank [ then we have n = [ + 1. We number the rows and the columns
of A by the integers 0,1,...,l. We know there is a unique vector a = (ag,as,...,q)"
whose coordinates are positive integers with no common factor such that Aa = 0. We
choose the numbering of the vertices in such a way that node 0 is the one in black. We

also show in each diagram the integer a; associated to each vertex. There is also a unique

vector (co, c1, . .., ;) whose coordinates are positive integers with no common factors such
that (co,c1,...,¢)A = 0. In fact the vector (co,cq,...,¢) for A is the same as the vector
(ag,ay,...,a;) for the transpose A™. So the vector (cg,cy,...,¢) may be read off from

the diagrams in the list shown in Figures 3.3 and 3.4 and in fact ¢ = 1 and ap = 1 unless

A has type C~’l’ or A" In these cases ag = 2.
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Figure 3.3: List of affine Dynkin diagrams part 1
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Figure 3.4: List of affine Dynkin diagrams part 2
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Let (h,II,IIV) be a minimal realisation of A. Then dimbh = 2n —1 =1+ 2. IIV =
{ho, h1,...,h} is a linearly independent subset of h and IT = {ag, a1, ..., } is a linearly
independent subset of h*. There exists an element d € h such that ay(d) =1, a;(d) =0
fori=1,...,1. and d is called a scaling element. It can be shown that hqg, hy,..., h;,d
is a basis of b see [6, Proposition 17.4].

Now we define an element v € h* determined uniquely by ~(hy) = 1, vy(h;) = 0, for
i=1,...,01 and vy(d) = 0. It can be proved that ag, a,..., a7y is a basis of h* see [6,
Proposition 17.4].

In the following proposition we express the affine Cartan matrix A in a more explicit

way.

Proposition 3.4.1. We have A = DB where B is symmetric and D = diag(dy, dy, . .., d;)
and d; = a;/¢;.

Proof. We know that any indecomposable GCM of affine type is symmetrisable so there
exists a diagonal matrix D with positive diagonal entries and a symmetric matrix B such
that A = DB. Let ¢ = (co, 1, ..., ¢) and a™ = (ag, ay,...,a;). Then Aa = 0so DBa =0,
and therefore Ba = 0. Thus a"B = 0. Also ¢cA = 0 so (¢D)B = 0. Since B has corank
1, ¢D must be a scalar multiple of a'. In fact D can be chosen so that ¢cD = a', that is

d; = a;/c;. O
Now the nondegenerate bilinear form which we already defined satisfies
(hi, hj) = d;d;B;j = ajcj_lAij fori,j =0,1,...,1
(ho, d) = doao(d) = ag
(hiyd)=0 fori=1,...,1

(d,d) =0
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This standard invariant form on h as we already mentioned defines a bijection h* — b
given by A — A, where A(z) = (h),z) for all x € h. Under this bijection between h and
h*, we can show that h; € b corresponds to a;c;'a; € h* for i = 0,1,...,l and d € b
corresponds to agy € h*. So we may transfer the standard bilinear form § to h* using this

bijection. The form on h* is then given by
(i, ) = a7 ' ci Ay
(a0,7) = ag"
(i) =0 i=1,...,1

(v,7) =0

In particular, A;; = %

have h; € b corresponding to —%~ € h*.

(0g,004)

Furthermore, under the given bijection between h and h*, we

We now define an element ¢ € h by ¢ = Zizo cih; so that under the bijection h — b*
it corresponds to § = Zizo a;c; and h; as we know corresponds to a;c; Lo, In fact it is
known that ¢ lies in the centre of g(A). The centre is 1-dimensional and consists of all
scalar multiples of ¢, see [6, Proposition 17.8]. The element ¢ is called the canonical

central element of g(A).

3.5 The roots of an affine Kac-Moody Lie algebra

In this section we express the affine root systems in more explicit way.

Let A° be the matrix obtained from the affine Cartan matrix A by removing the row
and the column 0. Then A° is an [ x [ Cartan matrix of finite type. Let ®° be the set of
roots of the finite dimensional Lie algebra g(A°) and II° = {ay, ..., q;} be a fundamental
system of ®°. Then the Weyl group W is generated by the fundamental reflections

S1,...,5. Now we consider the real roots of g(A). As we know they have the form w(«;)

64



for some w € W and i = 0,1,...,l. We consider the squared lengths («, @) of the roots
a € Op,. Since (w(ay), w(e;)) = (a4, ;) the length of any real root is equal to the length

of some fundamental root. The relative length of roots can be obtained from Figures 3.1

(C“i’aj)
(ai,a)

(aj.aj) _ Aij

n .
and (v 8) Aji

and 3.2 using the formula A;; = 2

Proposition 3.5.1. (a) If A is an affine Cartan matriz of type A, Dy, Eg, F7, Es all

the fundamental roots have the same length.

(b) If A has types Bl,éf,él,éf,ﬁ4,ﬁj there are fundamental roots of two different

lengths. The ratio (5, 5)/(a, «) where « is short and ( is long is two.

(c) If A has type Gs or ég there are fundamental roots of two different lengths with
(8,8)/ (e, a) = 3.

(d) If A has type A, there are fundamental roots of two different lengths with (3, 8)/ (v, )

4.

(e) If A has type C’{ there are fundamental roots of three different lengths, say «, 5,y
with (8, 8)/(a, &) = 2 and (v,7)/(8, B) = 2.

Let ®ges be the set of short real roots, ®ge; the set of long real roots and ®ge; the
set of real roots of intermediate length. The following theorem characterises explicitly
the set @, of all real roots of each affine Kac-Moody algebra individually. We denote by
P, ®Y the set of short and long roots in ®°. If all roots of ®° have the same length we
write Y = @0,

The following theorem gives more information on real roots of the affine Kac-Moody

algebra g(A), see [6, Theorem 17.17].

Theorem 3.5.2. (a) If A is one of the types A, B, C,, Dy, Fg, E, Es, Fy, Gy then ®g, =

{a+rd|aed reZ}.
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(b) If A is one of the types éf,éf,]if then ®res = {a+715 | @ € ®r € Z} and

Prei = {a+2rd | a € ¥V r € Z}.

(c) If A is of type G then Pres ={a+71d|a€dreZ} and Prey = {a+3rd | a €

D) reZ}.

(d) If A is of type C! then ®ge, = {ila+@2r—1))6 |aec®),reZ}, Pre; ={a+71d|

a€ P reZ} and Prey ={a+2rd | a € B, r € Z}.

(e) If A is of type A; then ®p., = {ila+@2r—1)0 | a € ®r e Z} and Ppey =

{a+2r6 | ae @ relZ}

3.6 Realisations of affine Kac-Moody Lie algebras

In this secton we first show that every Cartan matrix of untwisted type which is defined
below can be constructed from a Cartan matrix A° of finite type. Later in this section we
show a method to construct the affine Kac-Moody algebra g(A) from the finite dimensional
simple Lie algebra g° = g(A°).

Let A° be an indecomposable Cartan matrix of finite type and let g° = g(A°) be the
finite dimensional simple Lie algebra with Cartan matrix AY. We can construct an (I+1) x
(14 1) affine Cartan matrix A from A° by adding an additional row and column, labelled
by 0, as follows. Let 6 = 2221 a;a; be the highest root of g° and hy = Zézl c;h; be the co-
root of . Then we can define A by A;; = A, if 4,5 € {1,...,1}, Ay = — 22:1 a; Ay if i €
(1,0}, Ay ==, ¢ A ifj € {1,...,1}, and Agy = 2. We can show that A is a Car-
tan matrix and the type of A is as follows: The type of A is /Il, Bl, C’l, Dl, E6, E7, Eg, F4, C;*Q
where A° is of type A, By, C), Dy, Eg, Er, Eg, Fy, Gy respectively see [6, Proposition 18.1].
We call the affine Cartan matrix A of type A;, B;, Cy, Dy, Eg, E7, Es, Fy, G the untwisted

type.
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Loop algebras and central extensions

Let C[t,t™'] be the ring of Laurent polynomials ), , (" for ¢; € C with finitely many
G # 0. Let G(g°) = C[t,t7!] ®c g°. Then G(g°) can be made into a Lie algebra in a
unique way by [p® z,q ® y] = pq ® [z,y] for p,q € C[t,t7], 2,y € g°. This Lie algebra
G(g°) is called the loop algebra of g°.

For a Lie algebra [ over C, let [ be the set of elements z + Ac with z € I, A € C and ¢ is
a symbol. Let k : [x [ — C be a bilinear map satisfying x(x,y) = —k(y, z) for z,y € [ and
k([z,y], 2) + K([y, 2], ) + k([z,z],y) = 0 for z,y, z € . This bilinear form « is called a 2-
cocycle on I. Tt is easy to show that the Lie multiplication [z+ Ae, y+puc| = [z, y]+£(x, y)c
makes [ into a Lie algebra. This Lie algebra is a 1-dimensional central extension of [,
i.e. there is a surjective homomorphism 6 : [ — [ given by O(x + Ac) = z, such that
dim(ker §) = 1 and ker 0 lies in the centre of [.

We can apply this idea to build a 1-dimensional central extension of G(g°) by taking
a 2-cocycle on G(g°). Let (-, -) be the invariant bilinear form on g" satisfying (hg, hg) = 2.

This is a unique invariant bilinear form which we can obtain it by rescaling the killing

bilinear form to g. As (6,6) = 2, hence we have (hy, hy) = (?gg;, %) = 2. Now we

define a bilinear form (-,-); : G(g°) x G(g°) — C[t,t7!] by (p @ 2,¢ @ y); = pqg(z,y).
We define the residue function Res : C[t,t7!] — C by Res(}_ (;t') = (_;. The function
k1 G(g°) x G(g°) — C defined by k(p ® z,q ® y) = Res($2 ® z,q ® y); = Res(§2q(x,y))
is a 2-cocycle on G(g°), see [6, Lemma 18.3]. Therefore we can obtain the 1-dimensional
central extension of G(g°) given by G(g°) = G(g°) ® Cc whose Lie multiplication is given
by [a + Ae,b + pc] = [a, bl + x(a, b)c where a,b € G(g°) and [a, b]y is the Lie product of
a,b € G(g°). Moreover, we can adjoin to G(g°) an element d which acts on G(g°) as a

derivation which is explained below.

The map A : G(g°) — G(g°) defined by A(a+ Ac) = 32 for a € G(g°), A € Cis a
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derivation see [6, Lemma 18.4]. Now we define G(g°) by G(g°) = G(g°) @ Cd and make
G(g°) into a Lie algebra by defining the Lie product as [a + Ad, b+ pud] = [a, b] + AA(b) —
pA(a). In particular we have [(t' @ z) + Ae + ud, (¥ @ y) + Ne+ p/d] = (t"H @ [z,y]) +
it @y) — Wit @) +6; _ji(z,y)c for z,y € g°, A\, u, N, i’ € C. The following theorem
is an important result of this chapter that the Lie algebra (j(go) is isomorphic to the affine
Kac-Moody algebra g(A)

Theorem 3.6.1. Let g° = g(A%) be a finite dimensional simple Lie algebra. Let A be
the untwisted affine Cartan matriz obtained from A° as in Section 3.6. Then g(A) is

isomorphic to G(g°).

Proof. We shall define elements eq, eq, ..., e fo, f1,..., f1; ho, h1,..., hy in Q(go).
We will use Proposition 3.2.2 to show that the Lie algebra G(g°) is isomorphic to g(A).

Let Ey,...,E; Fy,...,F; Hy,..., H be corresponding generators of g°. We define

i=1®F

fori=1,...,1.

Then [e;, fi] = h; for each i. We also need to define e, fo,ho € G(g°). To do this
consider the root spaces gj and g°, where 6 is the highest root of g°. We have dim gj =
dim g°, = 1 and the map gJ x g°, — C given by the invariant bilinear form (-,-) on g° is
nondegenerate. Let w® be the automorphism of g° satisfying w®(E;) = —F}, w°(F;) = —E;,

see [6, Proposition 14.17]. Then «°(g)) = g°,. We can show that there exists elements

68



Fy € g) and Fj € g°, such that w°(Fy) = —Fy and (Fy, Ey) = 1. Now we define
€y = t® EO
and

fo = t_l ® Fo.

