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ABSTRACT

In this thesis we prove three main results on embeddings of spanning subgraphs into
graphs and hypergraphs. The first is that for log"’n/n < p < 1—n""*log” n, a binomial
random graph G ~ G, , contains with high probability a collection of |§(G)/2] edge-
disjoint Hamilton cycles (plus an additional edge-disjoint matching if §(G) is odd), which
confirms for this range of p a conjecture of Frieze and Krivelevich. Secondly, we show that
any ‘robustly expanding’ graph with linear minimum degree on sufficiently many vertices
contains every bipartite graph on the same number of vertices with bounded maximum
degree and sublinear bandwidth. As corollaries we obtain the same result for any graph
which satisfies the Ore-type condition d(x) + d(y) = (1 + n)n for non-adjacent vertices x
and y, or which satisfies a certain degree sequence condition. Thirdly, for v > 0 we give
a polynomial-time algorithm for determining whether or not a k-graph with minimum
codegree at least (1/k + 7)n contains a perfect matching. This essentially answers a
question of Rodl, Rucinski and Szemerédi. Our algorithm relies on a strengthening of a
structural result of Keevash and Mycroft. Finally and additionally, we include a short

note on Maker-Breaker games.
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CHAPTER 1

INTRODUCTION

For combinatorial structures G and H (for example, two graphs), one very basic and
natural question to ask is whether GG contains a substructure which is isomorphic to H.
This type of problem is known as an embedding problem. If G indeed contains such a
substructure, we say that H embeds into G, written H C . Embedding problems are
a very wide class of problems and their character and the techniques used to solve them
vary considerably, depending on the type of combinatorial structure involved and the way
in which G and H are chosen. For example, G and H could be specific graphs or could be
taken from some specified class of graphs. Alternatively, either or both structures could
be taken from a specified probability distribution, in which case we are usually interested
in the probability that H embeds into G.

In this thesis we will consider embedding problems involving graphs and hypergraphs.
Such problems have a long history in extremal combinatorics; they go back at least as
far as Petersen [100], who proved in 1891 that every regular graph G contains a regular
subgraph of degree 2 which is spanning (that is, contains all of the vertices of G). Another
very old embedding result is Mantel’s Theorem [95], proved in 1907, which states that
any graph with at least (n* + 1)/4 edges contains a triangle. This is a special case of

Turdn’s Theorem [118], which gives for each r > 3 the maximum number of edges in a
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graph which does not contain a copy of K,.

In both Turédn’s Theorem and Mantel’s Theorem, G may have many more vertices
than H. By contrast, in this thesis we shall focus on the case in which the ground sets
of G and H have the same size, as in Petersen’s Theorem. In this case the subgraph we
find in G, isomorphic to H, is a spanning subgraph.

One of the most famous classical results in this area is Dirac’s theorem [33], which
states that every graph G of minimum degree at least n/2 contains a Hamilton cycle (that
is, a cycle containing all of the vertices of G). Another famous and beautiful result is
the Hajnal-Szemerédi theorem [52], which states that for any » > 3 and any n which is
divisible by r, any graph G on n vertices of minimum degree at least (1 — 1/r)n contains
a perfect K,.-packing; that is, the vertices of G may be covered by vertex-disjoint copies
of K., each of which is a subgraph of G. (Corrddi and Hajnal [30] had earlier proved this
result in the case when r = 3.) In recent years, the area has seen a great deal of progress
in the form of many striking results, as will be discussed in detail in the later sections of

this introduction.

1.1 Overview

For now we give a general description of the results in this thesis, which will be stated
precisely once some futher definitions have been established. Our first main results, pre-
sented in Chapter 2, concern random graphs. We study the binomial random graph model
G p, first introduced by Gilbert [48] and studied extensively by Erdés and Renyi [37, 38].
In this model, a graph G on n vertices is chosen by including each possible edge inde-
pendently at random with probability p. A property is said to hold with high probability
(whp) in G, (or more generally, in any graph model) if the probability that G ~ G,
possesses the property tends to 1 as n — oo. We show that when p is not too large or

too small, with high probability G contains a large collection of edge-disjoint Hamilton
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cycles. In fact, we will show that with high probability the limit on the size of such a
collection is determined by the minimum degree of G. This proves a conjecture of Frieze
and Krivelevich [43] except when p is very small or very large. Before proving this result,
we also establish a weaker ‘approximate’ result which applies for a somewhat wider range

of p. This proof is simpler, but uses many of the same themes as the ‘exact’ result.

In Chapter 3, we present a very general embedding result for graphs G which have
linear minimum degree and which satisfy a certain condition, known as ‘robust expansion’,
which we will describe in detail later on. Roughly speaking, a graph G on n vertices is
a robust expander if, for every ‘reasonably sized’ set S C V(G), G contains at least
|S| 4+ Q(n) vertices that are adjacent to ‘many’ vertices in S. A graph H is said to have
‘small bandwidth’ if there exists a linear ordering of its vertices such that the endvertices
of each edge of H are not too far apart. Conceptually, graphs of small bandwidth can
be thought of as being ‘path-like’; examples of such graphs are Hamilton cycles and K-
factors (for small r). We will give a precise definition of both concepts in Section 1.4. We
show that if G is a robust expander its minimum degree is not too small, every bipartite
graph H of bounded maximum degree and small bandwidth embeds into GG. Further, as
corollaries we establish similar results when either a condition on the degree seqence of
G or an ‘Ore-type’ condition is given. Our proof uses the Regularity Lemma (described
below), and so requires the vertex sets of G and H to be sufficiently large; in fact, this

restriction also applies to the results in Chapter 4.

A hypergraph H = (V, E) consists of a set V' of vertices and a set £ C P(V) of edges. In
other contexts hypergraphs are also known as set systems. A hypergraph H is k-uniform
if every edge of H has size k. In this thesis a k-uniform hypergraph will also be referred
to as a k-graph. While both Dirac’s Theorem and the Hajnal-Szemerédi Theorem have
short proofs using elementary methods (see [70] for the latter), generalisations of these

results to k-graphs have proven notoriously difficult.
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In Chapter 4 we will treat the simplest case of such problems, that of finding a perfect
matching. It turns out that even this seemingly simple problem in fact requires a large
amount of technical work and theory. Indeed, Karp [61] showed that even the decision
problem of determining whether a k-graph contains a perfect matching is NP-complete
for k > 3. We will show that for any v > 0, every k-graph H on sufficiently many vertices
with ‘miniumum codegree’ at least (1/k + ~)n either contains a perfect matching, or has
a very specific structure. This structure is restrictive enough that, when H satisfies this
codegree condition, we can exploit our result to obtain a polynomial-time algorithm for

determining whether or not H contains a perfect matching.

1.2 Techniques in graph and hypergraph theory

In proving these results we use a number of established techniques, in particular probabilis-
tic methods, the concept of ‘pseudorandomness’, and the Regularity Lemma. Probabilistic
methods are an invaluable tool in almost all areas of combinatorics. Most obviously, deal-
ing with random graphs will always require probabilistic tools to some extent. However,
the use of probabilistic methods is very far from being restricted to random graphs. In-
deed, whenever it is required to prove that a combinatorial object possessing a certain
property exists, it suffices to prove that a random object, drawn from a specified dis-
tribution, has the property with positive probability. In Chapters 3 and 4 we will use
probabilistic methods for precisely this purpose, despite the fact that the questions we
address are wholly deterministic. There are many properties for which this method works
even though the objects that possess them are very difficult to construct explicitly.

One of the most famous examples of the use of probabilistic methods in combinatorics
is the exponential lower bound on Ramsey numbers given by Erdés [36]. To this date no
explicit construction of graphs which realise this lower bound, or even which provide any

exponential lower bound at all, is known. Due to their huge influence on combinatorics, it
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would be impossible to give a complete account of the application of probabilistic methods
here. Extensive literature has been written on this topic; see for example [5]. Some basic
probabilistic tools which we use in this thesis are given in Section 1.8, at the end of this

introduction.

On the other hand, it is often useful to have examples of specific graphs which exhibit
at least some of the properties typical of random graphs. Such graphs are often referred
to as pseudorandom graphs. While in general it is not possible to capture all of the typical
properties of a random graph in this way, certain important properties can and have been
transferred to a deterministic setting. One important example, which we will make use
of, is the edge-distribution of the graph. This was first treated by Thomason [112], who

introduced the notion of jumbled graphs (see Definition 2.3.1 for a precise definition).

Later, Chung, Graham and Wilson [27] exhibited a number of seemingly different
properties relating to pseudorandomness and proved them to be equivalent. They thus
introduced the notion of quasirandom graphs. More recently, much attention has been
focused on (n,d, \)-graphs, that is, graphs on n vertices which are regular of degree d and
have second eigenvalue \. The significance of the second eigenvalue (which technically
refers to the absolute values of the eigenvalues rather than the eigenvalues themselves)
is that its value was one of the properties studied in [27], and so a bound on the second
eigenvalue implies a number of other properties. While we do not refer directly to (n, d, \)-
graphs in the main body of this thesis, such graphs are known (see, e.g., Chapter 9 of [5])
to have strong edge distribution properties and also strong expansion properties. Thus
they are related to the graphs dealt with in Chapters 2 and 3. In particular, Kiihn
and Osthus [84] observed that for any J, there exists € such that for sufficiently large
n, any (n,d,\)-graph with d > én and A < en is a ‘robust expander’. Results for
robust expanders therefore also apply to (n,d, \)-graphs. A survey by Krivelevich and

Sudakov [92] gives a great deal of additional background on pseudorandomness.
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Szemerédi’s Regularity Lemma, first introduced in [110], is relatively simple to prove
but has proven an extremely powerful tool with a wide range of applications in graph
theory. Roughly speaking, the lemma states that any sufficiently large graph may be
partitioned into a number of ‘clusters’, such that the edge distribution of the bipartite
subgraph between almost every pair of clusters is pseudorandom (or e-regular). The
lemma is stated precisely in Chapter 3 as Lemma 3.3.3. Early applications of the Regu-
larity Lemma include the proof of the bounded degree case of the Burr-Erdos conjecture
by Chvétal, Rodl, Szemerédi and Trotter [29] and Komlds, Sarkozy and Szemerédi’s proof
of the Pésa-Seymour conjecture in the case of large graphs [77]. Further examples are

given in Section 1.4.

The Regularity Lemma is particularly powerful when used in conjunction with the
Blow-up Lemma of Komlds, Sarkézy and Szemerédi [76], which allows the embedding of
any bipartite graph of bounded degree into regular pairs. We will (implicitly) use the
Blow-up Lemma in Chapter 3 (Lemma 3.8.2 relies upon it). One notable disadvantage of
using the Reguarity Lemma is that the minimum size of the graphs on which it holds is

very large, as shown by Gowers [50].

More recently, extensions of this method for use on hypergraphs have also proved very
useful. The Weak Hypergraph Regularity Lemma, introduced by Chung [26], has a similar,
simple proof to that of the Graph Regularity Lemma, but the embedding properties it
ensures are much less powerful than in the graph case. Nevertheless, it has seen many

applications and we use this version directly when dealing with hypergraphs.

By contrast, the (strong) Hypergraph Regularity Lemma is much more technical even
when restricted to 3-graphs, both in its statement and proof, but is also more powerful. In
fact, at least three different versions of the Hypergraph Regularity Lemma have been pro-
posed. The first was introduced for 3-graphs by Frankl and Rodl [41], and later extended

to arbitrary k-graphs by Rodl and Skokan [107]. Another version of the Hypergraph Reg-
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ularity Lemma was introduced by Gowers [51], and an algorihmic version was proposed
by Haxell, Nagle and Rédl [57]. Keevash [63] proved a hypergraph version of the Blow-up
Lemma which, like its graph counterpart, is particularly useful when combined with the
Hypergraph Regularity Lemma. While we do not use the Hypergraph Regularity method
directly in this thesis, it should be noted that we do use a powerful result (Lemma 4.4.7)

which relies on it.

Two other more recent concepts we use are ‘robust expansion’ and geometric methods.
Expansion properties of graphs have been widely considered and studied. ‘Robust expan-
sion’ is a stronger property which has proved particularly useful in embedding problems.
Recall that a graph G on n vertices is a robust expander if, for every ‘reasonably sized’
set S C V(G), G contains at least | S|4 §2(n) vertices that are adjacent to ‘many’ vertices
in S. This definition was introduced by Kiihn, Osthus and Treglown [87] in the context of
directed graphs, although it was already implicit in papers of Kelly, Kithn and Osthus [66]
and Keevash, Kiihn and Osthus [64]. Robust expansion is a key definition in Chapter 3;
indeed, as previously mentioned Theorem 1.4.8 applies specifically to robustly expanding
graphs. It is worth noting that in the remainder of the thesis, while we do not refer to
robust expansion itself, we do use properties of a similar flavour (see, e.g., Lemma 2.2.7).
Recently, Kithn and Osthus [83] proved a very powerful result concerning Hamilton cycles

in robust expanders, which we will mention in Section 1.3.3.

The correspondance between perfect matchings in hypergraphs and geometric struc-
tures was first drawn by Rodl, Ruciriski and Szemerédi [105] and was developed further by
Keevash and Mycroft [65]. Given a hypergraph H and a partition of its vertices, we can
assign to each edge of the hypergraph (or more generally, to any set of vertices) an index
vector according to which parts of the vertex set its vertices fall into. Then given any
perfect matching M, the index vectors of the edges in M must sum to the index vector

of V(H). We consider the lattice L generated by the index vectors of edges of H, and
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observe that H can only have a perfect matching if the index vector of V(H) lies in L.
By reframing the problem along these lines, geometric techniques (see, e.g., Lemma 4.4.9)
can be brought to bear and, as we shall see, prove useful in solving the problem of whether

or not a perfect matching exists.

1.3 Edge-disjoint Hamilton cycles in random graphs

The theory of random graphs has been well developed since its beginnings in the late
1950s. While many models of random graphs have been studied, the model G,,, which
we use is particularly nice to work with, due to the independence of different edges being
present. Erdés and Renyi [37] determined the connectivity threshold for G, is logn/n;
that is, they proved that when pn —logn — oo as n — oo then with high probability G,,
is connected, and if pn — logn — —oo then with high probability G, , is not connected.
(The latter case is simply due to the fact that with high probability one of the vertices of
the graph is isolated.) They later determined the threshold values for the appearance of

some small subgraphs [38] and various other properties.

Since then a large body of work has been published on the subject; see, e.g., [15, 60]
for further details and many remarkable results. One property we will make particular use
of is the following: Suppose that np/logn — oo as n — oco. Then with high probability,
the minimum degree of G is (1 — o(1))np.

Hamilton cycles are an extensively studied topic in graph theory. As they are very
natural structures to examine there are many natural problems which may be posed
concerning Hamilton cycles, but these problems are often rather difficult to approach.
For example, for an arbitrary graph G the decision problem of determining whether or
not GG contains a Hamilton cycle is known to be NP-complete [61], making it unlikely that
simple necessary and sufficient conditions for the existence of a Hamilton cycle can be

found. Simple sufficient conditions do exist; recall for example Dirac’s Theorem, which
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shows that §(G) > n/2 suffices, where §(G) is the minimum degree of G. On the other
hand, trivially the condition §(G) > 2 is a necessary one.

For a random graph G ~ G,,,, however, it turns out that the condition 6(G) > 2
is also sufficient to guarantee, with high probability, the existence of a Hamilton cycle.
Indeed, Bollobés [14] and Ajtai, Komlds and Szemerédi [2] proved that in almost every
random graph process where we add edges at random, one by one, to an empty graph
on n vertices, the very edge which increases the minimum degree of the graph to 2 also
produces a Hamilton cycle.

A natural extension of the problem of finding a Hamilton cycle is the following ques-
tion: How many Hamilton cycles can be ‘packed’ into a graph G, so that each cycle is a
subgraph of G and all of the cycles are edge-disjoint? As in the case of a single Hamilton
cycle, there is a trivial necessary condition on 0(G): If G contains k edge-disjoint Hamil-
ton cycles, then it must have minimum degree at least 2k. This leads to the following

definition:

Definition 1.3.1 For a graph G on n vertices, call a matching M in G optimal if | M| =
|n/2]. A graph G has property H if G contains |6(G)/2| edge-disjoint Hamilton cycles,

together with an additional edge-disjoint optimal matching if 6(G) is odd.

In the case that G is regular of even degree and possesses property H, G has a Hamilton
decomposition; that is, all of the edges of G may be covered by a collection of edge-disjoint
Hamilton cycles.

Frieze and Krivelevich [42] conjectured that almost every graph with n vertices and m
edges has property H, regardless of how we choose m = m(n). They later [43] conjectured

that with high probability G, , has property H.

Conjecture 1.3.2 (Frieze and Krivelevich [43]) For any p = p(n), with high proba-

bility G, has property H.



This conjecture has now essentially been proved. This was done in two parts: a ‘dense
case’, which is mostly covered by results in this thesis, and a ‘sparse’ case covered by
the work of other authors. For completeness we give background on both cases. We also

include a brief account of exciting new results in the area which have recently been proved.

1.3.1 Dense random graphs

Frieze and Krivelevich gave a partial result towards Conjecture 1.3.2 in the case where p

is constant, namely that G contains an ‘approximate’ Hamilton decomposition.

Theorem 1.3.3 (Frieze and Krivelevich [42]) Let 0 < p < 1 be constant. Then whp

Ghpp contains (1 —o(1))np/2 edge-disjoint Hamilton cycles.

As mentioned previously, d(G,,) = (1 — o(1))np for this range of p and so the size of
the collections is (1 — 0(1))d(G,,)/2. Hence the Hamilton cycles cover all but a small
proportion of the edges of Gy, ,,. As remarked in [44], the proof of [42] also works as long
as p is a little larger than n='/8.

The first result we present in Chapter 2 extends Theorem 1.3.3 to essentially the entire

range of p. Our proof builds on ideas from [42] and [91].

Theorem 1.3.4 For any n > 0, there exists a constant C' such that if p > %, then

whp Gy, contains (1 —n)np/2 edge-disjoint Hamilton cycles.

This result was proven independently by Krivelevich (personal communication). Later in
Chapter 2 we build on the ideas used in the proof of Theorem 1.3.4 to prove the following

result:

Theorem 1.3.5 Let log”’n/n < p < 1 —n"Y*log”n. Then with high probability, G.,,

has property H.

Very recently, Kithn and Osthus [84] covered the ‘very dense’ case p > 2/3. By this time

the sparse case p < n~ "¢ had also been covered, as detailed in Section 1.3.2.
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In fact we prove Theorem 1.3.5 via a deterministic result (Theorem 2.3.62) which we
believe to be of independent interest. Hefetz, Kiihn, Lapinskas and Osthus [58] proved a
‘covering’ result for a similar range of p, which states that with high probability all of the
edges of G ~ G,,, can be covered with [A(G)/2] (not necessarily edge-disjoint) Hamilton
cycles, each of which is contained in G. Their proof uses Lemma 2.3.60, a key lemma in
the proof of Theorem 2.3.62, as a component. This answered a question and improved a
previous result of Glebov, Krivelevich and Szab¢ [49].

Hypergraph versions of Conjecture 1.3.2 were also considered by Frieze and Krivele-
vich [44], Frieze, Krivelevich and Loh [45] and Bal and Frieze [10]. However, as yet no
‘exact’ results (in which the number of edge-disjoint Hamilton cycles depends only on the

minimum degree, as in Theorem 1.3.5) are known.

1.3.2 Sparse random graphs

After the result of Bollobés [14] and Ajtai, Komlds and Szemerédi [2] for single Hanilton
cycles, Bollobds and Frieze [16] showed that that almost every graph with n vertices
and n(logn + (2k — 1) loglogn)/2 edges contains a collection of k edge-disjoint Hamilton
cycles; with high probability such graphs have minimum degree equal to 2k. This result
immediately deals with the case np < logn + O(loglogn) of Conjecture 1.3.2, and in [43]
Frieze and Krivelevich extended this to all p with np = (1 4 o(1))logn. Ben-Shimon,
Krivelevich and Sudakov [13] went further and showed that Conjecture 1.3.2 holds as
long as np < 1.02log n. Finally, Krivelevich and Samotij [90] covered the range logn/n <

1

p < n~ 1T, which overlaps with the range covered by Theorem 1.3.5.

Hence taken together, Theorem 1.3.5 and the results of [13, 90, 84] essentially prove
Conjecture 1.3.2. (Unfortunately, the results of [90, 84] do not include the additional

edge-disjoint optimal matching.)

Theorem 1.3.6 For any p = p(n), with high probability G ~ G, , contains |6(G)/2]
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edge-disjoint Hamilton cycles.

1.3.3 Deterministic results for graphs and digraphs

The question of whether a graph possesses an approximate or exact Hamilton decompo-
sition is, of course, far from being restricted to random graphs. In this section we briefly
detail some results in this area, including exciting recent results which have resolved a
number of long-standing conjectures and made progress on others.

An old construction by Walecki (see e.g. [7, 94]) shows that the complete graph K,
has a Hamilton decomposition if n is odd. It is well known that more generally K, has
property H (see e.g. [120]). Nash-Williams [97] conjectured that any d-regular graph on
n vertices where d > n/2 has |d/2] edge-disjoint Hamilton cycles. Christofides, Kiihn
and Osthus [25] showed that any regular graph G' on n > ng = ng(e) vertices with degree
at least (1 + ¢)n/2 has an approximate Hamilton decomposition. Their proof uses the
Regularity Lemma, and so as remarked before ng is quite large. Harte and Seacrest [56]
later gave an improved version of this result which avoids using the Regularity Lemma,
and so holds for smaller graphs.

A directed graph or digraph G = (V, F) is an analogue of a graph for which V is a
set of vertices and F is a set of directed edges, i.e., of ordered pairs of vertices in V. A
directed Hamilton cycle is a cycle which contains all of the vertices and in which every
vertex has in- and out-degree exactly 1. (Whenever we refer to a Hamilton cycle in a
digraph setting we implictly mean a directed Hamilton cycle.) Hamilton decompositions
and approximate Hamilton decompositions in a digraph setting are defined analogously
to those in a graph setting.

Tillson [114] proved that a complete digraph on n vertices has a Hamilton decompo-
sition for any n # 4,6. A tournament is a digraph formed by replacing every edge zy of

a complete (undirected) graph by exactly one of the directed edges zy and y&. A famous
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conjecture in this area is Kelly’s conjecture, which states that any regular tournament
has a Hamilton decomposition. Kiithn, Osthus and Treglown [85] proved an approximate

version of Kelly’s conjecture.

Recently, Kiithn and Osthus [83] proved a very general result with wide implications,
namely that every regular digraph which is a robust outexpander (the natural analogue of
a robust expander in the digraph case) has a Hamilton decomposition. Their proof relies
on another recent result of Osthus and Staden [99] which states that such a digraph at
least has an approximate Hamilton decomposition. As a result they were able to prove not
only Kelly’s conjecture, but also (in [84]) a conjecture of Erdos which states that a random
tournament possesses with high probability a digraph analogue of property H, a further
partial result towards the Nash-Williams conjecture, and the previously mentioned result
for the ‘very dense’ case of Conjecture 1.3.2. They also proved a strong result concerning
collections of edge-disjoint Hamilton cycles in (not necessarily regular) graphs of high
minimum degree; this was improved on by Kiihn, Lapinskas and Osthus [79], again using

the main result of [83].

1.4 Embedding bipartite graphs of small bandwidth

Recall that the Hajnal-Szemerédi theorem [52] gives the minimum degree condition on
a graph G which guarantees the existence of a perfect K,-packing in G. This seminal
result has since inspired a number of sucessively wider generalisations. Given a graph
F, a perfect F-packing in a graph G is a collection of vertex-disjoint copies of F' which
covers all the vertices in G. (Perfect F-packings are also referred to as F-factors or
perfect F-tilings.) Kiithn and Osthus [80, 82] characterised, up to an additive constant,
the minimum degree which ensures a graph GG contains a perfect F-packing for an arbitrary
graph F. (This improved previous bounds of Alon and Yuster [6] and Komlds, Sarkozy
and Szemerédi [78].)
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In a similar vein, the Pésa—Seymour conjecture (see [39] and [108]) states that any
graph G on n vertices with 6(G) > rn/(r+1) contains the rth power of a Hamilton cycle.
(The rth power of a Hamilton cycle C' is obtained from C by adding an edge between
every pair of vertices of distance at most r on C.) As mentioned previously, Komlés,
Sarkozy and Szemerédi [77] proved this conjecture for sufficiently large graphs. Notice
that in the case when r + 1 divides |G|, a necessary condition for a graph G to contain
the rth power of a Hamilton cycle is that G contains a perfect K, ;-packing. Thus, the
Poésa—Seymour conjecture implies the Hajnal-Szemerédi theorem.

Given a graph H on n vertices, the bandwidth of H is defined as follows: Consider all
vertex orderings o = (v1,...,v,) of H, and let b(H, o) be the maximum distance between
two adjacent vertices according to this ordering. That is, b(¢) is the maximum of |i — j|
over all pairs {7, j} such that v;v; is an edge of H. The bandwidth bw(H) is the minimum
of b(H, o) over all orderings o of V(H). Both perfect F-packings and rth powers of
Hamilton cycles are examples of graphs with low bandwidth, provided that |F| and r
respectively are small compared to n (this case is almost universally the one considered).
Indeed, every graph H has bandwidth at most |H| — 1. Thus, a perfect F-packing has
bandwidth at most bw(F') < |F| — 1. A cycle has bandwidth 2, and in general the rth
power of a cycle has bandwidth at most 2r. Further, Béttcher, Pruessmann, Taraz and
Wiirfl [20] proved that every planar graph H on n vertices with bounded maximum degree
has bandwidth at most O(n/logn).

The following result of Bottcher, Schacht and Taraz [22] gives a condition on the
minimum degree of a graph G on n vertices that ensures GG contains every r-chromatic

graph on n vertices of bounded degree and of bandwidth o(n), thereby proving a conjecture

of Bollobas and Komlés [75].

Theorem 1.4.1 (Bo6ttcher, Schacht and Taraz [22]) Given any r,A € N and any

v > 0, there exist constants > 0 and ny € N such that the following holds. Suppose that
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H is an r-chromatic graph on n = ng vertices with A(H) < A and bandwidth at most fn.

If G is a graph on n vertices with

then G contains a copy of H. O

Prior to the proof of Theorem 1.4.1, Csaba [31] and Han [54] proved the case when H is
bipartite and Béttcher, Schacht and Taraz [21] proved the case when x(H) = 3. Our aim

in Chapter 3 will be to strengthen Theorem 1.4.1 in the case when H is bipartite.

1.4.1 Degree sequence conditions

Dirac’s theorem and the Hajnal-Szemerédi theorem are best possible in the sense that the
minimum degree conditions in both these results cannot be lowered. However, this does
not mean that one cannot strengthen these results. Indeed, Chvatal [28] gave a condition
on the degree sequence of a graph which ensures Hamiltonicity: Suppose that the degrees
of the graph G ared; < ... < d,. Ifn >3andd; > i+1lord, ; > n—iforalli < n/2then
G is Hamiltonian. Previously, Pésa [102] showed that the stronger condition d; > i+ 1 for
all i < n/2 suffices. Notice that both Pésa’s Theorem and Chvétal’s Theorem are much
stronger than Dirac’s theorem since they allow for almost half of the vertices of G' to have
degree less than n/2.

Balogh, Kostochka and Treglown [12] proposed the following two conjectures concern-
ing the degree sequence of a graph which forces a perfect F-packing, which can be seen

as analogues of Pdsa’s Theorem.

Conjecture 1.4.2 (Balogh, Kostochka and Treglown [12]) Let n,r € N such that
r divides n. Suppose that G is a graph on n vertices with degree sequence d; < ... < d,

such that:
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o d; > (r—2)n/r+iforalli<n/r;
o dyjry1 = (r—1)n/r.
Then G contains a perfect K,.-packing.

Note that Conjecture 1.4.2, if true, is much stronger than the Hajnal-Szemerédi theorem

since the degree condition allows for n/r vertices to have degree less than (r — 1)n/r.

Conjecture 1.4.3 (Balogh, Kostochka and Treglown [12]) Suppose v > 0 and F
is a graph with x(F) = r. Then there exists an integer ng = no(y, F) such that the
following holds. If G is a graph whose order n = nq is divisible by |F'|, and whose degree

sequence dy < ... < d, satisfies
o d; > (r—2)n/r+i+yn foralli <n/r,
then G contains a perfect F-packing.

This conjecture is much more general than Conjecture 1.4.2, but is not exact (due to the
error term ) and hence is weaker in the case when F' = K.

In Chapter 3 we prove the following result which gives a condition on the degree
sequence of a graph G on n vertices that ensures GG contains every bipartite graph on n

vertices of bounded degree and of bandwidth o(n).

Theorem 1.4.4 Given any A € N and any 0 < v < 1/2, there exists constants § > 0
and ng € N such that the following holds. Suppose that H is a bipartite graph on n = ng
vertices with A(H) < A and bandwidth at most fn. Let G be a graph on n vertices with

degree sequence dy < ... < d,. If
o d;=>i+yn or dy_jy =n—1i forall i<n/2

then G contains a copy of H.
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The degree sequence condition in Theorem 1.4.4 is similar to that in Chvatal’s theorem,
except that now we have two error terms in the condition. Notice that Theorem 1.4.4 is
much stronger than the bipartite case of Theorem 1.4.1. Furthermore, in the case when
r = 2, Conjecture 1.4.3 is implied by Theorem 1.4.4.

Theorem 1.4.4 is, up to the error terms, best-possible for many graphs H. Indeed,
suppose that H is a bipartite graph on an even number n of vertices that contains a
perfect matching. Suppose that m € N is such that m < n/2. Let G be a graph on n
vertices with vertex classes Vi, Vs, V3 of sizes m, m — 1 and n — 2m + 1 respectively and
whose edge set contains all possible edges except for those in V; and between V; and V3.

Let d; < ... < d, denote the degree sequence of GG. Then
e di>i—1 and d,_ ;4o =>n—1 forall 2<i<n/2
but since |Vi| > |V4|, G does not contain a perfect matching or, therefore, H.

1.4.2 Ore-type degree conditions

Ore-type degree conditions consider the sum of the degrees of non-adjacent vertices of a
graph. The name comes from Ore’s theorem [98], which states that a graph G of order
n > 3 contains a Hamilton cycle if d(z) + d(y) > n for all non-adjacent = # y € V(G).
Recently, Chéau [23] proved an Ore-type analogue of the Pdsa—Seymour conjecture in the
case of the square of a Hamilton cycle (i.e. when r = 2).

The following Ore-type result of Kierstead and Kostochka [69] implies the Hajnal—
Szemerédi theorem: Let n,r € N such that r divides n. Suppose that G is a graph on
n vertices such that for all non-adjacent © # y € V(Q), d(z) + d(y) = 2(r — I)n/r — 1.
Then G contains a perfect K,-packing. Kiithn, Osthus and Treglown [86] characterised,
asymptotically, the Ore-type degree condition which ensures a graph G contains a perfect
F-packing for an arbitrary graph F.

It is natural to seek an Ore-type analogue of Theorem 1.4.1. The following result
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provides such an analogue in the case when H is bipartite.

Theorem 1.4.5 Given any A € N and any v > 0, there exists constants 5 > 0 and
ng € N such that the following holds. Suppose that H is a bipartite graph on n > ng
vertices with A(H) < A and bandwidth at most fn. Let G be a graph on n vertices such

that, for all non-adjacent x # y € V(G),

d(z) +d(y) = (1 +y)n.

Then G contains a copy of H.

We prove Theorem 1.4.5 by showing that it is a direct consequence of Theorem 1.4.4.
Note that Theorem 1.4.5 is best-possible up to the error term for bipartite graphs H on
n vertices which do not contain an isolated vertex. Indeed, let G consist of a copy of
K, 1 and an isolated vertex. Then G does not contain H but d(z) + d(y) = n — 2 for all
non-adjacent x # y € V(G).

In light of Theorem 1.4.5, we propose the following Ore-type analogue of Theo-
rem 1.4.1.

Conjecture 1.4.6 Given any r,A € N and any v > 0, there exists constants § > 0 and
ng € N such that the following holds. Suppose that H is an r-chromatic graph on n = ny
vertices with A(H) < A and bandwidth at most fn. Let G be a graph on n vertices such

that, for all non-adjacent x #y € V(G),

d(x)+d(y)>2(r;1+’y) n.

Then G contains a copy of H.

If true, Conjecture 1.4.6 is stronger than Theorem 1.4.1. Bottcher and Miiller [18; 19]

have proved the conjecture in the case when r = 3.
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1.4.3 Robustly expanding graphs

We now give a precise definition of the concept of robust expansion which was mentioned
earlier in this introduction. Let 0 < v < 7 < 1. Suppose that G is a graph on n vertices
and S C V(G). Then the v-robust neighbourhood RN, c(S) of S is the set of vertices
v € V(G) such that |[N(v) 0S| > vn. We say that G is a robust (v, 7)-expander if every
S CV(G) with 7n < |S] < (1 — 7)n satisfies |RN, ¢(S)| = |S| + vn.

The following result is an immediate consequence of Theorem 16 from [87].

Theorem 1.4.7 (Kiihn, Osthus and Treglown [87]) Given positive constants 1/ny <
v<1<n<l, let G be a graph on n > ngy vertices with 6(G) > nn which is a robust

(v, T)-ezpander. Then G contains a Hamilton cycle. O

(Throughout this thesis, we write 0 < a < [ < = to mean that we can choose the
constants «, 8,7 from right to left. More precisely, there are increasing functions f and
g such that, given v, whenever we choose some 5 < f(v) and a < g(8), all calculations
needed in our proof are valid. Hierarchies of other lengths are defined in the obvious
way.) Christofides, Keevash, Kithn and Osthus [24] proved that under the conditions of
Theorem 1.4.7, a Hamilton cycle in G can be found in polynomial time.

We will use Theorem 1.4.7 to prove the following result concerning embedding bipartite

graphs of small bandwidth.

Theorem 1.4.8 Given A € N and positive constants v < 7 < n < 1 there exist constants
B > 0 and ng € N such that the following holds. Suppose that H is a bipartite graph on
n = ng vertices with A(H) < A and bandwidth at most fn. Let G be a graph on n vertices

with 6(G) > nn which is a robust (v, T)-expander. Then G contains a copy of H.

Note that Theorem 1.4.8 is very general in the sense that it allows for the graph G

to have small minimum degree (although §(G) must be linear). Furthermore, there are
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examples of graphs G that satisfy the hypothesis of Theorem 1.4.8 and whose mazimum
degree is also comparitively small. Indeed, let 0 < v < 7 < 1 < 1 such that 1/n is an
odd integer. Further choose n € N such that nn € N. Define G to be the blow-up of a
cycle on 1/n vertices, such that each vertex class of G contains nn vertices. Thus, |G| =n
and §(G) = A(G) = 2nn. It is easy to check that G is a robust (v, 7)-expander. Given
constants 0 < v < 7 < p < 1, it is also easy to see that with high probability G(n,p)
is a robust (v, 7)-expander with minimum degree at least pn/2 and maximum degree at

most 2pn.

Theorem 1.4.8 therefore implies that, with high probability for constant p, G(n,p)
contains all bipartite graphs H on n vertices of bounded degree and bandwidth o(n). A
result of Huang, Lee and Sudakov [59] actually implies that, with high probability for
constant p > 0, any spanning subgraph G’ of G(n,p) with minimum degree §(G’) >

(1/2 4 o(1))np contains all such H.

1.5 Perfect matchings in hypergraphs

Recall that a k-graph is a hypergraph in which every edge has size k. The question of
whether a k-graph H contains a perfect matching, while simple to state, is one of the
key questions of combinatorics. In the graph case k = 2, Tutte’s Theorem [116] gives
necessary and sufficient conditions for H to contain a perfect matching, and Edmonds’
Algorithm [34] gives a solution in polynomial time. However, for £ > 3 this problem was
one of Karp’s celebrated 21 NP-complete problems [61]. Results for perfect matchings
have many potential practical applications; one example which has garnered interest in
recent years is the ‘Santa Claus’ allocation problem (see [9]). Since the general problem
is intractable provided P # NP, it is natural to seek conditions on H which render the
problem tractable or even which guarantee that a perfect matching exists. In recent years

a substantial amount of progress has been made in this direction.
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One well-studied class of such conditions are minimum degree conditions. In the graph
case, a simple greedy argument shows that a minimum degree of n/2 guarantees a perfect
matching provided that n is even (in what follows we assume that k divides n, since this is
a necessary condition for H to contain a perfect matching). Indeed, Dirac’s theorem [33]
states that this condition even guarantees that H contains a Hamilton cycle. For k > 3,
there are a number of possible definitions for the minimum degree of H. Indeed, for any
set A C V(H), the degree d(A) of A the number of edges of H containing A. Then for
any 1 < ¢ < k — 1, the minimum (-degree 6,(H) of H is the minimum of d(A) over all

subsets A C V(H) of size /.

Two cases have received particular attention: the minimum 1-degree 61(H) is also
known as the minimum vertex degree, and the minimum (k — 1)-degree d;_1(H) as the
minimum codegree of H. General bounds for the minimum vertex degree which guar-
antees a perfect matching were obtained by Daykin and Haggvist [32] and improved by
Markstrom and Ruciiiski [96]. For k = 3, the minimum vertex degree was determined
independently by Kiihn, Osthus and Treglown [88] and Khan [67]. Earlier, Han, Person
and Schacht [55] had given an asymptotic version of these results. Khan [68] also de-
termined the minimum vertex degree which guarantees a perfect matching in a 4-graph,
while Alon, Frankl, Huang, Rodl, Ruciriski and Szemerédi [3] gave an asymptotic result
for 5-graphs. For k > 5 this question is one of the main outstanding open problems in

extremal hypergraph theory.

1.5.1 Space and divisibility barriers

For sufficiently large n, Rodl, Rucinski and Szemerédi [106] determined the minimum
codegree which guarantees a perfect matching in H to be exactly n/2 — k + ¢, where
c € {1.5,2,2.5,3} is an explicitly given function of n and k. They also showed that a

minimum codegree of just n/k is sufficient to guarantee a matching covering all but k
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vertices of H (i.e. one edge away from a perfect matching). This is in sharp contrast with
the graph case, where a minimum degree of 6(G) > n/2—en only guarantees the existence
of a matching covering at least n — 2en vertices. The extremal example from [106] is as
follows: Let A and B be disjoint sets with |A| odd and |AU B| = n. Let H be the k-graph
on AU B whose edges are all k-tuples in which every edge intersects A in an even number
of vertices. Then any matching in H covers an even number of vertices in A, so is not
perfect, but é,_1(H) > n/2 — k. Indeed, for suitable choices of |A| and |B|, the k-graph
formed in this manner has the highest codegree of any k-graph on n vertices with no
perfect matching. This construction is the simplest example of a ‘divisibility barrier’ to

a perfect matching.

For general ¢, it was conjectured by Hén, Person and Schacht [55] that the extremal
constructions for H which maximise d,(H) and such that H contains no perfect matching
have one of two forms. The first, the ‘divisibility barrier’, is constructed in a similar way
to the extremal example from [106] above. However, the construction may additionally
be varied by including the edges which intersect A in an odd number of vertices instead
of those which intersect A in an even number of vertices and varying the parity of |A|
appropriately. (The precise way this is done differs depending on the parity of n/k.) The
second construction, the ‘space barrier’, is constructed as follows: Again we partition a
vertex set V into vertex classes A and B, and this time H contains every edge which
intersects A in at least one vertex. Then any perfect matching in H must contain at least
n/k vertices in A, and so by taking |A| = n/k — 1 we ensure that H does not contain a

perfect matching.

Treglown and Zhao [115] showed that when £ is divisible by 4 and k/2 < ¢ < k—1, there
is indeed a ‘divisibility barrier’ construction which is extremal. However, as remarked
in [115], finding the precise value of |A| which actually gives the minimal ¢-degree is not

trivial and in fact is probably a difficult problem in itself. Their result improved upon
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an asymptotic result of Pikhurko [101]. Much of their proof in fact generalises to the
case when k is even or when no divisibility condition on k is assumed; further, the result
of [101] is not bound by the restriction that k is divisible by 4. However, in the case
1 < ¢ < k/2 much less is known; in particular, the asymptotics of the problem for general
k have yet to be determined. For further results on this topic see the survey [104], as well

as recent papers [1] and [93].

1.5.2 Polynomial-time algorithms

Given the result of [106], a natural question to ask is the following: Let PM(k,J) be
the decision problem of determining whether a k-graph H with dx_1(H) > 0n contains
a perfect matching. For which values of ¢ is PM(k, ) in P? The main result of [106]
implies that PM(k,1/2) is in P. On the other hand, PM(k,0) includes no degree re-
striction on H at all; as stated above, this was shown to be NP-complete by Karp [61].
Szymariska [111] proved that for 6 < 1/k the problem PM(k,0) admits a polynomial-
time reduction to PM(k, ) and hence PM(k, ) is also NP-complete, while Karpinski,
Rucinski and Szymanska [62] showed that there exists € > 0 such that PM(k,1/2 —¢) is
in P. This left a hardness gap for PM(k, ) when ¢ € [1/k,1/2 —¢).

Later in this section we give an algorithm, Procedure DeterminePM, which eliminates
this hardness gap almost entirely. (The analysis of this algorithm constitutes the majority

of Chapter 4.)

Theorem 1.5.1 Fiz k > 3 and 6 > 1/k. Then for any k-graph H on n vertices with
dk—1(H) = dn Procedure DeterminePM determines correctly whether or not H contains a

perfect matching. Furthermore, it will do so in time at most O(n/®), where f(k) < k¥

A consequence of Theorem 1.5.1 is that PM(k,d) is in P for any 6 > 1/k. Together
with the main result of [111] this determines the complexity status of PM(k, d) for every
9 # 1/k. The case § = 1/k remains open.
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1.5.3 Geometric theory

Our algorithm relies heavily on a result of Keevash and Mycroft [65] giving sufficient
conditions which ensure a perfect matching in a large family of k-graphs. In this context,
the result from [65] essentially states that if H is a k-graph on n vertices, where n is
large enough, and 0,_1(H) > n/k + o(n), then either H contains a perfect matching, or
H is close to a divisibility barrier. The simplest examples of these have already been
described in Section 1.5.1. In fact, they proved that even if the codegree condition is
weakened to d,_1(H) = (1/k — )n then the only additional possibility is that H close to
a space barrier, which again generalises the second class of conjectured extremal examples
in Section 1.5.1.

More generally, for any k-graph H and any partition P of V(H) into d parts, we define
the index vector ip(S) € Z% of a subset S C V(H) with respect to P to be the vector
whose coordinates are the sizes of the intersections of S with each part of P. Note that
for any edge e € H the index vector ip(e) has non-negative co-ordinates which sum to
k; we refer to a lattice generated by such vectors as an edge-lattice. In particular, we let
Lp(H) C Z% denote the edge-lattice generated by the vectors ip(e) for e € H. We say that
Lp(H) is complete if it contains every index vector whose coordinates sum to a multiple
of k and incomplete otherwise. With this notation, a divisibility barrier is a k-graph H
and a partition P of V(H) such that Lp(H) is incomplete and ip(V(H)) ¢ Lp(H). Since
ip(e) € Lp(H) for any edge e € H, we have ip(V(M)) € Lp(H) for any matching in
H, and so H cannot contain a perfect matching. In the case of the above example, the
partition P has parts A and B, and Lp(H) is the lattice of vectors (z,y) for which z is
even.

The result from [65] which we use implies that any k-graph H on n vertices with
minimum codegree at least n/k + o(n), which does not contain a perfect matching must

be close to a divisibility barrier; that is, H can be transformed into a divisibility barrier
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by the removal of o(n*) edges. However, the converse of this statement does not hold.
The majority of Chapter 4 is devoted to proving the next theorem, which gives an ‘if
and only if’ statement for the existence of a perfect matching in such a k-graph, using
extremal hypergraph theory. For this we need one more definition: we say that a lattice
L is (1, —1)-free if it does not contain any difference u; —u; of two unit vectors with ¢ # j.
Here u; is the vector which takes the value 1 in co-ordinate ¢ and the value 0 in all other

co-ordinates.

Theorem 1.5.2 For any integers k > 3 and Cy and any v > 0, there exists nyg =
no(k, v, Co) such that for any C with < C < Cy, any n = ng divisible by k, and
any k-graph H on n vertices with o,—1(H) > (1/k + 7v)n, the following statements are

equivalent:

(i) H has a perfect matching.
(ii) If
e P is a partition of V(H) into d parts of size greater than n/k, and
o L C7Z%isa(1,—1)-free edge-lattice such that any matching M in H formed of
edges e € H with ip(e) ¢ L has size less than C,

then there exists a matching M’ of size at most k—2 such that ip(V(H)\V(M")) € L.

For k = 3 there is only one type of divisibility barrier to consider, so we can restate
this result in a simpler form, showing that H has a perfect matching unless every single
edge of H satisfies the divisibility condition of the divisibility barrier in the example given

earlier.

Theorem 1.5.3 For any v > 0 there exists ng = no(7y) such that the following statement

holds. Let H be a 3-graph onn > ng vertices, such that 3 divides n and 0o(H) > (1/3+7)n,
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and suppose that H does not contain a perfect matching. Then there is a subset A C V(H)

such that |A| is odd but every edge of H intersects A in an even number of vertices.

Note that the existence of a subset A C V(H) as in Theorem 1.5.3 in turn implies that
H does not contain a perfect matching, so this is indeed an ‘if and only if’ statement as
in Theorem 1.5.2.

Procedure DeterminePM of Theorem 1.5.1 proceeds by checking whether condition

(ii) of Theorem 1.5.2 holds.

Procedure DeterminePM
Input: A constant v > 0 and a k-graph H whose vertex set V' has size n with
O_1(H) = n/k+yn.
Output: Determines whether or not H has a perfect matching.
if |V] < ng(k,~, ¥ 1) then
| Test every possible perfect matching in H, and halt with appropriate output.
foreach matching M in H of size at most k11 do
foreach integer 1 < d < k and edge-lattice L C 7% do
foreach partition P of V' into d parts so that any edge e € H which does
not intersect V(M) has ip(e) € L do
if there is no matching M' C H of size at most k — 2 such that
ip(V\V(M') € L then
| Output “H does not contain a perfect matching”
Output “H contains a perfect matching”

In Section 4.2 of Chapter 4 we deduce Theorem 1.5.1 from Theorem 1.5.2. To do this,
we first show that Procedure DeterminePM does indeed have polynomial running time.
For this it is not hard to see that the ranges of M, d, L and M’ can each be computed in
polynomial time, but not immediately clear that this is true of the range of P. However,
Lemma 4.2.1 shows that this is indeed the case. To complete the proof of Theorem 1.5.1
we then deduce from Theorem 1.5.2 that Procedure DeterminePM does indeed determine
correctly whether H has a perfect matching.

While the main object of proving Theorem 1.5.2 is to facilitate the construction of

the algorithm, we nevertheless believe it to be of independent interest. Our proof relies
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on the main result of [65] as well as a substantial amount of geometric, probabilistic and

combinatorial theory.

1.6 Maker-Breaker games

Given a (finite) hypergraph G, the Maker-Breaker game on G is a 2-player game which is
defined as follows. Two players, Maker and Breaker, each take turns to claim a (previously
unclaimed) vertex of G. Maker wins if he claims all of the vertices of some edge of G,
and Breaker wins if he prevents Maker from doing so before all of the vertices have been

claimed.

For a given n, let M(n) be the largest integer for which there exists an n-uniform
hypergraph (an n-graph) G' of maximum degree at most M (n) such that Maker wins the
Maker-Breaker game on GG. The following well-known pairing argument, due to Hales and
Jewett [53], shows that M(n) > n/2 for each n: Form an auxiliary bipartite graph B on
vertex classes V) = V(G) and Va, where V3 is composed of two copies of E(G). Since the
degree of every vertex in V5 is n and the degree of every vertex in V; is at most n, Hall’s
theorem implies that B contains a matching which covers every vertex of V5. For each
e € E(G), let x. and y. be the vertices which were matched to copies of e in V3. Now
whenever Maker plays at one of z. and y., Breaker immediately plays at the other. This

prevents Maker from claiming any edge of G and so Breaker wins.

Beck [11, Open Problem 9.1] gives a number of successively weaker conjectures on
the values of M(n), which are collectively known as the Neighbourhood Conjecture.
Gebauer [46] proved that M(n) < 2"!/n for sufficiently large n, thus disproving the
strongest version of the Neighbourhood Conjecture. A more recent result of Gebauer,
Szabé and Tardos [47] implies that M (n) < (1 + o(1))2"/en. Since the general problem
seems very difficult to solve, it is hoped that the cases for small n. Trivially f(2) = 2.

The graph G5 (see Figure 1.1) demonstrates that f(3) = 2 also. Maker’s winning strategy

27



U1

BN
(%) (%
q /9 3

=~

Figure 1.1: The graph Gj3

is to play at vy, and then if Breaker plays to the right of v; he plays at vy; otherwise, he

plays at vs. In either case he wins quickly regardless of Breaker’s next move.

We can derive from G5 a 4-graph which has maximum degree 4, and on which Maker
wins, as follows: For each edge e € (G3, add two vertices z, and ¥y, and replace e by the two
edges eU{x.} and eU{y.}. To win, Maker first claims an edge of G5 and claims one of x,
and y.. So f(4) < 4. A question posed by Imre Leader at the Workshop on Probabilistic
techniques in Graph Theory, University of Birmingham (March 25, 2012) is whether there
exists a 4-graph with maximum degree 3 on which Maker wins the Maker-Breaker game.
Since f(4) > 4/2 = 2, this would show that f(4) = 3.

