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ABSTRACT

Let G be a transitive permutation group acting on a finite set €. Let P be a stabilizer in G
of a point in €. We say (G is primitive rank 3 on € if P is maximal in G and P has exactly
three orbits on €. For any subgroup H of (i, we denote by 1% the permutation character
(or permutation module over C) of G on the cosets G/H. Let H and K be subgroups
of G. We say 1§ < 1€ if 1§ — 1% is either 0 or a character of G. Also a finite group G
is called nearly simple primitive rank 3 if there exists a quasi-simple group L such that
L/Z(L)<G/Z(L) < Aut(L/Z(L)) and G acts as a primitive rank 3 permutation group
on the set of cosets of a subgroup of L. In this thesis we classify all maximal subgroups
M of a class of nearly simple primitive rank 3 groups G acting on € such that 1§ < 1§,
where P is a stabilizer of a point in €. This result has an application to the study of

minimal genus of algebraic curves which admit group actions.
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CHAPTER 1

INTRODUCTION

Let G be a transitive permutation group acting on a finite set €. Let P be a stabilizer
of a point in G. We say that G is primitive on € if and only if P is maximal in G. We
define the rank of G on € to be the number of P-orbits on €. For any subgroup H of
G, we denote by 1% the permutation character of G on the cosets G/H. We also use the
same notation 1% for the permutation module. Let H, K be subgroups of G. Consider the
permutation characters 1§ and 1%, we say 1§ < 1¢ if 1¢ — 1% is zero or a character of
G. In terms of permutation modules, 19 < 1% if 1% is isomorphic to a submodule of 1%.
A finite group L is said to be quasi-simple if L is perfect and L/Z(L) is simple. A finite
group G is called nearly simple of type L if LG and L/Z(L) < G/Z(L) < Aut(L/Z(L))
for some quasi-simple group L. Moreover a finite group G is called almost simple of type
Lif L<IG < Aut(L) for some finite simple group L. It follows from definitions that if G is
nearly simple of type L then G/Z(L) is almost simple of type L/Z(L). Assume that m > 3
is an integer. Let L be one of the following quasi-simple groups Qa,,,+1(3), €25,,,(3), 25,,(2)
or SUn,(2). Let G be a nearly simple group of type L such that G acts on the L-orbit
&(V) of non-singular points in the natural module V' for L. Then G is a primitive rank
3 group on &(V') with socle L. (Theorem A.1 in Appendix A). In this situation, we say

that G is a nearly simple primitive rank 3 group of type L. Now fix groups L, G as above



and also fix a stabilizer P in G of a non-singular point (x) in V. In this work, we classify

all maximal subgroups M of G such that 1§ < 1§;.

Theorem 1.1 Let L be one of the following groups Qom11(3), or Q5,,(3), with m > 3,
and G be a nearly simple primitive rank 3 group of type L. Let P be the stabilizer of a

non-singular point in V. Let M be any mazimal subgroup of G. Then 14 < 1§, unless the

pairs (L, M) appear in Tables 1.1-1.3.

Remark of Theorem 1.1. For all pairs (L, M) in Table 1.1 and 1.2, 1% is not contained
in 1§;. The pairs in Table 1.3 are the cases that we have not determined whether or not
there is containment. A similar result for nearly simple primitive rank 3 group of type
Q5,.(2), SU,,(2) and almost simple groups of sporadic type can be found in Appendix B.

The main motivation for this work comes from algebraic curves which admit group
actions. From Riemann’s Existence Theorem, we know that for every finite group there
are infinitely many Riemann surfaces with automorphism group G. We would like to
identify G-curves of smallest possible genus.

Now Theorem 1.1 and Corollary 8.2 in [12] yield the following corollary.

Corollary 1.2 Assume the assumption and notations of Theorem 1.1. Let X be a com-
pact Riemann surface with Aut(X) = G, and inertia groups {(¢1),--- ,{gr) over X/G.
Then g(X/P) < g(X/M) for any mazimal subgroup M of G which does not appear in
Tables 1.1-1.3.

A triple & = (P, B,Z), where P, B, Z are sets with PNB = () and Z C P x B is called
an incidence structure. The elements of P, B and Z are called points, blocks and flags,
respectively. If (p,b) € Z then we say p and b are incident and write pZb. If there exists a
finite group G of incidence preserving permutations of P and B which is transitive on pairs
(p,b) € P x B with pZb, then & = (P, B,Z) is said to have a flag transitive automorphism

groups. Such an incidence structure can arise from subgroups of G as follows. Let P, M
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be subgroups of G and let P,B be the sets of right cosets of P, M, respectively. We
define an incidence structure Z by Px Z My if and only if Pz N My # (). We now fix
orderings of P and B. The group G defines permutation representations 7; and my on
P and B, respectively by right multiplications. An incidence matriz of & denoted by
M = M(S) is a matrix whose rows and columns are indexed by P and B, respectively
with entries 1 on elements of Z and 0 elsewhere. As G preserves the incidence structure,
we have for any g € G, m(9)Mma(g)t = M. Thus if M has maximal rank then m; < m
or equivalently 14 < 1§, as m = 1§ and m = 1§, (Lemma 2.3 in [33]). Now let X be a
finite set of size n, and let e, f be integers such that 1 < e < f < n—e and denote by X.,
and X the collections of subsets of X of size e and f, respectively. Let &.r(X) be the
incidence structure (X., Xy, Z) where pZbif p C b for any (p,b) € X, x X;. Let V bean F,
vector space of dimension n with ¢ a prime power. The collection of e-subspaces of V' is
denoted by V.. Similarly one can form the incidence structure &.;V = (V,, Vy,Z). These
two structures share many properties. For example, Kantor [27] showed that whenever
1 < e < f < n—e, the incidence matrices of G.¢(X) and S.¢(V') have maximal rank. This
can be interpreted as the relation between a group with BN-pairs and its Weyl groups.
In [33], Lehrer generalized this observation to all classical groups and he managed to show
that if G is any finite classical group then 11G3e < 11G3f7 whenever 1 < e < f < n — e except
when G = 05,(q) and e = 1, f = n — 1, where P., P; denote the parabolic subgroups
which are the stabilizers of a totally singular or isotropic subspaces of dimension e, f,
respectively and n is the dimension of any maximal totally singular (isotropic) subspaces
of G. (Theorem 5.1[33]). These results in fact follow from the statements about its Weyl
groups and the passage between these two structures are provided by generic algebras
introduced by Tits (Theorem 3.2[33]).

The permutation character containment can be determined by the rank of suitable

incidence matrix as above. Now if (G is an almost simple group which is doubly transitive



on € with point stabilizer P, then either 1§ < 1§, or G = PM for any maximal subgroup
M of G. As the maximal factorization of almost simple groups was classified completely
by M. Liebeck, C. Praeger and J. Saxl in [34], we can tell exactly for which M we have the
containment 1% < 1§,. In case of rank 3, M. Aschbacher, R. Guralnick and K. Magaard
([2]) have a criterion in terms of the Higman rank 3 parameters. In that paper, they
consider the case when (G is a nearly simple classical group acting on the set of singular
points on its natural module. Also a partial result of this case has been dealt with by
D. Frohardt, the second and the third authors above in [12]. In the case when G is a
nearly simple primitive rank 3 group of sporadic type, the containment of the permutation
characters of GG is completely determined since all the permutation characters of maximal
subgroups of G are stored in [13], except HS.2, Flig.2 and Fif,.2.

We now describe our strategy. Let L be a finite simple classical group of degree d > 2,
defined over a finite field F = F,, ¢ a prime power, and let V' be the natural module for
L. Assume that G is an almost simple group with simple socle L. We have a powerful
theorem on the subgroup structure of G by M. Aschbacher. The theorem says that if M is
a subgroup of G then M is either belongs to a collection C(G) of geometric subgroup of G
or M € §(G), that is, M is an almost simple group and the full covering group of the socle
of M acts absolutely irreducible on the natural module V for G and cannot be realized
over any proper subfield. Thus if M is a maximal subgroup of G then either M € C(G)
or M € §(G). The subgroup structure and the maximality among members of C(G) has
been determined by P. Kleidman and M. Liebeck in [29] when the degree is at least 13.
For this case, using the geometrical properties of the groups, we can solve the problem
completely. When M is not a geometric subgroup, that is, M € S(G), the problem is
much more complicated as we still do not know which members of S(G) are maximal.
Now assume that M € S(G). Denote by S the socle of M. So S is a non-abelian finite

simple group. According to the Classification of Finite Simple Groups, S is an alternating



group of degree at least 5, a finite group of Lie type or one of the 26 sporadic groups.
By way of contradiction, we assume that 1§ £ 1§,. From this assumption, we will get an
upper bound for the dimension of V' in terms of the size of the automorphism group of S.
From the definition of members in S(G), the full covering group S of S acts absolutely
irreducible on V. Now using the information on the lower bound for the dimension of
the absolutely irreducible representations of finite simple groups, we will get a finite list
of cases that we can handle either by constructing the representations or by computer
program GAP [13].

As in the almost simple doubly transitive case, we can get a list of maximal subgroups
M such that 1§ £ 1%,. In Table 1.1, we list all the cases when M € C(G), Table 1.2
contains all cases when M € S(C), and in the last table, we list the cases that we have
not determined whether or not there is containment. Notice that we only have a finite
number of exceptions in Table 1.3. Also there is a finite number of cases in Table 1.2.

Chapter 2 is the preliminaries, in this chapter, we will fix some notations and give some
definitions as well as some properties of finite simple groups and also some information
on representations of these groups. The proof of Theorem 1.1 is carried out in Chapter
3. We will deal with each type of quasi-simple groups separately.

For the notations in the tables of Theorem 1.1, the columns ‘orbits’ give the number
of orbits of M on (V') and this is also the number of double cosets of group G on P and
M. The first columns are the type of the nearly simple group GG. The last columns ‘Ref’
give the references for the result. For example 3.18 means that the case is dealt with in

Proposition 3.18. Other notations will be explained in Chapter 3.



Table 1.1: M €C

L \ type of M conditions \ Remarks \ orbits \ Ref ‘
Doma(3) | 01(3) L O3, (3) 3.10
P, 1<am <2 |3.13
0O:1(3)1S, (n,&,r)=(5,£,t) | n=2m+1 2 3.17
(7,+,1) 2
0.(3%) om+1=3a| 3 |320
Q5,,(3) | O1(3) L Ogp1(3) 3.37
P, I1<asm <2 |3.38
O1(3)1.S, (e,r) = (—,1), n==~6 2 3.39
(e,r,&) = (—,t,0) n =10 3
O (3) 152 (e,7) = (—,1), m odd 3 3.41
GLn(3).2 1| 342
03.(3%) r=s m = 3a 3 ]3.45
O, (3?%) m is even 2
05,(3?%) r=t m = 3a 3 |3.46
O, (3% G=1 m is even 2
Om(3?) G=TIife=+ m odd 2 | 347
GU,..(3) 1| 348
Spa(3) @ Spm(3) e=+ m even 1 3.53
Table 1.2: M € S
’ L \ socle of M \ modules \ Remarks \ orbits \ Ref ‘
Q:(3) Ay A= (8,1) <2 |3.26
:(3) PSps(2) 2 | 327
913(3) PSpg;(S) /\2 < 2 3.30
07(3) G2(3) A1, Ao 1 3.32
Qa5(3) Fy(3) Ay <2
@) [ A =567 A=(n—1,1) <2 | 357
,(3) A g=0 | 2
Q(3) Aig E=0r=t 4
Q4 (3) Ls(4) 1 3.60
05 (3) Q5 (2) <2
Q4 (3) Q-(3) Spin module 1
01(3) Q9(3) Spin module 1
03.(3) 2.Co; Leech lattice 2 3.69




Table 1.3: Exceptions
’ L \socle of M \ modules \ Remarks \ Ref ‘

Qn(3) | Ss(3) N 3.30
Q77(3) Es(3) adjoint module 3.32
9133(3) E7(3) adjoint module

0:,(3) Fy(2) 3.60
Q5 (3) | PSpae(3) Aot 0=5,6,7| 3.66
Q3(3) | PSps(3) (143N 1<e<2
Q%5,(3) Fy(3) adjoint module 3.68




CHAPTER 2

PRELIMINARIES

2.1 Finite classical groups

We adopt the constructions and notations of [29]. We denote by V' a vector space of
dimension n over the field F, where F is either a finite field or an algebraically closed
field of characteristic p. The group of all non-singular F-linear transformations of V' is
denoted by GL(V,F), the general linear group of V over F. The special linear group of
V over F, SL(V,F), is the group of all elements of GL(V, F) with determinant 1. Fix a
basis 3 = {v1,vq,--- ,v,} of V. For ¢ € GL(V,F), gg denotes the n x n matrix which
satisfies vigs = X7_,(gp)ijvj. For \i € F*, i = 1...n, we denote by diags(A,...,\,)
the diagonal linear transformation which satisfies vidiagﬁ(/\l, oy An) = \v;. The element
diagg(A, ..., A), with A € F*, is called a scalar linear transformation, or a scalar. The
center of GL(V,F) is the group of all non-zero scalars, which is isomorphic to F*. We will
write PGL(V, F) for the projective general linear group GL(V,F)/F*. For any subgroup of
GL(V,F), we write PX for the corresponding projective group X/X NF*. We also use the
bar convention to denote reduction modulo scalars, for example, GL(V,F) = PGL(V, F).

A map g from V to itself is called an F-semilinear transformation of V if there is a field



automorphism o(g) € Aut(F) such that for all v,w € V and XA € F,
(v +w)g = vg +wg and (\v)g = A79(vg) (2.1)

An F-semilinear transformation g is non-singularif {v € V|vg = 0} = {0}. We now define
I'L(V,F) to be the set of all non-singular F-semilinear transformations of V. It is a group,
called the general semilinear group of V over F. The map o from I'L(V,F) to Aut(F) is
a surjective homomorphism with kernel GL(V,F). As F* < I'L(V, F), we can factor out
the scalars to get the projective general semilinear group PI'L(V,F).

With the basis [ as above, each element g € I'L(V,F) is determined by its action on /3
together with o(g). If & € Aut(F) then we define ¢g(c) as the unique element of I'L(V, F)

which lies in 7! (a) and fixes each v;. Then

(Z Aivi)pp(ar) = Z Ajv; (2.2)

A left linear form on V is a map f : V x V — F such that for each v € V, the map
V — F given by = +— f(x,v) is a linear map. There is an analogous definition for right
linear form. A bilinear form is a map which is both a left linear and a right linear form.
For any map Q : V — F, define fp : V x V — F by fo(v,w) = Qv+ w) — Q(v) — Q(w).
The map Q is called a quadratic form if Q(Av) = XN*Q(v) for allv € V and A € F, and f
is a bilinear form. When @) is a quadratic form, fy is called the associated bilinear form.
If f is amap form V x V to F and § = {vy,ve,...,v,} is any basis for V, then we define fj
as the matrix satistying (£3);; = f(v;, v;). For v € V, we call f(v, v) the f —norm of v. We
write (v, w) instead of f(v, w). Let k be either a left linear form or a quadratic form. Then
% is a map from V¥ to F, where k = 1 or 2. We have k(\vy,...,v.) = X Fr(vy, ..., vp).

Assume that (V) F, k) and (V' F, ') are two spaces of dimension n over F, where x and

k' are either both left linear of both quadratic forms. An isometry is an invertible element



g € Homg(V, V') which satisfies x'(vg) = k(v) for all v € V¥, If such an isometry exists,
then (V,F, k) and (V',F, ') are said to be isometric and we write (V,F,x) = (V' F, ).
An invertible element g € Homg(V, V') is a similarity if there exists A € F* such that
k'(vg) = Ak(v) for all v € V*. If such a similarity exists, then (V,F,x) and (V',F, &)
are said to be similar. In the case (V,F,k) = (V',F, k'), the isometries are called k-
isometries and the set of all k-isometries forms a subgroup of GL(V,F). This subgroup is
called k-isometry group and is denoted by I(V,F, k). An element of I[(V,F,x)NSL(V,F)
is a special k-isometry. The special k-isometry group is denoted by S(V,F, k). The set of
all k-similarities forms the similarity group, denoted by A(V,F, k). (This is A(V,F, k) in
[29].) Finally an element g € I'L(V,F) is called a k-semisimilarity if there exist A € F*

and o € Aut(F) such that

k(vg) = Mk(v)® for all v € V*. (2.3)

—_
—

The set of all k-semisimilarities forms a group, denoted by Z(V,F, k). (This group is
denoted by I'(V,F, k) in [29].) Suppose that & is surjective and g € Z(V, F, k) satisfying
(2.3). Then A in (2.3) is uniquely determined by ¢ and the map 7 : Z(V,F,x) —
F*, 7(g) = X is well-defined. The restriction of 7 to A(V,F, k) is a homomorphism to F*
with kernel I(V,F, k). The field automorphism « in (2.3) is exactly o(g) given in (2.1).
The restriction of o to Z(V, F, k) is a homomorphism to Aut(F) with kernel A(V, F, k).
Assume that f is a map from V x V to F. Then F is called non-degenerate if for
each v € V \ 0, the maps from V. — F given by z — (z,v) and = — (v,z) are
non-zero. A quadratic form @ is called non-degenerate if its associated bilinear form
fo is non-degenerate. The map f is symmetric if f(v,w) = f(w,v) for all v,w € V.
The map f is skew - symmetric if f(v,w) = —f(w,v) for all v,w € V. The map f is
symplectic if f is skew-symmetric, bilinear, and f(v,v) = 0 for all v € V. Finally, f is

said to be wunitary if F has an involutory field automorphism «, f is left linear and

10



f(v,w) = f(w,v)* for all v,w € V.

Let F be a finite field of characteristic p, and let x be a left linear form f or a quadratic
form () appearing in one of the four cases below:

case L : k is identically 0;

case S : kK = f, a non-degenerate symplectic form;

case O : Kk = @), a non-degenerate quadratic form;

case U : kK = f, a non-degenerate unitary form.

We define

(1) in case L withn >3

(11

otherwise

certain subgroup of index 2 in S in case O

S otherwise

where ¢ is an inverse-transpose automorphism of GL(V, F). Hence we get a chain of groups

2
/N
Wn
N
~
/A
-
/AN
[1]
N
S

(2.4)

This chain is A-invariant and F*<<{A so we can define projective groups for any subgroups

of A. We use the notation "to denote reduction modulo QF* in A. We get a chain

[1]:

1=0<S<I<A<KE<A (2.5)

A finite classical group is any group G satisfying @ < G < Aor Q < G < A in one of
the four cases L, S, O or U. If G is such a classical group, then we call G a linear group,

symplectic group, orthogonal group or unitary group, respectively. The convention for the

11



field F is

1 incases L,S and O
F = F ., where ¢ =pf and u =

2 in case U.

We also denote by a the automorphism of F given by A* = A7 for A € F. We write

LH(q) = PSL*(q) = L,(q) if the sign is +
Un(q) if the sign is —.

Assume F |k, f, Q,0 and 7 as in above discussion, and let X € {Q, S, I, A=, A}. We
shall call (V,F, k) or briefly, (V, k), a classical geometry. If case L, S, O or U holds then
we call (V. F, k) a linear, symplectic, orthogonal or unitary geometry, respectively. If W
is a subspace of V| and ky is the restriction of k to W ( W x W) such that k is either
non-degenerate or identically zero, then (W, F, kw) is also a classical geometry and we
call it a sub-geometry of (V,F, k). W is said to be non-degenerate if Ky is non-degenerate
and W is totally singular if Ky = 0. We also define W to be totally isotropic if fyy = 0.
Let v € V'\ 0. We say that v is singular or isotropic if f(v,v) = 0 in cases L, S, and U. In
case O, we say that v is isotropic if f(v,v) = 0, and singular if Q(v) = 0. Vectors which
are not singular are called non-singular and those which are not isotropic will be called

non-isotropic. We now state the Witt’s Lemma concerning the classical geometries.

Proposition 2.1 (Witt’s Lemma, Proposition 2.1.6[29]). Assume that (V1, k1), (Va, K2)
are two isometric classical geometries and that W; is a subspace of V; for 1 = 1,2. Further
assume that there is an isometry g from (Wi, k1) to (Wa, ko). Then g extends to an

isometry from (Vi, k1) to (Va, ko).

Corollary 2.2 (Corollary 2.1.7[29]). All mazimal totally singular subspaces of (V, k) have

the same dimension. And if k is non-degenerate, this dimension is at most 3.

Let (V,F, k) be a classical geometry with dimg(V) = n and G be an irreducible

12



subgroup of GL(V, F). For any field extension E of F, we form the tensor product V @ E,
an n-dimensional space over E. Let G act naturally on V@ E via (v®@ \)g =vg® A, (v €
V,g € G,\ € E), and we may regard G < GL(V ® E). We say that G is absolutely
irreducible in GL(V,F) if G remains irreducible in GL(V @ E, E) for all extension field
E of F. A subgroup of PGL(V,F) is said to be absolutely irreducible if its pre-image in
GL(V,F) is absolutely irreducible.

For A € F, define

{veV\0|f(v,v)=A} in cases L, S, U;
{veV\0|QW)=A} in cases O.

The following lemma describes the orbits of 2 on V. Write Q for Q(V, F, k).

Lemma 2.3 ([29], Lemma 2.10.5). Assume that n > 2.

(1) In cases L and S, the group Q) is transitive on V' \ 0.

(17) Suppose that either case U holds with n > 3, or case O holds with n > 4. Then Q is
transitive on Vy for any .

(i11) SUs(q) has ¢+ 1 orbits on Vg (each of size ¢* — 1), and is transitive on Vy for X # 0.
() Q3(q) has two orbits on Vi (each of size 5(¢* — 1)), and is transitive on Vy for X # 0.

(v) QF (q) has 2(2,q — 1) orbits on Vg, and Q5 (q) has (2,q — 1) orbits on Vi for A # 0.

Let (V,F,Q) be a classical orthogonal geometry, where F := F,, and () is a quadratic
form on V. Let f = f, the associated bilinear form. Then f is a symmetric bilinear form
on V. Write (v, w) for f(v,w). Then for any v € V, we have 2Q(v) = (v,v). Suppose that
¢ is odd then Q(v) = 5(v,v). Sometimes, it will be convenient to work with the standard

basis for L, defined as follows:

Definition 2.4 ([29], Proposition 2.5.3). The space (V,F,Q) has a basis of one of the

following forms:

13



(1) {e1, s em, fiso ooy fm}ym = 2m, where Q(e;) = Q(f;) = 0 and (e;, f;) = dij, Vi, J;

(i7) {e1, ..., €m—1, f1,-- -, fm—1,2,y},n = 2m, where Q(e;) = Q(f;) =0, (e, f;) = d;; and
(ei,) = (en,y) = (fi,x) = (fi,y) = 0, for all i,j, and {x,y} satisfying the following
condition (Q(x), Q(y), (x,y)) = (1,(, 1), where t> + t + ( is irreducible over F.

(iii) {e1, .. €m, fio- s fusx}om = 2m + 1, where Q(e;) = Q(fi) = 0, (es, f;) = 0y and

(e;,x) = (fi,x) =0, for all i,j, and x is non-singular.

Define

o ifnisodd
sgn(Q) = ¢ + if nis even and (V, Q) has a basis of type 2.4(i) (2.7)

— if nis even and (V, Q) has a basis of type 2.4(ii)

We divide case O into cases O°, 0" and O, accordingly.

Proposition 2.5 ([29], Proposition 2.5.4). For each n, there are precisely two isometry
classes of orthogonal geometries in dimension n.

(1) If n is even, then the two isometry types are distinguished by the dimension of their
mazimal totally singular subspaces. Indeed, the maximal totally singular subspaces have
dimension § or § — 1 according as sgn(Q) = + or sgn(Q) = —.

(13) If n is odd, then the two isometry types are distinguished by the value of Q(x) modulo
(F*)2, where x is given in Definition 2.4(iii). The two geometries are similar, and all

mazimal totally singular subspaces have dimension %(n —1).

Let (3 be a basis of V, the discriminant D(Q) of @Q, is

D(Q) = det(f) (mod(E*)*) € F*/(F*)2.

We write D(Q) = 0O or K, according as D(Q) is a square or a non-square. When ¢ is odd

and n is even, the next result determines sgn(Q).
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Proposition 2.6 ([29], Proposition 2.5.10,2.5.12,2.5.13). Assume that q is odd and n =

2m is even. We have:

(1) If sgn(Q) = +, then D(Q) = O if and only if 3m(q — 1) is even;

(17) If sgn(Q) = —, then D(Q) = O if and only if %m(q — 1) is odd;

(iii) D(Q) = O if and only if sgn(Q) = (—)z@Hm.

(iv) V' has a basis B such that fs is either I, or diag(\, 1,--- ,1), according as D(Q) = O

or D(Q) = X, where X is a generator of F*.

Proposition 2.7 ([29], Propposition 2.5.11). Assume that V- =V, L --- L V,, where
each V; is a non-degenerate subspace of V.

() D(Q) =TT, D(@Qv):

(i) If dim(V;) is even for all i, then sgn(Q) = [[._, s9n(Qv:).

Proposition 2.8 ([29], Proposition 2.6.1). Let (V,F,Q) be a classical orthogonal geom-
etry in odd dimension n = 2m + 1. Then there exists a basis 5 of (V,F,Q) such that

f5 = AL, where D = X\(mod (F*)?).

Let U be a non-degenerate subspace of V. Write D(U) = D(Qy) and sgn(U) = sgn(Qu).
Let (V,F,Q) be a classical orthogonal geometry of type ¢ € {o,£} with ¢ odd and
dimV = n. For any non-zero vector x in V, a one-space with representative x will be
called a point in V' and denoted by (x). We now define a type function p = py on V' \ {0}
as follows: If x is a singular vector in V, that is, z € V'\ {0} and Q(x) = 0, then p(z) = 0.
If n = dimV = 2m is even, then p(z) = Q(x). If n = 2m + 1 is odd, then p(x) = sgn(at).
Assume that dimV is odd. Let x be a non-singular vector in V. We say that x is a plus
vector if p(z) = +; and x is a minus vector if p(x) = —. We also say point (x) is of plus or
minus type according to whether its representative x is a plus or minus vector. Let x € V
be a non-singular vector with p(z) = £. Define €z(V) to be the set of all non-singular

points of type ¢ in V. We can omit either the index £ or the vector space V, when they
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are understood. From definition, we have

E(V) ={(v) SV | Q(v) # 0 and p(v) = £}

Recall that V, = {v € V\ 0| Q(v) =7}, for any v € F.

Remark 2.9 If dimV is even then €i(V) = {(v) | v € V¢}. However, if dimV is odd,

they may be not equal.

Lemma 2.10 Assume that dimV is odd. Let x,y be two non-singular vectors V. Then
two vectors z,y (or two non-singular points (), (y)) have the same type if and only if
Q(x) = Q(y) (mod (F*)?). Thus if x is a non-singular vector in V with Q(x) = # 0 and
p(z) = sgn(z™) = £ Then (V) = U eep2{(v) [v € Vi }. In particular, if ¢ = 3 then
e(V) = {{v) [ve V).

Proof. Assume first that Q(z) = Q(y) (mod (F*)?). According to Proposition 2.5(ii), ()
and (y) are isometric. By Witt’s Lemma, this isometry extends to an isometry g of V/
such that (x)g = (y). As (x), (y) are non-degenerate, z-g = y*. It follows that * and y*
are isometric, and hence sgn(z+) = sgn(y=*), so that p(x) = p(y). Now, assume that x,y
have the same type. By Witt’s Lemma and Proposition 2.5(i), there exists an isometry
between 21 and y*. This isometry can extend to an isometry g of V such that (z+)g = y*.
As (z1)t = (), and (y1)* = (y), ((z))g = (y). Thus xg = uy for some p € F*. Therefore
Q(z) = Q(zg) = Q(uy) = 1*Q(y). If F = F3, then F*? = {1}. The result follows. [

When n is odd, for any non-zero vector x in V, we denote by S(n,z) the number of all
vectors v € V' with p(v) = p(z) = £ € {0,%}, and Q(v) = Q(z). When n is even, for any

v € F, set S°(n,v) = |V,|, the number of solutions to Q(v) = in V.

Lemma 2.11 Assume q is odd, x is a non-zero vector in 'V with p(z) = £ € {0,%}, and

veF.
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e if v #0;

2. S(2k +1,7) = ¢** + &4~

1. S%(2k,v) =

Proof. (1) follows from Proposition 9.10 in [14]. For (2), let v = Q(z). Firstly, assume
that z is a non-singular vector. Then V = (z) 1L xt sgnzrt = p(z) = £ and dimzt = 2k.
According to Lemma 2.10, for any v € V, if Q(v) = Q(z) then p(v) = p(x). Thus
S(2k 4+ 1,z) = |V,|. Now, for any v € V with Q(v) = =, write v = pz + vy, where
¢ € Fand vy € . Then Q(vy) = Q(v) — P?Q(x) = v

Q(vg) = 0, hence by (1), there are 25%(2k, 0) = 2(¢** 7' + &(¢* — ¢*™1)) such v. If p # +1,

(1 — ¢?). If ¢ = +1, then

then Q(vy) = (1 — p?) # 0, hence by (1), again, there are (¢ — 2)S%(2k, (1 — ¢?)) =
(¢—2)(¢* "' —€&¢*)) such v. Thus, S(2k+1,2) = 25%(2k, 0) + (¢ —2)S*(2k, v(1—?))

¢** + £¢F. Finally, assume that x is a singular vector. Then S(2k + 1,x) = |Vy|. Observe
that V' always contains a non-singular vector y. Let n = p(y) and p = Q(y). Arguing as
previous case, we have V = (y) L y*, sgn(y*) = n,Q(y) = p € F* and dimy*+ = 2k.
For any v € V with Q(v) = 0, write v = @y + vg, where ¢ € F and vy € y*. Then
Q) = Q) — V*Q(y) = —up?. If ¢ = 0, then Q(vy) = 0, hence by (1), there are
S1(2k,0) = ¢* 1 + n(¢" — ¢*1) such v. If ¢ # 0, then Q(vy) = —pup? # 0, hence
by (1), again, there are (q — 1)S7(2k, —ue?) = (¢ — 1)(¢**~! — ng*1)) such v. Thus,
S(2k +1,2z) = S"(2k,0) + (¢ — 1)S"(2k, —pup?) = ¢**. |

2.2 Definitions and Structures of classes C and S

Let Gy be one of the finite classical groups

PSL,(q), PSU,(q), PSpn(q)( n even ), PQZ(q)( n even), Q,(q)( ng odd). (2.8)
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Table 2.1: Rough description of classes C;

Ci rough description rough structure in G'L,,(q)
C stabilizers of totally maximal parabolic
singular or non-singular subspaces
Cs stabilizers of decompositions
V=@_,V;, dim(V;)=a GL.(q) 1 St,n = at
Cs stabilizers of extension fields GL.(¢°) - b,n = ab, b prime
of F, of prime index b
Cy stabilizers of tensor product GL,(q) o GLy(q),n = ab
decompositions V =11 Q) V5,
Cs stabilizers of subfields of GL,(q),q = q3,b prime

F, of prime index b

Cs normalizers of sympletic-type

r-groups (r prime) in absolutely
irreducible representations

C; stabilizers of decopositions

(Zg— o ri2a) . Spou(r),n = 1r?

t

A

-~

V = @i, Vi, dim(Vi)=a (GLa() 0+ 0 GLo(0)) - S,
Cs Spn(q),n even
classical subgroups 0:(q), q odd
GU,(\/q),q a square

Let V' be the natural n-dimensional vector space over the finite field F associated with G,
and let = be the full semilinear classical group corresponding to Gy. M. Aschbacher defined
eight collections C;(Z), (i = 1,...,8) of natural subgroups of =. The rough description of
the subgroups H N GL,(q), where H € C;(Z) and Gy = PSL,(q) is given in Table 2.1.
For each group X satisfying either 2 < X < A or Q < X < A, the collection C(X) is a
union of families C;(X), where i = 1,--- 8, we also define C; = UC;(X) and C = UC(X).
In each collection C;, there are many sub-collections called type. If T is a type in C;, and
H belongs to T, then we say that H is of type T. Moreover, for any group H= € C(Z),
there are corresponding group Hy = H=zN X € Cx, for any X as above. If Y satisfies the
same condition as X, then Hy is called X-associate of Hy. Now we define the class S of

subgroups of G, where Gy < G < Aut(Gyp) and Gy as in (2.8).

Definition 2.12 The subgroup H of G lies in S if and only if the following hold.
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(a) The socle S of H is a non-abelian simple group (i.e., H is almost simple).

(b) If L is the full covering group of S, and if p : L — GL(V) is a representation of L
such that m = S, then p is absolutely irreducible.

(¢) p(L) cannot be realized over a proper subfield of F.

(d) If p(L) fizes a non-degenerate quadratic form on V, then Gy = P (q).

(e) If p(L) fizes a non-degenerate symplectic form on V, but no non-degenerate quadratic
form, then Gy = PSpn(q).

(f) If p(L) fizes a non-degenerate unitary form on V, then Gy = PSU,(q).

(9) If p(L) does not satisfy the conditions in (d), (e) or (f), then Gy = PSL,(q).
We now state the subgroup structure theorem due to Aschbacher.

Theorem 2.13 Let G be a group such that Go <G < E, with Gy and Z as in (2.8) above,
and let H be a subgroup of G not containing Gy. Then either H is contained in a member

of C(G) or H €S.

Kleidman and Liebeck have determined the maximality of subgroups of C(G) when n > 13.

Here is the main theorem of [29].

Theorem 2.14 Let Gg be as in (2.8) and let Go I G < Aut(Gy). Then
(A) the group-theoretic structure of each H € C(G) is known;

(B) the conjugacy amongst the members of C(G) is known;
(C) for H € C(G) all overgroups of H which lie in C(G)|JS are known (for n > 13).

In order to determine the structure and conjugacy amongst members of C, we need the
following definitions. For any group X,Y satisfying ¥ < Q < X < A, define [Y]x as
the set of X-conjugates of Y. Write [Y] = [Y]g and define [Y]¥ to be the set of Q-classes
contained in the X-class [Y]x. Thus [Y]X = {[Y*] |z € X}. Define e = |[Hg]?|, (this
is parameter ¢ in [29]) and write [Hg]® = {[Hy], - ,[H.]}. Also define X; = X =

19



Table 2.2: The simple classical groups

Lie notation
L Lie rank ¢ d |Out(L)| |L|
L.(q) Analq) | (nyg—1) [ 2df,n>3 SR, (¢ — 1)
n—1 df,n =2
Un(q) Ana(q) | (nyg+1) | 2df,n >3] L¢""DPTTL,(¢" — (1))
] don =2 T
PSpan(q) Cn(q) (2,¢—1) | df;in=3 da" Ty (g = 1)
n 2f,n=2
Qont1(q) Bn(q) 2 2f C;lan H?zl(q% —1)
q odd n
PQ3,(q) Di(q) (4,q" — 1) | 2df,n #4 | 2D (g" — ) [[12 (¢* — 1)
n =3 n 6df,n =4
P (q) | 2Dule) | (g +1)| 2df | 1" D(g"+ DI (¥ — 1)
n>=?2 n—1

Nx(H;)Q. Then X; = Nx(H;)Q/Q. For cach i = 1,--- e, write Hg, for G-associate of
H;. The action of A on [Hg]* induces a homomorphism 7 = Th, from A to the symmetric

group S.

2.3 Properties of finite simple groups

By the theorem of classification of finite simple groups, every non-abelian finite simple
group is either an alternating group A,,,n = 5, a finite simple group of Lie type, or one of
the 26 sporadic groups. The finite simple groups of Lie type is divided into the classical
groups and the exceptional groups. The orders of alternating group A, is %n!. The orders

of remaining simple groups are given in Tables 2.2, 2.3 and 2.4.

Theorem 2.15 The excetional groups in Table 2.3 are simple except for
*By(2) = Zs - Zy
Go(2) = Aut(U3(3)) =2 Us(3).2
2G5(3) = Aut(Lo(8)) = Ly(8).3
2Fu(2) 2 2Fy(2) 2.
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Table 2.3: The simple exceptional groups

| L | (] d | [Out(L)] | |L|
Ga(q) 2 1 fitp#3 ¢°(¢° —1)(¢° — 1)
o2f if p =3
Fi(q) 4 1 2,p)f | -1 —1)(¢®—1(¢” - 1)
Eg(q) 6] (39-1) 2df ia” [licpses912(0 — 1)
E7(q) 71(2¢-1) df i1 Hie{2,678,10,12,14,18}(qi —1)
Es(q) 8 1 / q'* Hie{2,8,12,14,18,20,24,30}(qi —1)
°By(q),q=2"""" 1 1 f ¢*(¢° +1)(g— 1)
“Ga(q),qg=3""" | 1 1 f (¢’ +1)(g—1)
*Fi(q),q=2"""1 | 2 1 f q"(¢° + 1)(q (¢’ +1)(g—1)
*Du(q) 2 1 3f ¢%(¢>+4¢" +1)(¢° —1)(¢° — 1)
*Fs(q) 41 3,q+1) 2df dq36 Hz€{2,5,6,8,9,12}< —(=1)")

The group 2Fy(2) is simple and is called the Tits group.

We define Lie(p) to be the set of simple groups of Lie type over fields of characteristic p. We
include PSp4(2)" and ?F4(2)" in Lie(2). We also define Lie(p') = U,,Lie(r). A member

of Lie(p) is said to be twisted if it lies in one of the families 2A;,%2 By,? Dy,® Dy,? Eg, Fy or

2@Gy. Otherwise, L is untwisted.

Theorem 2.16 The isomorphisms among the groups in Tables 2.2, 2.3 and 2.4 and the

alternating groups are precisely those given in Theorem 2.15 together with the following

Zyz1-(2,9) and Q5 (q) =

isomorphisms:
(i) SLa(q) = Spa(q) = SUs(q).-
(id) For q odd, Lo(q) = Q4(q).
(iti) O3 (q) = Dagrry, SO5 () =
(iv) Qi (q) = SLa(q) 0 SLa(q)-
(v) 4 (q) = La(q?).
(i) For q odd, PSps(q) = Qs(q).
(vit) PO (q) = Ly (q)-
(viii) La(2) = Ss.
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Table 2.4: The simple sporadic groups

L [d[ou@)]] L]
My | 1] 1] 21.32.5.11
M, 2 2 26.33.5.11
My, 12 2 27.32.5.7.11
My 1 1 27.32.5.7.11.23
My, 1 1 210.33.5.7.11.23
Jh 1 1 23.3.5.7.11.19
Jo 2 2 27.33.5%.7
Js 3 2 27.3°.5.17.19
J4 1 1 221 33.5.7.113.23.29.31.37.43
HS 2 2 29.32.53.7.11
Suz 6 2 213 37.52.7.11.13
McL 3 2 27.35.5%.7.11
Ru 2 1 21433 53.7.13.29
He=F; | 1 2 21033 52.73.17
Ly 1 1 28.37.5%.7.11.31.37.67
O'N 3 2 29.31.5.73.11.19.31
Co 2 1 22139 54.72.11.13,23
Co, 1 1 218.36.53.7.11.23
Cos 1 1 217.37.53.7.11.23
Fligy 6 2 217.39.52.7.11.13
Figs 1 1 218 313 52.7.11.13.17.23
Fil, 3 2 221316 52 73 11.13.17.23.29
HN=F; | 1 2 21136 56.7.11.19
Th=F; | 1 1 215 310 53 72.13.19.31
BM =F, | 2 1 241313 55 72.11.13.17.19.23.31.47
M=F |1 1 216,320 5976112 x
132.17.19.23.29.31.41.47.59.71
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(

(

(wii) La(9) = As.
(wiii) La(2) = As.
(wiv) Us(2) = 32.Qs.
(xv) Us(2) = PSpa(3).
(

zvi) Spa(2) = Sp

Let L be a simple group. Denote by Out(L) the outer automorphism group of L, which
is Aut(L)/L. The orders of Out(L) are given in Tables 2.2, 2.3 and 2.4 for simple groups
of Lie type and sporadic groups. The orders of Out(A,),n > 5 are given in the following

theorem.

Theorem 2.17 (Theorem 5.1.3[29].) Ifn > 5 and n # 6, then Aut(A,) =S, and hence
|Out(A,)| = 2. However |Out(Ag)| = 4.

Lemma 2.18 (Lemma 2.1[47]). Let 2 < a3 < --- < ay be integers, 1,...,e0 € {£1}.

Then

1 (g +e1)...(q" +ep)
5 < IR < 2.

Using the above lemma, we can easily verify the following:

Lemma 2.19 Assume that L is a finite simple group of Lie type. Then |Aut(L)| < f(L),

where f(L) is given in Table 2.5.

Primitive prime divisors

Let ¢ and n be integers with ¢ > 2 and n > 3. A prime s is a primitive prime divisor of
q" — 1, denoted by gy, if s|¢"™ — 1 but s does not divide ¢' — 1 for i < n. The Zsigmondy’s

theorem (Zsigmondy [48]) asserted the existence of primitive prime divisor.
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Table 2.5: Upper bounds for order of Aut(L).

| L o) | L] L) |
La(g),n >3 ¢ Ex(q) ¢
PSpan(q) @ | Fy(q) q*
Ua(g),n >3 ¢ 2Eg(q) q"
POY(q)n#4 | @7 | Galg) q'°
PQ(q) 3¢% *Da(q) 3¢%
PQ5.(q) g> =23 | 2Fy(q) e
Qop1(q) g S2(q) ¢°
EG(Q) q79 2G2(Q) QS
Eq(q) g | POy, (q) | 2¢7 22

Theorem 2.20 There exists a primitive prime divisor of ¢" — 1, provided ¢ > 2,n > 3

and (q,n) # (2,6).

When n is odd and (¢,n) # (2, 3), then there is a primitive prime divisor gy, of ¢** — 1,

and we write q_,, = qap,.
Representations of simple groups

Let G be a finite group and P, M be subgroups of GG. Denote by M\G/P a set of repre-
sentatives for double cosets of G on P and M. Let & = G/ P, the right cosets of G on P.

Then M acts on € by right multiplication.

Lemma 2.21 Let M, P be subgroups of a finite group GG. Then
(i) M has |M\G/P| orbits on G/P, where M acts on G/P by right multiplication.
(ii) (157, 1%) = |[M\G/P].

Proof. (i) Suppose that M\G/P = {x1,...,xx}. Then Px;M N Px;M =0 if i # j,i,j =
1,...,k. Clearly, Pz;M are distinct orbits of M on G/P. As G = UF_, Px; M, { Px; M }¥_,

is a complete set of orbits of M on G/P.

24



(17) By Mackey’s formula (]23]),

(157 15) =

Z (Lysenps Larnp) = Z 1 =|M\G/P].

teM\G/P te M\G/P

This proves the lemma.

Let G be a group and p a prime. A p-modular representation of G is a homomorphism

form G to GL,(F) for some n and some field F of characteristic p. A projective p-modular

representation of G is a homomorphism from G to PG L, (F). If G has a faithful projective

p modular representation of degree n, then G embeds in PG L,,(F), written G < PGL, (F).

We define

Rp(G) =
Ry(G) =
Ry(G) =
R(G) =

min{n | G < PGL,(F)},
min{Rp(G) | F a field of characteristic p},
min{Rs(G) | s prime, s # p},

min{R,(G) | all primes p}.

If F, is the algebraic closure of F,, then R,(G) = min{n | G < PGL,(F,)}.

For irreducible projective representations, we have similar definitions.

Rp(G) =
RI(G) =

Ri(G) =
R(G) =

min{n | G embeds irreducibly in PGL,(F)}

min{R&(G) | F a field of characteristic p}

min{n | G embeds irreducibly in PGL,(F,)} (2.10)
min{R,(G) | s prime, s # p},

min{R}(G) | all primes p}.

Embedding of finite simple groups

We first define the Frobenius-Schur indicators of the irreducible Brauer characters. Let

G be a finite group, F be a field and M be a finitely generated, absolutely irreducible
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FG-module which affords the Brauer character y. If M is self-dual, then M carries a
non-degenerate G-invariant bilinear form, which is symmetric or alternating and unique
up to scalar multiplication. If the characteristic of F' is 2, and M is not the trivial module,
then the invariant form is alternating. If the characteristic of F is odd and M carries a
non-degenerate symmetric bilinear form, this form is the associated bilinear form of a
quadratic form on M, which is non-degenerate and G—invariant. If M is not self-dual, it
does not carry any non-trivial G—invariant bilinear form. The Frobenius-Schur indicator
of M, written ind(M) or ind(x), is an integer of the set {—1,0,+1}. It is defined to be
0 if and only if M is not self-dual. The Frobenius-Schur indicator of M is set to be +1
if and only if M carries non-degenerate G—invariant quadratic form. Thus the indicator
of M is -1 if and only if M is self-dual and carries a non-degenerate G—invariant bilinear
alternating form, but no G—invariant quadratic form. If ind(x) = +1, then G embeds
in an orthogonal groups and the value of x determine the smallest field F such that G
embeds in GO:(F) for some € € {+, —}, where n = dim(M). If characteristic of F is 2
and n is even, then G embeds in Sp,(F). If ind(y) = —1, then G embeds into Sp,(F),
where the field F is determined by the value of y. If ind(y) = 0, then G may or may not

embed in a suitable unitary groups.

2.4 Representations of Symmetric groups

We collect some information on representations of symmetric and alternating groups in
characteristic p. We are interested in the lower bounds for absolutely irreducible p-modular

representations of these groups. We begin by some basic definitions.

Definition 2.22 (i) A = (Ay,..., \x) is a partition of n, written X\ = n, provided \;,i =
1,...,k are integers, with \y = ... =2 A\ > 0 and Zle Ai =n. We often gather the equal
parts together and write X = (X, --- |\, where Ay > ... A\, > 0 and S0 a;\; = n.

ay az

1) For any prime p, a partition A = S A2, e 15 called p-regular if 1 < a; < p—
1) Fo ' tition A 1A, Ait) is called larif1 < a; < 1
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foralli=1,... h.
(i13) Let A = (N[, 92, -+ , A\p") be a p-reqular partition. Then X is called a JS- partition

if \i — Nit1+ a; + a1 =0 mod p.

Next we construct the fully deleted module for alternating groups. This is the smallest
faithful irreducible representation of A, when n is at least 9. Let n > 5, let p be a prime,
and let S, act on the permutation module F' by permuting the coordinates naturally.

Define submodules U, W of F}' by

U={(a1,a2,....a,)| Y _a; =0}, W = {(a,a,...,a)|a € F,}.
=1
Let V =U/(UNW), and

0 if p does not divide n
ep(n) =
1 if p|n.
Then dim(V) = n —1 —¢,(n). V is said to be the fully deleted permutation module
for A, over F,. Define the natural symmetric bilinear form f : U x U — F}, given by
fl(ar, ... a,), (b1, ..., by)) =D " aibi. A, preserves this form and f induces a symmetric
bilinear form on the fully deleted permutation module V, and we obtain the embedding

A, <QUV, E,, f).

Proposition 2.23 ([25], Theorem 6). Let n > 10 and V be a non-trivial irreducible A,,-
module in characteristic p. Suppose that dim(V) < n. Then V' is isomorphic to the fully
deleted module for A,.