Let h° be the subspace of g° generated by hy,...,h and

h=(1®h") @& Cca Cd.

We define

ho = (1 & (—Hg)) +c.

Then we have

[eo, fo] = [t ® Eo, t™' @ Fy)] = (1@ [Ey, Fo]) + (Eo, Fo)e.

and

[Eo, Fo] = (Eo, Fo)HLy = H'_g = H_g = —H,

because (6, 6) = 2 and therefore [eq, fo] = ho.

Now we need to define ag, ay,...,a; € h*. We have elements a1, ..., a; € (h)* so we
can extend these elements to h* by saying that «;(c) = a;(d) = 0. We also define 6 € h*
similarly by saying 6(c) = 6(d) = 0. Let ¢ be an element of h* defined by é(x) = 0 for all
x€h,d(c) =0, and 6(d) = 1. We then define ag = —6 + 6 in h*.

Next we show that (h,II,11V) is a realization of A where II = {ap, ay,...,q;} and
¥ = {ho, ha,. .., hi).

The sets IT and IIV are linearly independent and we can show that for all 7,5 &
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{0,1,...,1} we have o(h;) = A;; and therefore(h,II, II") is a realization of A. We can
also check that the relations [e;, fi] = hi, [ei, fj] = 0 for j # i, [z,e;] = a;(x)e;, and
[z, fi] = —au(x)f; are satisfied for all 7,57 € {0,1,...,l}. We now need to show that all
€0,€15--- e for f1s- - fi: hos ha, ..., by generate G(g°).

Let M be a subalgebra of G(go) generated by these elements. We will show that
M = G(g°). Since elements By, E,, ..., Ey; Fy, F, ..., F, generate ¢°, er,....e1, fi,- .. f
generate 1 ® g°. Thus 1®@g° C M. Let I ={r € g° | t @ x € M}. Since ¢y =t ® FE
we have Ey € 1° so I° # 0. Moreover, I° is an ideal of g° because for z € I° and y € g"
we have t ® [z,y] = [t ® 7,1 ® y] which is in M. As g° is a simple Lie algebra we have
I°=g° Thust®x € M for all z € g°. By using the relation [t @ z, t* 1 @ y] = t* @ [z, 1]
and induction on k we can show that t* ® z € M for all z € g° and all k¥ > 0. Similarly
starting from fy = t7!' ® Fy we can show that t * @ x € M for all x € g° and all k > 0.
Now G(g) = h+ (1@ ") + 3,00 (t* ®g°) + 3, (t* @ g°) hence M = G(g°). It remains
to show that G(g°) has no nonzero ideal J with J Nk = 0.

Let G = G(g°) = h & D200 (" ® (8°)a) summed over i € Z, @ € (h°)" with
(1,a0) # (0,0). We claim this is the weight space decomposition of G with respect to
h. Let h € h and = € (g°)o. Then h = hg + Ac + pud with hg € §°, A\, u € C. Thus
[htf 2] = [ho + A+ pid, £ © 2] = (1  [hoy 2]) + pilt © ) = (alho) + i) (# © ) =
(a(h)+id(h))(t'®@z) = (a+1id)(h)(t' @ z) since a(h) = a(hy), and §(h) = p. Thus t' @

is a weight vector with weight oo 4+ 70. Thus we have

G=Gyd Z Gatis
(1,)#(0,0)

where Go = b and Go 5 = ' @ (g°)a.
Let J be a nonzero ideal of G with J Nh = 0. Thus we have J = (GoN J) @

Z(i’a)#o’o)(gaﬁg N J). Since Go N J = 0 we have G, N J # 0 for some (o, 7). Let
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t'®@x € J for some x € (g°), with z # 0. Then there exists y € (g°)_, with (z,y) # 0.
Thus [t' ® z,t 7' ®y] = [z,y] + i(z,y)c lies in J N b and hence [x,y] + i(x,y)c = 0. Since
[z,y] € h® and (x,y) # 0 we must have i = 0. But this implies [z, y] = 0 whereas we have
[z, y] = (z,y)hl, # 0. This gives us a contradiction. Thus J Nk = 0 implies J = 0.

[

So we see from Theorem 3.6.1 that g(A) can be constructed from g = g(A%) by
the following procedure. First we form the loop algebra G(g°) of g°. Then form the
1-dimensional central extension G(g°). Finally extend this Lie algebra by a derivation to
give G(g°) which is isomorphic to the affine Lie algebra g(A) corresponding to the Cartan

matrix A. Therefore, we are going to identify g = g(4) = G(g°) and we have

g=0(4d)=hoPae.

acd

where ® is the set of roots ® = Pp, W Py, = {a+i0 | a € P i € Z} W {id | i € Zro}
such that o € ® is defined by extending o € ®° from h° to h by a(c) = a(d) = 0 and
§ € b* is defined by §(x) = 0 for all z € §°, §(c) = 0 and 6(d) = 1 and 9 = 6 — 6.
The nondegenerate symmetric bilinear form (-,-) on h extends the form on h° such that
(h°,CcdCd) =0, (¢,c) = (d,d) = 0 and (c,d) = 1. Therefore we can identify h = h* and
h* = (h°)* @& (Cc @ Cd)*. We have ay,an, ..., € (h°)* and § € (Ce @ Cd)*. For a € °
we have go = (g°)a, and goris = t° @ (g°), such that all these are 1-dimensional. Also we
have g;s = t' ® h° which is /-dimensional.

The set of positive roots is

!
" = (Zzzooﬂ'> N®={a+id|ac® icZ,otU{a|ac (®)}

1=0
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Moreover, b the Borel subalgebra of g is

b=bHo @ Ga+is D @ Ja-

i>0,a€P0 ag(P0)+
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CHAPTER 4
LEVI TYPE ROOT SYSTEMS FOR AFFINE

KAcC-MooDY LIE ALGEBRAS

Let g = g(A) be an untwisted affine Kac-Moody Lie algebra with GCM A, a root system
® and a set of fundamental roots Il = {ay,...,q;}. In this chapter we first define the
Levi type root system for g corresponding to a Levi factor gy of a parabolic subgroup py
where Y C {1,...,{}. Then we consider the centralizer of a nilpotent element and show
how the centralizers of regular nilpotent elements of g° = g(A°) are related to Levi type
root systems where A is the finite type Cartan matrix obtained by removing the row and

the column 0 from A. Finally we investigate some properties of these root systems.

4.1 Levi type root systems

Let g be a Lie algebra of affine type which is identified with g = G (g°) as in Section 3.6.

Let

g:h@@ga

acd

be the weight space decomposition with respect to h and the set of fundamental roots
II = {ap,...,aq}. For any subset ¥ C {1,...,l} we define &y = &N (P, Z),

@; = (I)+ N (I)y, dy = b@ @a@by Oa, Wy = @aeqﬁ'\@; Ja and py = Oy @uy. We
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call py the standard parabolic subalgebra of g corresponding to the subset Y. The
subalgebra gy is called the standard Levi factor of py and uy is the nilpotent radical

of py. Note that since @y C ®° we have gy = g% @& Cc @ ®Cd. Also let

b =3(ay)

For all & € ®y and all nonzero elements x € g, we have [h,x] = a(h)x # 0 for some
h € b. Therefore, 3(gy) C b and 3(gy) consists of all those elements h € b such that for

all & € &y we have a(h) = 0. Hence,
b =3(gy) ={t€b|at)=0forall a € dy}.

Since hY C b, it acts semisimply on g and we have

0=00® P 0o

acdY

where g, = {z € g| [t,z] = a(t)z for all t € h* } and go = ¢;(hY).
The subset @ = {a € (hY)* | go # 0} C (hY)* is called the Levi type root system.

We also have

s=he@Pa.=bte P weP P

acd acd acdY pBed
a(h)=0 Blyy =a

In fact ®¥ = {a|yy | a € @, alyr # 0}. We also have = ¢;(h") = ¢;(3(gv)) = gv = go-
For a € @Y let ®(g,) = {8 € @ | Bly» = a}. Then & = Uacarugoy 2(8a)-
Recall § € b* in 3.6.1 defined by §(x) = 0 for all z € h°, §(c) = 0, and 6(d) = 1. Let
&Y =0y

The following proposition shows that Levi type root spaces are finite dimensional.
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Proposition 4.1.1. Let o € ®Y. Then for

Jo = @ 95,

Bed
B'[)Y:a

we have g, of finite dimension.

Proof. For any 8 € ® the dimension of gg is finite. So equivalently we show that the
set {# € @ | Blyyv = afora € @} is a finite set. First we consider the case where
a=qwlyy €D and i ¢ Y. Let g = Z;:o ajaj € . Then Blyy = 3,0y ajalyr, because
if j € Y, then «;|yy = 0. Note that S|y = 0 if and only if § € ®y if and only if § € ZIIy
if and only if a; = 0 for j ¢ Y. Therefore §|yv = « if and only if 8 = o; + Zjey a;o.
We have @ = {y+kd |y € P k € ZYU{kd | k € Z 4} where § = Z;:Odjaj and d; # 0
for all j. The coefficient of «; in k¢ is kd; and this equals to 1 for at most one value only
k = 1/d;. For each v € ®° where v = 22:1 c;a; we have v + ké with coefficient ¢; + kd;
of a;. This is equal to 1 for at most one value k = (1 — ¢;)/di. So there are finitely many
elements 8 € ® such that 3|y = alyv.

A very similar argument will deal with arbitrary elements of ®¥. Indeed, consider o =
Y ey @jlyy € @Y. For € ® wehave flyy = aifand only if 8 = 3.y aja;+37 0y bja;
where b; € Z. First we consider the possibilities for 8 = k¢ for some k € Z such that
Blyy = a. We pick ¢ ¢ Y. Then the coefficient of a; in 8 must be a; for f|;y = a and is
equal to kd;. So we require to have kd; = a; and therefore there is at most one possibility
for k. Now we consider the case when 8 = v+ kd for k € Z and v € ®°. The coefficient

of a; in B is ¢; + kd; and must be equal to a;. So there exists at most one possibility for

k. Hence there are finite number of elements 8 € ® such that S|y = o for a € Y. [
The following theorem gives a description of ®Y for Y C {1,...,n}.

Theorem 4.1.2. Let g be an affine Kac—Moody Lie algebra with a Cartan subalgebra b,
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the set of roots ® and the set of fundamental roots 11 = {«ay, ..., oq}. Then for any subset

Y C{1,...,l} the corresponding Levi type root system is
={i6" |i € Zy} U{a+i8" |a € (&), ic Z}).

where ®° is the root system of the finite dimensional Lie algebra g° = g(A°) and (®°)Y

the Levi type root system for g° corresponding to 'Y .

Proof. Let g be identified with g = C;(go) where g" is a finite dimensional Lie algebra.