In Chapter 5 we exhibit a 4-graph G4 which answers this question in the affirmative.
Thus indeed f(4) = 3. An illustration of how little is known for this problem is that the
exact value for M (n) is unknown for any n > 5. The best known general bounds are the

upper bound implied by [47] and the previously stated lower bound M (n) > n/2.

1.7 Notation

The following notation is used throughout this thesis. Additional notation required for

individual chapters is included at the start of the relevant chapter.

We omit floors and ceilings whenever this does not affect the argument. We write

|G| for the order of a graph G, §(G) and A(G) for its minimum and maximum degrees
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respectively and x(G) for its chromatic number. e(G) denotes the number of edges of
G. The degree of a vertex = € V(@) is denoted by d(x) and its neighbourhood by N(x).
For a spanning subgraph H of G, let G\ H denote the graph obtained by removing the
edges of H from G. On the other hand, for a set A of vertices G[A] denotes the induced
subgraph of G on A, and G — A denotes G[V (G)\A].

Given disjoint A, B C V(G) the number of edges with one endpoint in A and one
endpoint in B is denoted by eg(A, B). eg(A) denotes eg(A, A). We write (A, B)g for
the bipartite subgraph of G with vertex classes A and B whose edges are precisely those
edges in G with one endpoint in A and the other in B. Often we will write (A, B), for
example, if this is unambiguous.

Recall from Section 1.4.3 that o < § < v means that we can choose the constants
v, B,a from right to left. log denotes the natural logarithm, and we write log”n for

(logn)®. We write [r] to denote the set of integers from 1 to r.

1.8 Probabilistic Tools

We will need the following inequality known as the Chernoff bound, as applied to binomial
and hypergeometric random variables. We briefly give the standard definitions. Recall
that the binomial random variable Bin(n,p) with parameters (n, p) is the sum of n inde-
pendent copies of the {0, 1}-valued variable A with P(A = 1) = p. The hypergeometric
random variable X with parameters (N, m,n) is defined as X = [T'N S|, where S C [N]
is a fixed set of size m, and T' C [N] is a uniformly random set of size n. If m = pN then

both variables have mean pn.

Lemma 1.8.1 /60, Corollary 2.3, Theorem 2.8 and Theorem 2.10] Suppose X is a sum

of independent Bernoulli random variables (e.g., a binomial random variable). Then
(i) If0 < a < 3/2, then P(|X —EX| > aEX) < 2exp (L EX).
If X is a binomial random variable Bin(n,p), then in addition
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(i) If t = Tnp, then P(X > 1) < e .

We will also need to deal with hypergeometric random variables and sums of the same,

for which the following result will be useful.

Corollary 1.8.2 Suppose X is a sum of independent hypergeometric random variables

and 0 < a < 3/2. Then P(|X —EX| > aEX) < 2exp (~LEX).

Proof. We follow Remark 2.11 of [60]. By Lemma 1 of [119], each of the hypergeo-
metric random variables may be expressed as a sum of independent (but not identically

distributed) Bernoulli random variables. Hence Lemma 1.8.1(i) implies the result. O

We will also need two forms of the well-known Azuma-Hoeffding inequality. A sequence
(Xo, ..., X,) of random variables is a martingale if E(].X|) is finite and E(X;| X, ..., X;_1) =

X, forany 1 < j < n.

Theorem 1.8.3 [60, Theorem 2.25] Let Ay, Ay, ..., A, be a martingale such that |A; —

A;q| < ¢ for every 1 <i < n. Then for anyt >0 and any 0 < i < n,

t2

The following alternative form will be used in Chapter 3.

Lemma 1.8.4 [109, Proposition 1.1] Let X,..., X, be random variables taking values

in [0,1], such that for each 1 < k < n,
E[Xk | Xg—1,.. ., X1] < ag.

Let p:=%"}_, ax. Then for any 0 < 4§ <1,

62;1.

<e 3.

k=1
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O

The following lemma will be very useful in conjunction with the second form of
Azuma’s inequality.
Lemma 1.8.5 /89, Lemma 2.1] Suppose that 1/k < p,1 — p,e, that n > k*/6, and that

X ~ Bin(n,p). Then for any 0 <r <k —1

)

1—5< . 1+6.

O

Finally, we require the following well-known expectation bound, whose proof we in-

clude here for completeness.

Lemma 1.8.6 Suppose that X andY are integer-valued random variables on a probability
space ) and that B is an event on ) which has positive probability, such that for each
v,y €L, PX =x|BN{Y =y}|=PX =x|Y =y[. Then

E[X | Bl < maxE[X | Y =y].

YyEZ

Proof. Note that for each x € Z,

PIX=x|B]=> P{X=a}n{Y =y}|B]

YEZL

Further,

P{{X =2} n{Y =y} N B

PHX =2} n{Y =y} [ B] =

P[B]
_P{X=a}n{Y =y}nB] P{Y =y}nB
PI{Y =y} B] P[B]

=PX=2|Y=y]-PY=y|B]
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Hence,

EX|Bl=> a2P[X=2|B]=)Y z» PX=z|Y =y -PY =y| B

TEZ x€Z y€EZ
=Y Py =y|B]Y a2P[X=x2|Y=y|=> PY=y|B-EX|Y =y
YyEZ TEL yEZL

<maxE[X | Y =y].

YEL
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CHAPTER 2
EDGE-DISJOINT HAMILTON CYCLES IN

RANDOM GRAPHS

2.1 Notation

In this chapter Ng(A) is always taken to be the external neighbourhood of A, i.e., Ng(A) =

(Uzea N(2))\A.

Since we are aiming to prove a result with high probability, we may and do assume
throughout the chapter that n is always sufficiently large for our estimates to hold. Further
we assume large quantities to be integers, whenever this does not have a significant effect

on the argument.

2.2 Approximate result

2.2.1 Outline

The goal of this section is to prove Theorem 1.3.4. Roughly speaking, the proof proceeds

as follows:

(1) First we choose 0 < ¢ < n and remove a random subgraph Gy, (say) of density

ep from G, ,, and call the remaining graph Ggense. Ginin Will be a pseudorandom
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graph, which is important in Step 4 below.

2) Next we apply Tutte’s theorem to find an r-regular subgraph G,., of Ggense, With
y g g g

r=(1—¢)np.

(3) Using a counting argument, one can show that most 2-factors of G,., have few
cycles. We remove such 2-factors one by one to obtain a set of (1 — €)r/2 edge-

disjoint 2-factors F; which cover most edges of G,., (and thus of Gy, ).

(4) We now use the edges of Gy, to transform each F; into a Hamilton cycle. More
precisely, for each ¢ in turn, we swap some edges between Gy, and F; in such a
way that the modified 2-factor is in fact a Hamilton cycle. For the next 2-factor,
we use the ‘current’ version of Gyp;,. The fact that F; has few cycles means that
we do not need to swap out many edges of Gy, for this, and so Gy, retains the

pseudorandomness properties which allow us to perform this step.

The outline of the proof is as follows: We begin in Section 2.2.2 by stating and applying
some large deviation bounds on the number of edges in certain subgraphs of G, ,, which
we will use later on. We will split G,,, into G; (which plays the role of Ggense above)
and G5 (which plays the role of Gy, ). Then in Section 2.2.3; we will use Tutte’s r-factor
theorem to show that one may find a regular subgraph of (G; whose degree is close to np;
(the average degree of G1). This regular subgraph plays the role of G,,. In Section 2.2.4
we show that this subgraph can almost be decomposed into 2-factors in such a way that
each 2-factor has relatively few cycles. Finally in Section 2.2.5 we convert each of these
2-factors into Hamilton cycles, using the edges of G5 (along with any edges of Gy which
were not included in our collection of 2-factors). This is achieved using an appropriate
variant of the well-known rotation-extension technique, first introduced by Pédsa [103].

The fact that each of the 2-factors originally had few cycles will allow us to place an
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upper bound on the number of edges needed to perform the conversions, and thus to
show that the process can be completed before all of the edges of G5 have been used up.
2.2.2 Large deviation bounds

We can use Lemma 1.8.1 to deduce some facts about the number of edges between subsets

of vertices of a random graph, as follows:

Lemma 2.2.1 Let G ~ G(n,p). Then with probability at least 1 — 1/n?, for any disjoint

A, B C [n], the following properties hold: Let a = |A| and b= |B|. Then

(i) If (2 + 1) loin > I then eq(A, B) < 2(a+ b)logn, and

(i) If (2 +3) loin < I, then eq(A, B) < Tabp.

Proof. (i) Let X =eg(A, B) and let t = 2(a + b) logn. Since X ~ Bin(ab,p), we have
that ¢t > Tabp = TEX. If a+0b < 3 then the result is trivial; otherwise, by Lemma 1.8.1(ii)
we have that P(X > t) < e! = (#)2 < % (ﬁ), and a union bound immediately
gives the result.

(ii) Similarly, we have P(X > 7abp) < e 7" < e~! and the result follows. O

In an exactly similar way, we can show that

Lemma 2.2.2 Let G ~ G, ,. Then with probability at least 1 — 1/n?, for every A C [n]

the following properties hold: Let a = |A|. Then

(i) If loagp" > T then eq(A) < 2alogn, and

2

(ii) [f% < I, then eq(A) < ™22

For larger sets, Lemma 2.2.3 gives a more precise result. Note that we allow o, 5 — 0

in the statement.
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Lemma 2.2.3 Let G ~ G,,. Then whp, for all pairs A, B C [n] of disjoint sets the
following property holds: Let o = |A|/n and § = |B|/n, and suppose that aSnp > 700.

Then

13 15
— <eq(A, B) < — 2.
14aﬁnp ea(A, B) 14046711)

Proof. eg(A, B) ~ Bin(afn? p), so by Lemma 1.8.1(i),

2
B

1 @ ”7«2 n
P (e(;(A, B) < 1—2&5712]9) < 2e s < 2e” s < 2 mloe(31) —
A union bound over all 3" possibilities (each vertex can lie either in A, in B or in neither,
but not in both) now gives the result. The right-hand inequality follows in an exactly

similar manner using the opposite tail estimate. 0]

2.2.3 Regular subgraphs of a random graph

Let po = po(n) be such that py > C'logn/n and let Gy ~ G,,,,. The graph G is generated
by including each edge of Gy independently at random with probability (1—1). We define
Gy := Go\G1. Note that Gy ~ Gy, and Gy ~ Gy, p,, Where p; = (1 — T)po and py = 2.
(Of course, the distributions of these random graphs are not independent of each other.)

We first show that G| contains a regular subgraph of degree at least

where r; is taken to be even.

We do this by using a theorem of Tutte: Let G be an arbitrary graph, r a positive

integer and suppose that S, T, U is a partition of V(G). Then define

=3 dv) - ea(S,T) + (S| - 7))

veT
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and let @, (S, T") be the number of odd components of G[U], where a component C'is odd
if and only if r|C| +eq(C,T) is odd. (In our case it will often suffice to bound @, (S, T)
simply by the total number of components of G[U].) Where it is clear from the context

which graph G is being referred to, we will usually simply write Q,.(S,T).

Theorem 2.2.4 (Tutte [117]) Let r be a positive integer. A graph G contains an r-

factor if and only if R.(S,T) = Q.(S,T) for every partition S,T,U of V(Q).

In order to apply Theorem 2.2.4 we will need an upper bound on Q,(S,T). We do this
by observing that if G[U] has many components, then it must contain a large isolated set
of vertices; that is, a set A C U such that eg(A, U\A) = 0. This becomes useful when
looking at a random graph, since (as we will prove in Lemma 2.2.7) it follows that whp A
has many neighbours in SUT'. This gives a lower bound on |[SUT| in terms of Q,.(S,T),

and thus gives an upper bound on Q,(S,T) in terms of |SUT| = |S| + |T).

Lemma 2.2.5 Let G be a graph with v components. Then for any v' < 3, there exists a

set W C V(G) which is isolated in G, such that v' < |W| < max{2v/, @}

Proof. Call a component C of G small if its order is at most v/, and large otherwise.
Suppose first that the union of all small components of GG also has order at most v’. Then

the number of small components is at most v, and hence there are at least v — v > 7

large components. So one of these components must have order at most @, and we can
set W to be this component.

On the other hand, if the sum of the orders of small components is greater than v’ then
we can form W by starting with () and adding small components one by one until |[W| > v’

Now since the last component added has size at most v', we have that |W| < 2v'. O

Given a graph G, define the boundary Bg(A) of a set A C V(G) to be the set of

vertices which are adjacent (in G) to some vertex of A, but are not themselves elements
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of A. We will use the following two lemmas to give a lower bound on |Bg, (A)|. Set

_ o
logn

Wo

So using the notation and assumptions of Theorem 1.3.4, wy > C. Our results will hold

provided that wy is sufficiently large depending on 7, which we will assume throughout.
Lemma 2.2.6 Whp,

(i) 6(G1) = (1 = $)npo,

(ii) A(G1) < npo, and

(iii) 6(Ga) > TR0,

5

Proof. Note that for a vertex = of Gy, d(x) ~ Bin(n —1,p;) and E(d(z)) = (1 — 7)(n —

1)po. By Lemma 1.8.1(i), we have

/r] 7(3)2@ 7772100 1
P(d@) < (1= 2) o) < 20 8 =050 <

2 n2

and a union bound gives the result. The bound on the maximum degree follows similarly,

as does that on the minimum degree of Gs. O

Lemma 2.2.7 The following holds whp: Let H be a spanning subgraph of Gq, and let
A C [n] be nonempty. Let 64 = mingeady(x). Then setting a = |A| and b = |Bg(A)|,

the following properties hold:

(i) ]f% > %, then b > ‘l((ngo—Gglzgn). In particular, if H = G4, then b > a.

(i) If 12%: < %, then 3a + b > %. In particular, if H = G, then 3a+b > ;.
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Proof. Let B = By(A).
(i) Then
abs <Y dy(x) = en(A, B) + 2en(A) < eqy(A, B) + 2¢6,(A) (2.2.8)
z€EA

which by Lemmas 2.2.1(i) and 2.2.2(i) is at most 2(a + b) log n +4alogn. The final part

follows from Lemma 2.2.6(i).

(ii) We claim that e, (A4, B) < Tapo(a + b). Indeed, if (1 +1)18% < T then by

Po

Lemma 2.2.1(ii), eq, (A, B) < Tabpy < Tapo(a+b). On the other hand, if (£ + %) logn >
then eq, (A, B) < 2(a + b)logn < Tapo(a + b). Similarly, Lemma 2.2.2 implies that

ego(A) < Ta’py. Now

(2.2.8)
ads < eq, (A, B) + 2eq,(A) < Tapo(a +b) + 14a’p,

and the result follows immediately. Again the final part follows by Lemma 2.2.6(i). O

We will later use the above lemmas to show that taking successive neighbourhoods of
a set will give us a set of size linear in n in a reasonably short time. For now, they allow

us to give a bound on the size of Q,.(5,T) in terms of |S| and |T.

Lemma 2.2.9 In the graph Gy, whp, for any partition S, T, U of [n], Q,,(S,T) < 150(]S|+
|T1).

Proof. Let v be the number of components of G1[U]. Consider first the case when
150 < v < 7. Then by applying Lemma 2.2.5 to the graph G1[U], we have that there
exists a set W C [n], isolated in G1[U], such that § < [W| < #&. Now by Lemma 2.2.7
with A=W,

B, (W) = min{|W], o SIWiE = W=

l\DI@
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But if W is isolated in G1[U], then its boundary in G lies entirely in SUT. So § <
|Be, (W)| < |S|+ |T|, and hence Q,,(S,T) < v < 2(|S|+|T)).
Now consider the case v > Z. Setting v' = %5 in Lemma 2.2.5, we have a set W,

isolated in G'1[U], such that z5 < [W] < #. Again the boundary of W in G has size at

least |W| > and hence % < |S| 4+ |T]. So 150(|S| + |T'|) = n and the result holds

1500 150
trivially, since @, (S,T) cannot be greater than n.

Finally if v < 150, then Q,,(S,T) < 150 < 150(|S| + |T'|) unless we are in the trivial
case |S| = |T| = 0. But if S,T are both empty then U = [n] and G,[U] = Gy, which
whp has only one component (this follows from the fact that a random graph G,, , with

pn > 2logn is whp connected, as proved in [37]). Since rq is even this component cannot

be odd, whence @, (S,T) = 0. O

Lemma 2.2.10 In the graph Gy, whp, we have that R, (S,T) = Q,,(S,T) for any parti-
tion S, T,U of [n].

Proof. Let dg,dr be the average degrees of the vertices in S, T respectively. Let p = %,

and s = |S|. We consider the following cases:

Case 1: p < 1. Then since eg, (S, T) < dr|T| and |S| > 2|T|, we have
Tl
R, (8,T) 2 ri(IS] = |T1)) = (151 +|T1)

and for sufficiently large n, 5-(|S| + |T']) = 150(|S| + |T'|) = Q,, (S, T).

Case 2: p > 4. Observe that by the definition of r; and by Lemma 2.2.6, we have

dy — 1y > (1 — 9) npo — <1 — —”) npy = 10 (2.2.11)

and




Now since eg, (S,T) < dg|S| and |T'| > 4]5|,

R, (5,T) = dr[T| = ds|S[ + (S| = |T|) = (dr — r1)|T| = (ds —11)|5]

77”]90 77”]70

(T =3[51) = 5= (S +1T1)

which again is at least @,,(S,T) for sufficiently large n.
Case 3: % < p<4and ( ps) logn > % In this case by Lemma 2.2.1 we have that

p1

ec, (5, T) < 2(p+ 1)slogn, and so it suffices to prove that
ps(dr — 2logn — r; — 150) + s(ry — 2logn — 150) > 0. (2.2.12)

(2.2.12) holds if dr — 2logn — r; — 150 > 0 and r; — 2logn — 150 > 0. But the latter

inequality holds since r| = (1 — —) npy = (1 — %T") wo logn, and the former since

(2.2.11) 1
dp —1 > 777;11?0 _ nw04ogn

> 3logn,

as wy = %

Case 4: % <p<4and (% + é)log" < % and ps < g5. In this case by Lemma 2.2.1

we have that eq, (S,T) < 7ps? (1 — 1) py, and so it suffices to prove that
ps(dr — 11 — 150) + s(rqy — Tps <1 — Z) po — 150) > 0,

and hence it suffices that dr —r; — 150 > 0 and 7, — 7ps(1 — 1)py — 150 > 0. But the

former inequality holds as before, and the latter since

14 14 3 3
ry — 150 > 1—57’1 R (1 — Zn) npy = 28ps (1 — Zn) Dpo = Tps <1 — Z) Do-

Case 5: % < p<4and ps > 35- Note that we still have £ < ﬁ, since S,T are

s
n
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disjoint. Now by Lemma 2.2.3,

15 15 6
€G1(57 T) < EIOSQ (1 - Q) Po < _Lsn <1 - Q) Po < =Sn (1 — Q) Do-

So it suffices to prove that

6 3
psn (1 — g) Po — =sn <1 - Z) po+ (1 —p)sn (1 — Z”) po — 150(p +1)s > 0,

ie., that 24 (1—31)—§(1—1) — 15%}’:{?1) > 0, which is true if 7 is not too large (which

we can assume without loss of generality). O

Corollary 2.2.13 Whp, G contains an even-regular subgraph of degree ri = (1— %T")npo.

Proof. This follows immediately from Theorem 2.2.4 and Lemma 2.2.10. 0

2.2.4 2-factors of regular subgraphs of a random graph
In this section we will show that any even-regular subgraph of G of sufficiently large

KN
logn

Kk = 2log (E) . (2.2.14)
n

degree contains a 2-factor with fewer than cycles, where

It will follow immediately that we can decompose almost all of our regular subgraph into
2-factors with at most this many cycles. Roughly, our strategy will be to show that the
number of 2-factors with many cycles in the original graph is rather small; smaller, in

fact, than the minimum number of 2-factors which an even-regular graph of degree r;

KN
logn”

must contain. Let ky =

Lemma 2.2.15 Whp, for any r-reqular subgraph H C G with r > 2npoe” 2, H contains

a 2-factor with at most ky cycles.
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To prove Lemma 2.2.15 we will need a number of further lemmas. We use Lemmas
2.2.16 and 2.2.17 to bound the number of 2-factors in G, , with many cycles, while

Lemma 2.2.20 gives a bound on the total number of 2-factors in H.

Lemma 2.2.16 For any k and for n > 3k, we have

1 k
E H ~(logn)"*,
a; n
where the sum is taken over all ordered k-tuples (ai, as, ..., a) such that a;+...+ar =n

and a; = 3 for each i € [n].

Proof. We proceed by induction on k. The case k = 1 is trivial since both sides equal

%. Supposing that the result holds for £ — 1, we have

Eoy n—3(k—1)
Zﬂla—f Z akZH—
1= ap=

where again the second sum on the right-hand side is taken over all ordered (k — 1)-tuples
(ay,...,ax_1) such that a1 +...+ar_1 = n—ay and a; > 3 for all i € [k—1]. By induction,

this is bounded above by

n—3(k—1)

1 k-1
> — (log(n — ax))*
QN — Ak
ap=3
n—3(k—1)
k—1 1 1
> (ot ) ostn - aw)

ap=3

o n 3 1 n—3 1 s
(logn)* p” + Z " a (log(n — ay))
ap= 3 =3

1 k
(logn)F! + 1(logn) 1) = —(logn)*1,
n
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where the last inequality follows from the fact that logn = f1 id:c and ¢ (log n)k-1

—fl zlogxk2dx O

Lemma 2.2.17 Let G ~ G, ;. Then whp, for any k > logn the number Ay, of 2-factors
i G with at least k cycles satisfies

n!(logn)%pn
Ak?-‘r]. < k'2k
Proof. Note that it suffices to show that if A} is the number of 2-factors in G with

exactly k cycles, then
(n— 1)!(log n)*~p"

E(A}) < (i —1)12F (2.2.18)
Indeed, we then have
5 n i—1,n
_ ’ (n —1)!(logn)""'p
i=k+1 i=k+1
Z (n — 1)!(logn)*pn o (n—1)!(logn)
D k12 h K12k
i=k+1
and Markov’s inequality implies that
n!(log n )% p" 1 1
P Ap 2 < < =
( F K12k n(logn)k = n?
A union bound now gives that whp the result holds for all logn < k < 3.
To prove (2.2.18), it suffices to show that K, contains at most % 2-factors

with exactly k£ cycles. We can count these as follows: Define an ordered 2-factor to be
a 2-factor together with an ordering of its cycles. We can count the number of ordered

2-factors by first choosing some k-tuple (aj,as,...,a;) and counting those ordered 2-
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factors whose cycles have lengths aq, as, . .., a; in that order. This can be done by simply
ordering V' (G) and placing vertices 1 to a; in the first cycle, vertices a; + 1 to a; + as in

the second, etc. This procedure will count each ordered 2-factor of the appropriate type

n!

(2a1)(2a2) - - - (2ax) times, and hence the number of these ordered 2-factors is gr——-.

Summing over all valid k-tuples, we have that the total number of ordered 2-factors with

k cycles is
k
n! 1 nlk o1
2ol < gy loem
by Lemma 2.2.16. But the number of ordered 2-factors (with k cycles) is simply k! times

the total number of such 2-factors, and the result follows immediately. 0J

We now need a lower bound on the total number of 2-factors. To do this we use the
Egorychev-Falikman-Waerden theorem along with a well known consequence (see e.g. the

proof of Lemma 2 in [42]).

Theorem 2.2.19 (Egorychev [35], Falikman [40]) Letr < n be positive integers and
let B be an r-reqular bipartite graph with vertex classes of size n. Then the number of
perfect matchings of B is at least (=)"n!.

Lemma 2.2.20 Let r be even, and let H be an r-reqular graph on n wvertices. Then H

contains at least (5-)"n! 2-factors.

Proof. It is easy to see that the number of perfect matchings of a d-regular bipartite

graph B with vertex classes of size n equals the permanent of the incidence matrix of B.

So we take an orientation of H in which every vertex has in- and out-degree 5. Form

a bipartite graph B whose vertex classes X, Y are each copies of V(H), with an edge
xy for each € X, y € Y such that xjy is an edge of the orientation of H. Now B
is g-regular and hence by Theorem 2.2.19 has at least (ﬁ)nn' perfect matchings. But

any perfect matching in B yields a 2-factor in H, and distinct matchings yield distinct

2-factors. ]
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Proof of Lemma 2.2.15. It suffices to show that whp Ay, 41 < (5-)"n!, and hence by

Lemma 2.2.17 it suffices that

2k om0

n |
< r > !> n!(log n)**pg

n kol2ko

which holds as long as

27’Lp0 " 2k0 k’o'
< 2t
r (log m)%ko

Noting that ko! > (%) it suffices that

e

2npy
r

nlog < ko(log ko + log 2 — 2loglogn — 1)

R

= 1Ogn(logn—310glogn—l—log/f—i-logZ— 1).

Since log k + log2 — 1 > 0, this follows immediately from

<x (1 B 310glogn> ‘
logn

Corollary 2.2.21 Lett = %(1 —n)npo. Then Gy contains a collection of at least t edge-

disjoint 2-factors, each with at most kg cycles.

Proof. By Corollary 2.2.13, G; contains a regular subgraph H of degree r; = (1 — 37?) npo.
By Lemma 2.2.15 (noting that H is also a regular subgraph of G;), we can remove 2-
factors with at most kq cycles from H one by one as long as the degree of the resulting
graph remains above 2npoe~2. Recalling by (2.2.14) that e 2 = 1, this gives us a collec-

tion of § (r; — T) > £(1 — n)npy = t 2-factors, each with at most ko cycles. O
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2.2.5 Converting 2-factors into Hamilton cycles

Applying Corollary 2.2.21 yields a collection Fi, Fy, ..., F,, of edge-disjoint 2-factors in

(G1, each with at most kg cycles, where

R

1
m = 5(1 —n)npy  and ko = (2.2.22)

logn’

Now we wish to convert these 2-factors into Hamilton cycles. Our proof develops ideas
from Krivelevich and Sudakov [91]. Our strategy will be to show that for each F;, we can
connect the cycles of F; into a Hamilton cycle using edges of Go\(F1 U FyU...UF,,). We
do this by incorporating the cycles of F; one by one into a long path, and then finally

closing this path to a Hamilton cycle.

Definition 2.2.23 Let P = vivy...v, be a path. A rotation of P with pivot v; is the
operation of deleting the edge v;_1v; from P and adding the edge v;vy to form a new path
Vi_1Vi_g ... V10Vt - .. Vg with endpoints v;_1 and v,. Call v;_qv; the broken edge of the

rotation, and v;v; the new edge.

Throughout this section all rotations will have new edges in a spanning subgraph I'
of Gy, which is edge-disjoint from P. Call a spanning subgraph F' of Gy a broken 2-factor
if F' consists of a collection of vertex-disjoint cycles together with a vertex-disjoint path,
which we call the long path of F'. The key to our proof of Theorem 1.3.4 is the following

lemma. Let

logn logn
E() = T rwe~ and E1 = S -
log(*5*) log(*5*)

Lemma 2.2.24 Let P be a path in Go. Let I' be a spanning subgraph of Gy whose edges
are disjoint from those of P, such that
1°n°po

e(Ga\I') < o (2.2.25)
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and

5(I) > anO. (2.2.26)

Then there exists a sequence of at most 2FEy+ 2E, rotations which can be performed on P,

using edges of I', to produce a new path P', such that at least one of the following holds:

(i) |P| > 55 and the endpoints x,y of P' are joined by an edge of I'.

(ii) One of the endpoints x,y of P’ is joined to a vertex outside P' by an edge of I.

Before we prove Lemma 2.2.24, we will first show how it is used to prove Theorem
1.3.4. Our aim will be to convert each 2-factor F; into a Hamilton cycle H; in turn.

For this, we use the following algorithm: Let F* be a broken 2-factor formed by
removing an edge of F; arbitrarily. Let j be the number of steps performed so far during
the conversion process (both on F'* and on the 2-factors which have already been converted
into Hamilton cycles). Here a step is taken to mean a single application of Lemma 2.2.24
to either obtain a broken 2-factor with fewer cycles or to close a Hamilton path to a cycle.
Let

I'=G\(H1U...UH, tUF"UF,1U...UF,).

Then since 6(Go) > 6(G1) > (1 — Z)npy by Lemma 2.2.6, and

we have that 0(I7}) > 5. Assume also that e(G2\I;) < 4jE,, and that

(2222) kn2p,

< Kk < . 2.2.27
J o 2logn ( )
Then
(2.2.27) 9kn2 (2.2.14) nbp2
e(Go\I) < R TP (2.2.28)

log(”f—gg‘)) = 1017 -
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Let P* be the long path of F*. If P* is a Hamilton path, then Lemma 2.2.24 applied
with I' = I'; and P = P* shows that after at most 2E 4 2F; rotations we can close P* to
a Hamilton cycle H;. We then move on to the next 2-factor Fj, ;. If there are no 2-factors
remaining (i.e., if ¢ = m), then we have constructed the required set of ¢ edge-disjoint

Hamilton cycles.

Otherwise by Lemma 2.2.24, after at most 2Fy + 2FE; rotations we can either join an
endpoint of P* to a vertex = outside P*, or we can close P* to form a cycle C*. In the
first case z will be a vertex of some cycle C, of F*, and we can delete one of the edges
of C, incident to x to form a new path P** which incorporates C,. We then redefine F*
to be the union of P** with the remaining cycles of Fj; this is a broken 2-factor with long
path P**  which has one cycle fewer than before. The algorithm then proceeds to the

next step.

In the second case we have that [C*| = |P*| > 75&. Now if |C*| < n — 35, then by

2,2 .
Lemma 2.2.3 we have eq, (V(C*), [n]\V(C*)) > “5d- Since

(2.2.28) n6n2p0 772n2p0
elG\G) < o < Bo000°

there must exist an edge in I from some vertex y of C* to a vertex outside C*. On the
other hand, if |C*| > n— g then applying Lemma 2.2.7 with H = I'; and A = [n]\V(C¥)
implies the same. We then delete one of the edges of C* incident to y and extend the

resulting path as in the first case.

We run this algorithm until the last 2-factor F},, has been converted into a Hamilton
cycle. Now since each step either reduces the number of cycles in a broken 2-factor or
closes a Hamilton path to a Hamilton cycle, the algorithm will terminate after at most
kom steps. It remains to justify our assumption that e(G2\I};) < 4jE4, for each j (i.e.,

at each step). We can prove this by induction: Gy C Iy, and since at most 2Fy + 2F;
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rotations are performed at each step, it follows that e(1;\Ij4+1) < 2Ey + 2E, + 2 < 4E.

So e(Go\Ij11) < 45E, +4E, = 4(j + 1) Ey, as required. O

It remains to prove Lemma 2.2.24. Our strategy will be as follows: We can assume
that whenever we have an endpoint x of a path P’ obtainable by fewer than 2E, + 2F,
rotations of P, then all of its neighbours lie on P’ (otherwise (ii) holds). So assuming
this, we try to form some large sets A, B, such that for any a € A,b € B, we can obtain
a path P’ with endpoints a,b. Then Lemma 2.2.3 together with (2.2.25) will allow us to
close P’ to a cycle.

We will (eventually) obtain the sets A, B by dividing the path P into two segments,
and showing that we can perform a large number of rotations using only those pivots
which lie all in one half or all in the other. This will ensure that the rotations involving
the first endpoint do not interfere with those involving the second endpoint, and vice
versa. In order to do this we need to show two things: Firstly, there exists a subset C}
of the first segment of the path and a subset C5 of the second segment of the path, such
that for ¢ = 1, 2, each vertex in C; has many neighbours which also lie in C;. In fact since
we are concerned with the successors or predecessors of the neighbours rather than the
neighbours themselves, we will require the neighbours to lie in the interior (taken along
P) of C;. Secondly we will show that we can force the endpoints of the path to actually
lie in these subsets.

We can accomplish the latter property by showing that the subsets are sufficiently
large and by performing rotations until each endpoint lies in its corresponding subset.
The obvious problem with this is that as we perform these rotations, C; and Cy will cease
to lie in their respective segments. So instead of defining C', C5 immediately, we construct
a subset C' of V(P) with certain properties; then after rotating so that a, b lie in C', we
will define C, C5 to be subsets of C', and the properties of C' will ensure that the vertices

of each C; have many neighbours in int(C;). Here the interior int(C;) of C; is the set of
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elements x of C; such that both of the vertices adjacent to x along P also lie in Cj.

We start with the following lemma, where k£ = logn.

Lemma 2.2.29 Lete = gl;, and P C G be a path, n' := |P| > 55. Let I' be a spanning
subgraph of Gy, edge-disjoint from P, which satisfies (2.2.25). Let Wy, Wa, ..., W}, be
a partition of P into segments whose lengths are as equal as possible. Then there exists

S C [k] with |S| = (1—¢)k, and subsets W] C W; for eachi € S with |int(W/)| > (1—6)%/,

and for at least | S|—ek of the sets W}, |Np(x)Nint(W})| > npon’

such that for any x € W/ 20k

177

Proof. We start with S = [k] and W/ = W;, and as long as there exists i € S and a

such that |[Np(x) Nint(W))| < o for at least ek values of j € S, we

lA
vertex x € W/ Ok

77
remove . (In this case, call x weakly connected to W} .) Further, if at any stage there

exists ¢ € S such that |int(W/)| < (1 — 5)%, then we remove 7 from S.

e2n’
4

We claim that this process must terminate before vertices are removed. Indeed,

524”/ vertices and let R be the set of removed vertices. Now

suppose we have removed

|R| = %, and so S5 |int(W))| > (1 — %)n’. Hence we have |int(W/)] > (1 — 6)%’
for at least (1 — %) k values of 7, i.e., at most % indices have been removed from our

original set S. So each x € R is still weakly connected to at least % sets W/ with i € S.
For each i € S, let W(C'(i) be the set of vertices x € R which are weakly connected to W.
Now consider the set Sy ={i € S| |WC(i)| > %} Note that if ¢ € Sp, then

lint(W)||WC (1) (1 —e)e*(n')*nwy logn S nSwg

nps =

> > 700.
n n 128kn? 1016

So Lemma 2.2.3 implies that the number of edges of G5 between int(W)/) and WC(i) is

K3

at least

B3 npo|WC@)|(L = e)n _ npo| WC(@)|n'
14 4k - 10k ‘

But by the definition of WC'(i), I" contains at most %C;(i)\n’ edges between int(WW/) and

WC(i), and hence G5\I" contains at least this many edges between int(W/) and WC(i).
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Observe that >, o |WC(i)| > |R|$ = 531%/’“, since each x € R is weakly connected

to W/ for at least < values of i € S. But since Dies\s, IWC ()| < 53;2/’“, we have that

> ies, IWC()] = 5337;/’“. Hence Go\I" contains at least

nn'po o ned()pe . mPetnPpy _ nPnPpg
W) = > >
20k >_Iwe) 640 64-4-10° 1016

i€So

edges, which would contradict (2.2.25). This proves the claim, and now we consider the
sets W/ as they are at the point at which the process terminates. It is immediate that

for each i € S, W/ satisfies the requirements of the lemma. But since we have removed

at most 2 indices from our original set S, we also have [S| > (1 — ¢)k. O

Let C' = [J,cs W/ and note that [C| > (1 —¢)?n’. We now need to show that the set of
vertices which we can make into endpoints of P with relatively few rotations is of size at
least 2en. Doing this gives immediately that one of these endpoints must be an element

of C'. For this we use the following definition and lemma.

Definition 2.2.30 Let P be a path and H a graph with V(P) C V(H), such that P and
H are edge-disjoint. Let Q C V(H) and let 7 > 1 be an integer. Then a vertex v of P
is (H,Q, )-reachable if there exists a sequence of at most T rotations which make v into
the first endpoint of P, with all of the new edges being edges of H and all of the pivots

being elements of Q).

The main reason we include the set () in this definition is that there will be certain
edges of P that we do not want to break. We achieve this by ensuring that none of the

endpoints of these edges lie in Q).

Lemma 2.2.31 Let H be a graph on n wvertices, and let P = x...y be a path on a
subset of V(H) which is edge-disjoint from H. Let Q C V(P), and let U, be the set of
(H,Q,T)-reachable vertices of P. Then |U41| = 5|Nu(U;) N Q| — U]
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Proof. For a vertex v € P, let v~ and v* be the predecessor and successor, respectively,
of v along P. Let T'= {v € Ng(U,)NQ | v—,v" ¢ U;}. If v € T, then since neither v
nor either of its neighbours on P are in U,, the neighbours of v are preserved by every
sequence of at most 7 rotations of P with pivots in Q; i.e., v and v~ are adjacent to v
along any path obtained from P by at most 7 rotations with pivots in ). It follows that
one of v~ and v* must be in U, ;. Indeed, starting from P, we can obtain by performing
at most 7 rotations a path with endpoints z and y, such that z € U, and zv is an edge
of H. Now by one further rotation with pivot v and broken edge either vot or vv~, we

obtain a path whose endpoints are either v*,y or v, .

Now let TT = {v* |ve T,vt € U,y and T~ = {v™ |v e T,v” € Upy1}. It follows
from the above that either |TF| > |T'|/2 or [T~| > |T|/2, and both T+ and T~ are subsets

of Usy. Hence [Uyoi| = |T1/2 > (INy(U,) N Q| — 2|U|) /2. 0

Note that in this section P will always be a path in Gy and we will apply Lemma
2.2.31 with H =1T".

Corollary 2.2.32 FEither |Ug,| > or some element of Ug, has a neighbour in I lying

/L
200’

outside P (or both).

Proof. It suffices to show that as long as |U;| < 55, and assuming no element of U, has

a neighbour outside P, we have that |Uy1| > min{5g2|U;|, 555 }. We apply Lemma 2.2.7,

200
setting = I" and A = U,. Now in the notation of Lemma 2.2.7, 64 > §(H[V(P)]) > T
by (2.2.26), and so we have that either (i) |Br(Uy)| = (g% —3)|Us|, or (ii) 3|Us|+|Br(Us)| =
2%, If (i) holds then

28"

1 w
Ussal > 31Br(U)] = U] > (53 + [T = U] =

23

nwo

%|Ut|~



On the other hand if (ii) holds then

1
Ul 2 SIBr(U)| = Ul 2 o= = SIU] = 55

Corollary 2.2.32 implies that if our path P in Lemma 2.2.24 satisfies |P| < &, then

alternative (ii) of Lemma 2.2.24 holds. So suppose that [P| > J&&. Then we can apply

Lemma 2.2.29 to obtain a set C' = (J;.g W;. Now since g + |C| > n/ = | P|, we have that
either alternative (ii) of Lemma 2.2.24 holds, or we can obtain in at most Ej rotations a
path with endpoints a’, b such that o’ € C'. Suppose we are in the latter case. Repeating

the argument for b gives us a path P” with endpoints o', 0’ € C' which is obtained from

P by at most 2E, rotations.

Call a segment W; of P unbroken if none of the rotations by which P” is obtained
had their pivot in W;. Note that each unbroken segment is still a segment of P in the
sense that the vertices are consecutive and their adjacencies along the path are preserved.
Since we have arrived at the path P by at most 2Ej rotations, there are at least k — 2E
unbroken segments W;, and for at least k — 2FEy — €k of these we have that i € S. Noting
that £y < %, we are still left with at least % unbroken segments W; for which ¢ € S. Let

us relabel these segments W; according to their order along P, and take C = |, 3k w!
=1

and Cy = Ui>% W!. Note that for any € C (and in particular for x € C; and for @'),

npon’ (3k -\ mpon’ 0o
20k \ 10 70 714000

Now let 2y be a vertex separating Cy, Cy along P, and let zy divide P"” into paths
P, Py. Let U; be the set of endpoints of paths obtainable by at most ¢ rotations about a’

with pivots lying only in int(C}). So these rotations affect only P,/, and Py is left intact
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in each of the resulting paths.

2'fl
Lemma 2.2.34 Suppose that |U;| < 5. Then

2 2

. . nn. nNwo
Br(U,) Nint(Cy)| > m ) Uil ¢ -
|Br(Uy) Nint(Ch)| ln{150000 20000 t'}

Proof. Let u = |U;| and v = |Br(U;) Nint(Cy)|. Consider the case lz% > I Then

similarly to the proof of Lemma 2.2.7,

un’npn (2-2.33) . .
0 B S N @) Aint(C)] < er(Un Br(U) Nint(Ch) + 2er (V)

< 2(u+u')logn + 4ulogn,
whence

/s (n*npo — 84000log n)u  (n*wo — 84000)u < n*wg 0]
- 28000 log n B 28000 Z 40000 "

On the other hand, if loi" < % then

upo

2
S0 <37 INp (@) Nint(Cy)| < er(Us, Br(Uy) Nint(Ch)) + 2ep(Uy)

< Tupo(u + ') + 14u’pg

2 2
! n / n
and so 3u +u' > Lgsooo- Hence v > —77—150000. O

2n
Corollary 2.2.35 |Ug,| > 5.

Proof. It suffices to prove that for each t such that |U;| < TTZv either |Upyq| > TTZ

or |Upq| = 17120%|Ut] (or both). Similarly to Lemma 2.2.31, we have that U] >

H1Br(Uy) Nint(Ch)| — |Uy|, and now Lemma 2.2.34 immediately gives the result. O

Proof of Lemma 2.2.24. Suppose first that |P| < 555. Then Corollary 2.2.32 immediately

implies that we can obtain a path, one of whose endpoints has a neighbour in I" lying
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outside P, in at most Ey rotations. So we may assume that |P| > JEv, and hence the

conditions of Lemma 2.2.29 are satisfied. Now we proceed as above to obtain a path
P" = P, U By, with endpoints o', b’ and with sets C7, Cy satisfying (2.2.33), such that
a €eC,CPyand b € Cy C Py.

Let U = Ug,. Now similarly, we can rotate about &’ using only pivots in C5, to obtain
another set U’ of endpoints in another F; rotations, such that |U’| > %. Now by Lemma

2.2.3, there are at least ﬁ”igfé’o edges of G5 between U and U’, and since by (2.2.25) Go\I'

contains fewer edges than this, it follows that there exists an edge zy of I' between U
and U’. Now by the definition of U and U’, we can obtain a path P” with endpoints x, ¢’
from P by a sequence of at most E; rotations, none of which affect the second half Py
of the path P"”. From P” we can obtain a path P’ with endpoints z,y by at most F;

rotations. O

2.3 Exact result

2.3.1 Outline

The goal of this section is to prove Theorem 1.3.5. Our approach uses the ideas from
Section 2.2 (see Section 2.2.1), but some obvious obstacles arise. For simplicity, assume
that n and 0(G,,,) are both even in what follows. We can use Tutte’s theorem to show
that G, , has an r-regular subgraph G,¢, with r = §(G,,,,) (this is harder than Step 2 but
not too difficult for our range of p). So we can decompose G, into r/2 2-factors F; and
would like to transform each F; into a Hamilton cycle. At first sight, this looks infeasible

for 2 reasons:

(a) The counting argument in Step 3 only works for reasonably dense subgraphs of G, ,,.

So the 2-factors produced by the later iterations in Step 3 will have too many cycles.

(b) We no longer have a graph Gy, to use in Step 4.
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For (a), it turns out that one can extend the counting argument so that it also works

for sparser subgraphs of G, ,, provided these subgraphs are pseudorandom (see Lem-

mas 2.3.21 and 2.3.25).

A very useful observation which goes some way in solving problem (b) is the following;:
Let z be the vertex of minimum degree in G, ,. Then whp there is a small but significant
gap between d(x¢) and d(z) for any x # z¢ in Gy, (the gap has size close to /np). Let
Glept be the subgraph of G, , consisting of all the edges not in G,,. Then G4 has density
about \/1%, and we could try to use Gi.s to merge 2-factors instead of the graph Gipin
in Step 4. One problem here is that Gi.s is not actually pseudorandom as it is just the

‘leftover’ from the Tutte application.

We use the following idea to overcome this problem. Right at the start, we remove
the edges of a random subgraph G5 of density ps from G, ,, where nps < /np. Let xg
be the vertex of minimum degree of the remaining subgraph G, of G,,,. The choice of p;
implies that o will also be the vertex of minimum degree in G,,,. Now add all edges of
G5 which are incident to zg to G;. Then 6(G1) = 6(Gpy) and it turns out that we can
still apply Tutte’s theorem to obtain an r-regular subgraph G,., of G (see Lemma 2.2.4).

Again we obtain a decomposition of G, into 2-factors F;.

The key advantage of this method is that G5 — xy will be pseudorandom, and so one
can use Gy in the same way as Gy, to merge the F; into Hamilton cycles. However,
it turns out that G5 is far too sparse to complete the process: if e.g. p is a constant,

then our bound on the total number of cycles in the F} is significantly larger than n3/2.

On the other hand, G5 has significantly fewer than n®/?

edges. To reduce the number
of cycles in F; by 1, we need about logn edges from G5. So even if we return the same
number of edges from F; to G5 each time, we cannot assume G5 to be pseudorandom

after dealing with even a small proportion of the F;. We remark that while performing

additional iterations would allow us to improve the lower bound on p in Theorem 1.3.5 by
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a polylogarithmic factor, we cannot eliminate the polylogarithmic term entirely merely
by increasing the number of iterations. Conversely, with fewer iterations one would still

obtain a weaker version of Theorem 1.3.5.

Our main idea is to use an iterative approach to overcome this. Choose ps, ps and p4 so
that ps < ps < p3 < p2 < p. Then choose randomly edge-disjoint subgraphs G; of G, ,,
of density p;, for i = 2,3,4,5. (For simplicity, assume that Gy, G3 and G4 are regular of
even degree in what follows.) Let G be the remaining subgraph of G,,,, (with all of the
edges of G5 which are incident to zy added to G;) and let F; be a set of §(G;)/2 edge-
disjoint 2-factors of GG;. Then as our first iteration we transform all the F; into Hamilton
cycles, where G5 plays the role of Gypgp,. In the second iteration, we do the same for (the
leftover of) Go, with G3 playing the role of Gyp;,,, and so on until we reach G5. (Note that
there is no need to do anything with the leftover of (G5, as G5 contains no edges incident
to xp.) In total, this gives us a set of |(0(G1) + 0(Ga) + 0(Gs) + 0(G4)) /2| = |d(x0)/2]

edge-disjoint Hamilton cycles which together contain all of the edges incident to x.

The new problem that we now face is that e.g. in the second iteration the graph G,
is a ‘leftover’ from the first iteration. So its pseudorandom properties are not as strong
as we need them to be (e.g. in order to apply the strengthened version of the counting
argument in Step 3) due to the existence of some ‘bad edges’ which were moved into G

from the F; during the first iteration.

In order to deal with this, we perform some intermediate steps (about 7 = log n/ loglogn
per iteration) using yet more random graphs G/ ;) (which we must also remove from G,
initially). So first G 2,1y plays the role of Gyp;,, when transforming the 2-factors of Gy into
Hamilton cycles. We then transform (the leftover of) G(z1y into Hamilton cycles using
G22) and G(23), and then the leftover of G(22) and G(a3) using G24) and G(a5), etc.
Roughly speaking, after 7 iterations we will have replaced G(21) by a graph G(g2,41) of

almost the same density as G(2,1), but containing no bad edges (see Lemma 2.3.60). So it
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is now possible to carry out the second iteration (as described in the previous paragraphs)
with G(22-41) in place of Gy and G 31y in place of G5, and similarly the third and further

iterations.

This section is organized as follows: In Section 2.3.2, we define the pseudorandomness
properties we need in the proof and show that with very high probability they are satisfied
by G p. In Section 2.3.3 we use Tutte’s theorem find an analogue of G.¢4. In Section 2.3.4
we use our extended counting argument to split this analogue of G, into 2-factors. In
Section 2.3.5 we show how to merge the cycles in each of these 2-factors into a Hamilton
cycle. Finally in Section 2.3.6 we combine our results so far to prove Theorem 1.3.5, using

the iterative approach discussed above.

2.3.2 Pseudorandom graphs

Our aim in this section is to establish several properties of random graphs which we will
use later on, mainly regarding the degree sequence and expansion of small sets. For many
of these, the fact that they hold whp in G, , is well known; however, we need them to
hold in logn/loglog n random spanning subgraphs of G, , simultaneously. To accomplish
this we first show that they hold in G,,, with probability 1 — O(1/logn), and then take

a union bound.

The following useful definition is due to Thomason [112]. It involves tighter bounds
than the similar and more common notion of e-regularity. We will rely on these in the

proof of Theorem 1.3.5.

Definition 2.3.1 Letp, 8 > 0 withp < 1. A graph G is (p, B)-jumbled if |ec(S)—p(5)| <
Bs for every S C V(G) with |S| = s.

We will often use the following immediate consequence of Definition 2.3.1: Let G be
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a (p, f)-jumbled graph and let S,7° C V(G) be disjoint. Then

lec (S, T) = plSIIT]] < 28(IS| + |T)- (2.3.2)

To see this, note that eq(S,7T) = eq(SUT) — eq(S) — eq(T); now applying Definition
2.3.1 and using the triangle inequality implies (2.3.2).
The following two definitions formalise the notion of ‘degree gap’, which we need in

our proof.

Definition 2.3.3 Let G be a graph on n vertices with a verter xo of minimum degree,

and let uw < n. Then G is u-jumping if every vertexr of G apart from xo has degree at least

I(G) + u.