Let A = (A1, Ao, -+, Ap) be a partition of n, where \y > --- > A\, and A\ + -+ + A\, = n.
The subgroup Sy = Sgi2.. a1 X Spu+1 M4red X S+ A 141, A4-4r,} 18 called a

Young subgroup of S, associated to A. Denote by M?* the permutation module 12’; Let

27



A= (A, A2, ..., \n) F n be a partition of n. The Young diagram associated to A, written
[A], is the subset (i,7) € {Z xZ |1 <i,1 < j < \;}, which is consisting of n nodes. The
A-tableauz is one of the n! arrays of integers obtained by replacing each node in [\] by
one of the integers 1,2, - - - , n, without repetition. The symmetric group .S,, acts naturally
on the set of A-tableaux. Let ¢ be a tableaux. The row-stabilizer, R;, is a subgroup of
S, which fixes the rows of t. The column stabilizer, Cy, of t is defined similarly. Using
the row stabilizer, we can define an equivalence relation on the set of all A-tableaux by
saying that ¢; ~ t if and only if t;7 = ¢ for some m € Ry,. The tabloid {t} containing t is
the equivalence class of ¢t under this equivalence relation. The group S,, acts on tabloids
as follows: {t}m = {tr} for any tabloid ¢t and = € S,. Let F be any field. Then M?*
becomes an FS,-module via the action of S,, on A-tabloids. Let ¢t be a A-tableau. The
element x; = ) . (sgnm)m € FS, is called the signed column sum. The polytabloid, e,
associated with the tabloid ¢ is e; = {t}k;. The Specht module S* for the partition \ is
the submodule of M?* generated by polytabloids. We next find a basis for Specht module.
Let ¢ be a A-tableaux. Then t is a standard tableaux if the numbers increase along the
rows and down the columns of t. We say {t} is a standard tabloid if there is a standard

tableaux in the equivalence class {t}. Also e; is a standard polytabloid if t is standard.

Theorem 2.24 ( [24], 8.4) {e; | t is a standard M\-tableaux} is a basis for S*.

The dimension of Specht modules can be given by the Hook formula. We need some
definitions before we can give the formula. Let [A] be a Young diagram. The conjugate
diagram [N'] is obtained by interchanging the rows and columns in [A]. If A = (A1, Ag, -+ +)
then X' = (M, X}, -+ ), where )/ is the length of " column in [A]. The (i,5) — hook of [)]
consists of the (i, j)-node along with the A\; — j nodes to the right of it and the \; — i
nodes below it. The length of (i, j)-hook is h;; = A; + X; +1 —i — j. The hook graph of [)]

is obtained from the Young diagram [A] by replacing the (i, j)-node by the numbers h;;.
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Theorem 2.25 ( [24], 20.1). The dimension of the Specht module S* is given by

n!

dimS* = :
imsS [[(hook lengths in [A])

We can define a non-degenerate symmetric bilinear form on M?* as follows

1 if {6} = {ta}

0 otherwise.

({1} {t2}) =

Suppose that charF = p is a prime and \ is p-regular. Define D* = S*/(S* N S*M).

Theorem 2.26 ([24], Theorem 11.5). {D* | A a p-regular partition} is a complete system
of inequivalent irreducible FS,,-modules. Moreover, D* with \ p-reqular, is self-dual and

absolutely irreducible, and every field is a splitting field for S,,.

We record here some results on the decomposition of the Specht modules S* and the

degrees of D* for some small partitions.

Lemma 2.27 ([24], Theorems 24.1,24.15). Let F be a field of characteristic p. Then
(i) St = D=L 4 o (n)D™ | and dimD™ 1) =n — 1 —¢,(n).

(12) if p > 2, then Sn=21%) — pn-21%) | Sp(n)D(”_Ll) and

(n—=1)(n=2), ifptn
(n=2)(n=3), ifpln

dim D21 =

NI= N

(i) if p > 2, then S22 = D"=22) 4 ¢ (n —2)D=LY 4 ¢ (n — 1)D™ | and

=
3
|

=

ifn# 1,2 (mod p)
, ifn=1 (modp)
(n>=5n+2), ifn=2 (modp)

dimD" > = ¢ Lp2 _ 35 — 2

~—

NI= NI~ N
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(iv) If p =2, then S22 = D"=22) 4 ¢ (n — 2)D—LD 1§D and

s(n—=1)(n—4), ifn=0 (mod4)
dimD®m=22) — s(n*—=3n—2), ifn=1 (mod4)
3(n? —=bn+2),  ifn=2(mod4)
| 3n(n = 3), ifn=3 (mod4)
where
5 — 1, ifn=1,2 (mod4)

0, otherwise.

For k > 1, denote by R, (k) the set of irreducible S,-modules D such that D & D* or

D = D ® S for some p-regular partition A - n, with A\; > n — k.

Theorem 2.28 ([25], [39] Proposition 2.2). Let n > 12 if p # 2, and n > 17 if p = 2.

Then any irreducible FS,-module D either belongs to R,(2) or dimD > (n — 2)(n — 3).

We will need information about the restrictions to S,_1, A,_1 of modular irreducible
representations of symmetric groups 5, and alternating groups A,. The result will be
useful in determine the maximality of members of S, whose socles are alternating groups.
For i € {1,...,h}, we define A(7) = (A, A%, ..., AZT AT N — LS L A7), a

partition of n — 1. With above notations, we can state the branching rules for symmetric

groups.

Theorem 2.29 ([31], Theorem 0.3). Let A\ & n be a p-regular partition. Then D* |g, |

is irreducible if and only if X is a JS-partition. If this is the case, then D* |g, = D).

Next we consider the restriction to A, of D*. In order to determine D* | , we need to
find the fixed points under the Mullineuz map m(\), originally defined in [40]. Following
Ben Ford in [10], we will use the p-modular Frobenius symbol to find the fixed points of

m(A). Let A = (A1, Ag, ..., A\g) F n be a partition of n. The rim of the Young diagram [\
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of X is the collection of nodes which are either at the bottom of a column, at the right end
of a row, or both. The p-rim of [\] is defined as follows: Beginning at the top right-hand
corner of [\, the first p nodes of the rim are in the p-rim. Then skip to the next row, and
take the next p nodes of the rim. Continue until we reach the end of the rim. The last
p-segment may contain fewer than p nodes. Let h; be the number of nodes in the p-rim
of A\, and let r; be the number of rows in A. Delete the p-rim and repeat the process to
get hy,ri,..., hg, i, where hy 1 =101 = 0, but hy # 0 # ry. The Mullineuz symbol is a

2 x k matrix,

hy  he hy,
M(m(N)) = :
S1 So [N St
where
g, =

and s; = h;—r;+¢;. Note that the partition m(\) can be reconstructed from the Mullineux
symbol M (m(\)). The following notations will be useful if we just want to know whether
a given partition is fixed under the Mulllineux map. The p-modular Frobenius symbol for

A, denoted by Fry(\), is a 3 x k matrix

a; Qg - ag
Fry(A) = by by -+ by
1 €9 - €k



constructed as follows:

If A has p-modular Frobenius symbol Fr,()\) as constructed above then the Mullineux

map m is defined by

by by - by
FromO) = | a1 as - a
€1 €9 .- Ek

which means that we interchange the first two rows of Fr,(\). Therefore, we see that A
is a fixed point of m if and only if the first two rows of Fr,(\) are the same (see [10]).

Denote by sgn,, the sign character of S,,, which takes value 1 at even permutation and
—1 at odd permutation. Now, if A is a p-regular partition of n then D* ®) sgn,, = D™M.
This is the Mullineux conjecture, which was finally proved in [11]. Let A be a 3-regular

partition of n with A\; > n — 2. Then A is rarely a fixed point of Mullineux map.

Lemma 2.30 Assume that p=3,n > 5 and X is a p-reqular partition of n. Suppose that

A =n—2. Then m(\) = X\ if and only if 5 <n <6 and A = (n —2,1?).

Proof. As A\ > n — 2, the possibilities for A\; are n,n — 1 or n — 2. It follows that
A= (n),(n—1,1),(n—2,2) or (n —2,12). If one of the first three cases holds then the
result follows by Lemma 1.8 in [30]. Assume that A = (n — 2,1%). We first compute the

Mullineux symbol M () of \. We have
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where 3, and so 1, occurs t times with ¢t = [%2] —l,and0<a=n—-2-3(t+1) <2

Hence
2 2 2 a—1
Frs(A) =12 1 1 0
10 0 1

If t > 1, or equivalently n > 8, then clearly, the first two rows of Fr3(\) cannot be equal,

so that A # m(\). Thus 5 < n < 7. Then

2 a—1
Frs(A) =12 0
1 1

Observe that the first two rows of F'r3(\) are equal if and only if a = 0 or @ = 1. Since

t=0,a=n—2—3=n-—>5,s0that n=2>5 or 6. [ |

Theorem 2.31 ([10], Theorem 2.1). Let F be a splitting field for A, of characteristic
p > 2, and A\ n be a p-regular partition. Then
(3) If X # m(N), then D> | 4, = D™ | 4 is irreducible.
(ii) If X = m(\), then D* | 4, is a sum of two irreducible, non-equivalent representations
of A, say Dj\r and D? , interchanging by an odd permutation.
Finally

{D* |4, [N £ mN}U{D}, DX | X =m(\)}

s a complete system of inequivalent irreducible F A, -modules.

We next prove a gap result between the minimal module and the second minimal module

for Alternating groups in characteristic 3.

Lemma 2.32 Let F be a splitting field for A,, of characteristic p = 3. Suppose that n > 12

and V is an irreducible F A,,-module with dimV > n. Then dimV > %(n* — 5n + 2).

1
2
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Proof. Tt follows from Theorem 2.31 that either V = D* | 4, with m(\) # X or V = D%,
where m()\) = A. Now, let U = D* for partition A obtained above. By Theorem 2.28,
either dimU > (n — 2)(n — 3), or U € R,(2). Observe that dimV = dimU if m(\) # A
and if m(X) = X then dimV = idimU. Thus, if dimU > (n — 2)(n — 3), then clearly,
dimV > 1dimU > $(n —2)(n — 3) > $(n* — 5n + 2). Therefore, we can assume that
U € R,(2). Thus there exists a 3-regular partition g with p(1) > n — 2 such that A = p
or A =m(u). Asn > 10 and dimV > n, it follows from Proposition 2.23 that u is not (n)
nor (n —1,1), and so p = (n — 2,2), or (n — 2,1?). By Lemma 2.30, y is not fixed under
the Mullineux map. Also, as Mullineux map is an involutory map, m(m(u)) = pu # m(u).
We conclude that D* and D™® are irreducible upon restricted to A,. Since dimD™# =

dimD* ® sgn,, = dimD*, we have dimV = dimD* = dimD". Finally, the result follows

from Lemma 2.27. [

Continue the hypotheses in Theorem 2.31, let A - n be a p-regular partition with p odd.
Define D = D* |4, if X # m()\) and DY € {D},D*}, if X is a fixed point of the

Mullineux map. The branching rule for A,, is given in the following theorem.

Theorem 2.33 ([4], Theorem 5.10). Let n > 2,p an odd prime, and \ be a p-reqular
partition of n. Then the following are equivalent:
(i) DN |a,_, is irreducible;
(73) One of the following holds:
(a) D* |s, . is irreducible;

(b) DX |, ,= DM@ D™D gnd X\ = m(X) but A(1) # m(A(1)).
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2.5 Representations of Finite groups of Lie type in

cross characteristic

The irreducible cross characteristic representations of Ls(q) are given in Table 2.7. These
are taken from [19]. For notations in this table, the columns ‘d" are the degrees of the
representations, the columns ¢’ are the characteristic of the fields of representations, and
the ‘field” columns give the irrationalities of the Brauer characters.

Landazuri and Seitz [32] and Seitz and Zalesskii [43] obtained the lower bound for
the irreducible cross characteristic representations of finite simple Chevalley groups. This
result has been improved by many other authors including Guralnick, Magaard, Saxl and

Tiep [16], Guralnick and Tiep [15], [17], and Hoffman [20]. Table 2.6 is taken from [20].

Theorem 2.34 Assume that L is a finite simple Chevalley group in characteristic p.
Then R, (L) > e(L), where e(L) is as in Table 2.6.

2.6 Representations of Finite groups of Lie type in

defining characteristic

Simple algebraic groups

Let k£ be an algebraically closed field of characteristic p. A simple algebraic group over
k is a linear algebraic group over k which has no proper, closed, connected normal sub-
groups. The simple algebraic groups over k were classified and they are the groups of
types Ag(k), Be(k), Co(k), Do(k), Eo(k)(l = 6,7,8), Fy(k) and Gy(k). For each type, there
is a unique simply connected group whose center 7 is as large as possible, and an adjoint
group with trivial center. Let G be a simple algebraic group over k, and let ¢ = p’.

Regard G as a subgroup of G L, (k) for some n. Let o, be a map from G to G sending (a;;)
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Table 2.6: Bounds for Cross Characteristic Representations of Chevalley Groups.

|

L

|

e(L)

|

exceptions

|

PSLu(q),n >3

PSU,(q),n >3

PO (q),n >4

P, (q),n >4

(¢—1)/(2,g—1)
(" —q)/(g—1)—1

n

)/2,q odd

-1
4)/(2(q +1)),q even
q)/(g+1),n odd

1)/(g+1),n even

(" —

(" = (q" -
(" —

( _

(" =D " +9/(¢*—1)—2,¢>3
(" =) " =1)/(¢*=1),¢<3
(@ + )" ' =q/(¢®=1)=1

(¢*" )/(q—l)—QQ>3q0dd
(" ="~ q)/(¢® —1),¢=3
qq’s( )Po(q) — 2
q®7(q)P12(q)P1alq) — 3
qP4(q)*Ps(q) P12(q) P20(q) Pas(q) — 4
q*(¢° —1),q odd
¢ (¢ —1)(qg—1)/2,q even
¢’(¢* — 1)
q(q> = 1)

¢*(¢* = 1)
¢*a/2(¢ - 1)

q/2(q — 1)

q(q —1)

e(PSLy(4)) =

w “l\D

DY 3 > N

1026
e(PQ1,(2)) > 151,
e(PQ7,(3)) = 2376

—
w
~—r

e(PQ4(3)) = 27
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Table 2.7: Irreducible representations of Ly(q).
(@) Lo(g),q = 1(mod 4), £ g

’ degree \ G \ 14 \ field \ ind ‘
= | ot 2 Vi -
0 an | ex2 Vi -
1] L (42 Vit
g—1 | Ls(q) I Gh |+
q—1 | 2.La(q) | ((g+1)/2)e #1 | Gy + (i | —

q | Ls(q) Cf(g+1) | T
g+1 | La(q) | ((q=1D)/De 1[G+ | +
qg+1 | 2.Ls(q) 042 gt G| -

(b) La(q),q = 3(mod 4),01q
’ degree \ G \ 14 \ field \ ind ‘

= | @ V=i | e
122 | 2na) (4 i e
g—1 | La(g) L+ | +
q—1 | 2.Lsy(q) #2 a1 TGN | —

q Ls(q) ((g+1) , |t
q+1 | Ly(q) ((g=1)/2)r #1 AR ORI
g+1 | 2.Ly(q) [ ((q—1)/2)p #1, L #2 371 + Cq_jl —

(¢) La(q),qg =0( mod 2),01q

’ degree \ G \ l \ field \ ind ‘
q—1 | La(q) TG | +
g | Laq)| L1(g+1) , s
q+1 [ Lo(q) | (q—V)e #1 | G +¢7 | +
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to (aj;). Then o is called a standard Frobenius map. In general, a map o : G — G is said
to be a Frobenius map if some power of ¢ is a standard Frobenius map. Steinberg ([46],
Corollary 10.13) showed that if o : G — G is surjective then either o is an automorphism
or (G, is finite. Now let ¢ be a Frobenius map and let GG, be the fixed point group of o
in GG. Clearly, o is a surjective map but it is not an automorphism. Hence G, is finite,
and the finite groups O (G,) are called the finite groups of Lie type in characteristic p.
A torus of the simple algebraic group G over k is a subgroup which is isomorphic to a
direct product of copies of k£*. Every torus lies in a maximal torus and all maximal tori
are conjugate in G. Each maximal torus 7" is isomorphic to k*¢, where ¢ is the Lie rank of
G, and Cg(T) = T. The group W = N (T')/T is finite and is called the Weyl group of G.
A Borel subgroup of G is a maximal closed, connected, solvable subgroup of G. It is shown
that all Borel subgroups are conjugate in G, and the maximal tori of G' are those of the
Borel subgroups of GG. Fix a Borel subgroup B and a maximal torus 7" of G. Let U be the
unipotent radical of B, which consists of all unipotent elements of the largest connected
normal solvable subgroup of B. Then B is self-normalizing, B = Ng(U) = U : T, and
there exists a unique Borel subgroup of G, denoted by B~, such that BN B~ =T, called

opposite B (relative to T'). (cf. [22], 21.3,23.1,26.2).
Modules and weights

Let L be a simply connected group of Lie type over F,, where ¢ = p/. Thus L = O (G,),
where G is a simply connected, simple algebraic group over k, and o is a suitable Frobenius
map. Fix a maximal torus 7" and a Borel subgroup B of G. Let X = X(T') be the
character group of T, the set of algebraic group homomorphisms from T to k*. If M
is any irreducible rational kG-module, that is, the corresponding map G — GL(M) is
an algebraic group homomorphism, then M = @“e M, where for p € X, we have
M,={ve M | vt=p(t)vforallte T} If M, # 0, then  is said to be a weight of M,
and M, the p-weight space of M. The Weyl group W = N¢(T')/T acts on X and induces
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a group of permutations on the weights of M. As X is abelian, it is a Z-module. Thus we
may form the tensor product £ = R (), X, and the action of W on X yields an action of
W on E. Choose a positive definite, bilinear, symmetric W-invariant R-form (.,.) on E.
Assume that £ is the adjoint module for G, that is, £ is the Lie algebra of G over
k, with the natural G-action. The set ® of weights of L is called the set of roots of G.
Select a system @7 of positive roots from &, with corresponding set I = {ay, ..., a.} of

fundamental roots, giving the Dynkin diagram as in Figure 2.6. Define a partial order on

2c0
X by writing ¢ < A if and only if A — i is a sum of positive roots. For a € &, a* = ( ]

Q,
is the co-root corresponding to a.. As L is simply connected, there is a basis {1 ..., A}

of E which is dual to {af,...,aj}, that is, with (\;, a}) = d;;. The A; form a Z-basis for
X, and they are called the fundamental dominant weights. Define X+ = {Zle ciXi |
¢ € Z,c; >0} and X, = {Zle ciXNi | ¢ €7,0<¢; <q—1}. Let L be a group of type

*By,2 Gy or ?Fy, over F a1, where p = 2 or 3. For a root a, set

%, if a is a long root,

qor) =
p*tt.if o is a short root.
We define X = {Zf=1 cihi | ¢ €7,0 < ¢; <qa;)—1}. Each member of X is called a
dominant weight.

The irreducible rational G-modules are characterized by their highest weights.

Theorem 2.35 ([22], 31.1). Let M be an irreducible (rational) kG-module.

(a) There is a unique B-stable 1-dimentional subspace, spanned by a vector v € M, (a
maximal vector), with dominant weight \, whose multiplicity is 1, and dim(M,) = 1. For
all other weights p of M, p = \ — Ele cidi < A, where ¢; € Z,c; = 0. These weights are
permuted by the Weyl group W, and W -conjugate weights have the same multiplicity.

(b) Irreducible kG-modules are determined up to isomorphism by their highest weights.
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Al e—e—e0— —o B e=e—e— —o
1

3 4 ) 1 2 3 )

Dy —o C o= - —o
2

1 2 1 2 3 4 1 3 4 5 6

G2 e Fg eo—ea=o—e g o—e I *e—o

2
1 3 4 5 6 7 1 3 4 5 6 7 8
£E7  eo—e I o—o o Eg  eo—e I o—o oo
2 2

Figure 2.1: Dynkin diagram.

(¢) For each dominant weight A € X, there ezists an irreducible kG-module L(\) of highest

weight .

The unique dominant weight A in this theorem is called the highest weight of M. The

following theorem of Steinberg shows us how to get kL-modules from kG-modules.

Theorem 2.36 ([46],§13). Let A = X if L is of type *By,* Gy or *Fy, and A = X,
otherwise. Then for X € A, the modules L(\) remain irreducible and inequivalent upon

restriction to L, and exhaust the irreducible kL-modules.

Let M be a kL-module affording a representation p : L — GL,(k), and v be the auto-
morphism of GL,(k) induced by the action of the field automorphism ¢ +— ¢” on matrix
entries. For r > 1, let M) be the space M with L-action given by the representation
pv". A dominant weight is called p-restricted if it lies in X,,. Steinberg’s twisted tensor
product theorem shows how to construct all highest weight modules L()) from those of

p-restricted highest weights.
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Theorem 2.37 ([44], Steinberg’s Twisted Tensor Product Theorem ). Let A = o +
ppr+ o+ ey € X, where p; are p-restricted for all i, and ¢ = p®. Then L(\) =

L(po) @ L(pn)M @ -+ @ L(pte—1)"".

Let wq be the longest element of the Weyl group W of G, wy can be characterized as the
unique element of W such that wo(®) = ®~, where the root system ® is the disjoint
union of ®* and ®~. Elements of &~ are called negative roots. Let L be of type Ay, Dy, Eg
or Dy over F,, L possesses a graph automorphism 7, of order 2,2, 2, or 3, respectively,

which induces a symmetry 7 on the Dynkin diagram.

—1  for types By, Cy, Dy (¢ even), Go, Fy, E7, g,
Wy =
—1  for types Ay, Dy (¢ odd), Eg.

Proposition 2.38 ([42], 1.8). L(\)* = L(—wp\).

Proposition 2.39 ([42],1.11). Let A = g+ + -+ qypig, where py, . .., g are p-restricted
dominant weights and q, . .., qx are pairwise distinct powers of p. Then G leaves invariant

a non-degenerate bilinear form on L(X) if and only if G leaves such a form invariant on

each of L(p1), ..., L(p).

Proposition 2.40 ([45]) Let L be a group of Lie type over F,.
(¢) If L is untwested or of type 2By,®> Gy or *Fy, then ¥, is a splitting field for L.
(4d) If L is of type *As,2 Dy or ?Eg, then F 2 is a splitting field for L.

(¢ii) If L is of type *Dy, then F s is a splitting field.

Proposition 2.41 ([29], Theorem 5.4.5). Let L be simply connected of Lie type over
F,c, and suppose that V' is an absolutely irreducible F,r L-module which is realized over

no proper subfield of F ;.
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(1) If L is untwisted, then f | e and there is an irreducible kL—module M such that

Veok2Meo MW ... ME D,

In particular, dim(V) = dim(M)¢/7.
(i1) If L is of type * Ay, 2Dy or *Eg, then one of the following occurs.

(a) fle, V=V there is an irreducible kL-module M such that M = M™ and

Vok2 Mo MPDe. ..o M.

In particular, dim(V) = dim(M)¢/7.
(b) f | 2e but f does not divide e, V % V™, VU/2 22 V7 there is an irreducible
kL-module M such that M 2 M™ and

Veok~M® (MTO)(f/Q) QMY @ (M™)D g...@(M™) ) g pmEeh)

In particular, dim(V) = dim(M)?*/1.

(iv) If L has type >Dy, then either f | e and (i1)(a) holds or f | 3e, but f does not divide
e, and V @k is a tensor product of 3¢/ f modules M @ (M™)//D @ M) @ (M™)B3/ /2 g,
and dimV = (dimM )3e/9),

(v) If L is of type > Ba,*> Go or *Fy over F,, where ¢ = p**™' and p is 2,3 or 2, respectively,
then f | 2a + 1 and dimV > R,(L)®¢tV/f where R,(L) is 4,7 and 26 for types 2By,2 G,

and %F,, respectively.
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CHAPTER 3
RANK 3 PERMUTATION CHARACTERS

AND MAXIMAL SUBGROUPS

3.1 Higman rank 3 parameters and the equation

Let G be a finite group acting transitively on a non-empty finite set €. Let P be a stabilizer
of a point x € € in G. Recall that the action is primitive if and only if P is maximal
in G. Also the rank of GG is the number of orbits of P on €. Now suppose that G is of
even order and acts primitively rank 3 on €. So P has exactly three orbits on &, namely,

{z}, A(z) and I'(x). Define k = |A(x)|, | = |I'(x)| and

A@nag) =] * e
if y € A(x)
r@nrg =4 " e

pr if y € Ax).
Suppose that k < [.

Lemma 3.1 ([18], Lemma 5 and 7). Let G act primitively rank 3 on €. Then
(1) |€ =k +1+1;
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(11) ul = k(k —1—X);
(1ii) D = (A — p)* + 4(k — p) is a square;
(i) Mi=1—k+p—1;
(v) pr =1—k+ X+ 1.

Let V be the permutation module for G on & over C, hence € is a basis for V. Further
A and I can be viewed as linear maps on V, via the corresponding = +— Zye Aw) Y and
T — Zye r@ Y for x € €, and extend linearly. We have Y c¢y is an eigenvector for A and

I, with eigenvalues k and [, respectively. Other eigenvalues for A and I are as follows:

Lemma 3.2 ([18], Lemma 6). The eigenvalues for A are:

A—pu++vD A—pu—+D
S:# and t:#

Lemma 3.3 ([2], 1.4.3). Forr € {s,t}, the eigenvalues for I are —(r + 1).

Let V.., r = s or r = t, be the irreducible modules for G on V' which is the eigenspace for

A with eigenvalue r. Let f, = dim(V}.).

_k+ik+1) andft:k—ks(k-l—l).

Lemma 3.4 ([18]). fs PR s — ¢t

Let M be any subgroup of G. Fix € €, and let P = G,. By identifying & with G/P,
corresponds to the coset P in G/P. Consider the action of G on the right cosets G/M and

form the permutation module V};. Denote by y the coset M as a point in G /M. Define
d=d, =|tMNA(z)| and ¢=¢, = |zM N I(z)].
As G acts transitively on € and G/M, G = € and G/M = yG. Define o : V- — V) by

a(zg) = Xpepypg for g € G

44



and 0 :Vyy — V by

B(yg) = Ememrxmyg for g € G.

Then o and 3 are CG maps and 6 = WlﬂM\ﬂ oa € Endeg(V). The map 0 can be

written in terms of linear maps A and I as follows:

dA el
Lemma 3.5 (2], (2.1). 0=1+ =~ + CT

Proof. For any g € GG, we have

1 1 1
0(zg) = mﬂ(@@g)) = m.ng(ypg) = PP M Z rmpg.

cP peEPmeM

Let O be one of the three orbits of P on € and vp = ) ou € V. As P acts on O,

xmp € O if and only if zm € O, in which case since P is transitive on O,

Moreover there are |M,| = |P N M| elements in M fixing « and |P N M|d,|P N M|c

elements m € M with xm € O for O = A, I, respectively. Therefore

Oag) = (e + 2+ Py = (14 92 1 D).

This proves the lemma. [ |

For r = s,t, let m, be the projection of V on V.

Lemma 3.6 ([2], (2.2) and (2.3)). Let r = s ort, then
(i) 6 o m, = 0 if and only if V, < ker(0);

(ii) If 0 o m, # 0 then o =V, — Vi is an injective CG map;
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(111) Forr=s,t: 0om. =0 if and only if

14+ — = . (3.1)

Proof. (1) is clear as m.(V) = V,.. By Lemma 3.4, V; is not CG-isomorphic to V;, so that
0:V,— V.. AsV, is irreducible CG-module, 0 is an isomorphism if # is non-zero. Thus

(2) follows from (1). For (3), let r = s,¢t and v € V. Let ¥ = A or I'. Then

(Xom)(v) =e(X,r)m(v),

where e(X,r) is the eigenvalue of ¥ on V,.. Thus ¥ o, = e(X,r)m,.. From definition,

e(r,A) = r and by Lemma 3.3, e(r, ') = —(r + 1). Therefore by Lemma 3.5, we obtain:

dA I dr  (r+1)c
‘9077'7"—(I‘i‘?‘i‘T)oﬂ'r—(l‘i‘?_f)ﬂ'r-
Thus 6 o 7. = 0 if and only if
dr  (r+1)c
14+ —— =0.
k [ 0
This finishes the proof. [ |

As G is a primitive rank 3 group on € with P the stabilizer of a point x in &, the
permutation character 1§ has a decomposition 1% = 1 + y, + X, where 1 is the trivial
character, and yj, x; are irreducible characters of GG, afforded by the irreducible modules
Vi, Vi, with degrees f, f, respectively. We say that 1§ < 1§, if 1§, — 1% is a character
of G. This is equivalent to (x,,15;) > 0 for any r € {s,t}. By Lemma 3.6, for r € {s,t},
(xr, 1§;) = 0 if and only if equation (3.1) holds for any z € €. Note that the parameters

¢, d depend on x, or equivalently, on the conjugate of P. When we pick different conjugate
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of P, parameters ¢ and d change. Thus for r € {s,t}, if equation (3.1) does not hold
for some point z € € or some conjugate of P, then by Lemma 3.6, there is an injective
CG map from V. to Vi and hence 18 < 1§,. Otherwise we need to change to different
conjugate of P or different point in €. See Proposition 3.20 for such an example.

The following result will be used frequently to show that there is no containment if

M has at most 2 orbits on €.

Corollary 3.7 Let G be a primitive rank 3 group acting on a finite set €. Let P be the
stabilizer of a point in €, and M be any subgroup of G. If M has at most two orbits on

€, then 14 £ 1§,

Proof. By way of contradiction, suppose that 14 < 1§,. Then ¢ = 1§, — 1% is a character
of G. Thus (1%,15)) = (15, ¢+ 1§) = (15,15) + (1%, ¢) = 3+ (1%, ¢) > 3, since ¢, 1§ are
characters of G. By Lemma 2.21, (1§, 1%,) is the number of orbits of M on G/P. Now, by

identifying € with G/P, M has (1%,1§,) > 3 orbits on &. A contradiction. [

3.2 An example

Let L = Q5(3). By Theorem 2.16, we have isomorphisms: €25(3) = PSp4(3) = PSU4(2).
Information on the maximal subgroups of L, extracted from [9], is given in Table 3.1.
Let  be a minus point and P the stabilizer in L of z. From Table 3.1, we have P = S;
and the permutation character of P in L can be decomposed as 1% = 1a 4 15b + 20a. It
follows that L has exactly 3 orbits on the cosets L/P. Since P is maximal in L, L acts
as a primitive rank 3 permutation group on L/P. Let M be any maximal subgroup of
L which is not conjugate to P. For example, take M to be the stabilizer of an isotropic
point. Then M = 33 : S, and 1%, = la + 15b + 24a. We have 1§, — 1% = 24a — 20a,
which is not a character of L. Thus 1% £ 1%;. In fact, for any maximal subgroup M of L

which is not conjugate to P, 1% £ 14,. Note that L is also a primitive rank 3 permutation

47



Table 3.1: Maximal subgroups of Q5(3)

’ Order ‘ Index ‘ Structure ‘ Character ‘ Specification ‘
960 27 24 As la + 6a + 20a | base
720 36 Se la + 15b + 20a | minus point
648 40 3724, la + 15a + 24a | isotropic line
648 40 3% S, la 4 15b + 24a | isotropic point
576 45 | 2+ (Ay x Ay).2 | 1la+ 20a + 24a | plus point

group on the cosets L/M for any maximal subgroup M of L. In general, we expect more

containments.

3.3 Main Hypothesis and Notations

From now on, we assume the following set up. Let L be one of the following quasi-simple
groups Qo 11(3), or Q5,.(3) with m > 2 or m > 3, respectively. Let V' be the natural
module for L over F = F3 with a non-degenerate quadratic form @. Denote by &(V) an
L-orbit of non-singular points in V. Let G be a group such that G acts as a primitive
rank 3 group on &(V), and L 9 G,G/Z(L) < Aut(L/Z(L)). We say that G is a nearly
simple primitive rank 3 group of type L. Observe that L <G < I(V'), where I(V) is the
full isometric group of V. Denote by P the stabilizer of a point in (V). The letter M
will be reserved for the maximal subgroup of G. If M € C(G) then for any subgroup X
satisfying Q(V) < X < Z(V), the X-associate of M is denoted by Mx. If M € S(G)
then we denote the socle of M by S. Then S is a non-abelian finite simple group and the
full covering group S of S acts absolutely irreducibly on V' and is not realizable over a
proper subfield of F. Moreover S fixes a non-degenerate quadratic form on V' so that the

Frobenius-Schur indicator ind(V') is +. (See Section 2.2 and 2.3).
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3.4 Qoii(3)

3.4.1 Parameters for s, 1(3)

We now assume the hypothesis and notations in section 3.3 with L = Qq,,11(3),m > 2.
There are two types of non-singular points in V, namely + and — points. For £ € {£},

denote by €¢(V') the set of all non-singular points of type &. For any (z) € &(V), define
A(r) = ¢(V)Nnat and I'(z) = (V)N (V — 2t — {{z)}).

Then P has exactly three orbits {(x)}, A(z) and I'(x) on &(V). For £ = £, we write £

instead of £1 to denote +1. Recall the Higman rank 3 parameters defined in section 3.1.

Lemma 3.8 Let £ € {+} and (z) € (V). Then
(i) [€(V)| = 337 (3™ + &);

(i) k= 4337 = ©);

(iii) 1 = (3™ — £)(3™ ™ + &);

fiv) 1= X = S3m (3 — g);

(v) VD = 2.3,
(vi) s =31
(vii) t = —3m1.,

Proof. Let v = Q(x). We have py(x) = sgn(zy;) = €. Since ¢ = 3, by Lemma 2.10,
E(V) = {(v) | v € V,}. Observe that each point in V" has g — 1 representatives. Therefore

by Lemma 2.11, [€(V)| = 35(2m + 1,2) = (3% 4 £3™) = $3™(3™ + ¢), which gives

% -
(¢). From definition k = |A(z)| = |€(V) Nzt = [{{v) C z* | Q(v) = Q(z)}|. By
Lemma 2.11 again, k = $5°(2m,~) = 35%(2m,v) = 2(¢*"~! — {&¢™'). The parameter [
can be computed easily by the relation 1 + k 4+ 1 = |€(V)|. This proves (ii) and (7).

To compute A, take (y) € A(z). Then p(y) = p(z) = &, (z,y) = 0 and Q(y) = Q(z).
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We have A = |A(z) N A(y)] = 5l{v € == ny* | Qv) = Q)}] = 352m — 1,2),
where z € W := 2t Nyt = (z,y)* with Q(2) = Q(x). We need to determine py/ (z) =
sgnziy. Since 2t = (y) L (y*Nnat) = (y) L W and W = z5 L (2), we deduce
that t = (y,2) L 2, where dimzg;, = 2m — 2,dimW = 2m — 1 and dim(y, z) = 2.
Now, as D(y, z) = det(diag(—v, —v)) = O, by Proposition 2.6, sgn(y, z) = (—)! = —.
It follows from Proposition 2.7 that sgnzj;, = —sgnzt = —¢. Thus by Lemma 2.11,

A = 3(3%m72 — ¢3™71), which is (iv). The remaining parameters follow from Lemma 3.1

and Lemma 3.2. [ |

Corollary 3.9 Let M be a subgroup of G and & € {£}. Suppose that equation (3.1) holds
for some r € {s,t}, and for some M-orbit (x)M with x € (V). Then
(1) If (§,7) = (4, s) or (—,t) then equation (3.1) has the form

¢c—2d=¢3"—1. (3.2)

(12) If (&,7) = (+,1t) or (—, s) then equation (3.1) has the form

(E3m 1+ 1)(E3m —1+c—2d) = 2¢ (3.3)
(1ii) If m > 2 then
3"+ 1
l+c+d> ; > 3m L (3.4)

Proof. From definitions ¢ > 0 and d > 0. Let A = 1 + ¢ + d. Multiply both sides of

equation (3.1) by [, we have (r + 1)c =1+ % Subtract % from both sides,

(r+1)c — % ~1 (3.5)

(1) If ¢ = + and r = s, then by Lemma 3.8, we have r = 3™~ [ = (3™ —1)(3™1 +1),
l
and = 2(3™1 +1)/3™1. From (3.5), (3™ '+ 1)c—2d(3™ 1 +1) = (3" —1)(3™ 1 +1).
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Divide both sides by 3™ ! 4+ 1, we get ¢ — 2d = 3™ — 1 = £3™ — 1. Hence ¢ = 2d + 3™ — 1.
Thus A =3"+3d > 3™ > +(3™ + 1).

(2) If ¢ = — and r = t, then by Lemma 3.8, we have r = —3™7! [ = (3™ +1)(3™" 1 —1),
and é =2(3m"1—1)/3™"! From (3.5) (—=3™ '+ 1)c+2d(3" 1 —1) = (3" +1)(3" "t —1).
Divide both sides by 3™ 1 — 1, we get ¢ — 2d = —3™ — 1 = £3™ — 1. In this case,
2d=3"+14c Sincec>0,24A=242c+3"+1+c=23"+3> 3"+ 1.

(3) If ¢ = + and r = ¢, then by Lemma 3.8, we have r = —3™~1 [ = (3™ —1)(3™"141),
and é =2(3™"1+1)/3™"1 From (3.5) (=3™ '+ 1)c+2d(3™ 1 +1) = (3™ —1)(3" 1 +1)
or2c=3"1+1)(3"—1+c—2d) = (3" 1 +1)(§3™ —1+c—2d), and 2d(3" 1 + 1) =
(31 4+ 1)(3™ — 1) + (3™ — 1)e. As ¢ = 0, 2d(3™ 1 + 1) > (3™ 1 + 1)(3™ — 1), or
2d>23"—-1.Now2A=2+42c+2d>22+2c+3"-123"+1.

(4) If ¢ = — and r = s, then by Lemma 3.8, we have r = 3™~ [ = (3™ +1)(3™~1 — 1),
and é — 9(3m1 — 1)/371 From (3.5) (371 4 1)e — 2d(371 — 1) — (3™ 4 1)(3™1 — 1),
or equivalently 2¢ = (3™ 1 —1)(3"+1—c+2d) = (£3™ 1 4+1)(£3™ — 1+ ¢ —2d). Therefore
(3™ 14 1)e = (3™ —1)(3™+1)+2d(3™ " —1). Asd > 0, ¢ = (31 —1)(3™+1) /(3™ +1).
Now A > 14 (3™ = 1)(3™ +1)/(3" 1 +1) = (3> =37 1)/(3™! + 1). However
(321 — 3m=1) /(31 4 1) — 1(3m 1) = (37 — 1+ 37 (3m2 — 1)) /(2(37 4+ 1)) > 0.
Therefore A > 1(3™ +1). Finally (3™ + 1) > 13™ > 3™~!. The proof is completed. M

3.4.2 Permutation characters of maximal subgroups in C

By Proposition 2.6.2 in [29], A =1 =5 x (—1) and S = Q(rgrg). Let M € C(G) be a
maximal subgroup of G. Let Mz € C(Z) be such that M = GNMz=. Then M; = Mx = Mz,
and MQ < M < M].

The reducible subgroups C;

The reducible subgroups C; are all the groups Mz of the forms N=(W), where dimW = «,

n
1 < a< 5 and W is either non-degenerate or totally singular. The corresponding
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subgroups are of type O%'(q) L O;%.(q) or P,, where n = dimV,e; = sgn(W), ey =
sgn(W+), and (a,e;1) # (n — a, &2). The subgroup Mz is maximal in = except when Mz

is of type O3 (3) L O,_2(3), as it is contained in subgroups of type O1(3) L OF [(3).

Proposition 3.10 Assume M is of type O (3) L 052, ,_,(3). There is an M-orbit on
€:(V) such that equation (3.1) does not hold unless M is of type O1(3) L O5%,(3). In this

case M is in Table 1.1.

Proof. As M is of type O2(3) L O32,,1_4(3), there exists a non-degenerate subspace
W < V of dimension a such that M = Ng(W). Put W, = W, Wy, = W, g; = sgnW,.
Write X; = X (W;), where X ranges over the symbols €2, .S and I. By Lemma 4.1.1 in [29],
we have M; = I} x I, and €1 x 2y < Mg. Without loss of generality, we can suppose that
dimW; = 2b+1, where 0 < b < m. If b = 0, then the proposition holds. Assume that b > 1.
Then W; contains non-singular points of both types. Let (z;),i = 1,2 be non-singular
points in Wy of different types. By Lemma 2.3, (z;) = (z;)11,7 = 1,2. Moreover, as
I, centralizes x;,1 = 1,2, we have (x;) Mq = (x;) M, so that (z;) Mg = (x;) M. Thus it is
sufficient to compute parameters ¢, d for subgroup Mg in L. Let z € {x1, 22}, n = pw, ()
and ¢ = py(z). Since (z)Mq = &, (W), it follows that ¢ = {(W;) and d = k(WV;), the
parameters for &, (W;). By Lemma 3.8, d = $3°° (3 — ), ¢ = (3" —1)(3"~* + 1), and so
¢ —2d = n3” — 1. Suppose that equation (3.1) holds for some r = s,¢ and any M-orbits
on €¢(V). If (3.2) holds then 73” — 1 = £3™ — 1. This implies that b = m, a contradiction.
Thus (3.3) holds. Then (3™~ 4 &)(3™ — 26 + &n3®) = 2(3° — 7)(3°~1 + 7). Observe that
m — 1 > b. Assume first that m — 1 = b and £ = —n. We have 3™ ! + ¢ = 3* — 5 and
3m — 26 + €n3b = 3P+ 4+ 2 — 3% = 2(3° + 7). Clearly 2(3° +n) > 2(3*~! + 1), and hence
equation (3.3) does not hold in this case. Next assume that m —1 = b and £ = 7. Then
(3" +E)(3m—28+En3°) = (3°+€) (371 —26+3°) = 2(3°+n)(2.3°—n) > 2(3°~+n)(3°—n),
a contradiction. Finally assume that m — 1 > b so that m — 1 > b+ 1. Then 3™ 1 + ¢ >

3¢ >3 —pand 3m—26+&n3° > 9.3 —2¢ — 3% = 8.3 —2¢ > 2(3°"1 +p). Multiplying
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these two inequalities side by side will lead to a contradiction. Thus equation (3.3) does

not hold. Therefore b = 0 and so W is a point or a hyperplane. |

Let W be a totally singular subspace of V' of dimension «. By Witt’s Lemma, we can

assume that W has a basis {e,...,e,}, where the vectors e; are taken from a standard

basis of V. Let

Y ={(fi,.--, fa), and X = (eai1,- - m, farls -y fm, Q).
Then V= (W@Y) L X, Wt=W L X. Finally let
U = Cron(W, W+ /W, V/WH), and N = Nygn(W, Y, X).

The relation among these groups is given in the following lemmas.

Lemma 3.11 ([29], Lemma 4.1.9). Assume that n = 2m is even and that case U, S
or OF holds. Let = {e1, -+ ,em, f1, -+, fm} be the corresponding standard basis. Let
Wi={(e1, - em), Wa=(f1, -+, fm), and Ty = Ny, (W1, Ws), where V = (). Then
(1) To = GLy,(¢") and Ty acts naturally on Wh.

(i1) As To-modules we have Wy = W, where « is an element of order u in Aut(F).
(1ii) To N QAUV) = {z € Ty | detw,(x) € (F*)*}, where z = ¢+ 1,1,2 in cases U,S and

O, respectively.

Lemma 3.12 ([29], Lemma 4.1.12). Let W be a totally singular subspace of V. Keeping
the notations above, we have:

(1) My =U : N;

(i1) N =Ty x I(X), where GLo(¢") ~To < I(W @Y), and Ty acts naturally on W; and
as Ty-modules we have Y = W,

(1ii) U is a p-group and U < Q(V).
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It follows from (i) and (i4i) of Lemma 3.12 that Mg = U(N NQ(V)).

Proposition 3.13 Assume M is of type P,. Then M has at most two orbits in E¢(V)

so that 16 £ 1§, by Corollary 3.7 and so M is in Table 1.1.

Proof. We will show that Mq has at most two orbits on (V'), and hence we deduce that
M also has at most two orbits on &(V'). Assume the notation above and denote by f the
associated bilinear form of (). From definition M stabilizes a totally singular subspace W
of dimension «. Let Y and X be defined as above. By Proposition 2.8, X has a basis
Bx = {x1,...,2s}, with s = 2m + 1 — 2a = 2(m — «) + 1, such that [f ]g, = A,
where D(X) = Mmod (F*)?). Let 8 = {e1,...,€q,T1,--,Ts, f1,--- fa} Let z € X be
a non-singular point with £ = px(x). As sgn(W @ Y) = +, £ = pv(z). If @ < m, then
s =dim(X) = 2(m—a)+1 > 3, so that X contain both plus and minus points. Otherwise,
X has no minus points. As Q(X) < Mg, and U < Mg, we have z(Q2(X)U) C xMg. For
any v € z)(X), w € W, we will show that there exists u € U such that vu = v + w,

which implies that [(2)Q(X)U| = |€¢(X)|.|W|. Thus

|<x>MQ| 2 %'ZL‘Q(X)U| — |W||€§(X)| = 3a.%3m—a(3m—a _’_5)) — %3771(37%—04 _’_5)

Therefore
) Mo| > 53M(3™ + €). (36)
Let B = [f]s- Then
0O 0 I,
B=|0 AL 0
I, 0 0

We have [v]g = (0,a,0) and [w]|z = (b,0,0), where a,b are row vectors in F° and F?,

respectively. Since v is non-singular, v is non-zero. Choose B € M., (F) such that
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aB =b. Let
C=-\N"'B A+ A'= \"'B'B=-)\CC",
and
I, 0 0O
u=|B I, 0
A C 1,

Then uBu' = B, u centralizes W, W~ /W and V/W+*. Thus u € U and vu = v + w.

Let z = ney + fi € V, where n = Q(z). Then Q(z) = Q(x) so that (x) and (z)
belong to the same (2-orbit of non-singular points in V. Let T' = %TO. By Lemma 3.11,
SL,(3) ~T < NNQ < Mg, and so TU < Mg, where Ty, N are as in Lemma 3.12. Thus
2(TU) C zMg. We find the stabilizer (TU), in TU of vector z. For any g € TU, there

exist h € T',u € U such that g = hu. We have

hlg=|0o 1, o |,andulg=|B I, 0 |,
0 0 D* A C I,

where D = (d;;) € SL,(3), D* its inverse transpose, and
C=-\N'B, A+ A= -\"'B'B=-)\CC".
Thus [g]s = [hu]g = [h]s[u]s. Suppose g € (TU),. Write

E, = (n,0,...,0) and Fy = (1,0,...,0).
—— ——

« «
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Then [z]s = (E1,0, F1). As zg = z, we have

D 0 0
(E1,07F1) B Is 0 = (E1707F1)7

D*A D*C D*
or (EID -+ FlD*A, FlD*O7 FlD*) = (El, O, F1>, hence

Fjll)ﬂ< == F1
FD*C =0
E.D+ F,D*A = E;

Since 1711)>’< = Fl;

1 0 1 —b'D, 1o
D* = .D = ,and D7 = ,
b D 0 D 0 D;*

where Dy € SL,_1(3) and b is a column vector of size «—1. As F1 D*C = 0 and F} D* = F,
we have [7C = 0. Hence

co Ch ap Ay

where Cy € M,—15-1(3), ¢ is a column vector of size o — 1, A} € M,-1(3),a11 € F and

a, ag are row, column vectors, respectively, of size a — 1. Now as

ElD -+ FlD*A - ElD -+ FlA = Eb
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we have

1 _thl a1 a
(€,0) +(1,0) = (n,0).
0 D1 ap Al

It follows that (1 + ai1,a — nb*Dy) = (n,0). Therefore a;; = 0 and a = nb' D;.
Finally as A + A' = —\CC", we have

0 ap + nb* Dy \ 0 0

ap+nDib A + At 0 coch+ CL1CH

hence ag = —£D1b, Ay + Al = —A(coch + C1Cf) and

A 0 77th1

In summary, for any g € (TU),, we have

D 0 0 D 0 0 I, 0 O
vs=| B I, of|=|0 I, 0 B I, 0],
D*A D*C D* 0 0 D* A C 1,
where
1 —b'D, 1 0 0 0 0 b Dy
= ) D = ) C= ’ A= )
0 D1 b DT Co Cl —fDib Al

B =-\C"€ M,,(3),

Wlth Cl I~ Ma,175,1(3), Al € Ma71<3)7 b, Co I~ Ma,171(3), A1 + Ali = —)\_1(0006 + Clcf),
Ae My(3),D,D* € SL,(3),C € M, +(3). We see that the subgroup of SL,(3) generated
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by all matrices D is isomorphic to Uy : SLs—1(3), where Uy is an elementary abelian sub-
group of order 3*~!. Given such D, there are 3¢~1+(@=1D(=1) choices for C and 33(a-1)(a=2)

choices for A. Therefore
|(TU)Z| _ 3a_1.|SLa_1<3)|.3a_1+(a_1)(8_1)4_%(&_1)((1_2).

