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Abstract

The main focus of this thesis is the study of low-degree low-frequency solar p modes from
the analysis of high-resolution power spectra generated from 20 years of high-quality data
collected by the Birmingham Solar Oscillations Network (BiSON) Resonant Scattering
Spectrometers (RSS). To that end we present a novel model of the RSS and its observations
that allows for the determination of a significant improvement in calibration for ground-
based Sun-as-a-star Doppler velocity observations.

We show that the previously neglected multiple scattering in the RSS vapour cell is
significant and demonstrate its impact on the spatial weighting to the solar disk, combin-
ing the new instrumental weighting with a detailed treatment of terrestrial atmospheric
effects and a model of the solar surface velocity field. The resulting simulation allows for
the development of a new and successful correction for differential atmospheric extinction
generating up to a 25% increase in the signal-to-noise ratio at low frequencies (0.8 to
1.3 mHz).

The improvement in signal to noise allows for the detection of low-frequency p modes
with small associated errors in frequency and together with the fitting of mode structure,
produces estimates of mode linewidth (Av) and power. Over the frequency range 972 >

v > 1850 pHz we find the frequency-linewidth dependence to be Ay oc p7-5%04,



Acknowledgements

Firstly I must express my eternal gratitude to both my parents and my long suffering
partner Liz. None of this would have been possible without the support they have given
and the sacrifices they have made.

I would like to thank my two supervisors Yvonne Elsworth and Bill Chaplin for all their
support and guidance. In addition I must give special thanks to Brek Miller for his hefty
contribution to my work. All three have contributed to the rich environment I have
enjoyed during my time at Birmingham.

I am grateful to all who I have shared time with in Birmingham. A far from exhaustive
list begins with Ann-Marie Broomhall (who would be first in this list even if it were not
in alphabetical order) followed by Barry Jackson, Christopher Karoff, Elizabeth Jarvis,
Fred Baudin, Graham Verner, lan Barnes, John Allison, Kym Goss, Neil Tarrant, Othman

Benomar, Saskia Hekker, Steve Hale, and Steve Spreckley.



Contents

1 Helioseismology

1.1 Introduction . . . . . . . . ...
1.2 Solar Oscillations . . . . . . . . . ...
1.2.1  Spherical harmonics . . . . . . .. ..o
1.2.2 A dispersion relation . . . . . . .. ..o
1.2.3 Pressure modes . . . . . . . ... Lo
1.24  Gravity modes . . . . ...
1.3 Observations. . . . . . . . . . .
1.4 Time series analysis . . . . . . . . . .. Lo
1.4.1 Fourier analysis . . . . . . . . . . ..o
1.4.2  The window function . . . . . . . . ... ... L.
1.5 Solar structure and dynamics . . . . . ... ... Lo
1.5.1 What have the ‘helioseismologists’ ever done for us? . . . . . . . ..
1.6 Low-frequency modes . . . . . . . . . ... L
1.7 Thesis structure . . . . . . ..o

2 The BiSON Network

2.1 BiSON history . . . . . . . .
2.2 Resonant scattering spectrometers . . . . . . . . .. ... L.
2.3 Qalibrating data . . . . . .. .. Lo
2.3.1 Velocity components . . . . . . . . ... ...
2.3.2 The R-V calibration . . . ... ... ... ... ... ........
2.3.3 Low-frequency losses . . . . . . . . . ... ... ... ... ...,
2.4 Combining data . . . . . . . . ..
2.5 Selection of mode candidates . . . . . . ... .. ... L.
2.6 Current Bison limits of detection . . . . .. .. ... ... ... ......