Definition 2.3.4 Let G be a graph on n vertices. For a set T C V(G), let da(T) be
the average degree of the vertices of T in G. Then G is strongly 2-jumping if da(T) >
§(G) + min{|T| — 1,log®>n} for every T C V(G).

Note that if G is strongly 2-jumping then it is also 2-jumping. In addition to these
three properties we will use several other bounds concerning the degree sequence and
edge distribution of a random graph. The following definition collects these properties

together.

Definition 2.3.5 Call a graph G on n wvertices p-pseudorandom if all of the following
hold:

(a) G is (p,2+/np(1 — p))-jumbled.

(b) For any disjoint sets S, T C V(G) with |S| =s and |T| =t,

+ 1) 182 > T then eq(S,T) < 2(s +1t)logn,

() if
(i) if (

w |=

_I_

) 1o§n < %, then eq(S,T) < Tstp,

w =
~+ |
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(iil) of 108% > 1, then eq(S) < 2slogn, and

(iv) of loi" < I, then eq(S) < 7s%p/2.

(c) np —2y/nplogn < 6(G) < np —200+/np(l —p) and A(G) < np + 2y/nplogn.
(d) G is strongly 2-jumping.

Definition 2.3.5(a) gives good bounds on the densities of large subgraphs but not on
those of very small subgraphs, which is why we need (b).

The remainder of this section will be mainly devoted to showing that the random
graphs we consider in the rest of the proof are in fact pseudorandom (see Lemma 2.3.12).
We will need the following large deviation bounds on the binomial distribution, proved in

[60] (as Theorem 2.1, Corollary 2.3 and Corollary 2.4 respectively):
Lemma 2.3.6 Let X ~ Bin(n,p). Then the following properties hold:

(i) If h >0, then P[X < np— h] < e /2w,

/

(ii) Ifc>1 and ¢ =logec— 1+ 1/c, then for any a > cnp, P[X > a] < e “°.

The following lemma states that the property in Definition 2.3.5(a) holds with very

high probability in G,,, for the desired range of p.

Lemma 2.3.7 Suppose that np/log”>n — oo and n(1—p)/log’n — oo, and let G ~ G, .

Then the probability that G is not (p,2v/np(1 — p))-jumbled is at most 2/n?.

Proof. Without loss of generality we may assume that 0 < p < 1/2 (by considering
the complement of G if p > 1/2). For each set S C V(G) with |S| = s, we have that

e(S) ~ Bin((3),p). Let

=¥ v = (o)

and note that epN = 24/np(1 — p)s. Call S bad if |eg(S) — pN| = epN. We consider the

following cases:

61



Case 1: s > 54/" ( 2 4+ 1. Then e < 3/2, and hence by Lemma 1.8.1(i) we have
that the probability of S being bad is at most 4e"PN/3 But since p < 1 /2, we have

e?pN/3 = %15’) > 4?”. So the probability that S is bad is at most e™".

Case 2: s < % (p_p ) +1. Since & > 3/2 in this case, we have that epN > pN and hence
Pleg(S) < pN —epN] =0. Let c=¢e+ 1,80 ¢ > 5/2. Let ¢ =loge — 1+ 1/c and note
that since ¢ is an increasing function of ¢ for ¢ > 1, we have ¢ > log(5/2) —1+2/5 > 1/4.

Now by Lemma 2.3.6(ii) applied with a = (1 + ¢)pN, the probability that S is bad is at

most e —c'(14¢)pN < e~ c'/np(l—p)s < e—4slogn — —45'

We now take a union bound on the probability that there exists a bad set S. Firstly for
any s < %, / @ +1, the probability that there is some bad set S with |S| = s is at most

(2) n~1 < n73* < n73. Summing over all such s, we have an error bound of n'=% = 1/n?.
Further the probability that there exists a bad set S with |S| =s > £,/ @ +1is at

most 2"e" < 1/n% Now adding these two bounds completes the proof. OJ

To check the properties in Definition 2.3.5(b) we can use Lemmas 2.2.1 and 2.2.2 from
the Section 2.2.

It remains to establish the bounds in Definition 2.3.5(c) on the minimum and maximum
degree of G, , (see Lemma 2.3.9), and the fact that G, , is strongly 2-jumping with
probability 1—O(1/logn) (see Lemma 2.3.10). For this we need estimates on the binomial
distribution which do not follow from standard Chernoff bounds (see Lemma 2.3.8). These

estimates use the following notation, where X ~ Bin(n — 1,p):
[} b(’l") =P [X = 7“] = (nil)pT(l — p)niril,

e B(my,my) =P[m; < X < myl, and

b'(r), B’ (my1,ms) and B’(m) are defined similarly for X ~ Bin(n — 2,p).
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Lemma 2.3.8 Suppose that np(1 — p) — oo. Let my = np — 2y/nplogn, my = np —
2004/np(1 — p) and A =1 —1/(8log®n). Then

(i) nB(mg) = nb(msy) > /n/logn, and

(il) nB(my) < 1/y/n.

Suppose in addition that p > 482log" n/n and 1 —p > 36n~"2log”/*n. Then

(iii) b(g(;)l) > \ for each 1 > mq — 8log®n,

(IV) B(mi—8 log? n,r)

0 > 4log®n for each r = my, and

(v) IZ((:)) <1+ 1/logn for each r > my.

Proof. (i) Let X ~ Bin(n—1,p), o = \/(n — 1)p(1 — p) and m} = np—201+/np(1 — p).
Now the de Moivre-Laplace Theorem (see e.g., Theorem 1.6 of [15]) states that if 0 — oo

and x5 > x, are constants, then

B((n = p +z10, (n = Dp + 250) = (L + 0(1))(d(22) — ¢(21)),

where ¢(x) is the cumulative density function of the normal distribution. Clearly

B(np + z1y/np(1 — p),np + x24/np(l — p))

= (14 0(1))B((n — 1)p+ 210, (n — 1)p + 220).

To see this, note that the boundaries of the interval change by at most 2 and that b(r) — 0

for any r. Hence we have that

B(mj, ms) = (1+ o(1))c,



where ¢ = ¢(—200) — ¢(—201) is constant. Clearly b(r) < b(ms) for each mf, < r < mo.

So

(1+o)en _ i
nb(ma) > Jrd—p +1° logn’

(ii) Let X ~ Bin(n — 1,p). By Lemma 2.3.6(i) we have that

P [X <np — 2\/np10gn] <P [X <(n—1)p-— 7\/nplogn/4]
< o~ (VapTogn/42/2mp  ~Slogn _ L
X X n3/2-

(iii) We have

br—1) (D A=p)" = DW(n—r—DI(1—p) r(l—p)

o) (Y-t oD - Die—nl (-

and so

br—1)  np—r o 2v/nplogn + 8log® n
bir)  (n—7)p  (n—np+2y/nplogn + 8log’ n)p
< 3vnplogn  3y/logn

np—np* (1 —p)y/np

Now if p > 1/2 then (1 — p)/np > (36n"%log”/?n)(y/n/2) and the result follows. On
the other hand if p < 1/2 then (1 — p)/np > (481log™?n)/2 and again the result follows.

(iv) Note that

B(m; — 8log’n, ) b(r—1)  b(r—2) b(r — 8log®n)

>1 .
o) R I I (Y

1— )\810g3 n+1

o I S I A

1—A
1—e !
> % > dlog’n,
1/(81og® n) s
where in the final line we use that \ < e~1/(8lg’n),
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—r—1 —p— 2y/npl
. on-—r 4P <14 nplogn
(n =11 -p) (n =11 =p) (n =11 -p)
<1+ 3v/plogn < 1
Vn(l —p) logn
as desired. 0

Lemma 2.3.9 Let G ~ G, ,. Suppose that np(1 — p) — oo. Then
(i) P[6(G) < np — 2v/nplogn] < 1/v/n, and
(i) P [A(G) = np +2y/nplogn] < 1/y/n.

Suppose further that p > 482log"n/n and 1 — p > 36n~1/? log7/2n. Let my = np —

2y/nplogn, my = np—200/np(l — p) and let m; < m < my be such that nB(m) > logn
and nB(m — 1) <logn. Then

(iii) P[0(G) > m| < 4/logn, and
(iv) P |6(G) > np —2004/np(1 —p)] < 4/logn.

Note that the results in Chapter 3 of [15] give sharper bounds which hold with high
probability. However as mentioned earlier, we need our error probability to be smaller.
Since this does seem to affect the precise results we need to prove the bounds explicitly.
Also note that by Lemma 2.3.8(i) and (ii), nB(m;) < logn < nB(ms) (with room to
spare), and so there exists m; < m < my such that nB(m) > logn, but nB(m—1) < logn.

Thus (iii) is not vacuous.

Proof. (i) By taking a union bound we have that

P |§(G) < np— 2\/np10gn] < nB(np — 2y/nplogn) < 1/v/n,
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where the last inequality follows from Lemma 2.3.8(ii).
(ii) Apply (i) to the complement of G.
(iii) Let Y be the number of vertices v € V(G) such that m; < d(v) < m. As

nB(my) < 1/4/n by Lemma 2.3.8(ii), we have

E(Y) =nB(my,m) = nB(m) —nB(m;) > logn — 1/yv/n > 2logn/3

and
Ey(Y) =n(n —1)(pB'(m1 — 1,m — 1) + (1 — p) B'(m1,m)?) < n®B'(my, m)>.
Hence Yir)
V EQ Zr mi nb/(r) Z7T"n:Tn1 nb(r) b(:) <1+ 1
E(Y) ZT_ml nb(r) 0L, nb(r) T logn’

where the last inequality follows from Lemma 2.3.8(v). Hence

Var(Y) =Ey(Y) +E(Y) —E(Y)* < (1 +1/logn)*E(Y)* + E(Y) —E(Y)?
= (2/logn + 1/log’> n)E(Y)? + E(Y).
So by Chebyshev’s inequality,

VCLT(Y)<2+1+1<4
E(Y)? ~logn login E() " logn’

P(Y =0) <

(iv) This follows immediately from (iii) and the remark after the lemma statement.

O

Lemma 2.3.10 Let G ~ G,,,. Suppose thatp > 48%log” n/n and 1—p > 36n~2log”? n

Then with probability at least 1 — 6/logn, G is strongly 2-jumping.
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Similarly to Lemma 2.3.9, note that Theorem 3.15 in [15] would imply Lemma 2.3.10 if

we only required the statement to hold with high probability.

Proof. Let m; = np — 2v/nplogn, my = np — 2004/np(1 — p) and A = 1 — 1/(8log” n).
Let m; < m < mgy be such that nB(m) > logn, but nB(m — 1) < logn. By Lemma
2.3.9(iii) there exists a vertex of degree at most m with probability at least 1 — 4/logn.
So it suffices to show that with probability at least 1 — 2/logn there are no two vertices

each of degree at most m + 2log®n whose degrees differ by at most 1.

Let Z be the number of (unordered) pairs vy, vg of vertices such that m; < min{d(vy), d(vs)} <

m + 2log*n and |d(v;) — d(v;)| < 1. We have

m+2 10g2 n

E(Z) < (g) Z pb'(r — 1%+ 2pt/ (r — DV (r) + (1 — p)b'(1)?
r=mi
+2(1 =)' (r)t'(r +1)
n2 m+2log?n 3”2 1 2 m+2log®n
< v / / < 2° .
<5 ; V()b (r +1) < = <1 + logn) ; b(r)b(r + 1)

< 2n%b(m + 2log® n + 1) B(my, m + 2log® n),

where the third inequality follows from Lemma 2.3.8(v). Note that

2log*n + 2

/\2 log2 n+2 >1
- 8log® n

6
= —. 2.3.11
- (23.11)
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Now by Lemma 2.3.8(iii),

m~+2log? n+1
nB(my,m+2log’n+1)= Y nb(r)
r=mi
m O, ZTL
o HIZg i nb(r — 2log®n — 2)
= )\210g2 n+2
r=mi
nB(m; — 2log*n —2,m — 1) o nB(m —1)
- )\2log2 n+2 =~ )2 log? n+2
logn (2-?211) Tlogn
= \2log?nt2 S 6

So Lemma 2.3.8(iv) implies that

nB(m; — 8log®n,m + 2log”n + 1)
4log*n
nB(my — 8log®n,my — 1) +nB(my,m + 2log’n + 1)
4log®n

nb(m +2log®n + 1) <

o 8log® n - nb(my) + tlogn

~

4log®n
and now since b(m;) < B(my), Lemma 2.3.8(ii) implies that

2 n 7 < 1
vn o 24log?n  3log’n

nb(m +2log?n + 1) <

Hence
_ Tlogn _ 12 < 1 '
6 3log®n ~ logn

E(Z) <2

So by Markov’s inequality P[Z > 1] < 1/logn. Now by Lemma 2.3.9(i), the probability
that there are any vertices at all of degree at most m is at most 1/y/n. So with probability
at least 1 —1/logn —1/y/n > 1—2/logn, there are no pairs of vertices of degree at most

m + 2log® n, whose degrees differ by at most 1. 0

We now combine the above results to prove that our desired pseudorandomness con-
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ditions hold whp in G, .

Lemma 2.3.12 Let G ~ G,,,,. Suppose thatp > 48%log” n/n and 1—p > 36n~/2log"?n.

Then the probability that G is not p-pseudorandom is at most 11/logn.
Proof. By Lemmas 2.3.7, 2.2.1, 2.2.2, 2.3.9(i), 2.3.9(ii), 2.3.9(iv) and 2.3.10 the proba-
bility that G is not p-pseudorandom is at most

2 1 1 1 1 4 6 11

—t=+=+—=+— < .
n2+n2+n2+\/ﬁ+\/ﬁ+logn+logn logn

Lemma 2.3.13 Let T denote the interval [482log” n/n,1 — 36n~21log™?n]. Let py € T
and let Gy ~ Gy p,. Let p1,...,p5 € I be positive reals such that py + pa + ps + pa +
ps = po. Let ta,t3,t4 < logn/loglogn be positive integers. For each i = 2,3,4, let
Py -+ Di2t+1) € L be positive reals such that pe 1y + pag2) + - - + Pi2ti+1) = Pi-

Suppose that the quantities p; +p;11 fori = 2,3,4 all lie in . Suppose further that the
edges of G are distributed among graphs G1,Gs and Gy, - .., Gigm+1) fori=2,3,4, as
follows. For each edge ab of Gy:

o With probability py/po let ab be an edge of G;.

o Fori=234and1 < j<2m;+ 1, with probability pi jy/po let ab be an edge of
Glig)-
e Otherwise (i.e., with probability ps/po), let ab be an edge of G.

Fori1=2,3,4, let G; = U?Zfl G jy- Then whp, the following properties hold:

(i) Gy is pi-pseudorandom for each 0 < i <5,
(ii) Gy 5 puj)-pseudorandom for i =2,3,4 and 1 < j < 2t; 4+ 1, and
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(i) G; U Giyq is (pi + piv1)-pseudorandom for i = 2,3, 4.

Proof. First note that G ; ~ G for each 7,5 and that G; ~ G, ,, for each i.

P (i)
Further, G U Gy ~ G (p,4piyy) for i = 2,3, 4.

Hence by Lemma 2.3.12 for each graph, the probability that it is not p-pseudorandom
for the relevant value of p is at most 11/logn, and so by taking a union bound we have

that the probability that at least one of these graphs is not pseudorandom is at most

67/ loglogn, which tends to 0 as n — oo. O

At one point in the proof of Theorem 1.3.5 we will need G,,, to be u-jumping for some

u > 2. For this we use the following result.

Lemma 2.3.14 Let G ~ G,,, with np/logn — oo and n(1 — p)/logn — oco. Then with

high probability, G is 8v/np(1 — p)/ log** n-jumping.

We will apply this lemma only once (in Section 2.3.6), so in this case a whp estimate

is sufficient.

Proof. The conditions of the lemma immediately imply that np(l — p)/logn — oo.
Let t = min{(np(1 — p)/logn)"/? log/*®n} and let o = 8log™/* n; note that t — oo
and a — 0. Applying Theorem 3.15 in [15] to the complement of G, we have that G is

u-jumping where

o« (np(l—p))1/2>8 np(l—p)

T m? logn log®* n

2.3.3 Constructing regular spanning subgraphs

The first step in our general strategy for finding a large collection of Hamilton cycles in
a p-pseudorandom graph G is to construct a regular spanning subgraph of G' of degree

d(G) if 6(G) is even, or of degree §(G) — 1 if 6(G) is odd. The aim of this section is to
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establish that this is always possible for our range of p. As in Section 2.2.3, we will use
Tutte’s r-factor theorem (see Theorem 2.2.4). For the particular case of a 1-factor (that

is, a perfect matching), we use the following simpler result:

Theorem 2.3.15 (Tutte [116]) Let G be a graph. Then G has a perfect matching if
and only if for every S C V(G), the number of components of G — S which have an odd

number of vertices is at most |S]|.

Recall from Section 2.2.3 that @, ¢(S,T") is the number of odd components of G[U],
where a component C'is odd if and only if 7|C| + eq(C,T) is odd. In order to make use

of Theorem 2.2.4 we first need to bound @, (S, 7). For this we use the following lemma:

Lemma 2.3.16 Let G be an rg/n-pseudorandom graph on n wvertices such that rg >
logn. Let ry > %r(;, and let H be a spanning subgraph of G such that 6(H) = ry. Let
W C V(G), and suppose that 6(H[W|) = rg/3. Then for any nonempty B C W, the

number of components of H[W\B| is at most |B|. Moreover, H{W] is connected.
Proof. Suppose that a set B violates the first assertion.

Claim: H[W\B] cannot have two disjoint isolated sets (i.e., unions of components of

H[WA\BJ) each of size at least n/32.

To prove the claim, it suffices to show that for disjoint sets S,7° C W\B such that
|S|,|T| = n/32, we have ey (S,T) > 0. To see that this holds, note that since G is

(re/n,2,/rc)-jumbled by Definition 2.3.5(a), (2.3.2) implies that

ra|S||T| rgn
) > G2y T > —4 .
eq(S,T) - Vra(|S|+|T1) 1074 ran
But since rg > %Tg, it follows that
[B(G\E(H)| = e(G) — e(H) < "2 42 Pren _ Tan
=e —e < — rgn — = rgn,
9 ¢ 1100 1100 ¢
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and hence ey (S,T) > 0, which proves the claim.

Let C be the set of components of H[W\B] of size less than n/32, and let A = JC.
Suppose that |A| > n/8. Then we can form an isolated set S such that n/32 < |S]| < n/16
by taking successive unions of components in C. Similarly we can form another isolated
set T with n/32 < |T| < n/16 using the remaining components in C. But now S and T'
are disjoint, which contradicts the claim. Hence |A| < n/8. Moreover the claim implies
that H[W\B] has exactly one component which is not in C.

Now since by assumption, H[W\B] has more than |B| components, we have |A| >
IC| > |B|. Now since A is isolated in H[W\B], it follows that the H[W]-neighbourhood
of A lies entirely in B. Hence every edge of H[W|] which is incident to some vertex of A
lies in Ey(A) U Eg(A, B). Tt follows that > _, Ngmw(v) < 2eg(A) + eq(A, B), noting

that edges in ey (A) will be counted twice on the left-hand side. So

rilAl/3 < |AIS(H[W]) < 2e(A) + en(A, B) < 2e6(A) + ec(A, B)
<ralAP/n + 4y/ralAl + rl Al|B| /n + 4/ (JAl + | B))

1 12
< 27“@|A|2/n + 12\/Tg|A| < <1 + F) Tc;|A|,
G

which is a contradiction unless |A| = 0. But if |A| = 0 then we have B = (), which proves

the assertion. The moreover part follows from the special case where |B| = 1. O

Corollary 2.3.17 Let G be an rg/n-pseudorandom graph with rg > logZn and let G’
be a graph obtained from G by first deleting an arbitrary matching M and then adding
an arbitrary set of additional edges. Let r be an even integer. Then setting Q.(S,T) =
Qrc(S,T), any disjoint subsets S, T of V(G) satisfy Q.(S,T) < |S|+ |T.

Proof. By Definition 2.3.5(c) we have that §(G\M) > r¢ — 2v/rglogn — 1 > 28r¢.

Note that the number of components of G’ — B is always at most that of (G\M) — B for
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any B C V(G). Now if SUT # () then applying Lemma 2.3.16 with G = G, H = G\ M,
W =V(G) and B = S UT implies that H — (S UT) has at most |S U T| components.
It follows that Q,(S,T) < |[SUT| = |S| 4+ |T|]. On the other hand, if S = T = )
then Lemma 2.3.16 implies that H (and thus G’) is connected. Let C' be the unique

component of G' and note that r|C| 4 eq(C,T) = r|C|, which is even. So in this case
Q.(S5,T)=0=|S|+|T|. O

We are now ready to prove that every pseudorandom graph G has a regular spanning
subgraph whose degree is equal to 2|0(G)/2]. In fact we will prove the following slightly
stronger statement, which gives the same result even if G is modified slightly from being

pseudorandom.

Lemma 2.3.18 Let G be a p-pseudorandom graph onn vertices such that np(1—p)/ log*n —

Q.

(i) For any vertex x € V(G), G contains an optimal matching which covers x.

(ii) Let u < 4+/np(1 —p), u # 1 and suppose in addition that G is 2u-jumping. Let
G’ be formed from G by adding u edges at the vertex xy of minimum degree, and if
d(G) +u is odd, also removing an arbitrary matching M. Let r be the greatest even

integer which is at most §(G) +w. Then G' has an r-reqular spanning subgraph.

Note that if the matching we remove in (ii) covers xg, then r = dg/(z¢). The case of
Lemma 2.3.18(ii) when u = 0 is the only place in the proof of Theorem 1.3.5 where we use
the fact that a pseudorandom graph is strongly 2-jumping (i.e., Definition 2.3.5(d)). One
can probably replace this by a weaker condition. On the other hand, Defintion 2.3.5(a),

(b) and (c) are probably not in themselves sufficient to prove Lemma 2.3.18.

Proof. (i) If n is even then Theorem 2.3.15 and Lemma 2.3.16 together imply that G

has a perfect matching, and the result follows immediately. If n is odd remove any vertex
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y # x from G. Now by Lemma 2.3.16 the number of components of G — (S U {y}) is
at most |S|+ 1 for any S C V(G). But if the number of components is exactly |S|+ 1,
then at least one component must have an even number of vertices (otherwise we have
n—|S|—1=|S]+1 mod 2 which cannot hold). Hence we can apply Theorem 2.3.15 to

G — y and the result follows.

(ii) For disjoint sets S,T C V(G), let s = |S| and p = |T|/|S|. Throughout the
remainder of the proof let R,.(S,T) and @,(S,T) be defined with respect to the graph G'.
By Corollary 2.3.17, Q.(S,T) < |S| + |T| = s(p+ 1) and so by Theorem 2.2.4 it suffices
to show that R,(S,T) > s(p + 1) for all S and T. If T is nonempty, let dg(T) be the
average degree, in G, of the vertices of T, and define dg(S), de(T) and dg:(S) similarly.
Note that

R,(S,T) = de(T)|T| — e (S, T) +rs(1 = p).

Note also that dg/(xg) > r. We claim that dg (z) > r + 2 for all z # xo. Indeed, if

u =0 and (@) is even, we have

dg(%) = dg<33') = 5(0) +2=r+2

since G is 2-jumping by Definition 2.3.5(d). If v = 0 and 6(G) is odd, then similarly we
have

de(z) Zdg(x) =12 6(G)+1=r+2.

If u>2 and 6(G) + u is even, we have

der(2) = do(x) > 5(G) +2u > +2,
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and finally if u > 2 and §(G) + u is odd, we have
d@(%) = dg<x) -1 (5(G) +2u—1>2r+2.

This proves the claim. It follows immediately that unless 7' = {zo}, we have dg (T) >

r 4+ 1. Now we consider the following cases:

Case 1: |S| = 0. Observe that R.(S,T) = de(T)|T| — r|T| and Q,.(S,T) < |T| by
Corollary 2.3.17. If either |T| = 0 or dg/(T) > r + 1 then trivially R,.(S,T) > |T| >
Q.-(S,T). So we are left with the case in which T'= {z¢} and dg/(xo) = .

In this case it suffices to prove that @,(S,7) = 0. To see that this holds, note that
applying Lemma 2.3.16 with H = G\M, W = V(G) and B = {x(} implies that G’ — {z}
is connected. But the unique component C' of G’ — {zy} satisfies r|C| + e/ (C,{z0}) =

r(n — 1)+ =rn, and since r is even C' cannot be odd.

Case 2: |S| > 0 and p < 1/2. Since e (S, T) < der(T)|T| and |S| = 2|T|, we have

R, (5,T) 2 r(|S| = |T1) = Z(IS[ + [T]) = [S| +|T| = Q.(S,T),

wl =3

where the last inequality follows by Corollary 2.3.17.

s ps P

Case 3: |S| >0, p>1/2 and <l + i) logn Z. In this case we have that ec/(S,T) <
eq(S,T)+ (p+1)s < 2(p+ 1)slogn + (p + 1)s, where the last inequality follows from
Definition 2.3.5(b). So

R.(S,T) — Q,(S,T) = ps(de:(T) — 2logn —r — 2) + s(r — 2logn — 2), (2.3.19)

and it suffices to prove that the right-hand side of (2.3.19) is non-negative. Now observe

that if p < 7;1201;—51152, then this is immediate since dg (T') = r. On the other hand, if

—2logn—2 —2logn—2 L
P2 Fogayz» then [T] > 52802 > 28— > 3logn. So by Definition 2.3.5(d) we have
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de(T) =7 +3logn —1 > 7+ 2logn + 2, and the result follows.

Case 4: [S] >0, p = 1/2, (% + é) loin < % and ps < n/30. In this case Definition
7p

2.3.5(b) implies that eq (S, T) < Tps*p + u. So

Ro(S.T) = Qu(S.T) = ps(des (T) = r — 1) + s(r — Tpsp — u/s — 1),

and it suffices to prove that the right-hand side of this inequality is non-negative. Recall
that de(T) > r+ 1 as |T| = ps = 2(p+ 1)logn/Tp > 2, and so the first bracket is
non-negative. Also 7psp < np/4 < r/3 by Definition 2.3.5(c), and u/s < u < r/3. Hence

the second bracket is positive.

Case 5: |S| > 0, p > 1 and ps > n/30. Since G is (p,2y/np(1 — p))-jumbled, (2.3.2)

implies that

ea(S,T) < ps’p +4+y/np(1 — p)s(p +1).
Note that de/(T)|T|—eq (S, T) = da(T)|T| —eq(S, T) —u. Now we claim that de(T)|T| —

u = (np — 130+/np(1 — p))|T|. Indeed,

de(T)|T| = 2ec(T) + eq(T,V(G)\T)
(2.3.2) T
> Zp(’2|> +p|T|(n — |T|) — 4/np(1 — p)|T| — 44/np(1 — p)n

> np|T| —p|T| — (4n + 4|T'|)/np(1 — p) > (np — 130/ np(1 — p))|T'| + u.
Hence

R.(5,T)/s = p(np — 130/np(1 — p)) — psp — 4v/np(1 = p)(p+ 1) + (1 = p)

= p(np — 1 — 142¢/np(1 — p)) + 1 — psp.
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But

5(G) =1 <r <8(G) +u < np —200y/np(1 — p) + 4/np(1 — p)

=np — 1964/ np(1l — p).

Hence

R.(S,T)/s = bdp\/np(l —p) + 6(G) — 1 — psp = 50p\/np(1 — p) + §(G) — psp.

Further as (p + 1)s < n, we have

(G) — psp = np — 2\/nplogn—np( +1) P — 2+/nplogn.

p+1

Now if p < % logn then ;% > 22 > 2¢/nplogn and so R.(S,T)/s = 50py/np(1 —

p+ 1
On the other hand if p > %, /I:gpn > ,/k’%; then 2py/np(1 —p) = 2¢/nplogn and so
R.(S,T)/s = 48p+/np(1 —p) +np/(p+1) = p+ 1. O

If we only require a 2|§(G,,,)/2]-factor in G, ,, then a less restrictive assumption on

p will suffice, as per the following corollary.

Corollary 2.3.20 Let p = p(n) be such that np/log®n — oo and n(1 — p)/log’n — cc.

Then whp, G, contains a reqular spanning subgraph of degree 2|5(G,.p)/2].

Proof. It follows from Lemmas 2.3.7-2.2.2, Lemma 2.3.14 and Corollary 3.13 of [15] that
G, is p-pseudorandom for the given range of p. Thus we may apply Lemma 2.3.18 with

u = 0 to obtain the desired subgraph. O

We remark that the results of [90] and [84] imply that Corollary 2.3.20 in fact holds

for the entire range of p. Indeed, as described in Section 1.3 these results even give a
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collection of |§(G,,»)/2] Hamilton cycles, whose union is the desired subgraph.

2.3.4 Splitting into 2-factors

Our aim in this section is show that under certain conditions, an even-regular graph H can
be decomposed into 2-factors so that the sum of the number of cycles in these 2-factors
is not too large. We would like such a result to hold for arbitrary even-regular graphs H,
but this does not seem feasible for the densities that we consider. So we first show that
it suffices for H to be a spanning subgraph of a pseudorandom graph G (see Corollary
2.3.26), and then that it suffices for H to be ‘partly’ pseudorandom (see Corollary 2.3.30).
More precisely, we show that for any even-regular graph H’ of degree ry/, the union of H’
with an even-regular graph H which is close to being p-pseudorandom may be decomposed
into 2-factors with few cycles in total, provided only that p is somewhat larger than rg /n.

In order to bound the number of cycles in each 2-factor we will transfer the problem to a
bipartite setting and use the Egorychev-Falikman-Waerden theorem (see Theorem 2.2.19).
Given a bipartite graph B on vertex classes V = {vy,...,v,} and V' = {v],... v/}, and a
matching M in B, let D(M) be the digraph on [n]| formed by including an edge from a to b
if and only if there is an edge of M between v, and v;. Note that if P is a perfect matching
then D(P) is 1-regular. For an integer C, let Pc(B) be the set of perfect matchings P of
B such that D(P) has at least C' cycles. Let Py (B) be the set of perfect matchings P
such that D(P) has at least k cycles of length £. We now use a counting argument to show
that Po(B) is small whenever C' is large and B satisfies a very weak pseudorandomness
condition. The proof builds on ideas from [42] and later developments in [81], as well as

from Section 2.2 of this thesis.

Lemma 2.3.21 Let B be an rg-reqular bipartite graph on vertez classes V.= {vy, ..., v,}
and V' = {v},... v}, Let log®n < r¢ < n and \/rglogn < rg < rg/2, and let

C = 2ny/rglogn/rg. Suppose that all S CV and T C V' such that |S|,|T| = n/\/Tc
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satisfy ep(S,T) < W Let X = (“2)"n!. Then |Pc(B)| < X.

A similar result was proved in [42] and also in Section 2.2 (see Lemma 2.2.17). In the
proof of Lemma 2.3.21 we use the following result, which is part of the proof of Lemma

2 in [42] (see inequality (5) there).

Lemma 2.3.22 (Frieze and Krivelevich, [42]) Let B be an r-regular bipartite graph
on vertex classes V. and V' of size n. Let m < n and let S CV and T C V' each have
size n —m. Let B' be the bipartite subgraph of B induced by S and T, and let Y,, be the

number of perfect matchings of B'. Suppose that eg(S,T) > rn/2. Then

Y,, < ((n — 2m)7" + eB(V\S7 4 \T>) 6_n+m(3n)10n/r.

n—m
Note that Lemma 2.3.22 is stated in [42] with an estimate m? for eg(V'\S, V'\T), rather
than explicitly including the term ep(V\S,V'\T). Since the graphs we consider are

subgraphs of random graphs we will have eg(V\S,V/\T) < m?. This will allow us to

obtain nontrivial bounds on |Pc(B)| even for very sparse graphs.

Proof. [Proof of Lemma 2.3.21] Let k = nlogn/rp. For each ¢, let Xy, = |Pr((B)], and
let Y, be the maximum number of perfect matchings between two subsets of the vertex
classes of B, each of size n — k{. Let ¢y = rg/+/rclogn. Since £y > /logn we may take

ly to be an integer. Note that

kly = = o(n). (2.3.23)

We first derive a bound on Y}, for ¢ < ¢y. Consider any S C V and 7" C V', each of

size n — k¢. We claim that eg(V\S, V'\T) < 10rgk?(3/n. Indeed, let S’ C V and T" C V'
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be sets of size kfy such that V\S C S and V/\T C T". Then

57"0(|Sl| + |TI|>2 . 107“Gk’2€3
2n - n

GB(V\S, VI\T) g €B(SI,TI) <

Moreover, |S| = |T| = n — o(n) by (2.3.23) and so eg(S,T) > rpn/2. Hence by
Lemma 2.3.22,

n—kt
Ve, < ((n — 2k€)7:jk1607”ak25(2)/n> ek (31005

We can further estimate this as follows: Observe that

(n — 2kl)rp + 10rgk?¢2/n (1 k¢ N 10rgk>02
n— k¢ B n—=kl  nrg(n—kf)
o N
~ X - bl
B T e nrg(n — kf)

and hence

107‘@]{726(2)

Yie < r%’kee’u exp
nrp

:| efn+ké(3n> 10n/rp

— r%—kfeloke—n<3n)10n/r3’ (2324)

where the last line follows from the fact that

rokl? (23.23) T ny/logn rB B
nrg nrg o Vralogn

1.

Now we proceed to bound Xj,. Note that if M; and M, are matchings such that
D(M;) and D(Ms;) are cycles, then M; and M, are vertex-disjoint if and only if D(M;)
and D(M,) are vertex-disjoint. We claim that there are at most (Z)rg(efl)é_k ways of

choosing k vertex-disjoint matchings M of size ¢ in B, such that D(M) is a cycle of
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length ¢ for each M. Indeed, we can construct these matchings as follows: First choose an
initial vertex in V' for each matching ((Z) choices). For an initial vertex v;, of M, select
an unused neighbour vj, € V' of v, (at most rp choices) and add v;, vj, to M. Then select
an unused neighbour v;, of v;, (recall that v;, is the vertex of V' corresponding to vj,),
etc., until we have selected v;,. Now if vj is a neighbour of v, then add v;,v; to M and
note that D(M) is a cycle of length ¢. Repeat this process for each initial vertex, in each
case using only vertices we have not used before. This process described above constructs
every collection of k vertex-disjoint matchings of size ¢ at least ¢¥ times, since we choose

the initial vertex of each matching arbitrarily. The claim follows immediately.

Since Yy, bounds the number of perfect matchings on the remaining vertices (i.e.,

those which are not contained in the above matchings), we have

Xpe < <Z> PN eky .
Estimating (Z) < (”e)k and n! > (%)n, we have

(2.3.24) k n n
X X< (@) Tg(ffl)gfkrgfldelokefn(Bn)lon/rg (ﬂ) (f)

k B n
nell\ * nell \ *
— < - ) rgéfkgfkr%fké(?)n)lOn/rBrgn — (kgrB) (3n>10n/7"3

ell N\ F 0
_ <£logn) (3n) n/rp

Hence

Lo ol logn/10 10n/rp g, i
-1 _
(=3

But ((e''/logn)oen/103n)10n/re < 2=10n/rs < 1 and (~F < 371°8™ < 1/n for £ > 3. Hence

Lo Lo
XY X< 1/n<ty/n <1,
=3 (=3

81



Note that since kly < C/2 and n/ly = C/2, we have C' > kly + n/ly. But any 1-
regular digraph which, for all ¢ < ¢y, contains fewer than k cycles of length ¢ has fewer

than kly + n/ly cycles in total. Hence |Po(B)| < 5023 Xio < X. O

The following lemma and corollary accomplish our aim of decomposing an even-regular

graph H which is close to being pseudorandom into 2-factors with few cycles in total.

Lemma 2.3.25 Letrg > log?n, and let G be an ra/n-pseudorandom graph on n vertices.
Let rg = 2,/rglogn be even and let H be an ry-reqular spanning subgraph of G. Then
H contains a 2-factor with at most C' = 4dn\/rglogn/rg cycles.

Proof. Recall that Petersen’s theorem [100] states that every even-regular graph can be
decomposed into 2-factors. Therefore H can be decomposed into a collection Fi, ..., F,,
of 2-factors, where rgp = rg/2. For each of these 2-factors we orient the edges so that
each cycle is an oriented cycle, thus forming a collection of 1-regular digraphs on V(H).
Now taking the union of these digraphs yields an orientation D of H which is rp-regular.

Label the vertices of V(H) as vy, ...,v,. Form a bipartite graph B on vertex classes
V=A{vy,...,v,} and V' = {v},..., v, } by joining v; € V to v; € V' if and only if there is
an edge of D from v; to v;. Now for any sets S C V and T' C V' with |S|,|T| > n/\/rq,

let S”, T" be the corresponding subsets of V(H). Then

T 2
en(S,T) < en(5'UT) < ea(s' 0Ty < LN 4o ) 4y
_ BrallS]+T)?
2n

where the third inequality follows since G is (r¢/n, 24/r¢)-jumbled by Definition 2.3.5(a),
and the fourth since 2 < /r¢(|S| + |T'|)/n. Now Lemma 2.3.21 implies that |Pc(B)| <
(%B)n n!. But by Theorem 2.2.19 the total number of perfect matchings of B is at least
(%B)n n!. So there exists a perfect matching P of B such that D(P) has at most C' cycles.

Now ignoring the orientation of D(P) yields the desired 2-factor of H. U
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For a 2-regular graph F, let ¢(F’) be the number of cycles of F', and for a collection F
of 2-factors let c(F) = Y pcrc(F). Repeated application of Lemma 2.3.25 gives us the

following result.

Corollary 2.3.26 Let G be an rg/n-pseudorandom graph on n vertices with rg > log® n.
Let H be an ry-regular spanning subgraph of G, such that ry is even. Then H can

be decomposed into a collection of 2-factors F = {Fy,...,F., 2}, such that c¢(F) <
3n\/ralog® n.

Proof. If ry < 8,/r¢logn then the result follows from Petersen’s theorem [100], noting
that trivially ¢(F;) < n/3 for each i. So suppose rg > 8,/rglogn. Let iy = rg/2 —
/TG logn and note that since ig > rg/4 > log?n, we may assume that iy is an integer.

By repeatedly applying Lemma 2.3.25 we have

rH/2 rH/2
2ny/relogn < 1
c(F) gz nVIG 08T | Z n/3 < 2n+/r¢logn Z Z—i—n\/ﬁlogn

rg/2—1i+1
H/ + i=ip+1 i=,/Tq logn

< 2nv/rglogn(log(ry/2) + /logn) < 3ny/rqlog® n.

O

Now we consider an arbitrary even-regular graph H’ and aim to show that if we take an
even-regular graph H on V(H') which is close to being pseudorandom and edge-disjoint
from H’, then we can decompose H U H' into 2-factors with a similar bound on the total
number of cycles as in Corollary 2.3.26. Our strategy will be to first split H' up into
matchings. We then extend each of these matchings into two perfect matchings using
edges of H (see Lemma 2.3.27), and apply Lemma 2.3.21 to transform each of these
perfect matchings into a 2-factor with few cycles (see Lemma 2.3.28).

We start by considering the case of a single matching. If n is odd, then call a graph F'

on n vertices a pseudomatching if it has a unique vertex of degree 2 and all other vertices

83



are of degree 1. A perfect pseudomatching in a graph G is a pseudomatching covering

every vertex of G.

Lemma 2.3.27 Let G be an rg/n-pseudorandom graph on n vertices with rg > logn
and let H be a spanning subgraph of G such that §(H) > %rc +5. Let M be a matching

with V(M) C V(G) and suppose M and H are edge-disjoint. Then

(i) if n is even, then there exists a partition of M into submatchings My, Ms, such that
each of My, My can be completed to a perfect matching on V(G) using disjoint sets
of edges of H, and

(ii) if n is odd, then there exists a partition of M into submatchings My, My, such that
each of My, My can be completed to a perfect pseudomatching on V (G) using disjoint

sets of edges of H.

It would be more convenient to extend M directly into a perfect matching rather than
splitting it first, but in general this may not be possible. Indeed, in the case in which n
is even and M has exactly n/2 — 1 edges, then M can be extended to a perfect matching
only if the two vertices of V(G)\V (M) form an edge of H.

Proof. Let rg = %Tc. We partition M randomly by placing each edge into either M,
or M, with equal probability. For a vertex v € V(G), let Y, be the set of edges ww’ of
M such that both w and w’ lie in Ny (v), and Z, the set such that exactly one of w and

w' lies in Ny (v). Note that 2|Y,| + |Z,| < du(v) < A(G) < 2rg, and that

[Nu(0\V(M)] ~ 2Bin([Y, [, 1/2) + Bin(|Z,],1/2) + [Nu(v)\V(M)].

(Here we use that M and H are edge-disjoint and so the unique neighbour of v in M is

not a neighbour of v in H.)
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Suppose |Y,| = 8logn. Let ¢ = 44/logn/|Y,| < 3/2 and note that 2y/rylogn >
e|Yy|/2, since rg > |Y,|. By Lemma 1.8.1(i) we have that

1
P [Bm(|Yv|a 1/2) < |Yo|/2 = 2+/7H logn] < 2e " Ml/6 ¢ ge—16logn/6 -

n2’

On the other hand, if |Y,| < 8logn then |Y,|/2 < 2v/rglogn and so
P |Bin(|¥, . 1/2) < [Y,1/2 = 2/rirlogn| =0,
By the same argument we can show that
P [Bm(yzv\,uz) <|Z|/2—4 rHlogn] < %
So whp, every v € V(G) satisfies

[Nu(N\V(M)] 2 [Yo| +[20]/2 = 8y/rrlogn + [Nu(v)\V(M)]

= %!NH(U) NV(M)[ + [Ng(o\V(M)| = 8\/rulogn > ru/3+1,

and hence §(H — V' (M;)) > ry/3+ 7. By a similar argument the same holds for M. Now
choose a partition of M into M; and M, such that the above bounds on |Ng(v)\V (M)|
and |Ng(v)\V (Mz)| hold for all vertices v € V(G).

If n is odd, then we first find a path v vov3 of length 2 in H — V(M) and add it to M;
to form a pseudomatching, so that V/(H)\V (M;) has an even number of vertices. We also
remove v1v9 and vous from H. (If n is even then we simply omit this step.) Henceforth

we proceed identically in cases (i) and (ii).

Let W = V(H)\V (M) and note that we still have 6(H) > ry + 3 and §(H[W]) >

rr/3 + 4. We now use Theorem 2.3.15 to show that H[W] contains a perfect matching.
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For this it suffices to prove that for any set S C W, the number of components of H[W\ 5]
which have an odd number of vertices is at most |S|. If S is nonempty then this follows
from Lemma 2.3.16. On the other hand if S = () then by Lemma 2.3.16 H[W\S] = H[W]
has exactly one component, namely W. But this component has an even number of
vertices, and so by Theorem 2.3.15 H[W] contains a perfect matching M{. So M; U M
is a perfect matching or pseudomatching on V(G). We delete the edges in M/ from H.
We now repeat the process for M. First we extend M, to a pseudomatching (if n
is odd). Now we still have §(H) > ry and 6(H — V(Ms)) > rg/3, so the conditions
of Lemma 2.3.16 still hold and hence we can complete My to a perfect matching or

pseudomatching on V(G). O

Lemma 2.3.28 Let G be an rg/n-pseudorandom graph on n vertices with rg > 2log® n,
and let H be a spanning subgraph of G such that 6(H) > %’F(;. Let P be a perfect matching
(if n is even) or a perfect pseudomatching (if n is odd) on V(G), edge-disjoint from H.

Then H contains a matching P' such that P U P’ forms a 2-reqular graph with at most

3ny/rg logn

500 cycles.

We will apply Lemma 2.3.28 in the proof of Lemma 2.3.29 with P being one of the

perfect matchings M; obtained from Lemma 2.3.27.

Proof. Let 7y = 6(H) and note that 75 > log®n by Definition 2.3.5(c). If n is odd, then
let v; be the vertex of P of degree 2 and wvs, v its neighbours. For the remainder of the
proof we treat vyvs as if it were an edge of P, and vivy, viv3 as if they were not edges
of P. If vyvs is also an edge of H, then we delete it from H (so that P and H remain
edge-disjoint). The proof then proceeds identically whether n is odd or even.

Label the edges of P as ey, ea,...,¢€|,/2). For each edge e;, label one of the vertices

a; (chosen at random and independently from the other choices) and the other b;. Let
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By ={a1,...,a)n2)} and By = {b1,...,bn/2)}, and let B be the bipartite graph on vertex
classes By, By with edges Ey (B, Bs).

Now for each v € V(B), let Y, be the set of edges ab € P such that both a and b lie
in Ng(v), and let Z, be the set of edges ab € P such that exactly one of a and b lies in
Npg(v). Note that

117’H
10’

dg(v) =1 <2lY,| +|Z,| <dp(v) < A(H) < A(G) < rg+2+y/rglogn <

where the second-last inequality follows from Definition 2.3.5(c). Now dg(v) ~ |Y,| +
Bin(|Z,|,1/2). (Here we use the condition that P and H are edge-disjoint and so the

unique neighbour of v in P is not a neighbour of v in H.)

Suppose |Z,| > 8logn. Let ¢ = 44/logn/|Z,] < 3/2 and note that 4y/rylogn >
€|Zy|/2. By Lemma 1.8.1(i) we have that

1
P [Bz’n(|ZU], 1/2) < |Zy|/2 — 4/ logn_] < 25120116 < gp—1610gn/6

n?’

On the other hand if |Z,| < 8logn then |Z,|/2 < 4y/rylogn and so

P [Bm(yzv|, 1/2) < |Z,|/2 — 4/rn 1ogn] ~ 0.

So whp every v € V(B) satisfies dg(v) > |Yo| + |Zu|/2 — 4V/rulogn > ry/2 —
5v/rglogn. Similarly, whp every v € V(B) satisfies dg(v) < 117y /20 + 51/rg logn. Now
we choose B such that 6(B) > ry/2 — 5y/rglogn and A(B) < 11rg /20 4+ 5y/ry logn.

Let rp = 2ry /5 and note that rp > rg/3.
Claim: B contains a regqular spanning subgraph B’ of degree rp.

To prove the claim, we use the Max-flow Min-cut theorem. Let each edge of B have

capacity 1. Add a source o joined to each vertex of B; by an edge of capacity rp and a
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sink 7 joined to each vertex of By by an edge of capacity rg. Let n’ = |By| = [n/2]. Now
we show that the minimum cut must have capacity at least n'rp (indeed exactly n'rp,
since one could cut all of the edges incident to o). It follows that the maximum flow from
o to 7 is n’rg. Further there is some flow which achieves this maximum and such that the
flow along each edge is an integer. Taking the edges of B which have flow 1 immediately

yields the desired rp-regular spanning subgraph.

So consider a cut C. Let T be the set of vertices v € By such that ov is not part of C.
Similarly let S be the set of vertices v € By such that v is not part of C. Now since every
edge in Eg(T, S) must be part of C, the capacity of C is at least eg (7', S)+rg(2n'—|S|—|T).

So noting that eg(7,5) = ey (T, 5), it suffices to prove that

en(T,S) = n'rg —r@2n’ —|S| —|T|) = re(|S| +|T| — n').

Let S = B;\S. Then an equivalent statement is that

en(T, By) — eq(T,5") +rp(|5'| = [T) 2 0.

We can assume without loss of generality that |T'|+|S’| < n' < n/2; otherwise we can
rearrange the inequality as ey (B1,S) — ey (T",S) +rg(|T"] — |S]) = 0 where T" = B;\T

and the proof proceeds analogously. We now consider the following cases:
Case 1: |T'| > 2|5'|. We can estimate eg(7,S") < |S'|A(B) and ey (T, Bs) > |T|6(B).
Now

en(T, By) —en(T,5") +rp(1S = |T1) = |TI(0(B) —rp) = |[S'|(A(B) = ra),

and the right-hand side is positive since §(B) — rg = ry/10 — 5y/rglogn > ry/12 and
A(B) —rg < 3rg/20 4+ 5y/rylogn < ry/6.
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Case 2: |S’| > |T'|. Then the inequality holds trivially.

Case 3: |5'| < |T| < 2|5’|. Note that |T'| < n/3 (otherwise |T'| + |S’| > n/2). So since G
is (r¢/n, 24/7Tq)-jumbled by Definition 2.3.5(c), (2.3.2) implies that

rp| S| —en(T,5") 2 rp|S'| = ra|TI[S"|/n — 4y/ra(IT] + |57])
> |9'|(rg = r6lT|/n = 12y/rq) 2 |9|(ra/3 = ra/3 = 12y/rc)

= _12’S/|\/TG = —12’T|\/Tg.

Hence ey (T, Bs) — ey (T,S") + rp(|S’| — |T|) = |T|0(B) — rg|T| — 12|T|\/rc = 0, which

completes the proof of our claim.

Now Theorem 2.2.19 implies that the number of perfect matchings of B’ is at least
X = ()" (n')l. Note that for any S C By and T C B, with |S|, |T| > n'/\/c,

(2.3.2

2)
ep(S,T) <ea(S,T) < ralS|T]/n+4y/ra(|S] +[T])
< 7l S|IT|/n' + 2ra(|S| + |T1)* /0!