From [3] we have g° = (g°)0 ® @,¢(a0)r (8°)a and we have

g= P @) | eCtt|eCcacd
ae(@O)Y
- @) e Pt & P ' ® (@) ®CecaCd
€220 aeigy
i€

and go = (%) ® Cc® Cd. Let h € hY = (§°)Y & Cc @ Cd and h = hg + Ac + pd for some
A€ C. Let z € (g°)o. Then [h, t'®@x] = [ho+Ac+ud, t' @] = pi(t'@x) = id¥ (h)(t'Qz).
Thus (' ® (g°)) has hY-weight i6¥. Similarly let x € (g°), where a € (®°)Y. Then
[t @ x] = [ho + Ac+ pd, t* @ 2] = (alhy) +i0Y (W)t @ x = (a +i6Y ) (h)(t' @ z) since
a(h) = a(hg) and 0¥ (h) = p. Thus (t* @ (g°),) has h¥-weight o +id¥. This gives the

hY-weight decomposition and ®Y = {i6" | i € Zuo} U{a+i6" | o € ®°7 i € Z}. O

4.2 Properties of ¥

Let g be an affine Kac-Moody Lie algebra and let Y C {1,...,n}

s=0v & P oo

acdY
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be the corresponding decomposition of g with respect to h¥. We know g has an invariant
bilinear form (-,-) which is nondegenerate on restriction to b, so determines an isomor-
phism h* — b under which A — hy, where A(z) = (hy, z) for all x € h. Therefore we can
transfer the bilinear form to h* by defining (A, i) = (ha, hy,). Since gy is reductive, we
have gy = 3(gy) @t = h¥ @t where v = [gy, gy| is the unique semisimple ideal in gy. Let

by = b Nt then

t:hY@ @ga

acdy

and by is a Cartan subalgebra of v. The bilinear form (-,-) is nondegenerate on gy so
is on h¥ = 3(gy) and v. The bilinear form (-,-) is nondegenerate on hy and we have
h = bY ® hy. Identifying h and h* through the bilinear form (-,-), we can identify
(h")* = Anng-(hy) C b* and (hy)* = Anny-(h") C h* and then h* = (h")* @ by ™.

Recall that in Section 3.4 we defined an element v € h* such that y(ho) = 1, y(h;) =0
fori =1,...,¢ and v(d) = 0. Then ay, ..., a7 is a basis of h* where ¢ = rank A. Now
let h% be the real from of h* spanned over R by ayg,...,a, and . Let (b} )r be the real

from of h% spanned over R by ®y. If (h¥ )y is the (-,-)

pz-orthogonal complement of
(h%)r in b, then (hY g is the real form of h* " and b = (hY " )r @ (hy*)r. We can show
that (-, ) is real and nondegenerate on (hY)g.

Recall that for o € ®¥ we have ®(g,) = {f € © | 8]yv = a}. For a = i6" where i € Z
then ®(g,5v) = {8 € @ | B|yv = 6" }. Because for any § € ®°(r) where v = [gy, gy] we
have 3|y = 0 therefore we have ®(g,) = {id} U{B+id | 8 € ®°(r)}. Now if @ = v + 46"
for some i € Z and y € (®°)", then ®(g,) = {3 +id | B € ?°(g,)}.

Definition 4.2.1. Let a € ®¥. We call a a real Levi root in ®¥ if ®(g,,) consists only of
real roots in ® and we call a an imaginary Levi root in ®¥ if ®(g,) consists of some of

imaginary roots in ®.
From now on we denote the set of real roots in ®¥ by (®Y )y, and the set of imaginary
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roots in ®¥ by (®)y, and from the argument above we can show that

PV = (®)Re U (O ) 1.

where (Y)ge = {a +i6" | a € (9°)Y,i € Z} and (P )1, = {i0" | i € Z o}

For o € ®Y, is g, an irreducible gy = gy module? To answer this question we consider
the cases where « is either a real or imaginary root.

First consider the case where a € (®Y)g. and a@ = v + i for some i € Z and
v € (®°)Y. Then ®(g,) = {8 +id | B8 € ¥°(g,)} and ®(g,) consists of real roots in
® and similar to the technique used to prove Theorem 2.1.6 we can show that g, is an

irreducible gy = gy-module.
Proposition 4.2.2. For a € (®Y)g. we have g, an irreducible gy = gy -module.

Now consider the case where a € (®Y )y, and a = 6" for some i € Z. Then ®(g,) =
{i6}U{B+id | B € ®r)}. f Y = & then g, is not an irreducible gy = h-module because

go = b is abelian but dim g, = dim b is greater than 1 unless dimh° = 1, i.e. ® is of type

Aj.
Let a, 8 € @Y. If a+ 8 € ®Y, then [ga, 95] C ga+s- But the equality does not happen

in general. The following proposition is one of the cases where this equality occurs.

Proposition 4.2.3. Assume o, 3 € ® and o + 3 # 0. Assume also that [g., gs] # 0

and o + 5 € ((bY)Re then [gaa gﬁ] = fa+8-

Proof. As [ga, 85 is a nonzero go-submodule of the g, 3 and g, 4 is irreducible go-module,

therefore the equality follows. O
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4.3 Centralizer of a nilpotent element in an affine Lie

algebra g

Let g be an affine untwisted Kac-Moody Lie algebra and g = h ® @4 ga be the weight
space decomposition of g with respect to . Let g be identified like before as g = G (g%)
where g is the finite dimensional Lie algebra corresponding to g. In the next proposition

we show how the centralizer of an element e € g° is related to its centralizer in g = G(g°).

Proposition 4.3.1. Let g = G(g°) be an affine Kac-Moody Lie algebra with the corre-

sponding finite dimensional Lie algebra g°. Let e € g°. Then
g°=CcaCdo ((g°)° @C[t, t7")).

Proof. Clearly the centralizer of e in g = (g° ® C[t,t7!]) ® Cc @ Cd will contain ¢ and d.
Every element g’ @ C[t,t ' is of a form Y . _ (y; ®t") where y; € g°. Then [> o0 _ (4 ®

el = (wiet),ex1] =37 ([yie]®t) =0 if and only if [y;, e] = 0 for all 7.
Thus > y; @t € (g°)° @ C[t,t7!]. Hence we have g¢° = Cc® Cd @ ((¢°)* @ C[t,t7Y]). O

To relate the Levi type root systems to centralizer, let e = )., e; € gy be a regular
nilpotent element in the Levi subalgebra gy C g° @ Cc ® Cd. We have hY = 3(gy) =
hNg® = h°. Since g = go DD, cpv o and g° is ad h* = h¥-stable we have g° = P(gaNg°)
where o € ®Y U {0}. Let ®° = {a € ®* | g, N g° # 0}. In the next proposition we prove
that ¢ = @Y.

Proposition 4.3.2. Let Y C {1,...,1} and e = Y ..y e; € gy be a reqular nilpotent

element in the Levi subalgebra gy. Then ®¢ = &Y.

Proof. By the Jacobson-Morozov theorem, we can embed e into an sl subalgebra s =

{e,h, f) C gy . For each a € ®¥ U {0}, we can show that g, is ad s-stable. Indeed, let
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T € ga,y €8, 2 €. Then [z, [y, 2]] = [[z, ), 2] + [y, [2,2]] = 0+ a(2)[y, 2] = a(2)y, 2].
Hence [y, x| € g, and g, is ad s-stable. By the representation theory of sly there exists a
nonzero z € g, such that [e, 2] = 0. Hence (go)¢ = g° N gy # 0 for all « € &Y. Therefore,
e = Y. O

This means that Levi type root system corresponding to a Levi subalgebra gy where
Y C {1,...,l} is the same as the root system for decomposition of g¢ with respect to
hY = h° = 3(gv) where e is the regular nilpotent element e = >,y e; € g

More generally we could take e to be a distinguished nilpotent element and we can do

the same theory.
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CHAPTER 5
NORMALIZERS OF PARABOLIC

SUBGROUPS OF AFFINE WEYL GROUPS

This chapter starts with some preliminaries on Coxeter groups. First we briefly study two
of the most important types of Coxeter groups, finite (real) reflection groups and affine
Weyl groups including the classification of associated Coxeter graphs. Motivated by these
examples we continue the general study of Coxeter groups. To describe the normalizers
of parabolic subgroups of affine Weyl groups up to isomorphism as the main part of this
chapter we aim to present a permutation representation for classical finite Weyl groups
and affine Weyl groups from [7]. Note that the structure of normalizers for finite Weyl
groups are already known, see [11]. All the materials on Coxeter groups here are found

in [13].

5.1 Finite reflection groups

Let V' be a real Euclidean space with a positive definite symmetric bilinear form (-, ).

Recall that a reflection is a linear transformation s on V' sending some nonzero vector

a € V to its negative while fixing pointwise the hyperplane H, orthogonal to a. We write
2(\,«)

S = S4. There is a formula s,A = A — 222 for A € V. A finite group generated by

(a,@)
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reflections is called a finite reflection group which is a subgroup of O(V') the group of

all orthogonal transformations of V. Here are some basic examples:

I,(m) where m > 3: Let V be the Euclidean plane and let D,, be the dihedral
group of order 2m. The group D,, contains m rotations through multiples of 27 /m
and m reflections about the diagonals of the polygon. The group D,, is generated
by reflections because a rotation through 27 /m is the same as a product of two

reflections relative to a pair of adjacent diagonals which meet at an angle 6 = w/m.

A,_1 for n > 2: Let V = R" with the standard basis vectors €;,...,¢,. Let
S, = Sym([1,n]) be the symmetric group acting on R” by permuting the subscripts.
The transposition (¢, j) acts as a reflection which sends €;—¢; to its negative and fixes
pointwise the orthogonal complement which consists of all vectors having the same
1th and jth component. Since S,, is generated by transpositions, it is a reflection
group. When S, acts on R"” in a way we described, it fixes the line spanned by
€1+ ...+¢€, and leaves stable the orthogonal complement, the hyperplane consisting
of vectors whose coordinates add up to 0. Thus S,, also acts on an n — 1 dimensional
Euclidean space as a group generated by reflections, fixing no point except the

origin. This accounts for the subscript n — 1 in the label A,,_;.

B, for n > 2: Again let V' =R" so S,, acts on V as above. Other reflections can be
defined by sending an ¢; to its negative and fixing all other €;. These sign changes
generate a group of order 2" isomorphic to (Z/2Z)" which intersects S, trivially
and is normalized by S,,. Thus the semidirect product of S,, and the group of sign

changes gives a reflection group W of order 2"n!

D,, for n > 4: There is another reflection group acting on R", a subgroup of index

2 in the group of type B,. The group S,, normalizes the subgroup consisting of sign
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changes which involve an even number of signs which is generated by the reflections

€;+¢€; — —(& +¢;) where i # j. So the semidirect product is also a reflection group
Next we give some standard definitions and facts about finite reflection groups.

o A finite set ® of vectors in V is called a root system if for all @ € & we have

® NRa = {a, —a} and s,® = . The elements of ¢ are called roots.

o The group W generated by all s, where a € ® is called a reflection group as-
sociated to the root system ®. To classify all possible reflection groups using

root system we need a linearly independent subset of ® from which ® can be re-

established.

o A subset IT of ® is called a simple system if II is a vector space basis for the
R-span of ® in V' and if each a € ® is a linear combination of Il with coefficients of

the same sign. The elements of II are called the simple roots.
o Simple systems exist, see [6, Theorem 1.3].

o Elements of ® which are positive linear combination of elements of IT denoted by &+
are called positive roots. The elements of ® which are negative linear combination

of IT denoted by ®~ are called negative roots. Clearly =~ = —®™.
o If IT is a simple system in ®, then (o, 3) < 0 for all a« # S in II.
o Any two simple systems in ® are conjugate under W, see [6, Theorem 1.4].
o The permutation action of W on simple systems is simply transitive.
o Given II, for every 5 € ® there exists w € W such that wg € II.

o The group W is generated by the reflections s, where o € 11 see [6, Theorem 1.9].
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The following theorem describes a presentation of W where m, s denotes the order of

sq5p in W for any roots «, (5.

Theorem 5.1.1. Let II be a simple system in ®. Then W is generated by the set S =

{Sa | @ € 11}, subject only to relations (sos5)™# =1 for o, B € I1.

Any group W finite or infinite having a presentation

W = (s; | (s;8;)"" fori=1,...,n)

relative to a generating set S = {s1,...,,} is called a Coxeter group; the pair (W, 5)
is called a Coxeter system. It is known that the finite Coxeter groups are precisely the

finite reflection groups. Here are Coxeter presentations of some finite Weyl groups.

(a) The Weyl group of type A,_; denoted by W (A, _1):

W(A,—1) = (S0, ., Sn-1 | (8is)™7 =1, fori,j=0,...,n—1)

such that m;; = 1, m;;41 = 3 for i« = 0,...,n — 2 and m;; = 2 otherwise for

,7=0,...,n—1.