3 Modelling Data

3.1 Introduction . . . . . . . . . ..
3.2 The solar line function . . . . . . . . . ..
3.2.1 Solar Fraunhofer line . . . . . . . .. . . ... ... ... ... ...
3.2.2 Dopplershifts . . . . ... ...
3.2.3 Differential Solar rotation . . . . . . ... ... ... ... ...,
3.2.4 Limb darkening . . . . . .. ... oo
3.25 Results. . . . . . . e
3.3 Atmospheric extinction . . . . . ..o

21
21
22
25
26
28
29
32
33
36



6

3.3.1 Atmosphericmodel . . . . . ... Lo oo
3.3.2 Airmass . . . ...
3.3.3 Zenith Angle . . . . . . ...
3.3.4 Parallacticangle . . . .. ... o o o
3.3.5 Extinction across the solar disk . . . . .. ... ... ...
3.3.6 Results. . . . . . . ..
3.4 Instrumental weighting . . . . . . . . ... oo

Resonant Scattering Vapour Cells

4.1 Geometric Description of the optical systems . . . . . . ... .. ... ...
4.1.1 Primary optical setup . . . . . . . .. ... ...
4.1.2 Detector optical setup . . . . . . .. .o

4.2 Resonant Scattering . . . . . . . .. ..
4.2.1 Resonance radiation . . . ... ... .. ... ... ...
4.2.2 Energy levels and line profiles . . . . . . ... ... ... .. .. ..
4.2.3 With a magnetic field . . . . . ... ... o oo

4.3 Instrumental Optical Depth . . . . . .. .. .. ... ... ...
4.3.1 Monochromatic optical depth . . . . . . .. ... ... ... ..
4.3.2 Number Density . . . . . . .. . ..o
4.3.3 Scattering Cross Section . . . . . . . .. . ...
4.3.4 A new definition: IOD . . . . ... ... oL

4.4 The path of a photon through thecell. . . . . . .. .. ... ... .....
4.4.1 Definition of axis . . . . . . ... L
4.4.2 Properties of Zeeman Resonant Scattering . . . . ... ... .. ..
4.4.3 Angular Dependence . . . . . .. ... ... L.

Modelling multiple scattering

5.1 Introduction . . . . . . . ..
5.1.1 Optical depth of unity . . . . . . .. .. ... ... ... ......
5.1.2  The Hoyng Approach . . . . . . . .. .. ... ... ... . .....
5.1.3  The Broomhall approach . . . . . ... ... ... ... ... ....

5.2 A Monte Carlo approach . . . . . . ... ...
5.2.1 Imitialisation . . . . . .. ..o
5.2.2  Source parameters . . . . . .. ... ...
5.2.3 Propagation . . . . . . . ...
5.2.4 Detection . . . . . . ..

5.3 Results . . . . . . . e
5.3.1 The importance of multiple scattering . . . . . .. .. .. ... ...
5.3.2 The character of the instrument . . . . . . .. ... ... ... ...

Results From Sun and Instrument Simulations

6.1 Introduction . . . . . . . ..

6.2 Reproducibility of the model . . . . . . . .. .. ... ... ... .. ...,

6.3 Instrument response to pseudo velocity input . . . . . .. ... ... ..
6.3.1 Alignment of rotation axis of the Sun . . . . . . . .. ... ... ..
6.3.2 Dark counts and atmospheric extinction . . ... .. .. ... ...
6.3.3 Size of solar imageincell . . . . . . ... 000000

i

61
61
62
65
69
69
70
71
73
74
75
76
76
7
78
78
84



6.3.4 Potassium vapour temperature . . . . .. .. .. ... 119

6.4 Dailydata . . . . . .. 121
6.4.1 Intensity . . . . . . . . .. 121
6.4.2 Ratio. . . . . . . 123
6.4.3 Differential extinction . . . . . ... ... .. ... ... 125

6.5 Modelled long term stability . . . . . . . .. .. ... . oL 127

7 Correcting for atmospheric effects 132

7.1 Extinction coupled with dark counts . . .. .. ... .. ... ... .... 132
7.1.1 Measuring dark counts . . . . . ... ..o oL 133
7.1.2 Measuring atmospheric extinction coefficients . . . . . . . ... .. 135

7.2 A correction for differential extinction. . . . . . .. ..o 141
7.2.1 Differential extinction model . . . . . . ... ... ... ... 143

7.3 Correcting modelled data . . . . . . . . . .. ... 145

7.4 Correcting real data . . . . . . ... o Lo 149
7.4.1 Trimming . . . . . ..o 155
7.4.2 Timeseries . . . . . . .. 157

8 BiSON inference on long timescales 159

8.1 Introduction . . . . . . . .. .. 159

8.2 Integrated solar line. . . . . . . . . ... 160

8.3 Inverse sensitivity . . . . . . . .. L 163
8.3.1 Analytical treatment of inverse sensitivity . . . . ... ... .. .. 165