< 5rg(|S|+1T)*/2n,

where in the third inequality we use that 2 < \/r¢(|S|+|T'|)/n" and in the last inequality
we use that 2|S||T| < (|S|+|T])%. Set C = 2n/\/rglogn’/rp. Now applying Lemma 2.3.21
with V' = By, V! = By, and v; = a; and v, = b; for each 1 < ¢ < n’ implies that
|Pc(B')] < X. So there exists a perfect matching P’ in B’ such that D(P’) has at
most C' cycles. (Recall that D(P’) was defined in the paragraph before Lemma 2.3.21.)
But we have a one-to-one correspondence between cycles iyisy . . .4, of D(P’) and cycles
bi,a;, biyai, . .. bi,a;,b; of P U P'. Hence PU P has at most C cycles. Now note that
C < 3ny/rglogn/ry. Finally, if n is odd then on the cycle of P U P’ containing the edge

vyv3, we replace vgvz by the path vevivs, so that P U P’ is 2-regular. U
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We now combine Lemmas 2.3.27 and 2.3.28 to show that under suitable conditions,
the union of an arbitrary even-regular graph H' and a graph H which is close to being
pseudorandom contains a collection of edge-disjoint 2-factors which together cover the

edges of H'.

Lemma 2.3.29 Let G be an rg/n-pseudorandom graph on n vertices with rq > 2log®n,
and let H be a spanning subgraph of G such that 6(H) > (1 — 1/1100)rg. Let H' be an
arbitrary ry -regular graph on the same vertex set, and let FEy,q C E(H'). Suppose that
H' is edge-disjoint from H and that rg: + 1 + 10°|Epeql/n < r¢/5000. Then there exists
t < rg/5000 and a collection Fi, ..., Fy of edge-disjoint 2-factors in H U H' whose union
covers all of the edges of H', such that each F; has at most 4n\/@/\/ﬁ cycles and each

set E(F;) N Epaq is a matching of size at most n/10°.

We will apply Lemma 2.3.29 with Ej,4 being a set of ‘bad’ edges which we will want
to avoid when merging the cycles of each F; into a Hamilton cycle. The purpose of the
restrictions on F; N Ejyq is to spread the edges in Fj,q out among the F;’s and thus make

them easier to avoid.

Proof. Let rg = (1 — 1/550)r¢ + 5. By Vizing’s theorem, we can decompose E(H')
into edge-disjoint matchings My, My, ..., M; .. For each i, split M into | 108|E(M]) N
FEpaal/n + 1] matchings M; such that |E(M;) N Epq| < n/10°. Let My, ..., M,, be the
resulting collection of matchings and note that m < rg + 1 + 10%| Epeal/n < 7¢/5000.
Now for each matching M;, we will find a pair of edge-disjoint 2-factors in H U M, each
with at most 4ny/logn/ \/Ta cycles, which together cover the edges of M;. Thus the total
number of 2-factors will be 2m.

Firstly observe that for any v € V/(H), no more than 4t — rgy < rg/1200 edges of H

incident to v will be used during this process to construct our 2-factors (as each 2-factor

uses up at most 2 edges of H incident to v). Hence after deleting all the edges of H lying
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in the 2-factors found so far, we still have §(H) > (1—1/1100—1/1200)r¢ > rg. For each
M;, we use Lemma 2.3.27 to decompose M, into two matchings and complete each one to
a perfect matching or pseudomatching using edges of H. Now by Lemma 2.3.28 we can
complete each of these perfect matchings or pseudomatchings to a 2-factor using edges
of H, such that each 2-factor produced has at most 3n\/rglogn/rg < 4ny/logn/\/ra

cycles. O

Finally we combine Corollory 2.3.26 and Lemma 2.3.29 to fully decompose H U H'

into 2-factors with few cycles in total.

Corollary 2.3.30 Let G be an r¢/n-pseudorandom graph with rg > 2 log?n and let H be
an even-regular spanning subgraph of G of degree v, with 6(G)—1 < ry < §(G). Let H' be
an arbitrary even-regqular graph of degree ry on the same vertex set and let Ey,q C E(H').
Suppose that H' is edge-disjoint from H and that rg + 1 + 10%| Epeq|/n < r6/5000. Let
t = (rg +ru)/2. Then there exists a decomposition F = {Fi,...,Fi} of HU H' into
2-factors such that o(F) < 4n\/relog’ n and E(F}) N Eyq is a matching of size at most
n/10° for each i.

Proof. Apply Lemma 2.3.29 to construct a collection F’ of at most /2500 edge-disjoint

2-factors in H U H', such that | J F" covers H’,

4dn~/log nrg
)< o= < logn,
c(F') 2500 /G ny/rglogn

and the set E(F) N Epuq is a matching of size at most n/10° for each FF € F'. Let
H" = (HUH')\|JF and note that H” is an even-regular spanning subgraph of G. So by

Corollary 2.3.26 with H = H"” we can decompose H” into a collection F” of 2-factors such

that ¢(F") < 3ny/rglog®n. Taking F = F' U F”, we have c(F) < 4ny/r¢qlog’ n. O
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2.3.5 Merging cycles

So far we have the necessary tools to find large collections of disjoint 2-factors in a pseu-
dorandom graph G, by first finding a regular spanning subgraph and then decomposing
this subgraph into a collection F of 2-factors. The aim of this section is to show that
we can transform these 2-factors into Hamilton cycles, by ‘merging’ the cycles of each 2-
factor together using edges which are taken from a pseudorandom graph G’. The crucial
observation here is that G’ need not be as dense as G originally was; in fact, under certain
conditions G’ may be taken to be significantly sparser. To establish this we make use of
the bounds on ¢(F) proved in Section 2.3.4.

Recall that N(S) denotes the external neighbourhood of S, i.e. N(S) = J,.q N(s)\S.

ses
All paths P are considered to have a ‘direction’ in the sense that the first and last endpoints
are distinguished (so if P = v;...vp and P’ = v;...v; then we view P and P’ as different
paths). If P = ...y then we call = the first endpoint and y the last endpoint of P. We
define the reverse of a path P = x ...y to be the path P’ = y...x which has the same
vertices and edges as P.

We will use the rotation-extension method. For this we need to recall Definitions 2.2.23

and 2.2.30, and also make the following additional definitions. Let

logn
= 2.3.31
0 log logn (2:331)

In what follows, the sequences of rotations we consider will generally have length at most

T0-

Definition 2.3.32 Let P = vivy...v; be a path, and let C = wiws ... w,w, be a cycle
which is vertex-disjoint from P. An extension of P to incorporate C, with join vertex wj
and broken edge w;_w; is the operation of deleting the edge w;_1w; from C and adding

the edge viw; to form a new path w;_jw;_o ... w; 1w;vy ... v_1ve. Call viw; the new edge
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of the extension.

Note that in effect we performed extensions in Section 2.2 as well. We make a formal
definition here since we need to be quite careful about which edges we break.

Given a 2-regular graph F' and an edge-disjoint graph H on the same vertex set, we
say that a Hamilton cycle C' is formed by merging the cycles of F using edges of H if
E(C) C E(F)UE(H). Our strategy will be to first merge two of the cycles of F' together
to form a long path P. We then show that if Q@ C V(H) is ‘large’, the set of (H, @, 7o)-
reachable vertices of P must in general be large (see Corollary 2.3.41). This will allow
us to either extend the path by incorporating another cycle, or close P to a cycle, thus
reducing the number of cycles in F'. Repeating this process will eventually produce a
Hamilton cycle.

Recall that Lemma 2.2.31 gives us many reachable vertices provided that H ‘ex-
pands’, i.e., that Ng(S) N Q@ is large (compared to S) for any S C @ which is not
itself too large. The fact that we have the required expansion property will follow
from Lemma 2.3.35. Lemma 2.3.35 relies on Corollary 2.3.34, which in turn relies on

Lemma 2.3.33. Lemma 2.3.33 is a simple consequence of pseudorandomness.

Lemma 2.3.33 Let G be a p-pseudorandom graph on n vertices, and let S, T C V(G) be

disjoint with s = |S| and t = |T'|. Let

2s+1t)logn if 080 > 5

gls.t) = v
7s(s+t)p otherwise,
and
2slogn z’f% > 1
h(s) =

75%p otherwise.
Then eq(S,T) < g(s,t) and eq(S) < h(s).
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Proof. Suppose first that 108% > . Then Definition 2.3.5(b)(i) implies that eq(S,T) <

2(s+t)logn = g(s,t). If IOS% <Zand (1419) 10% > I then Definition 2.3.5(b)(i) implies

S

that eq(S,T) < 2(s + t)logn < 7s(s + t)p = g(s,t). Finally if (2 + 1) 10% <

NI~

then
Definition 2.3.5(b)(ii) implies that eq(S,T) < Tstp < 7s(s +t)p = g(s, t).

For the second part, if £ < bfpn < 2, then by Definition 2.3.5(b)(iii) we have eg(S) <
2slogn < 7s*p = h(s), and otherwise the result follows immediately from Definition

2.3.5(b)(iil) and (iv). O

Corollary 2.3.34 Let G be a p-pseudorandom graph on n vertices. Let S C V(G) with
|S| = s, and for each vertex x € S, let Ay € Ng(x). Let T = |J,cq Az\S, and t = |T.
Then the following properties hold:

(i) If s> 28" then t + 35 > Zegslel,

Proof. (i) By Lemma 2.3.33 we have

D AL < ea(S.T) + 2e6(S) < g(s,t) + 2h(s) = 2(s + t) logn + 4slog n.

€S

Hence t > (3 g |Az| — 6slogn)/2logn = 3 o |A.|/4logn.
(ii) We have

D 1Aul S ea(S,T) + 2e(S) < g(s, 1) + 2h(s) = Tsp(s + 1) + 14s°p
x€S

and the result follows immediately. U

Lemma 2.3.35 Let 0 < e < 1 be a constant. Let G' be an r¢ /n-pseudorandom graph on

n vertices and let G be an rg/n-pseudorandom spanning subgraph of G', with r¢ < re

94



and ere; > 16log*n. Let H be a spanning subgraph of G such that

|E(G)\E(H)| < 2n+/rglogn. (2.3.36)

Let H' be a spanning subgraph of G', such that

e2nr2 e2nr2
E(H)\E(H"| < G G
|E(H)\E(H")| 10170

< d |E(H)\E(H)| <
Gl and |E(H)\E(H)

(2.3.37)

Let Q',S C V(G) and suppose that |Ng(z) N Q'| = erg for every vertex x € S. Then at

least one of the following holds:
(i) 3INm(S)N Q=S| > [S|logn,

(i) |S] < €26 and LN (S)N Q| - |S| > 2oe

507 G 49r ¢
(iii) ] <en/90 and LNy (S)NQ'| — |S| > en/45,
(iv) |S]>1Q"/6,
(v) 3INm (S) N Q' = IS] > |Q'|/6.
Note that if r¢ is much smaller than r¢ then (2.3.37) is more restrictive than simply
requiring the symmetric difference of F(H) and E(H') to be o(e(H)). We need this more

restrictive bound in Cases 3 and 4 below to obtain good expansion for small sets. (See

also the remark after Corollary 2.3.56.)

Proof. Let T = Ny/(S)NQ', s = |S| and t = |T|. For each vertex z € V(G), let

B, = Ng/(z) N Q" and note that
Z |B,| > ergs > 16slog” n. (2.3.38)
x€S

We consider the following cases:
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Case 1: s < %. In this case we apply Corollary 2.3.34(i) with G = G’ and A, = B,

to obtain t > Zﬁjg':z‘ > lisﬁ)oggi" = 4slogn. Hence (i) holds.

Case 2: Z"I—Og/” < s < 552, Apply Corollary 2.3.34(ii) with G = G" and A, = B, to

rg 50rg

obtain

ers |A ’ E‘:nr'“G

t+3s >

7STgl 77"0/ '
Hence t > i;’;g‘f and so 3t — s > Z;L:s/, i.e., (ii) holds.
Case 3: % <s < 2”%%. Let A, = B, N Ny (x) and note that
. 3 38) eng . (2:3.37)
> " |B,] eres > e S > 8|E(H)\E(H)|.
r

€S

Hence Y, g |As| = D cs|Bel — 2/E(HN\E(H)| = 23 s |Bs| > 12slog”n by (2.3.38).

So Corollary 2.3.34(i) with G = G implies that ¢ > %%glle > 3slogn, and hence (i)

holds.

Case 4: max{ ;g:;, 2"71“05”} < s < en/90. Let A, = B, N Ny(x), and note similarly to

Case 3 that Y. o|As] = 3>, |Bs|. Hence Corollary 2.3.34(ii) with G = G implies

that

n 2 ses |Asl S Ny .es | Bal (2.?;38) en
787’(; = 105rG = 10 .

t+3s>

Sot >en/15, and t/2 — s > en/45. Hence (iii) holds.

Case 5: s > en/90. We may assume without loss of generality that s < |Q’]/6 (otherwise

(iv) holds). In this case we must have |Q'| > en/15.

Claim: [Ny (S)NQ'| > 2|Q'|/3.

Let Q" = Q\(Ng/(S) U S). To prove the claim, suppose for a contradiction that
|Q\Nu(5)| = |Q'[/3. Then

Q" = 1Q'|/3 = S| = 1Q']/6 = s = en/90.
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Now since ey (S, Q") = 0, we have

eq(9,Q") < |[E(GN\E(H")| < [E(G\E(H)|+ |[E(H)\E(H)]

(2.3.36),(2.3.37) E2nr2,  Enrg
< 2ny/rglogn + ¢ < .
GO T 0t S 79000

(2.3.39)

But on the other hand Definition 2.3.5(a) and (2.3.2) imply that

€2m’G »32an

ras|Q”|
gz~ Anra Z g

ea(S,Q") > —4Vra(s +1Q") 2

contradicting (2.3.39). This proves the claim. Now %|NH/(S)QQ”_|S| > |Q/|/3-1Q|/6 =
|Q’|/6 and so (v) holds. 0

For a graph H and a set S C V(H), let Inty(S) be the set of vertices © € V(H)
such that € S and Ny (z) C S. If S is a set of vertices such that S € V(H), then we
take Inty(S) to mean Inty(S NV (H)). Further let Cly(S) = S U Ng(S). Note that
V(H)\Inty(S) = Cl(V(H)\S), and that if P is a path then it is possible for an endpoint
x of P to be in Intp(S).

Roughly speaking, the following lemma states that rotations (and extensions) of a
path P do not have much effect on Intp(S), provided that the pivots (or join vertices)

themselves lie in Intp(95).
Lemma 2.3.40 Let P=x ...y be a path, and let Q) be a set of vertices.

(i) Let z € Intp(Q). Suppose we perform a rotation of P with pivot z, and let P be
the resulting path. Then Intp(Q)\{z} C Intp/(Q) C Intp(Q). Further, if z € Q

then Intp/(Q) = Intp(Q).

(ii) Let C be a cycle vertex-disjoint from P. Let zz~ be an edge of C' and suppose that

z € Intc(Q). Suppose we perform an extension of P to incorporate C with join
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vertex z and broken edge zz~, and let P’ be the resulting path. Then (Intp(Q) U
Intc(Q))\{z} C Intp/(Q) C Intp(Q)UInto(Q). Further, if v € Q then Intp/(Q) =
Intp(Q) U ]ntc(Q)

Proof. (i) Let z~ be the predecessor of z along P, 2~ the predecessor of z~, and ™ the
successor of x. The only vertices whose neighbourhoods change as a result of the rotation
are x,z and z~. However, if x € Intp(Q) then 2t € @ and thus = € Intp/(Q) and vice
versa (here we use that z € (). Similarly, 2~ € Intp(Q) and z~ € Intp/(Q) each hold if
and only if 27~ € Q. Since z € Intp(Q), the first part of (i) follows. If x € @ then we
have z € Intp/(Q) and hence Intp(Q) = Intp(Q).

(ii) The proof of (ii) is similar. O

The following corollary gives, under fairly weak conditions, a lower bound on the
number of (H', @, m)-reachable vertices of a long path P. This allows us to make any
one of a large number of vertices of P into the first endpoint of P via a short sequence
of rotations. Further, it allows us to ‘avoid’ a specified set (namely V(P)\@Q) while doing
so. We will use this second property for two main purposes: Firstly in order to make sure
that certain edges of our 2-factor F' which we want to keep are not broken during the
process of transforming F' into a Hamilton cycle, and secondly when we want to prevent
one half of P from being affected by the rotations at all. In each of these cases we need to
construct sets satisfying the conditions on @ and @’ in Corollary 2.3.41; Lemmas 2.3.42

and 2.3.45 accomplish this.

Corollary 2.3.41 Let 0 < e < 1 be a constant. Let G’ be an rg /n-pseudorandom graph
on n vertices and let G be an r¢/n-pseudorandom spanning subgraph of G', with rg < re
and erg > 161log®n. Let H be a spanning subgraph of G such that (2.8.36) holds, and let
H' be a spanning subgraph of G' such that (2.3.37) holds.

Let P =x...y be a path in G' such that P and H' are edge-disjoint. Let Q C V(P)
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with © € Q and let Q' C V(G') be such that Q' NV (P) C Intp(Q). Suppose that
|Np(v) NQ'| = erg for every vertex v € Q.

Then either

(i) there exists a (H',Q)', 19)-reachable vertex v of P which has a neighbour in H' lying
in Q'\V(P), or

(i) the set of (H',Q', 19)-reachable vertices of P has size at least |Q'|/6.

Proof. Suppose that (i) does not hold, i.e., that Ny (v)NQ’" C V(P) for every (H', Q)’, 19)-
reachable vertex v of P. For each 7 < 79, let U, be the set of (H', (', 7)-reachable vertices
of P. Assume for contradiction that (ii) does not hold either, i.e., that |U,| < |Q'|/6 for all
7 < 79. By Lemma 2.2.31 with Q = Q'NV/(P) we have that |U,41| = 5| Np (U,)NQ'|— U]
for each 7 < 719, since Ny (U,) N Q' NV (P) = Ny (U;) N Q.

Note that any rotation of P whose pivot lies in @' N V(P) C Intp(Q) produces a
path P’ whose first endpoint lies in Q. Thus Intp(Q) = Intp(Q) by Lemma 2.3.40(i)
and the same holds for all paths obtained by further rotations with pivots in Q' NV (P).
So U, € @ and hence |Ng/(v) N Q'| > erg for each v € U,. Now Lemma 2.3.35 with

S = U, implies that |U 41| > min{ig:GGl , 5%, |U-|logn} for any 7 < 9. (Here we use that

conclusions (iv) and (v) of Lemma 2.3.35 cannot hold since |U,| < |Q’|/6 for all T < 79.)

Hence there must exist some

log (min { <. 52 1)
< G
log logn

T +1<7’0—1,

such that |U,, | > min{ Zg:; BT

Suppose first that 5z > jg:s, Then |U,, | > %, and hence Lemma 2.3.35 with
S = U, implies that |Ur;1] > min{ %, |U|logn} for each 7 such that 7 < 7 < 75. Hence
there exists 7, < 79 such that |Up,| > 2. But now setting S = Uy,, none of the conclusions

of Lemma 2.3.35 can hold. So we obtain the desired contradiction.
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On the other hand, if ¢ < ng’"s, then we already have |U.| > $5. So we derive a

contradiction in a similar way. U

The following lemma will be used to obtain a set of vertices in which the expansion
property we require still holds, and which also contains no endpoints of any ‘bad’ edges

that we want to avoid while rotating. (W will be the set of these endpoints.)

Lemma 2.3.42 Let G' be an rg /n-pseudorandom graph on n vertices and let G be an
ra/n-pseudorandom spanning subgraph of G, with 300log®n < rg < rer. Let H be an
even-reqular spanning subgraph of G with degree ry such that 6(G) —1 < ry < 0(G). Let

H' be an rg-regqular spanning subgraph of G', such that

B(H\E(H)| < — "6
25007¢ log® n

and let ' be a 2-factor of G' which is edge-disjoint from H'. Let W C V(G) with |W| <
n/400.
Then there ezist sets V' CV(G) and V" C V'\W, such that

o [Intp(V")| =n—6|W],
o |Intp(V)| =n—|W|/log*n, and

o |[Ny/(v)NIntp(V")| = ry/2 for everyv € V.

Proof. Note that by Definition 2.3.5(c),

0G) = rg—2\/rglogn > rg <1

2
———— | >290log®n,
v300 logn) &

and hence rg > 288 log3 n.
If W = () then we can take V" = V' = V(G), so we assume hereafter that [IW| > 1. We

define V" as follows: Initially V" = V(G)\W. As long as there exists a vertex v € V" such
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that |Ng:(v) N Intp(V")| < rg/2, we remove v from V”. Let W' be the set of removed
vertices and note that | Ny (v)NClp(WUW')| = rg /2 for every v € W’. Suppose that this
process continues until |W’'| = |W|. Then for each z € W', let B, = Ng(2)NClp(WUW’).

Thus we have |B,| > rg/2 for each x € W'.

Note that

> IB.| = [W|rg/2 = 144 | log® n, (2.3.43)

zeW’

and also that |Clp(W UW")| < 3(|W|+ |W'|) = 6|W]. Now we separate into two cases:

Case 1: |W'| = |W| < nry/150rq.. Applying Corollary 2.3.34 with G = G’, S = W’ and

A, = B,, we obtain either

CLe(W UW")| >

or

CLe(W UW)| =

U >

zeW’

— 3w = 7w,

either of which yields an immediate contradiction.

Case 2: |W'| = |W| > nrg/150re. Let A, = B, N Ny(x). Note that

S B> W T T B

g 2 1507’@/
and that
1 (2.3.43) X
D Aal = D IBol = 2ABENEH) > 5 ) |B:| > 72[W|log’n.
xeW’ xzeW’ xeW’
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So we can apply Corollary 2.3.34 with G = G and S = W' to obtain either

(Wire

> T[]

ICleWuW)| = | ] 4| >

it 16logn

or

CLe (W UW)| > >

U 4.

zeW’

S = 3IW = oo = 3| > T,
30
either of which again yields an immediate contradiction.

So the process must terminate before |IW'| = |IWW/|. Fix V" in its state at the point when
the process terminates. Note that [V (G)\V"| < 2|W| and hence |Clr(V (G)\V")| < 6|W],
ie., [Intp(V")| = n — 6|]IV|.

Let W’ ={v € V(G) | |[Ng:(v) N Clpg(WUW’)| = rg/2} and V' = V(G)\W". Since
W” CWUW' we have |W"| < 2|W|. We will show that V” and V' satisfy the assertions
of the lemma. Since W” C W' UW =V (G)\V”, we have V" C V'\WW and so it remains

to prove that [Intz(V')| = n — |W/|/log®n. This holds provided that
|ICLW™)| < |[W|/log? n. (2.3.44)

We now claim that [Clp(W U W’)| > 18|W"|log” n. Again we consider two cases:

Case 1: |[W"| < nry/300rq log? n. Then applying Corollary 2.3.34 with G = G/, S = W”

and A, = B,, we have either

Saewe Bl _ W'l
4logn = 8logn

ICle(WUW)| > > 18|W”|log® n

or

Ol (W UW)| = AWy

> —3W"| = [W"|(191og®n — 3) > 18|W"|log?
Lo~ S > W1 (1910g”n — 3) > 18]IV log”n,
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as desired.

Case 2: |W"| > nrg/300rq log® n. Note that

S Bz T Sy B(H)\E(H)),

ot 300r¢ log® n

and so setting A, = Ny (z) N B, again we have

DAl = ) |Bl —2lE(H)\E ZIB\ 72[W”| log® n.

xeW" xeW?" er”

Now again applying Corollary 2.3.34, we have either

Wrn

" 2
|IClL(WUW")| > 6Togn > > 18|W" log“n
or
“[”‘THn " "
Cl U — =3 ——3 13 —6 7
[Cleg(WUW)| > 28rG IV (W7 2 55 — 3IW7] > 13|W] — 6|W| > 7[W].

But the latter case cannot occur since |Clp(W U W')| < 3|W U W'| < 6|W|. This proves
the claim. Hence [W”| < [C=WOWIL 11| /310g? n and so |Cle(W")| < [W|/log?n,

18log“ n
which proves (2.3.44). O

Roughly speaking, the following lemma states that if we have a graph H’ which is close
to being pseudorandom and a long path P subdivided into logn segments, then most of
the vertices will have many neighbours in most of the segments. This will enable us to
carry out rotations involving only the initial half of a long path in the proof of Lemma

2.3.47. The proof of Lemma 2.3.45 is similar to that of Lemma 2.2.29.

Lemma 2.3.45 Let G be an rq/n-pseudorandom graph with rg > 10°log>n. Lete < 1/5

be a positive constant and let n' be an integer such that n/10 < n' < n. Let U C V(G) be
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such that |V (G)\U| < €*n'/8, and let H' be a graph on V(G) such that

engn
32000

|E(G)\E(H")| < (2.3.46)

Let P be a path which is edge-disjoint from H', with V(P) C V(G) and |P| = n/,
divided into logn segments Ji, ..., Jiogn whose lengths are as equal as possible. Then
there exists a set I C [logn] such that |I| > (1 — ¢)logn and for every i € I, there exists
J! C J;NU such that |Intp(J])| = (1 —e)n'/logn, which satisfies the following condition:
For everyv € J, and for all but at most elogn indices j € I, |Ny/(v)NIntp(J5)| 2 5515
Proof. We define I and {J] | i € I} as follows: Initially I = [logn| and J] = J;NU. For
a vertex v and for j € I, call v weakly connected to Ji if [Ny:(v) N Intp(J))| < 5575
As long as there exists ¢ € I and a vertex v € J/, such that v is weakly connected to J;
for more than elogn values of j € I, we remove v from J/. Further, if at any stage there
exists i € I such that [Intp(J])| < (1 —¢e)n’/logn, then we remove ¢ from I.

We claim that this process must terminate before en//4 — |V (P)\U| vertices are
removed. Indeed, suppose we have removed 2n’/4 — |V (P)\U]| vertices and let R be the
set of removed vertices. Note that no vertices of V(P)\U are included in R, and that
|R| > &*n//8 since |V(P)\U| < |V(G)\U| < &*n//8. Now |RU (V(P)\U)| = £2n’/4, and
so S8 [Intp(J!)| > (1 — 3¢%/4)n’. Hence we have |Intp(J!)| > (1 — e)n’/logn for at
least (1 — 3¢/4)logn values of 4, i.e., at most 3¢ logn/4 indices have been removed from
I. So for each vertex v € R, there remain more than ¢logn/4 indices i € I for which v is

weakly connected to J]. For each i € I, let WC(i) be the set of vertices v € R which are

weakly connected to J!. Let Iy ={i € I | [WC(i)| > &3n//64}.

Claim: For each i € Iy, there are at least % edges in E(G)\E(H') between Intp(J!)

and WC(i).
Let S = Intp(J]). To prove the claim, note that SN WC(i) = () since WC(i) C R, and
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hence (2.3.2) implies that

e (5, WC(0)) > Olre 4 ras) + wee)

> (1 B 8)n/”/VC’(Z)h’G i 5\/EIWC(Z)‘

nlogn
< [WC(i)|ra 4 2501ogn - W C(@)|ra
50logn N 501logn

[S[we
n

9

where the last inequality follows from the condition r¢ > 107 log? n. But the definition of

WC(i) implies that ey (S, WC(i)) < |W2/;E)2|£G, and the claim follows immediately.

Observe that Y, ; |[WC(i)| > |R|elogn/4 > *n’logn/32, since each v € R is weakly
connected to J! for more than elogn/4 values of i € I. But now
e3n’ _ e3n'logn

)| < <
Z (WO < I\l < —¢
7,6[\10

and hence Y ._, |WC(i)| > £3n’logn/64. Together with the claim, this implies that

i€lp

3 / 3
ra , e’rgn’logn _ e’rgn

WC(i)| > P )
501og 1 ; WCOI > Z00T0gn = 32000

|E(G\E(H")| >

which contradicts (2.3.46). This proves that the process must terminate before e2n’/4 —
|V (P)\U]| vertices are removed. Now |I| > (1 — ¢)logn at the point at which the process
terminates, since as before at most 3zlogn/4 indices have been removed, and so at this

point [ and {J! | i € I} satisfy the assertions of the lemma. O

In the next lemma we exhibit a method for merging cycles of a 2-factor I’ together.
The basic idea is fairly simple: given F', we first use rotation-extension to transform some
of the cycles in F' into a long path. When we can no longer extend the path, we apply
Lemma 2.3.45 to show that there is a large set ()7 on the first half of the path whose

vertices are reachable (by rotations which only use vertices in the first half of the path as
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pivots), and a similar set ()3 in the last half of the path. Since @); and @), are large we
can find an edge between them and close the path to a cycle, thus forming a new 2-factor
F’ with fewer cycles. However, the fact that we need to avoid bad edges forces us to be

very careful.

Lemma 2.3.47 Let G' be an rg /n-pseudorandom graph on n vertices, and let G be an
ra/n-pseudorandom spanning subgraph of G' with 300log®n < r¢ < rgr. Let I be a
2-factor of G' and let H be an even-regqular spanning subgraph of G of degree ry such that
0G)—1<ry <0(G). Let H' be an ry-regular spanning subgraph of G', such that

|[E(H)\E(H')| = |E(H')\E(H)| < nrg

< ————. 2.3.48
25007 log® n ( )

Let Epaq € E(F) be a matching of size at most n/220000. Suppose that F and H' are

edge-disjoint and that 2| Epaq|/log> n < ¢(F) < r;?ggé?’n'

Then unless F' is a Hamilton cycle, we can obtain a new 2-factor F' with the following

properties:

o E(F')C E(F)U B(H'),

c(F') < e(F),

B(F') N B(H)| < 2552 (c(F) — o(F")), and

loglogn

Evoa € E(F).

Proof. Let W be the set of endpoints of edges in Fp,q. Note that || < n/110000 and so
by Lemma 2.3.42 there exist sets V' C V(G) and V" C V\W, with [Intg(V")| = n—6|WV|
and |Intp(V')| = n — |[W|/log®n and such that

| N (v) O Intp (V)] = 11/2. (2.3.49)
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for every vertex v € V'. Note that
c(F) = 2|Epgl/log®>n = |[W|/log*n = n — |Intp(V')|. (2.3.50)

We will obtain F’ by deleting an edge yy’ in a cycle of F' to form a path P, performing
a sequence of rotations and extensions to incorporate other cycles of F' into P, and
finally closing P to a cycle, thus reducing the number of cycles. The new edges for these
rotations and extensions will be taken from a graph H”, which is defined as follows:
Initially H” = H' U {yy'}. Whenever a rotation or extension with new edge e € H” is
performed, we remove e from H” and call e a used edge. For each edge of H” used we
will add back to H” the edge of F' broken during the corresponding rotation or extension.

We can view H” as the ‘current’ version of H’; note that we always have |E(H")| =
|E(H')| or |[E(H")| = |E(H')| + 1. Similarly, let F’ be the current version of F' (so F” is
either a 2-factor of H' U F', or consists of a path and various cycles). Note that since we
do not change F' itself during the proof, the function Intr will not change either.

As long as we use on average at most 5logn/loglogn edges per cycle of F' merged,

we have

|[E(H)\E(H)| < [E(H\E(H")[ +1

< |EHN\E(H")| + |[E(H)\E(H")| +1

(2.3.48) nrg, 5¢(F)logn - 2nr,

25007 10g2 n log 10g n h (el 10g2 n

(2.3.51)

This fulfils condition (2.3.37) of Lemma 2.3.35 and Corollary 2.3.41 whenever they are
applied with H' = H”. We also have that e¢(G) < nrg/2+2n./r¢ since G is (rg/n, 2,/Tq)-
jumbled by Definition 2.3.5(a), and

\
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by Definition 2.3.5(c). So since E(H) C E(G),

|[E(G)\E(H)| < 2ny/rg + ny/rglogn + g < 2n4/rglogn. (2.3.52)

This fulfils condition (2.3.36) of Lemma 2.3.35 (and Corollary 2.3.41). Further, still
assuming that on average at most 5logn/loglogn edges are used per cycle merged, we

have

[E(GN\EH")| < |[E(GN\E(H)| + |[E(H)\E(H")|

(2.3.51),(2.3.52) 2nr2 1\*
< 2ny/rglogn + —nTGQ < (=) o
rglog“n 15/ 32000

(2.3.53)

Claim: H'[Intp(V')] is connected.

To prove the claim, suppose for contradiction that H'[Intr(V')] has two components S
and 7. Since (2.3.49) implies that [Ny (v) N Intp(V')| = ry/2 for any v € Intp(V’), we
can apply Lemma 2.3.35 with ¢ = 1/3, Q' = Intr(V') and S = S. But Ng:(S)NQ" = 0,
and so of the possible conclusions of Lemma 2.3.35 only (iv) can hold. This implies that
S| > |Q'|/6 = n/7, and similarly |T| > |Q’|/6 > n/7. Now since G is (r¢/n,2\/Tc)-

jumbled, (2.3.2) implies that
eq(S,T) = ra|S||T|/n — 4y/rc(|S] + |T]) = nrg/50.
But by (2.3.53) this implies that ey (S,T") > 0. Hence H'[Intr(V')] has only one compo-

nent, which proves the claim.

Our first aim is to find a path P, = 2”...y"” whose vertices span at least two cycles of

F and so that z” and y” lie in Intp(V"). Let C} be a cycle of F' containing a vertex of
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Intp(V'). It is easy to see that Intp(V')\V(C}) is nonempty. Indeed, if V' = V(G) then
it is sufficient to recall that F' is not a Hamilton cycle. Otherwise |Intp(V')] < n— 3 and
so by (2.3.50) the number of vertices which are not part of C is at least 3(c(F) — 1) >
3(n—|Intp(V')|—1) > n—[Intrp(V")|. Hence one of these vertices must be in Intp(V’).

(This is the only place in the proof where we use the lower bound on ¢(F).)

Since H'[Intp(V')] is connected, there exists an edge xzy of H' with z € Intp(V') N
V(Cy) and y € Intp(V')\V(Cy). Let Cy be the cycle of F' in which y lies. Since Ejqq is a
matching, there will be at least one edge yy' ¢ FEpuq in Cy incident to y. Delete yy' from

Cy to form a path C; = y...y". Note that Intp(V") N V(Cy) C Inte, (V).

Again since Ey,q is a matching we can find za’ ¢ Ejpqq in Cy incident to xz. Perform
an extension of C to incorporate C}, with join vertex x and broken edge xx’. Let Py =

a2’ ...y denote the resulting path and note that (Intp(V") NV (Py))\{z,y} C Intp,(V").

Now by (2.3.49), z' has a neighbour z; in H”, which lies in Intp(V")\{z,y}. If
z1 € V(P,) then we perform a rotation with pivot z1; note that the first endpoint z”
of the resulting path lies in V”. Otherwise, let C' be the cycle containing z; and let
212" ¢ Epqq be an edge of C. Perform an extension of Py to incorporate C' and again
note that the new first endpoint 2" will lie in V”. Call the resulting path P and let
Py =y ...2" be the reverse of BJ. (Recall that the reverse of a path was defined in
the second paragraph of Section 2.3.5.) Now similarly we can perform a rotation (or
extension) of P with some pivot zs (or join vertex z3), so that the new first endpoint y”

also lies in V. Call the resulting path P’ and let P, = 2”...y" be the reverse of P}".

Applying Lemma 2.3.40 twice with P = P, and P respectively, Q = V" and z = z

and 2z, respectively implies that

(Intp(V"YNV(P)\{z1, 22, 2,y} C Intp (V"). (2.3.54)

109



All rotations performed during the remainder of the proof will have pivots in (Intg(V")N
V(P1))\{z1, 22, x,y} (where P; is the current path). Thus by (2.3.54) the pivots lie in
Intp, (V). Also the join vertices of all extensions performed during the remainder of the
proof will lie in Intr(V"). Hence no edges in Ep,q will be broken. Moreover, the endpoints
of P, will always lie in V” and hence Lemma 2.3.40 implies that (2.3.54) will always hold.

Note that for each v € V', we have

|NHH<U) N IntF(V")| Z |NH/(U) N ]ntF(V")| -2

since H' C H" U F" and A(F’) = 2. So (2.3.49) implies that

|NHN(U) N I’I’LtF(V”)| 2 Tg/?) + 4

with room to spare. We now incorporate additional cycles into P; by an iterative proce-

dure. Each iteration proceeds as follows:

Apply Corollary 2.3.41 with e = 1/3, H = H", P = P, Q = V"NV (P) and Q' =

Intp(V")\{z1, 22, x,y}. We obtain one of two possible conclusions:

Case 1: There exists an (H",Q’,1)-reachable vertex v of Py which has a neighbour
z € Intp(V")\V(Py). Let C be the cycle of F' on which z lies. Now we perform the
necessary rotations to make v the first endpoint of P, and then an extension with join
vertex z to incorporate C' into P;. We then redefine P; to be the resulting path and begin

the next iteration.

Case 2: The number of (H",Q)', 1)-reachable vertices of Py is at least |Q'|/6 = 3n/20.
Note that this immediately implies that |Py| > |Q'/6] = n/10. Let P, be divided into log n
segments J; whose lengths are as equal as possible. Noting that [V (G)\Q'| < 6|W|+4 <

n /18000, we may apply Lemma 2.3.45 with e = 1/15, H' = H", U = @)’ and n’ = |P,|.

110



Note that (2.3.46) is satisfied due to (2.3.53). Thus we obtain a set I C [logn] of size at
least 14logn/15 and sets J! C J;NQ’ for each i € I, such that |Intp (J!)| > 14|P1|/15logn

and the following holds: For every v € J/, and for all but at most logn/15 indices j € I,

|NH//(’U) N [ntPl(J]/)l 2 25q§gn'

Note that ||, ; Intp, (J!)| = (1 — 2/15)|Py|. Hence for some i € I, J/ contains a

iel
(H",Q', 19)-reachable vertex of P;. Perform the necessary rotations to make one of these
vertices into the first endpoint, breaking at most 7y edges in the process. Redefine P; to
be the resulting path, and let P be the reverse of P;. Now apply Corollary 2.3.41 with
e=1/3, H=H"P=P,Q=V"NV(P])) and Q" = Intp(V")\{z21, 22,2, y}. Again we

obtain one of two possible conclusions:

Case 2a: There exists an (H",Q)', 19)-reachable vertex v of P| which has a neighbour
z € Intp(V")\V(P]). In this case we extend P| as in Case 1, redefine P; to be the
resulting path and begin the next iteration. Note that in future instances of Case 2, the

sets I, J; and J! will be redefined for each new path P.

Case 2b: The number of (H”,Q', 9)-reachable vertices of Py is at least |Q'|/6 = 3n/20.
Note that any instance of Case 2b is immediately preceded by an instance of Case 2, and
so the segments J; have been defined (possibly redefined) so that they partition V(F)).
Call a segment J; broken if one of its edges was used as a broken edge in one of the
rotations in Case 2 (or, for later uses, in Case 2b), and let I’ C I be the set of all indices
1 € I such that J; is an unbroken segment. Note that since each rotation breaks at most
one segment, |(J;cp Intp(Jj)| = (1 —2/15 — 79/ logn)|P]| > (1 — 3/20)|P]|. Hence for
some ¢ € I') J! contains a (H”,Q', 7p)-reachable vertex of P|. Perform the necessary
rotations to make one of these vertices into the first endpoint, breaking at most 7, edges

in the process. Call the resulting path P, = x5 ... 1s.

Eventually, the iterative procedure has to conclude by entering Case 2b. Let I” C [

be the set of all indices ¢ € I such that J; was broken in neither Case 2 nor Case 2b. Let
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I, I be subsets of I” such that |I;]| = |I5] = |I”|/2 and for every iy € Ij, iy € Iy the

segment .J;, precedes J;, where the ordering is taken along P,. Now

1

L], |1] > =((1 — 1/15)logn — 275) > =(1 — 1/10) log .

DN | —
[\}

Let Q1 = {72} UlU;e;, Jis Q2 = {2} Uy, Ji and note that

[ Intp, (Q1)], [Intp,(Q2)] = ! (1 — %) (1 - 1—15) 1P| > 2Rl n (2.3.55)

Further, for each vertex v of @, and for at least |I;| — logn/15 > logn/3 indices

i € I, we have that |Ngy»(v) N Intp,(J])| >

| > —25’1’%” (noting that Intp,(J]) = Intp (J])

since J] is unbroken). Hence

|Nun(v) N Intp,(Q1)] = 7¢/75

for all v € (1, and the corresponding statement holds for vertices of Q5.

Now applying Corollary 2.3.41 with P = P, Q = @1, Q" = Intp,(Q1), H = H" and
e = 1/75 implies that there exists a set A of |Intp,(Q1)|/6 (H", Intp,(Q1), To)-reachable
vertices of Py (since Q' C V(P,), it is impossible for the first conclusion of Corollary 2.3.41
to hold). Let Pj be the reverse of P, and apply Corollary 2.3.41 again with P = PJ,
Q = Qy and Q' = Intp(Q2) to obtain a set B of |[Intp(Q2)|/6 (H", Intp;(Q2),7o)-
reachable vertices of P;. Now |A|,|B| > n/150 by (2.3.55), and so using (2.3.2) we have

]AHB\?“G nrg nra
AB) > ——=—4./ra(lA —4n\/ra .
¢c(4, B) n (Al +1B1) = 55555 Z 30000
Hence
nra (23 53)
(A, B) > E(H" .
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Now let x3ys € Eyr(A, B). Noting that x3 is (H”, Intp,(Q1), 7o)-reachable, perform a
set of at most 7y rotations of P, with pivots in Intp,(Q1), to form a new path PJ whose
first endpoint is x3. Note that Intpy(Q2) = Intp,(Q2). Thus setting P," to be the reverse
of P, we have that ys is still (H", Intpy(Q2), To)-reachable. Perform a set of at most 7
rotations to make ys the first endpoint of Py’. Note that all the pivots of these rotations
liein Q1 UQ2 C U,; Ji € Q', and so as discussed after (2.3.54) no edge in Ej,q is broken.
Now use x3ys to close Py’ to a cycle.

It remains to estimate the number of edges broken during the process. In the initial
formation of P; we break only 4 edges (two while forming P, and one for each of the two
subsequent rotations or extensions). During each instance of Case 1 or Case 2a we break
at most 7y + 1 edges, during Case 2 we break at most 7y edges, during Case 2b we break
at most 1y edges, and during the remainder of the proof we break at most 27y edges. Each
time we merge a new cycle into P, we need either to go through Case 1 once, or through
both Cases 2 and 2a once. Case 2b occurs only once (at the end, after Case 2).

Let k1 be the number of times we repeat Case 1 and ks be the number of times we
repeat Cases 2 and 2a. Then the number of cycles of F' decreases by ki + ko + 1. Further

the total number of edges broken is at most

4 + k1(7'0 + 1) + /{72(27'0 + 1) -+ 47’0 < 4(/{71 + /{ZQ + 1)7’0 + 4

So on average the number of edges broken per cycle merged is at most 47y + 4 <

5logn/loglogn. O

We can now apply Lemma 2.3.47 repeatedly to transform 2-factors into Hamilton
cycles. Given a 2-regular graph F' and an edge-disjoint graph H on the same vertex set,
we say that a Hamilton cycle C' is formed by merging the cycles of F' using edges of H if

E(C)CE(F)UE(H). E(H)NE(C) is the set of used edges, and E(F)\E(C) is the set
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of broken edges.

Corollary 2.3.56 Let G’ be an r¢ /n-pseudorandom graph on n wvertices, and let G be
an rg/n-pseudorandom spanning subgraph of G' with 300log®>n < rg < rgr. Let H be an
even-reqular spanning subgraph of G with degree Ty, such that 6(G) — 1 < ryg < §(G).
Let F be a collection of edge-disjoint 2-factors Fy, Fy, ..., F,, of G', such that each F; is
edge-disjoint from H.

Let Eyq C E(UJF) be such that EyqN E(F;) is a matching and | Eyeq NV E(F;)| < n/10°
for each F;. Suppose that ¢(F)re log®n < 4nr?,. Then we can merge the cycles of each
F; into a Hamilton cycle C; using the edges of H. Further, we can ensure that the number
of edges of Eyuq broken during the process is at most |Eyaq|/logn, and that all of the C;’s

are pairwise edge-disjoint.

When rg is much smaller than g the bound on ¢(F) is more restrictive than sim-
ply requiring that ¢(F) is small compared to e(H) as one might at first expect. The
assumption is necessary due to (2.3.48) which in turn arises from (2.3.37). In the proof of
Lemma 2.3.60 (and thus of Theorem 2.3.62) this assumption will be the limiting factor in
determining how small we can make rg compared to rg/, and thus how many iterations

we need to use.

Proof. We merge cycles by repeatedly applying Lemma 2.3.47. During this process we
will remove certain edges from H (namely those which lie in the new 2-factor obtained by
Lemma 2.3.47) and add certain edges to H (namely those edges which are removed from
the old 2-factor in Lemma 2.3.47 to obtain the new one). Let H’ denote the ‘current’
version of H (so H always denotes the original version).

We use Lemma 2.3.47 repeatedly to reduce c¢(F;) until ¢(F;) = 1, i.e., F} is a Hamilton

cycle for each 7. We make use of the fact that on average at most 5logn/loglogn edges
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of H' are used by Lemma 2.3.47 for each cycle that needs to be merged. Hence we have

2
[E(HN\E(H)| = |B(H\E(H)| < 2F)oen _ran
loglogn 25007¢ log” n

throughout the process. So (2.3.48) is satisfied.

More precisely, we proceed as follows: Given 1 < ¢ < m, suppose that the number
of cycles of Fj is at least 2| Eyeq N E(F})|/log®n. Then we can apply Lemma 2.3.47 with
Eveg = Epea N E(F;) to merge one or more cycles of F; together, without breaking any
edges of Ej,q and using on average at most 5logn/loglogn edges of H' per cycle merged.
(Note that the required upper bound on ¢(F;) holds since ¢(F;) < ¢(F).)

On the other hand if the number of cycles is fewer than 2| Ey.q N E(F;)|/log® n, then
we can apply Lemma 2.3.47 with Ey,q = () repeatedly to merge all of the remaining cycles
of F; together, thus forming a Hamilton cycle. Again we use at most 5logn/loglogn
edges of H' per cycle and thus the total number of edges of Ej,q which are broken during

this process is at most

2| Epa N E(F;)|  5logn o | Epaa N E(F})|
log®n loglogn log n '

The bound on the total number of edges of Ej.q broken follows immediately. O

For a given application of Corollary 2.3.56 during the remainder of the chapter, define
the leftover graph to be the final state of H'. Thus H' is obtained from H by deleting
the edges of the Hamilton cycles produced by Corollary 2.3.56, and adding those edges of

JF which do not lie in any of these Hamilton cycles.

We now prove variants of Lemma 2.3.47 and Corollary 2.3.56. These will be used in
cases where instead of needing to avoid a set of bad edges when rotating, we only want to

avoid a vertex xy (when we apply the lemmas g will be the vertex of minimum degree in
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Gnp). For clarity we prove these as separate lemmas as the conditions are different, but

the proofs proceed along similar lines in each case.

Lemma 2.3.57 Let G’ be an r¢//n-pseudorandom graph on n vertices, and let G be an
ra/n-pseudorandom spanning subgraph of G' with 10°log®n < rg < rer. Let 29 be a
vertex of G and let H be formed from G by removing all of the edges of G incident to
xo. Let H' be a spanning subgraph of G', such that (2.3.48) holds and dy(v) = dg(v) for
each v € V(G).

Let F be a 2-factor of G', edge-disjoint from H', such that ¢(F) < %' Then

unless I is a Hamilton cycle, we can obtain a new 2-factor F' such that the following

hold:
o E(F')C E(F)U B(H'),

o ¢(F') < c(F), and

o [E(F)NB(H")| < g (c(F) — c(F)).

log log
Proof. The proof is similar to that of Lemma 2.3.47. We will again obtain F’ from F
by performing a sequence of rotations and extensions, with all the new edges for these
rotations and extensions taken from a graph H” which is defined as in the proof of
Lemma 2.3.47. Again, we say that an edge e of H” is used if it is the new edge of some
rotation or extension performed during the proof. Define the current version F’ of F' as

in the proof of Lemma 2.3.47. Observe that e(H) > e(G) — n, and so assuming we use

on average at most lggl‘l’fg”n edges for each cycle of F' merged, the bounds (2.3.51), (2.3.52)

and (2.3.53) still hold. Moreover,

O(H" —{xo}) 2 6(H" = {xo}) = 6(H — {x0})

>6(G)—1>r¢—2y/rglogn — 1 > %G (2.3.58)
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Claim: H' — {xz¢} is connected.

To prove the claim, suppose for a contradiction that H'—{x,} has two components, S and
T. By (2.3.58) we can apply Lemma 2.3.35 with e = 1/3, Q' = V(G)\{zo} and S = S.
But now Np/_gz1(S) = 0, and so of the possible conclusions of Lemma 2.3.35 only (iv)
can hold. This implies that |S| > (n—1)/6 > n/7. Similarly |T| > (n—1)/6 > n/7. Now

since G is (rg/n,2,/r¢)-jumbled we have that

ea(5,T) = ra|S||T|/n — 4v/ra(|S| + [T]) = nre/50.

But by (2.3.53) this implies that ey/(S,T) > 0, which contradicts our assumption that
S and T were components. Hence H' — {xo} has only one component, which proves the

claim.