(b) The Weyl group of type C,, denoted by W (C,):

W(Cy) = (S0, 8n-1 | (8i8))™7 =1, fori,j=0,...,n—1)

such that mg, =4, m;; =1, my;y1 =3 fori=1,...,n —1 and m;; = 2 otherwise

fori,j=0,...,n— 1.

(¢) The Weyl group of type D,, denoted by W (D,,):

W(D,) = (so,.-.,Sn-1] (858;))""7 =1, fori,j=0,...,n—1)
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such that m;; =1, mga =3, my;41 =3 fori =1,...,n —1 and m;; = 2 otherwise

fore,7=0,...,n—1.

The notion of ‘root system’ we introduced in this chapter differs from that commonly

used in Lie theory see Definition 1.5.1. To avoid confusion, a root system is called crys-

2(a,8)
8.8

tallographic if it satisfies the condition € Z for all a, f € ®. For crystallographic
the group generated by all reflections s, where o € ® is known as the Weyl group of .
Setting a¥ = 2a/(a, «), the set @Y of all coroots o (o € ®) is also a crystallographic
root system in V', with simple system IIV = {a¥ | @ € II}. Tt is called the inverse or
dual root systems. The Weyl group of ®¥ is W, with wa” = w(a)¥. Let II be a fixed
simple system in ® and S be the set of simple reflections s, where a € II. For any subset
I C S we define the parabolic subgroup Wy to be the subgroup of W generated by all
So €Tand let II; ={a €1l |s, € I}.

Now let ®* be the set of positive roots containing the simple system II. For each
hyperplane H, we can associate the open half-spaces A, and A/, where A, = {\ € V|
(A, ) > 0} and A], = —A,. The chamber ¢€(II) = (), .5 As is the intersection of
open convex sets A, which is itself open and convex. Let D be the closure €. Thus
D={XeV|(\a)>0forall « €II}. It is known that D is a fundamental domain for
the action of W on V i.e. each A € V is conjugate under W to one and only one point in
D see [6, Lemma 1.12]. Because of the simply transitive action of W on simple systems,
this translates into a simply transitive action of W on the family €(II) of chambers where
IT runs over all possible simple systems. The chambers are topologically characterized as
the connected components of the complement in V' of | J,, H,. The goal in the next section
is to determine all possible finite reflection groups in terms of their Coxeter graphs. The
groups satisfying crystallographic condition are especially important in Lie theory, where

they arise as Weyl groups.

85



5.2 Classification of finite reflection groups

The Theorem 5.1.1 shows that W is determined up to isomorphism by the set of integers
m(a, B) for , 5 € II. To encode this information in a picture we construct a graph I'
having elements of II as vertices. We join a pair of vertices corresponding to o # [ by
an edge whenever m(a, ) > 3, and label such an edge with m(«, 5). This labeled graph
is called Coxeter graph of W. It determines W up to isomorphism. The classification
of finite reflection groups relies on the study of possible Coxeter graphs. The following
proposition gives more precise criterion for reflection groups to be isomorphic in the

geometric setting see [13, Proposition 2.1]:

Proposition 5.2.1. Fort = 1,2, let W; be a finite reflection group acting on the Euclidean
spaces V;. Assume W; are essential meaning that the action of W; on V; has no nonzero
fized points. If W1 and W5 have the same Coxeter graphs, then there is an isometry of V;

onto Vs inducing an isomorphism of Wi onto Ws.

The Coxeter system (W, .S) is said to be irreducible if the Coxeter graph I' is con-
nected and we also call ® irreducible in this case. The following proposition says that
the study of finite reflection groups can be reduced to the case when Coxeter graphs I' is

connected see [13, Proposition 2.2].

Proposition 5.2.2. Let (W, S) have Cozeter graph I", with connected componentsI'y, ..., T,
and let Sy, ..., S, be the corresponding subsets of S. Then W s the direct product of the
parabolic subgroups Ws,, ..., Ws. and each (Wg,,S;) for i =1,...,r is irreducible.

T

The next theorem limits the possibilities for crystallographic finite reflection groups,

see [13, Theorem 2.7].

Theorem 5.2.3. The graphs in Figure 5.1 are the only connected Cozxeter graphs for

crystallographic Weyl groups.

86



B, =C, O—O0O— -+ —O0 = 0
o)
D, O—O0— —O0—0
o)
FE O—O0—0—0—0
o)
E; O—0—0—0—0—0
o)
Fx 0O—0—0—0—0—0—0
F, O—O0=0—0
Gy 0= o0

Figure 5.1: Coxeter graphs for crystallographic Weyl groups
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In the next section we describe a class of infinite groups generated by affine reflections
in Euclidean space which are related to Weyl groups and have a representation like that

of finite reflection groups.

5.3 Affine reflection groups

In this section V' denotes a Fuclidean space and W is a Weyl group i.e a finite crystal-
lographic reflection group. We want to consider not just orthogonal reflections but also
affine reflections relative to hyperplanes that do not necessarily pass through the origin.

To do this we need to introduce some standard definitions.

o The semidirect product of GL(V') and the group of translations by elements of V' is

called affine group and it is denoted by Aff(V).

o For each root o € ® and each integer k, we define an affine hyperplane
Hor={ eV |(\a)=Ek}
Then we define the corresponding affine reflection
Sak(A) =X —((\,a) — k)a"

where o = 2a/(a, @v).
o Let H be the collection of all hyperplanes H, ; where o € ® and k£ € Z then the

elements of H are permuted by W.

o The subgroup of Aff(V') generated by all affine reflections s, where o € ® and
k € 7Z is called the affine Weyl group W, of ®.

The next proposition makes the structure of W, more transparent. We define the

root lattice L(®) the Z-span of ® and the weight lattice L(®) = {A € V | (\,a") €
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Z for all « € ®}. We also obtain lattices associated with the root system ®Y. Let

L =L(®") and L = L(®), the latter is characterized by

L={AeV|(\a)eZforalaecd}

Proposition 5.3.1. The group W, is the semidirect product of W and the translation

group corresponding to the coroot lattice L = L(®Y).

To study how the group W, permutes the hyperplanes H, we see how it permutes the
collection A of connected components of V° = V\ |Jy 4 H. Each element of A is called
an alcove.

Let II be a set of simple roots in . We single out one particular alcove

A, ={AeV]0<(\a)<lforal aecd}.

In general an alcove is defined by a set of inequalities of the form k, < (A, a) < ko + 1 for
a € dt. Since ® is an irreducible root system, there is a unique highest root & having the
property that for all positive roots «, the element & — « is a sum of simple roots. Hence
we have

A, ={ eV ]|0< (\a)forall « €I, and (A, &) < 1}.

The walls of A, are defined to be the hyperplanes H, for a € II and H;; and we define
Se = {sa | @ € 1} U {s51}. The next proposition shows that we can define the walls of
wA, to be the images of these hyperplanes under w for any w € W, see [13, Proposition

43]. .

Proposition 5.3.2. The group W, permutes the collection A of all alcoves transitively,

and is generated by the set S, of reflections with respect to the walls of the alcove A,
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The following theorem is one of important theorems in this chapter see [13, Theorem

4.6].
Theorem 5.3.3. The pair (W,,S,) is a Coxeter system.

To construct a Coxeter graph belonging to Coxeter group W, we need to work out the
order s,s5,1 for each a € II in order to see what new edges and labels occur when new
vertex is joined to the Coxeter graph of W. The resulting Coxeter graphs are those of
type fln_l, B~n for n > 3, én for n > 2, Dn for n > 4, E’(;, E’7, Eg, F4, and ég occurring

in the Figure 3.1 and 3.2.

5.4 Permutation representation of finite and affine

Weyl groups

In this section we first aim to present a permutation representation of finite Weyl groups

A,_1, C,, D, and affine Weyl groups of type A,_1, By, Cy, and D,,.

Permutation representation of Weyl groups of type A,_; and 4,_;

A Z-permutation is a bijective map from Z to itself. The Weyl group W = W(A,_;)
of type A,_; is the symmetric group S, = Sym([1,n]) and generated by transpositions
s; = (ii+1) where i = 1,...,n— 1. This group can be seen as the group of Z-permutations
that fixes everything outside the interval [1,n] and we denote it by W =W, .

Let T,, be a map from Z to itself defined by T, (z) = x + n for x € Z. The map T, is
a translation n steps to the right. A Z-permutation w commutes with 7,, if and only if
w(i + kn) = w(i) + kn for all i, k € Z.

Let I//V\ATH = Sym(Z)™ be the group of Z-permutations that commute with T,,.

Definition 5.4.1. A Z-permutation is called locally finite if only a finite number of values

are moved from negative half-axis to the nonnegative half-axis and the same number of
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values are moved in the other direction.

Lemma 5.4.2. A Z-permutation w commuting with T, is locally finite if and only if the

following sum condition holds

Proof. This is [7, Proposition 9].
[

Let Wj; _ be the subgroup of /WAn_l of all locally finite Z-permutations. Therefore,

w(i + kn) = w(i) + kn for all i, k € Z and Zw(z) = Zz}

i=1 i=1

Wi | = {w € Sym(Z)

Since w € W _ is determined by w(1),...,w(n), it can be denoted by

such that {w(i)(modn) | i = 1,...,n} = [1,n]. The group Wy  is generated by
12 ... n—-1 n 1 2 ... 1+ 1 ...n

S(]: and Sl: for
0 2 ... n—1 n+1 1 2 ... 1+1 ) ...n

i = 1,...,n — 1 and isomorphic to the Weyl group W(A,_1) by sending s; to S; for

t=1,...,n where
W (A1) = (50,801 | (8i8;)™3 =1, fori,j=0,...,n—1).

such that mg,—1 = 3, m;; =1, my;y1 =3 for i =0,...,n — 2 and m;; = 2 otherwise for
i,7=0,...,n—1. See [7, Theorem 14, 19 and 20].
Proposition 5.4.3. W; < W\A%w /Wﬁnfl/wﬁnfl =7 and /WATH =Zx Wy .
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Proof. Define ¥ : WATH — 7 by

for w € /Wgn_l. Since {w(z) (modn) | ¢ = 1,...,n} = [1,n] we have >  w(i) —
Yonqi = kn for some k € Z thus ¥(w) € Z. To show ¥ is a group homomor-
phism we need to prove ¥(ww') = Yw + Ww' for all w,w’ € /WAn—l or Y. ww'(i) —
Sorgi=o o w(@) =Y iy w (i) =Y 4. Forw,w' e WA}A andi=1,...,n,
let w(i) = o(i) + kn and w'(i) = 7(i) + l;n where 0,7 € Sym([1,n]) and k;,l; €
Z. We have W(w) = (o w(i) =327 1) /n = Qoin, 0()) + 20 kin — 3202, 8) /n =
(Qoim i+ 2 kin = 300 1) /no= 300 ki Similarly W(w') = (320, w'(d) = 3271, 4) /n =
Yoiyli. We also have ww'(i) = w(7(i) + l;n) = w(r(7)) + Lin = o(7(i)) + kr@n + Lin so
W(ww')(i) = (7 ww' (i) = 32y ) /n = (i o(7(0) + 2, krn + 205, lin = 220, 8) /n
= i+ i kin+ Y lin = 3o d) o= (i kin+ 2o lin) fno= (25 ki) +
>°r L) = ¥(w) + ¥(w). By Lemma 5.4.2 we have Wi =ker® SoW; I /WAn_l'

1 2 ...n
If z = , then U(x) = 1 and ¥l is surjective. We have (x) N

n+1 2 ... n

ker W = {1} and (z) 2 Z. Thus W; = (z)x Wy  soW;  =ZxW; . 0

1

Permutation representation of Weyl groups of type C,, and Ch

Let We, be the group of permutations in Sym([—n, n|) commuting with Ry, the reflection

with respect to 0 defined by Ry(i) = —i. Then

We, = {w € Sym([—n,n]) | w(—i) = —w(i) for all i € [0,n]}.
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The group W¢, is generated by Sy = (—11), and S; = (ii + 1)(—i — i — 1) for all

i =1,..n — 1 which gives an isomorphism with the Weyl group W (C,,) of type C,

W(C,) = (so,...,8n-1 | (si8;)™7 =1, fori,j=0,...,n—1).

such that mg; =4, m;; =1, mj;41 =3 fori =1,...,n —1 and m;; = 2 otherwise for
i,7=0,...,n—1, See [7, Theorem 14, 19 and 20].