Since |U| = 3*st22@=1) we have |2(TU)| = |TU : (TU).| = 3t*~1(3* — 1). Thus

1(2) M| > %3S+a—1(3a _). (3.7)

It follows from (3.6) and (3.7) that

€c(V)| > ()Mol +[(2)Mal > Z8™(3™*+6)+ 287~(3~1) = Z3"(3™+€) = |&(V)]

Therefore |(x) Mq| = |(z)QUX)U|, |(2) Ma| = [(2) MqU|, so that &:(V) = (x) Mq U (z) M.
Hence M, has at most two orbits on & (V). Clearly as Mg < M, (z)Mq C (x)M and
similarly (2)Mq C (2) M. Since E¢(V) = (x)Mq U (2) Mg and (x)M U (z) M C E¢(V), it
implies that €¢(V) = (z) M U (z) M. Thus M has at most two orbits on &(V). |

The imprimitive subgroups C,

A subspace decomposition D = {Vi,...,V,} of V is a set of subspaces V1, ..., V} of V with
b>2such that V=V, @&V, & ---V,. Let & be a subgroup of GL(V). The stabilizer in
& of D is the group Ng{V1,...,V,}, which is the subgroup of &, permuting the spaces V;
amongst themselves and denoted by &p. The centralizer in & of D, is the group & p) =
Ng(Vi,...,V;), which is a subgroup of & fixing each V;. We also define ¥ = &p /& p).
If the spaces V; in the subspace decomposition D all have the same dimension «, then
D is called an a-decomposition. If the Vs are non-degenerate and pairwise orthogonal,

then D is said to be non-degenerate. For any vector v € V, v can be written in the
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form v = vy + vy + -+ + v, where v; € V;. We define the D — length of v to be the
number of non-zero vectors v; appearing in v, and denote by D, the number of all points
of D—length k,1 < k < b. The members of Co(I'O,,(q)) are the stabilizers in I'O,,(¢q) of

a-decomposition D of V' such that D is non-degenerate and if & = 1 then ¢ = p, a prime.

Lemma 3.14 ([29], Proposition 4.2.11,4.2.15,4.2.15). Let Mq be the stabilizer in (V)
of a non-degenerate a-decomposition D and n = ba. Then

(i) If a > 1, then Mg = Q(V')p).S.

(it) If « =1, and ¢ = £3 (mod 8), then Mg = Q(V)(py.Ap.

Lemma 3.15 Assume that D is a 1-decomposition of V with q odd. For 1 < k < n,
Dt = (g — 1)1 7).
A= -0 ()

Proof. Without loss of generality, we can assume that V' has an orthonormal basis § =

{v1,--+ ,u,}. If v € V has D-length k then v is a linear combination of a set of k basic
n

vectors taken from the basis 3, with coefficients in F. Clearly, there are ( k;) choices for

k-sets, and for each k-set, there are (¢ — 1)*~1 points of length k. The result follows. W

Lemma 3.16 Assume G is nearly simple primitive rank 3 of type Q5(3) with € € {o, £}
and M is of type O1(3) 0 S,,. Let = {x1,...,x,} be an orthogonal basis for V. Then
(1) If z=xy thendy =d. =n—1 and ¢c; = ¢, = 0;

(2) Ifz=21+ x5 thendy =d. =n*> —5n+7 and ¢y = c, = 4n — 8.

Proof. By multiplying a suitable non-zero constant to the quadratic form ), we can
assume that V' has an orthonormal basis = {1, ..., x,}. Setting r; = r,,, the reflection

along vector z;. Then we have

I(V)py = (rill <i<n)=2" and Q(V)p) = (rirs]1 < i, <n) = on—1
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For 1 < i # j < n, we see that r,,_,, permutes {z;,7;}, and fixes x, for any ¢ & {i, j}
and so 7, ,; acts as a transposition (i, j). Thus if we denote by J, the group generated
by all reflections 7y, _,;, where 1 <@ # j < n, then J = S, and hence J;, the subgroup
of J generated by 74,4, 7¢,—a,, With 7 # j, 7 # s is isomorphic to A,. By Lemma 3.14(i1),
Mq = Q(V)pyJi. For any 1 <i # j < n, as (x;, ;) = 0, r; fixes x;. Hence Q(V')p) leaves
invariant point (z1), and (x1 + 22)Q(V)(p) = {{(x1 + z2), (x1 — 22)}, as (x1 + x2)rors =
1 — x9. By (4.2.17) in [29], we have M; = Mq(rs,roy—s,). Thus ()Mo = (x)M; for
any x € {x1, 21 + 22}, so that it suffices to compute the parameters for Mg in L. Now,
since n > 5, A, acts transitively on the set {1,2,--- ,n}. Thus (x1) Mg = {{(x1), -+, {(zn)}.
Hence 1+c;+d; = n. Moreover, as (z;,71) = 0 for any i > 1, we have d; = |z N(z,) Mq| =
{(z2), - ,(zn)}| = n—1, and so ¢; = 0. Similarly, as A,, acts doubly transitively on
{1,---,n}, we have (z1 + x2)Mq = (@1 + 22)QUV ) 1)1 = {(x1 + 22), (x1 — 22) } 1.
Thus 1+ ¢ + dy = [{x1 + 29)Mg| = D? = n(n — 1), by Lemma 3.15. For any (v) €
(z1422)t N (21 +22) Mg, (v) = (x; £ 1;) for some i # j € {1,--- ,n} and (v,z; +x2) = 0.
Clearly, (v) is generated by z1 — 29 or x; £, for some i < j € {3,--- ,n}. By Lemma 3.15

again, dy = |[(z1 + 22)t N (z1 + 22)Mg| =D? ,+1=n?>-5n+7,and so c; = 4n — 8. W

Proposition 3.17 Assume M is of type O1(3) 1S, with n = 2m + 1. There is an M-
orbit on €¢(V') such that equation (3.1) does not hold unless (n,&,r) = (5,+,1t), (7, +,1)
or (5,—, ), in which cases M has 2 orbits on (V) so that 1§ £ 1§, by Corollary 3.7,

and hence M is in Table 1.1.

Proof. Retain the notations in previous lemma. By Proposition 2.6, sgn(zi) = (—=1)™
and sgn(r; + zo)t = (=1)™*! as the discriminant of the corresponding subspaces is
square or non-square respectively. When m is even z; is a plus vector and x; + 9 is

a minus vector and vice versa when m is odd. Let z € {z1,27 + x2}. We consider the

following cases:
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(1) (x) is a plus point. If m is even then we choose z = z;. By Lemma 3.16 d =
di =n—1,¢c=c¢ = 0. Then £k = —rd, so r must be t and so 3™ — 1 = 4m. This
equation holds only when m = 2 and hence n = 5. If m is odd then choose x = x1 + 9,
and hence d = dy = (n —2)(n —3) + 1,¢ = ¢ = 4n — 8 by Lemma 3.16 again. Then
c—2d = 14n—2n*—22. Asn > 5, 2n? +22 > 14n so that ¢ — 2d < 0. Therefore, equation
(3.2) cannot hold. If equation (3.3) holds then (3™~ +1)(3™ — 1+ c¢—2d) = 2c. It follows
that (3™ 1+1)(3™ —1+14n—2n%—22) = 8(2m—1). If m > 5, then 3™~ ' +1 > 8(2m —1),
hence this equation cannot hold. For 2 < m < 4, the equation occurs only when m = 3.
Thus equation (3.1) holds only when r =t and m =3 orn =7.

(77) (x) is a minus point. If m is odd then z = x; and d =n—1,¢ = 0. Then k = —rd.
It follows that r = ¢, and hence 3™ + 1 = 4m. Since m > 2,3™ + 1 > 4m, so that this
equation cannot hold. If mis even, x = 1 +x9 andd = (n—2)(n—3)+1,c = 4n—8. We
have 2d — ¢ = 2n?+ 22 — 14n. If equation (3.3) holds then (3™ 1 —1)(3"+1+2d—c) = 2,
hence (3™ — 1)(3™ + 1 4 2n% 4+ 22 — 14n) = 8(2m — 1). Since 2n* 4+ 22 — 14n > 0,
(3™ —1)(3™ +1+2n?+ 22— 14n) > (3™ ' = 1)(3™ + 1) > 8(2m — 1) for any m > 3,
and when m =2, (3™ ! —1)(3™ +1+2n% +22 — 14n) = 24 = 8(2m — 1). If equation (3.2)
holds then 2d — ¢ = 2n? + 22 — 14n = 3™ + 1. We can check that 3™ + 1 > 2n? + 22 — 14n
for any m > 2. Thus equation (3.1) holds only when m =2 or n =5 and r = s.

To finish the proof, we need to verify that when these cases happen then equation
(3.1) also holds for all (x) € &(V). In view of Corollary 3.7, we will show that there
are only two orbits of non-singular points of specified types. Firstly, suppose that n = 5.
Then m = 2, and |&| = £3™(3™ + &). In this case, (x1)Mq and (z1 + 2 + x3 + 24) Mg
are two orbits of plus points with orbit sizes 5 and 23 (Z) = 40, respectively. However,
¢ (V) = 332(3° + 1) = 45 = 5+ 40. Hence there are only two orbits of plus points.
Similarly, (x; + x9) Mg and (z1 + x5 + x5 + x4 + x5) Mg are two orbits of minus points

with orbit sizes 2(3) = 20 and 2*(7) = 16, respectively. Since [€_(V)| = 132(32 — 1) =
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36 = 20 + 16, there are exactly two orbits of minus points. Finally, suppose that n = 7,
and £ = +. Then m = 3 and €, (V) = 133%(3® + 1) = 378. In this case, (1 + z2)Mq and
(x1 4 x93 + 23 + x4 + 5) Mg are two orbits of plus points with orbit sizes 2(;) = 42 and
24 (57)) = 336. Clearly, as 336 + 42 = 378, these are only two orbits of plus points. This

completes the proof. [

We next consider the case when o > 1. Since dimV is odd, it follows that o and b are

both odd. Write a = 2a + 1,b = 2b; + 1.

Proposition 3.18 Assume M is of type O (3) 1Sy, with a > 1 odd. There is an M-orbit

on €¢(V) such that equation (3.1) does not hold so that M is not in Tables 1.1-1.3.

Proof. We can assume that V' has an orthonormal basis which is the union of orthonormal
bases of all V;. Let N = Q; X Q5 X -+ x ), < Mg. By Lemma 4.2.8 in [29], we have
My; = 1;0Sy. Thus 115, < Mg < M. Since o > 1 is odd, o > 3 and so V; contains both
plus and minus points. Let z¢ € V; be a non-singular vector of type £ € {£}. Clearly
() 1Sy = (x¢) 1 1Sy, we conclude that (ze) Mg = (xe) M = (x¢)N.Sp. Thus we only
need to compute the parameter for Mg in L. Since S, < Mg permutes the Vs, and

centralizes Vi, for all i > 1,
(xe) Mo = (26)N.Sy = (w¢) Q1.9 = €(V1) S = Uj_ E(V).

Thus A = [(z¢) M| = b.33%(3* + ) by Lemma 3.8(i). Hence A < 1.6.3%(3* + 1). In view

) 2
of inequality (3.4), it suffices to show that $3™ > £b.3%(3* + 1). Since m = ba + by, this

inequality is equivalent to 3% > $.3%.(34+1). Asb >3 and a > 1, 3% > 3% = 3¢.3% >

b—1

3.3% > 3224 3% Now, if we can prove that 3" = 32 > b, then clearly 3%3% > .3%(3%+1),
and we are done. To show that 3% > b, we will argue by induction on b > 3. When b = 3

(b+1)—1

then 32 = 3 > 3 = b. Suppose that 37 > b. Then 37 2 = 3%\/§ > b.\/g, by
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induction assumption. We have 3b? = b*+2b* > b*+6b > b*+2b+1 = (b+1)% as b > 3.

Thus b.v/3 > b+ 1. Hence 355 > b+ 1. The result follows. [ |

The field extension subgroups C;

Let Fy be a field extension of F = F3 of degree o, where o is a prime divisor of n = dimV.
Then V' acquires the structure of an Fy-vector space in a natural way. Write V} for V
regarded as a vector space over Fy. Denote by 1" the trace map from Fy to F. If Q4 is a
quadratic form on (V}, Fy) then Q = T'Q)y is a quadratic form on (V,F). Write f; for the
associated bilinear form of Q. Denote by N = Ny, g the norm map of Fy over F. Let
p, v be the generators for F} and Gal(Fy/F), respectively. Also the trace map from F
to F defines a non-degenerate bilinear form on Fy. Let Qr : Fy — F be a map defined by
Qr(x) = —=T(2?) for z € Fy. Then Q7 is a quadratic form on Fy and fr(z,y) = T(xy) is

the bilinear form associated to Q7. Then (Fy, @7, F) is an orthogonal geometry.

Lemma 3.19 Let fr = {1, -+ , (o} be an F-basis of Fy = Fpa, where p = 3, and
vy € Vy be such that fy(vy,v4) = A € F}. Then
(i) D(Fy) = det(fs,) = (—1)*" ! (mod (F*)?);

(4i) spang,(vy) is a non-degenerate a-subspace in V' with discriminant D(F3)N(X).

Proof. From definition, we have

T(¢G) T(Gé) - T(Ga)

T(GG) T(G) -+ T(GG)
fﬁT: ) ) . :

T(CaCl) T(CocCQ) T( (;2v)
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and E = diag(\, N, -, \°7). As T(a) = Zf;ol a? for any a € Fi, X'X = fg,, hence
det(fs;) = det(X'X) = det(X)?. Since det(fs,) € F* and detX € Fy, if a is odd then
clearly detX € F*, as F; does not have any subfield of degree 2 over F. Thus (detX)? €
(F*)? = {1}, so det(fs,) = (detX)* = 1. Now suppose that o = 2. Let ¢ be a root of
22— 2 —1in F, and let n = ¢ + 1. Then > = —1,F; = F(n) and T'(n) = 0. Choose

Br = {1,n}. Then

Hence det(fs,) = —1. This proves (i). Let W = (vy)r, and 8 = {C1vy, Covy, - -+, (avs}. As

(Givg, Gug) = T(f3(Gvg, Gug)) = T(CiG fi(vg, v5)) = T(AGG),

we have
TAG) TAGG) - T(AG)
| 706w T0@) - 1060
T(AGalt) T(AaG2) -+ T(AG)
Obviously X'EX = fs. Therefore, det(f3) = det(X)*N(\) = D(F;)N(\). |

Proposition 3.20 Assume M is of type O=(3%) with n =2m+1 and o | n. There is an
M-orbit on €¢(V') such that equation (3.1) does not hold unless o = 3. In this case M

has 3 orbits on €:(V') and equation (3.1) holds for all M-orbits on €(V) with r = s, and
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hence M is in Table 1.1.

Proof. Let ¢ = 3% and p, v be the generators for F} and Gal(Fy/F), respectively. As n is
odd, it follows that « is also odd. Write v = 2a; + 1 and g = 2b+ 1. Then m = ba + oy,
where n = 2m + 1. Multiplying by a suitable constant to the quadratic form @, we can
assume that D(Q)) = 0. By Proposition 2.8, there exists a basis §; = {wy, wa, -+ , Wap11}
of (Vi, @) such that fs, = Iyq1. Define ¢y = éq, 5 = ¢p,(v). Then o(¢y) = a. We
will show that ¢y € Q. Let 8, = {(, (3. .., C3a_1} be a normal basis of Fy over F, and

Gi = Bn ® w;, Since (C3jwi)q§ﬁ = ¢¥"w;, we obtain

010 - 0

00 1 0
(1) =

0 00 1

100 - 0

Clearly det(¢y)s = (—1)*' = 1 hence det(¢;) = 1. Therefore ¢ € S. As [S: Q] =2 and
o(¢y) = ais odd, ¢y € Q. Let I = I(V,F,Q), Iy = 1(V4, Fy,Qy), and Qy = Q(V;, Fy, Qy).
Then by (4.3.11) in [29] M; = I{(¢s) = I;.Z,. Since § is perfect, Q4 < L, hence
QO < MoNp(Fy) < M;p = Ii{¢s). By Proposition 4.3.17 in [29], [Mq : Q4] = «a. As
¢y € QN Lipy), ¢y € Mg, and hence Mg = Q4(¢y). It follows from Lemma 2.3 that
(2)§d = (2)I; for any non-singular point (z) in (V;, Fy, Q4), so that (2) Mg = (z) M, hence
we only need to compute parameters for Mg in L. We first claim the following:

(1) Qs(wey) = Qz(w)” for any w € V.

(2) (2)Mq = {{(w) € V; | Qs(w) € {7,7",...,7"" '}}, where z € V} with v = Q4(2).
For (1), assume that w = 3777 Aw; € Vi Then wey = S50 (\wi)dy = 207" M,
hence Qy(wey) = (32t —A2)¥ = Qy(w). For (2), from (1) we have Qy(2¢3) = 7*, hence
(oD Yy = {17+ 7"} Thus ()Mo = {(w) € Vi | Quw) € {1,772 }}.
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For a non-zero vector w € V4, consider spang, (w) as an a-subspace in V. We consider the
case when a« = 3 and « > 3 separately.

(a) Case a > 3. Let z € {wy, w1 + wa}. Then Q4(2) = F1 and Q(2) = TQ4(z) =
Fa # 0 so z is non-singular in V. Also as Q4(z) = F1 is fixed under v, by (2) we have
(z) Mg = (2)€, and by Lemma 2.11, |(2) Mq| = [(z)Q] = 1(¢**+¢c.¢"), with e = sgn(z&ﬁ).
We have (2)Mo Nzt = () N2t = {v e Vy| Qiv) = Q4(2), T fi(v,2) = 0}. For w €
(z) MqaNzi, write w = @ f3(2, 2) 12 +wy, where wy € z‘%u, and T'(¢) = 0. Then fy(w, z) = ¢
and Qy(wo) = Q4(2)"HQ:(2)? — ¢?). As T(£Q4(2)) = T(£1) # 0, Q4(wy) # 0 for any
¢ € Fy with T(¢) = 0. When ¢ € KerT is fixed, as dz’mFu(z‘%ﬁ) = 2b and sgn,z‘%n =g,
by Lemma 2.11, there are ¢?*~! — e¢"~! vectors wy with Q(wg) = Qy(2)71(1 — ?) # 0.
Also dimp(KerT) = a — 1, we conclude that d. = |(z) Mo N 2| = 3% H(¢® ! —egt) =
t(* —e¢"). Thus ¢, = £(¢* +2e¢") —1 = (3 —1)(e3** '+ 1), and ¢, —2d, = e¢" — 1 =
.3 — 1. Assume that equation (3.2) holds. Then ¢, — 2d, = e.3%* — 1 = £3™°! — 1,
where € = sgn(zi:). The last equation yields m = ba + 1. Recall that m = ba + a4, hence
o = (o — 1) = 1, this forces o = 3, a contradiction. Now suppose that equation (3.3)
holds. Then (3™ 1 4 £)(3™ — £ + &(c — 2d)) = 2¢, hence (3™ + £)(3™ — e€3% — 2¢) =
2(3b*—¢) (3P~ +¢). We will show that 3™ 1+¢& > 2(3%*—¢) and 3™ —e£3"*—2¢ > 3P2 71 4¢
so that after multiplying these two inequalities side by side, we get a contradiction. For
the first inequality, we have 3™~ ! 4+ & > ghatar—l _ ] > ga—lgbe _ 1 > 33ba _ 1 a9
ay > 2. Now 2(3% —¢) < 2(3" 4 1). Thus, it suffices to show that 3.3%* — 1 > 2(3%* +1).
This inequality is equivalent to 3% > 3. This is true because bar > 1. For the second
inequality, we have 3™ — g£3%® — 2¢ > 3bator _3ba _ 9 — (31 _ 1)3ba — 2 > 2302 _ 9 =
(3% + 1) + (3% — 3) > 3001 41 > 3%~1 4 ¢ ag 3% — 3> 0.

(b) Case a = 3. Let w be a root of #° — x4+ 1 in F. Then (w) = F}, and KerT has a
basis {1,w} with T'(w?) = —1. We have m = 3b+1,q = 33. Let 7y = wwy, 15 = w?wy, 13 =

whwy +wsy) and y; = w(wy +ws), y2 = w(wy +wy), y3 = ww,. For i = 1,--- 3, we have
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Qu(z;) # 0,Q4(y;) # 0, and Q(x;) = 1,Q(y;) = —1 and so x;,y; are non-singular in both
Vi and V. Also all /s (y;s) belong to different {)4-orbits but they are in the same Q-orbits.
For each i = 1,2, we have xﬁ/ﬁ = (wg, - ,wepy1) and y”L/n = (wy — wg, W3, , Wapy1),
so that D(wﬁ/u) = D,D(yﬁﬁ) = KX, and hence by Proposition 2.6, sgn(a:i%/ﬁ) = (=)
and sgn(yi‘l/ﬁ) = (=)', where dimxﬁ,n = dimyﬁ/ﬁ = 2b. For ¢ = 3, as computation
above, we have sgn(xg‘%n) = (=)' and sgn(yg‘z) = (—)’. We now determine the type
of 7; and y; in (V,F,Q). Let U = spang,(w3) L --- L spang,(wzp1) < V be an F-

2wy) L spang, (wz) L U, 2o = (wwy, (W? — w)wy) L

subspace. We have z13 = (w;,w
spang, (w2) L U, z3y; = ((w + 1)(w1 + wa), (w? — 1)(w1 + wy)) L spang, (wy —ws) L U,
and similarly y13 = (w1 + wa), w?* (w1 + ws)) L spang,(wy —wz) L U, 3oy = (w(wy +
w2), (W? — w)(wi +w2)) L spang,(wr — ws) L U, yay = ((w + Dwy, (W* = Dwn) L
spany,(w) L U. By Lemma 3.19, D(spang,(w;)) = N(fy(wi,w;)) = N(1) =1 = and
D(spang, (wi—ws)) = N(fi(wi—ws, wi—ws)) = N(—1) = =1 = K. Thus D(z;3;) = M and
D(yi) = O for all i = 1,--- .3, and so by Proposition 2.7, sgn(z;i:) = (=)™t = (=)
and sgn(yii) = (=)™ = (=)™ = (=)7L Let 2z € {z;,y;} and 7 = Q4(z). We have
()Mo = {{w) € Vi | Qsw) € {7,7%7°}} = UL, (64)0%. Observe that in (V;, Fy, @y) all
vectors z¢?,j = 1,---,3 have the same type, say ¢ = sgn(z‘ﬁu). It follows from Lemma
2.11 that 1+ c, + d. = 3.3(¢® + e.¢") = 3(3%+! + £3%H). For any w € (2)Mq N 2y,
Qs(w) € {7,774} and T'(p) = 0, with ¢ = f3(w, ). Write w = ¢ f;(z, 2) "'z + wo, where
wo € zi. We have fy(w, 2) = ¢ and Q(wo) = 7' (1Q4(w) — ¢?).

Assume that i = 1,2. Let z € {z;,5:} and v = Q4(2). Then sgn(zy;) = sgn(zy;) =
e. We will show that Qy(wy) # 0 for any ¢ € ker7. By way of contradiction, sup-
pose that Qi(wy) = 0. Then ¢* € {¥%~*,7'°}, hence ¢ € {£7, 7%, +7°} or p €
{Fw?, dw?, +w?, +0w?° +wl%}. As the trace map is non-zero on these values, we get a con-
tradiction. Thus Q4(wo) # 0. By Lemma 2.11, d, = 3%((]21’_1 —e.q" )32 = L¢P —e.qh)

b

as |kerT| = 3*~! = 3%, dimp, (27;) = 2b, and € = sgn(zy;). Then ¢, = ¢**+2¢.¢"— 1. Hence

67



¢, —2d, = £.3¢" — 1 = £.3™ — 1. Therefore equation (3.2) holds.

Assume that z € {x3,y3}. Then sgn(zi) = —sgn(z#u) = —¢ and 7 = +w® Also
Qi(wo) = 71 (1Qx(w) — ¢?). For any w € (z)Mo, Q4(w) € {7,777} If Q4(w) = v
then Qy(wo) # 0 as T(p) = T(£7) # 0. If Q4(w) = +* then Qy(wy) = 0 if and only if
¢ € {£+*}, and similarly, if Q4(w) = +? then Qy(wo) = 0 if and only if ¢ € {£+°}. By
Lemma 2.11, we have 2d, = 3%.(¢®* ' —e¢" 1) +2[2(¢® ' +e(¢® — ")) + 7(¢®* 1 —eg®1))
or 2d, = 35433+ and hence ¢, = 3% — 1, so that ¢, — 2d, = —e3®*T!1 —1 = (—)3™ — 1.
Thus equation (3.2) holds.

Let £ = (=) = sgn(z;i:) and n = sgn(yiz),i = 1,--+,3. As [(z1) Mg + |[{z2) Mq]| +
[(@s) M| = 1(300+1 4 £330+1) - L(300+1 4 £330+1) - L (36041 _ £33b+1) — 133b+1(33b+1 | ¢) —
$3M(3m 4 &) = |€(V)|, Mg has exactly three orbits on €(V). Thus equation (3.2) holds
for all points in &¢(V'). Similarly Mg has three orbits on &,(V), and so equation (3.2)
holds for all points in &, (V). [

The tensor product subgroups C,

Let V; be vector spaces over F, of dimension n;, 7 =1,--- ,t. Let V=V, ® --- ® V,. For

g; € GL(V;), the element ¢4 ® --- ® g, € GL(V) acts on V as follows:
(M@ @v)(1® - ®g) =101 @ @ uge(vi € V),

and extend linearly. Now suppose that ¢ is odd, and that f; is a non-degenerate bilinear
form on V;, so that (V;, F,f;) is either symplectic or orthogonal geometry. We next define
the bilinear foorm f = fi®@ -+ - @ fLon V@ --- @V, by f( @ - @ v, w1 ® -+ @ wy) =

TT._, fi(vi, w;) and extend linearly. We write

i=1"1

VHi=Ve - V,fie- af)
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for such a structure and call tensor decomposition and denote by D. The members of
C4(I") is the stabilizer of tensor decomposition D such that

(a) (V) = (V1@ Vp, f1 @ 1),

(b) (V1,1f1) is not similar to (V5, fs),

(c) f; are symmetric, (ny,e1) # (ng,e2), where n; = dimV; > 3, ¢; = sgnVj, or f; are

symplectic, dimV; < dimVj.

Proposition 3.21 Assume M is of type O, (3) ® On,(3), with ny < ny. There is an
M-orbit on €¢(V) such that equation (3.1) does not hold so that M is not in Tables
1.1-1.5.

Proof. Let v = v; ® vy € V, where v; € V; are non-singular vectors. Then (v) is a non-
singular point. By (4.4.14)[29], M; = Iy ® I,. We have O x Qo <IMq < [1 @1, = M. As Q;
act transitively on &(V}), it follows that (v)M; = (v) Mg = (v; @ v2)(21 X Qy) = (V1) ®
(v9)Qs. Therefore (v) Mg = (v) M since Mg < M < M;. Write n; = 2a + 1,ne = 2b+ 1.
Then |(v) Mo| < [(v1)Q1].[(v2) Qo] < 2.39(3% +1).35(30 + 1) < 3%+ (as 30+ 3041 < 3¢+
and b > a > 1). Since dimV =2m+1 = (2a+ 1)(2b + 1), m = 2ab + a + b. Then
m—1-2(a+0b) =a(b—2)+bla—1)+a—1 >0 so that 3™ > 32+ > |(v) Mgq|. This

violates (3.4) so that equation (3.1) cannot hold. [

The tensor product subgroups C;

Let Vi be an a-dimensional vector space over F = F,, and assume that f; is either 0,
a non-degenerate bilinear form, or a non-degenerate unitary form. For ¢ = 1,--- b, let
(Vi,£;) be a classical geometry which is similar to (3, f;). For each i, denote by 7, the
similarity from (V7, ;) to (V;, f;) satisfying f;(vn;, wn;) = \ifi (v, w) for all v, w € V;, where
A; € F* is independent of v and w. Thus we obtain a tensor decomposition D given by
(Vik) = (Vi,f) @ - @ (W, ), where V =V ®@--- @V, and k = Q(fy,--- ,f;) if ¢ is

even and each f; is symplectic and k = f; ® -+ ® f, otherwise. Let X; = X (V,f;) for
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X € {Q,5,1,A,=, A}. Define Zp = Z(p)Sy. The members of C7(Z) are the groups Zp

with b > 2 described as above.

Proposition 3.22 Assume M is of type On(3) 1Sy with o = 5. There is an M-orbit on

Ec(V) such that equation (3.1) does not hold so that M is not in Tables 1.1-1.3.

Proof. We have Q,(3) 1Sy, < Mg < O4(3)0S,. Let v = v®@v® - ®@0v and vy =
N+t wRwE- - w €V, where v # w belong to some orthogonal basis of V;. As S,
fixes v;, (vi)Mq = (v;)(TI%_,Q4(3)). Also (v;)Mg = (v;)M; = (v;)M. For i = 1,2, the
stabilizers of (v;) in TI%_,,(3) contain a subgroup which is isomorphic to I1%_,Q,_»(3).
Thus |(v;) Ma| = [{v;)(IT"_1924(3))] < [Qa(3) : Qa—2(3)]’ < 313 where a = %1 > 2.
Now m — 1 = 3((2a + 1)" — 3). Consider the following function in variable 2 € [2,400),
where b > 2,

f(z):= %((2:0 +1)" —3) — (42 — 3)b.

We have f'(z) = b(2z + 1)1 — 4b > b(2x 4+ 1) — 4b > b > 0. Hence f(z) > f(2) = 1g(b),
where g(b) = 5° — 10b — 3 and b > 2. By induction on b > 2, g(b) > 0. Thus 3! >

3b(a=3) > |(v;) Mg|. This contradicts (3.4). Thus equation (3.1) cannot hold. |

3.4.3 Permutation characters of maximal subgroups in §

In this section, we consider the maximal subgroup M € S(G). By Definition 2.12, M is
an almost simple group and the socle S of M is a non-abelian simple group. Then the
full covering group S of S acts absolutely irreducible on V, the natural module for G and
preserves a non-degenerate quadratic form on V.

Recall the construction of the fully deleted permutation module for alternating groups
as in the discussion before Proposition 2.23. Let {e1,...,&,} be a standard basis for F),
and let wg = €14 - +¢&, € F}. Put U = wy, W = Fpwg, and V = U/(U N'W). Define

e =¢; — &1, =1,...,n— 1. Then {¢; ?:_11 is a basis for V if p does not divide n, and
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{e; + UNW}!—? is a basis for V if p|n. Let Q be the quadratic form on V induced from
the quadratic form associated to the natural bilinear form on Fj. Then (V,F,, Q) is a
classical orthogonal geometry and A,, < Q(V'). To simplify the notation, we always write

e; instead of e; + U NW.

Lemma 3.23 Assume M is almost simple of type A, with n > 10 and V is the fully
deleted permutation module for A, in characteristic 3. Let v = €1—eq, w = €1+e9—E3—¢64 €
V. Then

(1) [{v)M| = 3n(n —1),d, = 3(n —2)(n —3), and ¢, = 2n — 4;

(2) (w)yM| = gn(n —1)(n —2)(n —3), ¢y = 2n* — 250 + 111n — 172 and
dy =2+4(n—4)> + (n —4)(n — 5)(n — 6)(n — 7).

Proof. As A, acts transitively on V, xtM = zA,, = x5, for any x € V. Since v = &1 — &9,
it is clear that if g € S,, and (g1 — 9)g = €1 — €, then ¢ must fix indices 1 and 2. Thus
(Sn)v =~ Sp_o. Similarly, (g1 + &9 —e€3 —£4)g = €1 + 2 — €3 — £4 implies that g must fix the
partitions {1,2},{3,4}. Thus g € Sy x Sy x S,_4. Therefore |M : My,| = 3[S, : Sp_a] =
sn(n —1), and |M : M| = 3[Sn : S2 X Sp X Sy—y] = gn(n —1)(n — 2)(n — 3).

(i) Parameters for v. We have (u) € (v)M Nov* if and only if u =¢; —¢; € Fyv,i # j
and (¢; —€;,61 — €2) = 0. This happens only if {7,7} N {1,2} =0, or i,j € {3.,4,...,n}.
There are (",?) such points (u). Thus d, = [(v)M Nvt| = L(n—2)(n—3), and ¢, = 2n—4.

(17) Parameters for w.

We will show that d = [(w)M Nw*| =2+ 4(n —4)* 4+ £(n —4)(n — 5)(n — 6)(n — 7)
and ¢ = 2n3 — 25n% + 111n — 172. For any (u) € (w)M Nw*, u = & +¢&; — &, — &,
where |{i,7,7,s}| = 4, and (u,w) = 0. Denote by supp(u) the set of non-zero indices of ¢;
appearing in u. We consider the cases:
(1) supp(u) N supp(w) = 0. It follows that supp(u) € {5,6,...,n}. Hence there are
(n—4)(n —5)(n—6)(n —7)/8 points.

(2) |supp(u) N supp(w)| = 1. There are no such wu, since (u,w) # 0.
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(3) |supp(u)Nsupp(w)| = 2. Suppose that ¢, j € {1,2,3,4}. Then either u = ¢;—¢,+¢e,—¢,,
where ¢, —¢; € {61 —€2,65 — €4}, or u=¢; +¢; — €, —€,, Where ¢; +¢; € {e1 + 3,61 +
€4,60 + £3,62 + €4} and 1,5 € {5,...,n}. There are 2(n — 4)(n — 5) and 4(",*) points
respectively. Thus there are 4(n — 4)(n — 5) points in this case.

(4) |supp(u) N supp(w)| = 3. Suppose that i, j,r € {1,2,3,4}. Then v = +e; £¢;+¢, £¢,,
where s € {5,...,n}, ¢;,€;,e, with their signs appearing exactly as in w, and sign of ¢,
is chosen so that there are 2 minuses and 2 pluses. There are (g) (n—4) =4(n—4).

(5) |supp(u)Nsupp(w)| = 4. There are just 2 points in this case: {e1 —ey+e3—e4,61—2—
e3+eq}. Therefore d,, = £(n—4)(n—5)(n—6)(n—"7)+2(n—4)(n—5)+4(n—4)(n—5)+2 =

t(n—4)(n—5)(n—6)(n—T7T)+2(n—4)*+2,and ¢, = gn(n—1)(n—2)(n—3) —d— 1.M

Proposition 3.24 Assume M is almost simple of type A,, with n > 10, and V is the
fully deleted permutation module for A, in characteristic p = 3. Further assume that
n—1—es(n) =2m+ 1. There is an M-orbit on €¢(V') such that equation (3.1) does not

hold so that M is not in Tables 1.1-1.5.

Proof. Let v = €1 —e3,w = €1 + 63 —e3 — &4 € V. Then Q(v) = 1, and Q(w) = —1.

Hence v, w are non-singular vectors in V. We see that n — 1 — e¢3(n) is odd if and only if

n = 6k+2,n = 6k+3 or n = 6k+4. By Lemma 3.23(1) [(v) M| = $n(n—1). If n > 13, then
1(n—>5) > logg(in(n—1)). Since m—1=$(n—1—e3(n))—1 > 1(n—>5), as e3(n) < 2. It
follows that 14c+d = $n(n—1) < 3™, This violates (3.4) and so equation (3.1) cannot
hold. Hence, we only need to consider 10 < n < 12. Since n = 6k + 2,6k + 3 or 6k + 4, it
follows that n = 10. Then n—1—¢e3(n) = 9,d, = 28, ¢, = 16, m = 4. If equation (3.1) holds,
then either ¢, —2d, = £3*—1 = 816 —1 = —40, or (276+1)(81—41) = 32. These equations
clearly cannot hold with £ = £1. By Lemma 3.23(2), |(w)M| =n(n—1)(n —2)(n—3)/8.
If n > 23, then (3™ +1)/2 > n(n—1)(n —2)(n — 3)/8 so that equation (3.1) cannot hold
by (3.4). Thus we can assume that 10 < n < 22. Then n € {10, 14, 15, 16, 20, 21, 22}.

(a) n =10. Then n —e3(n) =9,m =4, d = 191, ¢ = 438 and ¢ — 2d = 56.
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Table 3.2: Low degree representations of small Alternating groups.

A, A A, A Aq As | As A, A,
dimD?* 9 13 15 7 13 21 21 7
N | 42 | 5,2 6.1 (D | 6,2 |6, (112 | 50D
mOV | (2212 ] (3.2,10) | 3,20 | (4,3,1) | (3%.1%) | (3%.2) | (4,3,2) | (42,1)

b) n = 14. Then n — e3(n 13,m =6,d=1032,¢c = 1970 and ¢ — 2d = —94.

) (
¢) n=15. Then n —e3(n) = 13,m =6, d = 1476, ¢ = 2618 and ¢ — 2d = —334.

)
):
) =15,m =7, d = 2063, c = 3396 and ¢ — 2d = —730.
)

d) n =16. Then n — e3(n
)

(

(

(
(e) 19,m =9, d = 6486, c = 8048 and ¢ — 2d = —4924.
(

(

n = 20. Then n — e3(n
f)n 19,m =9, d = 8298, c = 9656 and ¢ — 2d = —6940.

)
g) n=22. Then n —e3(n) =

= 21. Then n — e3(n
=10, d = 10478, c = 11466 and ¢ — 2d = —9490.

We can check that equation (3.1) cannot hold in any of these cases. |

Proposition 3.25 Assume M is almost simple of type A,, withn > 12, and V is not the
fully deleted permutation module for A, in characteristic p = 3. There is an M-orbit on

E:(V) such that equation (3.1) does not hold so that M is not in Tables 1.1-1.3.

Proof. As n > 12, by Lemma 2.32, we have dim(V) = 2m + 1 > 3(n* — 5n + 2) so that

2
m > 1(n?—5n). However when n > 12, 3m~! > 3" T > nl = |Aut(A,)|. Thus equation

(3.1) cannot hold which in view of (3.4). |

Proposition 3.26 Assume M is almost simple of type S = A,, with 5 < n < 11. There is
an M-orbit on (V') such that equation (3.1) does not hold unlessn =9 and V = D),
in which case M has at most 2 orbits on €:(V) so that 1§ £ 15, by Corollary 3.7 and

hence (L,S) = (£27(3), Ag) is in Table 1.2.

Proof. Using the information on the p-modular representations of alternating groups and
their covering groups in [26], we only need to consider the cases given in Table 3.2.
(1) Let A =

(8,1). Then m(\) = (42,1) # \. By Theorem 2.31, D* | 4, is irreducible. Thus
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Ag < S < Q7(3), and there is two classes of Sy in 27(3). As8—1+4+1+1=9 = 0(mod 3),
A is a JS-partition (see Definition 2.22), and hence by Theorem 2.29, D* |g,= DMV =
DY, Then since (7,1) # m(7,1) = (4,3, 1), we have: Ag < Sz < Sy. In this case, D* is
the fully deleted permutation module for Sy over F3. Then n —1—¢e3(n) =7, and m = 3.
Let v =€) —e9,w = &1 + €9 — €3 — g4 € V. There are only two orbits of type py(v), with
representatives v =e; —eg and €1+ e+ 3+ 64 —€5 =1+ 0+ E3+64— €5 — €6 —E7 —Es,
and one orbit of type py(w). Thus equation (3.1) holds for both types of points.

(43) If A = (7,1) or A = (4,3,1), then Ag < Sg < Sy < Q(3), since D&Y | g = D™V and
D | 4. is irreducible.

(i) If A = (6,12) or (32,2), then Ag < Sy < Sy < Qu1(3), since D) | ¢ = DO1*) and
D61 |, is irreducible.

(iv) If A = (5,2) or (3,2,1%), then A7 < S; < Sg < Q413(3).

(v) Now, if A = (n — 2,12), where n = 7 or 9, then D* = A2(D(~1V). As D=1 g the
fully deleted permutation module for S,,, we can apply the construction above for fully
deleted module. Let v =e; Aez = (g1 —e3) A (e3 —€4), and w = (e; — e2) A (e3 — e4) =
(e1+e2+e3)A(e3+€4+€5). Then v, w are non-singular points of different types in D*. We

have |[vS,| = %2_(7714)! and |wS,| = %#l@' We then get contradictions by using (3.4).

(vi) If X = (4,2) then dimD* = 9,m = 4, and we have an embedding Ag < Sg < Q(3).
However, as Ag = L2(9) < A1g < Q9(3), hence M = Ng(Ag) is not maximal in G.

(vii) If A = (6,2), then dimV = 13, m = 6. We have Ag < Sg < 213(3). Using GAP, Sg
has two points wy,wsy of different types with the same orbit sizes 315. We have (c,d) =

(194,120) or (¢, d) = (212,102). We see that equations (3.2) and (3.3) cannot hold. W

Groups of Lie type: Representations in cross-characteristic

Proposition 3.27 Assume M is almost simple of type S, where S is a finite simple
Chevalley group in cross-characteristic. There is an M-orbit on (V') such that equation

(3.1) does not hold unless (L, S) = (Q7(3), PSpe(2)), in which case M has only two orbits
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Table 3.3: Small groups in cross characteristic.

| S | 3% +1)/2< |Au(S)| |
Lo(q) Ly(q),3 < g < 68
LTL(q)an Z 3 L3(2>7L4(2)>L5(2)7L3(4)
PSpgn(q),n > 2 S4(5),S4(7),56(5)
54(2)7 56(2>7 88(2>’ 84(4)
Un(q),n > Un(2),3 <n<7,Us(4),Us(5)
PQ3,(q),n >4 03 (2)
PQQn(q)7 n 2 4 Qg (2)
Qont1(q),n = 3,q odd
Eﬁ(Q)
E7(q)
Exs(q)
Fy(q) Fy(2)
*Es(q)
Ga(q)
*Diu(q) 3Dy(2
*Fy(q) 2Fy(2)
Sz(q) Sz(8)
QGz(Q)

on €¢(V) so that 1% £ 15, by Corollary 3.7, and so (L, S) is in Table 1.2.

Proof. Suppose equation (3.1) holds for some r € {s,t} and for some M-orbit (x) M with

(z) € €(V). Then [(z)M| > (3™ + 1), by (3.4). On the other hand, using the lower

bounds for degrees of cross-characteristic representations of finite Chevalley groups given
e(S), so that (3m +1)/2 > (3=

in Table 2.6, we have 2m + 1 > /2 /2. Moreover

(z)M| < [M| < |Aut(S)]. It follows that (3° +1)/2 < |Aut(S)|. By this condition,
we get a finite list as in Table 3.3. Next we shorten the list by using information on
cross-characteristic representations of small groups in the preliminaries together with [26]
and [13]. Further V is an absolutely irreducible F3S-module which is self-dual with
ind(V) =41, and dimV is odd.

(i) Case S = La(q),2 < q < 68. As Ls(2), L2(3) are not simple, Ly(4) = Lo(5) = As, and

q is a prime power, we can assume that 7 < g < 67.
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Case ¢ = 1 (mod 4). By Table 2.7(a) and the fact that dimV is odd, we have dimV €
{(¢+1)/2,q}. Using (3.4) again, we only need to consider the following cases:

(1) ¢ € {13,17,29,37,41,49} and dimV = (¢+1)/2;

(2) ¢ = 13,17 and dimV = q.

If dimV = (¢+1)/2, then ¢ must be a square in F3, so that ¢ = 1 (mod 3) and hence
q = 13,37,49. If dimV = q, then 31 (¢ + 1), so that ¢ = 13.

If (S,dimV') = (L2(13),7) then Ly(13) < G2(3) < Q7(3) by [9] so M is not maximal
in G.

If (S, dimV) = (L2(13),13) then Ly(13) < ©;3(3). Let w be a non-singular eigenvector
of an element of order 13. Then [(w)S| = 14 and hence [(w)M| < |Out(S)|.[(w)S| =
2.14 < 3™~ ! = 3% so that equation (3.1) cannot hold. For other type of point, if M = S
then there exists a point (u) with |[(u)S| = 1092 and (c,d) = (734,357). If M = S.2
then there exists a point (v) with |[(v)M| = 2184 and (¢, d) = (1469, 714). We check that
equation (3.1) cannot hold in any of these cases.

If (S,dimV’) = (L2(37),19) then m = 9 and the eigenvector w of an element of order
37 is non-singular and |(w)S| = 38, |Out(S)| = 2 and hence |(w)M| < 38.2 < 3™ ! so
that equation (3.1) cannot hold for this point. For other type of point, there exists a
point (u) with [(u)S| = [S| = 25308 and (¢, d) = (16919, 8388). We see that equation
(3.1) cannot hold.

If (S,dimV') = (L2(49),25) then m = 12 and there exist two non-singular vectors of
different type u,,u_ € V which are eigenvectors of an element of order 7 in S such that
[(ug) S| < 8400,& = £. As |Out(S)| = 4 and [{ug) M| < [Out(S)].](ue)S| < 4.8400 < 3™~ 1.
In view of (3.4), equation (3.1) cannot hold.

Case ¢ = 3 (mod 4). As in previous case, by Table 2.7(b), we have dimV = ¢ and
31q+ 1. Using (3.4) again, we get ¢ € {7,19}.

If (S,dimV) = (Ly(7),7) then Lo(7) < Q7(3) but Q7(3) has no maximal subgroup
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with socle Ly(7) by [9].

If (S,dimV) = (Ly(19),19) then m = 9 and there exist two non-singular vectors of
different type u,,u_ € V which are eigenvectors of an element of order 5 in S such that
[(ug) S| < 342,& = +. As |Out(S)| = 2 and [(ug) M| < |Out(S)].|{ue)S| < 2.342 < 3™~
In view of (3.4) equation (3.1) cannot hold.

Case ¢ = 0 (mod 2). As in previous case, by Table 2.7(c), we have dimV € {¢—1,¢+1}.
Using (3.4) again, we have ¢ = 8,16. By [26], the only possibility is ¢ = 8 and dimV = 7.
However by [9], L2(8) < G2(3) < Q7(3).

(17) Case L, (q), (n,q) € {(3,2), (4,2),(5,2),(3,4)}. As L3(2) = Lo(7), and L4(2) = As,
which have been done above, we can exclude these groups.