Let C be a cycle of F. Since H' — {x} is connected, there exists an edge zy of H’
joining two distinct cycles €y and Cy of F, with x on C} and y on C5 and such that
x,y # xo. Let yy' be an edge of Cy incident to y such that y' # xq. Delete yy’ from Cy
to form a path C. Let zz’ be an edge of C} such that =’ # xy, and perform an extension
of C% with join vertex x and broken edge xzz’ to incorporate Cy. Let P, = 2’ ...y denote

the resulting path. Note that zy cannot be an endpoint of P;.

Let V" = V(G)\{xo} and Q' = Intp(V"). Note that Intp (V") = Q' NV (P). Al
rotations performed during the remainder of the proof will have pivots in Intg(V") N
V(P;), where P; is the current path. Similarly, all extensions performed during the
remainder of the proof will have join vertices in ’. Thus by applying Lemma 2.3.40 with

Q@ = V", we always have that

Intpl(V”) = I?’LtF(VH) N V(Pl) = Ql N V(P1>
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So in particular xo will never be an endpoint of P;.

By (2.3.58) we can apply Corollary 2.3.41 with e = 1/3, H' = H", P = P, Q =
V"N V(P) and Q' = @ and use the same case analysis as in Lemma 2.3.47. The
remainder of the argument is also identical to that in the proof of Lemma 2.3.47. (Note

that x¢ ¢ J! for any i since J! C J; N Q', and hence 2y ¢ Q1 and x¢ ¢ Q>.) O

Corollary 2.3.59 Let G’ be an r¢/n-pseudorandom graph on n wvertices, and let G be
an rg/n-pseudorandom spanning subgraph of G' with 10° logn < re < rer. Let zy be a
vertex of G and let H be formed from G by remouving all of the edges of G incident to x.

Let F be a collection of edge-disjoint 2-factors Fy, Fy, ..., F,, of G', such that each F; is

2
Anre,

edge-disjoint from H and ¢(F) < . Then we can merge the cycles of each F; into

el log®n

a Hamulton cycle C; using the edges of H, such that the C;’s are pairwise edge-disjoint.

(Recall that merging was defined in the paragraph before Corollary 2.3.56.)

Proof. We merge cycles by repeatedly applying Lemma 2.3.57. During this process we
will remove certain edges from H (namely those which lie in the new 2-factor obtained by
Lemma 2.3.57) and add certain edges to H (namely those edges which are removed from
the old 2-factor in Lemma 2.3.57 to obtain the new one). Let H’ denote the ‘current’
version of H (so H always denotes the original version).

We use Lemma 2.3.57 repeatedly to reduce ¢(F;) until ¢(F;) = 1, i.e., F; is a Hamilton
cycle for each i. We make use of the fact that on average at most 5logn/loglogn edges

of H' are used by Lemma 2.3.57 for each cycle that needs to be merged. So

5¢(F) logn rEm
EHN\EH)| = |E(H\E(H)| < < )
[E(HN\E(H')| = |E(H)\E(H)| loglogn 25007¢ log® n

and hence (2.3.48) is satisfied throughout the process. O
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2.3.6 Completing the proof

In this section we combine our results to prove Theorem 1.3.5. Roughly speaking, the
following lemma states that given a graph Hy which is close to being pseudorandom and
given about logn pseudorandom graphs Hy, ..., Hy 1, we can find a set of edge-disjoint
Hamilton cycles in the union of these graphs which cover all of the edges of Hy. While
the H; cannot be too sparse, they need not be as dense as Hy. The point is that the
remaining ‘uncovered’ graph is much sparser than Hy and is also not too far from being
pseudorandom. In the proof of Theorem 2.3.62 we apply this lemma three times in

succession to obtain an uncovered graph which is very sparse.

Lemma 2.3.60 Let py > log™ n/n, and let py > ((npo)?log'® n)Y/4/n. Let t = &)

loglogn

and let pa, . .., pary1 be positive reals such that p; = py for odd i and p; = 10°p, for even i.
Let Go be a pg-pseudorandom graph on n vertices. Suppose that G; is a p;-pseudorandom
spanning subgraph of Gy, and let H; be an even-regular spanning subgraph of G; such that
0(Gi)—1 < 0(H;) < (G), for each 1 <@ < 2t+1. Suppose that the graphs G; are pairwise
edge-disjoint for 1 < i < 2t + 1 and let Hy be an even-reqular spanning subgraph of Gg
which is edge-disjoint from Uf:[l H;. Then there exists a collection HC of edge-disjoint
Hamilton cycles such that Hy C |JHC C U2 H;.

Formally the assumption py > log'* n/n can be omitted. It is included for clarity since
if pg is significantly smaller then pg < fo{l p; and so the lemma becomes vacuous.

To prove Lemma 2.3.60 we first decompose Hj into 2-factors which on average have
few cycles. We then use edges of H; to transform these 2-factors into Hamilton cycles.
Because edges are exchanged between H; and the 2-factors there will still be some edges
of Hy left uncovered (the ‘bad’ edges). We decompose H| U Hy (where Hj is the leftover

of Hy and Hy) into 2-factors with few cycles and then use Hj to transform them into

Hamilton cycles (we cannot decompose H] on its own since it is no longer close to being
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pseudorandom). Again some edges of Hy will be left uncovered, but we can guarantee
that the number of such edges will be reduced (by a factor of about logn). After about
log n/ loglogn iterations we arrive at a leftover graph which contains no edges of Hy, i.e.,

all of the edges of Hy are covered.

Proof. [Proof of Lemma 2.3.60] Note that p; > log'® n/n. Corollary 2.3.26 with G = Gy

and H = H, implies that Hy can be decomposed into a collection F; of 2-factors such

that c(F;) < 3ny/npelog® n. Since
c(Fy) - npolog® n < 4n(npg log® n)>? < dn(np,)?, (2.3.61)

we may apply Corollary 2.3.56 with G’ = Gy, G = Gy, H = Hy, F = F; and Ep,q = 0.
This allows us to merge the cycles of each 2-factor of F; to form a collection of edge-
disjoint Hamilton cycles. Let H| C Hy U H; be the leftover graph from Corollary 2.3.56
(as defined after the proof of Corollary 2.3.56), and let Ey.q = E(H}) N E(Hp). Note that
| Evaal < |E(H{)| = |E(H1)| < n?p1/2.

Now Hj is even-regular with degree at most np;, and np; + 1+ 105np; /2 < np,/5000.
Hence we may apply Corollary 2.3.30 with G = Gy, H = Hy and H' = H{ to obtain
a decomposition Fp of Hj U Hy into 2-factors, such that c¢(F3) < 4n\/m and

E(F) N Epqq is a matching of size at most n/10° for each F € F.

By (2.3.61) (noting that p; = p3) we may apply Corollary 2.3.56 with G’ = Gg, G = G3,
H = Hj3, F = F5 and Epyq = Epeq. This yields another collection of edge-disjoint Hamilton
cycles and a leftover graph Hj. Furthermore, if we redefine Ey,q = E(Hj) N E(Hy), then

| Epaa| is reduced by a factor of logn.

We now repeat this process a further £ — 1 times, using up the graphs Hy, Hs, ..

)

Haii1. Now we have |E(Hy,,) N E(Hy)| < 5ol < 1, ie., E(Hjy, ) N E(Ho) = 0. Let

‘HC be the union of all the collections of Hamilton cycles produced by this process and
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note that Hy C |JHC C U2t+1 H;. O

Before proving Theorem 1.3.5, we state a ‘pseudorandom’ version of the theorem. The
conditions in this version are significantly more complicated than those of Theorem 1.3.5;
however, it has the advantage of being entirely deterministic and we believe it to be of

independent interest.

Theorem 2.3.62 Let log”™ n/n < py <1 —n""*log’n. Let

(npo)3/4 log"?n (npy)3/4 log"?n
D2 = n y P3 = n )
(np3)**log™*n npo(1 — po)
— =Y - 7 2.3.63
Y2 n » Ps n 10g3/4 n ( )

and py = po —p2 — Pp3 — Pa — ps. Fori1=2,3,4 let

B 2log(n?p;)
~ loglogn
For 1 < j < 2t;+1 let pyj :(mwfwlfj is odd and p; ;) = %zf‘jiseven.

Let Go be a po-pseudorandom graph on n wvertices. Suppose that Gy has a decom-
position into graphs Gi,Gs,Gs, G4, G5, and that G; has a decomposition into graphs

Gy, Gy, - - - Gy fori=2,3,4, such that the following conditions hold:
(i) G; is p;-pseudorandom for each 1 < i <5,
(i) Gy is puj)-pseudorandom for i =2,3,4 and 1 < j < 2t; + 1,
(i) G; U Giyq is (pi + piv1)-pseudorandom for i = 2,3,4, and

(iv) Gy is 4u-jumping where

2y/npo(1 — po)

o (2.3.64)

U = 2np; =
log
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Then Go has property H.

For the moment we will assume the truth of Theorem 2.3.62 and use it to prove

Theorem 1.3.5.

Proof. [Proof of Theorem 1.3.5] Let py = p and let Gy ~ G,,,. Define as in the statement

of Theorem 2.3.62 the real numbers p; for 1 < ¢ < 5, integers t; for i« = 2, 3,4, and reals
Piyj) for i =2,3,4and 1 < j < 2t; + 1.

Form graphs Gi,Gs and G for @ = 2,3,4 and 1 < j < 2t; + 1 as follows: For
each edge e of Gy, place e in Gy with probability pi/pg, in G5 with probability ps/po,
and in G ;) with probability p(; j)/po for each i = 2,3,4 and 1 < j < 2t; + 1. Let
G = Gy for i =2,3,4.

Note that p; = o(po) for i = 2,3,4,5 and that
nps > log* n, np; > log** n and NP ) = log™® n (2.3.65)

for i = 2,3, 4, where the second inequality holds since z > log'* n implies that z%/* log7/ ’n>
log'* n. Thus the bounds on each p; and P(i,j) in Lemma 2.3.13 hold, and hence Lemma
2.3.13 implies that Gy is pp-pseudorandom and that conditions (i), (ii) and (iii) of The-
orem 2.3.62 hold whp. Moreover, condition (iv) holds whp by Lemma 2.3.14. Hence

Theorem 2.3.62 implies that G has property H. O

It remains to prove Theorem 2.3.62.

Proof. [Proof of Theorem 2.3.62] Recall from the proof of Theorem 1.3.5 that p; = o(po)
for i = 2,3,4,5. Thus
pr = (1= o(1))po. (2.3.66)
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Note also that (2.3.65) holds and

nps = (npo)?/ % 1ogs (1F3455) < (npg) ¥/ 10g ™/ . (2:3.67)

Let xy be the vertex of G of minimum degree. If §(Gy) is odd, then at this point we
use Lemma 2.3.18(i) to remove an optimal matching Mg, which covers zy from Gy, and

let G’ be the remainder. If §(Gy) is even then let G} = G and Mo, = 0.

Form Hj from G5 by removing all of the edges incident to z(, and add the removed
edges to GY. For each G(;;), apply Lemma 2.3.18(ii) with v = 0 to form a regular
spanning subgraph H; jy whose degree is either (G, j)) (if 6(G i ;) is even) or §(Gy; ;) —1
(otherwise). If there are edges of G(; ;)\ H; ) which are incident to zy, move these edges
into G'. Let H; = Uzt it H ;) for i = 2,3,4. Now all edges of GGy which are incident to

Zo lie in Gll U HQ U Hg U H4 U ]\401)157 i.e.,

dey (o) = dey (20) + du,(w0) + da,y (20) + da, (%0) + dis,, (T0)- (2.3.68)

Let }; ; denote the summation S Zzt i+1 Note that (2.3.68) implies that

e (20) — 1 < dag, (o) < Z i)/2) < 8(Go) = S(6(Gag) — 1) (2:3.69)

i?j

The next claim shows that the number of edges incident to xy which we added to Gy to

form G is at most w.

Claim 1:
A(G5) + Z (Gigy) — 0(Gag) +1) <u. (2.3.70)
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Indeed, by Definition 2.3.5(c) we have that

dnps (2.3.64) 2u
3 3

A(Gs) < nps +2/npslogn <

Further, note that

(5log* n)® < npo(1 — po)™. (2.3.71)

Also, Definition 2.3.5(c) implies that

A(Gajy) — 0(Gajy) < 44/npelogn < 44/npslogn

for each 1 < j < 2t3 + 1. Hence using t; = o(logn), we have

2to+1
Z (A(G(Q,])) - 5(G(2,J)) + 1) g 4<2t2 -+ 1) ( npo logn + 1)
j=1
< log ny/nps logn = log"®* n(npy)®/®
(2'271) npo(1 —po) _ nps 2364 u
h 5log**n 5 10
Similarly
2,41 "
(A(G(i’j)) —0(Gyjy) + 1) < logny/np; logn < 10
j=1

for i = 3,4. Thus the left-hand side of (2.3.70) is at most 2u/3 + 3(u/10) < u, which

proves the claim.

Claim 2: Each © # g satisfies dg,(x) = dg, (xo) + 2u.
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In other words, z is the vertex of minimum degree in G; and G is 2u-jumping. To prove

Claim 2, recall our assumption that G is 4u-jumping. Hence we have

de, () = 6(Go) +4u — A(Gs) = > A(Gy)

(2.3.70) (2.3.69)
2 5(G0) — Z<5(G(17J)) — 1) + 3u 2 dGl ([L'()) -1 + 3u 2 dG’l (.To) + 2U,
i,J

which proves the claim.

Since each H(; j) is even-regular and since Mo, covers g if and only if dg,(2¢) is odd,
(2.3.68) implies that dgr (o) is even. Also recall that the number of edges added to G at
the vertex xy (after removing Mo,:) to form G is at most the left-hand side of (2.3.70),

and hence is at most u. So xg is the vertex of minimum degree in G}. Moreover, since

1_p0<1_p1a

(2.3.64),(2.3.66) 9 (1 —
U < \/n P P1) <4y/np (1 —py).

logg/4 n

Hence we may apply Lemma 2.3.18 with G = G; and G’ = G/, to form a regular spanning
subgraph H; of G} with degree 0(G) = dgr (w0). Note that H; contains every edge of ()
incident to xg.

By Lemma 2.3.60 where py = po, p; = p ) for 1 < j <2ty + 1, Go = Go, Hy = Hy,
Gj = Gy, and Hj = Hppj ) for 1 < j < 2t + 1, there exists a collection HC; of edge-
disjoint Hamilton cycles in H; U Hy which cover the edges of H;. Let Hj be the graph
formed by the edges of Hy which are not contained in one of these Hamilton cycles.

Applying Lemma 2.3.60 again with po = py + p3, p; = p@i, ) for 1 < j < 2t3 + 1,
Go = Go UGs, Hy = Hy, G; = G, and H; = H(s;, we obtain a collection HCy of
edge-disjoint Hamilton cycles in H, U Hz which cover H). Let Hj be the graph formed by

the edges of H3 which are not covered by one of the Hamilton cycles.
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Applying Lemma 2.3.60 again with py = p3 + ps, pj = puy for 1 < j < 2t + 1,
Go = G3 UGy, Hy = H;, G; = Guy, and H; = H;, we obtain a collection HCs of
edge-disjoint Hamilton cycles in H{ U Hy which cover Hj. Let Hj be the graph formed by

the edges of H, which are not covered by one of the Hamilton cycles.

Note that H} is a subgraph of G4. Hence by Corollary 2.3.26 we can find a decompo-

sition F of H} into 2-factors such that ¢(F) < 3n+/npylog® n. Now we claim that

36(np4)®log” n < (nps)*. (2.3.72)

To prove (2.3.72), note that (nps)* = (npo(1—po))?/log® n. So by (2.3.67) it suffices to
prove that 36(npg )2/ 10g"? n < (npo(1—po))?/ log® n, or equivalently that (npg)*7/64(1—

po)? = 36 log™? n. But if py < 1/2 then we have
(o) /04 (1 — po)? = (npo) /%4 /4 > (log™ n)*7/%* /4 > 3610g™/2 n
and if py > 1/2 then
(npo) /04 (1 — po)? = 004 (V42 /2 > 361072 n

with room to spare, which proves (2.3.72).

It follows immediately from (2.3.72) that if p5 < p4, then

n(nps)? n(nps)?
c(F) < 3ny/npylo 3n < < .
(F) < P4I0B T = 2npy log® n = n(ps + ps) log®n

On the other hand if p5 > p4, then

/ / n(nps) n(nps)*
< 3ny/npslog® n < 3ny/nps log® n < < .
Pai08 P08 2log®n ~ n(ps +ps)log’n
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Hence in either case we can apply Corollary 2.3.59 with G' = G4 U G5, G = G5, H = Hj
and F = F to obtain a collection HC, of edge-disjoint Hamilton cycles in Hj U Hs which
cover Hj. Now let HC = HC; UHCoUHC3 UHCy. Observe that HC covers every edge of
H,, Hy, H3 and H,. But recall that every edge of GGy incident to g is contained in either
H,, Hy, Hs, Hy or Mo,:. Hence HC contains exactly |dg,(70)/2] = [6(Go)/2| Hamilton

cycles. O

Note that the only place where we use the full strength of the condition on py is in
the proof of (2.3.71) and (2.3.72). Also note that if we omit one of the iterations (i.e., if
instead of defining py, G4 and H, we simply use Hj to finish the decomposition of HY)
then the proof of Theorem 1.3.5 still works as long as log'* n/n < p < 1—n""/7 (say). On
the other hand, we could have improved the lower bound on p in Theorem 1.3.5 somewhat
by adding extra iterations. However, even a large number of iterations will only reduce
the lower bound to approximately log* n/n, and in view of the result of [90], it is not

necessary to reduce the exponent further in any case.
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CHAPTER 3
EMBEDDING SPANNING BIPARTITE

GRAPHS OF SMALL BANDWIDTH

3.1 Preliminaries

3.1.1 Notation

In this chapter, we use slightly different notation to that of Chapter 2. Specifically, given

S C V(G) we define N(S) := |, . NV(v) (and not the ‘external neighbourhood’, as in

veS

Chapter 2).

3.1.2 Degree sequence and Ore-type conditions forcing robust
expansion

In this section we show that Theorem 1.4.8 implies Theorem 1.4.4 and that Theorem 1.4.4
implies Theorem 1.4.5. The remainder of the chapter is devoted to proving Theorem 1.4.8
directly.

The following result is an immediate consequence of Lemma 13 from [87].

Lemma 3.1.1 ([87]) Given positive constants T < n < 1 there exists an integer ny such
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that whenever G is a graph on n > ngy vertices with

di Zi+nn ordy_i_y, =n—1 foralli <n/2,

then 6(G) > nn and G is a robust (72, 7)-expander. O

Notice that Lemma 3.1.1 together with Theorem 1.4.8 implies Theorem 1.4.4. We now

show that Theorem 1.4.4 implies Theorem 1.4.5.

Lemma 3.1.2 Let 0 < v < 1/2. Suppose G is a graph on n wvertices such that, for all

non-adjacent © # y € V(G),

d(z) +d(y) = (14 2y)n.

Let dy < ... < d, denote the degree sequence of G. Then

di Zi+yn ord,_iy =n—1 foralli <n/2.

Proof. Firstly note that for (1 —v)n/2 <1i < n/2 we wish to show that either d,,_;_-, >
n —i or dy > i + ~yn, where ¢ := n — i — yn. Notice that n/2 —yn < < n/2 —yn/2.
Thus, it suffices to only consider 7 such that 1 < i < (1 —)n/2.

Suppose there is some 1 < i < (1 — v)n/2 such that the statement does not hold.
Then there is a set A of i vertices, each of degree less than i +~n < n/2+ yn/2. So for
any x,y € A, d(z) + d(y) < (1 + 2v)n and hence G[4] is a clique. Set B := V(G)\A.
Note that eq(A, B) < (yn + 1)i. Hence, there is a vertex x € B that receives less than
min{yn + 1,i} edges from A. Therefore, there is a vertex y € A such that xy ¢ E(G).
Thus, d(z) +d(y) < (n—i—1+~yn+ 1)+ (i +yn) < (1 + 29)n, contradicting our

assumption. O
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3.2 Outline of the proof of Theorem 1.4.8

3.2.1 Proof overview

The overall strategy is similar to that of the proof of Theorem 1.4.1 in [22]. Indeed, as
in [22] the proof is split into two main lemmas; the Lemma for G and the Lemma for H.
However, many of the methods used in [22] break down in our setting, as detailed in the
remainder of this section, so our argument proceeds somewhat differently.

The role of the Lemma for G’ (Lemma 3.6.1) is to obtain some special structure within
G so that it will be suitable for embedding H into; By applying Theorem 1.4.7, we
show that G contains a spanning subgraph G’ which ‘looks’ like the blow-up of a cycle
C =ViVy.. . Vo Vi, (This structure is somewhat simpler than in the corresponding lemma,

in [22].) More precisely, there is a partition V1, ..., Vo of V(G) such that:
(1) (Vai_1, Vai)er is a ‘super-regular’ pair of density at least d > 0 for each 1 < i < k;
(i) (Vai, Vaiy1)er is an ‘e-regular’ pair of density at least d for each 1 < i < k,

where the density of a pair (A, B) is e(A, B)/|A||B|. Furthermore, there are even integers

1 <4y # j1 < 2k such that:
(iii) (Viy, Vjy)er is ‘e-regular’ with density at least d.

(So Vi, V;, can be thought of as a chord of C'.) Crucially, this partition is ‘robust’ in the
sense that one can modify the sizes of each partition class V; somewhat without essentially
destroying the properties (i)—(iii). In [22] the high minimum degree of G allowed this to
be done relatively easily. Since in our case G may not have high minimum degree, we rely
on the Mobility Lemma (Lemma 3.5.1), which is given in Section 3.5.)

Set ¢ := V,,V},. The role of the Lemma for H (Lemma 3.7.1) is to construct a graph

homomorphism f from H to C'U {c} in such a way that ‘most’ of the edges of H are
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mapped to edges of the form Va;_;V5; for some i. (Recall that these are the edges which
correspond to super-regular pairs in G'.) The homomorphism f is such that every V; € C
receives roughly |V;| vertices of H. So f can be viewed as a ‘guide’ as to which vertex class
Vi C V(G) each vertex from H is embedded into. In [22], an argument using colourings
was used to obtain a different structure, which would not be compatible with our Lemma
for G. Here we instead use a randomised algorithm to obtain our desired homomorphism.
In particular, since the partition Vi, ..., Vo is ‘robust’, we can alter the sizes of the classes
V; such that (i)—(iii) still hold and so that now | f~*(V;)| = |V;| for all i. Properties (i)—(iii)
then allow us to apply the Blow-up lemma [76] to embed H into G’ and thus G. (Actually

we apply a result from [18] which is a consequence of the Blow-up lemma.)

3.2.2 Techniques for the Lemma for G

In order to obtain the partition Vi, ..., Vo of V(G) we modify a partition V{, V{, ..., Vj,
obtained by applying Szemerédi’s Regularity lemma [110] to G. Roughly speaking,
Vi, ..., Vy, will satisfy (i)-(iii). Thus, we need to redistribute the vertices from Vj into
the other vertex classes whilst retaining these properties. We also require our partition
Vi, ..., Vay to satisfy |Vo;_1| & |Va;| for each 1 < i < k. So we need to redistribute ver-
tices in a ‘balanced’ way. In the Lemma for G in [22], the minimum degree condition of

Theorem 1.4.1 is heavily relied on to achieve this.

However, our graph GG may have very small minimum degree. So instead we introduced
the notion of a ‘shifted M-walk’ to help us redistribute vertices: Given a perfect matching
M in a graph R a shifted M-walk is a walk whose edges alternate between edges of M and
edges of R\M (see Section 3.4 for the precise definition). Since G is a robust expander, we
can find short shifted M-walks in a reduced graph R of G. (Here, M will be the perfect
matching in R that corresponds to the super-regular pairs from (i) above.) These walks

act as a ‘guide’ as to how we redistribute vertices amongst the vertex classes.
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3.2.3 Techniques for the Lemma for H

In [22] the techniques used are actually strong enough to prove a more general result
than Theorem 1.4.1 (and so Theorem 1.4.1 is not proved directly). For example, in the
case when r = 2, their result concerns not only bipartite H but also a special class of
3-colourable graphs H where the third colour class is very small (see Theorem 2 in [22]
for precise details). One example of such a graph H is a Hamilton cycle C’ with a
chord between two vertices of distance 2 on C’. H is 3-colourable and has bounded
bandwidth. However, H cannot be embedded into every graph G satisfying the hypothesis
of Theorem 1.4.8. Indeed, consider the graph G defined at the end of Section 1.4.3.

In particular, this means we have to approach the proof of the Lemma for H dif-
ferently: Since H has bandwidth o(n) we can chop V(H) into small linear sized seg-
ments Ay, By, ..., An, By, where all the edges of H lie in pairs of the form (A;, B;)y and
(B;, Ait1)g and such that A := U";A; and B := U™, B; are the colour classes of H.
Ideally we would want to construct f to map the vertices of A; into V;, the vertices of
By into V5 and so on, continuing around C' many times until all the vertices have been
assigned. However, since |A| and |B| may vary widely, this would map vertices in an
unbalanced way. That is, the total number of vertices mapped to ‘odd’ classes V5;_1
would differ widely from the total number of vertices mapped to ‘even’ classes V5;. We
get around this problem by using the chord ¢ = V;,V}, to ‘flip” halfway in the process. So
after this, vertices from the B; are mapped to ‘odd’ classes V5;_1 and vertices from the A;
are mapped to the ‘even’ classes Vo;. We also ‘randomise’ part of the mapping procedure
to ensure that the number of vertices of H assigned to each V; is approximately |Vi|. (A

randomisation technique of a similar flavour was used in [89].)
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3.3 The Regularity Lemma

In the proof of the Lemma for G (Lemma 3.6.1) we will use Szemerédi’s Regularity
lemma [110]. In this section we will introduce all the information we require about this
result. To do this, we firstly introduce some more notation. Recall that the density of a

bipartite graph G with vertex classes A and B is defined to be

__e(A,B)
d(A, B) := AlB|

Given any ¢,d > 0, we say that G is (g, d)-regular if d(A, B) > d and, for all sets X C A
and Y C B with | X| > ¢|A] and |Y| > ¢|B|, we have |d(A, B)—d(X,Y)| < e. We say that
G is (g,d)-super-reqular if additionally every vertex a € A has at least d|B| neighbours
in B and every vertex b € B has at least d|A| neighbours in A. We also say that (A, B)

is an (e, d)-(super-)reqular pair. We will frequently use the following simple fact.

Fact 3.3.1 Let e,d > 0. Suppose that G = (A, B) is an (¢,d)-reqular pair. Let B C B
be such that |B'| > €|B|. Then there are at most €|A| vertices in A with fewer than

(d — €)|B'| neighbours in B’. O

We will also require the next simple proposition which allows us to modify a (super-

Jregular pair without destroying its (super-)regularity (see e.g., [21, Proposition 8]).

Proposition 3.3.2 Let «, 5,e,8 > 0 and suppose that (A, B) is an (e,d)-reqular pair.
Let A" and B’ be vertex sets with |A’/AA| < a|A| and |B'AB| < 5|B|. Then (A, B’) is

an (e, d')-regular pair where

e i=e+3(Va+/B) and d = d —2(a + f).

If, moreover, (A, B) is (g, d)-super-reqular and each vertex in A’ has at least d|B'| neigh-
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bours in B’ and each vertex in B' has at least d|A’| neighbours in A’, then (A', B’) is

(¢', d")-super-regular. O

We will use the following degree form of Szemerédi’s Regularity lemma [110] which

can be easily derived from the classical version.

Lemma 3.3.3 (Regularity lemma) For every e > 0 and ko € N there exists Ky =
Ko(e, ko) such that for every d € [0,1] and for every graph G on n > K, vertices there
exists a partition Vo, Vi,..., Vi of V(G) and a spanning subgraph G' of G, such that the

following conditions hold:
(i) ko < k < Ko,
(ii) de(z) = dg(z) — (d+e)n for every x € V(G),
(iii) the subgraph G'[Vi] is empty for all 1 < i < k,
(iv) [Vol <en,
(v) Wil =Val = ... = [Vil,

(vi) for all1 < i< j <k either (V;,V;)e is an (e,d)-regular pair or G'|V;, V}] is empty.
0

We call Vi, ..., Vi clusters, V; the exceptional set and the vertices in V exceptional vertices.
We refer to G’ as the pure graph. The reduced graph R of G with parameters €, d and kg
is the graph whose vertices are Vi,...,V, and in which V;V; is an edge precisely when
(Vi, Vi)er is (g, d)-regular.

The following result implies that the property of a graph G being a robust expander
is ‘inherited’ by the reduced graph R of GG. It is an immediate consequence of Lemma 14

from [87].
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Lemma 3.3.4 ([87]) Let ko,no be positive integers and let €,d,n,v,T be positive con-
stants such that 1/ny < e < d < v, 7,11 < 1 and such that kg < ng. Let G be a graph on
n > ng vertices with §(G) > nn and such that G is a robust (v, T)-expander. Let R be the
reduced graph of G with parameters €, d and ko. Then 6(R) > n|R|/2 and R is a robust

(v/2,27)-expander. O

3.4 Shifted walks and robust expanders

Let G be a graph containing a perfect matching M. A shifted M -walk in G with endpoints
a = vy and b = vy is a walk v1vs . . . v9 in G such that ve;v9;,1 € M forevery 1 <i < /-1
and vy; 1v9; & M for any 1 < i < £. A shifted M-walk is simple if it contains each edge
of M at most twice. Note that a path containing a single edge vive & M is a (simple)

shifted M-walk for any perfect matching M.

Lemma 3.4.1 Let G be a graph containing a perfect matching M, and let W be a shifted
M -walk in G with endpoints a and b. Then W contains a simple shifted M -walk W' with

endpoints a and b.

Proof. We proceed by induction. Let W = vy ... vy If W is already simple then we set
W' .= W; otherwise, there exists an edge xy € M which appears at least three times in
W. Let the first three appearances of zy be v, v;, 11, Vi, Vi1 and v, ;41 (in order). Now
each of v;, , v;, and v, is either x or y, and so without loss of generality we can assume that
v;, = v, = x. This yields a shorter shifted M-walk v; ... v;,v;,41 ... v9 Whose endpoints
are the same as those of W. We repeat this process until we obtain a walk in which every

edge appears at most twice, and set W’ to be the walk thus obtained. U

Lemma 3.4.2 Let M be a perfect matching in a graph G and let A C V(M) be a set

containing at most one vertex from each edge of M. Suppose that W is a shifted M -walk
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both of whose endpoints lie in A. Then W contains a shifted M-walk W' such that the

endpoints of W' both lie in A and no other vertices of W' lie in A.

Proof. Let W = v;...vy. Let 1 < ¢; < ¢ be minimal such that vy;, € A, and let
1 < iy < 73 be maximal such that ve;,_1 € A. Now vg;, 109, . .. Ug;,—1V9;, is the desired

shifted M-walk. O

In the proof of the Lemma for G we will use shifted walks in the reduced graph R of
G as a “guide” as to how to redistribute vertices in GG. Since the reduced graph R will be
a robust expander, the following result ensures we can find our desired shifted walks.

Let G be a graph containing a perfect matching M, and let A C V(G). For each
v € V(G), let v/ € V(G) be the unique vertex such that vo' € M. The shifted M-
neighbourhood of A is the set SNy (A) ={v' |v e N(A)}. SN}, (A) is defined recursively
by SN} (A) := SNy (A) and SN}, (A) := SNy (SN;;H(A)) for r > 2.

Lemma 3.4.3 Let 0 < v <7 <n <1 be constants. Suppose G is a graph on n vertices
with §(G) = nn which is a robust (v, T)-expander, and let M be a perfect matching in G.
Then for any a € V(G), G contains a shifted M-walk of length at most 3/v which both

starts and finishes at a.

Proof. The minimum degree condition implies that |[SNy(a)| = |N(a)| = nmn > Tn.

Since G is a robust (v, T)-expander,
SNy, (a)| = IN(SN;;(a))| > min {|SN;J_1(a)| +vn, (1 -7+ V)n} ,
for all » > 2. Hence |SNM2V(a)| > (1+1/2—v)n and so

IN(SNy™ ()] = (1/2 + T)n.
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Thus, there exists some edge vv’ € M such that both v and v’ lie in N(SNMQV(a)). This
implies that there exists a shifted M-walk P with endpoints ¢ and v and a shifted M-walk
P’ with endpoints a and v', each of length at most 1/v + 1. Now P Uvv' U P’ forms a

shifted M-walk of length at most 2/v + 3 < 3/v which starts and finishes at a. 0

The next lemma allows us to delete a small number of vertices from a robust expander

without essentially destroying this property.

Lemma 3.4.4 Let 0 < a < v < 7 K 1 be constants. Suppose that G is a graph on n
vertices which is a robust (v, T)-expander and let S C V(G) be a set of size an. Then
G — S is a robust (v — o, T + «)-expander.

Proof. Let G' := G — S and n' := |G’|. Consider any A C V(G') such that (7 + a)n’ <
JAl<(1—7—a)n’. Set A’:= AU S. Then

m<(t+an +an<|AI<(1—-7—a)n’+an < (1 —7)n.

So |[RN,c(A")| = |A'| +vn. Now every vertex of RN, (A’) has at least vn neighbours in
A" and since |S| = an, at least (v — a)n > (v — a)n’ of these must lie in A. Hence every
vertex of RN, ¢(A")\S lies in RN, _, ¢ (A), and so |RN,_ac(A)] = |[A'| +vn —|S| >

|A| 4+ (v — a)n/, as desired. O

3.5 The Mobility Lemma

In order to state our next result we first introduce a slight variant of the notion of a
reduced graph, as obtained via Lemma 3.3.3. Let ¢,&’,d,d > 0. Suppose that G is a
graph and Vi,...,V} is a partition of V(G). We say that a graph R is an (g, d)-reduced
graph of G on Vi, ...V} if the following holds:

o V(R)={V1,...,Vi};
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o If V;V; € E(R) then (V;,V;)¢ is an (e, d)-regular pair (for all 1 <i# j < k).

Suppose V/, ..., V] is another partition of V(G) and R is as above (in particular, V(R) =
{Vi,...,V&}). We also say that R is an (¢, d')-reduced graph of G on V{, ..., V! if the

following holds:

o If V;V; € E(R) then (V/,V!)q is an (¢/, d’)-regular pair (for all 1 <i# j < k).

PRI

Suppose that Vi, ..., Vi and V/,..., V] are both partitions of the vertex set of a graph
G. Given a cluster V =V for some 1 < i < k, we will often denote by V' the cluster
V!. The above definition allows us, after modifying a partition {V;,...,V,} to obtain
{V{,...,V/}, to continue to refer to the same reduced graph R, even though strictly
speaking the clusters of R and the parts of the partition are no longer identical.

We will apply the next result in the proof of the Lemma for G (Lemma 3.6.1) so

that we can alter a particular partition of a graph G somewhat without destroying the

structure of our reduced graph R.

Lemma 3.5.1 (Mobility lemma) Let k € N, and let &, e,€',d',d be positive constants

such that

I<é{klkgexdgd<d<1.

Suppose G is a graph on n wvertices, Ay, By, Ay, Ba, ..., Ay, B is a partition of V(G)
such that |A;|,|B;| = n/3k for all 1 < i < k and R is an (g,d)-reduced graph on
Ay, By, ..., A, By, Let (a;)%_, and (b))%, be integers. Suppose that the following con-

ditions hold:
(i) R contains the Hamilton cycle C = A1B1AsBsy ... A BrA;;
(ii) R contains an edge A; A;, for some iy # ji;

(i) R contains an edge B;,B;, for some iy # jo;
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(iv) The pair (A;, Bi)g is (g, d)-super-regular for all 1 < i < k;
(v) lail,|b;] < én for each 1 < i < k;

(Vi) S0y ai+ 30 b =0;

(vid) |00, @l = [ 0 bl < én.

Then there exists a partition Ay, By, Ay, B, ..., A, By, of V(G) such that |A}] = |A;| +
a; and |Bl| = |B;| + b; for each 1 < i < k, R is an (¢/,d')-reduced graph of G on

A, By, AL BY, . AL By, and (AL Bl is (€, d')-super-reqular for each 1 < i < k.

Proof. Without loss of generality we may assume that Zle a; > 0. (As a consequence
of this assumption we will in fact only need the edge B;, Bj,, and not the edge A;, Aj,.)
Note that by (iii) and Fact 3.3.1 there are at least (1 — ¢)|B;,| > &n vertices in B;, with
at least (d—¢)|Bj,| neighbours in Bj,. Pick Zle a; < &n of these vertices and move them
from B;, into Aj,. Call the resulting sets B}, and A}, respectively.

We now perform an iterative procedure which will reassign vertices among the vertex
classes (A;)%_, and, separately, (B;)F_,. Initially we define the classes A¥ = A; for each
i # jo and Bf = B; for each ¢ # is. Roughly speaking, A (or B) will be the current

version of A; (or B;). The choice of how we defined B;, and A7, is such that, initially,

k k

k k k k
STIA =) 1A+ ai and > IBi[ =) [Bi| + ) b (3.5.2)
=1 =1 =1

i=1 i=1 = = =1

Throughout the procedure we will ensure that (3.5.2) holds. Furthermore, throughout we

will ensure that

|A7AA; | Bf AB;| < 5k&n < el A, €| Byl (3.5.3)

for every 1 < i < k. We will also ensure that whenever a vertex v is moved to a cluster

A*

7

v has at least (d — ¢)|B;| neighbours in B;, and vice versa. We will terminate the
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procedure when |A}| = |A;| +a; and |B}| = |B;| + b;, and then set A} := A} and B] := B}

for each 1 <17 < k.

Each iteration proceeds as follows: Let 1 < i < k be such that |Af| < |A4;] + a; and
let j # i be such that [A}] > [A;] + a;. (Such i and j exist by (3.5.2).) Suppose that
i < j. Note that (i) implies that (B;_1, 4;)¢ is an (e, d)-regular pair. So by (3.5.3) and
Fact 3.3.1 there is a vertex v in A} which has at least (d — ¢)|B;_1| neighbours in B;_;
We move v from A7 to A7 ;. Similarly we move one vertex (which need not be v) from
Aj_; to Aj_,, and so on until we move one vertex from A7, ; to A7. On the other hand,
if 7 < 1 we perform the same procedure moving vertices in the same direction as before.

That is, we move a vertex from A} to A7 ; and so on until we move a vertex A3 to Aj.

Then we move a vertex A* to A* and continue until we move a vertex from A*, ., to A*.
1 k 1+1 1

Since in each step of the process we only move vertices between the A, certainly
(3.5.2) holds throughout. Now when the procedure terminates we have |Af| = |A4;| + a;
for all 1 < ¢ < k. It remains to show that (3.5.3) holds. Note that in each step of the
iteration we add at most one vertex to each A and remove at most one vertex from each

Af. Further, in total we need to perform the iterative procedure at most

Z|%|+Z%\ (k+1)én < 2kén

times. (The ¥  a; here comes from the fact that, at the start, we moved SF , a,
vertices from B;, to Aj,.) Thus, at the end of the procedure |45 AA;| < 5kén and

|ATAA;| < 4kén for all i # jy. We now set A := A} for each 1 < i < k.

We apply an identical iterative procedure to the B}. However, we now move vertices in
the opposite direction to before (so vertices are moved from B} to Bj,,, etc.). Therefore

we obtain sets B such that |B.| = |B;| + b; and |B/AB;| < 5kén for all 1 < i < k.
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Given any VW € E(R), (V,W)q is an (g, d)-regular pair. Since by (3.5.3), |[V'AV],
|[W'AW| < e|V],e|W]|, Proposition 3.3.2 implies that (V',W')q is an (¢/, d’)-regular pair.
So indeed, R is an (&', d')-reduced graph of G on A}, By, A}, B, ..., A}, B;. It remains
to show that the pair (A}, Bl)g is (¢/,d’)-super-regular for every 1 < i < k. By (iv)
and (3.5.3), every vertex v € A; has at least (d — ¢€)|B;| > d'|B}| neighbours in B.
Further, during our iterative procedure we ensured that every vertex v € A\ A; has at

least (d — ¢)|B;| neighbours in B;. Hence (3.5.3) implies that every v € A’ has at least

(d—e)|B;| — el Bi| = d'| B

neighbours in Bj. Similarly each w € Bj has at least d'| A}| neighbours in A}. So (A}, B})a

is an (€', d’)-super-regular pair for all 1 < i < k, as desired. 0

3.6 The Lemma for GG

Lemma 3.6.1 (Lemma for G) Let ng € N and let A\, &, e,d, v, 7,1 be positive constants

such that

0<l/npk IK{Kexdgr<TLn< 1.

Suppose G is a graph on n = ng vertices with 6(G) = nn which is a robust (v, T)-expander.
Then for some £ < 1/k < €, there exist integers 1 < iy # ji,i2 # jo < k and a partition
(ni)2, of n with n; > n/3k for all 1 < i < 2k and |ng_1 — ngy| < Mn for all 1 <i < k
such that the following holds: For every partition (n})?, of n satisfying n}, < n; + &n for
all 1 < i < 2k, there exists a partition A}, B}, Ay, Bh, ..., A, By, of V(G) and a spanning

subgraph G' of G such that the following properties are satisfied.
(1) |Aj] =nb_y and |Bj| = nj; for all 1 <i < k;

(o) (AL Bl is (g,d)-super-reqular for all 1 <1 < k;
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(as) (Bj, Ai e is (e, d)-reqular for all 1 < i < k (where A}, = A});

(as) (A}, A% e is (g, d)-regular;

117

(as) (Bi,, Bj,)ar is (g,d)-reqular.

127

Proof. Choose additional constants €' and d’ such that

(g gexdgd <.

Apply the Regularity Lemma (Lemma 3.3.3) with parameters ¢, d’ and ko := 1/¢’ to
obtain clusters Vi, ..., Vi of size m (where (1 —&')n/k’ < m < n/k’), an exceptional set
Vo, a pure graph G’ C G (recall that the pure graph was defined after Lemma 3.3.3) and
the reduced graph R of G with parameters €', d and kq. Since £ < ¢’ we may assume
that

E /K <€

If k¥’ is odd then we delete Vjy from R and add all of the vertices of Vi, to V. So
Vol < e'n+m < 2¢/n. We now refer to this modified reduced graph as R and redefine
k' = |R|. By Lemma 3.3.4, R originally had minimum degree at least nk’/2 and was a
robust (v/2,27)-expander. So R still has minimum degree at least nk’/3 and by Lemma
3.4.4, R is still a robust (v/3, 37)-expander.

Set k := k’/2. Since 1/k < v < 7 < n <1, Theorem 1.4.7 implies that R contains
a Hamilton cycle C' = A1 By ... ApBrA;. Since |C| = 2k is even, C' contains a perfect
matching M = {A;By,...,A;By}. Notice that R contains an edge A; A; for some
1 <4y # ji < k and an edge B;,Bj, for some 1 < iy # jo < k. Indeed, let A := {A;}F,
and note that since R is a robust (v/3, 37)-expander we have |RN, r(A)| > k + vk'. This
implies that AN RN, r(A) # 0 and hence that R contains some edge A;, A;,. Similarly R

contains an edge B;, Bj,.
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Fact 3.3.1 implies that we can replace each cluster in V' (R) with a subcluster of size
m’ = (1 — &)m such that for every edge A;B; € M the chosen subclusters of A; and
B; form a (2¢,d'/2)-super-regular pair in G’. We add all of the vertices not in these
subclusters to Vj, and from now on we refer to the subclusters as the clusters of R. So
(V, W) isstill a (2¢', d’/2)-regular pair for all VIW € E(R). Note that |Vp| < 2¢'n+¢e'n =
3e'n.

Our next task is to incorporate the vertices of V4 into the clusters Vi,..., Vi so that
the pairs (A;, B;)¢ remain super-regular and such that the pairs (V;, V)¢ remain regular
for all V;V; € E(R) (with somewhat weaker constants in each case). Let Vo = {z1,..., 2}

where t < 3¢'n. We will assign the vertices of V4 in such a way that:
(a) At most 8'm’/n vertices are assigned to each cluster V' € V(R);

(b) Whenever a vertex z; € Vj is assigned to a cluster A;, z; has at least nm'/4 neigh-
bours in B;. Similarly any vertex from V; assigned to B; has at least nm//4 neigh-

bours in A;.

Suppose we have assigned xy,...,x;—1 to clusters in V(R) such that (a) and (b) are
satisfied. Call a cluster V' € V(R) full if it has already been assigned 8'm’/n vertices of
Vo. Let F be the set of full clusters. Since |Vy| < 3¢'n we have |F| < (3¢'nn)/(8¢'m’) < nk.

Thus, as §(G) > nn,

> nn — 3¢'n — (nk)m’ = nn/3.

Ne(:)\ (VO U V)

VeFr

Hence, by the pigeonhole principle there exists some V' € V(R)\ F such that |[Ng(z;)NV| >
nn/3k" = nm’ /4. Now if V' = A; for some 1 < j < k then we add z; to Bj; otherwise,
V = Bj for some 1 < j < k and we add z; to A;. Repeating this process for each x; we

indeed assign all of the vertices of V; to the clusters of R in such a way that (a) and (b)
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are satisfied. We now incorporate all of the assigned vertices into their respective clusters.

Further, we add all those edges from G with endpoints in V) to G'. Note that
(¢) m' < |V <m/ +8'm!/n < (1+Ve)m/ for all V € V(R),
(d) (V,W)e is a ((¢')Y/3,d'/4)-regular pair for every edge VW € E(R) and
(e) (V,W)e is a ((¢')Y/3,d'/4)-super-regular pair for every edge VW € E(M).

(Conditions (d) and (e) follow by Proposition 3.3.2.)

Next we will perform an algorithm which redistributes vertices among the clusters in
R in such a way that ||A;] — |B;|| < An for each 1 < i < k. We define {A}, B }*_,, R*
and M* as follows: Initially we set Af := A; and B} := B; forall 1 <¢ <k, R* == R
and M* := M. At each step we will redefine each A and B}, R* and M* and reassign

vertices so that the quantity

x = > 1471 = 1B/]]

1<i<k ||A7 |- | B [|>An

decreases by at least An. The algorithm will terminate when ¥* = 0, i.e., when ||Af| —
|Bf|| < An for all 1 < i < k. Initially ¥* < 8'm'k/n < 4¢'n/n by (c), and hence we need
at most 4¢’ /n\ steps to complete the process. R* will always be an induced subgraph of
R and at each step we set M* to be the submatching of M induced by V(R*). (Note that
V(R*) is a subset of V(R) = {A;, B;}%_, throughout the algorithm.)

We will ensure that the inequality
|R*| > (1 —v/12) K (3.6.2)
holds throughout, and that M* is a perfect matching in R*. Further we will ensure that

|AN\A;| < (€)Pm’ and |BJ\B;| < (¢')"/*m’; (3.6.3)
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|ANAY < (e)Y3m! and |B\B;| < (€/)Y3m/ (3.6.4)

forall 1 <7 <k.

Each step proceeds as follows: Call a vertex v well-connected to a cluster V € V(R)
if v has at least d'm//8 neighbours in V. Recall that if VW € E(R) then (V,W)q is
a ((£")V/3,d'/4)-regular pair and so V contains at least m//2 vertices v which are well-
connected to W. In what follows we will ensure that every vertex we redistribute to a
cluster Af is well-connected to B; and vice versa. Since (3.6.4) holds throughout the
process, given any VW € E(R*), V* will always contain at least m//2 — (¢/)'/*m/ >
m’/3 > An vertices that are well-connected to W (where V* := Af if V. = A; for some
i and V* := B it V = B; for some 7). Thus, at any point during the algorithm we may
choose a set of An well-connected vertices from any of the Af and Bf. (When it is clear
from the context, we will not explicitly specify which cluster a vertex v is well-connected
to.)

Let S be the set of clusters V* € V(R*) such that either V* = A; where |Af| > | Bf|+An
or V* = B; where |B}| > |Af| + An. If S is empty then the algorithm terminates. (We
shall see later that in this case we must have that ¥* = 0.) Otherwise, choose V* € S
arbitrarily. Since R is a robust (v/3,37)-expander and §(R) > nk’/3, (3.6.2) implies that
d(R*) = n|R*|/4 and Lemma 3.4.4 implies that R* is a robust (v/4, 47)-expander. Hence
Lemma 3.4.3 implies that R* contains a shifted M*-walk P’ of length at most 12/v which
starts and finishes at V*. By Lemma 3.4.1, P’ contains a simple shifted M*-walk P”
which also starts and finishes at V*. Now apply Lemma 3.4.2 to P” to obtain a simple
shifted M*-walk P of length at most 12/v, such that the endpoints of P both lie in S and
no other vertices of P lie in S. We call P the active walk of this step of the algorithm.

Let P = U W5Us, ... Wy_1Uy_1 W, such that W;U; € E(M*) for each 2 <@ < £ —1. Let
Wy and U, denote the clusters such that WUy, W,U, € E(M*). Given any 1 < i < ¢, if

U; = Aj for some 1 < j < k, set U := Aj; otherwise U; = B; for some 1 < j < k, so set
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U; = B;. Define W} analogously for each 1 <i < £. Move An/2 well-connected vertices
from U} into Uy, An/2 well-connected vertices from U; into U;, and so on until we have
moved An/2 well-connected vertices from U; ; to U;. Then move An/2 well-connected
vertices from Wy into W, An/2 well-connected vertices from Wy into Wy, and so on
until we have moved An/2 well-connected vertices from W; to W; ;. Note that since P
is simple, each cluster loses at most An vertices and gains at most An vertices. Further
for each 1 < i < ¢ the quantity ||W;| — |U}|| remains unchanged (in fact, |W;| and
|U;| remain unchanged). For i = 1,¢, ||W}| — |U}|| decreases by precisely An (or 2An if
Uy = Wo).