Now let W be the group of permutations of Z commuting with all transformations
in the group I';, = (Ry, R,+1) where Ry is the reflection with respect to 0 and R, is
the reflection with respect to n + 1 defined by R,4+1(i) = 2(n + 1) —i. Then RyR,41 is
translation by k(2n + 2). So it has infinite order. The group I',, is the infinite Dihedral
group with elements which are reflections in k(n 4 1) and translations by k(2n + 2) for

k € Z. Then

We ={w € Sym(Z) | w(—i) = —w(i) and w(i) = 2n + 2 — w(2n + 2 — i) for all 4}.

There are n infinite I',-orbits in Z: (i) = {£i+k(2n+2) : k € Z} for alli € {1,...,n}. For
w € Wg , we have w(0) = w(—0) = —w(0) = 0 and w(n+1) = wRy1(n+1) = Ry yw(nt
1) =2n+2—w(n+1) implying w(n+1) = n+ 1 and in general w(k(n+1)) = k(n + 1)
for all k € Z. Also for any j € Z\ {k(n+ 1) | kK € Z} there exists i € [—n,n]\{0} such
that j = (i) for some v € I',. So for w € Wg, we have w(j) = w(v(i)) = v(w(i)) and

w € Wg can be represented by
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1 2 ... n 1 2 ... n—1 n

The group W, is generated by Sp = and S,, =
-1 2 ... n 12 ... n—1 n+2
1 2 ... 1 i1+1 ... n—1 n
and S; = fori=1,...,n — 1. Because all T,
12 ... i+1 4 ... n—1n

orbits of (i) in Z for i = 1,...,n are distinct, all the values of w(i) for i = 1,...,n have to

be in distinct I', orbits. The group W is isomorphic to the Weyl group W(C’n) of type

C, sending s; to S; where
W(én) = (So, S1,...,8p | (Sigj)mij =1 Z,] = O7 L ’n>

such that m;; = 1, mo1 =4, M1 =3, My_1, = 4, m;; = 2 otherwise where
i,j=1,...,n. See [7, Theorem 14, 19 and 20] and Section 5.1.
Permutation representation of Weyl groups of type B,

Let W5 Dbe the subgroup of W consisting of all Z-permutations that are locally even

at position 0 meaning that an even number of negative numbers are moved to positive

1 2 ... n—1n
numbers. The group Wj is generated by Sy = , Sp =
-2 -1 ... n—=1n
1 ... n—1 n 1 2 ... 1 1+1 ... n—1 n
and S; = for ¢ =
1 ... n—=1 n+2 12 ... 141 1 ... n—=1 n

1,...,n — 1. This group is isomorphic to the Weyl group W(B,,) of type B, where
W(Bn> = <807 S1,-..,8n | (SiSj)mij =1 Z,j = O’ L. 7n>
SUCh that mo1 = 2, Mmoo = 37 Mpy—1n = 47 Miiy1 = 3 fQI‘ 7 = 17.”’n_ 1 and ng =9

otherwise for i,7 = 0,...,n, see [7, Theorem 14, 19 and 20].
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Permutation representation of Weyl groups of type D, and D,

Let Wp, be the subgroup of W¢, consisting of all permutations that are locally even

- 1 2 ... n—1n
at position 0. The group Wp, is generated by Sy = and,
-2 -1 ... n—1 n
12 ... ¢+ 4+1 ... n—1 n
S; = for i =1,...,n — 1. The group Wp_ is
12 ... 141 1 ... n—1 n

isomorphic to the Weyl group W (D,,) of type D,,, where

W(Dn) = <80751...,8n_1 ’ (SiS]’)mij = 12,] = 1,...,7’L— 1>

such that m;; = 1, mgg = 3, mi;41 =3 fori =1,...,n — 1 and m;; = 2 otherwise for

i,7=0,...,n—1see [7, Theorem 14, 19 and 20].

Now let Wp be a subgroup of W = consisting of all Z-permutations that are locally

2 ... n—1n
even at both positions 0 and n+1. Then W, is generated by So =
-2 -1 ... n—1 n
12 ... n—2 n—-1 n 1 2 ... 7 t1+1 ... n—1 n
and S,, = and S; =
12 ... n—2 n+2 n+3 12 ... +41 1 ... n—1 n

for i = 1,...,m — 1. This group is isomorphic to the Weyl group W (D,,) of type D,, where

W(Dn): (S0, 80 | (808))™7 =1 4,j=0,...,n)

such that m;; = 1, mo2 = 3, mp—2n, =3, my;1 =3 foralli=1,...,n—1, and m;; = 2

otherwise for 7,5 = 0,...,n, see [7, Theorem 14, 19 and 20].
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5.5 Normalizers of parabolic subgroups of affine Weyl

groups

In this section we will determine the normalizers of the parabolic subgroups of finite Weyl
groups (of types A, B, C, D) and affine Weyl groups (of types A, B, C and [?) We
implement the Z-permutations representations of the finite and affine Weyl groups. We
are interested in describing these normalizers as they can be viewed as the Weyl groups

of root systems of Levi type in the next chapter.

Normalizers of parabolic subgroups of Weyl groups of type A, ;

Let W = W,, , be the Weyl group of type A,_1 and L = {Ly, Lo, ..., L.} be a partition
of [1,n] such that L; = [a;_1 + 1,q;] are intervals where 0 = ag < ... < a, = n for
1 <i<r. We define

NWL:{w€W|wL:L}
Wp={weW |wlL; =L;foralie{l,...,r}}
and
Wt ={we Ny | If a,b € L; with a < b, then w(a) < w(b) for all i € [1,r]}.
Note that W¥ is a subgroup and the subgroup W7y, is a standard parabolic subgroup of
W corresponding to the subset J = J,_,[a;—1 + 1,a; — 1] C [1,n — 1].
Proposition 5.5.1. Ny, = Ny (Wp).

Proof. First we show Ny, C Ny (Wp). Let w € Ny, and w € Wy. Then fori=1,...,r
we have w™'L; € L so vw 'L; = w'L;. So wuw 'L; = ww'L; = L;. Therefore,

w € Nw(WL)
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Now let w € Ny (W), we show w € Ny or wL; € L for all i = 1,...,r. Since
w € Ny (Wp), then wWrw™ = Wr. Now L = {Ly, Lo, ..., L.} is the set of Wr-orbits
on the set {1,...n}. Leti=1,...,r and L; = Wy -j = {w(j) | w € W} for some
j € {1,..,n}. Then wL; = wWp -j = wWrw™ - w(j) = Wi - w(j) = Ly for some
ke{l,...,r}. Hence w € Ny, . O

Proposition 5.5.2. Ny, = W x Wy.

Proof. Clearly Wi, <INy, by Proposition 5.5.1. We show WENW,, = 1. Let w € WENWy.
Since w € Wy, then wlL; = L; for i = 1,...,r. Let L; = {j1 < jo < ... < j;} then
L; = wl; = {wj; < wjs < ... < wj;}. Therefore wj, = j, for all j, € L; where
s=1,...,tandi=1,...,r. Sow = 1.

Now we show Ny, = WIW,. Let x € Ny and L; = Wy, - j for some j € {1,...,n}.
Then zL; € L. Let L; = {j1 < jo < ... < ji}. So zL; = {xj1,2Ja,...,xj;}. There
exists w; € Wy such that w;xj; < wixjo < ... < w;zy, for all i« = 1,...,r. Hence for

w=w; ... w, €W, we have wr € W& and x € WLW,. O

By Propositions 5.5.1 and 5.5.2 we note that to work out the normalizers of parabolic
subgroups of W (A, _1) we need to work out the subgroup W’. The following example

shows how to describe these subgroups.

Example 5.5.3. Let W = W(A;) and L = {{1},{4},{2,3},{5,6},{7,8}} be a parti-
tion of [1,8]. By definition W& = {w € Ny | Ifa,b € M with a < b, then w(a) <
w(b) for all M € L}. If w € WE then w is determined by w(1),...,w(8). The only pos-
sibilities for w(1) is 1 or 4. For w(2) we can choose the least element in any of the two
element sets. So w(2) can be 2, 5 and 7 and w(3) is determined by w(2). There is just one
possibility for w(4). For w(5) similar to w(2) we can choose the least element in any two
element sets apart from {w(2),w(3)}. So there are two choices for w(5) and w(6) is deter-

mined by w(5). There is just one choice left for w(7) and w(8) is determined by w(7). Let
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W (1) be subgroup of W fixing all elements of L apart from those lying in a part of L of
size one and let W (2) be a subgroup of W fixing all elements of L apart from those lying in
apart of L of size two. Then W% = W (1)xW(2) = Sym([1, 2]) xSym([1, 3]) = Wa, x Wa,.

Now we can argue as in the example above to prove the next theorem in general.

Theorem 5.5.4. Let W = W (A,_1). Then in general we have W* = T, Sym([1,n;]) =

[T, W(An,—1) with order [];_, n;! where n; is the number of elements of partition L of

812€ 1.

Proof. Let W (i) be a subgroup of W¥ fixing all elements of L apart from those lying

in a part of L of size i for i = 1,...,n. Then W (i) & Sym([1,n;]) and we have W =

[T, W) =TT, Sym([1,n;]) = [1i, W(An,—1). Therefore the order of W is T]7, n;!.
O

Normalizers of parabolic subgroups of Weyl groups of type W;

Let W = Wj; . Let L € Part(Z)™ be a partition in Z invariant under 7,,, and of the
form L = {...,[ax + 1, ap11], [ax+1 + 1, agyal, ...} where ... ap_1 < ap < ags1 < .... We
define W, Ny, and W' similar to before. The subgroup Wy, is a standard parabolic
subgroup of W;  corresponding to the subset J = (J([ax + 1, ar1 — 1] N[0, n —1]). All
parabolic subgroups can be obtained in this way.

The arguments proving Propositions 5.5.1 and 5.5.2 go through in this case.

In order to see what W' is isomorphic to we first work it out in the following example:

Example 5.5.5. Let W = W, and

L=A{ .. ,{-3 -4} {-2,—1},{0},{1,2},{3,4},{5},{6,7},{8,9}, {10}, ...}

be a partition of Z invariant under T5. First we consider W = Sym(Z)*5, the group

of symmetries of Z invariant under 75. By definition We = {w € Ny, | forall M €
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L and a,b € M if a < b then w(a) < w(b)}. So for w € W the only possibilities for w(1)
is the least element in any two element sets and w(2) is determined by w(1). Similarly
the only possibilities for w(3) is the least element in any two element sets but different
from w(1) modulo 5. Moreover, w(4) is determined by w(3) and w(5) can be any element
in a one element set. Let W(l) be the subgroup of WL which fixes all elements of L apart
from those lying in parts of L of size one. Let W\(Q) be the subgroup of WL which fixes all
elements of L apart from those lying in parts of L of size two. Clearly W = /W(l) X /W(Q)
Since every element w € Wy, is determined by w(1),...,w(5) let L* = {M € L |
MNIL5] # 2} ={{1,2},{3,4},{5}}. The set L™ has {5} one element of size one. Now
if we consider the group W(l), this is a subgroup of Sym({...,—5,0,5,...}). Since there
is a bijection between the set {...,—5,0,5,...} and the set Z, by fixing the bijection f :
{...,=5,0,5,...} = Z given by f(z) = /5 then v; : Sym({...,—5,0,5,...}) = Sym(Z)
defined by yyw = fwf~! for all w € Sym({...,—5,0,5,...}) is an isomorphism. For all
ie{...,=505,..} wehave T5(i) = Ty (f(i)) and W (1) = Sym(Z)™ = Z. The set L+
has {1,2} and {3,4} two elements of size 2. The group /W(2) is a subgroup of Sym(£2)
where Q = {...,{—4,-3},{—-2,—-1},{1,2},{3,4},...}. There is a bijection between the
set  and the set Z. By fixing the bijection g : 2 — Z such that g{1,2} = 1 and
g{a, b} < g{c,d} if and only if a < ¢ then v, : Sym(Q) — Z defined by 7,(w) = gwg™! for
all w € Sym(€?) is an isomorphism. Moreover, elements of /I/I7(2) are invariant under 75 and
9(T5({a,b})) = Ta(g9({a,b}) for all {a,b} € Q and therefore we have /W(Q) =~ Sym(Z)".
Hence W = Sym(Z)™ x Sym(Z)™ = Z? x (Wy, x W4,) and WE = Z x (W5, x Wy,).