If S = L3(4), then Out(S) = 2 x S3 = Dyy. By [26], dimV € {15,19,45,63}. By using
(3.4), we only need to consider the representations of degrees 15 and 19.

Assume first that dimV = 15. Then m = 7. If M = L3(4) then there exists two non-
singular vectors u;, i = 1,2 with |[(u;)L3(4)| = 2016, (¢1,d;) = (1250, 765), and (¢, ds) =
(1350, 660). Similarly, if M = L3(4).2; then (c1,dy) = (2600, 1431), (cz, d2) = (1250, 765),
if M = L3(4).25 or L3(4).23 then (¢1,d;) = (2720,1311), (¢2,d2) = (2810,1221), if M =
L3(4).2% then (cy,dy) = (1250, 765), (ca, do) = (5327,2736). We check that equation (3.1)
cannot hold.

Assume that dimV = 19. Then m = 9. If M = L3(4) then there exist two non-
singular vectors of different type w;,7 = 1,2 which are the eigenvectors of elements of
order 7,5, respectively and (c1,dy) = (707,252), (c2,d2) = (1190, 825). For the remaining
extensions of L3(4), there exist two non-singular vectors of different type u;,7 = 1,2, which
are the eigenvectors of an element of order 5 such that the parameters (c;, d;),i = 1,2,
are as follows: If M = L3(4).2o or M = L3(4).25 then (c1,d;) = (1190, 825), (c2,ds) =
(1100,915). If M = L3(4).2; then (c1,dy) = (2561, 1470), (ca, d2) = (1100,915). If M =
L3(4).S3 or L3(4).Dqo then (c1,dy) = (3842,2205), (co, d2) = (4220, 1827). If M = L3(4).3
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then (c1,dy) = (3932,2115), (co,d2) = (4220, 1827). We can check that equation (3.1)
cannot hold in any of these cases.

Finally if S = Ls(2), then dimV > 155. But (3™ +1)/2 > (37 +1)/2 > |Aut(Ls(2))|

so that equation (3.1) cannot hold.
(173) Case S € {S4(5),S4(7), Se(5)}. If S = Sy4(5) or S(5) then the smallest odd degree
non-trivial irreducible representations of S has degree 13, and 63, respectively. However
since the smallest field of definitions of these representations are quadratic extensions of
F3, (cf. [19]), L can not embed in Q43(3) and Qg3(3). By Theorem 2.1, in [16], if ® is a
representation of S which is not the smallest representation, then dim® > (¢"™ — 1)(¢" —
q)/(2(¢+ 1)), which are 40 and 1240, respectively. But then inequality (3.4) cannot hold.
If S = S4(7), then the smallest non-trivial representation in characteristic 3 of S is a Weil
representation of degree 25. However, the Frobenius -Schur indicator is o, (cf. [19]), which
means that S4(7) fixes no quadratic form. Thus S4(7) cannot embed in Q95(3). If P is
a non-trivial representation of S4(7) which is not the smallest representation of S, then
dim(®) > 126, but this again violates (3.4). Thus equation (3.1) cannot hold.

(iv) Case S € {S54(2),5(2), Ss(2), S4(4)}. By the isomorphism S,(2) = Sg, it follows
that Ag = S4(2)’. Thus we can exclude this case. If S = 54(4) then dimV > 51 and
(3™ +1)/2 > (3% +1)/2 > |Aut(S4(4))| so equation (3.1) cannot hold. For Sg(2), and
Ss(2), we need to consider the following cases (S6(2),7), (S6(2),21), (Ss(2),27) (Ss(2), 35).

If S =54(2) and dim (V') = 7, then by [9], Sg(2) is a maximal subgroup of £27(3) and
it has only two orbits on (V') so that equation (3.1) holds for both types of points.

If (S,dimV) = (S6(2),21) then m = 10, Out(S) = 1 and Ss(2) < Q91(3). There
exist two non-singular vectors of different type u;,7 = 1,2 which are the eigenvectors of
elements of order 5,12, respectively and (¢1,dy) = (212,165), (co, d2) = (2132, 1647).

If (S,dimV) = (S6(2),27) then m = 13 and S4(2) < Q97(3). There exist two non-

singular vectors of different type u;,i = 1,2 which are the eigenvectors of an element of
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order 5 and (c1,dy) = (96968, 48183), (ca, dy) = (47912, 24663).

If (S,dimV) = (Ss(2),35) then m = 17,0ut(Ss3(2)) = 1 and Ss(2) < Q35(3). There
exist two non-singular vectors of different type u;,7 = 1,2 which are the eigenvectors of
an element of order 5 and (¢y,d;) = (119,0), (c2, d2) = (256094, 129465) and so equation
(3.1) cannot hold.

(v) Case S € {U,(2),3 < n < 7,U3(4),U3(5)}. As Uz(2) = 32.Qs and Uy (2) = S4(3),
we can rule out these cases. If S = Us(2), then by [26], the smallest odd degree non-trivial
3-modular representation of S has degree 55. Thus (3™ +1)/2 > (327 + 1)/2 > |Aut(S)|.
If S = Us(4), then dimV € {13,39,75}. However if dimV > 39 then (3.4) cannot hold,
and if dimV = 13, then by [19], Us(4) fixes no quadratic form. If S = Uz(2), then by [19],
we have dimV > 250 and so (3.4) cannot hold. For the remaining cases, using [26], we
need to consider the following cases: (Us(5),21) and (Us(2),21).

If (M,dimV) = (Us(5),21) then we have m = 10, Out(S) = S3 and M < Q9(3).
For each extension M of S, there exist two non-singular vectors of different type with
parameters (¢;, d;),i = 1,2, as follow: if M = Us(5) then (c1,d;) = (7033, 3466), (co, ds) =
(27145, 14854); if M = Uy(5).2 then (c1,d1) = (55437, 28562), (ca, d2) = (55371, 28628).

If (S,dimV) = (Us(2),21) then we have m = 10, M < Q9(3) and Out(S) = S;.
For each extension M of S, there exist two non-singular vectors of different type with
parameters (¢;, d;), 1 = 1,2, as follow: if M = Ug(2) then (¢, d;) = (7033, 3466), (co, do) =
(27145, 14854); if M = Us(2).2 then (c1,dy) = (55437, 28562), (ca, d2) = (55371, 28628).
We can check that equation (3.1) cannot hold in any of these cases.

(vi) Case S = Og (2). By [26], the smallest odd degree non-trivial 3-modular represen-
tation of S has degree 35, and the second smallest odd degree one has degree 147. Using
(3.4) again, we only need to consider the 3-modular representation of Og (2) of degree
35. We have m = 17 and there are two non-singular points v;,7 = 1,2, of different type

with |(v1)S| = 120 and |(v2)S = [90720. Then |(v;) M| < [Out(S)||{v;)S| < 3™ ! and so
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equation (3.1) cannot hold.

(vii) Case S = Og (2). By [26], dimV > 203. Then inequality (3.4) cannot hold.

(viii) Case S = Fy(2). By [19], dimV > 255. Then inequality (3.4) cannot hold.

(iz) Case S = Go(4). By [26], dimV = 2m +1 > 649. Clearly, 3™~ > 415 > | Aut(S)].

(x) Case S = Sz(8). By [26], dimV = 35. Then inequality (3.4) cannot hold.

(x1) Case S = 3D4(2). By [26], either dimV = 25 or dimV > 351. If the latter case
hold then m > 174 and clearly 3™~ ! > 31 > 3.2% > |Aut(S)|. When dimV = 25, the
group S is not maximal in Qa5(3) as 3D, (2) < Fy(3) < Qas(3).(see[35]).

(zii) Case S = 2Fy(2). By [26], 2m + 1 > 77. Then 3™~ > 337 > 227 > |Aut(S)]. W

Groups of Lie type: Representations in defining characteristic

Let k be an algebraically closed field of characteristic p. Let & be a simply connected,
simple algebraic group over k. Fix a maximal torus 7" and a Borel subgroup B containing
T. Let U be the unipotent radical of B. Then B = UT. Let ® be the root system of
&, select a system of positive roots &t from ®, with corresponding fundamental roots
II={o,...,a0}. Let {A1,..., A} be the fundamental dominant weights and X be the
set of dominant weights. Let £ be the simple Lie algebra over C of the same type as &.
For each dominant weight A € X, there exists an irreducible £-module V' (\) of highest
weight A\, and a maximal vector v (unique up to scalar multiplication). Let U = U(L) be
the universal enveloping algebra of £, and Uz, be the Kostant Z-form of U (see [21], 26.3).
Now, Uzv™ is the minimal admissible lattice in V/(\), and Uzv™ ®7 k is a k&-module of
highest weight A, also denoted by V' (A), and called a Weyl module for & ([21], 27.3). The
Weyl module V(A) has a unique maximal submodule J(\) and L(A) = V/(X\)/J(\) is an
irreducible k®-module of highest weight \.

Assume that S is simply connected of type Ay or 2A, over F, where ¢ = p/, and & be
the corresponding simply connected, simple algebraic group over k, such that S = &, for

some suitable Frobenius map o. Let N = N (§ ) be the natural module for 5. We collect
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here some information about L(\) for some special dominant weights .
(1) Let 0 < ¢ < p, and A = ¢\; or A = ¢)\;. Then L(\) has all weight spaces of

dimension 1. L()) is isomorphic to the space of homogeneous polynomials of degree c,
(0 +c)!
/!
(2) If £ > 1, then L()\;) = A" N and dimL();) = (ftl) (see [7]).

that is, L(A) = S°(N). In particular, dimL(\) = ([42], 1.14).

(3) Let A = nyA; + n2Ae + ...ngA be a dominant weight. Then L(\) preserves a
non-degenerate bilinear form if and only if ny = ny,ne = ny_1,.... Thus if £ is even then
L();) leaves invariant no non-degenerate bilinear form, and if £ is odd then L()\;), i # “*
does not preserve any such form. Let A = Agy1)/2. If £ = —1 (mod 4) then L(\) fixes a
symmetric bilinear form and it fixes an alternating bilinear form if / = 1 (mod 4). (see
[5] Chapter VIII §13 Table 1, p. 217).

The following constructions for adjoint modules of groups of type A, and 24, are taken
from [36], pp.491 — 492.

(4) We construct the irreducible module L(A; 4+ A¢) as follows: Let V := V;/(Vi NV3),
where Vi = {A € My 1(q) | Tr(A) = 0},Va = {alp41 | a € F,}. Let S act on Vi by
conjugation. Then V is an irreducible S-module of dimension (2 4 2¢ — ep(¢ +1). The
bilinear form on Vj is defined as follows: for any A, B € V;, (A, B) = Tr(AB). We can
check that S preserves this bilinear form. Also, V' has a basis consisting of F; ;,1 < i <
F<+ 1, Ey— Eiprapr,i =1, 0 —e,(0+1).

(5) Let S = SU,(q) and X = Ay + Ay, where n = £ + 1. Let Vo = {al, | a € Fp},
Vi ={A € M,(¢*) |Tr(A) = 0,A = Zt}, and set V' := Vi /(Vi N'V3), where the map
A — A is the map that raises each entry to its ¢'*-power. Let S act on V1 as in (4). The
bilinear form on V; is also defined as in (4). We can check that S preserves this bilinear
form and L(A\; + A\¢) = V. Moreover fix a generator u of F7., V has a basis consisting of

Eij+ EjipEij + okl <i<j<Ul+1,E; — B, i=1,- £ —g,(0 +1).
Proposition 3.28 Assume M is almost simple of type S, where S s simply connected of

81



type Ay or 2 Ay over Fsr. There is an M-orbit on €¢(V') such that equation (3.1) does not

hold so that M is not in Tables 1.1-1.3.

Proof. Assume equation (3.1) holds for some r € {s,¢} and for any M orbits in & (V).
We consider the case f =1 and f > 1 separately.

Case f = 1. We can assume that ¢ > 2. By Theorems 2.35 and 2.36, there exists a 3-
restricted dominant weight A € X3 such that V' = L(\). As [Aut(S)| = |Aut(Lj,(3))] <
3D where € = +. It follows from (3.4) that 3™~ ! < 3¢+1° Hence m < (£ 4+ 1)+ 1
and dimV < 2(¢ +1)? 4+ 3. We need to look for all dominant weights A € X3 such that
L(}) is self-dual, has dimension less than 2(¢ + 1)? + 3 and of odd degree. If ¢ > 18,
then g > 2(¢ + 1)* + 3, and so by Theorem 5.1 in [38], A is one of the following 3-
restricted dominant weights { A1, A\g, Ao, Ade_1,2A1, 2, A; + A¢}. Since L(A) is self-dual, the
only possibility for A is Ay + A\, If £ < 18, then by Theorem 4.4, Appendix Ag through
Ay in [38], either A = 2)\y when £ =3 or A = A\; + A\, for 2 < £ < 17.

Suppose that £ > 4. We have dimL(A+X;) = (>+20—¢,((+1). As dimL(A\;+),) is odd,
it follows that ¢ = 6b; + 1, 6b; +2 or 6b; + 3 for by > 1. Consequently ¢ > 7. As constructed
above, L(A1+X;) = V := Vi /(ViNV4). Let U be the subgroup of S consisting of all matrices
of the form diag(l, A), where A € SL7 |(3). Then U = SL; ,(3). For £ = £1, let z¢ =
Ey o +EEy 1 +ViNVa, when e = 4+, and o = Fy o+ Eo 1 +ViNVa, 2_ = pBy o +1iEs 1 +ViNV,
when ¢ = —. Then z, € V and Q(z¢) # 0. It follows that (z¢) is a non-singular point in V,
of plus or minus type depending on & and . As V; N V5 is fixed under natural action of U,
and clearly, U centralizes w, it follows that U < S(,,), the stabilizer of (z¢) in S. We have
14 c+d < |Aut(S) : Ul = [Aut(L,,(3)) : SL;_;(3)] < 2.3* 7131 + 1)(37 + 1) < 34+2,

As2m+1 =03 +20—es(0+1) > +20—1, m—12 1({*+ 20 — 4). We have
(P +20—4) — (40 +2) = L((( —6) —8). If ¢ > 8 then {({ —6) —8 > 0, hence
m—1>404+2.If0=Tthen2m+1=02+2( =63, orm=31and m—1 =30 =40+ 2.

Thus m — 1 > 4¢ + 2 for any ¢ > 4. Hence 3™~! > 3**2 > 1 + ¢ + d. This contradicts to
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inequality (3.4). Therefore, equation (3.1) cannot hold in this case.

We are left with the cases f =2, A=A + X, £ =3, A= )A{ + X3, and £ = 3, \ = 2)\,.
If the first case holds then S = SL§(3), and dimL(A; + Ao) = 7. However, by [9], €2:(3)
has no maximal subgroup with socle L5(3).

Assume that (S, L) = (L4(3),Q215(3)). For each extension of S, using [13], we can find
two non-singular points of different type with parameters (c,d) as follow: if M = L4(3)
then (c,d) = (42524,20655), (1160,945), if M = L,(3).2 then (¢, d) = (311768, 154791),
(505196, 252963). Assume that (S, L) = (Us(3),15(3)). As in case Ly(3), for each exten-
sion M of Uy(3), we can find two non-singular points of different type with the parameters
(c,d) as follow: If M = Uy(3) or Uy(3).2 then (¢,d) = (435212,217971), (2780, 1755);
if M = Uy(3).2% then (c,d) = (217970,108621), (435212,217971); if M = Uy(3).4 or
Us(3).Ds then (¢, d) = (217970, 108621).

If (S, L) = (L4(3),219(3)) and M = Ly(3), L4(3).2 then there exists two non-singular
points of different types with (¢, d) = (2600, 1611), (1070, 1035).

Assume (S, L) = (Us(3), 19(3)). For each extension M of Uy(3), we can find two non-
singular points of different type with the parameters (c, d) as follow: if M = Uy(3), Uy(3).2
then (¢, d) = (2690, 1845), (217700, 108891); if M = U,(3).4 then (c, d) = (435752, 217431),
(217700, 108801); if M = Uy(3).22, Us(3).Ds then (c,d) = (435752, 217431), (2420, 2115).
We can check that equation (3.1) cannot hold in any of these cases.

Case f > 1. First consider case { = 1. As SLy(q) = SUs(q), we can assume that
e = +. If f =2 then S = SLy(9). Then S = Ly(9) = As. Thus, we can assume
that f > 3. If X\ is any 3-restricted dominant weight then A\ = ¢\, where 0 < ¢ < 2,
dimL(cA;) = ¢+ 1 and L(cA;) is self-dual. By Proposition 2.41, dimV = (dimW)7,
for some irreducible kS-module W. As dimV = 2m + 1 is odd, dimV¥ is odd and hence
dim¥ > 3 = dimL(2)\;). It follows that 2m + 1 > 3/ and hence m — 1 > (3/ — 3)/2.

As |Aut(Lo(37))| = f - 3/(3% — 1) < 3% it follows from (3.4) that 3/ — 3)/2 < 4f, with
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f = 3. However by induction on f > 3, this is not true. Thus equation (3.1) cannot hold.

Consider case ¢ > 2. It is shown in case f = 1 that if A € X3 such that L(\) is self-
dual and has smallest odd degree then A = A\; + \,. By Propositions 2.41 and 2.39 again,
2m + 1 = (dimWV)7, for some self-dual irreducible kS-module ¥ of odd degree. Hence
dim¥ > dimL(A; + X). Tt follows that 2m + 1 > (2 + 20 — e3(¢ + 1))/. We will show
that 3! > |Aut(L$,,(37))|. Then (3.4) cannot hold. As |Aut(L,,(37))| < 3/¢+V* and
m—1> ((2+20—e3(0+ 1)) —3)/2 > ((¢2+2(—1) —3)/2, it suffices to show that

((?+20—1) —=3)/2 > f(£+1)2 This is true by induction. The proof is now completed.l

Let S be a simply connected group of type B, over F,, where ¢ = p/, and & be the
corresponding simply connected, simple algebraic group over k, such that S = &, for
some suitable Frobenius map o. Let N be the natural module for S with the standard
basis 3 = {e1,...,epx, f1,..., fe}. Multiplying some suitable constant to the symmetric
bilinear form, we can assume that the representing matrix of the symmetric bilinear form

on N has the form

00 I,
B=10 1 0
I, 00

Let T be the set of all matrices of the form diag(d,1,d™"), where d = diag(ty,...,t;) €
GLy(k). As T = (k*)¢, T is a maximal torus of S.Fori=1...( define v : T — k*,
by vi(diag(ty, ... te, 1,t7%, ... ¢, 1)) = t;. Then {;}¢_, form an orthonormal basis for F.
Also define ayy1-; = Yor1-i — Yo—i, for i =1,...,0 — 1, and oy = ;. Then {ay,...,ap is
a fundamental root system of type By, and the corresponding Z-basis of the fundamental
dominant weights is {1, ..., \¢}, defined as following: A\; = %(71 +- 47), and Ay =

Yo+ Vo1 + -+ Vo1, fore=1...,0—1.

Proposition 3.29 Assume M is almost simple of type S, where S is simply connected of

type By over Fys. There is an M-orbit on €¢(V) such that equation (3.1) does not hold
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so that M s not in Tables 1.1-1.5.

Proof. Assume equation (3.1) holds for some r € {s,t} and for any M orbits in E(V).

Case f = 1. First we claim that if A\ is a 3-restricted dominant weight such that
dimL()) is odd and greater than dim/N then A must be one of the following weights:

(i) A = Xo_1,£ > 3,0 odd, and dimL(\) = 20> + ¢;

(17) A = 2\, £ = 6k + 3,6k +4 or 6k + 5, for some non-negative integer k, and dimL(\) =
20% 4+ 30,20% + 30 — 1,20% + 3¢, respectively;

(idi) € = 3,\ = 2\;, and dimL()\) = 35.

From (3.4), we have 3™ < [Aut(S)| = |Aut(Qar41(3))] = 37 [[\_, (3% — 1) < 32+,
Hence dimL(\) = 2m + 1 < 44? + 20 + 3. Notice that if £ > 5 then 3 — (40> + 20 + 3) >
502 — 40> —20 —3 = ({ —1)> =4 > 0, and so £3 > 40> + 20 + 3. If £ > 11, then
dimL(\) < 42 + 20 + 3 < 3, and hence by Theorem 5.1 in [38], A is either A\, or 2),.
For 2 < ¢ < 11, by Theorem 4.4 in [38] and the upper bound for dimension of L(\) above,
again, A is one of the weights above or ¢ = 3, A = 2\;, and dimL(2)\;) = 35. So case (ii7)
holds. It remains to get the restriction on ¢ in cases (i) and (7). From the reference above,
we also have dimL(X\p_1) = £(20 + 1) and dimL(2)\;) = 20> + 3( — £3(2¢ + 1). Now case (4)
holds as dimL(\,—1) is odd if and only if £ is odd. Suppose that 3 | 2¢ + 1. then as 2¢ + 1
is odd, 2041 = 3(2t + 1), hence ¢ = 3t + 1. Since dimL(2)\;) = 20> +30—1 = £(20+3) — 1
is odd, it follows that ¢ = 3t + 1 is even. Thus ¢t = 2k + 1 and ¢ = 6k + 4. With the same
argument, we can see that if 342¢+ 1, then ¢ = 6k + 3 or 6k + 4.

Let @ be the non-degenerate quadratic form associated with the non-degenerate sym-
metric bilinear form on N. Then for v € N, (v,v) = 2Q(v). On the tensor product N @ N,
we can define a non-degenerate symmetric bilinear form induced from the form on N
as follows: for w;,w; € N,i = 1,2, (u1 ® ug, w; ® we) = (ug,wy)(usz,ws), and extend
linearly on N ® N. Recall that if u is a non-singular vector in N, then the reflection

ry : N — N defined by vr, = v — g&u;u, for any v € N. Let Sacton N@ N by
u
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(u®v)g = (ug ® vg). Then ((u1 ® ug)ry, (W1 @ wa)r,) = (U1 @ ug, w; @ wy) for any
non-singular vector u. Thus, A2N and S?*(N) leave invariant symmetric bilinear forms
induced from the one on N ® N. We have L(X\,_1) = A%(N) and L(2);) = w*/(w N{w)),
where w =3""_ (e, @ f; + fi @ &) + @ x € S*(N).

We now consider case (z). As L(A\p_1) = AN, dimL(\_1) = £(20+1) and L(\,_1) has a
basis consisting of e;Ae;, fiNf;,1 <i < j <l eANf;,1 < i, <LlandeAz,aNf;, 1 <@ <L
Also denote by @ the associated quadratic form on N ® N. Then for £ € {£1}, let
v=eANz+E&Nfi = (er—&fi) ANa. Since Q(e; Ax) = 0 = Q(z A f1), we have
Q(v) = (eg ANx,x A f1) = £ Hence v is a non-singular point. Let N; be the subspace of
N generated by {e; — £f1,2}. As N; is non-degenerate, N = N; L Ni-. Denote by H the
centralizer of Ny in Q(N) = Qgp11(3). It follows that H = Qo 1(3), and H fixes v. By
(3.4) we have 3™t < 1+ c+d < [Aut(Qa41(3)) : Qo 1(3)] = 2- 3%71(3% — 1) < 3%
Hence m — 1 < 4/, so that 202 +¢ = 2m +1 < 8 + 3. As £ is odd and ¢ > 1, the
above inequality holds only when ¢ = 3. In this case, we have Q7(3) < Q97(3). Using
GAP, there are two non-singular points of different type (z;),7 = 1,2, with (¢;,d;) =
(13040, 9072), (26324, 17901), we see that equation (3.1) cannot hold in this case. In case
(i), let v = e; @ e; + £fL ® f1 + (w) Nwt, where £ € {£1}. Then Q(v) = &, hence
v is non-singular in L(2),). Let N3 = (ey, f1). Then N is a non-degenerate subspace
of N. As in case (i), let H be the centralizer of Ny in Q(N), as H = Qg 1(3), we
have 3™ 1 < 1+ ¢+ d < |Aut(Q1(3)) = Qoe1(3)] < 3%, hence 2m + 1 < 8¢ + 3. As
dimL(2)\) = 202 +30—e3(20+1), it follows that 202 +3(—1 < 202 +3(—e3(20+1) < 8(+3.
If ¢ > 4 then 2024+30—1 > 2-40+3(—1 = 8(+(3(—1) > 8(+11 > 8(/+3, and if £ = 3, then
202430 —e3(20+1) = 27 = 8(+3. Thus since £ > 3 in this case, (3.4) cannot hold. Finally
¢ =3 and A = 2)\;. In this case, we have Q(3) < 97(3). Using GAP, there are two non-
singular points of different type (x;),7 = 1,2, with (¢;, d;) = (13850, 8262), (26324, 17901),

we see that equation (3.1) cannot hold in this case.
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Case f > 2. By Propositions 2.41 and 2.39, dimV = (dimW¥)7, for some self-dual
irreducible kS-module W. As dimV is odd, so is dimV. Firstly, suppose that f > 3.
Since dimV is at least 2¢ + 1, it follows that 2m + 1 > (2 + 1)/. By (3.4), we have
31 JAut (o1 (31))| < f - 3/CCHD L 3ICEHED Ag 9m +1 > (20 + 1)/, we have
2((20+1)7 =3) < f-(20*+0+1). Clearing fraction, we get (20+1)7 —3— f-(402+2(+2) < 0.
By induction, this inequality cannot happen.

Secondly, suppose that f = 2 and dimW¥ > 2¢ + 1. It follows from case f = 1 that
dim¥ > 2% + (. Arguing as above, we have (/(20 +1))? —=3 < 2-2- (2 +/(+ 1) =
2(402 + 20 + 2). However, as £ > 2, (7 (20 + 1)) —3 —2(40+20+2) > 22(20 +1)% — 2(2( +
1)2+40—5>2(20+1)2+3 > 0. Hence ¢/ (204 1)/ — 3 > 2(4¢% 4+ 2+ 2), a contradiction.

Finally, suppose that f = 2 and dimW¥ = 2¢ + 1. In this case, we can assume that
U L(\) = N,and so V = N ® N, where N is the natural module for Qg,1(3?),
and N@ denote the module received from the twist action of S on N. For any element
v € N, denote by vV the corresponding element in N, Notice that if p is odd then for
any a,b € sz; ,a+b=0or1if and only if a? + b = 0 or 1, correspondingly. This holds
because af + ¥ = (a + b)?. Fix a standard basis § = {e, - ,ep,x, fo,- -+, f1} of S. Let
u = (e1+&f1) € N. Then for g € S, in the basis 3, we write g = (a; ;). Assume that ug = g.
Then a1 +agy11 = 1 = a1 2041 + a2e11,2041 and aq; +ageq1; = 0,1 < @ < 204 1. Hence, by
the notice above, we have af, + a5, |, =1 =a{ 4, +ab 14, and af; +ab, ;= 0,1<
i < 20+ 1. Therefore, ug = ug” = u(a};) = u = u). This means that if g € S fixes
u then g also fixes uM). Let v = u @ u) € N ® N, Let H be the stabilizer of v in S.
Then H = Q5,(3%) with e = £1, and H < S,. Hence by (3.4), 3™ < |Aut(Qa41(32)) :
Q5,(3%)| < |Aut(Q211(3%)) : QF,(3%)] < 3%F2. Since 2m + 1 = (20 + 1), it follows that
(20412 <80 +T7. Asl>2, (241?80 —T=4P+40+1—-80—-T=4({—1)—6 > 0.

This final contradiction finishes the proof. [

Let S be a simply connected group of type Cy over F,, where ¢ = p/, and & be the
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corresponding simply connected, simple algebraic group over k, such that S = &, for some

suitable Frobenius map o. Let N be the natural module for S with the standard basis

B = {e1,...,eu f1,..., fe}. The representing matrix of the non-degenerate symplectic
I

form on N has the form B = . From the isomorphisms Sps(q) = SLs(q), and
-1, O

Spa(q) = Q5(q) for ¢ odd, we can assume that ¢ > 3.

Proposition 3.30 Assume M is almost simple of type S, where S is simply connected
of type Cy over Fys, with ¢ > 3. There is an M-orbit on E¢(V') such that equation (3.1)
does not hold unless (€, \,dimV') = (3, A2, 13) or (L, S, \) = (Q41(3), PSps(3), A\1). If the
first case holds then M has at most two orbits on E(V) so that 1¢ £ 15, by Corollary

3.7 and hence (L, S) = (Q13(3), PSps(3)) is in Table 1.2. The last case is in Table 1.3.

Proof. Assume equation (3.1) holds for some r € {s,t} and for any M orbits in E(V).

Case f = 1. Let A € X3 be a 3-restricted dominant weight such that L(A) = V. We
first get an upper bound for dimV. As |Aut(PSpy(3))| = f - 37 [, (3% — 1) < 32+,
by (3.4), 3™ 1 < 32+ and hence 2m +1 < 402 4+ 20+ 3. If £ > 5 then 40> + 20+ 3 < (3,
and so dimV < (3. If £ > 11, then dimL()\) < ¢, and hence by Theorem 5.1, in [3§],
A is either A\y_; or 2\, For 2 < ¢ < 11, by Theorem 4.4 in [38] and the upper bound
for dimension of L(\) above, again, A is one of the weights above or £ = 4, A = \;, and
dimL(\;) = 41. We have dimL(2)\;) = (20 + 1), L(2\,) = S?(N), and dimL(\,_,) =
202 — 0 —1—¢g,(0), L(—1) Zwh/((w) Nwh), where w =e; A fi + -+ ex A fo. In these
cases, S leaves invariant a quadratic form @) induced from the symplectic form on N. In
case A = 2\, let v = €1 ® e1 + £f1 @ f1 € L(2)\y). Since dimL(2)\,) = £(2¢ + 1) is odd, ¢
must be odd.

If ¢ = 3 then dimL(2),) = 21 and PSps(3) < Q91(3). Using [13], there are two non-
singular points of different type (z;),i = 1,2, with (¢;, d;) = (7075430, 3538809), (26324, 17901),

we see that equation (3.1) cannot hold in this case.
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Thus we assume that ¢ > 5. Let H be the centralizer in S of the subspace generated by
{e1, f1}. Then H = Spyy 5(3). By (3.4), we have 3™~ < |Aut(PSpa(3)) : PSpa—_2(3)| =
2.37(3% — 1)/3U=1* < 3% Hence 2m + 1 < 8( 4 3. As 2m + 1 = £(2( + 1), it follows
that (20 4+ 1) < 8¢+ 3. However as £ > 5, £(20+ 1) > 520+ 1) =100 +5 > 8 + 3, a
contradiction. Next consider case A = A\;_1. As dimL(\_1) = 20> — { — 1 — g,({) is odd,
¢ =6k + 2,6k + 3 or 6k + 4.

Let v =e; Aey + Ef1 A fo + (w) Nwt, where € = £1. Then v is non-singular in V. Let
N; = (ey, €9, f1, f2) be a subspace of N. Since N is non-degenerate, N = N; | Ni-. Let
H, K be the centralizers in S of N1, Ni, respectively. Then H 2 Spy—2)(3), K = Spa(3),

and H, K commute. In the basis 51 = {ey, s, f1, f2}, let

1 0 10 11 0 0

0 1 00 01 0 0
g= Jh =

0 0 10 00 1 0

0 =€ 0 1 00 —1 1

As gBg' = B,hBh = B, and det(g) = 1 = det(h), g,h € Sp(V1). Furthermore, g, h are
of order 3 and gh = hg, the subgroup generated by ¢g and h are elementary abelian of
order 9. Since vg = v and vh = h, it follows that F = (g,h) < K,. Thus £ x H < §v,
hence 1+ ¢+ d < [Aut(S) : (E x H)| = |Aut(PSp2(3)) : (E x PSpau—2)(3))] < 3%,
Hence 2m +1 < 160 — 11. Since 2m + 1 = 202 — 0 — 1 — £,({) > 2(*> — { — 2, we have
202 —(—2 < 160 —11, or equivalent 202 —17(+9 < 0. As { = 6k+2,6k+3,6k+4,if ¢ > 4
then k > 1, and so £ > 8. Then 20> —17(+9 > 20>—16/—({—8)+1 = (2(—1)({—8)+1 > 0,
a contradiction. Thus ¢ < 4.

If ¢ =4, then dimL(\,_1) = 27, by using GAP, equation (3.1) cannot hold. If ¢ = 3,
then dimL(A,—_1) = 13. Using GAP, there is only one orbit of minus points and two orbits

of plus points. Hence equation (3.1) holds for both types of points by Corollary 3.7. We
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are left with case £ =4, A = A\, dimL()\;) = 41.

Case f > 2. It follows from case f = 1 that if A is a 3-restricted dominant weight
such that L(\) is self-dual and is of odd degree then dimL()\) > 20> — ¢ — 1 —¢,({) >
202 — ¢ — 2. As V is an absolutely irreducible k§—module, by Propositions 2.41 and 2.39,
2m + 1 = (dimW¥)”/, for some self-dual irreducible kS-module ¥ of odd degree. Thus
om+1 = (dim®)! > (202 — ¢ — 2)7. By (3.4), 3" 1 < [Aut(PSpy(3))] < 3/@C+HD 50
that 2m +1 < 2f(202 + ¢+ 1) + 3. Combining these inequalities, we have (2¢2 — ¢ —2)/ <
2f(202+ 0+ 1) + 3, where £ > 3, f > 2. However by induction we see that this inequality

cannot happen. The proof is now completed. [ |

Let S be a simply connected group of type D, or 2D, over F,, where ¢ = p/, and &
be the corresponding simply connected, simple algebraic group over k, such that S = &,
for some suitable Frobenius map o. Let N be the natural module for S with the standard

basis 3. The representing matrix of the non-degenerate symmetric bilinear form on N has

0 I
the form B = “| . From the isomorphisms Q2 (¢) = SLy(q)0SLa(q), 2 (q) = La(q)
Iy 0

and PQZ(q) = Li(q), we can assume that £ > 4.

Proposition 3.31 Assume M is almost simple of type S, where S is simply connected of
type Dy or 2Dy over Fss. There is an M-orbit on €(V) such that equation (3.1) does not

hold so that M is not in Tables 1.1-1.3.

Proof. Assume equation (3.1) holds for some r € {s,¢} and for any M orbits in & (V).
Case f = 1. Let A € X3 be a 3-restricted dominant weight such that L(\) = V. By
inequality (3.4), 3™ < |Aut(PQ5,(3))| < 3202, Thus 2m + 1 < 402 — 20 4+ 7. By
Theorem 5.1 and 4.4 in [38], either ¢ > 4 and A = \y_1,2)\, or £ =4 and A = 2Aq, 2.
If A\ = A1, then dimL(\) = 20> — ¢ and L(\) = A%N. Since dimL()\) is odd, ¢

must be odd. Thus £ > 5. Let a = e; —£fi,b =€+ fo € Nand 2 = aAb € AN,

90



where ¢ = +1. Then (z) is non-singular in V' = AZN. Also, let N; be a subspace of
N generated by a and b. Clearly, N; is non-degenerate, dimN; = 2, and sgn(N;) = &.
(For any v € Ni,v = aa + b, Q(v) = &*Q(a) + *Q(b) = —&a® + 32 = 0 has non-zero
solutions if and only if £ = 1.) Since N = N; L Nit,dimNi- = 2¢ — 2 and sgnN =
sgnNy - sgn(Ni), it follows from Proposition 2.5.11 [29] that sgnN{- = €. Since the
discriminant D(Q) = detB = (—1)* = —1 (mod(F*)?), as / is odd, by Proposition 4.1.6
in [29], H = Q(N{) = QF_,(3) < Q(N) centralizes N;. Hence H < M;.y. Therefore,
1+ c+d < |Aut(PQ5,(3)) : Q5 ,(3)] = 4322(3° — c1)(3! + e£1) < 3%, Since
(>5,3"1 = 30RCF~=3)/2 5 341 5 | | ¢4 d, a contradiction to (3.4).

Next if A = 2\, then dimL(\) = 202+ ¢ —1—&3(¢) and V = L(\) is the heart of S?N,
that is, wt/(wb N (w)), where w = 0 (e, @ fi + f; ® e;) € S2N if S is of type Dy and
w= Y"1 (e:® fi+ fi®e;) +r@x+y®y otherwise. Let ze = ) ®ey +Ef1® fr+ (w)Nw', € =
+1, and Ny = (ey, fi) < N. Then z is non-singular in V. Let Ny = (e, f1) < N and H be
the centralizer of Ny in Q(N) = Q5,(3). Since sgnNi- =&, H 2 Q5, ,(3) and H fixes ().
Thus 1+ ¢+ d < |Aut(PQ5,(3)) : 95, 5(3)] < 12.3272(3° —e1)(3° 1 +e1) < 3¥. If £ > 5,
then 3m~1 > 3(2+-5)/2 5 340 5 1 4 ¢4 d, contradicts to (3.4). If £ = 4, then 2m+1 = 35,
hence m — 1 = 16. As 371 =316 = 3% > 1 + ¢ + d, we also get a contradiction to (3.4).

Case f > 2. It follows from case f = 1 that if X is a 3-restricted dominant weight such
that L()) is self-dual and is of odd degree then dimL(\) > 2(?> — (. As V is an absolutely
irreducible l{:g—module, by Propositions 2.41 and 2.39, 2m + 1 = (dimW¥)/, for some self-
dual irreducible kS-module ¥ of odd degree. Thus 2m + 1 = (dim¥)) > (202 — 1)/,
By (3.4), 3™ < |Aut(PQ5,(3))] < 3.3/~ 5o that 2m + 1 < 2f(202 — £ 4+ 1) + 5.
Combining these two inequalities, we have (202 — ¢)/ < 2f(2(2 — ¢+ 1) + 5, where { >

4, f > 2. By induction, this cannot happen. [ |

Assume that S is simply connected of exceptional type which defines over a field of

characteristic 3. Then S is one of the following types: Ge, Fy, Es, Er, Es, 2Eg, 3Dy, 2Gs.
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Proposition 3.32 Assume M is almost simple of type S, where S is of exceptional type
above and define over Fse with e > 1. There is an M-orbit on E:(V') such that equation
(3.1) does not hold unless (L,S,\) = (27(3),G2(3),\;),i = 1,2, or (Fy(3),25(3), A1),
and M has one or at most two orbits on €(V), respectively, so that 14 £ 1§, by Corollary
3.7 and so they are in Table 1.2 or (L,S,\) = (277(3), Es(3), A2), (2133, £7(3), A1) and

they are in Table 1.3.

Proof. Assume equation (3.1) holds for some r € {s,t} and for any M orbits in E(V).

(a) Case Gq. By (3.4), 3™ < |Aut(G2(39))] < 3'%¢. Thus 2m + 1 < 30e + 3. Assume
first that e = 1. Then 2m 4+ 1 < 33. Let A € X3 with V = L()). From Appendix A.49 in
[38], A is one of the following weights A1, Ag, 2A1,2X0. If Ais A;, 7 = 1,2, then dimV = 7. In
these cases, we have G5(3) < Q7(3). By [9], these are maximal embedding and G2(3) has
only one orbit in E(V). If A = 2); or 2), then dimV = 27. We have G5(3) < Q57(3). But
this is not a maximal embedding as G2(3) < Q7(3) < Q27(3), where the last embedding
arises from the symmetric square of the natural module for €27(3). (see Proposition 3.29).
Assume that e > 2. By Propositions 2.41 and 2.39, 2m + 1 = (dimW¥)°, for some self-dual
irreducible kS-module ¥ of odd degree. It follows that 2m + 1 > 7°. Combining with
2m + 1 < 30e + 3, we have e = 2. Then dimV = 7? = 49. However G3(9) is not maximal
in Q49(3) since G2(9) < Q7(9) < Q72(3) where the first embedding arises as in previous
case, while the second is the twisted tensor product embedding.

(b) Case Fy. By (3.4), 3™t < |Aut(Fy(39))] < 3%%¢. So 2m + 1 < 106e + 3. Assume
that e = 1. From Appendix A.50 in [38], A = Ay and dimL(\) = 25. In this case, we
have an embedding Fy(3) < Q95(3). By [8], F4(3) has 5 orbits of points in V. But there
are two orbits of singular points, and so there are at most two orbits for each types of
non-singular points. Assume that e > 2. we have 2m + 1 > 25¢, so that 25¢ < 106e + 3.
But this cannot happen for any e > 2.

(c) Case °Fg. By (3.4), 3™ ! < |Aut(°Eg(3%))| < 3™ Thus 2m + 1 < 158¢ + 3.
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Assume that e = 1. From Appendix A.51 in [38], A = Ay and dimL(\) = 77. (Note that
dimL(\) = dimL(\g) = 27 but these modules are not self-dual). In this case, we have
2Fe(3) < Fg(3) < Q(3), and V = L(Es)/Z(L(Es)), where L(Eg) is the Lie algebra of
Eg over Fy. If e > 2, then 77¢ < 158e + 3. However this cannot happen for any e > 2..

(d) Case E;. By (3.4), 3™ ! < |Aut(FE7(3%))| < 3'%. Thus 2m + 1 < 268¢ + 3.
Assume that e = 1. From Appendix A.52 in [38], A = A\; and dimL(\) = 133. We have
E7(3) < M33(3), and V = L(FE7), the Lie algebra of E; over F3. Assume that e > 2. We
have 133° < 268¢ + 3. This cannot happen for e > 2.

(e) Case Eg. By (3.4), 37! < |Aut(Eg(39))] < 3219¢. Thus 2m+1 < 498e+ 3. Assume
that e = 1. From Appendix A.53 in [38], dimL(\) > 3875 > 498.1 + 3 = 501. Assume
that e > 2. Clearly 3875¢ > 498¢ + 3 for any e > 2.

(f) Case 3Dy. By (3.4), 3™ < |Aut(*D4(39))] < 3%%. Thus 2m+1 < 60e+3. Assume
that e = 1. From Appendix A.53 in [38], A = 21, 2Xy, 204 and dimL(\) = 35. Since the
splitting field for 2Dy(3) is Fss, dimV = 3.35 = 105 > 63. Assume that e > 2. Clearly
35¢ > 60e + 3 for any e > 2.

(g) Case 2G5. By (3.4), 3™~ < |Aut(?Go(3%+1))] < 382D Thus 2m +1 < 32e+ 19.

By Proposition 2.41, 2m + 1 > 7% and so 72! < 32¢ + 19. This cannot happen. W

Embedding of Sporadic groups
Let S be a sporadic simple group. Define g3(S) := 2logs(|Aut(S)|) + 4.
Lemma 3.33 Let S be a simple sporadic group. The minimal degrees of irreducible faith-

ful representations of S and its covering groups over Fs are given in Table 3.4 together

with the value of the function gs(S).

Proposition 3.34 Assume M is almost simple of type S, where S is a simple sporadic
group. There is an M-orbit on E:(V') such that equation (3.1) does not hold so that M is
not in Tables 1.1-1.3.
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Table 3.4: Minimal degrees of representations for sporadic groups in characteristic 3.

LS [ Bs(S) [0S ]| S [ Rs(S) | [gs()] |

My, 5 20 Suz 64 o4
Mo 10 26 2.5uz 12 o4
2.Mo 6 26 O'N 154 o4
J1 56 25 Co3 22 53
Moy 21 28 Co2 23 61
2. Moo 10 28 Fig 7 63
Ja 13 29 2.Fig | 176 63
2.Jy 6 29 HN 133 65
HS 22 37 Th 248 75
2.HS 56 37 Figg 253 82
J3 18 37 Col 276 82
My, 22 39 2.Col 24 82
McL 21 42 Jy 1333 87
He 51 45 | Fiy, | 781 | 106
Ru 378 20 B 4371 144
2.Ru 28 50 2.B | 96256 144
M 196882 | 229

Proof. Assume equation (3.1) holds for some r € {s,t} and for any M orbits in E¢(V).
Then by (3.4), |Aut(S)| = 3™ 1. It follows that 2m + 1 < 2logs(|Aut(S)|) + 3 =
g(S). By Lemma 3.33 and [19], we need to consider the following cases: (S,dimV) =
(Msy,21), (McL,21),(Coq,23). If (S,dimV) = (Mae,21), then My < Asn < Q5(3),
hence Ng(S) is not maximal in G. If (S,dimV) = (McL,21), then S has two orbits
with representatives (x), (y) and stabilizers S, = L3(4) : 25 and Sy, = My; which are
in different G-orbits. We also have ¢, = 12194, d, = 10080 and ¢, = 72809, d,, = 40590,
and we can check that (3.1) cannot hold in any of these cases. For S : 2, we also get the
same result. Finally if (S, dimV') = (Coq,23), then there exist two non-singular points in
different G-orbits with representative (x), (y) with Siy = 2'°: My, : 2 and Sy = HS : 2
with sizes |[(z)S| = 46575 < 3™~ = 30 |(y)S| = 476928. The parameters for (y)S are

¢y = 296450, d, = 180477. We can check that (3.1) cannot hold in this case. [
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3.5 O (3)

3.5.1 Parameters for Q5 (3)

Assume the hypothesis and notations in section 3.3 with L = Q5, (3),m > 2, and € = +.
For { € F* = {£1}, we will identify +1 or + with [J, and —1 or — with X. Let €Z(V') be

the set of all points in V' with norm §. Take z € €¢(V), and define
Ax) =€ (V)nat, I(x) = (V)N (V -zt —{z}).

Then P has exactly three orbits {(x)}, A(z) and I'(z) on €Z(V). Recall that @ < G < 1.

Lemma 3.35 Assume £ = +. We have
(i) 1€(V)| = 337 (37 — )

(it) k = 33m7 (3™ —¢)

(iii) | = 320m=1 — 1

() A= 33m2(3™ " +-¢)

(0) = 13m1(3m2 — )

(vi) VD = 4.3m2

(vii) s = 3™ %(e + 2)

(viii) t = 3m2(e — 2)

Proof. For any ¢ € F*, by Lemma 2.11, [V| = 3™7'(3™ —¢). Hence |€(V)| = |Vg|. This
proves (7). It also implies that the parameters for G do not depend on &. Let z. = e; +¢f;
be a non-singular point in V, where {ej, fi} is taken from a standard basis § for V.
Clearly, x1 has a basis {z_.} U (8 — {e1, f1}) and (z_.) is an e-type point in zt. For
any y € z2 NE(V), Q(y) = Q(x) = ¢ # Q(x_.). Hence - N (V) is the set of
all —e-type points in 2. Thus k = |€°_(z1)] = 13™7'(3™! —¢). By Lemma 3.1, we

have | = |& (V)] — 1 — k = 32(™=1) — 1. To compute A, take y. = ey +efs € Alx.) =
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r2 N E(V). Then A(z.) NA(y.) = (we,y)t N E(V). As (x.,y.)" has a basis consisting
of two orthogonal subsets {z_.,y_.} and §— {e1, e, f1, fo} with sgn({z_.,y_.)) = — and
sgn({B — {e1, ez, f1, [2})) = &, it follows that sgn({z.,y.)*) = —e. Hence A\ = |A(z.) N
Aye)| = €25 ((z, y)H)| = 33m72(3™ 7 + ) as dim(z., y-)" = 2(m — 1). By Lemma 3.1,

pl = k(k —1—X), hence p = $3™1(3™72 — ¢). The remaining parameters follow easily.l

Corollary 3.36 Let M be a subgroup of G. Suppose that equation (3.1) holds for some
r € {s,t} and for any x € (V). Then

() if (e,7) = (4, s) or (—,t) then equation (3.1) has the form

c—2d=¢e3""1—1. (3.8)

(17) If (e,r) = (+,t) or (—,s) then equation (3.1) has the form

(e3™ 1+ 1)(e3™ — 3+ ¢ — 2d) = 4c (3.9)
(1ii) If € = + then
l+ct+d>3mt (3.10)
() If e = — then
m—1
l+c+d> % > 3m2, (3.11)

Proof. We can write equation (3.1) in the form

l
I=(r+ 1)c—d%. (3.12)
[
If e,7 are as in (7) then r = 3™~ and % = 2(e3™71 4 1). Substitute all these to equation

(3.12), we have (3™ 1 —1)(e3™ 1 +1) = (3™ 1 +1)c—2d(e3™ 1 +1) = (3™ +1)(c—2d).

l
Hence (i) follows. If ¢ and r are as in (i7), then 7 = —3™~2 and % = —2(e3m™ 1 +1)/3.
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Now substitute these parameters into equation (3.12) and multiply both sides by 3, we
have 3(e3™1 — 1)(e3™ ! +1) = 4c — (e3™ ' + 1)c + 2d(e3™! + 1), and (ii) follows. Let
A=1+4c+d. If (e,7) = (+,s) then ¢ = 2d+3™ ' —1. Then A = 3™ ' +3d > 3™'. Next,
if (e,7) = (+,1), then 2d(3™ 1 +1) = (3™ =3)c+ (3™~ 1 +1)(3™—=3) > (3™ 1+1)(3™—3).