In order to ensure that (3.6.3) holds, we remove from R* every pair {A;, B;} of clusters
such that | A\ 4;| > (¢')Y3m/—An or | Bf\By| = (¢')'3*m’ — An. Since each cluster gains at
most An vertices in each step, any clusters which are not removed will still satisfy (3.6.3) at
the end of the next step. Similarly, to ensure that (3.6.4) holds, we remove from R* every

pair {A;, B;} of clusters such that |4;\A¥| > ()Y3m/ — An or |B;\B}| > (¢)'*m’ — An.

Claim 3.6.5 For each pair {A;, B;} of clusters which is removed from R* we have that
1471 = 1B][] < An.

Proof. To prove the claim, suppose for a contradiction that some pair {A4;, B;} of clusters
is removed from R* and that ||Af| — |B}|| > An. In order for {A;, B;} to be removed we
must have that |47\ A;| > ()Y*m/—An, |B\B;| > (¢)Y*m/—An, |A;\AZ| = ()Y*m'—An
or |[B\B?| = (¢)Y*m/ — An. Without loss of generality assume that |A\ A;| > ()/3m/ —
An. Since in each step we add at most An vertices to A}, there must have been at
least (¢')Y/3m//2\n steps in the algorithm so far, such that A; is contained in the active
walk P of each step. By the definition of P, either A; or B; must be an endpoint of
P. So ||Af] — |Bf]| is reduced by at least An during each such step, and hence by at
least (£/)'/3m’/2 during the algorithm so far. But this is a contradiction since initially
142~ 1Bl < Vam' < (&) /2. 0
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It remains to show that (3.6.2) holds throughout the process. Suppose for a contra-
diction that at some point more than vk’/12 clusters have been removed from R*. Then
at least

vk’

((e")3m/ = An) (E) Ven (3.6.6)

vertices of G must have been redistributed during the process so far. But at most 12An/v
vertices were redistributed during each step, and at most 4¢’/n\ steps were performed

during the process. Hence the number of redistributed vertices is at most

12An  4¢'
- — < Veén,
voonA

which contradicts (3.6.6). This proves that (3.6.2) holds throughout.

By construction, when the algorithm terminates we have that V(R*) does not contain
any A; and B; such that ||Af| — |B}|| > An. Further, by Claim 3.6.5, for those clusters
A;,B; ¢ V(R*) we have that ||Af| — |Bf|| < An. Hence, we indeed obtain clusters

{Ar, Bf}*_, such that ¥* = 0 and (3.6.3) and (3.6.4) hold.

i
We now set ng;—y = |Af| and ny; = |Bj| for each 1 < i < k. Notice that n; >

(1 — ()Y*)m' > n/3k for each 1 < j < 2k. We now relabel the clusters of R in the

natural way so that V(R) = {Az, Bf}¥_,. Note that by (3.6.3) and (3.6.4) we have

[AiAA;] < 2()*m’ and | BAB]| < 2(')*m!

for each 1 < i < k. Hence by Proposition 3.3.2 the pair (V, W)¢ is ((¢')¥/1°, d’/10)-regular
for every edge VW € E(R). Further, the pair (A}, Bf)g is ((¢')/1°, d'/10)-super-regular
for every 1 < i < k. Indeed, we ensured that every vertex v which was redistributed to A}
had at least d'm’/8 neighbours in B;. Since |BfAB;| < 2(¢)/3m/, v has at least d'|B;|/10

neighbours in B}. Similarly every vertex w € B} has at least d'| Af|/10 neighbours in A7.
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Now suppose we are given a partition (n})?*, of n such that n; < n;+&n foreach 1 <i <
2k. Set a; :=nb; | —ngi—1 and b; := nh; —ny; for all 1 < ¢ < k. Notice that |a,], |b;] < 2k&En
for each 1 < i < k and | Y% a;] = |25, bi| < 2kén. Recall that R contains the
edges Aj Aj and B} Bj,. Thus, we can apply the Mobility lemma (Lemma 3.5.1) with
parameters k, 2k¢, (¢')Y/1° &, d and d’/10 to obtain a partition A4, B}, ..., A,, B, of V(G)

which satisfies conditions (o )—(as). O

3.7 The Lemma for H

Lemma 3.7.1 (Lemma for H) For any Ak € N and £ > 0, there exist § > 0 and
nog € N such that the following holds: Let H be a bipartite graph on n > ng vertices with
bandwidth at most fn and such that A(H) < A. Let nqy,na, ..., nay be an integer partition
of n such that n; > n/(3k) for all 1 < i < 2k and |ng—1 — no|/n < & for all 1 < i < k.
Suppose C'is the cycle 12...(2k)1 on [2k], and let ¢ = {2i1,2i3} be a chord of C' (for some
distinct 1 < iy,i9 < k). Then there exists a set S C V(H) and a graph homomorphism
f:H — CU{c}, such that

(B2) |f710)| < mi+én for all 1 < i < 2k;

(Bs) Every edge which is not in H[S| is mapped to an edge {2i—1,2i}, for some 1 <i < k.

Proof. Choose g > 0 and integers ng, my, ms and k; such that
1/720 < 5 < 1/m1 < 1/m2 < 1/1{31 <K 1/A,1/l€,f

Further, we may assume that ms divides m;. We begin by defining a new cycle C" with
chord ¢ which will act as an intermediate stage between C' and H, i.e., we will construct

homomorphisms f; : C"U{d} = CU{c} and fo : H — C"U{} such that f = fj o fy is
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our desired homomorphism. The homomorphism f; will be constructed to map roughly
the same number of vertices to each vertex in C’. Notice however, that our desired
homorphism f may not map vertices in an ‘equal’ way (since, in general, the n; may
be far from equal). Thus, the role of f; is to ensure f maps the ‘correct’ proportion of
vertices to each vertex in C.

Let €' be the cycle 12...(2k)1 on [2k'], where k' := 3, [(n2i—1 + nai)ki/n]. Note
that k1 < k' < ky + k. We define f; as follows: For each 1 < j <k, let g(j) € N be such
that S99 [(ngimy + na)ki/n] < § < S99 [(nai-1 + noi)ki/n]. Then set f1(2j — 1) =
2g(j) — 1 and f1(27) = 2g(j) for each 1 < 7 < K'.

Recall that ¢ = {2i;, 2i5} is a chord of C'. Suppose that i/, i, are such that f(2i}) = 24,
and f1(2i5) = 2i5. Notice that as iy # iz, we have that i} # 5. Thus, set ¢ := {2i}, 2i},}
to be the chord of C’.

By construction fi(¢) = ¢. Given any edge ¢; = {25 — 1,25} on C’, we have that
filer) =429(5)—1,2¢9(j)}. Further, consider any edge co = {27,2j+1} = {24,2(j+1)—1}
on C’. Then f1(25) = 2¢(j) and f1(2(j+1)—1) = 2¢(j+1) — 1. By definition of f;, either
g(7+1)=g(j) or g(j+1)=g(j)+ 1. But both {2¢(j),29(j) — 1} and {2¢9(j),29(j) + 1}
are edges of C'. So in either case f; maps ¢y to an edge of C'. Therefore, indeed f; is a

graph homomorphism.

Roughly speaking, we will construct f, as follows: Initially we split H up into small
segments Ay, By, ..., Am,, B, in such a way that almost all of the edges of H lie in the
pairs (A;, B;);*}, and the remainder lie in the pairs (B;, A;+1);7;. Our ideal strategy would
be to map all of the vertices of A; onto vertex 1 of C’, the vertices of By onto vertex 2,
the vertices of A, onto vertex 3, etc. This ensures that f; is a homomorphism and that
almost all of the edges of H are mapped onto an edge of the form {2i — 1,2i} for some i.
However the number of vertices mapped onto each vertex of C’ may vary widely. To solve

this problem we introduce ‘drunken’ segments in which the assignment of the vertices is
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random, and use a probabilistic argument to show that with positive probability each
vertex of €' receives approximately the same number of vertices of H. We also use the
chord ¢ to ‘turn around’ at some point during the process, in order to eliminate the

possible inequality between the number of vertices of H assigned to odd and even vertices
of C".

Chopping H up into segments. Since H has bandwidth at most fn, there exists an
ordering xq,x9,...,x, of V(H) such that for every edge x;x; of H, |i — j| < fn. Let
(A, B) be a bipartition of V/(H). We define {A;, B;}™, as follows: for each vertex zs € A
there exists 1 < ¢ < my such that (i —1)n/my —fpn < s <in/my—fn (unless s > n—fn).
We assign z; to A; (or to A, if s > n — fn). Similarly for each vertex z; € B there
exists 1 < j < my such that (7 — 1)n/my < ¢t < jn/my, and we assign z; to B;. Let S
be the set of vertices x5 such that in/m; — 2n < s < in/my + fn for some 1 < i < my.

Note that the following properties hold:
(a) n/my — pn < |A;| + |Bi] < n/my + fn for each 1 < i < my;
(b) |S] < 3myfn < &n;

(c) Every edge of H which is not in H[S] lies in one of the pairs (A4;, B;) for some

I <i<my;
(d) Every edge of H[S] lies in one of the pairs (A;, B;) or one of the pairs (B;, A;+1) for
some 1 < i < my (where 4, 11 := A;).

Properties (c) and (d) follow from the fact that H has bandwidth at most Sn and that
n/my > pn. We now modify the small segments so that properties (a)—(d) are still
satisfied and so that every small segment has size at least n/(4Am;). Suppose a small

segment A; has size smaller than n/(4Am;). Note that |[Ng(A4;)| < n/(4m;) and so

|B:\(SUNg(A;))] (;;) (n/my — pBn —n/(4Amy)) — 36n —n/(4my) = n/(4mq).
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But (c) implies that any vertex in B;\(SU Ny (A;)) must be isolated in H and so may be
reassigned to A; without affecting properties (a)—(d). Hence we may reassign sufficiently
many vertices so that |A;|,|B;| = n/(4Am;). For any segment B; which has size smaller
than n/(4Am;) we proceed in an identical way. From now on we denote by A the union

of small segments | J!*; A; and by B the union J.", B;.

We now group the small segments together to form large segments {L; };”:21, which are

defined as

Lj = U (AtUBt).

(G=1)mq Jmy
Ty STy

Note that since f < 1/m4, (a) implies that

no_ 3 <|Lj|<£+ Bn (3.7.2)
mao

for each 1 < 7 < mo. In order to eliminate any inequality between the number of vertices
of H assigned to odd and even vertices of (" we need to partition {L;}72 into two
parts. We will assign the vertices in each part separately. For each 1 < j < mag, set
sj == |L; N A| — |L; N B|. Note that |s;] < n/ma+ +/Bn —n/(4Ams) < n/my for each
1 < j < my, and that 37" s; = |A| — |B|. Suppose without loss of generality that

|A| —|B| > 0. Then since 3, 1/my < & there exists an integer ms so that {msy /20 < mj3 <

(1 —&/20)my and

(14] - |B]) f_n<§ (A= 1B]) | én

_ < < ) 3.7.3
2 20 S & 2 20 (3.7:3)
We will embed separately the large segments {L;}7" and the segments {L;}72 ..

For each 1 < j < ms, let the drunken segment D; be the union of the last ky :=
Emy /(6k'ms) pairs of small segments in L; and let the sober segment S; be the union of

the rest of the small segments in L;.
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Defining our algorithms. We now define three different algorithms for assigning the
vertices of a segment to vertices of C’, given an initial vertex 2i;, — 1 € C’'. In each case
we work mod 2k" when dealing with vertices of C’. The sober algorithm is a deterministic
process which proceeds as follows: Let S; be a sober segment whose first small segments
are A;, and B,,. For every i such that A; and B; are small segments of S;, assign every
vertex of A; to the vertex 2i' — 1 of C” and every vertex of B; to the vertex 2¢’ of C" where
i" =iy + 1 — iy mod k’. So whenever B; is assigned to 2i', A;;; is assigned to 2i' 4 1
(mod 2k"). We call the vertex 2i* of C” to which the vertices of the last small segment of

S; are assigned the final vertez of the algorithm and define this term in a similar way for

the remaining two algorithms.

The drunken algorithm is a randomised algorithm which proceeds as follows: Given
a drunken segment D; whose first small segment is A;,, assign every vertex of A;, to the
vertex 2i(, — 1 of C" and every vertex of B;, to the vertex 2i; of C’. Then for every pair
A+, Biyy of small segments in D;, let 2¢' be the vertex to which the vertices of B; were
assigned and let

1 with probability

<
N
o=

i+ 1 with probability

N =

All random choices are made independently.) Assign every vertex of A;.; to 2¢” — 1 and
( p y g y +

every vertex of B;,q to 2i".

Claim 3.7.4 Suppose that the vertices of D; are assigned using the drunken algorithm
with initial vertez 2i, — 1, and let i} € [K'] be arbitrary. Let the random variable I be the

final vertex of the drunken algorithm. Then

1 20
P = % | il] < *ki
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Proof. To prove the claim, note that I ~ 2(if, + Bin(ks,1/2)), that ky > (k)3/6 and
that 1/k" < £/20. So Lemma 1.8.5 with ¢ := £/20 implies that P[I — 2i; = 2} — 2i(] <
(14 &/20)/K, and Claim 3.7.4 follows immediately. O

The 2i}-seeking algorithm is a deterministic algorithm which proceeds as follows: Given

a drunken segment D; whose first small segment is A;,, assign every vertex of A;, to the

i
vertex 2iy — 1 of C' and every vertex of B;, to the vertex 2i{, of C’. Then for every pair
Ait1, Biyy of small segments in Dj, let 2i" be the vertex of C’ to which the vertices of B;
were assigned and let

i if i =iy

' +1 otherwise.

Assign every vertex of A; ;1 to 2¢” — 1 and every vertex of B;,; to 2i”. Note that the final

vertex of this algorithm is always 27}, since &' < &mq/(6k'my).

Applying the algorithms. We use these algorithms to assign small segments to vertices
of C" as follows: Choose i € [k'] randomly and let 2if, — 1 be the initial vertex for S;. For
each 1 < j < mg — 1, use the sober algorithm to assign the segments of S; and then use
the drunken algorithm to assign the vertices of D;, where in each case the initial vertex of
each segment is the successor of the final vertex of the previous segment. (So for example,
if the final vertex of the drunken algorithm, when applied to Dj, is 2¢*, then the initial
vertex of the sober algorithm, when applied to S;;1, is 2¢* + 1.) Then assign the vertices
of Sy, using the sober algorithm and assign the vertices of D,,, using the 2i}-seeking
algorithm. (Recall that 2i}] was a vertex of the chord ¢’.) We explain how we assign the

small segments from (J;2, . L; later.

Claim 3.7.5 For each 1 <i < K, let X; be the number of vertices of U’]nj1 S; assigned to

153



the vertex 2i — 1 of C'. Then

1 (msn |A|—|B| &n 1
PlX;,>— Sl B
{ ~ op ( T ) T S

Proof. For each 1 < j < mg, let Y; = [5; N Al and let X, ; be the number of vertices of
S; which are assigned to 2¢ — 1. To prove the claim, we first use Claim 3.7.4 to bound
E[X;; | Xij—1,...,Xi1]. Let r; be the initial vertex of S; for each j. Let By, ... 4, ,_, be the
event X; ;1 = ;j-1,...,X;1 = x;1 for some x;1,...2;;_1. Now for 1 <7 <k’ and any
integer x we have P[X; j = 2 | By, 00, N(rjo1 =20 = 1) =P[X;; =2 | rj_y = 2i' —1].
Hence Lemma 1.8.6 implies that E[X; ; | X;;-1,..., Xi1] < maxf,':1 E[X;; | rjo1 = 2i'—1].

But Claim 3.7.4 implies that

E[Xl’] ‘ ijl = 22/ — 1] = Z E[X,LJ ’ 7°j = 27;// — 1]P[7°J = 27;H — 1 | 7']',1 = 27,I — 1]

‘N 1

1 20 1 20)Y;
< +€/ ZE ”|7,j_2// ] <+§l€// )J'

// 1

Hence E[Xi’j | Xi,j—l; R ,X@l] < (1 + 5/20)%//{3/ Set X/ = m-mz/n. Since

(3.7.2) Emy n n
. < - — < —
|Sj| = < + \/_n> (6k’m2> <4Am1> = m2’

we have that X ; € [0, 1], for each 1 < j < m3. Let

9

_ Z +5/20 )Yjm, (3.7.6)
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and note that

ms m3 m3
ZYJ‘ <Y JANL| = % <Z|Lj’+5j>

7=1 7j=1 j=1
(3.72),3.73) (man  mg\/Bn |A| —|B| ¢n mgn Al —[B|  &n
< —a ‘ta) S 20
(2m2 T )T\ ) S T T
(3.7.7)

Note also that Y; > (n/(4Amy)) x (mq/2ms) = n/(8Amy) for each 1 < j < my. Thus we

have p > m3/(8AK') > (logk’)/&*. We now apply Lemma 1.8.4 with § := £/20 to obtain
N §p
P [ZX{] > (1 +§/20),u] < e 0 < e
j=1

It follows that with probability at least 1 — 1/3k/,

(3.7.6) 2 m3 (3.7.7) 2 _
2 (LG Sy 20 (07 (o A B 6)

k' i k' 2ms 4 20
1 (msn |A]—|B] &n
\Qk’(mg L T o
which proves Claim 3.7.5. O

By a similar argument we have that if X! is the number of vertices of U’Jﬂ;”l S; assigned

to 2i, then

1 (mgn |B|—|A| &n 1
X' > — > < —
P{’>2k’(m2+ > ) Tow) S3w
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for every 1 < ¢ < k'. Taken together with Claim 3.7.5 this implies that with probability

at least 1/3,

1 (msn |A|—|B] &n
X, < — = 3.7.8
2K ( Mo * 2 * 6k’ ( )

mn | |B[—|A]\ | én
mo * 2 Jr6k’

1
X < —
and X; 577 (

for every 1 < i < &/, and hence there exists an assignment such that (3.7.8) holds.

For each m3 < j < my, let D; be the union of the first ky small segments of L; and

S; the union of the remaining small segments. We now assign the vertices of U;ng L

using an algorithm similar to that for U;njl L;, but in reverse order. That is, we first
choose 1 < iy < k' randomly and assign the vertices of S,,, using the sober algorithm, but
with the roles of A; and B; exchanged for each i. Thus we assign the vertices of B,,, to
2i¢ — 1, the vertices of A,,, to 2ij, etc. Similarly we use the drunken algorithm to assign
the vertices of D,,, (again with the roles of A; and B; exchanged for each i), and so on
until we have assigned all the vertices up to Sp,+1. (As before, the initial vertex of any
application of an algorithm is the successor of the final vertex of the previous application

of an algorithm.) Finally we use the 2i}-seeking algorithm to assign the vertices of the

last drunken segment D,,,,.1. (Recall that the final vertex of the 2i,-seeking algorithm is

m2

always 2i5.) Let X; be the number of vertices of | [

S; assigned to to 2¢ — 1 and
7{ the number assigned to 2i. By using a proof analogous to that of Claim 3.7.5, we can

ensure that

| =

X; <

(mg —mz)n  |B| —|A| &n
( —— > +oo (3.7.9)

(mo —mz)n  |A| —|B| &n
/ ( 2 ) o

/

| [\
=

andfggz

™

for each 1 <7 < k.
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Note that

UD | <mg x ——— 6k" m X (n/mq + pn) < &n/3K,

and hence in total we assign at most

ma
X+ X[+ || Dl

j=1

(3-7~8)i(3~7~9)i msn |A| — | B] N 1 ((my—mg)n N |B| — |A] N 2n
2K\ mo 2 2k ma 2 3K
— L+ dg/3m

vertices to 2i — 1 and at most (1 + 4£/3)n/2k" vertices to 2i, for each 1 < < K.

Verifying that f has the desired properties. This completes our definition of f;. We
now check that f; is a homomorphism. By properties (c¢) and (d) it suffices to show for
each i that whenever A; and B; (or B; and A;,) are assigned to vertices 1 < 7/, 7" < 2k
of €', then i'j" is an edge of C" U {c'}. Observe first that the sober, drunken and seeking
algorithms all assign vertices in such a way that '’ is an edge of C’. Further, recall that
the initial vertex of any application of an algorithm is the successor of the final vertex of
the previous application of an algorithm. So if, for example, the vertices of B; are assigned
to the final vertex 2¢:* where B; is the final segment assigned in an application one of the
algorithms, then the vertices of A;,; will be assigned to the initial vertex 2:* + 1 in the

next application of an algorithm.

The only pair this argument does not deal with is the pair (B}, A;11), where B; is the
last small segment of D,,, (and hence A;; is the first small segment of D,,, 1, and there-
fore the last to be assigned). Now by the definition of the seeking algorithm, the vertices
of B; are assigned to the vertex 2i] of C" and the vertices of A;;; are assigned to the

vertex 2i), of C'. Recalling that ¢ = {2i/, 2i},} we have that f5 is indeed a homomorphism.
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Now consider f = f; o f5. Since f; and fy are both homomorphisms we have that f is
a homomorphism. Property (b) implies that condition (3;) holds. By (c), every edge zy
not in H[S] lies in a pair (A4;, B;) for some . Thus, by definition of our three algorithms,
xy is mapped to an edge {25 — 1,25} by fo for some j. By definition of fi, {25 — 1,25}
is mapped to {25' — 1,25’} by fi for some j'. Therefore, f satisfies (/33).

To see that condition (fs) also holds, recall that f; assigns to each vertex 2i — 1 of C
(and also to 2i) exactly [(ng;—1 + no;)k1/n] vertices of C'. Hence f assigns at most

1 1

2—M(1 +48/3)n[(n2i1 + ngi ki /n] < (1 +4€/3)(n2i1 + En/10) + 2_14’(1 +4¢/3)n

< ngimg +En

vertices of H to the vertex 2i — 1 of C, for each 1 < i < k. Similarly f assigns at most

no; + &n vertices of H to the vertex 2i. O

3.8 Completing the proof

In this section we use Lemmas 3.6.1 and 3.7.1 to prove Theorem 1.4.8. We use the
following definition and lemma from [18]; these allow us to prove that H embeds into G

by checking some relatively simple conditions.

Definition 3.8.1 Let H be a graph on n vertices, let R be a graph on [k], and let R’ C R.
We say that a vertex partition V(H) = (W;)ie of H is e-compatible with an integer
partition (n;)iciw) of n and R C R if the following holds. For i € [k] let S; be the set of
vertices in W; with neighbours in some W; with ij ¢ E(R') and v # j. Set S := U,y Si
and T; :== Ny (S) N (W,\S). Then for alli,j € [k] we have that

(’71) ’Wz’ = Ny,

(v2) xy € E(H) forx € W; and y € W, implies that ij € E(R);
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(v3) |Si| < en; and |T;| < e -min{n; | ¢ and j are in the same component of R'}.

The partition V(H) = (W;)icp ts e-compatible with a partition V(G) = (V;)icp of a
graph G and R C R if V(H) = (W;)icp is e-compatible with (|V;])ic and R’ C R.

Lemma 3.8.2 ([18], Lemma 3.12) For alld,A,r > 0 there is a constant € = (d, A, r)
such that the following holds. Let G be a graph on n vertices and suppose that (V;)ic is a
partition of V(G). Suppose R is an (e,d)-reduced graph of G on Vi,..., Vi and that R’ is
a subgraph of R whose connected components have size at most r. Assume that (V;,V;)a
is an (g, d)-super-reqular pair for every edge V;V; € E(R'). Further, let H be a graph on
n vertices with maximum degree A(H) < A that has a vertex partition V(H) = (W;);er
which is e-compatible with V(G) = (Vi)iew and R C R. Then H C G. O

Lemma 3.8.2 is a consequence of the Blow-up lemma of Komlds, Sarkézy and Sze-

merédi [76]. We now prove Theorem 1.4.8.

Proof. [Proof of Theorem 1.4.8] Firstly, note that it suffices to prove Theorem 1.4.8
under the additional assumption that n < 1. We choose 5,1y as well as additional
constants d, e, &, A as follows: Choose d < v as required by Lemma 3.6.1 also ensuring
that d < 1/A. Then take ¢ < €(d, A, 2) as in Lemma 3.8.2, ensuring also that ¢ < d.
Finally choose

1/ng < B A< E<Le,

as required by Lemmas 3.6.1 and 3.7.1.
Apply Lemma 3.6.1 to G to obtain an integer k such that £ < 1/k < ¢, a partition
(ni)#, of n and integers 1 < iy # ji,19 # jo < k. Suppose C'is the cycle 12. .. (2k)1 with

the chord ¢ = {2is,2j2}. Next we apply Lemma 3.7.1 with the partition (n;)?, of n as

input to obtain a set S C V(H) and a homomorphism f : H — C' U {c}, such that

(i) [S]<&m;
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(i) [f710)] < ni+&n forall 1 < i < 2k;

(iii) Every edge which is not in H[S] is mapped to the edge {2i — 1,2i}, for some

1<i<k.

Let W; := f~1(i) and n} := |f~1(i)| for each 4, and note that (n})r_, is a partition of n.
Condition (ii) together with Lemma 3.6.1 imply that there is a partition A, By, A}, BS, ..., A}, By,
of V(G) and a spanning subgraph G’ of G which satisfy conditions (oy)-(as).

Relabel these clusters Vi, ...,V such that Vo;_; := Al and V; := Bl for all 1 <i < k.
So |Vi| = n} for all 1 < i < 2k. Let R be the (g, d)-reduced graph of G’ on Vi, ..., V, with
the maximal number of edges. Hence (ag)—(c) imply that R contains the Hamilton cycle
C" = ViVa... Vo Vi and the chord ¢ := Vi, Vs, (we view C" U {c'} as a copy of C'U {c}
in R). Let R’ be the spanning subgraph of R containing precisely the edges Va; 1V, for
1 < i < k. Note that (ag) implies that (Va;—1V2;)¢ is an (g, d)-super-regular pair for all
1<i< k.

We now check that the partition V(H) = (W;)?, is e-compatible with the partition
(V;)?k, and R’ C R. We defined (V;)?, so that |V;| = |W;] for each 1 < i < 2k and hence
condition (1) of Definition 3.8.1 holds. Condition (7s) holds since f: H — C U {c} is a
homomorphism and C'U{c} is a subgraph of R. Note that for all 1 < i < 2k, Lemma 3.6.1
implies that

(@)
en; > e(n; — 2kén) > e(n/3k — 2kén) = en/dk > &n > |S|,

where the first inequality follows from n!, < ny +&n for every ¢’ # i in [2k]|. Furthermore,
INu(S) N (Wi\S)| < AlS| < Aén < en/4k < en)j for all 1 <4, j < 2k. Thus, condition
(73) holds. Hence, Lemma 3.8.2 implies that G’ (and therefore GG) contains H, as desired.

O
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CHAPTER 4

PERFECT MATCHINGS IN HYPERGRAPHS

4.1 Outline

The main goal of this chapter is to prove Theorems 1.5.1 and 1.5.2. In Section 4.2 we
deduce Theorem 1.5.1 from Theorem 1.5.2 by showing that Procedure DeterminePM has
the requisite properties. The rest of the chapter is devoted to the proof of Theorem 1.5.2,
beginning with Section 4.3 in which we briefly sketch how this theorem is proved and
outline the key lemmas of the proof (Lemmas 4.6.1 and 4.6.8). In Sections 4.4 and 4.5
we introduce a number of necessary preliminaries for the proof. Section 4.4 details the
results from [65] which we use, theory regarding k-partite k-graphs, the Weak Regularity
Lemma, convex geometry and some well-known probabilistic tools. Section 4.5 focuses on
a key definition, that of ‘robust maximality’, which allows our proof to run much more

smoothly:.

Having established these preliminaries, we proceed to state and prove Lemmas 4.6.1
and 4.6.8 in Section 4.6. Finally, in Section 4.7 we deduce Theorem 1.5.2 as a consequence

of Lemma 4.6.8.
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4.2 Algorithmic analysis

In this section we prove Theorem 1.5.1 by demonstrating that Procedure DeterminePM
has the requisite properties. We begin with the least evident claim, namely that the list of
partitions P which is the range for the innermost for loop can be generated in polynomial

time.

Lemma 4.2.1 Fiz ¢ > 0. Let H be a k-graph on a vertezx set V' of size n with 6p_1(H) >
on. Let 2 < d < k and let L C Z¢ be a (1,—1)-free edge-lattice. Then there are at most
d*=2+19 partitions P of V' such that ip(e) € L for every e € H, and these partitions can

be listed in time O(nF+1).

Proof. We prove Lemma 4.2.1 by considering Procedure ListPartitions. For this, we
imagine each vertex class V; to be a ‘bin’ to which vertices may be assigned, and keep
track of a set Unassigned of vertices yet to be assigned to a vertex class. So initially
we take each V; to be empty and Unassigned = V(H). The procedure operates as a
search tree; at certain points the instruction is to branch over a range of possibilities.
This means to select one of these possibilities and continue with this choice, then, when
the algorithm halts, to return to the branch point, select the next possibility, and so forth.
Each branch may produce an output partition; the output of the procedure consists of all
output partitions.

Note that since L is assumed to be (1, —1)-free, for any partition P of the assigned
vertices and any set S of k — 1 assigned vertices, there is at most one j € [k] such that
ip(S) +u; € L. So the instruction ‘Choose such a j arbitrarily’ will actually only ever
have at most one choice.

The final line of the procedure ensures that any partition P of V(H) which is output
has the property that ip(e) € L for every e € H. The converse is also true: any partition

P of V(H) such that ip(e) € L for every e € H will be output by some branch of the
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Procedure ListPartitions
Input: A k-graph H and a (1, —1)-free edge-lattice L C Z.
Output: Outputs all partitions of V(H) with ip(e) € L for every e € H.

Set each V; = () and Unassigned = V(H).;
while Unassigned # () do
if xy;...yn_1 € H for some vertices v € Unassigned and

Yty -, Yk—1 & Unassigned then

if ip(y1...yk—1) +u; € L for some j € [k] then
Choose such a j arbitrarily;
Assign z to V; and remove z from Unassigned.

else
| Halt with no output.

else
Choose = € Unassigned;

Branch over all possible assignments of x.
if ip(e) € L for every e € H then halt with output P.

procedure. To see this, consider the branch of the procedure in which, at each branch
point, the vertex x under consideration is assigned to the vertex class in which it lies in P.
By the above remark, every other vertex of H must also be assigned to the vertex class
in which it lies in P. We conclude that Procedure ListPartitions indeed runs correctly,

returning all partitions P of V' such that ip(e) € L for every e € H.

To bound the number of such partitions, observe that the procedure will branch over
the assignment of each of the first k — 2 vertices considered. Let x be a vertex considered
by the algorithm which is not one of these first £k — 2 vertices. The procedure will branch
over the assignment of x only if there is no edge xy; ... yr_1 of H where y, ..., yr_1 have
all previously been assigned. Suppose that this is the case, and let y1ys...yx_2 be an
arbitrary set of k — 2 distinct previously-assigned vertices. Since dy_1(H) = on there are
at least on vertices v such that xvy, ... yr_o is an edge of H; none of these v can have been
previously assigned, and each will be assigned before the next branch of the procedure.
Hence, except for the first k — 2 vertices considered, after any branch in the procedure at

least on vertices are assigned before the next branch. We conclude that the search tree
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has depth at most k — 2 4 1/§, and its degree is the number of vertex classes d, and so
it has at most d*~>*'/? leaf nodes. At most one partition is output at each leaf node, so
at most d*~2*1/9 partitions P will be output by the algorithm, as required. Furthermore,
over all branches there will be at most d*~2*1/n iterations of the while loop, and the
condition of the first if statement takes O(n*) operations to check, and so the overall

running time is O(n**1). O

Proof of Theorem 1.5.1. Fix k£ > 3 and v > 0, and let H be a k-graph on n vertices
with 6x_1(H) = (1/k 4+ v)n. We begin by demonstrating that Procedure DeterminePM
will determine correctly whether or not H has a perfect matching. This is trivial if
n < ng = no(k,, kkk“), so assume without loss of generality that n > ny.

Suppose first that H does not contain a perfect matching. Then by Theorem 1.5.2

applied with C' = k¥ there exist
(i) a partition P of V(H) into d parts, where 1 < d < k, and

(ii) a (1, —1)-free edge-lattice L C Z¢ such that any matching M in H formed of edges

e € H with ip(e) ¢ L has size less than k**

such that no matching M’ in H of size at most & — 2 has ip(V \ V(M')) € L. Let M
be a maximal matching in H formed of edges e € H with ip(e) ¢ L, so |M| < k*".
By maximality of M any edge e € H which does not intersect V(M) has ip(e) € L.
Therefore, when Procedure DeterminePM considers these M, d, and L, this partition P
of V' will be considered in some iteration of the for loop. Procedure DeterminePM will
then find that no matching M’ C H of size at most k — 2 has ip(V \ V(M')) € L and
output that H does not contain a perfect matching, as required.

Now suppose that H does contain a perfect matching, and suppose for a contradiction
that Procedure DeterminePM incorrectly claims that this is not the case. This can only

arise if Procedure DeterminePM considers a matching M in H of size at most k¥ an
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integer 1 < d < k, a (1, —1)-free edge-lattice L C Z? and a partition P of V into d parts
so that any edge e € H which does not intersect V(M) has ip(e) € L, and finds that
no matching M’ C H of size at most k — 2 has ip(V(H) \ V(M')) € L. Since any edge
e € H with ip(e) ¢ L must intersect V (M), any matching My in H formed of edges e € H
with ip(e) ¢ L has size at most k|M| < k*"*'. So P, d and L are as in condition (ii) of
Theorem 1.5.2 with C' = kkk“; since H has a perfect matching this is a contradiction.

It remains only to show that Procedure DeterminePM must terminate in polynomial

k
time. To see this, note that the range of the first for loop consists of at most nkH*

matchings M, and these can be generated in time O(nkkkﬂ) (by considering each set of
at most k** edges in turn). The range of the next for loop (over d and L) has a constant
number of elements and can be generated in constant time. Indeed, since L must be an
edge-lattice, it must be generated by vectors with non-negative co-ordinates which sum to
k; the number of such generating sets is bounded by a function of k. Lemma 4.2.1 applied
to H — V(M) shows that the range of the innermost for loop also has constant size,
and the list can be generated in time O(n**!). Finally, similarly to above it takes time
O(n*F*#=2) to evaluate the truth of the condition of the central if statement. We conclude

(nkkk“Jrk(ka))

that in any case this procedure will run in time O , as required. ([l

4.3 QOutlines of the proofs

In this section we briefly sketch the proof of Theorem 1.5.2. To do this we will use informal
descriptions of theory which will be rigorously detailed in later sections. The argument
showing that (i) implies (ii) in Theorem 1.5.2 is fairly straightforward. Indeed, if a k-
graph H as in the theorem contains a perfect matching M*, then for any P, d, L and M
as in condition (ii) of Theorem 1.5.2 we have ip(V(H)—V(M*)) = ip(0) = 0 € L. Whilst
we cannot simply take M’ = M* since M* is too large, a simple argument (Lemma 4.7.6)

shows that since ip(V(H) — V(M*)) € L there must be a submatching M’ C M* of size
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at most k — 2 in H such that ip(V(H) — V(M')) € L, as required. So the main difficulty

in proving Theorem 1.5.2 lies in proving the converse, that (ii) implies (i).

For much of this argument it is simpler to work with k-partite k-graphs H. These are
graphs whose vertex set is partitioned into vertex classes Vi, ..., Vi so that every edge of
H contains one vertex from each V;. The central result in the proof of Theorem 1.5.2,
namely Lemma 4.6.1, is expressed in terms of k-partite k-graphs; we then translate this
result into the non-partite setting (Lemma 4.6.8) by using a random k-partition of H.
When working with k-partite k-graphs our codegree conditions will apply only to partite

(k — 1)-sets of vertices, i.e. sets which contain at most one vertex from any vertex class.

A key result on which we rely is Theorem 4.4.7, which is covered in detail in the next
section. This theorem allows us to restrict our attention to the case in which H is close to
a divisiblity barrier. We combine this with the following observation, which is formalised
in the proof of Lemma 4.6.1: Suppose that H has the property that almost all partite
(k—1)-sets have codegree at least n/¢+~n in H, and is close to a divisiblity barrier. Then
H can be divided into k-partite subgraphs H', ..., H" whose vertex sets partition V(H)
and each of which satisfies a stronger codegree condition: almost all partite (k—1)-sets in
HY have codegree at least (1/(¢—1)4~/4)n; in H7, where n; is the size of each vertex class
of H7. This allow us to prove, by induction on ¢, that if in addition H satifies a minimum
vertex degree condition as well as a further condition relating to the divisibility barrier,
then H does contain a perfect matching. The induction is detailed in Lemma 4.6.1, which

constitutes the core of our proof.

We will frequently speak of a partition Q of a vertex set V. We use this term in a
slightly non-standard way to mean a family of pairwise-disjoint subsets of V' whose union is
V' (so it is possible for a part to be empty, though this will rarely be the case). Furthemore,
we implicitly fix an order on the parts of the partition, so we may consistently speak of,

for example, the ith part of Q. Also, in a slight abuse of notation we will sometimes refer
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to Q as also being partition of a subset V' C V; the partition referred to in this way is
the natural restriction of Q to V.

Let V be a (finite) set of vertices, and let Q partition V' into d parts. Then for any
set S C V, the index vector ig(S) of S with respect to Q is the vector in Z¢ whose ith
co-ordinate is the size of the intersection of S with the ith part of Q (note that ig(S) is
well-defined by the implicit order of the parts of Q). When Q is clear from the context we
write simply i(S) for ig(S). This notation gives us a convenient way of describing where

the edges of a k-graph lie with regard to a given partition of the vertex set, as follows.

Definition 4.3.1 Let H be a k-graph on vertex set V, and let Q be a partition of V into

d parts. Then for any pu > 0,

(i) I5(H) denotes the set of all i € Z% such that at least u|V (H)|* edges e € G have

i(e) =1, that is, those vectors which are the index vector of many edges of G.
(i1) Io(H) denotes the set of all i € Z% such that at least one edge e € H has i(e) = i.

(i1i) LG(H) denotes the lattice in Z generated by I5(H), and Lo(H) denotes the lattice

in 72 generated by Io(H).

(iv) If Q is the trivial partition in which every part contains one vertex, then we write

L(H) and I(H) for Lo(H) and Ig(H) respectively.

4.3.1 An analogue for tripartite 3-graphs

To illustrate the ideas of the proof better, we now outline the the proof of an analogous
result to Theorem 1.5.3 for 3-partite 3-graphs. Indeed, let H be a 3-partite 3-graph with
vertex classes V7, V5 and V3 each of size n. Suppose that any partite pair in H has codegree
at least (1/3 + v)n. We shall prove that either H contains a perfect matching, or V(H)

can be partitioned into two parts A and B such that every edge of H has an even number
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of vertices in A, but |A| is odd (in particular, H cannot contain a perfect matching in

this case).

We begin by applying Theorem 4.4.7 to H. This implies that either H contains a
perfect matching (in which case we are done) or that there is a partition P of V/(H) into
parts of size at least (1/3 + «/2)n which refines the k-partition of V(H) and is such that
L% (H) is incomplete. Note that this means that P refines each vertex class V; into at
most two parts; in fact, it is not hard to see that P must partition each vertex class V;
into precisely two parts, W} and W72, and additionally that L% (H) is (1, —1)-free. (Recall

that (1, —1)-free lattices were defined in Section 1.5.3.)

We now decompose H into eight 3-partite subgraphs (H“*); ; yef2), where HY* consists
of all edges of H which contain one vertex from each of W/, WJ and W¥. So every edge
of H lies in precisely one subgraph H"*. Since L%(H) is (1, —1)-free, we may assume
without loss of generality that almost all of the edges of H lie in either H' H'22 [?!2
or H**! (the remaining subgraphs have very low density). As described earlier, we now
observe that almost all partite pairs in each subgraph have codegree at least (1/24/2)n.
Indeed, our assumption on H tells us that any pair of vertices zy with x € W} and y € W
has at least (1/3 4+ v)n neighbours in V5 (i.e. vertices z € V3 such that xyz € H). But
since Hyjp has very low density, very few such pairs zy can have many neighbours in W3.
So almost all of these pairs must have (1/3 + v/2)n > (1/2 + ~/2)|W31| neighbours in
Wa1. So H'! satisfies a significantly stronger codegree condition than that satisfied by
H, ignoring the fact that a small number of pairs, which we will call bad pairs, fail this

codegree condition.

At this point we delete a (small) matching M in H to achieve two aims. Firstly, M
will cover all vertices which lie in many bad pairs. Since there are few bad pairs there will
only be a small number of such vertices. Secondly, after deleting the vertices covered by

M there will be an even number of vertices remaining in W? := W2 U W3 UWZ. This can
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be done provided that at least one edge of H intersects W? in an odd number of vertices;

if there is no such edge then we are done, and H contains no perfect matching.

Delete the vertices covered by M from H; this only slightly weakens the codegree
condition on H'' H'22 [H?2 and H?**' since M does not contain many edges. To
complete the proof, we choose a random partition of the remaining vertices of H into
subsets S111, S122, So12 and Sag1 under the constraints that (i) each subset contains equally
many vertices from each vertex class Vj, and (i) Sy € W#U WJ U WE. Such partitions
exist since each part W) has size greater than n/3 and [W?| is even (this is a special case
of Proposition 4.5.4). Let Hj,; be the 3-partite subgraph of H induced by Si11, and define
Hiy, H),, and Hi,, similarly. The fact that the partition was chosen randomly implies
that, in each subgraph, almost every partite pair has codegree at least (1/2 + ~v/2)n’,
where n/ is the number of vertices in each part, and no vertex lies in many bad pairs.
It follows (by Theorem 4.4.7) that each subgraph contains a perfect matching; together

with the deleted matching this yields a perfect matching in H.

4.3.2 The general case

For the general case of Theorem 1.5.2, we use the ideas outlined above, but there are
several additional complications. Firstly, there may now be many possibilities for the
partition P returned by applications of Theorem 4.4.7. Also, we will need to use Theo-
rem 4.4.7 several times to repeatedly strengthen the codegree condition under consider-
ation. Both of these complications are handled in the core of the proof, Lemma 4.6.1.
Loosely speaking, this says the following statement holds for ¢ < k. Let H be a k-partite
k-graph with vertex classes of size n in which almost all partite (k — 1)-sets have codegree
at least (1/¢ 4+ v)n. Let P be a partition of each vertex class of H into parts of size at
least n/k, which is maximal with the property that L (H) is (1, —1)-free (for some fixed

small 1). That is, no refinement of P has this property. Provided that every vertex lies in
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many edges with index in L/, (H), and also ip(V(H)) € L'5(H) then H contains a perfect

matching.

We prove this statement by induction on ¢ by a similar argument to that in the
previous section (roughly speaking, there we reduced the ¢ = 3 case to the ¢ = 2 case, for
k = 3). That is, we apply Theorem 4.4.7 to yield a perfect matching (in which case we are
done), or a partition P” of V(H) into parts of size at least (1/¢+ ~)n such that L%, (H)
is incomplete. For the base case of the induction we observe that the latter outcome is
impossible for £ = 2. We then consider the non-trivial subgraphs H; for i € L%, (H). By
a similar argument to the previous section (formalised in Proposition 4.4.5), we find that
each Hj satisfies a codegree condition similar to H but with £ — 1 in place of £. Our aim
is then to find vertex-disjoint subgraphs H! C H; whose vertex sets partition V(H ), each
of which satisfies the conditions of Lemma 4.6.1 with a stronger codegree condition (i.e.
¢—1in place of £). We can then apply the inductive hypothesis to find a perfect matching

in each H!; together these form a perfect matching in H.

To do this, for each i we take a partition Q; of V(H;) which is maximal with the
property that L{ (H;) is (1, —1)-free. To apply the inductive hypothesis we then need
to ensure that our partition into subgraphs Hj satisfies ig, (V(Hj)) € L (H;) for each
i. We write Q" for the common refinement of all the partitions Qj;, and determine how
many vertices each H{ must include from each part of Q" for all of these conditions to
be satisfied. This is the most technical part of the proof, and is accomplished by proving
Claims 4.6.2, 4.6.3 and 4.6.5 in succession. Finally, we choose the vertex set of each H/
at random with the given number of vertices from each part of Q. In Claim 4.6.7 we
demonstrate that with high probability this random selection does indeed give subgraphs

H{ to which we can apply the inductive hypothesis, completing the proof.

However, the condition above that ‘P is maximal with the property that L5 (H) is

(1, —1)-free’ turns out to be insufficient for the proof. Essentially this is because a slight
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change to p or H might result in a refinement of P having this property also. We instead
use the notion of ‘robust maximality’: a partition P of V(H) is robustly maximal with
respect to H if L, (H) is (1, —1)-free but L‘é/ (H) is not (1, —1)-free for any refinement Q
of P, even if i/ is much larger than u. Section 4.5 is devoted to the study of this property,
showing that any k-graph admits a robustly maximal partition, and that the property
of being robustly maximal is preserved after small changes to H or by taking a random

subgraph of H.

Having proved Lemma 4.6.1, we deduce the non-partite equivalent Lemma 4.6.8 by
starting with a (non-partite) k-graph, taking a random k-partition and applying Lemma 4.6.1.
Finally, in Section 4.7 we complete the proof of Theorem 1.5.2 by a fairly straightforward
argument, showing that if condition (ii) of the theorem holds, then we can delete the
vertices covered by some small matching from H so that after this deletion some partition
P which is robustly maximal with respect to H has the property that ip(V) € LL(H).

We can then apply Lemma 4.6.8 to find a perfect matching in H, as required.

4.4 Hypergraph Theory and Geometry

A hypergraph consists of a vertex set V' and an edge set E, where every e € E is a subset
of V. We frequently identify a hypergraph with its edge set, writing |H| for the number
of edges of H, and e € H to mean that e is an edge of H. A k-graph is a hypergraph in
which every edge has size precisely k. Let H be a k-graph with vertex set V', and let .S
be a set of k — 1 vertices of H. Then the codegree dg(S) of S is the number of edges in
H which contain S as a subset, or equivalently, the number of vertices v € V such that

SU{v} € H When H is clear from the context we write simply d(.5).
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4.4.1 Partitions, index vectors and lattices

Recall Definition 4.3.1. We shall make extensive use of the following elementary proposi-

tion.

Proposition 4.4.1 Let G and H be k-graphs sharing a common vertex set V' of size n,
let P be a partition of V, and let u and o be positive constants. If |GAH| < an®, then

Ig(G) C ]g—a(H)7 and consequently L%(G) C L%—a(H)'

Proof. If i € I5(G), then at least un* edges e € G have i(e) = i, and so at least
(L — a)n® edges e € H have i(e) =i. So i € I5"%(G), as required for the first conclusion.

The second conclusion follows immediately. 0

Let V be a vertex set and @ and Q' be partitions of V. We say that Q' refines Q,
which we denote by Q < @', if every part of Q' is a subset of a part of Q (possibly the
whole of the part, so that in particular every partition refines itself). If Q' refines Q,
then for any set S C V the index vectors ig(S) and ig/(S) are linked by the equation
(ig(9))x = D> (igr(S))y for each X € Q, where the sum is taken over all parts Y of Q'

which refine X. This leads to the following definition.

Definition 4.4.2 Let V be a finite set and let P and P’ be partitions of V' such that P
refines P’. Let i be an index vector with respect to P. Then the restriction (i | P’) of i to
P’ is defined by

i|Px = Z ix

YEP,YCX

for each X € P'.

If there are many edges of a given index vector with respect to Q, then there must
be many edges of some index vector with respect to Q" which restricts to Q'. This is the

essence of the following proposition.

172



Proposition 4.4.3 Let V' be a vertex set, and let P and Q be partitions of V' such that
Q refines P. Let r be the number of parts of P, and for each j € [r] let m; be the number
of parts into which the jth part of P is refined by Q. Finally let H be any k-graph on V;

then
(i) ifi € L(H) then (i | P) € Liy(H), and

(ii) for any i € L%(H) there exists i’ € L’é/m(H) such that (' | P) = i, where m :=
Hje[r] (TJJ) :
Proof. Let n := |V|]. For (i), let i € I5(H), so at least un* edges e € H have ig(e) = i.
Each such edge has ip(e) = (i | P), so (i | P) € Ip(H). Since restriction is a linear
operation the result follows.

Likewise, for (ii), fix i € I)(H); then at least un* edges e € H have ip(e) = i. Note
that there are precisely m index vectors i’ with respect to Q@ which satisfy (i’ | P) = i.
So by the pigeonhole principle there is some i’ with (i’ | P) = i for which at least un*/m
edges e € H have ig(e) =1/, that is, i’ € Ig/ "(H). Again the result follows by linearity

of the restriction operator. O

For any partition P of a vertex set V and any part X € P, recall that the unit vector
uy is the index vector with respect to P which is 1 on X and zero on every other part
of P. Let L C Z% be a lattice. Recall that L is (1, —1)-free if it does not contain any
difference of unit vectors u; —u; with i, 7 € [d] and 7 # j. Such lattices play a crucial role

in this chapter.

4.4.2 Partite hypergraphs

Many of our results will apply specifically to partite k-graphs. Let V be a set of vertices,
and let P partition V. Then we say that a set S C V is P-partite if S has at most one

vertex in any part of P. We say that a hypergraph H on V is P-partite if every edge of
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H is P-partite. In this case we refer to the parts of P as the vertex classes of H.