8.4 The 0V parameter . . . . . . . . . ... ... 169
8.4.1 Las Campanas 2009 6V . . . . . .. .. ... .. 169
8.4.2 Determining the unknown signal . . . . . . .. ... ... ... ... 172

8.5 Long term solar signals . . . . . . . ... Lo 177

8.6 Data Reduction . . . . . . . . ... 179

8.7 Modelling the solar rotation signal . . . . . . . . ... ... ... .. ... 182

8.8 Data Analysis . . . . . . . . L 185
8.8.1 Variation signal through solar cycle . . . . . .. ... ... ... .. 185

8.9 TImplications on BiSON RSS stability . . . . .. ... ... ... .. .... 187

9 Final time series analysis 189

9.1 Introduction . . . . . . . .. 189

9.2 Data preparation . . . . . . . . ..o 190
9.2.1 Weighted FF'T' . . . . .. ... .. 192
9.2.2 Binshifting . . .. ..o 193

9.3 Searching the power spectrum . . . . . . . . .. ... 194
9.3.1 Significance testing . . . . . ... ... oL 195

9.4 Preliminary results . . . . . .. .o L 197

9.5 Going beyond statistical significance . . . . . . ... 200
9.5.1 Fitting individual modes . . . . . . . . ... oL 200

9.6 Detections . . . . . . . . . L e 211

9.7 Future Prospects . . . . . . . . . . . .. 213

10 Conclusion 215

il



Appendices 218

11 Appendix 219

11.1 Modelling the solar velocity field . . . . ... .. ... ... ... ... ... 219

11.1.1 Stochastic oscillations . . . . . . . ... ..o 219

11.1.2 Granulation . . . . . . .. ... 220

11.2 The transformation method . . . . . . . .. .. ... .. ... ... .. 221
11.2.1 Uniform deviates in spherical polar coordinates over a limited solid

angle . . . .. 221

11.2.2 Exponential random deviates . . . . . . ... ... ... ... ... 221

11.2.3 Random deviates for the o transition angular dependence . . . . . . 222

11.2.4 Random deviates for the 7 transition angular dependence . . . . . . 223

11.3 Ray tracing through the detection optics . . . . . .. . .. ... ... ... 223

11.4 Orthogonal transformation matrix . . . . . . . .. .. ... ... ... ... 229

v



List of Figures

1.1

1.2

1.3

2.1
2.2
2.3

2.4

2.5

2.6

2.7

3.1
3.2
3.3
3.4

3.5

Radial velocity spherical harmonics. Left to right: /=1, m=1; [=3, m=1;
[=3, m=3; [=9, m=3; [=9, m=T7; (=25, m=12. . . . . .. ... ... ....
Propagation diagram for a standard solar model. The solid and dashed
curves represent k? = 0 for real frequencies plotted as a function of radius
for [ = 1. The hatched areas indicate p and g-mode areas of oscillatory
propagation buffered by the evanescent region. The horizontal lines repre-
sent, three types of mode: a p mode of frequency w = 600 pHz; a mixed
mode of frequency w = 280 puHz; and a g mode of frequency w = 150 uHz.
Image from Appourchaux et al. [2010]. . . . . . . .. .. .. ... ... ..
Results from a sound speed inversion showing the difference, in sound
speed squared, between the Sun and a standard solar model. Taken from
Christensen-Dalsgaard [2002]. . . . . . . .. ... ... ... ...

The Las Campanas dome in Chile. . . . .. .. ... ... ... ......
Schematic of a typical BiSON spectrometer. Image: Brek Miller . . . . . .
Pictures of a typical BiSON spectrometer. Left: instrument with cover
removed. Right: the vapour cell housing together with detection optics.
Images: Brek Miller . . . . . . . . . . ... .
Intensities diagram showing the solar absorption line together with the
blue and red wing absorption lines. Left: No source-observer line-of-sight
velocity. Right: Source-observer line-of-sight velocity of 550 ms™t. . . . . .
Simulation of a single stochastic solar oscillation with frequency vy = 1 mHz
and damping time of 30 days. The cadence of the measurement is 40 s and
time between successive excitation kicks is ~ 8hours. . . . . . . ... ...
Power spectrum of a single simulated solar stochastic oscillation at 1 mHz
with simulated granulation and super-granulation. . . . . . . ... ... ..
Simulated solar signal removed by the BiSON third-order polynomial ve-
locity calibration process for different lengths of data set. Red: 1000 pts;
green: 800 pts; blue: 600 pts; cyan: 400 pts; and pink: 200 pts. . . . . . .