Thus d > (3™ —3),and A=1+c+d > 1+ 3(3™—3) = 3(3™ —1) > 3™"'. This proves

>
(#17). If (e,7) = (—,t), then 2d —c =3""' +1. Hence d = 3(c+1+3""1) > 2(3™ ! + 1),
and A=1+c+d>1+13""1+1) =131 +3)>3"2 Finally, if (c,r) = (—,s),
then (3™ + 3)c = (3™ + 3)(3™ 1 — 1) + 2d(3™ " — 1) > (3™ + 3)(3™! — 1). Thus
c> (3" 433 - 1)/3™ " +3), and A=1+c+d>3"23" +1)/(3™2+1). To
finish the proof, we need to show that 3™2(3™ + 1)/(3™ 2 + 1) > (3™ ! + 3). Clear
fractions, this inequality is equivalent to 2.3™72(3™+1) > (3™ 2+1)(3™"! +3). However,
it is easy to see that 2.3™72 > 3™ 2+ 1 and 3™ +1 > 3™ ! + 3. Now the result follows by

multiplying these two inequalities sides by sides. [

3.5.2 Permutation characters of maximal subgroups in C

The reducible subgroups C;

Proposition 3.37 Assume G is nearly simple primitive rank 3 of type €25,,(3) and M is
of type O} (3) L O3

2m—a

(3). There is an M-orbit on € (V') such that equation (3.1) does
not hold unless M is of type O1(3) L Ozp—1(3). In this case M is in Table 1.1.

Proof. As M is of type O} (3) L O3?

52 _o(3), there exists a non-degenerate subspace W < V/

of dimension « such that M = Ng(W). Put W, = W, Wy, = W g; = sgnW;. Write
X; = X(W,;), where X ranges over the symbols €2, S and /. By Lemma 4.1.1 in [29], we
have M; = I; x Iy and €y x Qy < Mg.

Suppose first that dimW = 2b+1 is odd. If b = 0 or m — 1 then the Proposition holds.
So suppose that m —2 > b > 1. Let = be a non-singular vector in Wy, with p(z) = &.

Arguing as in Proposition 3.10, we have (x) Mg = (z)M;. Thus we need to compute the

97



parameters for Mg in L. Since ; < Mg acts transitively on Qfg(Wl), and (2 centralizes
(z), we have (x)Mq = (z)Sh, hence d = k(W1),c = I[(W1), parameters for €Z(W;). By
Lemma 3.8, d = 33" (3" — ¢),c = (3" = §)(3"! + &), and hence ¢ — 2d = £.3" — 1.
If (3.8) holds then £.3° — 1 = 3™ ! — 1. Hence b = m — 1, a contradiction. Thus
(3.9) holds. Therefore (€3™7! + 1)(e3™ — 3 + £.3° — 1) = 4(3* — &)(3"! + &), whence
(3™ 4 &)(3™ — 4 + £.£3%) = 4(3" — (3" + ). We will show that 3™~ + ¢ >
20371+ &) > 0 and 3™ — 4 +£.£.3° > 2(3° — &) > 0, and by multiplying these two
inequalities together, we get a contradiction. As m —2 > b,m —1 > (b— 1) + 2, hence
3l e — 2030 4 &) > 3230 — 230 42— 26 =731 42— 2¢ Since b > 1
and ,& € {£}, 731+ -2 >T+e—-2€6 > (14+¢)+(2—-2£) +4 > 0. Thus
3m fe > 2(3"1 4+€). For the other inequality, as m > b-+2, 3™ —4e +e£3° —2(3° - ¢) >
9.3" + (e€ —2)3" + 26 —de = (£ +1)3° + (6 + 26 — 4¢) + 6(3° — 1). As the first two terms
of the last expression are non-negative and the last one is positive since 3* —1 > 2 > 0,
(.£4+1).3"+ (6 +2¢ — 4e) +6(3° — 1) > 0, hence 3™ + £.£.3% > 2(3% — 2¢).

Secondly, assume that dimW = 2b is even, where 1 < b < m — 1. Note that if
dimW = 2, then sgn(W) = —, otherwise, Mg, is contained in a stabilizer of a non-singular
point, and so it is not maximal in L. Arguing as above, let  be a non-singular vector in W;
and let & = sgn(Wy). Then (z)M; = (x)Mq = (x)Q(W;), and so d = k(Wy),c = (W),
parameters for Qig(x)(Wl). By Lemma 3.35, d = $3°71(3*"1 — ¢), and ¢ = 3%72 — 1. We
have ¢ — 2d = £3°~1 — 1. If equation (3.8) holds then £.3°=! — 1 = £.3m~! — 1. This implies
that b = m, a contradiction. If equation (3.9) holds then (3™ 1 +¢)(3m —ec.4+¢.£.371) =
4301 =) (3t 4e). Asm—12>b> 1,3 14e-2(3"1+e) > 30 —e—2.3"1 =31 > 0,
and 3M—e.4+e.£.3"71-2(3" " —¢) > (14+&£)3"14+2(3°—¢) > 0. Thus 3™ 1+¢ > 2(3* "1 +¢)
and 3™ — .4 4+ ¢.£.3"71 > 2(3*~! — ¢). Finally, by multiplying these two inequalities, we

get a contradiction. This completes the proof. [

Retain the notation as in Lemma 3.11 and Lemma 3.12.
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Proposition 3.38 Assume G is nearly simple primitive rank 3 of type 25,.(3) and M is
of type P,. Then M has at most two orbits in (V') so that 1§ £ 15, by Corollary 3.7 and
so M is in Table 1.1.

Proof. 1t suffices to show that Mg has at most 2 orbits on €°(V'). From definition M
stabilizes a totally singular subspace W of dimension a. By Witt’'s Lemma, we can
assume that W has a basis {ej,- - ,e,}, where e}s are taken from a standard basis
for Q5,,(3). Let Y = (f1,--+,fs) and X = (WEY)*. By Proposition 2.6 (iv), X
has a basis {z1,...,2:}, with s = 2(m — «), such that the matrix representing of
the associated bilinear form of @ restricted to X is either I, or diag(\,1,---,1), ac-
cording as D(X) = O or D(X) = K. Let 8 = {e1,...,€0,Z1, .., Ts, f1,---, fa} Let
U= C(WWL/WV/WL), Ty = Ny(W,Y) and N = Ny (W,Y,X). By Lemma 3.12,
U<L N=TyxI(X)and M; = U : N, where GLo(3) = Ty < I(W@Y). Let T = 1T,
As (F%)? = {1}, by Lemma 3.11, SL,(3) 2 T = ToNQ(V), hence U(T x (X)) < K. Fix
Ee{t} Assgn(WEPY) =+, and sgnV = sgn(W @ Y).sgn(X), we have sgn(X) = .
Let x be a non-singular vector in X with p(z) = &, and let a = e; + f1 € V. Using
the same argument as in Proposition 3.13 together with Lemma 3.35, we have |(x) Mq| >
e Q(X)U| = [(X)]W] = 137187~ <), and |(a) Ma| > 2[aTU] = L3++o1(37 1)
Since |€¢| > [(z) Mol + [{a) Mq| > 53" 1 (3™* —e) +53°t*71(3* = 1) = 33" '(3" —¢) =
|€2(V)], as s = 2m — 2a. Tt follows that [(z)Mq| = [(2)Q(X)U|, [{a)Mq| = [(a)TU| and
€ (V) = (x)Mq U (a) Mq. Thus Mgq has at most two orbits on (V). |

The imprimitive subgroups C,

Proposition 3.39 Assume G is nearly simple primitive rank 3 of type 25,.(3) and M is
of type O1(3) 1 So. There is an M-orbit on € (V') such that equation (3.1) does not hold

unless (n,e,r) = (6,—,t) or (n,e,&,r) = (10, —,0,t), and so M is in Table 1.1.
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Proof. Let n = 2m and let {z1,...,x,} be an orthonormal basis for V. Argue as in
Proposition 3.17, we have (x) M; = (x) M for any x € {z1, 21 + x2}. Therefore it suffices
to compute the parameters for Mg in L. We also have |(z1)Mq| =n,d; =n—1,¢; = 0,
and (1 +x9) Mg| = n(n—1),dy = n*—5n+7,c; = 4n—8 by Lemma 3.16. By Proposition
4.2.15 in [29], € = (—)™. We consider the following cases:

(i) Case m even. Then ¢ = +. If £ = K, then we can take v = 7 as Q(z;) = —1 = K.
Then (3.1) becomes k = —rd;. Since k = 33 1(3™"' —1) > 0,d; = 2m — 1 > 0, r must
be negative, hence r = t = 3™ 2(e.1 — 2) = —3™"2. Thus 3™ = 4m + 1. This holds only
when m = 2. As m > 4,3™ > 4m + 1, and so this case cannot happen. If & = [, we
choose © = 1 + xo. If m > 6, then 1+ ¢y + dy = n(n — 1) < 3™~ 1. This violates (3.10) so
equation (3.1) cannot hold. Thus m = 4 and so ¢ = 24,d = 31. We can check that (3.1)
cannot hold in this case.

(i7) Case m odd. Then € = —. If £ = K, then we can take x = x;. Then (3.1) becomes
k= —rdy. Since k = 33" 13" +1) > 0,dy =2m—1>0,r =t =3"?%(l—2) =
—3m~1 Thus 3™~ = 4m—3. This holds only when m = 3. By [9], we see that M has only
2 orbits on €*(V') so that (3.1) holds in this case. Finally, if £ = O, we choose x = x| + 5.
Then 2dy — ¢3 = 2(n(n — 7) + 11). If m > 7, then 1 4+ ¢y + dy = n(n — 1) < 3™~2. This
contradicts to (3.11) and hence equation (3.1) cannot hold. Thus since 7 > m > 3 and m
is odd, m = 3,5. If m = 3, using [9], (3.1) holds. Therefore we assume that m = 5. We see
that 2dy — ¢y = 82 = 3571 + 1. Thus (3.1) holds with r = ¢,& = (0. Let (v) and (w) be two
points in V with generators °_, x; and Y5, x;, respectively. Then (v), (w) € ¢ (V),
and by applying Lemma 3.15, [(v) Mq| = [D3y| = 24('Y) and [(w)Mq| = |Df,| = 27(Y).
As [(z)Mq| + [(v) Mo| + [(w) Mo = |€; (V)|, we conclude that Mg has only three orbits
on €. (V) with representatives (z), (v) and (w).

Parameters for (v) Mq. By Lemma 3.15, (v) Mg = D3, the set of all points of length 5.

We first determine d = |(v) MoNvt|. Let y = > ayx; € V, define supp(y) = {z;|a; # 0}.
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Let (y) be a point in (v) Mg Nt withy = 377 a;;z;;. Then (v,y) = 0 and [supp(y)| = 5.
We consider the following cases:
(1) supp(y) N supp(v) = 0. Then y = 3212 ayx;. There are 2* such points in this case.
(2) |supp(y) N supp(v)| = 1. Then (v,y) = a; # 0, where «; is the coefficient of the
common vector. There are no such points y.
(3) |supp(y)Nsupp(v)| = 2. Then y = aqx;, +aoxi, +51y1+02y2+F3ys, where all coefficients
are non-zero, and x;,, x;, € {1,2,3,4,5},y; € {6,7,8,9,10}. We have (v,y) = a; +ay = 0.
Hence {ay, an} = {1, —1}. There are 23 (g) choices for By, + Ba2y2 + F3y3 and (f) (g) choices
for ayx;, + asm;,. Thus there are %(?) (g) 23 (g) = 2552 points.
(4) |supp(y) N supp(v)] = 3. Then y = 5% ay,, + T2, By, and (v,) = Y, a; = 0.
It follow that {aq, ao, s} = 4{1,1,1}. There are 22 (g) choices for G111+ B2y, 2(?) choices
for ayw;, + qowy, + agwy,, hence there are %(g) 22 (g) = 2452 points.
(5) |supp(y) N supp(v)| = 4. Then y = Z?:l a;x;; + i1y1. We have (v,y) = ijl a; =0.
It follow that {ay, ag, as, as} = {1,1,—1, —1}. As there are 2(51’) choices for Sy, 2(;1) (i)
choices for Z?:l a;z;;, there are £(3)(2).2(%) = 6.5% points.
(6) supp(v) = supp(y). Then y = 327 ayz;. Then (v,y) = S0, oy = 0. This happens
only when {ay, s, as, ay, a5} = £{1,1,1,1, —1}. Thus there are (i’) = 5 points.
Therefore d = 24+42°.52421.524+6.524+5 = 1371, and ¢ = |D},| - 1—d = 2* (150) —1-1371 =
2660. Clearly, 2d — ¢ = 2.1371 — 2660 = 82 = 3* + 1. Hence (3.1) holds with r = ¢,£ = [J.
Parameters for (w)Mgq. For any (y) € (w)K Nw', we have (w,y) = 0, |supp(y)| = 8
and [supp(v) N supp(y)| = ©.
(1) |supp(y)Nsupp(v)| = 6. Write y = Z?Zl Oéjxij+2321 By;. Then (w,y) = Z?Zl a; = 0.
It follows that {ay,---ag} = £{1,1,1,1,1,1} or {1,1,1,—1,—1,—1}. There are (2)22
points in the first case and %(g) (2) 22 points in the last case. Thus, there are (g) 22 +
1(5)(5)2? = 1232 points y.

(2) |supp(y) N supp(v)| = 7. Write y = 2]7‘:1 a;x;; + S1y1. Then (w,y) = 25:1 a; =0. It
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follows that {aq, -+ ,a7} = £{1,1,1,1,1,—1, —1}. There are (;) (?)2(?) = 672 points.

(3) supp(w) = supp(y). Then y = 35 aya; and (w,y) = 3o, a; = 0. This happens
only when {ay, ag, -+ ,ag} = £{1,1,1,1,1,1,1,—1} or {1,1,1,1,—1,—1,—1,—1}. Then
there are (515) + %(i) = 43 points.

Thus d = 1232 + 672 + 43 = 1947, ¢ = |D%| — 1 — d = 3812, and 2d — ¢ = 82 = 3* + 1.
Hence (3.1) holds for r = ¢, = . This finishes the proof. |

Lemma 3.40 Let (V,Q) be an orthogonal geometry with dimV = n. Fiz a standard basis
for V' as in Definition 2.4. Let x,e € V be a non-singular vector and singular vector

respectively. Then

. 32m — 1, ifn=2m+1
(1) {v e V = {0}|Q(v) = 0}] =
32m=1t 4 2e3m71 — 1, ifn=2m,sgn(V) =c.

Assume n = 2m + 1 and & = p(z) = sgn(zt).
32m71 _ fgmfl’ Zf A ?é 0

(1) [{v € V = {0}Q(v) =0, (v,2) = A} =
Fm=tp2e3m=1 — 1, if A=0.

32m—1

: if A0
3m3ml ), if A=0.

(iii) {v € V = {0}Q(v) =&, (v,e) = A} =

32m—1, ifA£0
32m=1 _ 1 if A =0.

(iv) [{v € V —{0}Q(v) = 0, (v,e) = A} =

Proof. (i) is a corollary of Lemma 2.11 with ¢ = 3. For (i), when A = 0, then the left side

L as dim(zt) = 2m, and sgn(zt) = &, the result

is the number of singular vectors in x
follows from (7). When X # 0, note that (v,z) = A if and only if (—v,z) = —\, and there
are only two non-zero values for A € F, the number in the left side is [3*™ — 1 — (3*™~1 +
2e3m~1 — 1)] = 3?1 — ¢3m~1 this proves (7). Let 8 ={e1 -, em, fi,"** , fm,a} be the
standard basis for V. By Witt’s Lemma, we can assume that e = e;. Then e+ = (e) @ W,

where W = ({ea, -+ ,em, f1,"+* , fm,a}), and V = (e1) W @ f1). Now, suppose that
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v=aje; +w+ agfy €V, where w € W, ; € F and that (v,e) = 0,Q(v) = Q(x). Then
as (v,e) =as =0, v =are+w and Q(v) = Q(w) = Q(x) # 0. By Lemma 3.8, there are
3m=1(3m~1 +£.1) such non-singular vectors w € W, where p(w) = p(z) = €. As oy can take
any values in F, there are 3.3~ 1(3"~! 4 £.1) = 3™(3™~! + £.1) such vectors v. Using the
same argument as in (i7), we see that when (v,e) = A # 0, then (v,e) = X if and only if
(—v,e) = —A. By Lemma 3.8 there are 3"(3™+¢.1) non-singular vectors u in V' satisfying
conditions p(u) = p(z), hence there are [3™(3™ 4 £.1) — 3™(3™~! 4 £.1)] = 3*™! such
vectors v. This proves (iii). Finally, if v = aje + w + ay € V, where w € W,a; € F and
(v,e) = 0,Q(v) = 0. Then v = aqe; + w and Q(v) = Q(w) = 0. By Lemma 2.11, there

32m72

are such w. As ay can be chosen arbitrarily, there are 3 choices for a;. Hence, after

excluding 0, we have 3.32""2 — 1 = 3?"~! — 1 such v. Using the same argument as above,
there are [3*™ — 1 — (3?™~! — 1)] = 32"~ vectors v such that (v,e) = A # 0,Q(v) = 0.

This finishes the proof. [ |

Suppose that o > 1 and D is a non-degenerate a-decomposition. By the Main Theorem

in [29], if n > 13, then M is not maximal in G unless o > 4.

Proposition 3.41 Assume G is nearly simple primitive rank 3 of type 25,.(3) and M is
of type On(3) 1Sy, with o > 4 and b > 2. There is an M-orbit on (V') such that equation
(3.1) does not hold unless m is odd and (e,7,a,b) = (—,t,m,2). In this case M is in

Table 1.1.

Proof. Assume that V' has an orthonormal basis which is the union of orthonormal bases
of all V;. Let N =y x Q5 X - -+ X Q. As a = dimV; > 4, V] contains non-singular points
of both types. Let (x) € V} be a non-singular point, and £ = sgn(V}) € {£,0}. Argue
as in Proposition 3.18, we only need to compute the parameters for Mg in L. Since S},
permutes the set {V;}°_, transitively and fori > 1, Q(V;) centralize Vi, (x) Mq = ()N .S} =
(@)QV)S, = €, (Vi)S, = UL, € (V). Thus A = [{z)Mg| = b€, (V1)]. Also, for
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i > 1, V; are all perpendicular to V;, hence d = |z N (x)Mq| = ki + (b — 1)\€i(m)|,c =
|I'(z)| = 1y, where ky,[; are parameters for V. We consider the following cases:

(a) dimVy =2a+ 1 and b > 3. Then as o > 4 and « is odd, a > 5, hence a > 2. Also
since n = 2m = (2a + 1)b, it follows that b = 2b; is even, by > 2, and m = ab;. We have
A =b|E,» (V)] = b.23%(3* + p(z)) < b.33%(3* + p(x)) < b.3%* = b.3>"1. By Corollary
3.36, it suffices to show that 32 > 0.3%7!, or equivalently, 3m~2-a+!l = gabi—a=l » p
Since a > 4,b; > 2, we have (a« —4)(by —2) = aby —a—1— (a+4b; —9) > 0, and so
abj —a—1>a+4b; —9. Asb=2b; >4, a>5, a+4b; —9>5+b+b—9>b. Hence
gabi—a=l > 3b The results follows as 3° > b for all b > 4.

(b) dimVy; = 2a and b > 3. Then a > 2, and m = ab. We have A = b|€g(x)(V1)| =
b33 (3% — ) < b.33°71(3* + 1) < b.3%71. We will show that 3™72 > .32 and
hence equation (3.1) cannot hold by Corollary 3.36. This inequality is equivalent to
3002071 > . As b > 3,a > 2, we have (a—2)(b—3) = ab—2a—1—(a+2b—7) > 0, hence
ab—2a—1>b+ (a+b—"7) > b— 2. Clearly, 3°°2 > b for any b > 3. Thus 3?7227 > p,

(¢) dimV; = 2a and b = 2. Then a > 2,6 = £ = +, and m = a = 2a. By Lemma
3.35, d = ki + €}, (Va)] = §3° 71 (371 = &) + 3371 (3" = &),c = [, = 3™ 2 — 1, and
c—2d=—-3""1—1+2£371. We can check that equations (3.8) and (3.9) cannot hold.

(d) dimVi; = a =2a+11is odd and b = 2. Then m = 2a + 1. Let n be the type of x in
V1. By Proposition 4.2.14 in [29], we have ¢ = (—)@~Y™/2 = — By Lemma 3.8, |(x) Mq| =
3% +0.3% d =k + |€,(Vi)] = 33771 (3% — ) + 33°(3" + ), c = L = (3 —n)(3°~ + ),
and ¢ —2d = —3™ ' —1. Then c — 2d = —3™" ! —1 = £.3m~! — 1. It follows that equation
(3.1) holds with r = ¢ for the point (z) € €, (V). Let y; € Vi,i = 1,2, be non-singular
vectors with Q(y;) = —Q(z). As Vi,V are isometric, y; are of type —n for i = 1,2.
Put y = y1 +y2 € V. Then (y) € €, (V) and (y)Ma = (y1)Q(V1) + (y2)©2(V2). Hence
(y)Ma| =2(1+ ki +11)? = 3(3%* — .32 If v = v; +v2 € (y) Mo Ny™, then v; € y;Q(V;)

and (vi,y1) + (vo,92) = 0. If (v, 51) = (vo,90) = 0, then v; € y,Q(V;) Nyi-. Thus there
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are 2k? such points in this case. If (vi,y;) = —(v2,y2) # 0, then there are (I; + 1)* such
points. Hence d = 2k% + (I; + 1), and ¢ = [(y)Mq| — 1 —d = (I; + 1)* — 1 + 4k (I; + 1).
Now ¢ —2d = —3™! —1 =3t — 1. Let 2 = x + e, where e € V5 is a singular vector.
Then Q(z) = Q(z), and hence (z) € €, (V). We have (2) Mo = ((z)Q(V1) + (e)2(V2)) U
((eYQ(V1)+(2")Q(V3)), where €' is a singular vector in V7, and 2’ is a non-singular vector in
Va with Q(2') = Q(x). Thus [(z) Mo = 3.2.{v € V1|Q(v) = Q(2)}|.{v € V1|Q(v) = 0}].
Hence, by Lemma 3.8 and 3.40 [(z) M| = (32* 4 £.3%)(3?* — 1). We compute parameters
for (z) Mq. For any v = v; + vy € V] L vy which satisfies the following conditions (v, z) =
(v1,2) + (vg,€) =0, and v € (z) M. Then one of the following holds:

(7). (v1,z) =0 = (vq,€), Q(v1) = Q(z),Q(v2) = 0. By Lemma 3.40 and 3.8, there are
sl{v € 2HQ(v) = Q(@)}.{v € e — {0}Q(v) = 0} = 5(3%71 — £3271)(3%*7! — 1) points.
(#7). (vi,2) = 0 = (vg,€), with Q(v1) = 0,Q(v2) = Q(z). There are 1|{v € z-|Q(v) =
0}.{v € et = {0}|Q(v) = Q(z)}] = 3(3%* 1 + 231 — 1)(3%*~! + £37) such points.
(#77). (v1,2) = —(v2,€) # 0, with Q(v1) = Q(x), Q(v2) = 0. There are 2|{v € V|Q(v) =
Q(x), (v,z) =1}H.{v e V = {0}|Q(v) = 0, (v,e) = —1}| = (3%¢~! + 2p3271).32¢~! points.
(). (v1,2) = —(v2,€) # 0 with Q(v1) = 0,Q(v2) = Q(z). There are 3.2.[{v € V|Q(v) =
0, (v,z) = 1}.{v € V}Q(v) = Q(x), (v,e) = —1}| = (32*~1 — £3°71).32%~! such points.
Thus d = $(3%71 — 37 1)(3271 — 1) + £(3%71 4+ 23*71 — 1)(327! + 93%) + (3% +
2n3a-1) 32a-1 4 (32a—1 —p3a—l) 32—l = gla—lyp 33a=1_p 3=l ‘and so ¢ = [(2) Mq|—1—d =
2(3%=1 4 33l —p3e-1)—3% 1. Then c—2d = —3**—1 = -3""1 -1 =e3""1-1. We
have |(z) Mol + |(y) Mal| +[(z) Ma| = (3% +1.3%) + (3% —1.3%)? + (3% +1.37)(3** — 1) =
330 (3% + 1) = 3.3 (3™ + 1) = |€,,, (V). Therefore Mg has only three orbits of
non-singular points in €, (V') with representatives (z), (y) and (z). Hence (3.1) holds

for r = ¢ and for any points in €, (V). |

Proposition 3.42 Assume G is nearly simple primitive rank 3 of type Q3, (3) and M is

of type GL,(3).2, so that D is a totally singular m-decomposition. Then M has only one
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orbit of non-singular points on 'V so that 15 £ 1§, by Corollary 3.7 and hence M is in

Table 1.1.

Proof. We may choose e; € V; and f; € V, such that § = {e1, - ,em, f1,--+ , fm} Is &
standard basis for V. By Lemma 4.2.3 in [29], we have [(p)y = G'L,(3), and hence M; =
Ipy.So = G Ly, (3).2. Also by (4.2.6) and (4.2.7) in [29], we have Mg = Q(py.2 when m is even
and Mg = Q(p) when m is odd, where Qpy = SL,,(3). For £ = £, let ve = e; +£f1 € V.
Then v is non-singular in V. Choose x € I(py with dety,(z) = —1, and = fixes v¢. Let
y € M; be the element which interchanges e; and f; for all i. Observe that (x,y) leaves
(ve) invariant. Thus (ve) M; = (ve) Mg = (ve)Qpy. Clearly [(ve)Qp)| = 33™1(3™ — 1) =
|Q‘32(V)| Therefore Mg has only one orbit of non-singular points in (’E;(V). Note that

when m is odd, M is maximal in G if only if G' contains some element that interchanges

Vi, Vo and fixes (vg). |

Proposition 3.43 Assume G is nearly simple primitive rank 3 of type €25,,(3) and M is
of type O,,(3)2, so that D is non-degenerate and non-isometric, m > 5 is odd. There is
an M-orbit on €(V') such that equation (3.1) does not hold so that M is not in Tables

1.1-1.5.

Proof. By Proposition 4.2.16 in [29], e = (—)G*V/2 = + M; = I, x I and Mg = S; x Ss.
Let ve be a non-singular vector in V; of type {. We have (ve) M = (ve) Mg = (ve)§l =
€¢(V1). As m is odd, m = 2a+ 1. By Lemma 3.8, we have d = k(V}) = $3°7(3% — £) and
c=1(V1) = (3" = &)(3* 1 +&). Then ¢ — 2d = £3* — 1. We see that (3.1) cannot hold M

The field extension subgroups C;

Lemma 3.44 Assume case OF holds, with f; a non-degenerate symmetric bilinear form,
q odd and o = 2. Let vy € Vj satisfy fy(vy, vy) = X € Fy, so that r,, € L;(V}).

(i) spang,(vy) is a non-degenerate 2-space in V. with discriminant uN(X), where () = F*.
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Q  ifA¢(F)?
S\Q if A€ (F;)?

Proof. This is Lemma 4.3.19 in [29]. |

Proposition 3.45 Assume G is nearly simple primitive rank 3 of type Q3. (3) and M is
of type OF,(3%), where a is a prime divisor of 2m, and 27"‘ =2b > 4. There is an M-orbit
on € (V) such that equation (3.1) does not hold unless o = 2 or a = 3. If = 2 then
M has only two orbits on (V) so that 1§ £ 15, by Corollary 3.7; if « = 3 then M has
three orbits on € (V') and equation (3.1) holds for r = s and for all M-orbits on €;(V'),

and hence these cases are in Table 1.1.

Proof. Let By = {e1,...,ep, f1,..., fo} be a standard basis for V; over Fy. Define ¢ to
be ¢g,0,(v), where (v) = Gal(F;/F); and v = »* for any 7 € F;. Denote by I, I; the
full isometry groups I(V,Q, F), 1(V;, Q4. Fy), respectively. Also let Q = Q(V,F,Q), Yy =
Q(V4, Q4, Fy) and S = S(V, F, Q). We first prove the following:

(1) Qs(wdy) = Qz(w)” for any w € Vi;

(2) ¢4 is of order . Moreover, if a is an odd prime then ¢y € Q(V,Q,F). If a = 2 then
¢y € 2, if bis even and ¢y € S\ €, if b is odd;

(3) If 6 € Mo, ()M = {(w) | Qyw) € {37+~ "' }}, where = € Vi,y = Q4(2).
For (1), write w = Z?:l Ai€i + i fi, where A, p; € Fy. Then wey = Z?:l()‘iei + i fi) s =
i (e + iy f), and Qylwey) = S0 ()" = (52, Ais)” = Qglw)”. For (2), let
By =1{¢,¢% ..., ¢* '} be a normal basis of Fy over F, 8, = 3, @ {e1,..., e}, By = 5 @
{fi,-... fo}, and W, = (Be)r, Wy = (Bf)r. We see that W,, Wy are two maximal totally
singular subspaces in V' and ¢y fixes these two subspaces, so that ¢; € Ny (We, Wy).

We now determine whether or not ¢y € Q(V). Let 8; = 5, ®e; = {Cei, . . ., ¢3! e; }. Since

(Fe)gr =¥ e and (7 ey)py = ey = Cey,
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0 0 1 0
(¢4), =

0O 00 --- 1

100 --- 0

Since det(dy)s, = (—1)*7", det(¢y)w, = (—1)© V. Similarly, det(¢y)w, = (—1)© 1P,
Thus det(¢y)y = ((—1)©@D%?2 = 1, so that ¢y € S. By Lemma 3.11, ¢, € Q(V) if and
only if det(¢y)w. € (F*)2. Hence (2) follows easily. We have M; = Ii{¢y) = I;.Z,, and
Qy < Mg < Ii{¢y). Assume that ¢y € Mg. Then Qy(¢y) < < Iy(¢y). By Lemma 2.3,
() = (2)I;. As (2)Q(py) C (2) Ma C (2)I:(d4) = (2)Q24(¢y), the equalities hold through
out this chain. Hence (2)Q4(¢4) = (2) Mo = (2)M;. Finally (3) follows by applying (1).
(a) Case a > 3. Let z = ey + £f1, where £ = £1. Then Qy(z) = £ € F*, Q(2) =
TQy(z) = T(€) = £a € F*, hence (z) is a non-singular point in V, and since ¢ is invari-
ant under v, (2)Mq = () = {(w) € V; | Q¢(w) = £}. By Lemma 2.11, [(2)Mq| =
2@t — ¢, where ¢ = 3% We see that (w) € (2)Mg Nz if and only if w €
Vi, Qs(w) = Q4(2) = &, fy(w,2) = ¢ € kerT, where T' = Ty, r is the trace map. Write
w = ¢fy(z,2) 'z + 20, where zy € zV Then Qy(z0) = 1% — ¢?) = &(1 — ¢?),
as £ = 1. Since T(£1) # 0, Q4(z0) # 0 for any ¢ € kerT. Consider the classical
orthogonal sub-geometry (z&ﬁ,Fﬁ, (Qﬁ)zﬁ) of (V,Fy,Qy) with dimz&ﬁ =20b—-1)+ 1
Let z,,z_ be plus and minus type vectors in (z‘%’j ,Fﬁ,(Qﬁ)z‘%ﬂ), respectively. Denote
by n4,n_ the number of ¢ € kerT such that Q(z0) = Q4(z4+) and Qy(z0) = Qy(z-),
accordingly. As |kerT| = 3! = %q, ny +n_ = %q. By Lemma 2.11 again, d =
|<Z>MQ Nzppl = 50 (@@ 2+ ¢ ) +3n (2 = ") = 5" + 5(ny +n).¢" " Thus
2d = ¢ 1+ (ny —n_)¢" ' Notice that ny —n_ € Z. Suppose that equation (3.8) holds.

Then ¢ —2d =3"' —1=1¢" = 1,s0 c=2d+3¢" = 1. As L+ c+d = 3(¢* ' — "),
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it follows that 2d = ¢ ' — 3(1 4+ 2.3°71)¢". Thus 3¢® ' — (1 + 2.3*7 1) .¢" ! =
$¢® ' + (ny —n_)g"". This equation yields ny —n_ = —(1+ 2.3°7!). However, since
a > 3,1+2.3%1 is not divisible by 3, so the right side of above equation is not an integer
while the left side is an integer. This contradiction shows that equation (3.8) cannot hold.
Suppose that equation (3.9) holds. Then (3" ! + 1)(3™ — 3 4+ ¢ — 2d) = 4c or equiva-
lently, 32"~ — 3 4 (3™~! — 3)c = 2(3™"! 4 1)d. Substitute ¢ = (¢** ' — ¢ ') —d -1,
we have 37m~1 — 3m=1 4 1(3m~1 — 3) g1 (¢® — 1) = (3™ — 1)d, as ¢ = 3** = 3™,
2.3m71(3m—1)+(3m"1=3).¢" " 1(3m—1) = (3™ —1).2d, hence 2d = 2.3 1 4+¢*~1(3m~1-3) =
s?7 1+ (2.3%71 = 3).¢° . Combining this with 2d = $¢** + (ny —n_)¢"~*, we have
ny —n_ = 231 -3 and ny +n_ = 3%°L. Solving this system of equations, we get

= %(3 —3>71). As n_ is a non-negative integer, 3 — 3*~! > 0, it follows that 37! < 3
or @ < 2. This contradicts to our assumption that a > 3. Thus (3.9) cannot hold.

(b) Case r = 3. Let ¢ be a root of 2* —z + 1 in F. Then (¢) = F}, T'(¢*) = 2 and
kerT = (1,()p. Let £ = &1 and 7y = e; +£C% f1, 10 = e1 +E(C+1) f1, 3 = 1 +E(C2+2) f1.
Then 7 = Q) = £(C +i — 1) and Q(z) = TQy(wi) = T(E(C +i — 1)) = 2. Hence
x;, 1 < i < 3, are non-singular vectors of V' and belong to the same (2—orbit. Let Q; =
{977,792} We have 5; = &(C+i—1),7 = 72 = E(C+C+i),77" =10 = E(C+2( +i).
By (3), (z;)Mq = {(w) | Qs(w) € @Q;}, and so, by Lemma 2.11, 1 + ¢; + d; = |[(z;) Mq| =
2(¢**' — ¢"'). To determine d;, argue as in case (a), (w) € (x;)Mq N x;3; if and only
if we V;,Qiw) € Q; and fi(w,z;) = ¢ € kerT. Write w = @ fy(z;, 2;) " a; + wp, where
wy € Ty, hence Qy(wo) = Qy(w) — 7, '¢*. Notice that ¢ = —1(mod (F})?).

(1) First orbit (z1)Mq. As (x11)y, = {e1 — ECf1, €2, fo, ... }, Qyler — ECf1) = —E¢P
and e; — £C2f; is a plus vector in (mﬁ)vﬁ, it follows that wgy € (le)Vjj is a plus vector if
and only if Q;(wo) = —£¢* = —£(mod (F})?).

(i) If Qs(w) = m = &%, then Qy(wo) = v, '(77 — ¢*) = ¢ — (°¢*. We need to

determine the number of values of ¢ in ker7” under which @Q4(wy) is congruence to £ or
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—¢ modulo (mod (F3)?). If ¢ € {0,%C}, then Qi(wo) € {£¢%,€¢1?}. Hence Qy(wy) =
(mod (F})?). If p € {£1,£(¢ + 1), £(¢ — 1)}. Then Qy(wo) € {£¢°,&¢M,€(C}, hence
Qs(wo) = —&(mod (F})?). Thus there are 6(¢™ > +¢"") +3(¢™ > —¢"") = 9¢** > +3¢"*
such vectors wo.

(i2) If Q4(w) = 7} = &(C* + (+ 1), then Qy(wo) = 77 (W — ¢*) = G+ (+1 - (%%
If o € {0,4¢, (¢ + 1), £(¢ — 1)}, then Qy(wy) € {£¢5 €¢C1, £¢*, €¢19}. Hence Qy(wy) =
¢(mod (F})?). If ¢ € {£1}, then Q4(wp) € {£¢**}, hence Qz(wo) = —&(mod (F})?). Thus
there are 2(¢®~' + ¢"1) + 7(¢*2 — ¢"1) = 9¢®2 — 5¢"~! such vectors wy.

(i3) If Qy(w) = 77 = £(C +2¢ + 1), then Qy(wo) = 71 (1° — ¢?) =  — (+1 = (%
If ¢ € {0,£¢, =(¢ + 1),£(¢ — 1}, then Qy(wo) € {£¢1%,£¢%,€¢%, €} Hence Qy(wy) =
{(mod (F})?). If ¢ € {£1}, then Qy(wo) € {£¢*"}, hence Qy(wy) = —¢(mod (F})?). Thus,
there are 2(¢?2 + ¢ 1) + 7(¢**7% — ¢*~1) = 9¢**~% — 5¢*~! such vectors wy. Since q = 3%,
2dy = 9¢* 2 +3¢" 1 +2.9¢7 2 —5¢"1 = ¢* 1 —=T7¢"'. Now, as 14+c;+dy = 2(¢* 1 —¢"7 1),
c=q¢"4+2¢" ' —1land g —2d; =9¢> 1 —1=23%"1—-1=3""1_1 as m = 3b. Hence
equation (3.8) holds.

(i4) Second orbit (25) Ma. As (z5-)y, = {e1 — E(C + 1) f1, €, foy .. }, Quler — E(C +
1)f1) = —€(¢*+1) and ey — £C? f1 is a plus vector in (227 )y, it follows that wy € (217)y,
is a plus vector if and only if Q;(wo) = —£(¢? + 1) = —£¢* = £(mod (F})?).

(ii1) Qp(w) = 72 = &(¢? + 1). Then Qz(wo) = %' (13 —¢?) = CL-(C—¢?). It p €
{0, £1,£¢}, then Qy(wo) € {£¢*, ¢, £C°} Hence Qy(wo) = —¢(mod (F})?). If ¢ €
{£(C+ 1), £(¢ = 1)}, then @Q4(wo) € {£¢*°,€¢*}, hence Qy(wy) = &(mod (F;)?). Thus
there are 5(¢%®2 — ¢* 1) + 4(¢® 2 — ¢ 1) = 9¢%*2 — ¢*~! such vectors wy.

(id2) If Qy(w) =73 = £(C* + ¢ — 1), then Q4(wo) =11 (13 — ¢*) = C(C+(+1—¢?). I
p € {0, £1, £(C + 1)}, then Qy(wo) € {£CM, ¢, £CM}. Hence Qy(wy) = —&(mod (F})?).
It v € {£(}, then Q4(wo) € {£¢*}. Hence Qy(wo) = {(mod (F})?). If » € {£(C - 1)},
then Qy(wo) = 0. Thus there are 5(¢?*™2 —¢" 1) +2(¢* 2+ ¢"1) +2¢* 2 = 9¢**2 — 3¢"*
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such vectors wy.

(ii3) Qs(w) = 77 = &(¢* +2¢ +2). Then Qy(wy) = 1 '(n° —¢*) = (¢ —¢?). If
o € {0,41,+(C — 1)}, then Qy(un) €= {£C7,€C7, €C}. Hence Qy(wo) = —€(mod (FY)?).
If o € {#(C+1)}, then Q4(wo) € {£¢%}, hence Qy(wo) = (mod (F})?). If ¢ € {#(}, then
Qs(wg) = 0. Thus, there are 5(¢?*~2 — ¢"~1) + 2(¢?*72 + ¢*1) +2¢%2 = 9¢**72 — 3¢"!
such vectors wy. Therefore, 2dy = 9¢?*~2 — ¢*=1 4+ 2.9¢?72 — 3¢>~! = ¢® ! — 7¢"~1. As
l+eatdy=3(¢" " —¢" ), co=¢""+2¢" ' —land ¢, —2dy = 9¢" 1 =1 =3%"1-1=
3m~1 — 1. Hence equation (3.8) holds.

(#1) Third orbit (z3)Mq. As (z37)y, = {er — &(C2 — 1) f1, €2, fo, ... }, Qser — E(C —
1)f1) = £¢*® and e; — £(¢? — 1) f1 is a plus vector in (z3")y,, it follows that wy € (z3")y,
is a plus vector if and only if Q4(wy) = £¢* = —&(mod (F)?).

(i11) I Qy(w) = 3 = £C%, then Qs (wo) = 7, (77 —¢%) = = 1+Cp* I ¢ € {0, £¢, £ (¢+
1), £(¢ = 1)}, then Qy(wo) € {£¢",6¢% €, £¢**}. Hence Qy(wo) = E(mod (F})?). If
@ € {£1}, then Qy(wp) = £¢*', hence Qy(wo) = —&(mod (F)?). Thus there are 7(¢* 2 —
@+ 2(¢?7 2+ ¢v 1) = 9¢%2 — 5¢°~1 such vectors wy.

(idip) Tf Qs(w) = 7§ = €(C* +¢), then Qy(wo) = 13 (15 —¢®) = P+ + (> If g €
(0.1, £(C — 1)}, then Qo) € (€61, €C1,EC*). Honee Qy(uy) = E(mod (F)2). If €
{£¢, £(¢+ 1)}, then Qy(wo) € {£¢7, =&}, hence Qy(wo) = —&(mod (F})?). Thus there are
5(g% 1 — v ) + 4(¢® 2 + ¢*1) = 9¢%2 — ¢*~! such vectors wy.

(itiz) If Qy(w) = 75 = &(¢* + 20), then Qy(wo) = 7' (1* = ¢*) = G+~ (¥ I
o € {0.£1,4C). then Qu(uo) € {€C1,EC2 €02 €). Homce Qyluwg) = E(mod (})2). 1t
@ € {£(C+1),£(¢ = 1)}. Then Qs(wo) € {£¢°,£¢°}, hence Qy(wy) = —&(mod (Fj)?).
Thus there are 5(¢%2 — ¢ 1) + 4(¢**2 + ¢ 1) = 9¢** 2 — ¢*~! such vectors wy. Hence
2ds = 9¢* 2 —5¢" 1 +2.9¢% 2 — L = —Tgb . As 143+ dy = %(q%_1 —q¢" 1), we
have c3 = ¢?* ' 4+ 2¢"' —1and ¢35 — 2d3 = 9¢* 1 —1=23%"1_-1=3""1 —1 as m = 3b.

Therefore equation (3.8) holds.
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Finally as Y27, [(x:) M| = 5@ =) = 53t =3 = |€f(V)], Mg has
exactly there orbits on @Z(V).

(c) Case r = 2. By part (2), if b is even then ¢y € Q(V,Q,F), where m = 2b. If
b is odd then ¢y € S\ Q. Suppose that b is odd. As fy(e; — fi,e1 — f1) =1 € (Fg)Q,
by Lemma 3.44, r.,_p € S\ Q. Let ¢ = re,_p¢y. Then ¢ € ILi{¢y) N and hence
Y € Mg. It follows that Q) < Mo < Ii(gy) = 1(¥). Now, Qy(w)) = Qy(wre,—p¢4) =
Qi(wre,—p, )" = Qy(w)” as re,_y, € Iy. Define 1y to be ¢ if b is odd and ¢ if b is even.
Then for any z € V;, since Qu(1y) < Mo < Li(¢y) = Li(¢y), and (2)I; = ()€, it
follows that (2)Ma = (2)Q(y) = {(w) | Qs(w) € {Q:(2),Q:(2)*}}. Let ¢ be a root
of 22 —x — 1 in F. Then ({) = F;, (P =-1,(C+1)2=—1.Let np =+ 1,&=+1.
Let x1 = e; — {f1, and z9 = e; + £(f1. We have Qy(z1) = —§ € Fy, Qy(z2) = £(, and
hence (1) Mo = (1) and {z2) Mo = (22)04(6) = {(u) € Vi | Qs(w) € (€€, (€0)}}.
By Lemma 2.11, [(z1)Mq| = 5(¢*! — ¢*!) and [(z2) M| = 23(¢*' — ¢ ). Now, as
[(z1) Ma| + [(z2) Mq| = 5(3¢®! = 3¢""1) = 33m1(3™ — 1) = |€F(V)|, Mg has only two
orbits on (V).

Proposition 3.46 Assume G is nearly simple primitive rank 3 of type €5,,(3) and M is
of type OF,(3%), where « is a prime divisor of 2m, and 27’” = 2b > 4. There is an M-orbit
on €. (V) such that equation (3.1) does not hold unless a = 3 or a = 2 and G=11If
o = 3 then M has three orbits on €. (V') and equation (3.1) holds for r =t and for all
M-orbits on €. (V); if « = 2 and G = I then M has two orbits on €= (V) so that 1§ £ 15,

by Corollary 3.7, and hence these cases are in Table 1.1.