Usually we will consider k-graphs H which are P-partite for some partition P of V(H)
into k parts. The following definition effectively complements the definition of I (H) for
such k-graphs. Let V be a set of vertices, let P partition V' into k parts, and let Q refine
P. For a P-partite k-graph H on vertex set V' and a constant u, we form the auziliary
k-graph Auxi(H) as follows. First, take a single vertex corresponding to each part of
Q. Next, add an edge whenever the corresponding k parts of Q induce at least u|V (H)|*
edges of H. We naturally obtain a partition Paux of the vertices of Aux{y(H), where two
vertices lie in the same part of Py if and only if the corresponding parts of Q lie in the
same part of P. Then Aux(H) is Payc-partite. The key observation is that by definition
of Auxg(H) we have I(Aux(H)) = I5(H), and so L(Auxg(H)) = Lig(H).

For this reason it will often be convenient to work with Auxf(H). One result which
we will apply to Auxg(H) to obtain information about H is the following proposition.
For each 0 < j < k —1 the partite minimum j-degree 05(J) is defined to be the largest m
such that any j-edge e has at least m extensions to a (j + 1)-edge in any part not used
by e, i.e.

67(J) :=min min [{v e Vi:eU{v} € J}|.

e€J; i:eNV;=0

Proposition 4.4.4 Let k > 3 and let H be a k-partite k-graph with vertex classes
Vi,...,Vi of sizer and §*(H) > 1. Leti € Z™ be such that Zvevj iy 1S constant over

j € [k]. Then for any v € V(H), there exists v' € V(H) such that i —u, +u, € L(H).

Proof. The proof proceeds in three stages. We first show that for any j, j’ € [k] and any
vertices z, 2’ € V; and y € Vj, there is some y' € V}s such that u, +u, —u, —u, € L(H).
We then show that for any i € Z"™*, there exist w,w’ € V such that i —u,, +u,, € L(H).

Finally, the statement of the proposition follows by combining these two facts.

The proof of the first part is as follows: If j = j’ then take e to be any edge of H which
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contains x and y. So S = {2’} Ue\ {z,y} is a (k — 1)-tuple of vertices of H, and so some
edge €' € H contains S; say ¢ = {y/}US. Then i(e) —i(e) =u, +u, —uy —u, € L(H)
by definition. If instead j = j’ then choose ¢ # j and z € V,, whereupon applying the
previous argument twice gives first 2’ € V, then ¢/ € Vs such that u,+u,—u,—u, € L(H)

and u, +u, —uy —uy € L(H), so u, + u, — uy —uy € L(H) as required.

)
Now, let e be any edge of of H. Then i’ := (3, ¢y, iw) i(€) is a member of L(H)
with the property that ((i—1') | P’) = 0. Now choose i’ € L(H) with this property such
that ||i — 1'||; is minimised. The observation above then implies that ||i — i|[; < 2. To
see this, suppose for a contradiction that ||i —1i'||; > 3. Then we may choose =,y € V;
and 2’ € Vj such that i, — 4, > 0, 4,y — 4, > 0 and i, —i; < 0. The observation above
yields y' such that i* := u, + uyy —u, —u, € L(H). But then i’ +1i* € L(H), and
i— @ +i)| <[fi—1]1 —3+1<|[]i—1{]]i, contradicting the assumed minimality of
i’. So ||i —¥||; < 2, and it follows that i — i = u, — uy for some w,w’ € V. Then
i—u,+uy=1¢€ L(H).

Finally, for any v € V' we can find v' € V such that u, +u,, —u, —u, € L(H). Now

i—u,+uy=1-(u,+u, —uy —u,) € L(H). O

We are now ready to establish some key properties of P’-partite hypergraphs and
partitions P of their vertex sets which refine P’. Specifically, we consider hypergraphs
H in which all but a small proportion of P’-partite (k — 1)-sets in V(H) have codegree
at least dn, and L5(H) is (1, —1)-free (for appropriate values of d and p): from these
conditions we may deduce a significant amount of information about the structure of H,
P and L% (H). In particular, property (v) of the following proposition shows that the
subgraph H; of H satisfies a similar codegree condition (with slightly weaker constants),
and so we may then apply Proposition 4.4.5 to this subgraph also. This ‘inheritance’
would not be the case if Proposition 4.4.5 instead assumed the stronger condition that H

had minimum codegree at least dn; this is the reason why for much of this chapter we
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work with the weaker type of codegree condition, which applies to almost all edges of H.

Proposition 4.4.5 Suppose that 1/ng < p,e < ¥ < d,c,1/k. Let n = ng and let P’
partition a vertex set V' into k parts Vi, ..., Vi, where ecn < |V;| < n for each i. Let H
be a P'-partite k-graph on vertex set V in which at most en*~! P’-partite sets S of k — 1
vertices have d(S) < dn. Finally, let P be a partition of V' which refines P’, has parts each
of size at least cn, and is such that Li(H) is (1, —1)-free. Then the following properties

hold for some integer r.
(i) Any Pj-partite set S of k — 1 vertices of Aux/p(H) has d(S) = 1.
(i) Each part of P’ is refined into exactly r parts by P.

(iit) Every part of P is indexed by exactly r*=2 vectors i € Ih(H).

(iv) Iy (H) = IA(H).

Furthermore, for any i € I5(H) let S; denote the parts of P indexed by i; let P; be the
natural k-partition of S;, and let H; be the Pi-partite k-graph on vertex set S; whose edges

are all edges of H of index i. Then the following properties hold.

(v) For any i € Is(H) at most k=" P;i-partite sets S C S; of k — 1 vertices have
dp,(S) < (d—9Y)n.

(vi) For any i € Ih(H) at most Y vertices of S; lie in fewer than c*=2dn*=1/2 edges of

H;.

(vii) For any i € ZF" such that (i | P') is a multiple of 1 and any X € P, there exists a

part X' € P such that i —ux +ux € Lip(H).

Finally, each part of P has size at least dn — yn.
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Proof. Introduce a new constant ¢’ with u,e < ¢’ < 1,d, ¢, 1/k. First, note that since
each part V; of P’ is refined into at most 1/c parts of P, there are at most 1/c* possible
values of ip(e) for an edge e of H.

For (i), note first that d(S5) < 1, since L(Aux/y(H)) = L% (H) is (1, —1)-free. Fix parts
Xi,... Xj_1 of P, where X; C V; for each j € [k — 1]; then by symmetry it is sufficient
to show that there is some part X of P with X, C Vi such that H[X; U --- U Xj]
contains at least |V |* edges. To do this, note that [Tiep_y 1 X512 (en)k=1 (kK — 1)-tuples
S = (z1,...,25_1) have x; € X; for each j, and so at least (c*~! — &)n*F~1 such (k — 1)-
tuples have d(S) > dn. Thus at least (c*~* — &)dn* > u|V|*/c edges of H contain one
vertex from each X;. Since P refines Vj into at most 1/c parts, some part X C Vj of
P must be as required. Next recall that I(Aux,(H)) = I5(H); then (ii) and (iii) follow
immediately from (i).

For (v), fixie I = I5(H), and let Wy C Vi,..., W, C Vi be the parts of P indexed
by i (so S; = UW,). Consider the sets S = {z1,..., 241} with x; € W, for each i.
By assumption, at most enf~! such S have d}(S) < dn. Furthermore, if S satisfies
di;(S) = dn but dj; (S) < dn —¢'n, then S is contained in at least i)'n edges e € H
with i(e) ¢ I. Since there are at most c®u(kn)* such edges of H, we conclude that
at most cFu(kn)*/¢'n < ¢/'nkF~! edges of H have this form. This proves a stronger
form of (v), with ¢/ in place of ¥. In particular this implies that H; contains at least
((en)*=t —'n*=1)(d — ¢")n > *~tdn* /2 edges, and so we have (iv).

Now let v € Si; then v lies in at least (cn)*~2, Pi-partite sets S of k — 1 vertices of
S;. So either v lies in at least 2(cn)*=2(d — )n/3 > dc*?n*=1/2 edges of H;, or v lies in
at least (cn)*=2/3 of the sets S counted in (v). Since there are at most ¢/'nf~1 such sets,
there are at most ¢/'n*=1/((cn)*=2/3) < 1n vertices of the latter type in S;, which proves
(vi).

One further consequence of (iii) and (v) is the ‘Finally’ part of the statement, since
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each part W € P is indexed by some i, and then some (k — 1)-tuple in H; has at least
(d—1))n neighbours in W. Finally, (vii) follows by applying Proposition 4.4.4 to Aux/,(H).
O

Although for the most part we deal with k-partite hypergraphs in the main lemmas,
we will also need analogues of the properties in Proposition 4.4.5 in the main body of the

proof of Theorem 1.5.2. For this we use the following proposition.

Proposition 4.4.6 Suppose that 1/ny < p,e < ¥,d,c,1/k, and let V be a vertex set of
size n = ng. Let H be a k-graph V in which at most en*~! sets S of k — 1 vertices have
d(S) < dn. Let P be a partition of V' which has r parts each of size at least cn and such

that L5 (H) is (1, —1)-free. Then the following properties hold.

(i) For any non-negative index vector i with respect to P such that ||i||y = k — 1, there

exists X € P such thati+uyx € L5 (H).
o rdcRT1/3(k—1)!
(ii) Iy PCTVH) = IA(H).

Furthermore, for any i € I5(H) let S; = UX67371'X>0X and let H; be the k-graph whose

edges are all edges of H of index i. Then the following properties hold.

(iii) For any i € In(H) at most yn*~" sets S C S; of k — 1 vertices such that ||ip(S) —

ill[y = 1 have dy,(S) < (d — ¢)n.

(iv) For any i € In(H) at most ¥n vertices of S; lie in fewer than *2dn*~1/4(k — 1)!

edges of Hj.

(v) For any i € ZI" such that )y pix is a multiple of k and any X € P, there exists a

part X' € P such that i —ux +ux € Lip(H).

Finally, each part of P has size at least dn — yn.
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Proof. The proof proceeds analogously to that of Proposition 4.4.5. Introduce a new
constant ¢’ with p,e < ' < 1, d, c,1/k. First, note that since P has r < 1/¢, there are

at most 1/c* possible values of ip(e) for an edge e of H.

For (i), let {Xy,... X}_1} be a multiset in which every part X € P is included with
multiplicity ix. Note that at least [,y ([X;] — k)/(k — 1) > Y (cen)*t (k — 1)-tuples
S = (x1,...,2%_1) have z; € X; for each j, and so at least (¢'c*! —&)n*~! such (k —1)-
tuples have d(S) > dn. Thus at least (¢'c*~1 —e)dn* > un*/c edges of H contain at least
ix vertices from each X € P, i.e., they each have index vector i + uy for some X’ € P.
Since P has at most 1/c parts, there exists X € P such that at least un® of these edges

have index vector i + ux with respect to P.

For (iii), fix i € I = I5(H) and choose X € P such that ix > 0. Consider the
sets S such that ip(S) = i — ux. By assumption, at most en*~* such S have dy(S) <
dn. Furthermore, if S satisfies dy(S) > dn but dg,(S) < dn — ¢'n, then since I is
(1, —1)-free S is contained in at least ¢'n edges e € H with i(e) ¢ I. Since there are
at most c*un® such edges of H, we conclude that at most c*un”/¢'n < ¢'nf~1 edges of
H have this form, where the inequality follows from p < 1/, c. This proves a stronger

form of (iii), with ¢’ in place of 1. In particular this implies that H; contains at least
((en)*1/2(k — 1)! — 'n*1)(d — ¢')n = F~1dnk /3(k — 1)! edges, and so we have (ii).
Now let v € Si; then v lies in at least (cn — k)*=2/(k — 1)! = (en)k=2/2(k — 1)!, sets
S of k — 1 vertices H with [[ip(S) —i||; = 1. So either v lies in at least (cn)*2(d —
P)n/3(k — 1) > dc2nk~1 /4(k — 1)! edges of Hj, or v lies in at least (en)f=2/6(k — 1)!
of the sets S counted in (iii). Since there are at most 1'n*~1 such sets, there are at most
P'nk=1/((en)*=2/6(k — 1)!) < 4hn vertices of the latter type in S;, which proves (iv). One
further consequence of (i) and (iii) is the ‘Finally’ part of the statement, since each part
W € P is indexed by some i, and then some (k — 1)-tuple in H; has at least (d — ¥)n

neighbours in W.
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It remains to prove (v), which we do in a similar way to Proposition 4.4.4. We first
show that for any X, X7, Xy € P, there exists Xj € P such that ux, +ux, —uy; —uy; €
L% (H). Choose any non-negative index vector i’ such that ||i'||; = k& — 3, and (using
(1)) let Y € P be such that i’ + ux, + ux, + uy € L5(H) and let X} be such that
i’ +uy; +uy +uy; € Lip(H). Then uy, +ux, —ux; — uy; is the difference of these two
index vectors and hence lies in L% (H).

Now for any i € Z" with ) y.p ix = km, choose i’ € Li(H) such that )~ iy = km
and which minimises ||i — 1'||; subject to this condition. The above observation implies
that |[i — i'||; < 2. To see this, suppose for a contradiction that ||i —1'||; > 3. Then we
can find X, X, Xy such that iy, — i, >0, ix, — i, > 0 and ix; _ilxg <0. Let X, € P
be such that i* = ux, +ux, —ux; — ux; € Lp(H); then [[i — (' +i*)|[; < [[i— 1|}
and )y .pi% = km, contradicting our choice of i'. It follows that i’ = i — uy + uy
for some Y,Y’ € P. Now applying the observation once more we obtain X’ such that

i =ux +uy —ux —uy € L(H) and hence i + ux —uy =1 +i" € L (H). O

4.4.3 Hypergraph matching theory

A central theorem from [65] will play a key role in this chapter. For this we make the
following definitions. A k-complex J is a hypergraph such that () € J, every edge of J has
size at most k, and J is closed downwards, that is, if e € J and ¢ C e then ¢’ € J. We
write J, to denote the r-graph formed by edges of size r in J. Also, we use the following
notion of partite degree in a multipartite k-complex from [65]. Let V be a set of vertices,
let P partition of V into k parts Vi,..., Vs, and let J be a P-partite k-complex on V.
The partite degree sequence 6*(J) = (65(J), - .-, 05_1(J)) (recall that §7(J) is the largest m
such that any j-edge e has at least m extensions to a (j 4 1)-edge in any part not used by
e). Note that we suppress the dependence on P in our notation: this will always be clear

from the context. Minimum degree sequence conditions on a k-complex will therefore
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take the form 0*(J) > (ao, ..., ax_1), where the inequality is to be interpreted pointwise.
Finally, observe that if J is a P-partite k-complex on V', and Q is a partition of V' which
refines P into d parts, then every edge e € J;, has (ig(e) | P) = ip(e) = 1. So we say
that L C Z% is complete with respect to P if i € L for every i € Z¢ with (i| P’) =1, and
incomplete with respect to P’ otherwise.

We can now state the theorem from [65] which will play a key role in our proof (the
form stated here is actually slightly weaker, as we assume that P’ has exactly k parts

rather than at least k).

Theorem 4.4.7 (Theorem 2.9, [65]) Suppose that 1/n < p < v < 1/k. Let P’
partition a set V' into parts Vi,..., Vi each of size n, and suppose that J is a P’-partite

k-complex on V with

> (0 (S0 (224 (L) ).

Then either Jy, contains a perfect matching, or there exists a ‘divisibility barrier’ to such
a matching. That is, there is some partition P of V into d < k? parts of size at least

r_1(J) — pn such that P refines P' and Li5(Jy) is incomplete with respect to P'.

We will want to apply Theorem 4.4.7 to a k-partite k-graph H in which most (but
not all) partite sets of size kK — 1 have sufficiently high degree. For this we will use the
following lemma, which yields a k-complex J so that J; is a subgraph of H and which
will satisfy the minimum degree condition of Theorem 4.4.7 after the deletion of a small

number of vertices (assuming D is sufficiently large).

Lemma 4.4.8 Suppose that 1/n < ¢ < d,1/k and let o = £'/3%. Let P partition a vertex
set V' into parts Vi, ..., Vi of size n, and let H be a P-partite k-graph on V' such that at
most en*~1 P-partite sets S C V of size k — 1 have d(S) < dn. Then there exists a k-

complex J on'V' such that Jy, C H and 6*(J) = ((1—+v/e)n,(1—a)n,...,(1—a)n,dn—an).
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Proof. Let 8 = a/k! and note that e < (8/k*)?*. Call a P’-partite set A C V of size
k —1 bad if dy(A) < dn, and good otherwise. We define bad and good P’-partite sets A
of size ¢ recursively for 1 < i < k by saying that A is bad if it there are more than fn
vertices = in some part of P such that AU {z} is bad, and good otherwise. By a trivial
induction the number of bad i-sets is at most ek*’ (k:) /B < \/E(k:) for every i. Call

a vertex v good if {v} is a good 1-set.

We now define J; to be the set of good vertices of H; note that do(J) = [Ji| =
(1 — /e)n. We define J; recursively for 1 < i < k as the family of good i-sets A such
that every (i — 1)-subset of A is an element of J;_;. We now prove by induction that
() =2 (1—=(0GE+D!B)n > (1 —a)n for each 0 < i < k— 2. The case i = 0 is already

done.

Suppose that 67 (J) > (1 — (i + 1)!5)n. Suppose for a contradiction that there exists a
part W € P and e € J; 1 with |[N;(e)NW| < (1 —(i+1)!8)n. Then there exists a family
FC (i‘+/2)7 such that ip(e’) = ip(e) + uy for each ¢’ € F, with |F| > (1 +2)!fn—i—1>
(i4+1)(i4+1)!8n+pn and FNJ;19 = (). Since e € J; 11 we know that F' contains at most Sn
bad sets, and hence more than (i+1)(i+1)!6n good ones. Now for every good e; € F', there
exists e, € (iKl)\JiJFl such that e, C e;. Further knowing e and e} uniquely determines
e; = eUel, and so there is a family F’ C (14‘:1) such that |F'| > (i+1)(i + 1)!/n and each
e/ € F’ intersects e in some set e~ of i vertices. Since there are only i + 1 possible choices
for e, there is some (i —1)-subset e~ of e, which is contained in more than (i+1)!5n i+ 1-
sets €’ € (irl)\(]iﬂ. But since e € J; 41 we have e~ € J;, and so 0;(J) < (1 — (i + 1)!8)n,

contradicting our assumption.

Similarly 6;_,(J) = dn — k!fn > dn — an. O
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4.4.4 Geometry

Given points vi, ..., v, € R? we define their positive cone as

PC({vi,...,ve}) = {D AVt A A 2 0
J€lr]
The well-known Farkas’ Lemma shows that any point v outside of the positive cone

of these points can be separated from them by a separating hyperplane.

Theorem 4.4.9 (Farkas’ Lemma) Suppose v € R?\ PC(Y) for some finite set Y C

R?. Then there is some a € R? such thata-y > 0 for everyy € Y and a-v < 0.

We will apply this result, via the following proposition, to show that the index vector
ip(V) of the k-graphs we consider must lie within the positive cone of the well-represented

index vectors.

Proposition 4.4.10 Let P’ partition a set V into parts Vi, ...,V each of size n, and let
P be a partition refining P’ into parts of size at least n/k. Also let I be a set of index
vectors with respect to P such that for any i € [k] and parts X; CV; of P for each j # i

there is some part X; CV; of P with 37,y ux, € I. Then ip(V) € PC(I).

Proof. Suppose for a contradiction that ip(V) ¢ PC(I). Then by Theorem 4.4.9 we
may fix a € R? such that a-i > 0 for every i € I and a - ip(V) < 0. For each i € [k],
let X! ..., X" be the parts of P which are subsets of V;, and let a!,...,a? be the

corresponding coordinates of a, with the labels chosen so that a! < ... < a”. Fix i € [K]

. b; 1 .. . . . b; 1 1 bj 1 .
for which a;’ —a; is minimised, so in particular ;" —a; < 1 >y @ —a;. By assumption
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we may choose i € I such that i =ux; + 3, ux: for some s € [b;]. Then
K J

. n, b,
0>a-ip(V) > Z naj + E(ajj —a;)
Sl

>n Y a+(af —al)| =na-i>0,
Jelk]

a contradiction. So ip(V) € PC(I). O

Finally, we shall need a slightly rephrased version of a simple proposition from [65].

Here B4(0,r) is the closed ball of radius r, centred at 0.

Proposition 4.4.11 ([65], Proposition 4.8) Suppose that 1/s < 1/r,1/d. Let X C
7N B40,7), and let Ly be the sublattice of Z¢ generated by X. Then for any vector

x € Ly N BY0,r) we may choose integers a; with |a;| < s for each i € X such that

X =) ex Gil.

4.5 Robust maximality

Recall that if G is a k-graph on a vertex set V', and Q partitions V' into d parts, then
L%(G) is generated by those vectors i € Z* for which at least un® edges of G have i(e) = i.
So the constant u can be viewed as the ‘detection threshold’; it specifies the number of
edges of a given index which are required for this index to contribute to L (G).

The nature of a divisibility barrier is that L (G) is (1, —1)-free. For our methods we
will need the partition Q to be maximal with this property; that is, for any refinement @’
of @ we need L%, (G) to be (1,—1)-free. More then this, we need the same to hold even
with a much higher detection threshold. This leads to the following key definition of a

robustly maximal partition.

Definition 4.5.1 Let H be a k-graph on a vertex set V of size n. We say that a partition

P of V is (¢, u, p')-robustly mazimal with respect to H if
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(i) L5(H) is (1,—1)-free, and

(i1) for any partition PT of V' which strictly refines P into parts of size at least cn, the

lattice L%;(H) is not (1, —1)-free.

The next lemma allows us to obtain a robustly maximal partition of the vertex set of

any k-graph. In addition, we may do this so as to refine an existing partition.

Proposition 4.5.2 Let k > 2 be an integer and ¢ > 0 be a constant. Let s = |1/c| and
fix constants 0 < py < -+ < psr1. Suppose that H is a k-graph on a vertex set V of size
n, and P is a partition of V' with parts of size at least cn such that L'y (H) is (1, —1)-free.
Then there exists t € [s] and a partition P' of V with parts of size at least cn which refines

P and is (c, pg, prgy1)-robustly maximal with respect to H.

Proof. Let P = P; then we proceed iteratively. At step t, if there is a partition P+
which strictly refines P into parts of size at least cn such that the lattice L (H) is
(1, —1)-free, then let P¢+1) = P+ Otherwise terminate with output P®. By definition
cach P® refines P and has parts of size at least cn. Furthermore, if the algorithm
terminates at time ¢, then LI, is (1, —1)-free by choice of P but for any P+ which
refines P(*) into parts of size at least cn the lattice L!57" (H) is not (1, —1)-free. That is,
P® is (c, piy, pte41)-robustly maximal with respect to H. So it remains only to show that
this algorithm must terminate with ¢ < 1/¢; for this we observe that the number of parts

of each PO is strictly greater than the number of parts of P¢~1, but P® can have at

most 1/c parts since each part has size at most cn. O]

It is intuitive that if Q is a robustly maximal partition of the vertex set of a k-graph
G, and H is a k-graph which is close to GG, then Q should also be a robustly maximal
partition of the vertex set of H (allowing weaker parameters of robust maximality). This

intuition is captured in the next lemma.
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Proposition 4.5.3 Suppose that 1/ny < p, (', < ¢,1/k. Let H be a k-graph onn > ng
vertices with m edges, and let H' be a subgraph of H with at least (1 — «)n vertices and at
least m—an® edges. Suppose that P is a (c, i, ') -robustly mazimal partition of V (H) with
respect to H, with parts of size at least cn. Then P is a (¢ + 2a, p + 2, 4’ — ) -robustly

maximal partition of V(H') with respect to H'.

Proof. Let H” be the k-graph with the vertex set of H but the edge set of H. We
first show that I57°*(H') C I5T*(H") C I4(H). Indeed, since |[HAH"| < an* we have
IET*(H") C I5(H) by Proposition 4.4.1. Since (u+20)|V(H')|* > (u+2a)((1—a)n)* >
(1 + a)n*, we also have ILT**(H') C I&T*(H"). So L)5T**(H') C L¥(H), and so L% (H)
being (1, —1)-free implies that L& is (1, —1)-free.

Now suppose that there is some partition Pt of V(H’) which strictly refines P into
parts of size at least (¢ +2«a)|V (H')| such that the lattice L%’;a(H') is (1, —1)-free. Form
a partition P™t of V(H) by assigning the vertices of V(H) \ V(H’) to the parts of Pt
arbitrarily. Similarly to above we prove [7‘;/;&([-[ N2 Igff‘(H "2 I;;Lr(H ). Indeed, the
second inequality holds by Proposition 4.4.1, and the first holds since (' — )|V (H')|* <
(W — a)nk. So Lé‘;H(H) C L%/ja(H’), and so P*T is a partition of V/(H) which strictly
refines P into parts of size at least (¢ + 2«a)|V(H')| > ¢n such that the lattice L%’H(H)
is (1, —1)-free, contradicting the robust maximality of H. We conclude that P is (¢ +

20, i1+ 20, 4 — a)-robustly maximal with respect to H'. 0

Recall that Proposition 4.4.3 showed that if P partitions a vertex set V and Q refines
P, then for any i € L5 (H) there is some p/ < pand i’ € Lé([—[) such that (i | P) = i.
The next proposition shows that if P is robustly maximal with respect to H then we have

a much stronger result, namely that i’ € L’é/(H ) for any i’ such that (i’ | P) =1i.

Proposition 4.5.4 Suppose that 1/n < p < p' < ¢,1/k. Let H be a k-graph on a

vertex set V' of size n, let P be a partition of V with parts of size at least cn which is
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(¢, p, p')-robustly mazimal with respect to H, and let Q be a partition of V' which refines
P into parts of size at least cn. Suppose that i € L%/(H). Then i' € Ly(H) for any index

vector i with respect to Q such that (i' | P) = 1.

Proof. Let p be the number of parts of P. We prove the following statement by induction
on ¢: if Q is a refinement of P into ¢ parts of size at least ¢n and i’ is an index vector
with respect to @ such that (i' | P) = i then i’ € Lg/zqip(H). The base case ¢ = p
is trivial, since then we must have Q@ = P, so i’ =i € L‘é/ (V) by assumption. Assume
therefore that we have proved the proposition for any refinement Q' of P into ¢ — 1 parts,
and that Q refines P into ¢ parts. Since P is (¢, u, ')-robustly maximal, there are parts
X, X' € Q such that uy —uyx € L’é(H). Let Q' be formed by merging X and X’ into
. . . . */2a4—1-p
a single part; then Q' is a refinement of P into ¢ — 1 parts. So (i’ | Q' € L’é,/ (V)
by our inductive hypothesis. By Proposition 4.4.3 there exists i* € Lg/ 2q_p(V) with
(i*| @) = (1| Q). Now i* differs from i’ only in the co-ordinates corresponding to X
and X'; since ux — uy € L‘é/(H) - L’é//2q7p(V) we have i’ € L’é//qup(V), completing
the induction. Since Q as in the lemma can have at most 1/c¢ parts, we conclude that

io(V) € LA (vy c Liy(v). O

Our goal for the rest of this section is to prove Lemma 4.5.6 that robust maximality
is preserved by random selection. That is, if H is a k-graph on V and some partition
P is robustly maximal with respect to H, then with high probability P is also robustly
maximal (with slightly weaker parameters) with respect to the subgraph H’ induced by
a randomly chosen subset V' C V. It is easy to prove that the first part of the definition
of robust maximality is preserved by such a random selection. Instead the difficulties
arise with the second part, where we must consider all refinements of P: there are too
many possible refinements to simply take a union bound. We therefore make use of weak
hypergraph regularity to prove this lemma. This necessitates the following definitions.

Suppose that P partitions a set V into r parts Vi, ..., V, and G is a P-partite k-graph
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onV. Fore>0and A € ([IZ}), we say that the k-partite sub-k-graph G4 is (g, d)-vertex-
regular if for any sets V;' C V; with [V/| > €|Vj| for i € A, writing V' = | J,., V/, we have
d(GalV']) = d+e. Wesay that G4 is e-vertez-regular if it is (e, d)-vertex-regular for some
d, and a partition P of V(G) is e-regular if all but at most en® edges of G belong to e-
vertex-regular k-partite sub-k-graphs. The following lemma has essentially the same proof
as that of the Szemerédi Regularity Lemma [110], namely iteratively refining a partition
until an ‘energy function’ does not increase by much; in this case the energy function is

the sum of the mean square densities of the k-graphs with respect to the partition.

Theorem 4.5.5 (Weak Regularity Lemma) Suppose that1/n < 1/my < e < 1/r < 1/k.
Suppose that G is a k-graph on n vertices and that P' is a partition of V.=V (G). Then
there is a refinement P of P’ into m < mg parts which is e-reqular in which each part has

size |[n/m] or [n/m].

Lemma 4.5.6 Suppose that 1/ng < p < pf < ¢ < A < 1/k. Let H be a k-graph on
verter set V' of size n = ng, and let P be a partition of V' which is (c, p, p')-robustly
mazimal with respect to H. Let Q" be a partition with at most 1/\ parts which refines
P. Let n be an index vector with respect to Q" such that ny > NZ| —cn for Z € Q".
Suppose that a set Sy of size ny is chosen uniformly at random from each Z, with all
choices being independent. Let S = J,con Sz, and let P be the restriction of P to S.

Then with probability 1 —1/k*, P is (2¢, u/c, (1')?)-robustly mazimal with respect to H[S)].

Proof. In this proof we omit floor and ceiling symbols where they do not affect the
argument. Introduce a new constant € with 1/ny < ¢ < p. We apply Theorem 4.5.5 to
H to obtain an integer ng > 3kF*1/c, and an e-regular partition Q of V(H) which refines
P into ng parts of almost equal size. Let ng = n/ng. Let R be the p'/3-reduced graph
on @ - that is, R contains an edge between any parts Xj,..., Xy of @ which form an

(¢, d)-regular tuple for some d > u'/3.
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Let H' = H[S]. We first show that L%/C(H’) is (1, —1)-free. It suffices to prove that
IE/°(H") C I4(H). Note that n' := ", ganz > An — cn/A > Mn/2. If i € I/°(H') then
there are at least (p/c)(An/2)% > (28p/A%)(An/2)F = pnF edges e € H' with iz(e) = i,
where the inequality holds since ¢ < A. But all of these edges are also edges of H and
hence i € I5(H). Further, each part X=XNSofP (where X is the corresponding part
of P) has size ) ,nz = > ,(A|Z| —cn) > A\ X| — cn/A = 3cn, where the sum is taken

over all Z € Q" with Z C X and the last inequality holds since ¢ < \.

Let Pgr be the partition of V(R) = Q induced by P (i.e., a part of Pg contains of all
parts of Q which are subsets of a given part of P). For any Y € Q, note that |Y N S| is

a sum of independent hypergeometric random variables and that

EjYnsS= > Eynzns|= > nzYnZz|/|Z
ZeQn Zen

> DAY NZ = ) en|Y N Z|/|Z] = AY] — en/A > 2¢n,
Zegn ZeQn
where the last inequality follows from ¢ < A. Hence Corollary 1.8.2 implies that P[|Y N
S| < eng)] < 2exp[—cng/12] < 1/n?, and a union bound implies that with high probability

Y NS| = eng for every YV € Q.

Now suppose for a contradiction that there is a refinement P* of P with parts of size
at least 2cn, such that L%ﬂ:)g(H’) is (1, —1)-free. Define a partition S = {Xs | X € P*}
of V(R), whose parts correspond to those of P*, by assigning clusters in V(R) as follows:
For each Y € V(R), assign Y to a part Xs such that [SNY NX| > ¢S NY]| with
probability proportional to |[S NY N X|, all choices being made independently. (So if
either |SNY NX| > ¢lSNY|]or SNY NX = ( for every X then the probability is
ISNY NX|/|SNY].)
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Note that

|SNY N X]| ISNY NX| _ 3en
2. Tsavi Z 2 > e~ oo
YeV(R) | YeV(R) "o "o
and hence
|ISNY NX]|
E[|Xs|] = PlY € Xg| > el bl |
H SH Z [ € R] Z |S N Y’
YeV(R) YEV(R),|SNYNX|>c|SNY |
B Z |ISNY NX]| Z |SNY NX|
N [SNY] SAY]
YeV(R) YeV(R),|SNYNX|<c|SNY]|

> 3cng — cng = 2cng

for each Xg € S. Now let Ny be the random variable which is 1if Y € X5 and 0 otherwise
for each Y € V(R). We have [Xs| = > )y (g Ny. By applying Lemma 1.8.1(i) to the

variables Ny we obtain

2(cng)?

ngr

P[| Xs| < cng] < exp [— ] < exp[—2c®ng] < 1/ng < ¢/3k%,

and taking a union bound on the error probabilities, we obtain that with probability at
least 1 — 1/ 3kF each part Xs € S has size at least cnp. Note that whenever Y € Xg we
have |[SNXNY| > ¢|SNY| > ¢*ng > eng. For each i € ]§//3(R) there are at least u'n% /3
edges e € R with is(e) = i. For each such e, order the clusters in e as (Y1,...,Y), let
(X,)s be the part of S containing Y; for each j € [k] and let F' be the k-partite subgraph
of H with vertex classes (S N X; NYj)jer. Now every edge of F' has index vector i with
respect to P* and |F| = (1//3 — €)(c2no)* = 3(1/)2(n' /ng)*, where the second inequality
follows from p/ < c. Hence there are at least (1/)*(n')* edges ¢’ € H' with i5.(¢') = i.

Thus 1§ *(R) C 147" (') and so L§*(R) is (1, —1)-free.
Define a refinement P* of P by P* = {{J, .y Y | X € S}. Note that each part of P*
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has size at least cngng = cn. For any i € 17‘;;/3(H) there are at most en® +nk - (1//3)nk <
w'n*/2 edges e € H with ip(e) = i which do not lie in k-graphs corresponding to edges
of R. Hence there are at least ;/n*/2 edges which do lie in such k-graphs, and so there
are at least p/n*/2nk = p/nk /2 edges e € R such that ip,(e) = i. Hence i € 17@;?/3, and
so If.(H) C I5"*(R) and L. (H) C Li5"*(R). But now L. (H) is (1, —1)-free, which

contradicts our assumption that P is (¢, u, p’)-robustly maximal. O

4.6 The key lemmas and their proofs

The goal of this section is to state and prove the two key lemmas in the proof of The-
orem 1.5.2, Lemma 4.6.1, which applies to k-partite k-graphs, and Lemma 4.6.8, which
applies to general k-graphs. The k-partite form is simpler to prove, while in fact we de-
duce the general form from the k-partite form by a randomisation argument. Therefore

we first present the proof of Lemma 4.6.1.

Lemma 4.6.1 Let k and { be integers with k > ¢ > 2, and suppose that constants
n,e, w1, c,d,y satisfy 1/n < e, p < p' < e,d < v,1/k. Let P partition a set V into
vertex classes Vi,..., Vi of size n, and let H be a P’-partite k-graph on V in which at
most en®~1 P'-partite subsets S CV of size k — 1 have d(S) < (1/¢ + v)n.

Let P be a partition of V' which refines P into parts of size at least cn and is (¢, p, p')-

robustly mazimal with respect to H. Suppose that

7 OTCL?’LQU@?“6$.CE€ ere are at teas n" 696866 w1l T € e an Ip(e €
) f t V th t least dn*=1 ed H with di

L% (H), and
(i) ip(V) € Li(H).

Then H contains a perfect matching.
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Proof. We fix k and proceed by induction on ¢, using the following hierarchy of constants.

In<1/D<ep<e g < py <ol < pff K eyd < <, 1k

Step 1: The case P = P’. Suppose first that P = P’. By applying Lemma 4.4.8 with
P’ and (1/¢ + ~v)n in place of P and D respectively we obtain a P’-partite k-complex J
on V with J, C H and

()2 (1=Ven,(1—&n,...,(1 =&, (1/0+~—<)n).

We now greedily construct a matching M* in H of size at most k+/en which includes all
of the at most kv/en vertices « € V for which {z} is not an edge of J. We can do this
greedily since by assumption every vertex lies in at least dn*~! > k%,/en*~! edges of H.

Let V! =V \ V(M*) and let J' := J[V']. Then
8 (J) = (', (1 =2, .., (1 =2, (1) 4+~ —2")n),

where n’ := n — |M*| is the size of each part of V'. So J’ satisfies the degree sequence
condition of Theorem 4.4.7 with n/, /2 and /2 in place of n, p and 7 respectively.

Furthermore P is (¢, 2u, 1t/ /2)-robustly maximal with respect to J;, by Lemma 4.5.3.

Now suppose that P” is a partition of V' into parts of size at least &;_(J) — un/2 >
n/¢ > cn which refines P = P’. Since Jj, is P-partite every edge e € J; has ip(e) = 1;
in particular we have 1 € L%//Z(J,’C). So by Proposition 4.5.4 we have i € L%, (J;) for any
index vector i with respect to P” such that (i | ) = 1. That is, L7%,(.J}) is complete with
respect to P. We conclude that there is no ‘divisibility barrier’ to a perfect matching in

J}., so there exists a perfect matching in J; by Theorem 4.4.7. Together with M* this
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forms a perfect matching in H.
In particular, this gives the base case ¢ = 2 of the induction, since in this case the
condition that each part of P must be of size at least n/¢ + yn > n/2 implies that we

must have P = P'.

Step 2: Defining subpartitions and removing bad vertices. For the rest of the
proof we assume that P # P’, that 3 < ¢ < k and that the lemma holds with ¢ — 1 in
place of £. We also write [ := I5(H), L := L (H) and Aux = Aux/s(H). Recall that we
then have I(Aux) = I and L(Aux) = L, and that P), is the natural partition of V' (Aux)
inherited from P’

Our strategy will be to split H up randomly into a number of vertex-disjoint k-partite
subgraphs, each of which satisfies the conditions of the lemma (with weaker constants)
when ¢ is replaced by ¢ — 1. The inductive hypothesis then implies the existence of a
perfect matching in each subhypergraph, and taking the union of these matchings gives
a perfect matching in H.

First, note that H, P’ and P meet the conditions of Proposition 4.4.5 with 1/¢ + ~
in place of d. So by Proposition 4.4.5(ii) we may fix r such that each part V; of P’ is
further partitioned into r parts by P, so the k parts of Pauc each consist of r vertices.
Next Proposition 4.4.5(i) tells us that d(S) = 1 for any P), -partite set of k — 1 vertices
of Aux. Also, by Proposition 4.4.5(iii) each part of P is indexed by precisely 72 vectors
i € I, so in particular we have |I| = r*~!. The final statement of Proposition 4.4.5 implies
that every part of P has size at least (1/¢ + v/2)n, a significantly stronger bound than
that assumed in the statement of the lemma. Together with P # P’ this implies that
2<r <Vt

For each i € I, let the set S; be the union of the parts P indexed by i, and let P; be the
restriction of P’ to Sj. Define H; to be the Pj-partite k-graph on vertex set S; whose edge

set consists of all edges of H with index i. By repeated application of Proposition 4.5.2
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there exist i € [s] and a partition Q; of S; for each i € I such that the partition OQ;
refines P;, has parts of size at least cn/2 and is (c/2, p;, pi;,;)-robustly maximal with
respect to H;. For simplicity of notation we now relabel 1i; as jo and p; ; as pg. Since
poe <L ph < po = p L po = i < p' we may introduce new constants gy, . .., pg such
that

e < po K g K -0 <K g L

Also, it will sometimes be convenient to regard H; as a k-graph on V' rather than on S;
(but with the same edge set). For this purpose define QY to be the partition of V' whose
parts are the parts of Q; and the parts of P not indexed by i.

Fix some i € I, and let I[; := Ié?(Hi) and L; = L’éoi(Hi). The fact that Q; is
(¢/2, 1o, pto)-robustly maximal with respect to H; implies that L; is (1, —1)-free. Fur-
thermore, by applying Proposition 4.4.5(v) with pg in place of ¢ we find that at most
pon®~t Pl-partite (k — 1)-sets S C S; of k — 1 vertices have dg,(S) < n/l+ 3yn/4. So we
conclude that H; also meets the conditions of Proposition 4.4.5 with P; in place of P’, Q;
in place of P, 1/¢ 4+ 37/4 in place of d and pg in place of both p and . Every part of
Q; therefore has size at least n/¢ 4+ 2yn/3; in particular we may apply Proposition 4.4.5
with 1/¢ in place of ¢ also. By Proposition 4.4.5(iv) we deduce that Ié/i%k (H;) = L;. Also,
Proposition 4.4.5(vi) with p; /r*~! in place of 1 implies that at most pyn/r*~1 vertices of
S; lie in fewer than n*=1/205=1 > 5dn*~! edges e € H; with i(e) € I;. We refer to such
vertices as being bad for i. Since i was arbitrary the comments of this paragraph apply
to any i € I; we say that a vertex of V is bad if it is bad for some i € I. Since |I| = r¥~1,
the number of bad vertices is at most pin.

We will ensure that an analogue of condition (i) holds for each H; by deleting all bad
vertices. Since by assumption every vertex of V is contained in at least dn*~1 > kunF—!

edges e € H with ip(e) € I, we may greedily choose a matching M of size at most

pin which covers all of the bad vertices and such that ip(e) € I for each e € M. Let
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Vi=V\V(M).

Next we wish to define a partition Q" of V' to be the ‘common refinement’ of the
partitions Q; for i € I, so that two vertices will be in the same part of QY if and only if
they are in the same part of Q; for every i € I. We will also ensure that every part of Q' is
not too small by first deleting some further vertices. Let ~ be the relation on V' in which
x ~ y if and only if x and y lie in the same part of Qf for every i € I, and observe that ~ is
an equivalence relation. Since P has at most k? parts, each of which is partitioned into at
most k parts by each Q;, the relation ~ has at most K := k2 - kIl = k2" equivalence
classes. This means that there is some j € [K + 1] such that no part of Q" has size
between (j — 1)(kK)’~'D/n and j(kK)'D/n. Fix such a j, and let B be the union of all
equivalence classes of ~ of size at most j(kK)’D/n. Then |B| < K -(j —1)(kK)’~'D/n.
Similarly as before we may greedily choose a matching M’ in H of size at most |B| which
covers every vertex of |B| so that every edge e € M’ has i(e) € I.

We now delete all of the at most 2kun vertices covered by M U M’. To avoid using
more complicated notation, we continue to write V' for V'\ (M UM’), S; for S;\ (M UM’),
V; for V;\ (M UM') and H and H; for the restrictions of these k-graphs to the undeleted
vertices. Following these deletions we define Q" to be the partition of V' generated by the
equivalence relation ~ (now restricted to the undeleted vertices). We will also need to
consider the ‘common coarsening’ QV of the partitions Q;. Indeed, let ~_, be the relation
on V defined by = ~, y if and only if there is some i € [ such that x,y € S; and z and y
lie in the same part of Q;. Then ~, may not be an equivalence relation, but the transitive
closure ~ of ~, is an equivalence relation. Let Q" be the partition of V' generated by
~{. For clarity we now state together the properties of the structures we have obtained

so far.

(A1) PP <P < Q" < QY < Q" for any i € I. Indeed, P’ < P by assumption, and the

other relations follow from the definitions of QY, QY and Q.
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(A2) Q" has at most K parts, each of which has size at least 2D /n. Indeed, the vertices
of any equivalence class of ~ with size less than j(kK)’D/n were included in M’

before defining Q"'; since |M’| < |B| any part of Q" has size at least

(kK)'D (kK) D  — 1)(kK)'D
JREYD o SRKYD (G = )(kE)
n Ui
(kK)'D _ 2D
= 2—
n Ui

(A3) Every part of P, QY and each Q; has size at least (1/¢ + v/2)n. Indeed, each
part of any Q; had size at least (1/¢ 4 2v/3)n before the deletions, and at most

2kpyn < yn/6 vertices were deleted. The bounds for Q™ and P follow by (Al).

(A4) Forany i € I, Q;is (¢, pa, ug)-robustly maximal with respect to Hj, and every vertex
in S; lies in at least 4dn*~! edges of H; with i € I;. Indeed, since Q; was chosen
to be (¢/2, po, f1o)-robustly maximal with respect to H; (before any vertices were
deleted) the first statement holds by Proposition 4.5.3. The second part holds since
M covered all vertices which were contained in fewer than 5dn*~! edges of H; with

i € [; and at most 2kuin < dn vertices were deleted.

(A5) ip(V) € L. Indeed, this was true before any vertices were deleted by assumption,

and ip(V (M U M’")) € L since this was true of each edge of M.

(A6) ]Si(Hi) = [;. Indeed, we observed before any deletions that Igiw(Hi) =I5 (H;) =
Ii. So if i € [; then there were at least (kn)*/2¢F edges of H; of index i, at most
2kpin® of which were deleted. If i ¢ I; then there were at most pg(kn)* < p/(kn —

2kpin)* edges of H; of index i.

(A7) If V' is formed from V by deleting another A < yn/2 vertices from each part of
P, then we have ip(V’) € PC(I). Indeed, let VJ be the undeleted vertices from

196



vertex class Vj; then each VJ has equal size n’ :=n — [M U M'| — A, and from (A3)
we find that at least n’/k vertices remain undeleted in each part of P. Recall our
earlier observations that da.(S) = 1 for any Pau-partite set S of k — 1 vertices of
Aux and I(Aux) = I; using these we may apply Proposition 4.4.10 to deduce that
ip(V') e PC(I).

(A8) For any i € I and vector n with respect to Q; such that (n | P;) is an integer
multiple of 1, there exist parts X, X’ of Q; so that n; —uy +uyx € L;. Indeed, this

follows by applying Proposition 4.4.5(vii) to H; before the deletion of any vertices.

(A9) The number of P;-partite sets S C S; of size k — 1 with dg,(S) < (1/0+~/2)n is at
most p;nF71. Indeed, before any deletions this was true with 27/3 in place of 7/2

by Proposition 4.4.5(v), and at most 2kun < yn/6 vertices were deleted in total.

Step 3: Determining the size of each random subgraph. In Step 4, the final step
of the proof, we will randomly choose, for each i € I, a set T} containing p; vertices from
each part of P; (the restriction of P’ to S;). Claim 4.6.7 will then show that if 7} is chosen
in this manner then the restriction H[7;| meets all the conditions of the statement of the
lemma, with weaker constants and ¢ — 1 in place of ¢, except for the requirement that
ig,(Ti) € L5 (H[Ti]) (for an appropriate value of y.). In this step we determine how many
vertices of T; should be chosen from each part of Q" so that firstly, this final requirement
will also be satisfied for each i € I, and secondly, the sets T; for i € I partition V. This
will allow us to apply the inductive hypothesis in Step 4 to obtain a perfect matching in
each H|[Tj], completing the proof.

To determine how many vertices of 7j should be chosen from each part of Q", we
proceed through three claims. The first determines the value p;, namely how many vertices
are to be chosen from each part of P;. The second determines how many vertices are to

be chosen from each part of @Y, whilst the third determines how many vertices are to be
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chosen from Q" as required.

Claim 4.6.2 There exist integers p; for each i € I which satisfy

(B1) 3 ier pil =ip(V),
(B2) pi = nn for each i€ I.

Proof. Let N := [2nn], and for each i € I delete N vertices from the parts indexed

by i. Recall that each part of P is indexed by precisely %2

members of I, so exactly
rk=2N < yn/2 vertices are deleted from each part of P. Let V' consist of all undeleted
vertices of V; then by (A7) we have ip(V’) € PC(I). That is, we may fix reals \; > 0 for
eachi € I'sothat ), , A\ii =ip(V’). Let a; = [\;] foreachi € I. Thenip(V')=> ., aii €
B(0, kr*=1). Since ip(V’) was obtained by subtracting a linear combination of vectors
ie I fromip(V), and ip(V) € L by assumption, we also have have ip(V') = ., a;i € L.
So by Proposition 4.4.11 we may choose integers b; with |b;| < nn for each i € I so that

e il =ip (V') — >0 asi. Let p; = a3+ by + N for each i. Then
dopi=) ai+ ) bi+ Y Ni=ip(V)+ ) Ni=ip(V),
il il il il il

so (i) holds, and (ii) holds since a; > 0 and |b;| < nn for each i € I. O

The vector nj with respect to Q obtained in the next claim tells us how many vertices
should be taken from each part of QY. Indeed, for each i € I and each part X € Q" the
set T} will include (n{’)x vertices from X. Note that condition (C1) says that if the sets
T; are disjoint then they will form a partition of V', whilst condition (C3) ensures that T;
takes roughly the same proportion of vertices from each part of @ which is a subset of

a part of P indexed by i, and no vertices from any other part of QV.

Claim 4.6.3 There exist vectors n with respect to Q for i € I which satisfy
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(C1) > ier ny =igu(V),
(C2) ny € L5, (H;) for every i€ I, and
(C3) For any part W of P and any part X C W of Q° we have

pi% +D  if iy =1
0 otherwise.
Proof. Choose p; for each i € [ as in Claim 4.6.2. Now fix some i € [, and choose a
vector n; with respect to Q; by taking (n;)x to be either |p;| X |/|W || or [p;]|X|/|W]] for

each part W of P; and each part X of QY with X C W. Make these choices so that

> xcw(mi)x = p; for each part W of P indexed by i; this is possible since

3 pl X[ plW —
wi W

XeQV XCW

Now, for any i € I, by (A8) we may choose parts Y, Y” of Q; so that n! := nj—uy +uys €
Ly = Lgi(Hi). Let n{ be the vector with respect to Q) corresponding to n}, that is,
with additional zero co-ordinates corresponding to the parts of P not indexed by i. So
n! € L’S’?(Hi). Finally, let n} := (n{ | Q"), so n{ € L5, (H;) by Proposition 4.4.3. The
key observation is that for any part W of P and any part X C W of Q" we have

, pi%:lsz if iy =1

(ni)x = (4.6.4)
0 otherwise.