Now we can argue as in example to prove the next theorem in general.

Theorem 5.5.6. Let W = W; . Let Lt = {M € L | maxM € [1,n]}. Let
i1,42,...,5r € N be the sizes of the parts in L™ and n;, is the number of parts of L™

of size i; for j € [1,7]. Let W= Sym(Z)™, the group of symmetries of Z invariant under
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T,, then

T T

wh=T[w,) =[[sym@) ™ =][z=w;, =z"w][Wi,
j=1 j=1 j=1 K j=1 K
where /W(z]) 1s the subgroup of Wt fixing all parts of L apart from those lying in parts of

size 1. Therefore we have

WE=Wraw =z x [[W;s, .

PR
Proof. For any i; € N and j € [1,r] consider the subgroup /W(’LJ) of W fixing all parts
of L apart from those lying in parts of size i;. Then the set Q of all parts of L of
size i; is bijective to Z and Sym({2) is isomorphic to Sym(Z) induced by this bijection.
The subgroup /I/I?(zj) is isomorphic to a subgroup of Sym(Z). The elements of /I/I?(zj) are
invariant under 7,, and in fact are invariant under Tnij through the isomorphism between

I L A~ T 15/ ~ T Tni. ~ r

Sym(€2) and Sym(Z). Hence W1 = szl Wi(i;) = szl Sym(Z) " = szl Z X WA% =
7" X H§:1 Wz, by Proposition 5.4.3. Therefore we have WL =Wlaw =~ 751 x

H;:1 WAnij : -

Normalizers of parabolic subgroups of Weyl groups of type C,

Let W =W(C,). Let L ={—L,,..., Lo,..., L.} be a partition of [-n, n| invariant under
Ry such that L; = [a;—1 + 1,a;] and —L; = [—a;, —a;_1 — 1] are intervals. We denote
the interval containing zero by Lo. We define Wy, Ny, and W similar to before.
Then the subgroup W is a parabolic subgroup of W (C,,) corresponding to the subset
J = U_o([ai-1 + 1,a; — 1] N [0,n — 1]). We can show similarly Ny, = Ny (W) and
Ny =WEx Wy.
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Example 5.5.7. Let W = W (C§) and

L= {{_6}7 {_5}7 {_47 _3}7 {_27 _1}7 {0}7 {17 2}7 {37 4}7 {5}7 {6}}

be a partition of [—6,6]. First we work out the order of Ny, 1. There are four choices for
w(6) which are +6,+5. So two choices are left for w(5). There are eight choices for w(4)
which are £1, £2, 43, +4 and one choice for w(3). There are four choices left for w(2) and
just one choice for w(1). Hence the order of Ny, is 256. The order of W is 64. As we
have four choices for w(6), two choices for w(5), four choices for w(4), and two choices for
w(2). There are just one choice for each w(3) and w(1). The group W, generated by S
and S3 is the parabolic subgroup which is isomorphic to W (A;) x W(A;). Moreover, W¥ is
isomorphic to W (1) x W(2). The group W (1) can be viewed as the group of permutations
w of {{£5},{£6}} for i = 5,6 such that w(—i) = —w(i) so W(1) =2 W(Cy). Also W(2)
can be viewed as permutations w of {£1,£3} where 1 = {1,2} and 3 = {3, 4} such that
w(—i) = —w(i) fori = 1,3 so W(2) = W(Cy). Therefore W is isomorphic to We, x We, .

Now we can argue as in example to prove the next theorem in general.

Theorem 5.5.8. Let W =W (C,,). Let LT ={L;, € L | L; C [1,n]} and iy,is,...,i, € N
be the sizes of elements in L and n;; is the number of parts of L™ of size i; for j € [1,7],
then
wh e [[we) =]]wic.,)
‘ 1

J=1 J=
with order H;Zl 2"ing. ! where W (i;) is the subgroup of W fizing all parts of L apart

from those of size i;.

Proof. For any i; € N and j € [1,r] consider the subgroup W (i;) of W fixing all parts
of L apart from those lying in parts of size i;. So W (i;) is the group of permutations

such that for w € W (i;) we have w(—L;) = —w(L;) for all L; of size i; in L. Therefore
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W(ij) = W(C,, ) and Wh =TT, W(i;) = [1;_, W(Cy, ). Therefore the order of W is

J

r Ty .
Hj:12 J’nij!. ]

Normalizers of parabolic subgroups of Weyl groups of type C,

Let W = W be the group of permutations w of Z commuting with all transformations
in T, = (Ro, Ryp1). Let L=1{...[a; +1,a;11],[ait1,ais2], ...} be in Part(Z)"™, the set of
all partitions of Z invariant under I',, = (Ro, Ry+1), where ...a;-1 < a; < Gjqq.... So if
la;+1,a;41] € L, then [—a;41, —a; — 1] and [n+1+2(n+1—a;41),n+1+2(n+1—a; —1)]
are in L. We define Wy, Ny, and W% similar to before. Then the group Wy, is a
parabolic subgroup of W, =~ corresponding to J = (J([a; + 1,a;41 — 1] N [0,n]). Similarly
we can show Ny = Ny (W) and Nyp = WE x Wi

Example 5.5.9. Let W = Wy and L = {...,{-12,-11},{-10},{-9},{-8},{-7, -6}
{—5,—4},{-3,-2},{—1,0,1},{2,3},{4,5},{6, 7}, {8}, {9}, {10}, {11, 12}, ...} be a par-
tition of Z invariant under the group I's = (R, Ry). Let W (1) be a subgroup of W fixing
all parts of L apart from those of size one, W (2) be a subgroup of W fixing all parts of
L apart from those of size two, and W (3) be a subgroup of W fixing all parts of L apart
from those of size three. Since the element {—1,0,1} of L is fixed by all element of W,
then any part of L of size three is also fixed by all elements of WL and W (3) = 1. Hence
WE = W(1) x W(2). The group W (2) is isomorphic to a subgroup of Sym({2) where
Q={..,{-12,-11},{-7,-6},{-5,—4},{-3,-2},{2,3},{4,5}, {6, 7},

{11,12},...}. Let © : Q@ — Z\ 4Z be a bijection such that ©{2,3} = 1 and preserves the
order. Then we can view W (2) as a subset of Sym(7Z) under the embedding © such that for
all w € W(2) we have w(4k) = 4k for all k € Z. The set € is invariant under I's = (R, Ryg)
and I's({a,b}) = T'3(©({a, b})) for all {a, b} € Q. Thus W (2) = Sym(Z)"* = W, . Similar

to the last example W (1) = W, . Hence W = We, x W, .

Now we can argue as in example to prove the next theorem in general.
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Theorem 5.5.10. Let W = W . Let L be a Z-partition invariant under the group
I, = (Ro, Ryy1). Let Lt ={M € L | M C [1,n]}. Let iy, is,... i, € N be the sizes of

elements in Lt and n,; is the number of parts of L™ of size i; for j € [1,r], then

Wk o H W (i;) = H Sym(Z) " H We,,
i=1 =

j=1
where W (i;) is the subgroup of Wt fizing all parts of L apart from those of size i;.

Proof. For any i; € N and j € [1,r] consider the subgroup W (i;) of W fixing all parts
of L apart from those lying in parts of size ¢;. Let {2 be the set of all parts of L of size i;.
Then there is a bijection between €2 and Z. This induces an isomorphism from Sym(2) to
Sym(Z). Then W (i;) is isomorphic to a subgroup of Sym(€2) denoted by ©. The set €2 is
invariant under I',, = (Ry, R,,41) and ', (L) = Ln,, (O(Ly)) for all L, € 2. Then W(i;) =
Sym(Z)' " = W, . Therefore W5 22 [T/_, W(i;) 2 [T}, Sym(2) " = [}, We

Normalizers of parabolic subgroups of Weyl groups of type D,

The Weyl group of type D, consists of all Z-permutations in C), that are locally even
at position zero. Let W = Wp, and W = We,. Let L = {—L,,...,Lo,..., L.} be
a partition of [—n,n] such that L; = [a; + 1,a;11] and —L; = [—a;+1, —a; — 1]. These
partitions of [—n,n] will give all parabolic subgroups of Wp, except ones containing Sy
as a generator but not S; as a generator. Therefore we can get all parabolic subgroups
corresponding to the subsets of [0, n— 1] up to graph automorphism. We define Wp,, Ny,
and W similar to before. Then the group Wy, is a parabolic subgroup corresponding to
the subset J = (J;_o([a;+ 1, a;+1 —1]N[0,n—1]). Similar to the arguments in Propositions
5.5.1, and 5.5.2 we can show that Ny = Ny (W) and Ny = WE x Wy,

Theorem 5.5.11. Let W = Wp, . Let LT ={L; € L | L; C [1,n]} and iy,i9,...,i, € N
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be the sizes of elements of Ly and n;; is the number of parts of L™ of size i; for j € [1,r].
Then
whe ([ w(Cn,) xU

ijeven

where if U = (I, a0 W (Cn,, ))OW # 1 then U is a subgroup of index two in (T, ,qa W (Ch,,))-

g
Proof. To work out the isomorphism class of W, let W= We.,. We know W = WLAWw.
Recall that Wk | /W(z]) = I, W(Cy,,) where iy, is,... i, € N are the sizes of
elements in L™ = {L; € L | L; C [1,n]} and n;, is the number of parts of L, of size i; for
j € [1,r]. Then WL = (ITj=, W(Cn])) N W. Any part of L is either a positive interval
or a negative interval. For the case i; € N is even the element w € W(C,, ) is permuting

J

parts of L of size 7; so always has even number of negative numbers moved to positive

W(Cy, ) x

1jeven 7

(TTi 000 W (i) W) = (T even W (Ci ) % (T 000 W (Cai ) W), O

numbers. Then /W(Z]) C W and /W(z]) =~ W(C’nij). Hence WL = (]

Example 5.5.12. Let W = W (Dg) and L = {{—8}, {=7},{—6,—5}, {—4, —3},{-2,-1,0,1,2},
{3,4},{5,6}, {7}, {8}} be a partition of [=8,8]. Let W = W(C,). Then W& = W (1) x
W(2) = W(Cy) x W(Cs) and WL = W (Cy) x W (D).

Normalizers of parabolic subgroups of Weyl groups of type B,

The Weyl group of type Wy is a subgroup of W consisting of all Z-permutations that
are locally even at position zero. Let L = {...[a;+1, a;11], [@is1, @iya), ...} be in Part(Z)',
the set of all partitions of Z invariant under T',, = (Ry, R,.1), where a; 1 < a; < a;11
for all i € Z. These partitions of Z will give all parabolic subgroups of W up to graph
automorphism corresponding to the subsets of [0,n]. Let W = Wy . We define Wy,
Nw.z, and W similar to before. Then W, is a parabolic subgroup of W corresponding
to J =U([a; + 1, a;41 — 1] N [0,n]) C [0,n]. Similarly we can show Ny, = Ny (W) and

NVV,L = WL X WL.
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Theorem 5.5.13. Let W =Wy . Let Lt = {M € L | M C [1,n]} and iy, ia,...,ir € N
be the sizes of elements of L™ and n;; is the number of parts of L. of sizei; for j € [1,r].