Proof. Let B3 = {v1, ..., v} be an Fy basis of V; such that fg, is either I, or diag(p, 1,...,1)

according as Dy = D(V}) is a square or non-square, where y is a generators F}. Define

v if Dy =0 if D, =0
Py = @3”7%( ) ' . : and ¢y = o ' :
bp,.q, (v)diag(p, 1,...,1) if Dy = X; ¢§ if Dy =K.
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We first show the following:
(1) Qs(wey) = Qy(w)” for any w € Vj;
(2) if « is odd then ¢y € Q(V,Q, F) so that Mg = Qy(¢y). If o = 2 then Mg < Iy;
(3) If o is odd then for any 2 € Vj, (2)Mq = {(w) | Qs(w) € {7,7*,...,7*" ' }}, where
7= Qy(2).
For any w € V;, write w = 3.0, Ajvi. We have wéy = Moy + 37, A3v;, where X is 1 or
according as Dy is a square or non-square. Now Q;(wey) = (A3IN)2Q;(v1)+ 3220, NoQy(v;) =
—(A)? = PN = (A2 — 0P, A28 = Qy(w)¥, which gives (1). For (2), assume
first that r is odd. Let 8, = {¢,¢%...,¢* '} be a normal basis of Fy over F. For
2 < @ < 2b, denote by 3; the set 3, ® v; and 31 = B, ® nui, where n = 1 if Dy = [
and 7 satisfies n°A = —1, when Dy = K. Observe that det((¢;)s,) = 1 for any i > 2 and
det((¢4)p,) is 1 if Dy is a square and it is —1 if Dy is a non-square. Thus det(¢;) = 1
or —1, whenever Dy is a square or non-square, accordingly. Hence if Dy = [0 then
Yy = ¢y € S, otherwise, as ¢y = ¢, det(py) = det(py)® = 1, we also have 1)y € S. Since
o(¢y) = acand [S : Q] = 2, ¢f € Q. However, as (i) = (¢F) < Q, ¢y € Q. It follows
from the proof of Proposition 4.3.16 in [29] that [Mq : Q] = «. Since ¢y ¢ Q4 and
Py € Iy(dy) N Q = M, it follows that Mg = Q4(yy). Secondly assume that o = 2. As
sgn(V;) = —, and £(3% — 1)b = 4b is even, by Proposition 2.6, D; = K. Take n € Fy such
that n? = —1. Let 8y = {nv1, nuv1} and B; = {v;,nu;} for i > 2. Then (¢y)g, = vt

1 0
and (¢y)s, = diag(1, —1) so that det(¢y) = det((¢y)s,) [T det((dr)s,) = 1.(~1)*~" = —1.
Thus det(¢y) = det(gﬁ?) = —1.As [Mq : Q] = a =2, for any g € Mo\, g € I;(¢;), hence
g = gy}, where gy € Iy and 1 <4 < 3 as o(¢) = 2a = 4. By part (i) of Lemma 3.44, any
reflections in V} are in S, and since [y is generated by reflections, Iy < S. It follows that

1 = det(g) = det(gy)det(¢}) = (—1)', which forces i even. Therefore g = gy] for some

j = 0,1 For any w € Vi, by part (1), Q:(wihy) = Qy(w)”" = Qy(w), since o(v) = a =2,
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which means that 14 € I;. Thus Mg < I;. This proves (2). For (3), assume that o > 3. By
part (2), Mqo = Q4(¢y). Let 2 € V; be any non-zero vector. Then (2) Mg = (2)€(¢4). Let
g = gsj € Q(thy). We have Qy(wg) = Qs((295)15) = Qs(295)"" = Q4(2)”", by part (1) and
the fact that gy € I;. Now, as o(v) = a is odd, v? is also a generator for (v) = Gal(Fy/F).
This proves (3). Observe that when r is odd then for any non-singular vector z € Vj, we
have (2)Qy(vy) = (2) Mg = (2)M;. Thus it suffices to compute the parameters for M in
L. When a = 2 then by Proposition 2.6, D(Q) = X as %(3 — 1)m = 2b is even. It follows
from Proposition 2.8.2 in [29] that I = (ig), also Q = S and |I : Q| = 2. Therefore either
G=Qor G=1.

(a) Case a > 5. Let z € V; be one of the vectors vy or vy + v3 so that Qy(z) = £ € F*.
As Q(z) = TQy(z) = T(§) = o € F*, z is a non-singular vector in V. Now, since
Q4(z) = £ is invariant under v, by part (3) above, (2)Mq = {(w) | Qs(w) = Qy(2)}.
By Lemma 2.11, [(z) Mq| = (¢ + ¢"*), where ¢ = 3. As (w) € (2) Mg N 2 if and
only if w € V;, Qy(w) = Q4(2) = &, fi(w,z) = ¢ € KerT, write w = ¢ fy(z,2) "'z + w,
where wy € zj;. Then Qy(wo) = &(1 — ¢?). Since T(£1) # 0, Q4(wo) # 0 for any ¢ €
kerT'. Consider the classical orthogonal sub-geometry (,z‘%ﬁ Fy, (Qﬁ)Z‘J/_u) of (V4, Fy, Q) with
dim,z‘%n = 2(b— 1)+ 1. Let z;,2z_ be plus and minus type vectors in (z‘%u, (Qﬂ)zﬁ,Fﬁ),
respectively. Denote by ny,n_ the number of ¢ € kerT such that Qy(wy) = Q4(z+) and
Qi(20) = Qs(2-), accordingly. As [kerT|=3"=% n,+n_= % By Lemma 2.11 again,
d = [(z)Ma N 2| = gna (@2 + ") + 50 (¢ = ¢"") = 56" + 5(ny —n)g"
Thus 2d = 3¢ + (ny —n_)¢" .

Now, suppose that equation (3.8) holds. Then 2d —c¢ = 37! +1 = %qb + 1. As
1+c+d = 3(¢*"+¢"), it follows that 2d = $¢®~' + 3(1 + 2.3*71).¢"'. Thus
ny —n_ = 3(1+2.3*7). However since a > 1,1 + 2.3%* is not divisible by 3, so that
the right side of above equation is not an integer while the left side is an integer. This

contradiction shows that equation (3.8) cannot hold.
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Next suppose that equation (3.9) holds. Then (3™ — 1)(3™ + 3 — ¢ + 2d) = 4c or
equivalently, 32"t —3+42d(3™ 1 —1)c = 2(3™ "' +3)c. Substitute ¢ = L (¢* ' +¢"!)—d—1,
we have 3771 4 3™ 4 (3™ 4+ 1)d = (3™ +3).¢" . (¢" + 1), as ¢® = 3** = 3™,
2.3m71(3m+1)+(3m+1).d = (3™ 1+3).¢""1(3™+1), hence 2d = ¢*~1 (31 +3)—2.3""1 =
%q%*l + (3 = 2.3"71).¢>~1. Combining this with 2d = %q%*l + (ny —n_)g"t, we have
ny —n_ =3 —23*%"and ny +n_ = 3°°! Solving this system of equations, we get
2n, = 3 — 371 As n, is non-negative, 3 — 3“1 > 0, it follows that 3*71 < 3 or a < 2.
This contradicts to our assumption that o > 5. Thus (3.9) cannot hold.

(b) Case a = 3. Let ¢ be a root of 2* — 2 4+ 1 in F. Then (() = F}, and ¢* =
¢ — 1. Let z be a non-singular vector in V}, and also a non-singular vectors in V. By part
(3), (2)Mq = {{w) | Qs(w) € {Q:(2),Qs(2)%,Q4(2)°}}. By Lemma 2.11, 1 + ¢, + d, =
[(z)Mq| = 3(¢* ' 4+ ¢"'). To determine d., argue as in case (a), (w) € (2)Mqg N 2 if
and only if w € V;, Qy(w) € {Qy(2),Qs(2)?,Qs(2)°}} and fy(w,z;) = ¢ € kerT. Write
w = ¢ fy(2,2)7' 2 + wo, where wy € zy;, hence Qy(wy) = Qz(w) — Qy(2)~"¢?. If equation
(3.8) holds, then 2d, — c, = 3™ ! 4+ 1, so that 2d, = ¢**~! + 7¢"~L. If equation (3.9)
holds then (37! —1)(3™ + 3 — ¢, + 2d.) = 4c,, and hence 2d, = ¢*~! — 9¢*~1. Notice
that ¢ = —1(mod (F})?). As sgnV; = —, by Proposition 2.6, Dy = O if and only if
%(33 — 1)b = 13b is odd. Therefore Dy is a square if and only if b is odd. We will show
that 2d, = ¢®*~! + 7¢*~!, so that equation (3.8) holds.

Define z_ = vy, 2z, = vy + v3 and for any £ = +,

21 = (e
Z9 = C4Z_§
2z = (Oz.

As Qi(z¢) = & we have Qy(2;) = £((*+i—1) for i = 1,---,3. Let v; = Qy(2;) and
Qi = {7, =&(C*+ ¢ +1),7) = &(C* — ¢ +1)}. Observe that —1 and A, where A is any
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generator for F}, are non-square in F;. We can check that D(vy, z)™ = —£1 (mod(Fj)?),
sgn(vy, ze) = = &(—)" and Qy(v1) = (=1)"" (mod(F;)?). It follows that for wy € (z7)y,,
w is a &(—)" vector if and only if Q4(wo) = (—1)* (mod(F;)?), or equivalently, wy is a +
vector if and only if Q4(wo) = & (mod(F})?), where wo € (2¢)y,-

(1) First orbit (z1)Mq. We have Qs(wo) = v — 47 ¢?, where j = 0,1,2, and ¢ €
kerT = {0, %1, ¢, (¢ + 1), £(¢ = 1)}. If j = 0 then Q4(wo) = £(¢* — ¢*) (mod(F})?),
and there are 6 values of ¢ in kerT' such that (* — ¢* = 1 (mod(F})?) and three values
of ¢ € kerT such that ¢* — ¢* = —1 (mod(F})?). Now if (* — ¢* = 1 (mod(F;)?), then
Qs(wo) = & (mod(F})?), and if ¢* — ¢* = —1 (mod(F})?), then Qs(wo) = =& (mod(F;)?).
Since 2 = zgl, there are 6(¢?°72 4+ ¢"1) + 3(¢?*"2 — ¢1) = 9¢?*~2 — 3¢"~! such vectors
wp in this case by Lemma 2.11 and argument above. If j = 1, then Q(wo) = £(¢® —
©*) (mod(F;)?). There are 7 values of ¢ € kerT for which Q;(wo) = &(mod(F})?) and
2 such values of ¢ with Q;(wy) = —&(mod(F})?), hence there are 9¢*°~" + 5¢"~". If
j =2, then Qy(wo) = £(¢*° — ¢?) (mod(F;)?). There are 7 values of ¢ € kerT' for which
Qs(wo) = &(mod(F})?) and 2 such values of ¢ with Q;(wo) = —£(mod(F})?), hence there
are 9¢%°~1 + 5¢*~'. Therefore, 2d = 27¢* 2 + 7¢*~" = ¢®*~' + 7¢* .

(i4) Second orbit (z)Mg. We have Q;(wo) = 75’ — 75 '¢?% and 23 = z%,. It follows
that wo € (z3)y, is a plus vector if and only if Qy(wo) = —¢ (mod(F})?). Firstly, if
j = 0 then Q4(wo) = —£(¢'® — ¢?) (mod(F;)?). There are 5 values of ¢ in kerT such that
Qs(wo) = —¢ (mod(F})?); and 4 values of such ¢ such that Qy(wo) = £ (mod(F)?). Thus
there are 5(¢®°2 + ¢"™1) + 4(¢**2 — ¢*71) = 9¢** 2 + ¢*~! such vectors wy in this case.
Secondly if j = 1 then Q;(wo) = —&(¢° — ¢?) (mod(F})?). There are 5 values of ¢ in kerT
such that Qy(wo) = =€ (mod(F;)?); 2 values of such ¢ such that Qs(wo) = & (mod(F})?);
and 2 values of ¢ € kerT such that Q;(wg) = 0. Thus there are 5(¢*~2 4 ¢*~1) +2(¢*~2 —
@ 4+ 2¢?72 = 9¢%2 + 3¢°! such vectors wy in this case. Finally if j = 2, then

Qi(wo) = —€(¢% — ¢*) (mod(F})?). There are 5 values of ¢ in kerT such that Q;(wo) =
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—& (mod(F})?); 2 values of such ¢ such that Qy(wo) = ¢ (mod(F})?); and 2 values of
¢ € kerT such that Q4(wp) = 0. Thus there are 5(¢% 2+ ¢" 1) +2(¢%* 2 —¢*71) +2¢* 2 =
9¢*~243¢"~1 such vectors wy in this case. Therefore 2d = 9¢%~24+¢"14+2(9¢**2+3¢"" 1) =
¢l Tl

(44) Third orbit (z3) M. We have Q;(wo) = 73 — 73 '¢?, and 23 = z¢-. It follows that
wy € (23)v, is a plus vector if and only if Qs(wo) = & (mod(F})?). Firstly, if j = 0 then
Qi(wo) = £(¢** — ¢?) (mod(F;)?). There are 7 values of ¢ in kerT such that Qy(wo) =
¢ (mod(F})?); and 2 values of such ¢ such that Qy(wo) = —¢ (mod(F;)?). Thus there are
(@2 + ¢ 1) +2(¢*2 — ¢*1) = 9¢%*2 + 5! such vectors wy in this case. Secondly,
if j =1 then Q(wo) = (¢ — ¢?) (mod(F;)?). There are 5 values of ¢ in kerT" such that
Qi(wo) = & (mod(F;)?); 4 values of such ¢ such that Qy(wy) = —¢ (mod(F})?). Thus
there are 5(¢% 2 + ¢* 1) + 4(¢* 2 — ¢*71) = 9¢*~2 + ¢*~! such vectors wy in this case.
Finally if j = 2, then Q;(wo) = —£(¢*° — ¢?) (mod(F;)?). There are 5 values of ¢ in kerT
such that Q4(wo) = & (mod(F})?); 4 values of such ¢ such that Qs(wo) = —¢ (mod(F;)?).
Thus there are 5(¢?72 + ¢"71) + 4(¢?*2 — ¢*=1) = 9¢**~2 + ¢*~! such vectors wy in this
case. Therefore 2d = 9¢**2 + 51 +2(9¢** 2 + ¢*1) = ¢® 1 + 7¢*L.

(c) Case r = 2 Assume first that G = Q. Then Q < G < S and as in proof of (2), we
have Mg < M < I;F*. Therefore (z) Mg = (z) M = (z)€), for any non-singular point z in
V;. Since Dy = X, and so V; has a basis 8y with fj, = diag(¢,1,...,1), where CC=(+1.
Let z1 = vo+ (¢ —1)vg and 2o = nz;, where n € F;,n* = —1. Then Qy(z;) = (—=1)""'(, and
Q(z:) =TQy(z;) = T((—1)""'¢) = (—1)" # 0. Thus 2; are non-singular vectors in both V}
and V. As (vy, zlﬁﬁ = (¢ —=1)va —ws,v4, ..., v2q), D(v1, )" = —¢ = ¢ (mod(F})?), hence
sgn(vy, z;)t = ()20 Da-l = (Z)da-l — _ 4pq Qi(v1) = —¢ = ¢ (mod(F})?). Tt follows
that for any wo € (2;")v,, wo is a — vector if and only if Qy(wo) = ¢ (mod(F})?), or equiva-
lently, wy is a + vector if and only if Qy(wy) € (F;)Q, where wg € (zf)vN By Lemma 2.11,

7 )

1+ ¢+ di = [(z)Ma| = 3(¢** 1 + ¢* ). For any (w) € (z)Mq N 2, write w =
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o fi(2i, 21) "tz + wo, where wy € zﬁ,ﬁ and ¢ € kerT. Then fi(w,z) = ¢ and Q4(wy) =
Qulw) — Qu()'9* = (~1) N E = ¢), a5 Quw) = Qylz) = (—1)7'C. As kerT =
{0,£n}, if ¢ = 0 then Q4(wo) = (—=1)""'¢ = ¢ (mod(F})?), and if ¢ = +n, then
Qi(wo) = (=1)'¢CH(P=1) = (=1)""'¢7'¢ = (=1)""" € (F})* Therefore 2d; = 2(¢*** +
N+ =g =322 +¢v 7 and so ¢; = 3¢2 2 =1 = 3?11 asm = 2a,q = 3%. Tt
follows that 2d;—c¢; = ¢*'+1 = 3™ 2+41. Clearly (3.8) cannot hold as 3™ 2+1 # 3™ 1 +1.
If (3.9) holds then (3™~1—1)(3™+3+2d—c) = 4¢;. However, (3™ 1 —1)(3™+3+2d—c) =
(3™ 1 —1)(3m43+3m"2+41) = (3™ —1)(3™+3m"2+4) # 4(3*"~1 —1). Thus, (3.1) can-
not hold in this case. Finally, assume that G = I. Then ¢; € G and hence Qy(¢;) < Hg.

Thus G has only two orbits on €~ (V'), and so (3.1) holds. [

Proposition 3.47 Assume G is nearly simple primitive rank 3 of type €25,,(3) and M is
of type Ogq41(3?), where m = 2a + 1. There is an M-orbit on € (V') such that equation
(8.1) does not hold unless D(V) = so thate = —, or D =X and G = I, so that ¢ = +.
In these cases M has two orbits on €(V) so that 1% £ 15, by Corollary 3.7, and hence
M is in Table 1.1.

Proof. Let By = {v1,...,v2a41} be a basis of Vj over Fy with fz, = Aq41, where A = 1
if Dy = D(V;) = 0O and (A\) = F} if Dy = K. Define ¢; as in Proposition 3.20. Then
Qy(wey) = Qy(w)”. Let W; = spang ,Vi- Then W; are non-degenerate 2-spaces in V' with
D(W;) = —N(A), by Lemma 3.44(i) . Also V.= W; L Wy L --+ 1L Wa,yy is a non-
degenerate 2-space decomposition of V. Let ¢ be a root of 22 — 2 — 1. Then ¢ = { + 1.
(a) Case D = K. By Proposition 2.6, we have ¢ = (—)?* = +. Also by Propositions
2.7.1 and 2.7.3 in [29], S = Q and I = #g. It follows that either G = Q or G = I. Assume
first that G = 5, so that Q < G < S. It follows from Proposition 2.7 that D(W,) =K
for each . Thus —N()\) ¢ (F*)2, and hence N(\) € (F*)?. Therefore, NS — e (F*)%,
so that A = 1. Recall that (§v;)¢y = v, Let n € F} be such that > = —1. Let
Bi = {vi,nv;}. Then (¢4)p, = diag(1l, —1), and hence det(¢;) = —1. According to Lemma
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3.44(ii), r,, € S for any vy € V; with fy(vy,v4) # 0, and hence Iy < S. Consequently,
Mo < M < Iy Let 2y = v1 + (¢ — 1)vg, 22 = nz;1. Since Qy(z;) = (—=1)""'¢ and Q(z;) =
TQy(z) = T((—1)"'¢) = (=1)""' # 0, 2 are non-singular vectors in V. As (z")y, =

<(C—1)U1—02,03, s 7U2a+1>7 D((’Zzl)vu) = det<d1ag(_C7 17 ) 1)) = _C = &( mod (F§)2)7
2a—1
and so by Proposition 2.6(iii), sgn(z;")y, = (—1)*@Y/271 = ()% = — Now, as

Mg < I, and dimp, Vs = 2a + 1, (z) Mq = (2;)$4, and so as (z;) are minus points, by
Lemma 2.11, 1 + ¢+ d = [(2) %] = %(qh — ¢%), where ¢ = 32. To compute parameter
d, for any (w) € (2;)Mq N (2")v, write w = @ fy(zi,2:) " 2 + wo, where wy € (zf)vu,
and ¢ € kerT, hence Qy(wp) = (—=1)""1¢1(¢? — ¢?). As T(£C) # 0, Q4(wp) # 0 for any
¢ € kerT. Apply Lemma 2.11 together with the fact that wo € (z")v;,sgn(z )y, = —,
dim(z;")y, = 2a, and |kerT| = 3, we have 2d = 3(¢**~' + ¢°~!). Hence ¢ = 3¢**" —
61 —1=(¢"+1)3¢" ' —1)and c—2d = —¢* — 1 = =3™"1 — 1. As D = K, according
to Proposition 2.6, ¢ = sgnV = (—)"G3-D/2=1 — ()™=l — 4 Clearly, equation (3.8)
cannot hold as ¢ —2d = —3™7 1 — 1 # 3! — 1. Assume that equation (3.9) holds.
Then (3™ ! 4+ 1)(3™ — 3+ ¢ — 2d) = 4c. As 3™ = 322 = ¢% 3™ = 320+l = 3¢, and
¢—2d = —q*—1, this equation becomes: 2(¢”+1)(¢*—2) = 4(¢"+1)(3¢*~* —1). Dividing
both sides by 2(¢* + 1) yields, ¢* — 2 = 6¢°~! — 2, or equivalently ¢ = 6, a contradiction.
Therefore, equation (3.1) cannot hold. Assume that G = I. Then ¢; € G, and hence G
has only two orbits on €*(V), so that equation (3.1) holds.

(b) Case D = . Arguing as previous case we have D(W;) = O for all 4, and so

0 1
(\) = F}. Take §; = {v;, \v;}. Then (¢y)5 = , and hence det(¢y) = 1, so

-1 0
¢y € S. Let vy € Vj be such that fy(vy,vs) = 1. By Lemma 3.44(ii), r,, € S\ €. Define

¢ﬁ if ¢ﬁ SRy

Ty, ¢y  otherwise.

Yy =
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Then 1y € QN1 (¢y) = Mg, and Q4(wrp) = Qy(w)?, so that Mg = Qy(¢y). For i = 1,2, put
z; = n'(v1 + v2),yi = n'(v1 + Ava). Then Qy(x;) = (—1)'A, Q4(vi) = (=1)"*! and Q(z;) =
T((=1)N) = (=14 Q(y;) = T((—=1)") = (=1)", as T(\) = 1, T(1) = —1, so that for fixed

i = 1,2, {z;,y;} are non-singular vectors in V' which belong to the same Q-orbit. Ob-

serve that (%L)Vﬁ = (V1 — V2, V3, ..., V2as1), (yf)vti = (\vy — U9, V3, ..., U2q11), D((:pli)vﬁ) =

det(diag(\, =, ..., —\)) = —\* = O, D((y-)y,) = det(diag(1, =\, .., —})) = —A%~1 =
2a—1 2a—1

X, and so sgn((z;)y,) = (=)* = +,sgn((y; )y,) = (=)*"' = —. Since Q4(y;) = (-1)""!

is invariant under v, where (v) = Gal(Fy/F), (v;)Mq = ()€, and so by Lemma 2.11,
[(yi) Ma| = 1(¢** — ¢*) as (y;) is a minus point in V;. Next, as (z;) Mg = (2;)Q4(¢y) =
{(w) € Vi | Qs(w) € {Qy(x;), Qy(x;)*}} and (x;) is a plus point in Vi, [(z;) Mo| = 25(¢** +
¢“) =q¢* +q". As D =D(V) =0, sgnV = (=)™ = —, hence |¢ (V)| = 13 1(3™ + 1),
by Lemma 3.35. Now, since |(z;) Mo| + [(yi) Ma| = ¢** + ¢* + 3(¢** — ¢*) = 3¢“(3¢* +1) =

$3m7H(3™ + 1) = |€(V)], it follows that Mg has exactly two orbits on € (V). |

Proposition 3.48 Assume G is nearly simple primitive rank 3 of type €25,.(3) and M is
of type GUpy(3). Then M has only one orbit on €¢(V) so that 15 £ 15, by Corollary 3.7,
and hence M s in Table 1.1.

Proof. M has only one orbit on (V') by (3.5.2b) and (3.6.1¢) in [34]. |

The tensor product subgroups C,

Proposition 3.49 Assume G is nearly simple primitive rank 3 of type §25,,(3) and M
is of type O;1(3) ® O;2(3), with (n1,e1) # (ne2g2) and n; = 2m; > 4, i = 1,2. There is
an M-orbit on € (V') such that equation (5.1) does not hold so that M is not in Tables
1.1-1.5.

Proof. Write X; for X(V;, f;), where X ranges over the symbols I,S and Q. Let v; € V;

be non-singular vectors taken in some orthogonal bases of V;, and = v; ® vy. Then ()
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is non-singular V. By (4.4.15) and Lemma 4.4.13(4i7) in [29], S1 ® So < Mo < M < M =
(I;®15)(z), where 22 € [;®I,. Let N; be the stabilizer in S; of v;. Then N; = SO,,._1(3) and
N @Ny < Moy As | N;| = 2.3™71(3Mi —¢;), A = (@) M| < [(L1®13)(z) : Ny@N,] <
8.3mitm2=2(3mi g )(3M2 —g,). Since (3™ —g1)(3™ —gy) < (3™ +1)(3M2+1) < 2.3MTm2
we deduce that A < 16.32mi+2m2=2 o 32mi+2metl Now as dimV = 2m = 2m;.2mo,
m = 2my.my. By inequality (3.10), it suffices to show that 3m~! > 32mit2ma+l Thig is
equivalent to 2mymo — 1 > 2my +2ms + 1, or (my — 1)(me — 1) > 2. As n; > 4 for all i,
we have m; > 2 for ¢+ = 1,2. If m; > 3 for some i, then clearly this inequality is correct.
Thus we only need to consider the case when m; = mo = 2 and e; # €. This implies that
n = 16. Without loss, assume that e; = +, so that e = —. As %(3 — 1)mgy = 2 is even, by
Proposition 2.6, D(V;) = K, and hence by Proposition 6.3.4 in [29], Mg is not maximal

in L. In fact, Mg < Sp2(3) @ Sps(3). |

Proposition 3.50 Assume G is nearly simple primitive rank 3 of type 25,,(3) and M is
of type 05, (3) ® On,(3), with ng = 2mo 4+ 1 odd and ny = 2my > 4. There is an M-orbit

on €(V) such that equation (3.1) does not hold so that M is not in Tables 1.1-1.5.

Proof. If ny = 3 then Mg is not maximal in L by Proposition 6.3.2[29]. Thus we can
assume that ny > 5 or ma > 2. As ny = 2my > 4, my; > 2. By Proposition 4.4.17[29],
Mg = Q1®5; < M; = [1®5,. Let v; € V; be non-singular vectors and x = v1®vy. Then (z)
is a non-singular point in V' and (x)M; = () Mg = (v1)Q1 ® (v2)Sy = (v1) ® (v9) 2.
By Lemma 2.11, A = [(z)M;| < |[viQ].[vafs] = 3™71(3™ — £).3m2(3™2 + £), where
€ = piy(vz). As (3™ — ).(37™ + €) < (3™ + 1).(3™2 + 1) < 2.3m+me < gmtma+l
we have A < 3?™72m2 n view of inequalities (3.10) and (3.11), we need to show that
3m=2 > grmit2mz—l or equivalently m—2 > 2mq +2ms, where m = 2mimo+m; = %dimV.

The last inequality is equivalent to (mj —1)(2my—1) > 3. Thisis trueas m; > 2,: = 1,2.1
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Let (U,F,, f) be a symplectic geometry. Then f is skew-symmetric and bilinear on U.
An ordered pair (uj,ug) in U is called a hyperbolic pair if f(uy,us) = 1. A subspace
of U generated by a hyperbolic pair (uj,us) is called a hyperbolic plane, with basis
{uy,us}. By Proposition 2.4.1 in [29], U is of even dimension, say 2¢, and has a basis
B ={e1, f1,...,es fo} such that f(e;, fi) = d;; and f(e;, e;) = £(f;, f;) = 0, such a basis is
called a standard basis or symplectic basis for U. Assume that ¢ is odd, and A € F*. Define
0¢,3(A) by

ei0s 3 = Ae; and fidg g = fi. (3.13)

Denote by H(U) the set of all distinct hyperbolic pairs in U, and define HP(U) to be the
set of all distinct hyperbolic planes in U. The following lemma will give us the cardinalities

of these sets.

Lemma 3.51 Let (U, F,f) be a symplectic geometry and 5 = {e, fi1,...,¢es, fo} be a
standard basis for U. Let A € F*. Then

1) [HU)| = ¢ Hg* = 1);

)
2 (g2 — 1)
2) [HP(U)| = a1
)
)

(
(
(3) {(u1,u2) € H(U) | £(ur, 1) = A}| = ¢

(4) {(u1,uz) € HP(U) | f(u,e1) = A} = ¢**

Proof. As dimU = 2/, there are ¢* — 1 non-zero vector u; in U. Since dim(ui) = 20 — 1,

there are ¢* — ¢**~1 vectors uy with f(uy,us) # 0. As |F*| = ¢ — 1, there are q%l(q% -

D (¢*—¢*1) = ¢*1(¢* 1) pairs (uy, ug) with f(uy, us) = 1, which gives (1). By applying
(1), in each hyperbolic plane (uy,us), there are ¢(¢*> — 1) hyperbolic pairs. This proves

(2). For (3), assume that (ui,us) is a hyperbolic pair in U with f(ui,e;) = XA # 0. We

20—1

can write u; = —\f] + up, where ug € e;. Since dim(ef) = 2¢ — 1, there are ¢ choices

for ug, hence there are the same number of choices for u;. When w; is chosen, clearly,

there are q%q_f%fl = ¢*~! possibilities for uy such that f(u;,us) = 1. Hence (3) follows

1
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by multiplying these two values. To prove (4), it suffices to show that if W = (uy,us) is
a hyperbolic plane with f(ui,e;) = A, then there are only ¢* hyperbolic pairs (vi,v;) in
W satistying f(vy,e;) = A\, Write v; = Gug + Brug and vy = (uy + Pous. It follows from
f(v1,v2) =1 that

G2 =GP = 1. (3.14)
Also, as f(u1,e1) = A, and vy = Guy + frug, we have f(vy,e1) = G1f(uy, e1) + Fif(ug, e1) =
A1 + B, where p = f(ug, e1). Now, since f(vy,e1) = A,

If w =0, then (; =1 and By = 1 4 (01. As (3,31 can be chosen arbitrarily in F, there
are ¢° quadruples ({1, (1, o, B2) satisfying (3.14) and (3.15). Therefore there are ¢* such

hyperbolic pairs (v1, v2). Assume that u # 0. If {; = 0, then (;3, = —1, 81 = Au~!. Hence

G =
F
fQ © - (3.16)
2 = THAT
Go= !

Thus there ¢ solutions to (3.16). If ¢; # 0, then 3, # M™%, ¢ = 1 — (A 1u)B; and
B2 = (71 (1 4 (B1). Thus equations (3.14), (3.15) become

Aoe FA\{w}

G € F

Br = (1=A""uB) 7 (1 + Gpb)
G o= 1—pA B,

(3.17)

\

Since 31 # A\~ and B, € F, there are (¢ — 1)q solutions to (3.17). Therefore, there are
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q+ q(q — 1) = ¢* such hyperbolic pairs (v, vs). The proof is now completed. |

Let (Vi,F,, fi),i = 1,2 be classical symplectic geometries with dimV; = 2m;. Assume
(V,f) = (V1,f)) ® (Va,f5) be a tensor decomposition of V' with m; < mg. Let §; =
{a1,b1, ..., m,, b, }, B2 = {e1, f1,- .., €my, fmy} be standard bases for (Vi,f)), (Va,fs),
respectively, and I; = I(V;,f;). Then f = (; ® (B is a basis for V = V; ® V4. Let

$:a1®€1+£b1®f1EV,WitthZl:l.

Lemma 3.52 Assume the notation above. Then
(1) {z)( @ I)| = mq2m1+2m2—3(q2m1 — 1) (g2 — 1);
() {0} € (@) (1 & 1) | (v,) # 0}] = gtmi+im=s.

Proof. (1) We first determine ([; ® I3),. For any g € (I; ® I5),, there exist g; € I; such

that ¢ = g1 ® g2 and xg = z. Let wy = e1g2, wy = f1g92, and

amgr = Gap+ Gib +w

bigi = Caai + Baby + ug,

where u; € Uy = {ay,b1)* and ¢;, 3; € F for i = 1,2. Since g; € [;, we have fo(w;,ws) =
fa(e199, f192) = faler, f1) = 1, and similarly f1(a191,b191) = fi(a1,01) = 1. Now as

f1(a191,0191) = (182 — (1 + f1(uy, u2), it follows that
G2 — Gfy + fi(ug,ug) =1 (3.18)

We have g = a191 ®e192+£b191 ® f192 = (Gra1 + F1b1 +ur) @wy +&(Gay + Baby +u2) @ws,
or g = a1 ® (Gwy + EQws) 4+ by @ (Brwy +EPaws) + up @ wy + us ® (Ewsy). We deduce from
xg = x that a1 @ (Gw; +Ew2)+b1 @ (1w +EPaws) + 1y @wy +Eus @wse = a1 Qe +Eb1 X fi,
and so a1 ® (Gwi +EQwa —e1) +by @ (Brwy +EPowa — f1) +ur @i +Eus@wa = 0. As {aq, b1}

is linearly independent and u; € {(ay,b))*, Gwi + EGws — e1 = 0 = Brwy + EBws — fi,
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and u; ® wy + us ® we = 0. Furthermore {w,wy} is also linearly independent, hence

u; = 0 = uy. In summary, we have

Gwy +EQws = e
Prwy +EFows = fo (3.19)
U1 =0
U9 = 0.

As uy = ugy = 0, it follows from (3.18) that (182 — (381 = 1. Using this together with the

first two equations in (3.19), we get

wy = e1gp = [her —EQfi

wy = figg = —fier+Qfr

We conclude that g, € Sp((a1,b1)) x Sp(Ur), 92 € Sp({e1, f1)) x Sp(Usz), where U; =
<(1,1,b1>J_, U2 = <61, f1>J_. Let Bl = {al,bl}, and BQ = {el,fl}. Then for any gzyﬁz S F,Z =

1,2, with (182 — (281 = 1, set

A, = G b and A, — Ba &G | (3.20)

G o -0 G

and define T to be a subgroup of I; ® I5 consisting of all elements g; ® go, where (g;)p, = A;

as above and g; act trivially on U;. Then T = Spy(3) = SLy(3). Hence
([ @ I)s = (Sp(Ur) ® Sp(Ua)). T,
where Sp(U;) = Spam,—2(3). Therefore

(@ L)| = (I ® ) : (11 ® I2),| = prp—Y g (P — 1) (¢ - 1),



and hence (1) follows. (2) For g = g1 ® g2 € I} ® I, write u; = ayg1,us = b1gy, w; =
€192, We = f1go, then xg = uy ® wy + us ® wy and (ug, us), (wy, we) are hyperbolic pairs
in V1, V5 respectively. As Sp(V;) act transitively on the set of all hyperbolic pairs H(V})
by Proposition 3.3 in [14], it follows that x(I; ® I5) consists of all elements of the form
U @ wy + Eug ® we, where (ug, ug) € H(V1) and (wq, wse) € H(Vs). However when a couple
of hyperbolic pairs ((u1, uz), (wy,ws)) € H(V1) x H(V3) are fixed, there are ¢(¢* — 1) pairs
of hyperbolic pairs ((u3 Ay, usAy), (w1 Az, waAs)) € H(Vi) x H(Vz) which give rise to the

same element u; ® wy + {us @ wy, where A;,;i = 1,2 are as in (3.20). Thus

J](Il X IQ) = {Ul ® wy + §U2 & wo | (Ul, UQ> c H,P*(‘/ﬁ, (wl,wg) < H(‘/Q)} (321)

where HP. (V1) is define to be the set of of hyperbolic pairs which generates distinct
hyperbolic planes in V;. Let v = u; ® wy + {ug ® wy be such that f(v,z) = A # 0, where
(ur,us) € HP.(V1) and (wy,wy) € H(V3). Then

fl(ub al)fZ(wla 61) + ffl(ub bl)fz(wh fl) + ffl(Ua, al)f2(w2> 61) + fl(uz, 51)f2(w2, fl) =\

Since A is non-zero, one of the terms in the left side must be non-zero. Without loss, we

assume that f;(uq, aq)fa(wq, e1) # 0. It follows that

fo(wi, e1) = f1(ur, ar) " (A=E&Ffy (wn, by)Fa(wr, f1)—Ef1 (ua, ar)fa(ws, e1)—F1 (ua, b1)f2(wo, f1)).

By Lemma 3.51(4), there are ¢*™~* hyperbolic planes with one component fixed in Vi,
and by (3) of the same Lemma, there are ¢*™2~2 hyperbolic pairs with one component fixed

in V5. Thus [{v € ([, ® L) | (v,z) # 0} = (¢ — 1).¢"™ " *.¢"272 = (¢ — 1)g*™ T2~ A

Proposition 3.53 Assume G is nearly simple primitive rank 3 of type Q3. (3) and M

is of type Spam, (3) @ Spam,(3), with my < mgy. There is an M-orbit on € (V) such that
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equation (3.1) does not hold unless my = 1, in which case M has only one orbit on €S (V)

so that 1% £ 15, and hence M is in Table 1.1.

Proof. Retain the notations before Lemma 3.52. Set §; = d5,¢(—1), and z = §; @ 5, ' It
follows from Lemma 4.4.5 and Proposition 4.4.12 in [29] that z € 5,22 € [[®L, 2 ¢ Q1

and

Mg =

(I ® I5)(z) ifn=0 (mod 8).

Since x = a3 ®e; + &b ®@ f1 € V, with £ = £1 and f = f; @ £, (z,2) = f(z,2) =
(a1 ®er, i@ f1) +HEE (i ® f1, a1 ®e1) = Ef1(ar, by)fa(er, f1)+EE1 (b1, an)fa(fr,e1) =26 # 0,
so that z is non-singular in V. As [1® I, < Mg < M; = (11 ®13)(z), and z fixes x, it follows
that ([, ® Iy) = x(I; ® I5)(z). Thus Mg = x(I; ® I5). Therefore by Lemma 3.52(1),
|{(x) Mq| = qutl)q2”"”1+2m?*3(q2m1 —1)(¢*™—1), and so 1+c+d = [z3¥mH2ma=3(32m
1)(3*2 — 1). We first assume that m; > 3. As 16 > 32 and 3*™ — 1 < 3™ we have
1+c+d < 3tmtim2=5 We will show that 34m1T4m2=5 < 3m=1 oo that 1 +c+d < 3™ ! and
so in view of (3.10), equation (3.1) cannot hold. As m = 2mymsy, 3¥mHim2=5 < g3m=1 jq
equivalent to (my —2)(my —2) > 0. This is true because mgy > my > 3. Therefore we only
need to consider cases 1 < my < 2. If my = 1, then m = 2my and 1+c+d = %3’”*1(3’”—1).
By Lemma 3.35, 1 + ¢+ d = |€1(V)], hence Mq has only one orbit on €+ (V). If m; = 2,
then m = 4my and by Lemma 3.52(2), we have 1 + ¢ = [{{(v) € (x)([; ® I1) | (v,z) #
0}| = 34m+4me=6 and o d = 2.34m2+1 5 32metl o 9f = 10,322+ _ 34matl _ 1 Assume
that (3.8) holds. Then ¢ — 2d = 3™~! — 1, and so 10.3?m2+1 — gimatl 1 — gima—1 _ 7
It follows that 3?™272 = 1, hence ms = 1, a contradiction to our assumption ms > m; =
2. Assume that (3.9) holds. Then (3™ !+ 1)(3™ — 3+ ¢ — 2d) = 4c or equivalently,
321 _ 34 (3m1 _ 3)c = (2.3"! + 2)d. Since A =1+ ¢ +d = 5.322+1(32m2 _ 1), we
have ¢ = A — 1 —d, and hence 3*" ! — 3+ (3™ ! —3)(A—d—1) = (23" + 2)d, or
3mH(3™ — 1) + 3A(3™ 2% — 1) = (3™ — 1)d. It follows that 3A(3™~2 — 1) is divisible by
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3™ —1, where m = 4my. However as 3A(3™ 2 —1) = (3% —1).32m>+2(32m> — 1) (3™ 2 —1)
and m — 2 < m,4 < m and 2my < m, by Zsigmondy’s Theorem 3™ — 1 has a primitive
prime divisor which does not divide 3A(3™~2 — 1). Thus (3.9) cannot hold. Therefore

(3.1) cannot hold when m; = 2. |

The Symplectic-type normalizers Cg

Let o be a prime. Recall that an a-group R is extraspecial if Z(R) = ®(R) = R = Z,.
Also, R is of symplectic-type if every characteristic abelian subgroup of R is cyclic. Assume
that o = 2. Up to isomorphism, there are only two extraspecial groups of order 23, namely,

Qs and Dg. Then any extraspecial group R is either a central product of ¢ copies of Dg, or

¢ —1 copies of Dg and one (Jg. The first type is denoted by 2#*25 and the latter one 2172,
Suppose that R 2 212, Then Caur)(Z(R)) = 2%.05,(2), and R is of symplectic-type
with exponent 4. By Proposition 4.6.3[29], R has exactly one faithful absolutely irreducible
representation p; over an algebraically closed field of characteristic p # 2 = a. Moreover,
this representation has degree 2¢ and leaves invariant a non-degenerate quadratic form.
Thus the members of C(Z) are groups Mz = Nz(R), where R = 217, By (4.6.1)[29],

Mz = Caury(Z(R)) = 2°0.03,(2).

Proposition 3.54 Assume G is nearly simple primitive rank 3 of type Q3. (3) and M is
of type 2272£.05,(2), with € > 3. There is an M-orbit on € (V') such that equation (3.1)

does not hold so that M is not in Tables 1.1-1.5.

Proof. By Proposition 4.6.8[29], Mq = Mg = 2%*.Q/,(2) and M7 < M=z = 22£.0,(2).
Let x¢ be any non-singular vector in V. Since |(z¢) M| = [M : M| < |Mz|, it follows
that A = 14 ¢ +d < 2203,(2)] < 22°++1 In view of (3.10), it suffices to show that
220 H++1 < 30/2-1 Ohgserve that this is true if € > 8. If ¢ = 3, then 2m = 23 = 8. By [9], Mg
is not maximal in PQj (3). Therefore, we assume that 4 < £ < 7. Let R = 2172, We now

describe the faithful irreducible p; of R. As in discussion previous Proposition 4.6.8[29],
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for j =1,...,¢, let (V;,F,f;) be a 2-dimensional orthogonal geometry with D(f;) = 0.

Let 5; = {v;1,v;2} be an orthonormal basis of V; and set z;,y; € I(V;,F,{;) satisty

Then R; := (x;,y;) = Ds and
R\ >2Rio o R <IVi® @V, F.fi® - ®f)=0}(3).

Let R = R/Z(R). Then R is a 2/-dimensional vector space over Fy and R admits a non-
degenerate quadratic form P such that P(Z) = 0 or 1 according as |z| = 2 or 4. Also,
fp(7,7) = [z,y] for any 2,y € R. Observe that if F is a subgroup of R, then E is a totally
singular subspace of R if and only if E is an elementary abelian subgroup. It follows that
(R, Fy, P) is a classical orthogonal geometry of Witt index 0, so that I(R, Fa, P) = OF,(2).
Identify R with its image Rp; in Q(V) and set Ef = (ye, Yo, .., Ys), where £ = £ and
yr = yny- =27 y1. As |yl = 2 = |ye| and {ye, v, ..., v} are pair-wise commuting so
that E, are elementary abelian subgroups of R, hence Eg are maximal totally singular
subspace of R. Let vy =viand v = v+ v and T = Ve RV @ - - - Qg € V, where
V=Vi®:--®V,. Observe that veye = v¢ and vj1y: = v;; for any j > 2, and this is also
true for all y; with j > 2, hence

I§E§ = 1’5. (322)

Let A = Aut(R), K = C4(Z(R)) = M= and A* = Out(R). By Exercise 8.5, p.116
in [1], we have Inn(R) = Ca(R) and A* = 0},(2). As Inn(E¢) centralizes E¢, Fy =
Inn(Ee) < Cg(E), and in (R, Fq, P), E¢ is a maximal totally singular subspace, hence
if @ € Na-(E¢) then @ leaves F¢ invariant. For each @ € Na-(E¢), there exist an

element 3 € A so that 3 = @ and E¢3 = E¢. In fact, fix a representative o € A of
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a, define z;,6 = z;o and y;8 = vy}, where y,a = 20iyl,yl € Ee,5; = 0,1,i = 1,...,¢
and (z) = Z(R). Then  is the required element. Since Naz ) (Ee) = 208-072.GLy(2),
and Mg = Inn(R).Q3,(2), it follows that [M | > |Inn(E§)\.|NQQ+Z(2)(E§)\, and hence
[(ze) M| < [M : M| < 2°TT21 (2 + 1). Since 4 < £ < 7, we have 2/T[_[ (2 + 1) <

32""~1. Thus (3.1) cannot hold.

The tensor product subgroups C;

Let V4 be an a-dimensional vector space over F, with a non-degenerate bilinear form f;.
Let (Vi,f;),i =1,...,b be classical geometries which are similar to (V3, f;). Then for each
i, there exists a similarity n; : (V;, £) — (Vi,£;) satisfying f;(vn;, wn;) = Ay (v, w) for
all v,w € Vi, where \; € F* is independent of v, w. Let D be the tensor decomposition
Vif)=(Vi® @ V,fi® - ®1£). Then dimV = ab and V is spanned by the vectors
v ® - @ vy, with v; € V. Define oy @ =y — I'L(V;) by (vn;)(gaw) = (vg)n (g €
=1,v € V7). Then «; is an isomorphism from Z; to Z;. We will write v; ® -+ - ® v, and
g1 ® -+ ® gy instead of v17; @ --- @ vy and g1y R -+ - - ® gypap. Now let 5 € S, and define
gg by (11 ® - @wy)gs = v1pg-1 @ -+ @ pg-1. Then Sy, = J := (gg | B € Sp) < 1. Let M;

be the tensor decomposition D in I. As described in §4.7,
M]:(]1®®Ib)<2w+1 |Z<b>J (323)

where z; = 6 ® 6;' and & = dp.¢(pn), with (u) = F* and 63,4, is defined as in
(2.4.3),(2.4.8) in [29]. Denote Xy = X1 ® --- ® X, for X € {I,5,Q}.

Proposition 3.55 Assume G is nearly simple primitive rank 3 of type Q3,,(3) and M is
of type 05,(3) 1Sy, and a > 3 ife = + and a > 2 if e = —. There is an M-orbit on E¢(V)

such that equation (3.1) does not hold so that M is not in Tables 1.1-1.5.

Proof. Let V| be a 2a-dimensional vector space over F, with a non-degenerate symmetric

bilinear form f;. Let (V;,f;),i = 1,...,b be classical geometries which are similar to
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(Vi,f)) and (V) = (V@ --- @ V,,fi @ --- @ £). Let ¢ = sgnV;. We first assume that
b > 3. Let 8 = {ey,...,€q, f1,---, fa} be a standard basis for Vj. For & = +1, put
=60 Qe+ i fiec V. Asf=£f® - -@f, and f; = \fy, it follows
that f(x,z) = 2¢ H?:z MNifi(er, f1)071 = 2¢ H?:z Ai # 0, so that x¢ is a non-singular vector
in V. Now by Proposition 4.4.13(éii)(a) in [29], Sy < €2, and hence Sy < Mg < M. Let
C; = Cs,({e1, f1)) = SO({ey, f1)F). Since sgn(ey, fi) = +, we have sgn{e;, f1)* = ¢ and
so C; = S05, 5(3). Set N = C; ®---® Cy, < Mg. Then 2N = z¢. Further observe
that J and z;,41,1 < @ < b also fix z¢. Thus N(z;;11]i < b).J < (Mg), . Therefore

Te
[Mq : (Mo), | < [M;: N(zigli < b).J| =[05,(3) : SO5, ,(3)|"; and hence |(z¢)Mo| <
|05,(3) : SO5,_»(3)|" = [2.3%72(3* — £)(3* ' + ¢)]*. As (3* — &)(3*! +¢) < 2.3%7!
and 4 < 32, it follows that |(z¢) Mg| < 34e~Vb. In view of (3.10), it suffices to show that
3Ma=b < 3m=1 where n = 2m = (2a)". This is equivalent to (4a—1)b < 2°~1a®—1. This is
correct as b > 3 and a > 2. Hence equation (3.1) cannot hold. Now, assume that b = 2. Let
ve =e1 +&f1,w=e; + f1 and z¢ = ve @ w. Then f(z¢, x¢) = £1(ve, ve) o (w, w) = EXy # 0,
and so x¢ is non-singular in V' = V;®@V4. As above, we have S1®5; < Mq. Let Cy = Cg, (ve)
and Cy = Cg,(w). Since vg, w are non-singular vectors in V; and V5 respectively, we have
C; = S034-1(3). Set N = C1®C5. Then ¢ N = z¢. Clearly, as vel; = veS; and wly = w5,
we have z¢([; ® o) = x¢(S1 ® S2). Thus [z Mq| = |2¢(S1 ® S9)(z10)J| < |51 : C1[%.2% as
215 =1 and J = Zj. Therefore |(x¢)Mo| < 5/505,(3) : SOsq-1(3)>.4 = 2.32%72(3* — ).
By (3.10), we need to prove that 2.3%¢72(3% — £.1)? < 3™~ where n = 2m = (2a)%. As
2(3* —e.1)? < 2(3* + 1)% < 3?2 The above inequality is equivalent to 3%~ < 3™~ or

4a < 2a®. This is obviously true for any a > 2. Thus equation (3.1) cannot hold. |

Proposition 3.56 Assume G is nearly simple primitive rank 3 of type Q3 (3) and M
is of type Spaa(3) 1Sy with b even and a > 2. There is an M-orbit on €Z(V') such that

equation (3.1) does not hold so that M is not in Tables 1.1-1.3.