Choose nj as above for every i € I; then ) ., ni € L5,(H). Now, since Q" is a
refinement of P with parts of size at least ckn, and P is (¢, u, p')-robustly maximal by

assumption (and therefore (c, o, pt')-robustly maximal), we have igu(V) € LG, (H) by

199



Proposition 4.5.4. So
iou(V) = mf € L5, (H) N B(0,2k|1]).
il

This means we may apply Proposition 4.4.11 to obtain integers ay with |ay| < (D—2k)/k*

for each i’ € I}, (H) such that

iQu (V) — Z Ilg = Z CLi/i/.

iel i’elggu (H)

For each i € I, define ny := nj + 3 ayi’, where the sum is taken over all i’ € 15}, (H) with
(i' | P) =i. Then ny € L5, (H;), since both nj and ) ayi’ are members of L3, (H;). So

(C2) is satisfied. Furthermore,

iQu (V) — ZI’IIU = iQu (V) — Zl’li — Z (li/i, =0

iel iel i/elg% (H)

so (C1) is satisfied.

Finally, fix some i € I, a part W of P indexed by i and a part X C W of Q. Then
by definition of n we have |(n{)x — (n!)x| < Y ay < D — 2k; together with (4.6.4) we

have (C3) also. O

Claim 4.6.5 There exist vectors ny with respect to Q" for i € I which satisfy

(D1) 2ie i = ign(V),

(D2) (n; | Qi) € L; for everyi€ I, and

200



(D3) For any part W of P and any part Z C W of Q" we have

pi%iw if iy =1
(n1)z =
0 otherwise.
Proof. Fix vectors ny which satisfy (C1)-(C3). Now, for each i € I, each part X of Q"
and each part Z C X of Q" take (n;)z to be either |(ny)x|Z|/|X|] or [(n{)x|Z|/|X]],
with choices made so that ), ;(ni)z = |Z] for every i € I and }_,x(ni)z = (n;)x for
each part X of Q“. Then the vectors n; satisfy (D1). Note also that the latter condition
may be reformulated as (n; | @) = n;. Furthermore, for any part W of P and any part
Z C W of Q" it follows from (C3) that (n;)z is equal to p;|Z|/|W| £ (D + 1) if iy =1
and is zero otherwise.

The claim follows from repeated use of the following observation. Fix ij,is € I,
and suppose that Z and Z' are parts of Q" which are subsets of distinct parts Y; and Y]
respectively of Q;,, but that Z and Z’ are subsets of the same part Y5 of Q;,. Now suppose
that we increment both (n;,)z and (ny,)z by one, and decrement both (n;,)z and (n;, )z
by one (all other co-ordinates of n;; and n;, remain unchanged, as do all other vectors
n;). Then clearly ), n; is unchanged by this operation, as is (n; | Q;) for any i # iy, is.
Also, since Z and Z' are contained in the same part of Q;,, the vector (n;, | Q;,) is also
unchanged. However, (n;, | Q;,) has changed; specifically (n;, | Q;, )y, has increased by
one and (ny, | Q,)yy has decreased by one. We shall repeat this technique to satisfy (D2)
for each i € I in turn.

Now fix some i € I. By (A8) we may choose parts Y,Y’ of Q; such that (n; |
Qi) —uy +uy € L;. Since (n; | QY) = ny € L5, (H;), and L, (H;) is (1, —1)-free, Y and
Y’ must be subsets of the same part X of QY. Choose parts Z and Z’ of Q" with Z C Y
and Z' C Y’. Then by the definition of QY there is a sequence Z = Z,...,Z, = Z' of

parts of Q" and a sequence Y7, ..., Y, such that
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1. for each j there exists i; € I such that Yj is a part of Q;,
2. for each j we have Z;_;,Z; C Y}, and
3.5 < |Q"| < K2H

For each 0 < j < s let Y]* be the part of Q; which contains Z;. So Y=Y and Y, =Y.

For each j € [s] in turn, we proceed as follows. If Y;*, = Y}, then we do nothing.
Otherwise, we apply our observation above with i, i;, Z;_; and Z; in place of i, iz, Z
and Z' respectively. As noted above, the effect of this is that (n; | Q;)y» is increased by
one, and (m; | Q;)y» | is decreased by one, whilst every other co-ordinate of (n; | Q;) and
every ny for i’ # i is unchanged. So after doing this for each j € [s] in turn, the net effect
is that (n; | Qj)y; has increased by one, and (n; | Q;)y- has decreased by one. That is,
we have added uy — uy+ to(n; | Q;). By choice of Y and Y’ we conclude that after these
modifications we have (n; | Q;) € Li, and crucially, that(ny | Qy) is unchanged for any
i’ #iand ) ; , n; is unchanged.

Proceed in this manner for every i € I; then the vectors n; obtained at the end of
this process must satisfy (D2). Since (D1) held before we made any modifications, and
> ics i is preserved by each modification, we conclude that (D1) still holds. So it remains
to prove (D3). For this observe that we applied our observation at most s < k2" times
for each |I], and so at most k2t*" .2 < D — 1 times in total. On each occasion no
co-ordinate of any nj is increased or decreased by more than one. So we conclude that
for any i € I, any part Z of Q" and any part W of P the co-ordinate (n;)z is equal to
pi|Z]/IW |+ 2D if iy =1 and is zero otherwise.

This completes the proof of Claim 4.6.5. 0J

Step 4: The random selection. Fix vectors n; as in Claim 4.6.5. We now partition V/
into disjoint sets T; for i € I, where for each Z € Q" the number of vertices of T; taken

from Z is (n;)z. To ensure that this is possible, we require that ), , n; = ign(V) and
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that each co-ordinate of each n; is non-negative. The first of these conditions holds by
(D1), and the second by (D3), since for any i € I, any part W of P and any part Z C W
of @™ we have p; > nn by (B2), |Z| > 2D /n by (A2) and [W| < n. So ps|Z|/|W|—-2D >0
as required.

Choose such a partition uniformly at random. That is, for each part Z of Q" choose
uniformly at random a partition of Z into sets Z; for i € I so that |Z;| = (n;)z for each
i€l Foreachie€IletT;:=J,con %, and let H = H[Tj]. Since (n;)yw = 0 for any
part W of P not indexed by i, we have T; C Sj, and so H; is a Pj-partite k-graph on
the vertex set T;. Also note that since (n; | Q;) € L’S’?(H ), and every i’ € Ig‘(}(H ) has
(i" | P) =i, we have (n; | P) = t;i for some integer ¢;. Note that for any part W of P

which is indexed by i we have

D i Z A
ti= (05 [ Phw = (m)z 2 > <p|I/|V|| + 2D> ‘2 i £2DK, (4.6.6)
Z Z

where both sums are taken over all parts Z of Q" with Z C W. So in particular we have
nn/2 < t; < nfor any i € I by (B2).

Let 1. = p3, pl, = iz, 7« = /4 and &, = pus.
Claim 4.6.7 Fizi € I. Then the following properties each hold with probability at least
1—1/k*.
(E1) At most e i~ Pi-partite subsets S C T; of size k—1 have dp=(S) < (1/(€=1)+7)t;.

(E2) Qi is (c, i, ) -robustly mazimal with respect to H.

(E3) For any vertex x € T; there are at least d(t;)*"! edges e € Hj with v € e and
ig;(e) € Lig,(Hy).
Proof. First observe that (E2) holds with probability 1 — 1/2k* by Lemma 4.5.6. For

(E1), recall from (A9) that the number of P;-partite sets S C Sj of size k—1 with dg, (S) <
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(1/€ 4 ~/2)n is at most uyn*~ < e,4F71. So it suffices to show that with probability at
least 1 —1/n any Pi-partite subset S C T; of size k—1 with dg, (S) > (1/0+/2)n satisfies
du:(S) = (1/(¢ — 1) + % )t;. Fix some such S, and let W be the part of P such that
Np(S) CW,s0 [N(S)NW| > (1/¢+ ~/2)n. Then

(n3)2|N(S) N Z]
|Z]

Eldm; ()] = SO E[NS)NZ] = 3

ZCW ZCW
03 p|N(S) N W]
- W]

ti(1/€ +~/2)
T 1-1/0—~/2

1
> (1+¢) (é——l +%> ti,

—2KD

—4KD

Since dg:(S) is a sum of independent hypergeometric random variables we may apply

Corollary 1.8.2 to obtain

1 1
P (dHl*(S) < (f——l ‘|—’7*) ti) < W

Taking a union bound over the at most kn*~! such sets S we find that (E1) holds with

probability at least 1 — 1/n.

To prove (E3), fix a vertex x € Tj, and let E(x) denote the number of edges e € H
with ig,(e) € L; which contain x. To estimate E(z), recall from (A4) that x is contained
in at least 4dn*~! edges e € H; with ig,(e) € L;. At most dn*~! of these edges contain a
vertex from a part of Q" of size at most dn/K. Fix one of the remaining 3dn*~! edges
e={x,...,x51,2} € H, and for each j € [k — 1] let Z; and W be the parts of Q" and

P containing z; respectively. So |Z;| > dn/K for each j € [k — 1]. Then the probability
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that e € H;" is equal to

1 (ni)z, (D3) M~ | 2DK (56 {7 2((+1)DK
| \Z;| |W;| dn nk-1 dn '

jelk—1 jelk—1]

So E(E(z)) > 2dt{~'. Now fix an order vi,..., vy of the vertices of V. We define a
martingale A; := E(E(z)|vy,...,v;) for 0 < j < |V, where the ‘uncovered event’ is which
part of Z; contains v;. Then Ay = E(x) and Ay = E(E(x)), and for any j € [|V|] we have
|A; — A; 1| < 2(kn)k=2. Now applying Theorem 1.8.3 with t = dt{~'/2(kn)*=2 = Q(n),
we obtain

P(E(x) < dtf™') < 2exp <—%> = e < 1/kn?
Taking a union bound over the at most kn vertices x € V gives (E3), completing the

proof of the claim. O

k=2 we may fix an outcome of the random partition of V' so that the

Since |I| = r
properties (E1)-(E3) of Claim 4.6.7 hold for every i € I. Then for each i € I we have the
following: T; is a vertex set partitioned into parts of size ¢; by P;, and H; is a P;-partite
k-graph on T} in which by (E1) at most &,tF~! P’-partite subsets S C T; of size k — 1 have
d(S) < (1/(£—1)+~,)n. Qjis a partition of T} which refines P; into parts of size at least
cn and by (E2) is (¢, fi, i), )-robustly maximal with respect to H;. Also, for any vertex
z € T; there are at least dn*' edges e € Hy with € e and ig,(e) € L (H;) by (E3),

and ig,(T;) = (n; | Q) € L5, (Hy) by (D2). Since
1/t1 <<€* <<:U’* <</'L:< <<C7d7<<7*)1/k7

we conclude that H; contains a perfect matching M; by our inductive hypothesis. Fix a

perfect matching M; in H{ for each i € I; then M U M’ U|J,.,; M; is a perfect matching

iel

in (the original) H. O
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The next lemma is a non-partite form of Lemma 4.6.1. Essentially the proof of this
lemma is to take a random k-partition of H, and apply Lemma 4.6.1 to obtain a perfect
matching. However, showing that the conditions on H transfer to the k-partite subgraph

formed by the random partition is technical and non-trivial.

Lemma 4.6.8 Let k > 2, and suppose that constants ng, e, pu, ', ¢, d, v satisfy 1/ng <
e < Le,dy<<1/k. Let n = ng, let V be a vertex set of size kn and let H be a
k-graph on 'V such that dp(S) = (1 +~)n for all but at most en*~1 subsets S of V' of size
k—1.

Let P be a partition of V' with parts of size at least (14 ~)n which is (¢, p, 1')-robustly

mazimal with respect to H. Suppose that

(i) for any vertex x € V there are at least dn*~1 edges e € H with x € e and ip(e) €

L% (H), and
(i1) ip(V) € Lis(H).
Then H contains a perfect matching.

Proof. In this proof we omit floor and ceiling symbols where they do not affect the
argument. We choose a random partition P’ = (Vi,...,V}) of V into k parts each of size
n, let H' be the P’-partite subgraph of H and let P be the common refinement of P and
P

Let u), = (i), d. = d/2k! and ~, = v/2k and note that u < p. < c¢,d,,v. < 1/k.

We will show that with positive probability the following conditions hold for H’:
(A1) Every part of P has size at least (1/k + ~yi)n,
(A2) All but at most en*~! P’-partite (k—1)-sets in V have codegree at least (1/k+.)n,

(A3) P is (c, u, ji.)-robustly maximal with respect to H’,
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(A4) For any vertex # € V there are at least d,n*~! edges e € H' with z € e and

iz(e) € Li5(H),
(A5) ip(V) € LA(H').

We then choose partitions P’ and P which satisfy (A1)-(Ab), choose an integer D such
that 1/ng < 1/D < ¢ and apply Lemma 4.6.1 to H' with P in place of P and p., d,, 7«
in place of i/, d,~ to obtain a perfect matching in H’, which is also a perfect matching in

H.
To prove (A1), observe that E(|X]|) = |W|/k > (1/k + ~v/k)n for each part W € P

and each part X C W of P. Since | X| is distributed hypergeometrically, Corollary 1.8.2

1 v v’n 1
PlIx| < (~+ 1) n| <2exp (- <=
D < (k + Qk) ”} P ( 12k3) 2

and a union bound implies that with high probability |X| > (1/k + v/2k)n for every

implies that

X eP.
To prove (A2), first note that for all but at most en*~! subsets S C V of size k — 1
and any 1 < i < k we have E[dy,(S)] = dy(5)/k = (1+7)n/k. Since dy,(S) is distributed

hypergeometrically, Corollary 1.8.2 implies that

P [au(s) < (1+3) 7] < 2o [- 1] <

Now a union bound implies that with high probability, dv.(S) > (1/k+~/2k)n for all but
at most en*~! such subsets.

Next we prove (A5). By Proposition 4.4.3 (i), (i| P) € L% (H) for every i € L%(H/) -
L%(H), and hence L%(H’) is (1, —1)-free. We now show that i € L%(H’) for every index
vector i with respect to P such that (i | P’) is a multiple of 1 and (i | P) € L% (H). To

see this, let X be a part of P such that X C Vi. By Proposition 4.4.5 (vii) there exists
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a part X' of P such that i — uy + uy: € L%(H’). Since H' is P’-partite, X’ must also
be contained in Vi. Now (ux —uys | P) € Li(H). But L5 (H) is (1, —1)-free and hence
X and X’ must be contained in the same part of P. So X' = X and i € L%(H’). (A5)
follows immediately, since (i5(V) | P') =n -1 and (i5(V) | P) = ip(V) € LE(H) by (ii).

We now use a similar method to that of Lemma 4.5.6 to prove (A3). Again we use
Theorem 4.5.5 to obtain an integer n’, an e-regular refinement Q of P with parts of size n/
and a reduced graph R with ng vertices where edges correspond to (d, €)-regular k-graphs
for d > u'/4, where ng > k*/c. Suppose there exists a refinement P* of P with parts of
size at least ckn such that L%l** is (1, —1)-free. Let ¢ be the number of parts into which

P* splits each part of P’ (note that Proposition 4.4.5(ii) implies that ¢ must be the same

for each part of P’). Choose 1/ < 9 < c. Call an index vector i simple if (i | P’) = 1.
Claim 4.6.9 There ezists a function i* : V(R) — ZP" such that:

(B1) i*(Y) is a simple index vector for each Y € Q,

(B2) Whenever Z € P* and i*(Y)z = 1, [Y N Z| = ¢n’, and

(B3) For every Z € P* there are at least ng/k parts Y such that i*(Y)z = 1.

Proof. Choose i* randomly as follows: For each Y € V(R) and each V; € P’, we randomly
select Z € P* such that Z C V; and set *(Y)z = 1. For all other Z € P* with Z C Vi we
set i*(Y)z = 0. The probability of selecting Z € P* is zero if |Y N Z| < yn’ and otherwise
is proprtional to |Y N Z|. All random choices are made independently.

Note that P[i*(Y)z = 1] > |[Y N Z|/|]Y NV| for every Y and Z such that |YNZ| > ¥n'.
(B1) and (B2) are then satisfied automatically, so it remains to prove that (B3) holds with
high probability, at which point we may choose i* such that all three properties hold. To
show this, we split V(R) into the clusters Y such that |[Y' N Z] < ¢n’ and those such
that |Y' N Z| > ¢n’. The small intersection classes can only eat up a small fraction of the

vertices, leaving the rest to contribute to the expected number of Y with i*(Y), = 1.
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More precisely, let Rz be the number of Y € V(R) with *(Y)z = 1. Firstly note
that E[|Y N V;|]] = n//k for each Y € Q and each V; € P’. Since |Y N V| is distributed
hypergeometrically, Corollary 1.8.2 implies that with high probability |YNV;| = (1£e)n’/k

for every Y € Q and V; € P’. For any V; € P’ and any Z € P* with Z C V; we have

YNZ k k|Z
Z |’Y 2 V|] > (1+e)n/ Z Ynzl= (1 —11 5’)71’
YEV(R) ! YEV(R)

and hence

E[Rz] >

Ynz k|Z

YEV(R),|YNZ|>4n/ Y nVil (I+e)n

Now we apply Lemma 1.8.1(i) to the independent random variables i*(Y"), for a fixed

Z € 73* to obtain

k

nR 2(yng)® 1 c
P [RZ < —} < exp {— < TEm. < s

(10[6‘)27”3 Kk
and a union bound implies that with probability at least 1 — 1/k*, R; > ng/k for every
Z e P O

Call a cluster Y € V(R) bad if there exists Z € P* such that i*(Y)z = 0, but
Y N Z| > pt/*n/, and good otherwise. Note that every good cluster in V(R) contains
fewer than z'/4n//c vertices in parts Z € P* with i*(Y)z = 0. Hence in total there are at

1/4

most ku'/*n/c vertices of H which are contained in Y N Z for some good cluster Y and

some Z € P* such that i*(Y)z = 0. Call these vertices bad vertices.
Call an edge e of R bad if it contains either a bad cluster Yi, or two clusters Yi, Y
such that i*(Y7),i*(Y2) are neither identical nor orthogonal to each other. We will show

that for any bad edge e, the k-partite subgraph of H corresponding to e contains at least
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(/)4 — e)pF =1 pt/4n/* edges e’ € H for which iz, (¢') ¢ LY, (H). Noting that there are at
most punFk** edges of H in total with iz, (e) ¢ L%*(H ), it follows that R contains at most
p(nk)*/(p [4 — )pF A = (ukb /(1 4 — )Pt nf, < \/inf, bad edges, where
the inequality follows from p << p, 1.

Suppose that e contains a bad cluster Y; and that Z € P* is such that i*(Y1)z =0,
but |Y; N Z| > p'/*n/. Without loss of generality we may suppose that Z C V;. Then
let Ys,..., Y, be the remaining clusters of e and select Z; € P* such that Z; CY; and
i*(Y})z, = 1 for each Y with j € [k]. We set F} to be the induced k-partite subgraph of
H on (Y; N Z;)jer and Fy the induced k-partite subgraph on Yy N Z and (Y; N Z;)a<j<k-
Let I be the induced k-partite subgraph of H on (Y;);ci. Since e € R, F is (d, €)-regular
for some d > 1//4. But F; and F; are subgraphs of F' which contain at least yn’ > en/
vertices from k — 1 vertex classes and at least p'/*n’ > en’ vertices from the remaining
vertex class, and hence F; and Fy have density at least p//4 — ¢, i.e., F} and F, each have

at least (/4 — e)yY*~1p/4n’™® edges, all of which are contained in F.

Note that every edge of F| has the same index vector i; with respect to 73*, and that
every edge of F, has the same index vector i;. Note further that i; —is = uyz, —uyz, and
hence at least one of i; and iy does not lie in L%*(H), since L%*(H) is (1, —1)-free. So
is.(¢') ¢ L%*(H) for each of the at least (u'/4 — )yY*~1ut/4n’* edges ¢’ € F} or e € Fy,

respectively.

Alternatively, suppose that e contains two clusters Y7, Y3 such that i*(Y7),i*(Ys) are
neither identical nor orthogonal to each other. Then we may suppose without loss of
generality that there exist 71, 2], Z, € P* with Z1,Z7 C Yy and Zs C Y3, such that
i*(Y1)z, = i*(Ya)z; = 1" (Y1)z, = 1" (Y2)z, = 1. Let Y3,...,Y} be the remaining clusters of

e and select Z; € P* such that Z; CYjand i*(Y))z, = 1 for each Y; with 3 < j < k.

Now we define F to be the induced k-partite subgraph of H whose vertex classes are

(Y;NZ}) e, and F; to be the induced k-partite subgraph on vertex classes YoNZ7, Y1 N Z,
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and (Y; N Z;)s<j<k. Similarly to the previous case, either Fy or F, will contain at least
(1 /4 — e)Pn'™ edges ¢ € H for which i, (') ¢ L5, (H).

For each simple index vector i with respect to P* we define R; = {Y € V(R) |
i*(Y) = i}. We will show that for any i; # i» which are not orthogonal we have either
|Ri,| < p'®ng or |Ry,| < p/°ng. Indeed, if neither of these holds then we have at least
(ng)*3|Ry, || Ry, | k! = p?®(ng)* (k — 1)-tuples of clusters in V(R) with at least one
cluster in R;, and at least one in R;,. It follows by a simple argument from the almost-
codegree condition that all but at most 2en’; !/ of these (k—1)-tuples are contained in at
least np/k edges of R each. Hence R contains at least (u?/° — 2¢/v)nf; ' (np/k) > \/ank,
bad edges, which establishes a contradiction.

Let T = {i € Z”" | |Ri| > p*°ng}. Clearly U = Uicr Ri contains all but at most
1'/Snp vertices of R; further, we have shown that 7" consists of pairwise orthogonal index
vectors. Hence |T| < ¢. Further, for each Z € P* there must exist i € T such that
iz = 1. Indeed, if there exists Z such that iy = 0 for every i € T then the number of
Y € V(R) with i*(Y)z = 1 is at most u'/%ng, which contradicts (B3). From this we
deduce that |T| = ¢ and that for each Z € P* there is precisely one i € T with iz = 1.
Hence |R;| > ngr/k — p'/®ng for each i € T

We define a partition P* = {X{}ier of V' by setting X;" = U,p.,,-, Z for each
i € T. Note that every part of P* has size at least ck?n. Condition (B2) implies that
either Ry = () or (i | P) = kuy for some part W € P for any index vector i. Hence P*
refines P. We will show that i € [ %I(H ) for any index vector i with respect to P* such
that (i | P*) € ]g;(H) Let Z; be the part of P* contained in V; on which i is positive
and let i; € T" be such that (i;)z, = 1, for each j € [k].

Let U’ be the set of good clusters in U. Now there are at least u'(kn)* edges ¢/ € H
such that ip-(¢/) = (i | P*), and at least u'(kn)* — en® — p/(kn)*/4 — KF+2pt/4nk >
24/ (kn)¥ /3 of these edges are contained in k-partite k-graphs corresponding to edges of
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R and contain no bad vertices. Call these edges good edges. Now the number of edges
e € R containing at least one good edge ¢ € H is at least 2u/n% /3. At most \/,Tm’;% of
these edges are bad and at most ;'/%n% contain a cluster in V(R)\U, and hence at least
2u'nk, /3 — \/ank, — p/Snk, > 1/nk, /2 of the edges e are contained in R[U’]. Observe that
every such e must contain exactly (i | P*)x; clusters in R; for each i € T’; otherwise, the
k-partite k-graph corresponding to e could not contain any good edges. Order the clusters
of e as (Y1,...,Y%) so that i*(Y;) = i;, and hence i*(Y;)z, = 1, for every j € [k]. Now
the sets (Y; N Z;) e each have size at least ¢¥n’ > en’ by (B2), and so by e-regularity
they form a k-partite subgraph of H which contains at least (¢//4 — €)y*n’* edges e € H
with iz.(e) = i. Hence in total there are at least (y//4 — e)(*n'™®)(w'nk/2) = pl (kn)*
edges e € H with is.(e) = i, where the inequality follows from p' < . Soie€ I gi(H ), as

desired.

It follows immediately that i € L%;*(H ) for any index vector i with respect to P
such that (i | P*) € L%/*(H) and (i | P’) is a multiple of 1. Recall that each part of P*
had size at least ck?n. So the robust maximality of P implies that L. (H) contains a
(1, =1)-vector ux: —uy;. Let Zy, Z» be the intersections of X7 and Xj respectively with
Vi; now uz, —ug, € L“ﬁi (H), contradicting our assumption that L“ﬁ’**(H ) was (1, —1)-free.

Hence P is (¢, p, g, )-robustly maximal with respect to H, proving (A3).

Finally, (A4) can be proved by using Azuma’s inequality, similarly to the proof of (E3)
of Claim 4.6.7. Fix a vertex x € V(H) and recall that x is contained in at least dn*~*
edges e € H with ip(e) € L% (H). Let E(x) denote the number of edges e € H' with
i%(e) € L%(H ). To estimate E(z), note that every edge of H containing z is P’-partite

(and so belongs to H') with probability at least 1/k!. Hence E(E(x)) > dn*~1/k!.

Now fix an order vi,..., vy of the vertices of V. We define a martingale A; :=
E(E(x)|v1,...,v;) for 0 < j < |V|, where the ‘uncovered event’ is which part of P’

contains v;. Then Ay = E(z) and Ay = E(E(x)), and for any j € [|V|] we have
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|A; — Aj_1] < (kn)*=2. So applying Theorem 1.8.3 with ¢ = dn*~1/2k!(kn)F=2 = Q(n),
we obtain

t2
P(E(z) < dn*/2k!) < 2exp (——) = e M L 1/kn?,
n

and a union bound implies (A4). O

4.7 Proof of Theorem 1.5.2

The main goal of this section is to complete the proof of Theorem 1.5.2, with our main tool
being Lemma 4.6.8. We first need some simple lemmas which establish some algebraic
properties of the lattices we have been using so far, beginning with a simple application

of the pigeonhole principle.

Proposition 4.7.1 Let G = (X,+) be an abelian group of order m, and suppose that
elements x; € X for i € [r] are such that 37, x; = a'. Then Y, x; = 2’ for some

I C[r] with |[I| < m—1.

Proof. It suffices to show that if 7 > m — 1 then >, 2 = > ,; @; for some I C [r]

i€lr
with |I| <r. To see this, note that there are r +1 > m partial sums >, z; for j € [r],

so by the pigeonhole principle some two must be equal, that is, there exist j; < js so that

Zie[jl} T; = Zie[m x;. Then

Z%‘: Z %‘FZ%’—Z%: Z xg,

i€[r] i€lr\{j1+1,....32} i€[j2] i€lj1] i€lr\{j1+1,...52}

as required. O

Lemma 4.7.2 Let 1/n < p < 7.

(i) Let H be a k-graph on n vertices with §(H) > (1/k 4+ v)n. Let P be a partition of

V(H) into d parts of size at least (1/k + ~v)n and such that Li(H) is (1, —1)-free.
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Let L = L’;;(H), and let L., be the lattice of vectors in Z% whose coordinates sum

to a multiple of k. Then |Lyq./L| < d.

(ii) Let P" be a partition of V into sets Vi,..., Vi of size n. Let H be a P’-partite k-
graph on' V| and let P be a refinement of P" which splits each part of P’ into d parts
of size at least n/k +~yn and such that L'5(H) is (1,—1)-free. Let L = L%\(H), and
let Lyaz be the lattice of vectors i € Z* such that (i | P') is a multiple of 1. Then

|Lmax/L‘ < d.

Proof. (i) Let i’ be a non-negative index vector with respect to P such that )y pix =
k — 1. We will show that every coset of L/L,,,, contains an index vector i =i + ux for
some X' € P. Indeed, by Proposition 4.4.6(i) there exists X € P such that i’ + uy € L.
Now let N = L+ v be a coset of L/L,,4.. By Proposition 4.4.6(v) we obtain X’ € P such
that —v —ux +uxs € L. But now i + uxy, = (' + ux) + (—v —ux +uy/) + v e N.

It follows immediately that there are at most d cosets. 0

(ii) Choose a part W € P’ and let i’ be a non-negative index vector with respect to
P such that (i’ | P') =1 — uy. We will show that every coset of L/L,,., contains an
index vector i = i’ + uy for some X’ € P with X’ C W. Indeed, by Proposition 4.4.5
(i) there exists X € P such that i’ + uy € L. Now let N = L + v be a coset of L/Laz-
By Proposition 4.4.5 (vii) we obtain X’ € P such that —v — uy + uyx, € L. But now
i'+uy =0+ux)+(—v—ux+uy)+veh.

It follows immediately that there are at most d cosets, since there are only d such sets

X' 0J

The aim of the following lemma is to allow us to remove inconvenient edges of a k-
graph H, so that we may obtain a correspondence between small index vectors in Lp(H)

and the index vectors which can actually be realised as the index vectors of matchings in
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H. We do this by eliminating any edges e for which H contains few other (disjoint) edges

of index vector ip(e) with respect to P.

Lemma 4.7.3 Let H be a k-graph on n vertices and let Hy, H, ..., H,, be edge-disjoint
sub-k-graphs of H. Let C > k+2 and D > k + 1 be integers. Then there exists D < f <

C™D, a set S C [m] and a matching M* C H such that the following conditions hold:
(i) M* contains exactly C'f edges in H; for everyi € S,

(i) Any matching in Uygs Hi has size at most mf.

Proof. For each S C [m], let g(.S) be the largest integer such that there exists a matching
M C H with |H; N M| > g(S) for every i € S (if S = () then we set g(S) = o0). We
will choose D < f < C™D and S C [m] such that ¢g(S) > Cf and ¢(S’) < f for every
strict superset S’ of S. Let S = (J; we then proceed iteratively by setting SU+Y to be
a superset of SU) such that g(S’) > C™ 72D for each 1 < j < m + 1. If no such S’
exists, then the procedure terminates and we set f = C™ 91D and S = SV, so that
g(S) = Cf. Note that |SU+Y| > |SU)| +1 for each j; since |SY)| < m for each j, it follows
that the procedure must terminate with j < m + 1. Now since g(S) > C'f there exists a
matching M* which contains exactly C'f edges in H; for every ¢ € S. Clearly M* satisfies
(i), and so it suffices to show that it also satisfies (ii). Note that by our choice of f and
S,

g(Sul{i}) < f (4.7.4)

for any ¢/ ¢ S.

Suppose for a contradiction that [, ¢s Hi contains a matching M " of size greater than
mf. Then by the pigeonhole principle there exists ig ¢ S such that |[M'NH; | > f+1. Let
M be a submatching of M’ N Hj, of size f + 1 and note that Mg — V(M] ) still contains
at least C'f —k(f +1) > f + 1 edges in H; for every i € S. Hence (Mg — V (Mj))) U M;

is a matching in H which contains f + 1 edges in H; for every i € S U {ip}, which
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contradicts (4.7.4). So J; g5 Hy contains at most mf disjoint edges, which proves (ii).
UJ

We also need to be able to ensure that every vertex in V(H) is contained in many
edges of H whose index vectors lie in L% (H ). We use this technique, rather than finding
a matching which covers the offending vertices, since the latter would be inconvenient in

the proof.

Lemma 4.7.5 Let 1/n < p < ' < ¢ < 1/k. Let H be a k-graph such that 6;_1(H)

WV

n/k and let P be a partition of V(H) with parts of size at least n/k which is (c, u, p')-

robustly mazimal with respect to H. Then there exists a partition P' of V(H) such that:
(i) P"is (2¢c, /1, i’ /2)-robustly mazimal with respect to H,
(ii) LY (H) = L(H) and

(iii) Every vertex v € V(H) is contained in at least n*~1/2k* edges e € H with ip/(e) €

LY (H).

Proof. Note that the minimum vertex degree of H is at least (n/k)*~!. Set ¢ = k**p.
We first show that all but at most ¢n vertices of H are contained in at least n*~! /k* edges
e € H with ip(e) € L5 (H). To see this, suppose for a contradiction that there exists a set
B C V(H) of ¢n vertices which are each contained in fewer than n*~!/k* such edges. By
the Inclusion-Exclusion principle there are at least 1(1/k*~1 — 1/k*)n* — () (" %) >
Yn®/kF = k*un® edges containing a vertex of B such that ip(e) ¢ Li(H). But this is a
contradiction since there are fewer than k*un* such edges in total.

For each vertex v which is contained in fewer than n*~!/k* edges e € H with ip(e) €
L% (H), let X be the part of P containing v and define a function gx : H — P as follows:
For cach edge e € H, let X’ be any part of P such that ip(e) — ux + uy € LH(H).

Note that gx is well-defined by Proposition 4.4.6(v). Now by the pigeonhole principle
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there exists X’ € P such that gx(e) = X' for at least n*~!/k* edges ¢ € H containing
v. We move v into X’ and note that now ip(e) € L5 (H) for all of these edges. By
Proposition 4.4.6 (ii), Lg,ﬁ(H) = Li(H). By Lemma 4.5.3, P’ is still (2¢, \/;1, 1t/ /2)-
robustly maximal after this modification; further, after the modification is complete every
vertex is contained in at least n*~1/k* — ¢mF=1 > n*=1/2k* edges e € H with ip/(e) €

LY (H). O

Finally, the following lemma essentially covers the forward implication in Theorem 1.5.2.

Once we have established this, we can proceed to prove the theorem in full.

Lemma 4.7.6 Let 1/ng < pu < 7. Let H be a k-graph on n > ng vertices with §(H) >
(1/k + ~v)n and which contains a perfect matching M. Let P be a partition of V(H) into
parts of size at least (1/k +~v)n and such that L'5(H) is (1,—1)-free. Then there exists a
submatching M’ C M of size at most k — 2 such that i(V(H) \ V(M')) € Ll (H)

Proof. Let d < k — 1 be the number of parts into which P partitions V(H). Let
L = L% (H). Since V(M) = V(H) we have i(V(H) \ V(M)) =0 € L. Define L,,q, as in
Lemma 4.7.2, let G = Lypq./L and note that by Lemma 4.7.2 (i) |G| < d < k—1. Now
let M = {e1,ez,...,en/} and let x; = ip(e;) + L for each j € [n/k]. Now Z;‘i’i z; =0,
and hence by Proposition 4.7.1 there exists a set S C [n/k] with |S| < k — 2 such that

> jes T = 0. Now taking M = {e; | j € S} we have i(V(H) \ V(M")) € Lp(H). O

Proof of Theorem 1.5.2. Choose ng so that 1/ng < 1/k,v,1/Cy (and hence 1/n <
1/k,7v,1/Cp). It suffices to show that (i) implies (ii) when C' = Cj and that (ii) implies
(i) when C' = k. To prove the first implication, suppose that H contains a perfect
matching M. Let P be a partition of V(H) into parts of size at least n/k and let L be
a (1, —1)-free lattice such that H contains fewer than C' disjoint edges e with ip(e) ¢ L.

Choose 1/n < p < 7. It follows immediately that L/5(H) C L and hence that L5 (H) is
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(1, —1)-free. Now by Lemma 4.7.6 there exists a submatching M’ C M of size at most
k — 2 such that ip(V\V(M')) € L5 (H) and hence ip(V\V(M')) € L.

We now prove the second implication. Choose new constants i1, ps, - . ., fg, ¢, d such
that 1/n < 1 < g < ... < g < ¢, d,~ and apply Proposition 4.5.2 to obtain j € [k—1]
and a partition P of V(H) into parts of size at least cn which is (¢/4, p1;, jtj1+1)-robustly
maximal with respect to H. Proposition 4.4.6 implies that every part of P has size at
least n/k. Let p = 2,/fi; and p' = pjy1/4, so that P is (¢/4, pu?/4, 4’ )-robustly maximal
with respect to H. Let L = L%2/4(H) and note that L is (1, —1)-free. We now apply
Lemma 4.7.5 to obtain a partition P’ of V(H) which is (¢/2, /2, 24)-robustly maximal
with respect to H, and such that L‘;/,z(H ) = L and every vertex of H is contained in at

least 2dn*~1 edges e € H with ip:(e) € L.

We will now define a new partition P” and a lattice L’ such that P’ refines P”, L’
is (1, —1)-free and H contains fewer than k*" disjoint edges e with ip»(e) ¢ L'; this will
allow us to apply property (iii). For each non-negative index vector i with respect to P,
let H; = {e € H | ip/(¢) = i}. Note that the number of such i is at most (k — 1)*. We
apply Lemma 4.7.3 to the collection (Hj)i¢, with C' =k + 2 and D =k + 1 to obtain an
integer k + 1 < f < (k4 2)* (k4 1), a set S of index vectors with respect to P’ and
a matching M* which contains exactly (k + 2)f edges e, such that ip/(e) = i for every
i € S, and such that there are at most k*f < k¥ edges e € H with ip/(e) ¢ LU S (the

inequality follows from k¥ — k > 2(k — 1)* +2 and k? > k + 2).

Now let L* be the lattice generated by L U S. Define an equivalence relation ~ on P’
by setting X; ~ X5 whenever L* contains uy, — uyx,, and let P” be the partition formed

Ip//

by taking unions of equivalence classes under ~. Let L' C ZIP"l be the natural restriction

L'={(i| P")|i€ L*} of L* under ~, and note that L’ is (1, —1)-free.

For any edge e € H such that ip/(e) € L*, we have ip.(e) = (ip/(e) | P") € L'. Suppose

for a contradiction that are at least k** disjoint edges e € H such that ipr(e) ¢ L'. Then
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for each such e we have ip/(e) ¢ L* and hence ip/(e) ¢ L U S, contradicting our choice of
S.

By (ii), there exists a matching M’ in H of size at most k—2 such that ip.,(V\V(M')) €
L’. Now let X be any part of P’. By Proposition 4.4.6 (v) there exists X’ € P’ such that
ip (VA\V(M')) —ux+ux € L C L*. Note that (ip/(V\V(M')) —ux +uy | P") € L' and
hence (ux —ux | P”) € L'. Since L' is (1, —1)-free, this implies that (ux —uy. | P”) =0,
i.e., that X and X’ are contained in the same part of P”. Hence ux —uyxs € L* and thus
ip(VA\V(M")) € L*. We will show that further there exists a disjoint matching M” in H
such that ip/(VA\V(M'UM")) € L. Let M*™* = M* — V(M’) and note that M** contains
at least (k+2)f — k(k —2) > k — 2 edges in H; for every i € S.

Let G = L*/L. It follows immediately from Lemma 4.7.2 (i) that |G| < k — 1. Now
write ip/(V\V/(M')) as a sum » 7, i;, where i; € S for each j € [m]. For each j € [m],
let i; + L be the coset of L containing i;. Note that > 7", (i; + L) = ip/(V\V/(M')) + L.
Now by Lemma 4.7.1 we can write ip(VA\V(M')) + L = >, i; + L for some T' C [m]
with |T] < k — 2. Choose edges (e;)jer of M** such that ip(e;) = i; for each j € T,
and let M” be the submatching consisting of these edges. Let V' = VAV (M’ U M"); now
ip (V') € L.

Now consider the k-graph H' = H[V']. By Lemma 4.5.3 P’ is still (¢, u, i')-robustly
maximal with respect to H', and by Lemma 4.4.1 L5, (H") = L and hence ip/(V') €
L%, (H'). Further, every vertex is clearly contained in at least dn*~! edges e € H' with
ip/(e) € L. We choose additional constants D and ¢ such that 1/n < 1/D <« ¢ < p and
apply Lemma 4.6.8 to obtain a perfect matching in H’. Now the union of this matching

with M’ and M" is a perfect matching in H. O
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CHAPTER 5

A NOTE ON MAKER-BREAKER GAMES

In this chapter we construct a 4-graph G4 of maximum degree 3, on which Maker wins
the Maker-Breaker game. Since (G4 is rather large and intricate, we first give a 3-graph I"
which contains the main essential structure which allows Maker to win. We then derive a
further hypergraph I from I" and finally derive G4 from I". Each of these transformations
is relatively straightforward; in effect, we successively replace 3-edges of I" by collections
of 4-edges (which in general involves adding extra vertices to I"), while preserving the
low maximum degree and the property that Maker wins the Maker-Breaker game on each

graph.

5.1 Construction of [’

The 3-graph I" is constructed as follows: Let W = {w; | i € [5]}, X = {zy |
i€ [5l,j € [3}and T = {t; | i€ 5,5 €[3]}. Then

V() =WUXUT.

Let €; = ;1% (42)22(i43)3 for each ¢ € [5], where x;; denotes x;;_5) for j > 6. Then the
edges of I" are
{wiziitiy |1 € [5,7 € [B]}U{er,... es}.
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Figure 5.1: The graph I'

(See Figure 5.1; vertices in T" are not labelled.) In total I" has 35 vertices and 20 edges.
Note that the vertices w; have degree 3 for each 4, the vertices ¢;; have degree 1 and the

remaining vertices have degree 2.

Lemma 5.1.1 Maker has a winning strateqy for the Maker-Breaker game on I', where

Breaker goes first.

Proof. Roughly speaking, Maker’s strategy is to gain an advantage by playing on the
vertices {w; | ¢ € [5]} (the ‘inner’ vertices) and then to use this advantage to claim one
of the edges eq,...,es5. By claiming a vertex w; when z;; and ¢;; are unclaimed for each
J € [3], Maker effectively gets two ‘outer’ vertices in a single turn: Breaker can claim

one of the z;;, but Maker will then claim the other two and force a response at the
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corresponding ¢;; each time. The effect is even greater if Maker has already claimed one
of the z;;; in this case, Breaker is forced to respond immediately at ¢;; and Maker gets
yet more vertices effectively for free. By contrast, if Breaker claims an inner vertex w; he
accomplishes comparatively little. Maker was not planning to win on the edges incident
to w; anyway, and he can simply use the above tactic with a different inner vertex.

We now give a rigorous description of Maker’s winning strategy for the Maker-Breaker
game on I', where Breaker goes first. Whenever Breaker plays at a vertex ¢;; and Maker
has not claimed both w; and z;;, Maker plays as if Breaker had played at w; or wz;;,
whichever is free (or arbitrarily if neither is free). In other respects the winning strategy

is as follows:

Case 1: Breaker plays at w; for some 7. Without loss of generality Breaker plays at w;.

Maker then plays at ws. The strategy then branches depending on Breaker’s next move:

Case 1.1: Breaker plays at a vertex of e4 or at wy. Then Maker plays at z9; (forcing ta;),
then at w9y (forcing tes) and then at x5;. Breaker is forced to play at z33 or Maker wins
immediately by playing there and claiming es. Then Maker plays at ws (forcing t51), 53

(forcing ts3), and then at x49, claiming the edge e and winning,.

Case 1.2: Breaker plays at a vertex of e;. Then Maker plays at xop (forcing tos), o3
(forcing t93) and then at x4;. Breaker is forced to play at ;5 or Maker wins immediately
by playing there and claiming e4. Then Maker plays at wy (forcing t41), x43 (forcing t43)
and then at z3,. Breaker is forced to play at x1; or Maker wins immediately by playing
there and claiming e;. Then Maker plays at ws (forcing t3s2), w33 (forcing ts3), and then

at zs1, claiming the edge e5 and winning.

Case 1.3: Breaker plays at any other unclaimed vertex of I'. Then Maker plays at xo;
(forcing Breaker to play at to;), then at xo3 (forcing to3) and then at x4y. Breaker is

forced to play at x5 or Maker wins immediately by playing there and claiming e4. Then
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Maker plays at wy (forcing t41), x4o (forcing t42), and then at zs3, claiming the edge e

and winning.

Case 2: Breaker plays at x;; for some i. Without loss of generality Breaker plays at x;.

Maker then plays at ws. The strategy then branches depending on Breaker’s next move:

Case 2.1: Breaker plays at a vertex of e4 or at wy. Then Maker wins as in Case 1.1,

which is possible since Breaker’s first move at x;; does not prevent this.

Case 2.2: Breaker plays at a vertex of e5. Then Maker plays at xop (forcing to3), o3
(forcing t93) and then at x15. Breaker is forced to play at x4 or Maker wins immediately
by playing there and claiming e4. Then Maker plays at w; (forcing ¢13), x13 (forcing t13)
and then at zj5,. Breaker is forced to play at x3; or Maker wins immediately by playing
there and claiming e3. Then Maker plays at ws (forcing t52), x5 (forcing t51) and then at

x33, claiming the edge e5 and winning.

Case 2.3: Breaker plays at any other unclaimed vertex. Then Maker wins as in Case

1.3.

Case 3: Breaker plays at x;5 or x;3 for some 7. Without loss of generality Breaker plays
at x3p. Maker then plays at wy. The strategy then branches depending on Breaker’s next

move:

Case 3.1: Breaker plays at a vertex of e or at wy. Then Maker wins as in Case 1.1.

Case 3.2: Breaker plays at a vertex of e;. Then Maker wins as in Case 2.2.

Case 3.3: Breaker plays at any other unclaimed vertex. Then Maker wins as in Case

1.3. U
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5.2 Construction of G4 from I’

We derive the (non-uniform) hypergraph I from I" as follows: Add new vertices (yijx)refs]
and (2 ) ke to I' for every ¢ € [5] and j € [3]. Then for every i € [5] and j € [3], writing
W= w;, T =T, t =t;, yp = Y for k € [6] and 2z, = 2, for k € [4], we replace the edge
wzt by the edges

Wty Y2, tYsys, Wtysye

and

Y1Y3Ysz1, Y1Ys3lYsz2, Y2YalY6z3, Y2YalYesz4.

(See Figure 5.2.)

In total I has 155 vertices and 110 edges. Note that all of the edges of I", apart
from the edges eq, ..., es5, have size 4, since all of the other original edges of I" have been
replaced and every edge we added had size 4. Further, I"" has maximum degree 3. Indeed,
at each of the vertices of W we replaced each 3-edge by a single 4-edge, at the vertices
of X we left one 3-edge as it is and replaced the other by two 4-edges, and Figure 5.2

illustrates that the vertices z;;; have degree 1 and the remaining vertices degree 3.

Lemma 5.2.1 Maker has a winning strateqy for the Maker-Breaker game on I, where

Breaker goes first.

Proof. Initially Maker plays only on the vertices {w; | ¢ € [5]} and {z;; | i € [5],5 € [3]}
and plays according to the winning strategy for I' from Lemma 5.1.1. If Breaker plays at
Yijk OT 2, for some 14, j, k then Maker plays as if Breaker had played at ¢;;. (If Breaker
had previously played at ¢;; then we choose a free z;; arbitrarily and play as if Breaker
had played there instead.)

Since Maker is following the winning strategy for I, at some point he will claim an

edge of I'. If this edge is also an edge of I"” then he wins immediately, so we may assume
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Figure 5.2: Forming I from I

that Maker claims w;z;;t;; for some i € [5] and j € [3]. Since Maker claimed ¢;;, Breaker
cannot have played at y;;, or z;;; for any k. Since moves by Breaker apart from y;;, or
2, for some k will not affect what follows, we may assume that Breaker’s next move
is at one of these vertices. Suppose that Breaker’s next move is either y;;1, 2;j1 or 2o
(other possible moves are covered in a similar way). Now Maker plays at v;;4. Breaker is
forced to play at y;;3, or Maker plays there and wins. Maker then plays at y;;6, forcing
Breaker to play at y;;5. Finally Maker plays at y;j2, and now takes one of z;;3 and zj4

and wins. N

Now we construct a 4-graph G4 as follows: Form the disjoint union of three copies
I, I, I of I and let ey, . . ., e;5 be the 3-edges of I'! for each i € [3]. Add extra vertices
vy, U9, U3, Uy, S1, S2, S3. Now replace the edges e;; and e;5 by e;1 Uv; and e;o Uv;, and replace
the edges e;3,€i4, €5 by €3 U S;, €4 U s, €5 U s; for each i € [3]. Finally add the edge
v1vv3vy. (See Figure 5.3.)

Note that G4 is indeed a 4-graph, since we replaced each 3-edge e;; by either the 4-edge
eij Uv; or the 4-edge e;; U s;. Further, it is easily seen that G4 has maximum degree 3. In

total G' has 472 vertices and 331 edges.

Proposition 5.2.2 Maker has a winning strateqy for the Maker-Breaker game on Gy,
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Figure 5.3: Construction of G4, using three copies of I

where Maker goes first.

Proof. Firstly, suppose that at some point during the game Maker plays at v; for some
i € [3], such that Breaker has not yet played at s; or at any vertex of I'!. Suppose further
that Breaker does not immediately respond at any of these vertices. Then Maker plays
at s; and can now use the Breaker-first winning strategy on I7 from Lemma 5.2.1. Thus
Maker claims an edge of I/. But any 4-edge of I is also an edge of G4 and if Maker
claims a 3-edge e;; then he also claims either the 4-edge e;; U v; or the 4-edge e;; U s;
(whichever is an edge of G4). Hence Maker wins in either case.

So we may assume that every time Maker plays at v; for some i € [3], Breaker imme-
diately responds at s; or at some vertex of I, assuming he has not done so already. But

in this case, Maker simply claims each v; in turn, ending with v4, and wins. U
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