Then

wh= (] W%)xU

ijeven
where if U = Hijodd We N W # 1 then U is a subgroup of index two in Hijodd We
i i

such that the total number of negatives moved to positives is even.

Proof. To work out what subgroup W is isomorphic to, let W = We, . Then WF =
WLAW. We can describe W in terms of WZ. Note that W2 2 15—, /W(z]) =, W,

*j
where 4y,1s,...,4, € N are the sizes of elements in L* = {M € L | M C [1,n]} and ny,
is the number of parts of Lt of size i; for j € [1,7]. Any part of L apart from the part
containing zero is either a positive interval or a negative interval. For the case where i; € N
is even then /W(zj) = Weg, < W. Because any element w € W(Z]) is permuting parts of

vj

L of size i; so always having even number of negative numbers moved to positive numbers.

Wén x U

1jeven z]

Hence W is a subgroup of Hijeven We X Hijodd We  in the form of []
i i

where U # 1 is a subgroup of ] W, of index two such that the total number of

15even

negatives to positives is even. ]

Normalizers of parabolic subgroups of Weyl groups of type D,,

The Weyl group W = Wp, is a subgroup of W consisting of all Z-permutations that
are locally even at position n + 1. Let L € Part(Z)'" be a partition L = {...[a; +
1,a;41], [@ir1, aiza], ...} which is invariant under T',, = (R, R, 11), where ...a;_1 < a; <
@iy1 - ... Wedefine Wr, Ny 1, and W similar to before. These partitions give all parabolic
subgroups of Wy up to graph automorphism. Moreover, W, is a parabolic subgroup of
Wy, corresponding to a subset J = (J([aj—1 + 1,a; — 1] N [0,n + 1]) C II, where II is the

set of simple roots in W of type W(D,,).
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Theorem 5.5.14. Let W =Wy . Let L* = {M € L | M C [1,n]} and iy,is,...,ir €N
are the sizes of elements in L. Let n;, is the number of parts of L™ of sized; for j € [1,7].

Then

wh= (] W%)xU

15 even

where if U # 1 then it is a subgroup of Hijodd We  of index four such that the total
i

number crossing 0 and n + 1 is even.
Proof. The argument is similar to the proof in Theorem 5.5.13. [

Example 5.5.15. Let W = Wy, _and L = {...,{~17, =16}, {~15}, {14}, {13, -12, 11,

10, -9}, {8}, {—7},{—6, -5}, {—4, —3},{-2,-2,0,1,2}, {3,4}, {56}, {7}, {8}, {9, 10, 11
, 12,13}, {14}, {15}, {16,17}, ...} be a Z partition invariant under I'jg = (Ry, R11). Let
W = Wg,, and /W(l) be a subgroup of WE fixing all parts of L apart from those
of size one and let /W(Q) be a subgroup of Wt fixing of all parts of L apart from
those of size two and W(E)) be a subgroup of Wk fixing all parts of L apart from
those of size five. Since the parts {—2,—2,0,1,2} and {9,10,11,12,13} are fixed by
all elements of WL therefore all parts of L of size five are fixed. So W(5) = 1 and

D T —~

WE=W(1)x W(2)x W(5) = W(1) x W(2) 2 Wg, x W, Therefore WE = Wg, x Wi,
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CHAPTER 6

WEYL GROUPS OF LEVI TYPE

Let g = g(A) be a Kac-Moody Lie algebra where A is a GCM of affine type. As the
Kac-Moody group G(A), see [19] and [23] is more difficult to work with, we will restrict
ourselves to G = G(A°)(CJ[t,t™!]) which is a subquotient of G(A). For classical type g
in Chapter 4 we defined the root system of Levi type denoted by ®¥ corresponding to a
Levi subalgebra gy where Y C {1,...,n}. In Proposition 4.3.2 we showed that ®* can
be viewed as root system of g¢ where e = ey is a regular nilpotent element in the Levi
subalgebra gy and we have g° = (go)° ® @ ,cqv (8a)°. In this chapter we restrict ourselves
to the case when @ is of type A. We will relate the root system of Levi type ®¥ with the
normalizer of the parabolic subgroup Ny (W) = WL x W, where L is the partition of Z
corresponding to Y and Ny (Wp), WL and Wy, are defined in Section 5.5. We will prove
WE known as the Levi type Weyl group for ®¥ is isomorphic to Ng(gy)/Gy.

From now on we just consider the case when G = GL,(C[t,t!]) and we expect similar
results to be true in other types. We also expect that some of the material in this section

is known by experts.
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6.1 Normalizer of § in G

Let G = GL,(C[t,t7']), g = gl,,(C[t,t7!]) and b be the subalgebra of diagonal matrices
in gl,(C). We will determine Ng(h) and explain its structure.

Let U(C([t,t7']) = {u € C[t,t7'] | uwv = 1for some v € C[t,t7'|} be the group of
units of C[t,t7!]. Then U(C([t,t7']) = {at' | a € C*,i € Z}. To show this, let
pt) = apt™ + Qpit™ + L+ ant™ and q(t) = bt + by t™ + ...+ byt® be in
U(C([t,t7']) where an,,an,b.,bs # 0. Suppose that p(t)q(t) = 1. Then p(t)q(t) =
amb t™ " + higher powers of t. Since a,,,b, # 0, we have m +r = 0 and a,,b, = 1.
Also p(t)q(t) = a,bst"™* + lower powers of t. Since a,,bs # 0, we have n + s = 0 and
abs = 1. But m = —r and n = —s implies m = n and r = s and p(t) = a,,t™ and

q(t) = ay, ™.

Lemma 6.1.1. Ng(h) is the group of monomial matrices in G with entries in U(C([t,t™1])
where monomial matrices are square matrices with exactly one nonzero entry in each row

and column.

Proof. Consider V = C[t,t7!]", as a module for h and take

tr tr tr
‘B:{(til 0 ... o) ,(0 iz 0) (0 0 ... tin) !ijeZ,Oéjén}

as a C-basis for V. Then we have V = @@;_, V,,, where ¢; : h — C is a map defined
by €;(diag(a,...,a,)) = a; and V,, = {v € V | zv = ¢(x)v for all x € h}. Then
V., = (t'e; | i € Z,) where e; with nonzero jth position and 0 < j < n. Let g € Ng(b)
and x € h. Then (grg™') - v = ¢(grg v forall 1 <i<nandv e V.. Soz(g ) =
€i(gzg~1) (g v). This is true for all z € h. So g~'v is a simultaneous eigenvector for
all z € h. Hence g~'v € Ve, for some j. Therefore if we view e1,...,e, as a basis of

Clt,t7 '™ as a free C[t, ¢ ']-module then any element Ng(h) sends e; to p;(t)ey(;) where
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pi(t) € C[t,t7'] and o(i) € [1,n]. Any element g € Ng(h) is determined by g(e;) for all
i=1,...,n. So given g € Ng(h) the ith column of g is ( 0 ... 0 pi(t) 0 ... 0 )tr
with nonzero o(i)th position. Recall that GL,(C[t,t7']) = {z € Mat,(C[t,t7Y]) | zy =
1 = yx for some y € Mat,(C[t,t7'])} = {z € Mat,(C[t,t7']) | det(z) € U(C[t,t7])}. As
+ 1, pi(t) = det(g) € U(C[t,t71]) for any g € Ng(h). So each p;(t) € U(C[t,¢t7!]) and
pi(t) = a;t™ for some a; € C and m; € Z. So g € G is a monomial matrix with entries in

U(C[t, t71]). O

Now we give notation, g € Ng(h) is a matrix of the form g = P(0,a,m) where
o € Sym([1,n]), a = (a1,...,a,) € (C)", m = (my,...,m,) € Z" and the (7, 7)th entry

of g € Ng(h) is 6; 0(jya;t™ . Then we have
Na(h) = {P(0,a,m) | o € Sym([1,n]),a € (C)",m € Z"}.

and p(o,a,m) = p(o’,a’,m’) if and only if ¢ = ¢/, a = d’ and m = m/. Now view
m as a function m : [1,n] — Z defined by m(i) = m;. Then we can define a right
action of Sym([1,n]) on Z" by m°(i) = m(c(i)). We have (m??')(i) = m((co’)(i)). Also
(07)7)(i) = m7('() = m(oo’(7)). Then m) = (m7) where (my, .., m,)" =
(Mo(1)s - - - s Me@n)). Similarly view a as a map a : [1,n] = C* defined by a(i) = a;,. Now
we can define a right action of Sym([1,n]) on C* by a%(i) = a(o(7)).

Let P(o,a,m) and P(4,b,n) be in Ng(h). Then we can check that

P(o,a,m)P(8,b,n) = P(c6,a’b,m’ + n)

where a’b and m’ + n mean pointwise multiplication and addition respectively and
(my,...,my)° = (Ms(1ys - - - Msmy)) and (ag, ... La,)) = (asys - - -, as(ny))as mentioned

above.
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0  agt™ 0 0 as't™m?’ 0

Example 6.1.2. Let P = 0 0 ast™ |and P = | q/t™' 0 0
at™ 0 0 0 0 ag't™
Then P = P((132), (a1, az, az), (m1, ma, m3)) and P' = P((12), (ai’, as’, ag’), (m1', ms’, ms’).
Also
a2a1’tm2+m1/ 0 0
PP = 0 0 azaz'tmstme’
0 alag’tmﬁm?/ 0

So PP’ = P((23), (asay’, aras’, azaz'), (ma+my', mi+my’,ms+my’)) = P(oo’,a” a',m” +

m’) where o = (132), 0’ = (12), a = (a1, as,a3) and d' = (ay’, as’, a3’).

We have

Na(h) = No(H) = {P(0,a,m) | o € Sym([L,n]),a € (C*)",m € Z"}

where H is the subgroup of diagonal matrices in GL,,(C) and therefore

H={P(1,a,0) | a € (C)"}.

Now we work out a complement K of H in Ng(H) such that Ng(H) = K x H. So
Ng(H)/H =2 K. Let K ={P(0,1,m) | € Sym([1,n]),m € Z"} then we have Ng(H) =
KH and HNK = 1.

Proposition 6.1.3. K is generated by {S; = P(s;,1,0) | s; = (ii4+1),i=1,...,n—1}U
{T'=P(1,1,(1,0,0,...,0))} .
Proof. We know that K is monomial matrices with entries ¢ for m; € Z. Let a =

P(0,1,m) € K where # € Sym([1,n]) and m = (my,...,m,) € Z". Then as Sym([1,n])

is generated by transpositions si, ..., s,_1, we can write 0 = s;,, s;,, ..., s; where1l <i; <
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n—1and 1 <7 and we have P(#,1,0) = S;,S;, ... S;,. Also P(1,1,(0,... ,my,...,0)) =
diag(1,...,t"™,...,1) = P((14),1,0)P(L,1,(1,0,...,0))™ P((1 j),1,0) for j > 2. So
P(1,1,(0,...,m;,...,0)) is in the group generated by Si,...,S,_1,T. Hence, we have
a=P(0,1,0) H?:l P(1,1,(0,...,m;,...,0)) and «a is generated by Si,...,S, 1, 7. O

Now we want to show K = Sym(Z)™. To do this recall that Sym(Z)™ is generated

1 2 ... n—=1mn 12 ... ¢« i+1 ... n
by T' = and S; = for

n+1 2 ... n—=1n 1 2 ... 41 1 en
i=1,...,n— 1. Also we know that K is generated by T = P(1,1,(1,0,...,0)) and
S; = P(s;,1,0) for s; = (ii+1) andi = 1,...,n — 1. We try to find defining relations
for K when it is generated by S, ..., S,_1 and T. These include gf =1, (S”Z Sj)m”‘ =1
where m;;+1 = 3 and m;; = 2 if [i — 5| > 1. Also S;T = TS, if i > 1 and moreover

(S,T78,)T = T(5,TS;). We need to check these are all relations. Consider
I'=(s1,...,8n,t| sitsit = tsitsy, s;t =ts; for i > 1, (s;8;)™7 = 1)

where m;; = 1, m;;41 = 3, and m;; = 2 if |[i — j| > 1.