131



Proof. Let Vi be a 2a-dimensional vector space over F, with non-degenerate symplectic
bilinear form f;. Let (V;,f;),i = 1,..., b be classical geometries which are similar to (V4, f;)
and (Vf) = (@ -V, fi® - ®f). Then f = f; ® --- @ f;, and f; = \;f;, where
Ni € F*. Let B ={e1,...,€q f1,..., fa} be a standard basis for V; and let ze = ; ® - - - ®
e1+E£f1®---® fi1, where £ = £1. As I; is quasi-simple, [y < €2, and hence [y < Mg < M.
Let C; = Cr,({e1, f1)) = Sp({ey, f1)1). Hence C; = Spay 2(3). Let N = C1 @ - -+ @ C.
Then N, J and z;;11,1 <4 < b fix vector z¢, so that N.(z; ;41 | 1 <i<b).J < (Mg)x§

We have [(ze)Mr| < |[M; @ N{ziipr | 1 < i < b).J| = |Spaa(3) : Spa—2(3)|° =
(32071 (3% — 1)) < 3Ma=Db Assume that b > 4. Since m = 2°~'a® and @ > 2,b > 4, we
have 3™~1 > 34~ and so by (3.10), equation (3.1) cannot happen. Next assume that
b=2and a > 4. Then as (4da —1)b = 8a—2 < 2a> — 1 = 2°"1a® — 1, so that equation (3.1)
cannot hold. Thus we can assume that b=2and 2 <a <3. Set 2 =21, =0, ® (52_1,9 =
gaz) € J and x = )\2_161 ® e + £ fi @ fi, where f5 = \of). Then f(z,x) = 2¢, hence z is
non-singular in V. We will show that 2 Mg = z(I; ® I,). Write 2 = e, ® (A\;'e1) +£f1 @ f1.
Then fi(er, f1) = 1 and f,(\5'er, f1) = Aafi(X5'er, f1) = 1 so that (e, f1), (\y e, f1) are
hyperbolic pairs in (V4,1f;), (Va, f3), respectively. For any g1 ® g2 € 1 ® 5, g1 ® go =
€191 ® )\2_16192 +&f191 ® f1g2. Clearly (e191, f1g91) and ()\2_161927 f1g2) are hyperbolic pairs
in V; and V5. Argue as in Lemma 3.52, we have z([; ® L) = {u; ® A\, 'w; + fuy ®
wy | (uy,ug) € HPL(V1), (A 'wi, ws) € H(Va)}, where HP.(V}) is defined to be the set
of of hyperbolic pairs which generates distinct hyperbolic planes in V; and HP (V%) is the
set of all hyperbolic pairs in V5. Observe that if (u;,us) and (A; w;,wy) are hyperbolic
pairs in Vi, Vs, respectively, and v = u; @ A\;'wy + Euy ® wy, then vz = (—udy) ®
(=5 M1 05 1) +Eugdy @wody b Since £ (w161, usdy) = —f£1 (ug, ug) and £5( Ny twi 05 1, wqdy ) =
— £, (A5 twy, wy), it follows that f;(—wuyd1,usd; = 1 and fo(—Ay wid; H, weds t) = 1. Hence
(—u1d1, u26y), (= Ay w0y Y, wedy ) are still hyperbolic pairs in V4, Vo, Thus x(1, ® I5)(z) =

2(I; ® I). Next, we have vg = (u1 @ Ay twi)g + E(ug @ wa)g = Ay 'wy @ uy + Ews @ ugy =
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wy ®@ Ay up + Ewy ® ug. Since fH(Ay wy, wy) = 1, Ao = fo(wy, ws) = Aofi(wy, ws), hence
fi(wy, wy) = 1. Similarly fo(A\; ur, ug) = Xofy( Ay uy, ug) = fi(up,up) = 1. Thus vg €
x(I; ® I3). Therefore (I} ® Is) = xM;p, and so, as [} ® I, < Mg < My, it follows that
Mg = x(I;® ). By Lemma 3.52, we have 14+-c+d = (53*3(3%—1)%, ¢ =3%6-1,d =
3073((3% — 1)% — 3%73) and hence ¢ —2d = 3%7° — 1 — £.3%73(32 — 1)%. Assume that
equation (3.8) holds. Then c—2d = 3™ '—1. Hence 3% 9—1—1.3%-3(320_1)2 = 32°~1_1,
As 4a—3 < 8a—5 and 4a—3 < 2a® —1, it follows that 8(3%¢~2 —32(=1%) = (324 _1)2, We
have 2(a —1)?— (4a—2) = 2(a—2)?> — 4, and so, if a > 4, then 2(a —1)? — (4a—2) > 0, so
that 8(3%~2 —32(=1%) < 0 < (32¢ —1)2 Now if 2 < a < 3, then 4a —2 > 2(a— 1)2, hence
8(310-2 — g2(a—1)*) — g 32(a~1)*(38a—4-2a" _ 1) — (320 _ 1)2 Tt follows that 2(a — 1)? = 0.
However this cannot happen as a > 2. Thus equation (3.8) cannot hold. Finally assume
that equation (3.9) holds. Then (3™ — 1)d = 3™~}(3™ — 1) 4 £3%72(3m72 — 1)(3% — 1)?
or equivalently, 16(3™ — 1)(d — 3™~1) = 3%¢72(3m=2 — 1)(3?* — 1)2. Since m > m — 2 and
m = 2a* > 2a, this equality cannot hold by Zsigmondy’s Theorem. Thus equation (3.1)

cannot hold. [}

3.5.3 Permutation Characters of Maximal subgroups in S

Embedding of Symmetric and Alternating groups

Proposition 3.57 Assume G is nearly simple primitive rank 3 of type 25,.(3) and M is
almost simple of type A,, with n > 10, and V' is the fully deleted permutation module for
Ay in characteristic p = 3. There is an M-orbit on € (V') such that equation (3.1) does
not hold unlessn =5,6,7,12 or 18. If n = 5,6,7, then € = — and M has at most 2 orbits
on €. (V) so that 16 £ 1§, by Corollary 3.7; if n = 12, then € = ,e = + and M has two
orbits on QE;(V), so that 19 £ 1§, by Corollary 3.7; if n = 18 then ¢ = 0,e = —, M has
4 orbits on & (V) and equation (3.1) holds for r = s and for any M-orbits on €. (V).

Thus these cases appear in Table 1.2.
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Proof. Assume the construction and notation before Lemma 3.23. We have

2 -1 0 0
2, ifi=j 1 2 ... 0 0

(eirej) =< —1, ifli—jl=1 and fe=| 1 1 .+ |,
0 ifli—j|>2 o 0 -~ 2 -1
0 0 -1 2

so that D(fg) =n—e3(n). Let v =e1—¢eq, or 1+e9—e3—¢4 € V. Let @ be the quadratic
form associated to the natural bilinear form f on F%, we have Q(v) # 0, hence v is a
non-singular vector in V' with £ = Q(v) = X, O, respectively. We see that n — 1 — e3(n)
is even if and only if n = 6k — 1,n = 6k or n = 6k + 1, where k > 1.

(a) Parameters for v = g; — 5. We have £ = Q(v) = 2, and by Lemma 3.23,

l4c+d = in(n—1)
c = 2n—-4

d = 1n—-2)(n-23).

As2m =n —1—e3(n) = n — 2, we have 3™ 2 > 30"=6/2_ We see that if n > 15 then
3(n=6)/2 > lp(n —1), and hence 3™~2 > 1+ ¢+ d. In view of (3.10) and (3.11), equation
(3.1) cannot hold. Thus we can assume that 5 < n < 14. However as n has the form
6k — 1,6k or 6k + 1, it follows that n € {5,6,7,11,12,13}.

(1) Case n = 5. Then 2m =5 —-1—¢e3(5) = 4, D = D(f3) = 5 = —1 = K, hence

e =sgnV = (=)™ ! = — Thus A5 can embed in Q0 (3) = Ag. Let 2 = &1 +e9+e3+e4—¢5.
Then z € V,Q(z) = Q(v) and [(z) M| =5. As |€; (V)| = 33™ (3™ —e.1) =15 =10+ 5,
it follows that M has only 2 orbits on &, (V).

(2) Case n = 6. Then 2m =6 — 1 —3(6) =4, D =5 = —1 = X, hence ¢ = sgnV =
(=)™ ! = —. Thus Ag can embed in 2} (3) = Ag. Hence M has one orbit on &, (V).

134



(3) Casen = 7. Then 2m = 7—1—¢3(7) = 6,andsom = 3. Also D = D(fp) =7=1=101,
hence ¢ = sgnV = (=)™ = —. Thus A; can embed in Qg (3) = Uy(3). In this case,

there are only two orbits with representatives v and z = €1 4+ €9 + €3 + €4 — €5, and
7!

M =———-

M) = T =5y

(4) Case n = 11. Then 2m =11 —1 —¢3(11) =10, D = 11 = —1 =KX, hence ¢ = sgnV =

= 105.

(=)™ = +. Thus A;; can embed in Qf(3). Now 3™~! = 3* > 55 = in(n — 1), in view
of (3.10), equation (3.1) cannot hold.

(5) Case n = 12. Then 2m = 12 — 1 — 5(12) = 10, D = D(f3) = 11 = —1 = K, hence
e = sgnV = (=)™ = 4. Thus A5 can embed in O (3). As 3™~ 1 = 3* = 81 > 66 =
in(n — 1), in view of (3.10), equation (3.1) cannot hold.

(6) Case n = 13. Then 2m = 13 — 1 —¢3(13) = 12, D = D(f3) = 13 = 1 = [J, hence
e = sgnV = (=)™ = +. Thus A;3 can embed in Q}5(3). Now 3™7! = 3% = 243 > 78 =
In(n —1), by (3.10), equation (3.1) cannot hold.

2

(b) Parameters for v = €; + €9 — €3 — 4. We have £ = Q(v) = 1, and by Lemma 3.23

l+c+d = fn(n—1)(n—2)(n—3)
c = 23 —25n%2 + 111n — 172

d = 24+4(n -4+ i(n—4)(n—5)(n—6)(n—7).

If n > 26, then 3""9/2 > In(n — 1)(n — 2)(n — 3). Thus 32 > 3079/2 > 1 + c 4 d.

Therefore, (3.1) cannot happen. So we assume that 5 < n < 25. As n = 6k — 1,6k or

6k + 1, it follows that n € {5,6,7,11,12,13,17,18,19,23,24,25}. If n = 5, then A5 <

Q;(3) = Ag, and [(w)M| = £5.4.3.2 = 15 = [€(V)|. Thus there is only one orbit.

As in previous case, Ag has only one orbit on & (V). If n = 7, then A; < Q4(3). Let

z=¢61+ey+eg+eg+e5—eg—er €V.Then (z,2) = (v,v) and since there is no g € S;
7!

which maps z to —z, [(z2)M| = |zM| = ﬁ = 21. Now, |& (V)] = 33™ (3" 4 e.1) =

126 = 105 + 21 = [(w)M| + |(2)M|. Hence M has two orbits on & (V). Next suppose
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that n = 6k — 1,6k or 6k 4+ 1, where 2 < k < 4.

(1) Subcase n = 6k + 1. Let 2 = &1 + - -+ + €6p—3 + €6k—2 + E6k—1 — E6k — Eek+1. Lhen
|
n — 2)12!

hence 32 > 3("=0/2 > ip(n — 1) = |2M|. If k = 2 then n = 13, so that € = sgnV = +.

z€V,(z,2) = (v,v) and |[(z) M| = |zM| =

In this case 2m = 12, and so 3™~ ! = 3° > 78 = |[(2) M|. In view of (3.10), (3.1) cannot

hold.

(2) Subcase n = 12. Then Ay < 97,(3). Let 2z = e, + - +e5 —66 — -+ — €19 € V.
12!

We have (z,z) = (v,v) and [(z) M| = 1[zM| = 5 (502l = 8316. Also |(v)M| = gn(n —

1)(n —2)(n —3) = 1485. As |€f (V)| = $3™ (3™ — 1) = 1.3%(3° — 1) = 9801. Observe
9801 = 8316+ 1485, hence €] (V) = (2) MU (v) M. Thus M has only two orbits on & (V).
(3) Subcase n = 18. Then m = 8,3™ ! +1 =2188, and D = 18 —£3(18) = 17 = —1 = K,

so that ¢ = —, hence A;g < Q14(3). In this case, M has 4 orbits with representatives
Vi =€ +Ey—E3—Eq g =E1F - FE —E—Er, U3 =1+ +Eg—Eg— - — 1 and
vy = €1+ Fe5—egg—- - —eq0. Using GAP, the parameters ¢;, d;, i = 1, -+ ,4 of (v;) M are

as follow: (di,c1) = (3789,5390), (do, c2) = (223497, 444806), (ds, c3) = (328914, 655640)
and (dy, cs) = (1838565, 3674942). We see that 2d; — ¢; = 2188 = 3™~ 1 + 1, for all 4, so
that equation (3.8) holds with e = —,r = ¢ and m = 8.

(4) Subcase n = 24. Then ¢ = 15740,d = 16137,¢c — 2d = —16534,m = 11 and D =X, so
that € = +. Then equation (3.1) cannot hold.

(5) Subcase n = 11. Then A;; < Qf,(3). However as the partition A\ = (11,1) is a
JS-partition and m(A\) # A, by Theorem 2.33, DULY |, =~ DUOY ig jrreducible, so
that A;; < A < Qfy(3). Notice that by using GAP, M has 4 orbits on &/ (V) with
representatives vy = g1+ --€3—€9—E10, V2 = €1+E9—E3—E4,V3 = €14+ +E5—Eg— - —E10
and vy = &1 + -+ + &5 — g6 — €7 and equation (3.1) holds with r = s.

(6) Subcase n = 17. Then m = 8, D =X, and so ¢ = (=)™ ! = — hence A;7 < Q4(3).
We have d = 2823,c = 4816 and 2d — ¢ = 1330 # 3™ ! + 1 and 4c is not divisible by
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3m=1 4+ 1 =37 4 12188. Thus equation (3.9) and (3.8) cannot hold.
(7) Subcase n = 23. Then m = 11, D = X, and so € = (=)™ ! = +, hence A3 < Q5,(3).
In this case 3™~ = 3! > £23.22.21.20 = |(v) M|, by (3.10), equation (3.1) cannot hold. M

Proposition 3.58 Assume G is nearly simple primitive rank 3 of type 25,,(3) and M is
almost simple of type A, with n > 12, and V is not the fully deleted permutation module
for Ay in characteristic 3. There is an M-orbit on € (V') such that equation (3.1) does

not hold so that M 1is not in Tables 1.1-1.3.

Proof. By Lemma 2.32, we have dim(V) > L(n? — 5n + 2). Hence 2m >

n2—5n—6

or m > ;(n? —5n + 2). However when n > 12, 3% > 3"+ > n! = |Aut(4,)|, which

(n* —bn + 2),

1
2

[\

contradicts (3.10) and (3.11). Thus equation (3.1) cannot hold. [

Proposition 3.59 Assume G is nearly simple primitive rank 3 of type §25,,(3) and M
is almost simple of type A, with 5 < n < 11, and V is not the fully deleted permutation
module for A, in characteristic 3. There is an M-orbit on € (V') such that equation (3.1)

does not hold so that M is not in the Tables 1.1-1.5.

Proof. By (3.10) and (3.11), we have dimV < 2logs(n!) +4. As m > 2, dimV > 4, and
so by [26], we only need to consider the following case (A, dimV’) = (A, 34). It follows
from the Appendix in [24] that the symmetric group S;; has exactly two inequivalent
irreducible representations of degree 34 in characteristic 3 with corresponding partitions
A= (9,2) and m(\) = (5,4, 1%). By Theorem 2.31, D* | A;; = D™Y | A;; is irreducible.
Thus we can assume that V = D*. By Theorem 2.25, dimS* = 44 and by Lemma 2.27,
S* = D + DU dimD* = 34. By Theorem 2.24, S* has a basis consisting of standard
polytabloids. If ¢ is a standard A-tableaux, then t is one of

12 5 - Jr L3 5 - Jr

or ,
Js Jo 2 Jo
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where 3 < j1 < jo < -+ < 7 < 11,3 < jg < Jg < 11, and j; are all pairwise distinct. Let

125 6 78 9 10 11
i =

3 4

1 246 78 9 10 11 1 23 4 7 8 9 10 11
to = and t3 =

3 5 5 6

Set e; = e;,. To simplify the notation, we write just the second row for a tabloid. With this
notation, we have e; = 34 —14—32+412, e5 = 35—15—32+12, and e3 = 56 —16—52+12.
Let 21 = e; + SN SM and 29 = e; + €3 + e3 + S* N S*M. Then z; are non-singular in

V and 5{7,8,9,10,11} < sz Thus |<ZL‘Z>M| < |511 : 5{7,8,9,10,11}| = 15—1,' As 2m = 34, m = 17.

Clearly, 3m~% = 3" > L > |(z;) M|, hence equation (3.1) cannot hold. |
Cross-characteristic embedding of finite groups of Lie type

Proposition 3.60 Assume G is nearly simple primitive rank 3 of type 25,,(3) and M is
almost simple of type S, where S is a finite simple Chevalley group in cross-characteristic.
There is an M-orbit on €g(V) such that equation (5.1) does not hold unless (S, L) =
(L3(4), Q4 (3)), (OF (2),04 (3)), in which cases M has at most two orbits on €(V') so that
16 ¢ 1§, by Corollary 3.7, and so M is in Table 1.2 or (L, S) = (Q,(3),2.F4(2)) is in
Table 1.5.

Proof. Assume equation (3.1) holds for some r € {s,t} and for any M orbits in €;(V).
Recall the hypothesis in section 3.3, V' is an irreducible F3§—module of even dimension
with Frobenius-Schur indicator + and realizes over F3. Moreover (3,q) = 1.

Case SLs(q). Assume first that ¢ = 1(mod 4). It follows from Table 2.7(b) that
either dimV = %(q + 1) or dimV > q — 1. However the first case cannot happen as
5(¢+1) = 1(mod 2), hence dimV is odd. Thus 2m = dimV > ¢ — 1. If ¢ > 29 then

3=9)/2 > ¢* 5o that 3m2 > 3@9)/2 > ¢* > |Aut(S)|. By (3.10) and (3.11), equation
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(3.1) cannot hold. Thus 5 < ¢ < 29,(¢,3) = 1, = 1(mod 4) and ¢ is a prime power,
hence ¢ € {5,13,17,25,29}. If ¢ = 29 then |Aut(S)| = 29(29% — 1) < 3(971/2 and so
3m2 > 1+ ¢+ d. Similarly if ¢ = 5% then |Aut(S)| = 2.25(25% — 1) < 3(*~Y/2 50 that
3m=2 > 1+ ¢ + d. Therefore ¢ = 5,13 or 17. Since Lo(5) = As, we can assume that
q =13 or ¢ = 17. By [26], L2(13) has three irreducible representations in characteristic 3
with Frobenius -Schur indicator 4+ and their degrees are 12. However they cannot realize
over F5. Finally by [26] again, we need to consider two cases (S, dimV) = (Ly(17),16) or
(Lo(17),18). If (S, dimV') = (L4(17),16) then Ly(17) < PQ4(3). For each extension of S,
there exist two non-singular points of different type with (¢, d) as follow: if M = Ly(17).2
then (c,d) = (32,120), (722,501); if M = Ly(17) then (c,d) = (32,120), (1643,804). If
(S,dimV) = (Ly(17),18) then Ly(17) < PQ5(3). For each extension of S, there exist two
non-singular points of different type with (c¢,d) as follow: if M = Ly(17) then (c,d) =
(1635, 812), (1611, 836); if M = Ly(17).2 then (c,d) = (3185, 1711), (3280, 1615). We can
check that equation (3.1) cannot hold in any of these cases.

Assume that ¢ = 3(mod 4). As ¢ is odd, dimV = ¢ — 1 or dimV = g+ 1 by Table
2.7(c). As above, we have ¢ < 29, and so ¢ € {7,11,19,23}. If ¢ = 23 then |Aut(S)| =
23(23%2 — 1) < 3@31D/2 and so 32 > 1 + ¢ + d. Therefore ¢ = 7,11 or 19. By [26],
we need to consider the following cases: (L2(7),6),(L2(11),10). By [9], Q5(3) has no
maximal subgroups with socle isomorphic to Ls(7) & L3(2) or its covers. If (S, dimV) =
(Ly(11),10) then Lo(11) < PQy(3). For each extension of S, there exist two non-singular
points of different type with (¢, d) as follow: if M = Ly(17) then (¢, d) = (20, 45), (116, 48);
if M = Ly(17).2 then (c¢,d) = (3185,1711), (443,216). We can check that equation (3.1)
cannot hold in any of these cases.

Assume that ¢ = 0(mod 2). As ¢ is even, ¢+ 1 are odd, by Table 2.7(d), dimV = ¢q and
31q+1. As Ly(4) = As, we need to consider case (Ly(16),16). If (S, dimV) = (L2(16), 16)

then Ly(16) < PQi4(3) and Out(Ly(16)) = Z4. For each extension of S, there exist two
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non-singular points of different type with (c,d) as follow: if M = Ly(16) then (c,d) =
(1355, 648), (30, 105); if M = Ls(16).2 then (c,d) = (30,105), (620,399); if M = Ly(16).4
then (¢, d) = (30, 105), (5378,2781). We can check that equation (3.1) cannot hold in any
of these cases.

Case L,(q),n > 3. Assume (n,q) # (3,2),(3,4), (4,2). By Table 2.6, 2m > (¢" —2q+
1)/(g=1). Now, if (n, q) # (3,2),(4,2),(5,2). (3,4), (3,5), then 3" > ¢"* > | Aut(Ln(q))|
so that (3.1) cannot hold. By the isomorphisms Ly(7) = L3(2), and L4(2) = Ag we only
need to consider the following cases: Lj5(2), L3(4), L3(5). If S = L3(4), then by [26], either
dimV = 6 or dimV > 36. If the latter case holds then 3™2 > 36 > 49 > |Aut(L3(4))],
hence (3.1) cannot hold. By [9], L3(4) embeds in Q4 (3) and L3(4) has only one orbit
on €(V). If S = L3(5), then by [26], dimV = 2m > 30. As 3™ 2 > 313 > 258 >
|Aut(L3(5))] = 2.5%(5* — 1)(5% — 1), hence (3.1) cannot hold. If S = Ls(2), then by [26],
either dimV = 30 or dimV > 124. If the latter case holds then 3™ 2 > 360 > 22 —
| Aut(L5(2))], hence (3.1) cannot hold.

Case PSps,(q), ¢ odd. By Table 2.6, 2m > 1(¢" — 1). If (n,q) # (2,5),(2,7), (3,5),
then 372 > 3(@"=9/4 > @20*+n+l > | Ayt(S)|, so that (3.1) cannot hold. Thus, we need
to consider cases S4(5),S4(7), S(5). If S = Sg(5), then by Theorem 2.1 in [16], either

dimV = 5(¢" £ 1) = 62,63 or dimV > (¢" — 1)(¢" — q)/(2¢ + 2) = 1240. By [19], if

>
dimV = 62, then ind(V) = —. Thus dimV > 1240, hence 3™ 2 > |Aut(S)|. If S = S4(7)
then dimV > 126 by [19] and so 3™~ 2 > |Aut(S)|. Finally if S = S,(5) then dimV > 40
by [26]. Then 3™~2 > 3!8 > 511 > | Aut(S)|, so that (3.1) cannot happen.

Case PSpy,(q), q even. As Spy(2) = Ag, we can assume that (n,q) # (2,2). By
Table 2.6, 2m > (¢" — 1)(¢" — ¢)/(2q + 2). If (n,q) # (2,2),(3,2),(4,2),(2,4) then
3m=2 > 2Pt > Aut(S)|, so that equation (3.1) cannot hold. Thus, we need to
consider cases: Sy(4), S¢(2), Ss(2). By [26] and [19], we need to consider the following cases:

(S4(4),18), (S4(4), 34), (Sa(4), 50), (Ss(2), 14), (Ss(2), 34), (Ss(2),50). If S is one of Sg(2)
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or Sy(4) and dimV = 50, then m = 25, |Aut(Ss(2))] = 2'6.(22—1)(2*—1)(2°-1)(28—1) <
216120 = 236 | Aut(S,(4))] = 2.44(4% — 1)(4* — 1) < 2.419 = 221 Now, as 3% > 236 > 221
we have 372 = 3% > |Aut(Ss(2))| > |Aut(S4(4))|. Similarly if S = Ss(2) or S4(4) and
dimV = 34, then m = 17, |Aut(Ss(2))| = 29(22 — 1)(2* — 1)(2° — 1) < 2%, We have
3% > 221 g0 that 3™ 2 > |Aut(Se(2))| and 3™ 2 > |Aut(S4(4))|. Thus (3.1) cannot hold
in any of these cases.

Case U,(q), (¢,3) =1,n > 3,n odd. By Table 2.6, 2m > (¢" — q)/(¢+ 1). If (n,q) #
(3,2),(5,2),(7,2),(3,4),(3,5) then 3™"2 > |Aut(S)|, so that equation (3.1) cannot hold.
Since Usz(2) = 3%.Qs is not simple, we need to consider cases: Us(2), U (2), Us(4), Us(5).
If S = Us(4), then by [26], dimV = 64. But then 3™ 2 > |Aut(S)]. If S = Us(5),
then by [26], either dimV = 28 or dimV > 84. If the latter case holds then 3™~2 >
310 > 59 > |Aut(Us(5))|, hence equation (3.1) cannot hold. If S = Us(2) then by [26],
dimV = 44. As 3m72 = 320 > 2% > |Aut(S)|. If S = Uz(2), then by [19], dimV > 250.
Then 3™2 > | Aut(S)|.

Case U,(q), n > 3, even. Assume (n,q) # (4,2). By Table 2.6, 2m > (¢" — 1)/(q +
1). If (n,q) # (6,2) then 3™ 2 > |Aut(S)|, so that equation (3.1) cannot hold. As
Uy(2) = S4(3) = O5(3), we need to consider cases Ug(2). By [26], dimV > 56. But then
3m=2 = 3% > 2% > | Aut(9)|.

Case P (q),n > 4. Assume ¢ > 3. By Table 2.6, 2m > (¢"—1)(¢"*+q)/(¢*—1)—2.
As JAut(S)| < 327 < @2 — 2 > (¢" — 1) (¢ 4 ¢)/(2¢% — 2) — 3 and
(" — (" "+ q)/(2¢> — 2) — 3 > (2n* — n + 2)logy(q) for any n > 4,q > 4. Tt follows
that 372 > |Aut(S)|. Assume that ¢ = 2 and n > 5. By Table 2.6 again, dimV = 2m >
(" = D@ = /(¢ — 1). Then |Aut(S)| < 2 and m —2 > (¢" — (" —
1)/(2¢*> — 2) — 2. We have (¢" — 1)(¢" ' —1)/(2¢*> — 2) — 2 > (2n* — n + 1)logs(2), so
that 3™~2 > |Aut(S)|. Thus we are left with S = PQg(2). By [9], either dimV = 8,28

or dimV > 48. Suppose that the latter case holds. As |Aut(S)| < 3.2%° and m > 24, we
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have 3m72 > 3% > 3.22% > | Aut(PQy (2))].

If (S,dimV) = (PQd(2),28) then PQF(2) < PQ(3). In this case, there exist two
non-singular points (u;),i = 1, 2, of different type with orbit sizes 3780, 45360 respectively.
Clearly |(u;) M| < 312 = 3™72. By (3.10) and (3.11), equation (3.1) cannot hold.

If dimV = 8 then by [9], S = Of (2) is a maximal subgroup of L = Og (3), and there
are 3 classes of S in L. By [13] again, the permutation characters 15 = 1la + 260cde +
9450a + 18200e, 1a + 260bdf + 9450a + 18200d, 1a + 260ae f + 9450a + 18200¢, respectively,
while 1%, = 1a + 260a + 819a, 1a + 260d + 819a, 1a + 260b + 819D, 1a + 260e + 819, 1a +
260c + 819¢, la + 260 f 4+ 819¢. Thus M has at most two orbits on &*(V').

Case PQ,,(q),n > 4. Assume that (n,q) # (4,2),(4,4),(5,2). By Table 2.6, 2m >
(" + D@ = a)/(@® = 1) = 1. As [Aut(S)] < (¢" + D) ™ < ¢ m -2 >
(@"+1)(¢" " —q)/(2¢° —2) =3 and (¢" +1)(¢" ' —q)/(2¢* = 2) = 3 > (2n* — n +2)logs(q)
for any (n,q) as above. It follows that 3™ 2 > |Aut(S)| for (n,q) as above. If S =
PQg (4) then dimV > 1026, hence 3™ 2 > 3% > 430 > |Aut(S)|. If S = PQyy(2) then
dimV > 186 by [19], and hence 3™~2 > |Aut(S)|. Finally if S = PQg(2) then either
dimV = 34 or dimV > 50 by [26]. Clearly if dimV > 50 then 3™~ 2 > |Aut(S)|. If
(S,dimV') = (PQg (2),34) then PQg (2) < PQ5,(3). In this case, there exist two non-
singular points (u;),7 = 1,2, of different type which are the eigenvector of an element g
of order 17. The normalizer N in S of the subgroup generated by ¢ is of order 68, and N
fixes (u;),i = 1,2. We have |(u;) M| < |Aut(S)|/|N| < 3' = 3™~2_ in view of (3.10) and
(3.11), equation (3.1) cannot hold.

Case PQy,11(q),n > 3,q > 3,q odd. By Table 2.6, 2m > (¢** — 1)/(¢* — 1) — 2.
As |Aut(S)] < @ m —2> (¢ —1)/(2¢* —2) — 3 and (¢** —1)/(2¢* —2) — 3 >
(2n? + n + 2)logs(q) for any (n,q) as above. It follows that 3™~2 > | Aut(9)].

Case FEs(q). By Table 2.6, 2m > q(¢*+1)(¢® +¢*+1) — 2. As |Aut(9)] < ¢, m—2>

q(¢* +1)(¢® +¢®+1)/2 — 3 > 79.logs(q) for any ¢ > 2. It follows that 3™ 2 > |Aut(S)|.
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Case Er(q). By Table 2.6, 2m > e(S), where e(S) = qP7(q)P12(q)P14(q) — 3 =

A+ +a+ D) -+ =P+ —qg+1) =3 As [Aut(S)] < ¢, m —2

WV

(e(S) —4) > 134.logs(q) for any ¢ > 2. It follows that 3™2 > |Aut(S)|.
Case Es(q). By Table 2.6, 2m > e(S), where e(S) > ¢*"(¢* — 1). As |Aut(S)] < ¢**,
(5)—4

m—22= ¢ > 249.1og;(q) for any q > 2. It follows that 3™~2 > |Aut(S).

Case Fy(q),q odd. As ¢ is odd and (q,3) = 1, it follows that ¢ > 5. We have
2m > ¢*(¢% — 1) and |Aut(S)] < ¢°*. Since m — 2 > 1¢*(¢® — 1) — 2 > 53.logs(q) for any
q = 5, hence 3™72 > |Aut(S)|.

Case Fy(q),q even. Assume that ¢ > 2. Then ¢ > 4. Thus by Table 2.6, 2m >
e(S) = 1¢"(¢* = 1)(¢ — 1). Now, as m — 2 > 1¢(S) — 2 > 53logs(g) for any ¢ > 2, and
s0 3™72 > |Aut(S)| if ¢ > 4. If ¢ = 2 then by [19], either dimV = 52 or dimV > 250. If
the latter case holds then clearly, 3™~2 > |Aut(S)|. Thus we only need to consider case
dimV =52 and S = 2.F;(2).

Case G5(q). As G5(2) =2 U3(3) -2 and (¢,3) = 1, we can assume that ¢ > 4. Suppose
first that ¢ > 4. Then by Table 2.6, 2m > q(¢* — 1). Since |Aut(G2(q))| < ¢'°, and
m—2 2> 1q(¢*> — 1) — 2 > 15logs(q) for any ¢ > 4, we have 3% > |Aut(S)| when ¢ > 4.
If S = G3(4) then by [26], dimV > 64 and hence 3™72 > 330 > 41° > | Aut(S).

Case ?FEs(q). By Table 2.6, 2m > ¢°(¢*> — 1). Since |Aut(S)| < ¢", and m — 2 >
50°(¢* — 1) — 2> T9logs(q), 3™ 2 > |Aut(S)|.

Case 2D,(q). By Table 2.6, 2m > ¢*(¢* — 1). Since |Aut(S)| < 3.¢*, and m — 2 >
13(¢* — 1) — 3 > 29log,(q) for any ¢ > 3, 3™72 > |Aut(S)| whenever ¢ > 2. If S = 3D,(2)
then dimV > 52 by [26], and hence 3™72 > 324 > 3.229 > | Aut(95)|.

Case 2Fy(q),q = 2%**'. By Table 2.6, 2m > ¢*.\/q/2(q — 1). Since |Aut(S)| < ¢*,
and m — 2 > 3¢*.\/q/2(q — 1) — 2 > 27logs(q) for any ¢ > 8, 3™2 > |Aut(S)|. We are
left with case S = 2Fy(2)". By [19], dimV > 124, so that 3™~ 2 > |Aut(S)].

Case Sz(q),q = 221, As Sz(2) is not simple, we can assume that ¢ > 8. Suppose
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first that ¢ > 8. By Table 2.6, 2m > \/q/2(q — 1). Since |Aut(S)| < ¢°, and m —2 >
1/a/2(qg — 1) — 2 > 6logy(q), 3™~ > |Aut(9)]. If S = Sz(8) then dimV > 40 by [19].

2

Then 3™2 > 318 > 86 = 218 > | Aut(9)]. u

Defining characteristic embedding of finite groups of Lie type

Proposition 3.61 Assume G is nearly simple primitive rank 3 of type 25,.(3) and M is
almost simple of type S, where S s simply connected of type A, or 2A, over Fss. There
is an M-orbit on € (V') such that equation (3.1) does not hold so that M is not in Tables

1.1-1.3 .

Proof. Assume (3.1) holds for some r € {s,t} and for any points in &*(V). Let g =
{e1, -+ ,epr1} be a basis for N, the natural module of S over Fs;.

Case f = 1. We can assume that ¢ > 2. By Theorem 2.35 and 2.36, there exists a
3-restricted dominant weight A € X3 such that V' = L()\). By Corollary 3.36, and the fact
that 1+ c+d < |[Aut(S)] < 3¢+D*, we have 32 < 3¢+D° and hence m —2 < (£+1)2, so
that 2m < 20 +40+6. If £ > 18, then £¢* > 20?440+ 6, and so by Theorem 5.1 in [38],
A is one of the following 3-restricted dominant weights {1, Ag, Ao, Ade—1, 2A1, 200, A1 + Ao}
Since L(\) is self-dual and ¢ > 18, by Proposition 2.38, A = A\; + A,. If £ < 18, then by
Theorem 4.4, Appendix Ag through Ay, in [38], either A = A\ + Ap or A = A(p4q) 2, for
(=357

As dimL(\+ X)) = (?+20—e3(0+1), it follows that dimL(\;+\;) = 2m is even if and
only if £ = 6k — 2,6k — 1,6k for some positive integer k. Using the constructions prior to
Proposition 3.28, L(A; + A) =V =V, /(V1 NV3). Let U be the subgroup of S consisting
of all matrices of the form diag(ls, A), where A € SL; |(3). Then U = SL; ,(3). For
==l letxe=FEio+EFy ;1 +ViNVy, whene =+, and v, = o+ Ey 1 +ViNVa,a_ =
wEy o+ iEy 1 + Vi N Vy when € = —. Then 2, € V and Q(z¢) # 0. It follows that ()

is a non-singular point in V, of plus or minus type depending on £ and /. As V; N V5 is
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fixed under natural action of U, and clearly, U centralizes x¢, it follows that U < :9\(30&),
the stabilizer of (x¢) in S. We have 32 < |M : Mgy| < |Aut(S) : Ul = [Aut(Lg(3))
SLs ,(3)] < 3*%*+2. We deduce that 2m < 8¢+ 8. If £ > 8, then ¢ +2( —1 > 8/ + 8, s0
that 2m = (2 + 20 — e3(0 + 1) > ¢* + 2¢ — 1 > 8( + 8, which is a contradiction. Thus we
assume that 2 < ¢ < 7. However since ¢ has the form 6k — 2,6k — 1, 6k, £ must be one of

the following values {4,5,6}. Computation shows that with n = ¢+ 1 :

32n=3(3" — en)(3n—1 — en1)
(6 —26)(3 - ¢)

1—|—cx§+d%:

32n—4<3 _ 5) B (1 + £€>(3n—2 _ 6n—2)32n—4

de = 2 3—¢€
N 32n—4<<3n o En)(gn—l - 6n—l) + 2(3n—2 _ 671—2)(371—3 _ En—S) _ (32 - 82)(3 _ 8))
(3—€)(6 - 2)
32n 3( n)( — e 1) 32n—4(3 _ f) 32n—4(1 + €€>(3n—2 _ 877,—2)
Ce = 2:)(3 — ) - 9 + 5o -1
B 32n—4((3n €n>(3n 1 _ ) + 2(3n 2 _ en— 2)(3n 3 _ en— 3) _ (9 _ 62)(3 _ 6)
(6 -2¢)(3-¢)

We can check that equation (3.1) cannot hold in any of these cases.

If £ = 3,\ = Ay then dimL(\y) = 6, and Ly(3) = PQ§(3). If £ = 5, A = )3, then
V= /\3N and dimV = 20. However, in this case, the Frobenius-Schur indicator of V'
is —1 so that S does not leave invariant a non-degenerate symmetric form on V. Finally
if £ =7\ = Mg, then V = /\4N and dimV = 70. Then V has a basis consisting of
ei, N ey, Neig Neg,, where 1 < iy < ip < i3 < iy < £+ 1. Fix an isomorphism /\z+1 N to
F3. The bilinear form on V' is the projection of w; A ws to /\£+1 N for any wy,ws € V.
Let w =e31 Aes Aeg Aeg+ Ees N eg A er N eg, & = £1. Then w is a non-singular vector
in V and (SL({eq,--- ,eq)) X SL({e5,--- ,e8))).2 = (SL4(3) x SL4(3)).2 fixes (w). Thus
|Aut(Lg(3)) = (SL4(3) x SL4(3)).2] < 3'6(3% 4+ 1)(3% — 1)(37 + 1)(3% — 1)/(8.26.80) <
(33 +1)/2. Hence 1 + ¢+ d < (3™' 4+ 1)/2 so that equation (3.1) cannot hold.

Case f > 1. We first consider case ¢ = 1. Since SLs(q) = SUs(q) = Spa(q), we
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can assume that ¢ = +. Moreover, as Ly(9) = Ag, we also assume that f > 3. If A is
any 3-restricted dominant weight then A = cAy, where 1 < ¢ < 2, dimL(c\) = c+ 1
and L(cA;) is self-dual. By Proposition 2.41, dimV = (dimW¥)?, for some irreducible
kS-module W. Clearly ¥ = L(\) for some A € X, hence dimV > (dim¥)/ > 2/. We
have |Aut(Ly(37))] < 3% and m —2 > 2/71 — 2. If f > 6, then 2/71 — 2 > 4f and
hence m — 2 > 4f so that 3™~2 > 3%, By (3.10) and (3.11), equation (3.1) cannot
hold. Thus, we can assume that 3 < f < 5. As dimV is even, dimV is also even. If
dim¥ > 2 then dimV¥ > 4. Then dimV = 2m > 4, so that m — 2 > 22/~1 — 2 and
also m — 2 > 2271 — 2 > 4f. Thus equation (3.1) cannot hold. Therefore dim¥ = 2,
and hence U = L(A;). Since W is invariant under a non-degenerate alternating form, it
follows that V' is invariant under a product of f alternating forms, hence it fixes a non-
degenerate symmetric form if and only if f is even. Therefore, we conclude that f = 4
and S = SLy(2"). Now, we consider case ¢ > 2. It follows from the case f = 1 that if
U is an irreducible kS-module which leaves invariant a non-degenerate symmetric form
then either dimV¥ > (> + 20 —e3({ +1) > (* +2( — 1 or { = 3,5 and dim¥ > 6,20,
respectively. By Proposition 2.41, dimV = (dimWV)”, for some irreducible kS-module .
Hence dimV > (>+2(—1)7if £ # 3,5 and dimV > 67,20/ if £ = 3,5, respectively. Using
(3.10) and (3.11), we need to consider the case S = SL3(9) and dimW = 36. However as
L5(9) = PQ5(9), and Ly(31) = Q4 (9). The results follow by Proposition 3.63. |

We next consider the following embedding of classical groups by using twisted tensor
products: Cl,(¢%*) < Clya(q). These embedding can arise as follows, for example, take
S = PSpy(3?). Let (N,Fs,f;) be a classical symplectic geometry. For any a € Fs,
denote by @ the image under the involutory field automorphism of Fs2. Let f; be the non-
degenerate symplectic form on NV, Then S preserves a non-degenerate quadratic form ()
on N@NW which satisfies Q(v®@w) = 0 for v,w € N and Q(v+w) = Q(v)+Q(w)+f (v, w),

where f is the product form fif,. Let By = {vq, v9, -+ , V91, v2¢} be a basis for N such that
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£ (vaim1,v2) = 1,f1(v2i1,v2j-1) = 0 = £1(v2;,v95),1 < i,j < {. Let pu be a generator for
F3,, and let 8 = {v; ®v;,v; @ Up, + 0, @ Vj, pv; QUi + v @v;, 1 <0 < 20,1 < j < kb < 20}
By Proposition 2.4 and 2.5 in [41], S fixes the non-degenerate symmetric form f on
V' = spang,(3), so that S < Py, (3) where ¢ = (—)*. With these results and notations,

we have:

Proposition 3.62 Suppose that S = PSpy(3%). Embed S into PQf%)Q(S) via V, where
e = (=)', Assume that £ > 4. There is an M-orbit on € (V') such that equation (3.1) does
not hold.

Proof. For £ € {£1},let ze =v1 @ v1 +Eva ® v € V. As Q(z¢) = Q(v1 @ v1) + Q(Evy ®
vg) + f(v1 @1, &va @) = & # 0, z¢ are non-singular in V. Let U = {v;,vo} < N and W,
be the F3 span of {v; ® vy, v3 ® vg, V1 @ Vg + vy ® V1, vy ® Uy + fivg @ v1 }. Then PSp(U) =
PSpy(9) embeds into P2y (3) as argument above, and by comparing the order, we have
an isomorphism. It follows that the stabilizer in PSp(U) of the point (z¢) is isomorphic
to Q3(3). Clearly PSp(U+) =2 PSpy_5(9) fixes z¢, hence Q3(3) X PSpa_2(3) < Stz
Therefore [Aut(PSpe(9)) : (Q3(3) X PSpar_(9))] = 34%73(3% —1) < 333, As 2m = (20)?,
m—2=20%—2. Observe that m —2 — (8¢ —3) = 20> =2 —-8(+3 =20({ —4) +1 > 0 as
¢ > 4. Thus 3m~2 > 3873 and so equation (3.1) cannot hold by (3.10) and (3.11). [

Next we exhibit the embedding of PQ3,(3%) into PSYy,)2(3). Let A be a root of ?—z—1
in F3. Then A is a generator for Fj. Let u = A2 We have py?> = —1 and p® = —p.
Let (V,Fy,Q) be a classical orthogonal geometry of type £. First assume £ = +. As
$0(9— 1) = 20 is even, by Proposition 2.6(i), D(Q) = U, hence N has a basis § such that

fs is Iy. By Proposition 2.7 in [41], N ® N has a basis 3 consisting of

U; = Ui®vi
Qi = Ui®vj—|—vj®vi,i<j
bij = i @uj— pw; Qv < j
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where 1 < i,j < 20. Moreover ¢ = (—)% and all the values of the product form on
this module lie in F3, so that S = QF,(3?) preserves a non-degenerate symmetric form
on W = spang,(8), hence S embeds into POp2(3). Next, assume that { = —. As
50(9 — 1) = 2( is even, by Proposition 2.6,(ii), D(Q) is a non-square, and hence by (iv),
N has a basis § such that fs is diag(\, 1,---,1). By Proposition 2.7 in [41] again, chose

a basis # N ® N which consists

w = pXlv @y, u;, = v; QU1 > 1
ay; = T QYU +v; QU1 <, a;; = 1, QU+ Q1 <
blj = y’Ul'®/Uj —xvj®vi,1 <j, bij = /LUZ'®’U]' —,UU]'(X)’Ui,i <j

where 1 < 4,7 < 2/, and 22 + y? = A1, also € = (—)*. As above, we have an embedding
PQ;,(3%) < PQy2(3) via the module V' = spang,(3). We will use the usual notation

(.,.) for the product form on N @ N,

Proposition 3.63 Let S = PQS,(3%). Embed S into P2 (3) via V, where e = (—)"

Assume that £ > 3. There is an M-orbit on €Z(V') such that equation (3.1) does not hold.

Proof. Case £ = 4. Let = v; ® v1. Then (z,z) = (v; ® v1,v1 ® v1) = (v1,v1)(v1,v1) =
1. Hence x is non-singular in V. Let H be the stabilizer in S of (v1). It follows from
Proposition 4.1.6 in [29] that H = (—1) x Qa_1)41(9). Therefore [(v1)S| = |S : H| =
$971(9Y — 1) = £32°2(32° — 1). Observe that if g fixes (v1) then ¢ also fixes (v1). Thus
g fixes v = vy ® vy if g € H. It follows that H < 5. However, as H is maximal
in S, this forces H = Sy. We have A = |M : M| < |Aut(S) : H| = |Out(5)||S :
H| < 389719 — 1) < 3% since |Out(S)| < 48. As 2m = (20)%, m — 2 = 20* — 2.
Now, since £ > 3, m —2—40 —1 = 20> — 40 — 3 = 20({ —2) — 3 > 0, and hence
3m=2 > 3#+1 > 1 4 ¢+ d, so that equation (3.1) cannot hold in view of (3.10) and (3.11).
Next, let y = v1 ® v1 + v ® vo € V. We have (y,y) =2 # 1 = (z,z). Thus (y) is a non-

singular point in V' which belongs to different S-orbits to (x).S. Let Vi = (v, v2,) and
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Vo = V. Then sgnV; = + and V = V; L V. Setting I; = I(V;). We have I, = (g1, g2),

where

A0 0 -1
9= and g, =

0 At -1 0

It is easy to check that ygi = Mv1 @ v + A4, @vy = —y and ygs = 12 @ vy +1v1 @ V1 = Y.
Hence Mg = (I; x I,) N Q(V) = Sy,y. By Proposition 4.1.6 in [29] that Mg = (93 (9) X
Q3,5(9)).2%. Therefore, |[(y)S| = [S : Mg| = 59%72(9* = 1)(9“ ' +1). If £ # 4 or
¢ = 4 but the triality 7 of Q4 (9) does not involved in G, then by Lemma 2.7.3 in [29],
Out(S) = Dg X Zy which is generated by rg, rw, 0¢ 5,(A) and ¢g(v), where [y is a standard
basis of V. As three of these generators fix (y), |M,| > 2%/ Mg|. Thus, in any cases,
we have |[M : My,| < 23S : Mg| Therefore A < |[(y)M] < 39%72(9° — 1)(9°! + 1).
We have A < 39772(9F — 1)(9°! + 1) < 39729271 C 9473 = 336 Also m — 2 —
(80—6) = 202 —2 —80+6 = 202 — 80+ 4 = 20(( — 4) + 4. Thus if £ > 4, then
clearly m — 2 > 8¢ — 6, so that 3™~2 > 3%76 > A and equation (3.1) cannot hold by
(3.10). Assume that ¢ = 3. Then A < §9%(9° — 1)(9% + 1). Now, by (3.10) again, it
is enough to check that $(3™71 +3) > £9%(9% — 1)(92 + 1) = Ap. As m = 2.32 = 18,
(3™ 43)— A = $(318 4317 +12) -

(318+316_312_38) — (317_314+312+38+12) > 0.