Lemma 6.1.4. Each element of I' can be written in the form
W(S1, .y Sp1)t" (51881) ™2 (828118182)™ oo (Spe1 -+ S1tS1 .. Sp1)™,

where w(S1,...,8,-1) 18 @ word in Sy, ..., Sy 1.

Proof. We prove this by induction on the number of times that a power of ¢ occurs in a
word in s, ...,S, and t. Suppose our claim is true for any word containing a power of ¢ at
most k times and we prove this is true for any word containing a power of ¢ occurring k+1
times. Let ™ be the first power of ¢ occurring from the right side in a word w(sy, . .., Su, t).

Then we have w(sy,...,8,,t) = W' (s1,...,5,,0)1" 53,84, ... 5;,_,5;, where i; € {1,...n}

P
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and j € {1,...,p}. If 5, # s, then w(sy, ..., 85, t) = W (s1,...,50,1)8:, "84 ... 85,5,
and ¢ moves right until it might meet s;. In general where w(sy, ..., s,,t) = w'(s1, ..., Sy, t)t"
$1S9...5:8j,Sjy - - - Sj._1Sj, such that j; # r+1forsomer € {1,...,n}, wehave w(sy,...,s,,t) =
WSty Sy ™ 81800 80 (Sp ... 898188189+ . 8,)84, 84y« - Sj 1S, = W (ST, .y S, )T 25189

o Sp(Sp .. 528118182 ... 8p ) (S .. 825118182 .. . 81) S5y Sy« - S 1Sy = .. =W (S1,. .., 8n,1)S152

o Sp(Sp L 828188180 . 80) S S gy o S 1S = W (S1, ., Sn, T)(Sp L S2s1ES1S2 ... 8) S, S,

.8, 1S, Since ji # r+1 then (s, ... 525188152 ... 5,)"™ will commute with all s;, until it

meets the first s,;;. In this case if we have w(sy, ..., s,,t) = w"(s1,..., 8, t)(Sr ... S251t5152 ... 5,)"
Sy4+1 ... Sp4uSj, - .. 8;, for some v € {1,...,n} such that r + v € {1,...,n}, then we

have w(sy,...,8n,t) = W (s1,...,8n,t)(Sr... 52518152 .. 8, )™ Sp41 .. SpuSqy - - - Sqp =

WSty ey Sy ) (Srgt - - Srtu) (Srgu - -+ Spp1 (S -+ 828188182+« S0) ™ Spi1 -+ Srtu)Sqy - - - Sgn -

Then we have w(sy, ..., 8p,t) = wW" (51, .+, S, t) Syt « - - Sp1Spr . S251E5189 + « . SpSpi1 -« Sppu)™

Sqr - - - Sq,- We will continue this procedure until we have w(sy, ..., Sy, t) = A(s1,..., Sy, 1)
(Sy...81ts1...8,)™ for some v € {1,...,n}. Now let ¢, 1 = s,....s1ts;...s,. Hence we

have w(sy, ..., 8n,t) = A(S1,- .., Sp, E)tyr1™ " where m, 1 = m. Since A\(s1,...,S,,t) is a

word with a power of ¢ occurring k times then by induction we see that all elements of I"

can be written in the form w(sy,...,s,—1)v(t1,...,t,). It is easy to check that tq,...,t,

pointwise commute in order to write v(ty,...,t,) = t7t52 ...t O
Proposition 6.1.5. K =T

Proof. We define a map ® : I' — K by s; — S;, t — T and we prove that @ is
an isomorphism. Obviously, ® is surjective and to show @ is injective let g € T
Then by Lemma 6.1.4 we can write g = w(s1,...,8,-1)t]"" ...t and we have ®(g) =
w(Sl, e gn_1>T1m1 . Inwhere Thq = S8 1...T...8_1S;. If®(g) = 1thenmy,...,m, =

0 and w(gl, ooy Sno1) = 1. We know w(Sy,...,S,-1) = 1 implies w(sq,...,$,-1) = L.

Therefore ® is injective. O
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Proposition 6.1.6. ' = Sym(Z)™"

Proof. We prove that ¥ : T' — Sym(Z)™ defined by T'(s;) = S; and T'(t) = T is injective.
This is well defined because T" and S; satisfy relations of I'. We need to show every element
of Sym(Z)™" can be written in the form w(Sy, ..., S,1)S ™" ... 8", " withmy,...,m, €
Z where S'; = S;_1S;_9...T...S;_25;_1 so that §';(i) = i +n and S';(j) = j for j # i.
Also it is clear that w(Sy,...,S,-1)S1"™" ... 8", = 1 if and only if my,...,m, = 0
and w(Sy,...,S, 1) = 1 because every element of Sym(Z)™ can be obtained first by

translating 1,...,n individually and then permuting 1, ..., n. O
Corollary 6.1.7. K = Sym(Z)™.
Proof. This follows from Propositions 6.1.5 and 6.1.6. m

Therefore we have Ng(h) = Sym(Z)™ x (C*)™.

6.2 Normalizer of gy in G

In this section let G = GL,(C[t,t7']) and Y C [1,n — 1]. Then we have Gy C GL,(C)
which is the Levi subgroup of GL,,(C) corresponding to Y. Let gy be the Levi subalgebra
corresponding to Y. In Chapter 5 we determined a partition L of [1,n] from Y. The
general rule is that ¢ and ¢ + 1 lie in the same part of the partition if and only if ¢ € Y.
For consistency from now on we denote Gy by G and gy by gr. Therefore gy, is generated

by e;; such that 7 and j lie in the same part of L.
Lemma 6.2.1. N¢(g1) = GL(Ne(gr) N Ne(h)).

Proof. Let g € Ng(gr). Then g -t € gy, for all t € b where - is the adjoint action of G
ong. Sog-h C gy and g-bhis a maximal toral subalgebra of g;. All maximal toral

subalgebras of g; are conjugate by an element of Gy. So there exists x € GG1 such that

x-g-bh="h. Therefore xg € Ns(h) and we have Ng(gr) = GL(Na(gr) N Na(h)). O
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To work out Ng(gr) we need to find out all elements of Ng(gr) N Ne(h). So we look
for elements P(o,a,m) € Ng(h) that are in Ng(gyr).

We can check that the element P(c,a, m) acts on e;;t* by conjugation such that
P(o,a,m)e;P(o,a,m)" = aiaj_ltmi_mjeo(i)a(j)‘

We know that ®y = {a;; | i,7 € [1,n—1],i # j}.

Proposition 6.2.2. P(o,a,m) € Ng(gr) if and only if o(L) = L i.e if i and j lie in the
same part of L, then so do o(i)and o(j) and moreover for any r and s in L; for some i

we have m, = my.

Proof. This is true because P(o,a,m) € Ng(gr) if and only if for all 4, j such that e;; € g,
we have
P(Ua a, m>€ijp(‘7> a, M)il = aia;ltmiimjeo‘(i)a(j) = bekl

where o(i) = k, 0(j) =, a;a;' = b € C and m; = m; . O

Therefore K N Ng(gr) is the set of all P(o,1,m) such that o(L) = L and if ¢ and j
are in Ly for some k then o(i) and o(j) are in L, for some r and for any s and ¢ in L; for

some 7 we have my = my.

6.3 Levi type Weyl groups

For any Y C [1,n — 1] we get a partition L = {Ly,..., Ly} of [1,n]. In this section we
prove that W% known as Levi type Weyl group is isomorphic to Ng(gr)/Gr.

First we define

K, =KnG,={P(0,1,0) | 0 € Sym([1,n]) and oL; = L; for all i = 1,...,m}.
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Now let

Ni 1= KNNg(gr) = {P(o,1,m) | o(L) = L and m, = m, whenever r,s € L; for some i}.

We can show Ng ; = Ng(Kp).

Lemma 6.3.1. The map Q2 : Nk, — Ng(g.)/GL defined by Q(x) = Gy, is a surjective

map with kernel Kj,.

Proof. Let P(o,1,m) € ker(Q2) then P(o,1,m)G, = G so P(o,1,m) € G|, therefore
m =0 and o(L;) = L; for all i and ker(Q2) = K. To show it is surjective we know that
any element of N¢(gr)/Gy is of the form G, where v € Ng(GL)NNg(H). As No(H) =
K x H then we can write x = kh where £ € K and h € H. Then 2Gr = khG = kG7y.
Also it is clear that k € Ng(GL) because kh € Ng(Gpr) and h € Ng(Gp). Therefore
Q(k) = zG, and 2 is surjective and we have Nk /K = Ng(gL)/GL. O

For any Y C [1,n — 1] and the corresponding partition L = {L4, ..., L,,} we have

Ng,(h) ={P(0,a,0) | 0 € Sym([1,n]) and o(L;) = L; for all i = 1,...,m}.

and Ng, (h) = K1 x H where

K ={P(0,1,0) | 0 € Sym([1,n]) and o(L;) = L;, i = 1,...,m}.

We have Nk = Ng(Kp) as a subset of K = {P(0,1,m) | o € Sym(n) and m € Z"} and
we try to determine a complement KZ of K, in N 1.
Let L be a partition of [1,n| corresponding to the subset Y C [1,n — 1] as before. Let

L be the partition of Z stable under 7}, obtained from L. By Corollary 6.1.7 we have
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W = Sym(Z)™" = K under the map 7 : K — Sym(Z)™ defined by
P(o,1,m) — [o]Sy™ ... 8",

where m = (my,...,m,), and S’; is defined on [1,n] by 5’;(i) =i+ n and 5';(j) = j if
i # jand [0]S"y™ ... 58, (i) = [o](i + min) = (i) + mn.
Recall that
W, ={oceW|o(L) = L; for all i},

NW(/WE) = NW,E = {J S /W | U(E) = E}

and
Wk = {o €W |o(L) =L and if r,s € L; for some i with r < s then o(r) < o(s)}

such that NW, P & Wk /VI?L where L is a partition of [1,n] corresponding to the subset

Y C [1,n — 1] and L is the partition of Z stable under T}, obtained from L.

Proposition 6.3.2. 7(Nkr) = N ;.

Proof. To prove our claim that 7(Ng,r) = Ny 1, let P(o,1,m) € Ni and let M =
T)(Li) € L where L = U, TJ(L) = {T}(L:) | j € Z, i € [1,m]} where T, is translation
n steps to right. Then let § = 7(P(0,1,m)). We show that §(M) € L so that § € Ny i
Let r,s € M, then T,,7(r), T, (s) € L;. So we have §(r) = TJ(6(T,7(r))) = Ti(o(r —
Jjn) + me_jzn) = o(r —nj) + my_jyn + nj. Similarly §(s) = o(s — jn) + ms_j,n + nj.
Since Ly, = o(L;) € L for some h, so o(r —jn),o(s — jn) € L. Note that m,_;, = ms_j,
because 7 — jn,s — jn € L;. So §(r),8(s) € T,,"="*7(Ly,). This implies that 6(M) =
T, = (L) € L. Therefore, 7(P(c,1,m)) € Ny 1 80 T(Nk,1) C© Ny ;. The proof of

reverse inclusion is similar. O
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Corollary 6.3.3. Ng(g.)/Gr = NW(WE)/WL.

Proof. Under the isomorphism in Corollary 6.1.7 we can check that K = /WZ‘ We also
have Nk = Ny ; by Proposition 6.3.2. So there exists a subgroup of Nk ; denoted by
K* which is isomorphic to WL and Nk 1 = K% x K;. Hence by Lemma 6.3.1 we have

Ne(or)/Gr, = Ng(Wp) /Wi O

We also expect WL Nge(h¢)/Cae(h®). For the finite case, see [3, Lemma 14].
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