=

s :

Case £ = —. Let x = u; and y = uy. Then (z,2) = p? = —1 and (y,y) = 1, so that
x,y are non-singular vectors in V. As in previous case, we can check that the stabilizers
of (z) and (y) are isomorphic to (—1) x Qa,_1(9), so that |[(z)S| = [(y)S| = 19°71(9° —1).

The result follows as above. [ |

Let K be a field and N be a finite dimensional vector space over Mg with a quadratic
form @ and associated bilinear form (.,.). Let T°(N) = Mg, T*(N) = N,T*(N) = N ®
N,--- , T*(N) =N ®---® N, and define T(N) = T°(N)®TY(N)D- - -®T*(N)®- - - . The
bilinear map 77 (N) x YES(N) — T"(N), (z,y) — 2@y, z € T"(N),y € T°(N) defines an

operation on T'(N). Then T'(N) has a structure of an algebra and call Tensor algebra. Let
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I be an ideal of T(N) generated by all elements v®@v—Q(v).1 for v € N. The factor algebra
C(N) = C(N,Q) =T(N)/I is called the Clifford algebra of (N, Q). Identifying N with
elements of degree 1 in C'(N), we have v? = Q(v) and uv + vu = (u,v) for any u,v € N.
Denote by T, (N) (resp. T_(N)) the sum of all T*(N) for k even (resp. k odd). Then
T(N)=T.(N)®T_(N).Also I = INT (N)®INT_(N).Let C..(N) =T.(N)/(INT4(N))
and C_(N) = T_(N)/(INT-(N)). Then, C(N) = C(N) & C_(N). The linear map
J : C(N) — C(N) defined by J(u) =uif u € C,(N) and J(u) = —u if u € C_(N) is
called the main involution. Also, there exists a unique anti-involution « : C(N) — C(N)
such that for any vy, va, -+ ;v € N, (v1v9. .. v))a = vvy_q ... v € C(N). We next describe
a basis for C'(N) with respect to some fixed basis of N. Let § = {vq,- -+ ,v,} be a basis
for N over Mgq. Then for any increasing sequence 0 < i; < iy < - -+ < 1, < n, the elements
vy, - - v;, together with 1 form a basis for C(N), hence dimC(N) = 2". Also C(N), (resp.
C_(N)) are subspace of C'(N) spanned by v;, ---v;. with r even (resp. r odd).

We now assume that dimN = n = 2( is even and (N, K, Q) is an orthogonal geometry
of plus type. Let 5 = {e1,---ep, f1,---, f¢} be a standard basis for N. Denote by £ and F
the subspaces of N generated by {e;}‘_, and{fi}{_,, respectively. Then N = E @ F and
E, F are maximal totally singular subspace of N. Let C'(E) be the sub-algebra of C'(N)
generated by E and set C.(E) = C(E)NC(N) and C_(F) = C(E)NC_(N). As E is
totally singular, C'(E) can be identified with the exterior algebra of E. Put f = fi--- f,
then C(N)f = C(E)f. We can define a representation p : C(N) — End(C(FE)) by the
condition vuf = (p(v)u) f for v € C(N) and for all u € C(F).[6]

Proposition 3.64 (Proposition 5.4.9]29]) The spin representation embeds
(4)
Q;@(q) g even
Bi(q) in ¢ Qf,(q) qodd, £=0,3 (mod 4)
Spee(q)  qodd, £ =1,2 (mod 4).
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(i)
Q5 .(q)  L,qeven
Di(q) in § QF,_.(q) qodd, =0 (mod 4)
Spoe-1(q) ¢ odd, £ =2 (mod 4).

If 7 is odd then the representation is not self-dual. The representation cannot be realized
over a proper subfield of F,.

(141)

SUse-1(q) ¢ odd

Qf . (¢? (,q even
D) 2

Q) .(¢>)  qodd, £=0 (mod 4)

Spee-1(q?)  qodd, £ =2 (mod 4).

\

The representation cannot be realized over a proper subfield of F..

Proposition 3.65 Assume G is nearly simple primitive rank 3 of type 25,.(3) and M
1s almost simple of type S, where S is simply connected of type By over ¥s5. There is an M -
orbit on (V') such that equation (5.1) does not hold unless (L, S, \) = (O14(3), O5(3),2A1),
in which case M has 5 orbits on €~ (V) and the equation holds for all M-orbits on €. (V)
with r = t; or (L, S,\) = (OF (3),07(3), \1) or (0{5(3), 09(3), A1), in which cases M has
only one orbit on QS;F(V) so that 1§ £ 1§, by Corollary 3.7, hence these cases appear in

Table 1.2.

Proof. Assume equation (3.1) holds for some r € {s,t} and for any M orbits in (V).
Case f = 1. We claim that if X is a 3-restricted dominant weight with dimL(\) is

even and greater than dim/N = 2¢ + 1, then A must be one of the following weights:

(i) A = Np_1, £ even, £ > 4, and dimL(\) = 20* + ¢;

(i1) X = 2Xg, £ = 6k, 6k + 1 or 6k + 2, for some non-negative integer k, and dimL(\) =

20% 4+ 30,20% + 30 — 1,20% + 3¢, respectively;

(iii) A = \;,2 <L <8, and dimL()\) = 2¢ or A = 2\, £ =2 and dimL(\) = 10.
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Using (3.10) and (3.11), we have 3™2 < |Aut(S)| = |Aut(Qqr41(3))| = 37 [T\, (3% —
1) < 326+ Hence dimL(\) = 2m < 40?°+20+4. Notice that if £ > 5 then 3 —42—20—4 >
50240 —20—4=({—1)>-5> (5—1)2=5=11 > 0, and so £ > 40>+ 20+ 4. If { > 11,
then dimL()\) < 4¢*42(+3 < ¢3, and hence by Theorem 5.1, in [38], A is either A\p_; or 2.
For 2 < ¢ < 11, by Theorem 4.4 in [38] and the upper bound for dimension of L(\) above,
again, A is one of the weights above or case (i7i) holds. It remains to get the restriction
on ¢ in cases (i) and (i7). From the reference above, we also have dimL(\—;) = (20 + 1)
and dimL(2\) = 20% + 30 — e3(2¢ + 1). Now case (i) holds as dimL(X\,_1) is even if and
only if ¢ is even. For case (ii), we can check that ¢? + 3¢ — e3(2( + 1) is even exactly when
¢ has the forms given in (i7).

We now consider case (7). As in Proposition 3.29, let v = ey Ax+Ex A f1 = (e1 =€ f1) Az,
where £ = +1. Since Q(e; Ax) =0 = Q(z A f1), we have Q(v) = (e1 Az, z A f1) = &
Hence v is non-singular. Let N; be the subspace of N generated by {e; —{ f1,x}. As Ny is
non-degenerate, N = N; L Ni-. Denote by H the centralizer of Ny in Q(N) 2 Q. 1(3).
It follows that H = Q. 1(3), and H fixes v. Using 3.10) and (3.11) we have 3™2 <
1+c+d < |Aut(Q20:1(3)) = Qap_1(3)] = 2-3271(3% — 1) < 3%. Hence m — 2 < 44, so that
202+ 0 =2m < 8 +4. However as { > 4, (> + 0 — (80 +4) = 20(20 —4) + ({ — 4) > 0.
Thus m — 2 > 40 + 2, a contradiction. For case (i7), let v = e; ® e; + £f1 ® f1, where
¢ € {£1}. Then Q(v) = &, hence v is non-singular in L(2),). Let Ny = (ey, f1). Then N,
is a non-degenerate subspace of N. As in case (i), let H be the centralizer of Ny in Q(N),
as H = Qg 1(3), we have 3™ 2 << |Aut(Q211(3)) : Qar_1(3)] < 3%, hence 2m < 8¢ + 4.
As 2m = dimL(2)\;) = 20>°4+30—e3(20+1),and £ > 4,2m = 202+ 30—1 > 2-40+3(—1 =
8+ (3¢ —1) > 8+ 11 > 8 + 4. This gives a contradiction to 2m < 8¢ + 4.

For (iii), if the last case holds, that is A = 2A; and ¢ = 2 then S = 5(3) <
Q5,(3). We have m = 5 and by [13], we see that ¢ = — and there are 5 orbits of

non-singular points of each type with orbit sizes 4320, 2592, 2160, 540,270 and (¢, d) =
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(2852, 1467), (1700, 891), (1412, 747), (332, 207), (152, 117), respectively. We see that ¢ —
2d = —3™~1 — 1. Thus equation (3.8) holds so that equation (3.1) holds with r = ¢. For
the spin representation A = Ay, by Proposition 3.64, S fixes a non-degenerate symmetric
form on L()\) if and only if £ = 0,3 (mod 4). Thus ¢ = 3,4,7,8. If { = 3 then we have
an embedding Q7(3) < QF(3), and by [9] p.140, O7(3) has only one orbit on (V). If
¢ = 4 then Qy(3) < Qs(3). Moreover, by 4.6.3(a) in [34], ¢(3) has only one orbit of each
type of non-singular points on its spin module. If £ = 7, then B;(3) < QJ:(3). However
this is not a maximal embedding as B7(3) < Dg(3) < Q97(3) by Proposition 3.64. In
fact, the spin module for By is the restriction of the spin module of Dg, in which By is
the stabilizer of a non-singular point in the natural module for Dg. Finally, £ = 8. Then
Bs(3) < ©5:(3). Let V' be the spin module and vy, v_ be the maximal and minimal vec-
tors correspondingly. Let P be the parabolic subgroup of S which stabilizes vy. Then
P is of type Ay_1 and P = U.Lq, where U is the unipotent radical and L; is the Levi
factor of P. Observe that L} centralizes v, and since P°? = UL, which fixes the point
(v_), it follows that L) fixes z = vy + §u_ with & = £1. Hence L] = SLy(3) < S¢..
Thus 1+ ¢+ d < |Aut(Bg(3)) : SLy(3)] < 83%(32+1)--- (3% +1) < 16.3™ < 3™. Since
2m =28, m —2 =27 — 2 =126 > 74, hence 3™ 2 > 3™ > 1 + ¢+ d. Thus (3.1) cannot
hold.

Case f > 1. Let ¥ be an even dimensional, self-dual irreducible k£S-module. It follows
from case f = 1 that dim¥ > 2°if 2 < £ < 6 and dimV¥ > 2% 4 ¢ otherwise. Note that
26 < 20% + ( if and only if £ < 6, and 2% + 30 — 3(20 + 1) > 2(? 4 ¢ for all ¢ > 2. By
Propositions 2.41 and 2.39, dimV = (dimW¥)/, for some self-dual irreducible kS-module
V. As dimV = 2m is even, it follows that ¥ is an even dimensional, self-dual irreducible
kS-module. As above, we have 3™2 < | Aut(Qaei1(37))] < f-37@F+) < 37+ Hence
2m < 2f (20> + 0+ 1) + 4. If £ > 7, then 2m > (2¢% + ¢)/. Then by induction, we have

(202 + 0)7 > 2f(20> + £ + 1) + 4, a contradiction. Thus 2 < ¢ < 6. Then 2m > 2/°. Hence
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2/t < 2f(20* + ¢ + 1) + 4. This inequality holds except when (¢, f) = (2,2),(2,3), (3,2).

Case Q5(9). We have S = Spy(9). If dim¥ > 4, then dim¥ > 10, and hence dimV >
10? = 100. If this is the case then clearly 3™~2 > |Aut(S)|. Thus dim¥ = 4 and V is the
twisted tensor product N ® N, By [13], there exists an element of order 5 with non-
singular eigenvectors of both types and has orbit size 99630 with (c,d) = (65528, 34101)
and we can check that equation (3.1) cannot hold.

Case Q7(9). If dim¥ > 8, then dim¥ > 21, and hence dimV > 21% = 441. Clearly
3m72 > JAut(S)| in this case. Thus dim¥ = 8 and V is the twisted tensor product
N @ N However, since Q27(9) < Q4 (9) < Q4,(3), Ng(S) is not maximal in G.

Case Q5(27). We have S = PQs5(3%) & PSpy(3%). If dimV¥ > 4, then dim¥ > 10,
and hence dimV > 10? = 100. But we still have 3™ 2 > |Aut(S)|. Thus dim¥ = 4 and
dimV = 43 = 64. However, this case cannot occur as S preserves no non-degenerate

symmetric form on V. |

Proposition 3.66 Assume G is nearly simple primitive rank 3 of type Q5,.(3) and M
1s almost simple of type S, where S is simply connected of type Cy over Fgr, with € > 3.
There is an M -orbit on QEZ(V) such that equation (3.1) does not hold or ¢ =5,6,7, f =1,
and X = Xy or £ =3, f =2 X = (1+3)\,1 < i < 2 and these cases appear in the

Table 1.5.

Proof. Assume equation (3.1) holds for some r € {s,t} and for any M orbits in (V).
Case f = 1. Let A € X3 be a 3-restricted dominant weight such that L(\) = V. We
first show that if dimV > 2¢, then A\ must be one of the following weights:
(1) A= N1, dimL(X\) = 202 — 0 — 1 — g3(0);
(it) A =2\, £ even and dimL()\) = 20% + ¢;
(i31) (A, £, dimL(\)) = (A1, 3,14), (Aa, 4, 40), (A3, 5, 110).
As |Aut(PSpyu(3))| = f-3° [Ti_,(3% —1) < 3*°+¢ by (3.10) and (3.11), 3™2 < 32°+(,

and hence 2m < 402 + 20 + 4. If £ > 5 then 402 + 20 + 4 < 3, and so dimV < 3. Now,
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if £ > 11, then dimL(\) = 2m < £3, and hence by Theorem 5.1, in [38], A is either \,_;
or 2)\,. For 2 < ¢ < 11, by Theorem 4.4 in [38] and the upper bound for dimension of
L(\) above, again, A is one of the weights in (7), (i7) or (A, £, dimL(\)) are as in (i4i). This
proves our claims.

We have dimL(2)\,) = £(2¢ + 1), L(2\,) = S*(V), and dimL(\_y) = 20> — 0 — 1 —
gp(0), L(A—1) = wh/((w) Nw?), where w = e; A fi + -+ +eg A fy. In these cases, S leaves
invariant a quadratic form () induced from the symplectic form on N. First, suppose that
A=2)\. Letv=e1®@e;+£f1®f1 € V. Since dimL(2)\,;) = ¢(2(+1) is even, £ must be even.

Let H be the centralizer in S of the subspace generated by {e1, f1}. Then H = Spo,_o(3).

2.37(3% — 1)
3(¢-1)2

3%, Hence 2m < 8(+4. As 2m = ((2(+1), it follows that £(2(+1) < 8/+4. As { > 3 and ¢

By (3.10) and (3.11), we have 3™~ 2 < |Aut(PSp(3)) : PSpa_o(3)| =

is even, we conclude that ¢ > 4. Then ¢(20+1) > 4(2¢+1) = 8(+4, a contradiction. Next,
consider case A = A\_1. As dimL(X\p—1) = 2 —{—1—¢,({) is even, £ = 6k—1, 6k or 6k+1.
Now L(A,—1) has a basis consisting of e; Ae;, fi A fj, 1 <i<j<lie;Nf;,1<i#j<U,
and e; A fi — e A fiy1,i=1,--- L —1—¢,(0). Let ze = eg ANea +Ef1 A fo, where £ = +.
Then z is non-singular and Q(z¢) = —&. Let Ny = (eq, eq, f1, f2) be a subspace of N.
Then A?N has a basis {e; Aea, fi A fa,e1 A fa,ea A f1,e1 A fi —ea A fo}. Observe that ze is
of type £. Since N is non-degenerate, N = N; L Ni-. Let H, K be the centralizer in S of
Ny, Nit, respectively. Then H & Spoy_9)(3), K = Spy(3) = Spins(3), K.,y = Spinj(3)
and H centralizes (z¢), so that E := Spin§(3) x Spa_4(3) < Sz), hence 1 + ¢ +d <
|Aut(S) : E| = |Aut(PSpy(3)) : (Q5(3) x PSpar_4(3))] < 387, Hence 2m < 16¢ — 10.
Since 2m = 202 —{ —1—¢,({) > 20> — { — 2, we have 20> — { — 2 < 16/ — 10, or equivalent
22 170+8 < 0.Tf£>8, then 202 — 170+ 8 =202 160 — ({—8) = (20— 1)({—8) > 0, a
contradiction. Thus ¢ < 8. Since ¢ = 6k — 1,6k, 6k + 1, it follows that £ =5,6,7. If (¢, \)
are as in (7i7), then by Appendix A.2 in [38], ind(L(\)) = —, so that S does not fix any

non-degenerate quadratic form on L(\).
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Case f > 1. Let ¥ be an even dimensional, self-dual irreducible kS-module. It follows
from case f = 1 that either dimW¥ = 2¢ or dimV¥ > 20> —( — 1 — e3({) > 20> — ( — 2.
By Propositions 2.41 and 2.39, dimV = (dim®¥)/, for some such self-dual irreducible kS-
module ¥. By (3.10) and (3.11), we have 372 < |Aut(PSp(37))| < 37+ Hence
2m < 2f(20%2 + £ + 1) + 4. We assume first that dim¥ = 2¢. Then 2m = (2¢)/ and so
(20)7 < 2f(20*+¢+1)+4. By induction, we can see that this holds only when f = 2. Now
when f = 2, by Proposition 3.62, equation (3.1) cannot hold either. Finally, assume that
dim¥ > 20*> — { — 2. Then we have (2(2 — ( — 2)/ < 2f(2(?> + ( + 1) + 4. Using induction,

this inequality cannot occur. Thus equation (3.1) cannot hold. [ |

Proposition 3.67 Assume G is nearly simple primitive rank 3 of type 25,,(3) and M is
almost simple of type S, where S s simply connected of type Dy or 2D, over Fyr. There
is an M-orbit on € (V') such that equation (3.1) does not hold so that M is not in Tables
1.1-1.5.

Proof. Assume equation (3.1) holds for some r € {s,t} and for any M orbits in (V).
Case f = 1. Let (IV, F, Q) be a classical orthogonal geometry of type € with S = Q(N).
Let 8 = {e1, -, fe} be a standard basis for N. Let A € X3 be a 3-restricted dominant
weight such that L(A) = V. We will show that if dimV > 2¢, then A must be one of the
following weights:
(i) X = No_1, dimL()\) = 20> — {,1 even;
(i1) A = 2)g, £ even and dimL(\) = 202 + 1 — 1 — e3({);
(i43) A = A1, hoy 4 < £ < 10;
(iv) € =4, X = X + Ao, Ay + Ay, Ag + Ay, dimL(X) = 56.
As |Aut(PQ5,(3))] < 322, by (3.10) and (3.11), 3™2 < 3242 and hence 2m <
40?2 —20+8. Since € > 4, (3 — (40> —20+8) = ((*+2)({ —4) > 0, and so dimV = 2m < (3.

By Theorem 5.1, in [38], if ¢ > 11, then A is either \y_; or 2),. For 4 < ¢ < 11, by

156



Appendix A.41 in [38] and the upper bound for dimension of L()), A is one of the weights
above or A appears in (i7i) and (iv).

Firstly assume A = A\;_;. Then V = L(\) @ A2N and dimV = 20> — ( = ((20 — 1).
As dimV = 2m is even, ¢ must be even. For £ = £, let ze = (e1 — {f1) A (ea + f2) € V.
Then z¢ is non-singular in V. Let U = (e; — £ f1,e2 + f2). We can check that D(U) = —¢
and sgn(U) = €. Tt follows that sgn(U+) = &e. Let H = Q(U*). Then H = Q55 ,(3) and
H fixes z¢, so that H < §<Z§>. Thus [{(z¢) M| < |Aut(S) : H| < 3%. Since 2m = 20* — ¢,

m —2 = (202 — ¢ — 4). By (3.10) and (3.11) again, 3™~% < 3%. This is equivalent to

>
m—2 < 40, and so (20> —(—4) < 4( or equivalently (/—4)(2¢—1) < 8. This inequality is
satisfied only when ¢ = 4. Suppose that ¢ = 4. Then m = 14. Assume that ¢ = +. As Q(U),
QU*) and Teyy gy, Tey—p, fix 2, we have |M : My.y| < $|Out(S)|.|S : H| < 6]S : H|, where

H = PQU) ® PQU™Y) = POS(3) @ POS(3) < Sy and |Out(S)| < 24 as f = 1. Thus

(ze)
|M : M| < 337(3°4+1)(3+€)(33+&) < 3" =3m"1. Assume that e = — As 3(¢—1)( = 4
is even, it follows from Proposition 2.6 that D(Q) = X, and so by Proposition 2.8.2 in [29],
|Out(S)| = 4. Therefore |M : M| < 4.S : H| where H = (Q5(3) ® Q5°(3)).22 < Siz
which is the stabilizer in S of U. Therefore |M : My.y| < 153°(3*+1)(3—¢)(3°+£) < 3"

However (3™t 4 3) — 431 = £(3"% 4+ 3) — 131 = L (4.3 + 12 - 3") = L (3% +12) > 0

5
and hence [M : M.,| < 3(3™! + 3) which contradicts to (3.11).

Secondly assume that A = 2\,. Then dimL()\) = 20> + { — 1 — 3(¢). Since dimL(\)
is even, this implies that ¢ must have one of the following forms 6k — 1,6k, 6k + 1, where
k > 1. It follows that ¢ > 5, and so |Out(S)| = 2df < 8. As in Proposition 3.31, take
ze = e ®@e +Ef1 @ fi + (w) Nwh. Let H be the centralizer in S of (eq, fi). Then
H fixes ze and H = PQS5, ,(3). Thus |M : M| < [Aut(S) : H| < 3*'. Since 2m =

202+ 0—1—e5(0) > 202+ —2, we have m—2 > $(20°+(—6). Thus (2> +(—6) < 40—1.

1
2
But this is equivalent to (¢ —4)(2¢ 4+ 1) < 0, which is absurd as ¢ > 5

Next assume that A = Ay, and 4 < ¢ < 10 so that V' 22 L()\;) is the spin module. From
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Proposition 3.64, we have e = + and ¢ = 0(mod 4). Thus ¢ = 4, 8. However, if { = 4, then
dimL(\;) = 2* = 8, and so this case cannot happen. Thus ¢ = 8 and Dg(3) < Q(3).
Argue as in Proposition 3.65, with zz = vy + &v_, we have SLg(3) fixes (z¢) so that
|M : M| < 3% < 3% =31 as m = 20 = 64. This contradicts to (3.10).

Finally assume that case (iv) holds. Without lost, we can take A\ = A\; + A\4. Then
V = L(\) 2 A3N, where N is the natural module for S, and 2m = 56 so that m = 28.
Let zz2 = es ANea Aes+Efi A fa A fs € V. Then z is non-singular. Let K be the
stabilizer of a totally singular decomposition (e, es,e3) @ (f1, f2, f3) in PQ({e1,, f3)).
Then K = PGL3(3).2 and K fixes (z¢). Hence |M : M, < [Aut(PQ(3)) @ K| <
|Out(S)|]S : K| < 3% < 3% =3m72 Thus (3.1) cannot hold.

Case f > 2. Let ¥ be an even dimensional, self-dual irreducible kS-module. It
follows from case f = 1 that dim¥ = 2¢ or dimW¥ > 22 — ¢ when ¢ > 8 or dim¥ = 2¢~!
when 4 < ¢ < 7. By Propositions 2.41 and 2.39, dimV = (dimV)”, for some self-dual
irreducible kS-module W of even degree. If dimW¥ = 2¢ then 2m = (2¢)7. By (3.10)
and (3.11), we have 372 < |Aut(PQ5,(37))| < 3.3/~ or equivalently 2/~1¢/ — 2 <
1+ f(20> — ¢+ 1). This happens only when f = 2. The result follows from Proposition
3.63. Assume that dim¥ > 2¢. If £ > 8, then dimV > (dimV)? > (202> — ()7. As above,
we have %(262 —0)f —2 < 1+ f(20%2 — £ +1). Clearly this inequality cannot happen. Thus
4 < £ < 7. Then dimV > (dimW¥)? > 2/¢=Y Hence 2/-D"1 — 2 < 1+ f(202 — ¢ +1).
This holds only when ¢ = 4 and f = 2. In this case, S = D4(3%) and ¥ is the spin
representation of S. Since the spin representation of S can be obtained from the natural
representation of S via triality, (3.1) cannot hold by Proposition 3.63. The proof is now

completed. [

Proposition 3.68 Assume G is nearly simple primitive rank 3 of type Q5,.(3) and M
1s almost simple of type S, where S is of exceptional type above and define over Fae

with e > 1. There is an M-orbit on €Z(V') such that equation (3.1) does not hold unless

158



, 0, A) = , F4(3), A1). In this case 15 wn the Table 1.5.
(LS)\) (PQ§2(3)F(3))\)I h M he Table 1.3

Proof. Assume equation (3.1) holds for some r € {s,t} and for any M orbits in (V).

(a) Case Gy. By (3.10) and (3.11), 3™ 72 < |Aut(G2(3%))| < 3'%¢. Thus dimV = 2m <
30e + 4. Assume first that e = 1. Then dimV = 2m < 34. From Appendix A.49 in [38],
dimL(\) > 500, a contradiction. Assume that e > 2. By Propositions 2.41 and 2.39,

= (dimW)e, for some self-dual irreducible kS-module W of even degree. It follows that
2m > 500¢, and hence 30e + 4 > 500°, a contradiction.

(b) Case F,. By (3.10) and (3.11), 3™ 2 < |Aut(Fy(3%))| < 3%%¢. So 2m < 106e + 4.
Assume that e = 1. Then dimV < 110. It follows from Appendix A.50 in [38], A = Ay,
L(\) = L(F}), the simple Lie algebra of type F, over F3, and dimL(\) = 52. In this case,
we have an embedding Fy(3) < 5,(3). Assume that e > 2. We have 2m > 52°, so that
52¢ < 106e + 4. But this cannot happen for any e > 2.

(c) Case ¢ Es. By (3.10) and (3.11), 3™ 2 < |Aut(*Eg(3°))| < 3™¢. Thus 2m < 158e+4.
Assume that e = 1. Then dimV < 162. From Appendix A.51 in [38], dimL(\) > 572, a
contradiction. Assume that e > 2. Then clearly 572¢ > 158e + 4.

(d) Case E;. By (3.10) and (3.11), 372 < |Aut(F(3%))| < 3'3%. Thus 2m < 268e+4.
If e = 1 then by Appendix A.52 and A.2 in [38], dimL(\) > 1330, a contraction. Assume
that e > 2. Clearly 1330° > 268e + 3.

(e) Case Eg. By (3.10) and (3.11), 3™~2 < |Aut(Fg(3%))| < 3%%%. Thus 2m < 498e+4.
Assume that e = 1. From Appendix A.53 in [38], A = Ag, dimL(\g) = 248 and V =
L(X\s) = L(Eg). Let ® denote the root system of Eg and II the fundamental system of roots
of ®. Let oy be the highest root of ®. Then the element e,, in L(Eg) is a maximal vector
with high weight As. Let £ = £1 and z = e, +&€e_q, € L(Fs). Then z is non-singular in V/
and clearly F7 is contained in the stabilizer of (z). Hence 1+c+d < |Es(3) : E7(3)] < 320,
Since dimV = 248, we have m = 124, so that 3™ 2 = 3!22 > 3120 Therefore equation

(3.1) cannot hold. Assume that e > 2. Clearly 248° > 498¢ + 3 for any e > 2.
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(f) Case 3Dy. By (3.10) and (3.11), 3™ 2 < |Aut (> D4(39))| < 33%. Thus 2m < 60e+4.
If e = 1 then dimV < 64. From Appendix A.53 in [38], A = Ay and dimL(\y) = 8, or
A= A3, dimL(A3) =28 or A = A\ + Ao, dimL(\; + \y) = 56. Observe that A, \; + A are
not invariant under the triality of Dy, but A3 is invariant. Firstly, assume that A = Aq.
Since the splitting field for 3D,(3) is F33, we have embedding *D,(3) < Qg (3?) < Q4,(3)
where the latter is the over-field subgroup embedding. Thus this cannot happen. For the
remaining cases, the same argument will lead to a contradiction. Finally, A = A3. Then
L()3) can be realized over F3, hence we can take V' = L(\3). If N is the natural module
for Og (3%) then V = A2N. However this still does not gives rise to maximal embedding
as 3Dy(3) < QF(3%) < Q4(3). If e > 2 then by Proposition 5.4.8 in [29], dimV > 24¢.
Clearly 24¢ > 60e + 4 for any e > 2.

(9) Case 2Gy. By (3.10) and (3.11), 32 < |Aut(2G»(3%*1))| < 382D, Thus 2m <
32e + 20. By Proposition 2.41, dimV > 7! and so 7%¢*! < 32e + 20, where e > 1. We

can check that this cannot hold. [ |

Embedding of Sporadic groups

Proposition 3.69 Assume G is nearly simple primitive rank 3 of type 25,,(3) and M is
almost simple of type S, where S is a simple sporadic group. There is an M-orbit on (’EZ(V)
such that equation (3.1) does not hold unless (§, L) = (2.Coy,954(3)), in which case M
has only 2 orbits on QE;(V) for only one type of points and so 1§ £ 1§, by Corollary 3.7.
In this case M 1is in Table 1.2.

Proof. Assume equation (3.1) holds for some r € {s,t} and for any M orbits in €;(V').
By (3.10) and (3.11), we have |Aut(S)| > 3™2, hence 2m < 2logs(|Aut(S)|) + 4 = g3(9).
Since V' is an absolutely irreducible F3§—module with ind(V) = + and dimV is even, by
Lemma 3.33 and [19], we only need to consider the following cases: (S, dimV’) = (M1, 10),
(M12,10), (Mas,22), (May,22), (Cos,22), (Coy,24). Observe first that the first four cases
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do not give rise to maximal embedding since M,, < A, < PQZ_I_ES(H)(B), where the last
embedding is obtained via the fully deleted permutation module for A,. Therefore we
need to consider the last two cases. Assume that S = Co; and dimV = 24. It follows that
m = 12, and sgnV = + by [13]. Observe that C'o, is a maximal subgroup of Co; and it
is also a stabilizer of a non-singular point, say z. Then |z.S] = 98280 < 3™~! = 177147
and (3.1) cannot hold in view of (3.10). For other type of points, inside C'oy, the maximal
subgroup HS : 2 of Coy fixes a non-singular point y, by checking the orders, we can see
that S, = HS : 2 and so |yS| = 46872483840. Next choose an 2A-element g in Co.
Then the normalizer of g in Co, is H := 21t%-0F (2). Choose a non-singular point z of the
same type as that of y in the eigenspace of g of dimension 8. We have |H,| = 165150720.
We now look for an involution h in C'os not contained in H which fixes z. Then (H, h)
is exactly the stabilizer of z in Co;, and |2S| = 165150720. In fact the stabilizer of
2 in Co; is isomorphic to 21 : My which is a subgroup of index 24 in the maximal
subgroup 2! : My, of Co;. Clearly these are two distinct S-orbits of the same type. As
lyS| + |25 = [€5(V)| = 33'(3'* — 1), S has only two orbits on €*(V), hence (3.1) holds
by Corollary 3.7. Finally assume that S = Cos and dimV = 22. We have m = 11 and
by [13], we have sgnV = +. We also see that McL : 2 is the stabilizer of a non-singular
point z with orbit size |zS| = 276 < 3™~!. For other type of non-singular points, we can

find a non-singular point y with |yS| = 23054625, and we see that (3.1) cannot hold. W
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APPENDIX A
CLASSIFICATION OF NEARLY SIMPLE
PRIMITIVE RANK 3 GROUPS

Let G be a primitive rank 3 group of finite degree n. Then one of the following holds:
(1) T x T <G < Tyl Zsy, where Ty is a 2—transitive group of degree ng, the socle T' of Tj
is simple and n = nZ;
(#7) G is an affine group, i.e. G has a regular elementary abelian normal subgroup and n
is a prime power;
(731) L := soc(@) is simple.

Combining results of Kantor and Liebler (][28]), Liebeck and Saxl ([37]) and Bannai
([3]), we get the list of all nearly simple primitive rank three groups:

Theorem A.1 (1) Let L be one of the groups

Spam—2(q), %, (q), Qom—1(q) or SUn(q)

form =3 and q a prime power. Let L I G with G/Z(L) < Aut(L/Z(L)). Assume that
G acts as a primitive rank 3 permutation group on the set € of cosets of a subgroup P of
G. Then at least one of the following holds up to conjugation under Aut(L/Z(L)).
(i) € is an L-orbit of singular (or isotropic) points;
(17) € is an L-orbit of maximal totally singular (or isotropic) subspaces and L is one of
the following groups: Spa(a), SUs(a), SUs(a), % (a), 4 () or (a);
(4ii) & is any L-orbit of non-singular points and L = SU,,(2), Q5. (2), Q5 (3) or Qopm—1(3);
(iv) € is either orbit of nonsingular hyper-planes of L = Qopm_1(4) or Qop—1(8), where
G = Q9,—1(8) - 3 in the latter case;
(vi) L = SU3(5),LN P =3- Az
(vit) L = 8SU43),LNP =4-PSLs(4);
(viii) L = Sps(2), P = Ga(2);
(iz) L =Q7(3),LN P = Gy(3);
(z) L= SUs(2),LAP =3-PSUL(3) - 2;

(2) Let L = PSL,(q) < G < Aut(L). Assume that G acts as a primitive rank 3
permutation group on the set € of cosets of a subgroup P of G. Then one of the following
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Table A.1: L is an exceptional group.
’ n \ L \ LNP \ k:l \ {fs; fe} \ comment
351 | G2(3) Us(3) -2 126,224 168; 182 two classes
416 Go(4) Jo 100, 315 65; 350
2016 | Go(4) Us(4) -2 975, 1040 650; 1365 two classes
G2(8)
Es(q)

130816 SU;3(8) -2 | 32319,98496 | 18468;112347 | G = Go(8) - 3
Ds-parabolic ko, lo fo, 90 two classes

Table A.2: G = A,

| m [n=[A,:P]| [P| |Structureof P| Decomposition of (1p)*" |
m=5] smim—1) | (m=2)!| HE)NA, |[m]+[m-—11]+[m—2,2]
6 15 24 H(IL,) N Ag [6] + [4, 2] + [3?]
8 35 576 H(IL) N Ag 18] + [6, 2] + [42]
9 120 1512 PI'Ly(8) (9] + [42, 1] + [5, 1],
10 1260 1440 | H(II;) N Ay [10] + [8,2] + [6, 4]

holds up to conjugation under Aut(L).
(1) € is the set of lines for L,n > 4;
(ii) L = PSLy(4) = PSLy(5), |€| = (3),

L = PSLy(9) = Ag, |€| = (5),

L= PSLy(2) = Ag, |€| = (3), or

G = PI'Ly(8), €| = (3);

(iii) L = PSLy(4),L N P = Ag;
(iv) L = PSLy(3),L N P = PSpy(3).

(3) Let G be a nearly simple primitive rank 3 group of exceptional Lie type, that is,
L/Z(L)<G/Z(L) < Aut(L/Z(L)), L is an exceptional group of Lie type and G acts as
a primitive rank 3 permutation group on the set € of cosets of a subgroup P of G. Then
L, LN P are given in Table A.1.

no = (¢ = 1)(¢" = 1)/(¢" — 1)(g — 1);

ko =q(¢® — 1)(¢° +1)/(q¢ —1),lo = ¢°(¢” = 1)(¢" + 1)/(q — 1);

fo=a@® = 1)(¢" +1)/(¢* = 1),90 = ¢*(¢° + 1)(¢° = D)(¢g* +1)/(g — 1)

(4) L = Ap,m > 5. Let G is a nearly simple primitive rank 3 group of Alternating
type A, m = 5 with point stabilizer P. Then m and P are given in Table A.2 and A.3.
We denote by H(X,) (resp. H(X,) N A,,) the subgroup of Sy, (resp. A,,) which consists
of the elements fizing some given subset 3, with r < [m/2]. We also denote by H(I1,)
(resp. H(IL,) N A,,) the subgroup of S,, (resp. A,,) which consists of elements permuting
a fized nontrivial complete set of blocks m; with |m;| = .

(5) The list of nearly simple primitive rank 3 groups of sporadic type is in Table A.4.
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Table A.3: G = 5,

m |n=[S,:P]| [P| [Structure of P | Decomposition of (1p)"" |
m=5] sm(m—1) | 2(m—2)! H(Z,) [m] + [m —1,1] + [m — 2,2]
6 15 48 H(IL) 6]+ [4,2] + 2%
8 35 1152 H (1) 8] + [6, 2] + [47]
10 1260 2880 H(I1;) [10] + [8,2] + [6, 4]
Table A.4: L is a sporadic simple group
’ L \ PNL \ n \ k;l \ {fs; i} \ comment ‘
M, Mip.2 66 20; 45 11,54 two classes
Mo 24 . Ag 7 16; 60 21;55
Moy Ar 176 70; 105 21; 154 two classes
Mz My -2 253 42:210 22;230
Mas 24. Ay 253 112; 140 22;230
Moy Mys - 2 276 44,231 23;252
Moy Mis -2 1288 495; 792 252;1035
Jo PSU;(3) 100 36; 63 36; 63
HS My 100 22:77 22,77
McL | PSU4(3) 275 112;162 22;252
Suz Go(4) 1782 416; 1365 780; 1001
Cos | PSUs(2) 2300 891; 1408 275;2024
Ru 2Fy(2) 4060 1755; 2304 783; 3276
Fiy | 2- PSUg(2) | 3510 693; 2816 492; 3080
Figy Q7(3) 14080 | 3159;10920 429;13650 | two classes
Fiog 2 Fligs 31671 | 3510; 28160 782; 30888
Figys | PQAF(3) - S3 | 137632 | 28431;109200 | 30888; 106743
Fil, Fiog 306936 | 31671;275264 | 57477; 249458
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APPENDIX B
NEARLY SIMPLE GROUPS OF TYPE

5m(2), SUm(2) AND SPORADIC

We also obtain similar results when G is nearly simple primitive rank 3 of type L, where L
is either Q5,,(2), m > 3, or SU,,(2),m > 4 and G acts on the L-orbit &(V') of non-singular
points in the natural module V' for L. The proof of Theorem B.1 is omitted.

Theorem B.1 Let L be one of the following groups €25,,(2),m = 4 or SU,(2),m > 4,
and G be nearly simple primitive rank 3 of type L. Let P be the stabilizer of a non-singular
point in V. Let M be any mazimal subgroup of G. Then 14 < 15, unless the pairs (L, M)
appear in Tables B.1-B.35.

For reference purposes, we include here the similar results for almost simple primitive
rank 3 groups of type S, where S is a simple sporadic group. The proof relies on [13].

Theorem B.2 Let L be a simple sporadic group and G be almost simple primitive rank
3 of type L. Let P be a mazimal subgroup of G such that G acts as a primitive rank 3
permutation groups on the set of cosets of P. Let M be any maximal subgroup of G. Then
1% < 1§, unless the triples (G, P, M) appear in Tables B.4-B.7.

As all the permutation characters of maximal subgroups of groups in Theorem B.2 are
stored in [13], except Flige.2, HS.2 and Fi,,.2, we can verify the Tables in Theorem B.2
easily. For the remaining groups, we will use the package ‘atlasrep’ to get the maximal
subgroups and then apply equation (3.1) to determine the character containment.

The following GAP code will produce a list of maximal subgroups together with their
permutation characters of a group with identifier "name”.
gap>permchars:=function(name)
>local output,id, tbl, maxtab, chi, max, 1;
> tbl :=CharacterTable(name) ;output := [ |;
> if HasMazes(tbl)=false then Print(‘fail’); return fail; else max :=Mazes(tbl); fi;
> for i in [1..Size(max)] do maztab :=CharacterTable(mazx|i]);
> id :=TriwvialCharacter(maxtab); chi :=InducedClassFunction(maztab,id,tbl);
> outputli] := [max[i],PermCharlnfo(tbl, chi). ATLAS [1]]; od;
> return output; > end;
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Table B.1: M €C

L \ type of M \ conditions \ Remarks \ orbits ‘
Q5,,(2) P, I<a<m <2
O;a l 52 E=+ m = 2a 2
05 154 £ =+ m =4 2
05,(2%) b>2a=23| m=ba | a—1
0,,(2%) b>2 m=3b| 2
0,,(22) b>2 m=2b | <2
GUn(2) 1
SUL(2) | GU1(2) x GU,-1(2)
P, I1<a<n/2 2
GU,(2) 1.5, n=2a 2
GU,(2%) n = 3a 2
Spn(2) n even 1
Table B.2: M € S
L socle of M \ modules \ Remarks \ orbits ‘
O @ [ A =7.916 [ A= (n—1,1) 2
QIO(Q) A12 )\ = (n — 1, 1) 2
Q14(2) G2(3) 2
Q,(2) Us(3) r=s 6
03,(2) L§(2) A3 2
Q,(2) PSps(2) Ao r=s 3
Qd(2) PSp(2) Spin module 1
Of6(2) PSps(2) Spin module 1
055(2) Coy Leech lattice 2
03.(2) Co, Leech lattice 1
SU()(Q) M22 2
SUy(2) Js 2
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Table B.3: Exceptions

L ‘ socle of M ‘ modules ‘ Remarks ‘
05,,(2) | PSpa(2) Ae-1 =5,6,7
Q5(2) | PSpxu(2) Spin module (=56
05,(2) | PQL(2) Spin module
025(2) Fy(2) adjoint module
04(2) Es(2) adjoint module
04(2) E;(2) minimal module
Q55(2) Ru
SUQ(Q) 34Sp4(3) M e Cﬁ(G)
SUy0(2) Ss(3) Weil module
SU,(2) | Chev(27)
Table B.4: Sporadic Groups
| G | P M ] 1% | Remarks | orbits |
My | 32 : Qg2 la 4+ 10a + 44a
Ag2 2
Lo(11) 1
My | My :2 la + 11la + 54a
M11 la+ 11a 2
M11 la -+ 11b 1
Mg : 2 la 4+ 11b + 54a 2
Lo(11) 1
My : S3 2
2 X 55 3
42 . D12 3
A4 X 53 3
Mo | My :2 la + 11b + 54a
M11 la + 11la 1
My la + 11b 2
Mgy : 2 la 4+ 11a + 54a 2
Lo(11) 1
Mg : Sg 2
2 X 55 3
42 . D12 3
A4 X Sg 3
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Table B.5: Sporadic Groups (continue)

G P M ‘ 19 ‘ Remarks ‘ orbits ‘
MQQ 24 A6 la 4+ 21a + 55a
Ls(4) la +2la 2
Aq la + 21a + 154a 2
Moy Ar la + 21a + 154a
Ls(4) la 4+ 21a 2
241 Ag la + 21a + 55a 2
Mos.2 24 . S la + 21a + 55a
L3(4)22 ]_CL —f- 21(1 2
Ly(11).2 2
Mss | L3(4) : 29 la + 22a + 230a
MQQ la + 22a 2
23: 11 1
M23 24 A7 la + 22a + 230a
Moo la + 22a
23:11
Moy Maos = 2 la 4+ 23a + 252a
Moz la + 23a 2
Mg : 2 la + 252a + 1035a 2
26 . 356 2
26 . (L3(2) X Sg) 2
Lo (23) 1
Lo(7) 4
Moy M : 2 la + 252a + 1035a
Moz la + 23a 1
M22 22 la + 23a + 252a 2
24 . AS 2
Lo (23) 4
HS Moy la + 22a + 77a
Us(5) : 2 la 4+ 175a, 2 classes 1
S 2
424 Sy 2
2 x Ag2° 2
5:4 x As 1
HS.2 Moy 2 2 la+ 22a + 77a
Sg 2 2
2170 . S5 2
(2 x Ag-2%).2 2
54720 29 1
5:4 x 85 1
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Table B.6: Sporadic Groups (continue)

G P M ‘ 19 ‘ Remarks ‘ orbits ‘

Jo Us(3) la 4 36a + 63a
3 PG Lo (9) 2
2! A 2
Ay x As 2
As X Dy 1
52 . D12 2

J2.2 | Us(3):2 la + 36a + 63a
3 Ag - 22 2
2!+ S 2
(Ag x As) = 2 2
(As X Dyg) : 2 1
52 (4 X S3) 1

ML Ui(3) la + 22a + 252a
3285 2
2 'Ag 2
5172:3:8 2

MeL.2 | Uy(3).23 la + 22a + 252a
Us(5) : 2 2
37 485 2
2'58 2
50720 (24:2) 2

Suz Go(4) la + 780a + 1001a
32 U4(3) . 23 2
Us(2) 1
2176 U,(2) 2
35 My, 1
M12 22 2
324 2(Ay x 2%).2 2
Suz:2 | Gy(4): 2 la + 780a + 1001a

32 U4(3)(22)133 2
Us(2) : 2 1
2170 Uy (2).2 2
35 (Myy x 2) 1
Mg :2x2 2
32+4 . 2(54 X DS) 2
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Table B.7: Sporadic Groups (continue)

G P M \ 1% \ Remarks \ orbits ‘
Cosg Us(2) : 2 la 4 275a + 2024a
McL 2
Ru 2Fy(2) la + 783a + 3276a
(20 (U3(3)) : 2 3
(22 x S2(8)) : 3 2
2378 [3(2) 3
Us(5) : 2 3
Ag 4
L5(29) 1
Figg 2 U6(2> la + 429a + 3080a
07(3) 2 classes 2
21,(2) 1
FiQQ 2 2 U6(2> la 4+ 429a + 3080a
G2(3) : 2 2
Og(2) : S3 x 2 2
214(2) 1
Fligg 07(3) la + 429a 4 13650a
2 Us(2) 2
OF (2) : S5 x 2 2
210M22 2
2F,(2) 2
Figg 2 'FiQQ la + 782a + 30888a
Og (3) : S3 2
34789116 314225 2
33.[37].(2 x L3(3)) 2
Fligg O;(S) 0 S3 la + 30888a + 106743a
2 'Figg 2
22 -Us(2).2 3
211 'M23 2
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