Cartesian coordinates of the solar disk. . . . . . ... ... ... .. ....
Solar differential synodic rotation map. . . . . . . . ... ... L.
Plot showing position angle, P, (solid line), and tilt angle, By (dot-dash
line), for days after 01/01/2008. . . . . . . . . . . .. ... ...
Solar differential synodic rotation map with position angle of 26.25 ° and
zero tilt angle. . . . . . . ..o L
Varying intensity due to limb darkening on the solar disk at A = 770 nm.

47



3.6 Weightings of the solar line function in position on the solar disk and wave-
length. Left: blue wing positional weighting. Centre: red wing positional
weighting. Right: wavelength-intensity full disk line profile with refer-
ence Gaussian absorption line (dot-dash)of depth, d = 0.84, and FWHM
[' = 18 pm. Top line: with solar Fraunhofer line only. 2" line: addition
of line-of-sight velocity. 3™ line: including solar differential rotation. 4
line: including position angle, P, = 26.25°. Bottom line: with solar limb
darkening. . . . . . . . . e

3.7 Variation of solar zenith angle with time at the BiSON Las Campanas
station. The plot shows the variation with respect to local time through
the day, and the variation between summer and winter solstice. Each day
between summer and winter solstice is traced to give the annual variation.

3.8 Variation of extinction with time. The plot shows the variation with respect
to local time through the day, and the variation between summer and winter
solstice. Atmospheric extinction coefficient set to kam = 0.1. Each day
between summer and winter solstice is traced to give the annual variation.

3.9 Diagram showing definition of parallactic angle on the solar disk. . . . . .

3.10 Variation of parallactic angle through the day and year. Each day between
summer and winter solstice is traced to give the annual variation. . . . . .

3.11 Diagrams of atmosphere showing differential extinction for the BiSON Las
Campanas station on 14/01/2009. Contour lines mark changes in intensity
of 0.01%, except for the central plot which has the resolution increased to
changes in intensity of 0.001%. Each map shows the solar disk at different
times during the day. The local time from left to right then top to bottom:
06:00; 07:00; 08:00; 10:00; 12:00; 14:00; 16:00; 17:00; and 18:00. . . . . . . .

3.12 Full disk line profiles for various times through the day at the BiSON
Las Campanas station on 14/01/2009. Black lines show the whole disk
solar line with a referenced dashed green line not subjected to extinction.
Red and blue lines show the difference between the lines with and without
extinction on either side of the line. The local time from left to right then
top to bottom: 06:00; 07:00; 08:00; 10:00; 12:00; 14:00; 16:00; 17:00; and
18:00. . . . e

3.13 Asymmetry in full disk line for various times through the day at BiISON Las
Campanas but with position angle suppressed. Variation in time (hours):
06:00 (red); 07:00; 08:00; 10:00; 12:00 (green); 14:00; 16:00; 17:00; 18:00
(blue). . . . . .

3.14 Asymmetry in full disk line for various times through the day at BiSON
Las Campanas. Variation in time (hours): 06:00 (red); 07:00; 08:00; 10:00;
12:00 (green); 14:00; 16:00; 17:00; 18:00 (blue). . . . . . . ... .. ... ..

4.1 Diagram of the primary optics for a 3" generation BiSON spectrometer.
4.2  Plan view diagram of the detection optics for a 3'% generation BiSON spec-
trometer. . . . . . oL L oL

vi

23

29



4.3

4.4

4.5

4.6
4.7

4.8

4.9

4.10
4.11

5.1
0.2

9.3

5.4

Composite images of non-resonantly scattered light for the BiSON Suther-
land instrument taken in 2008 with an infra-red sensitive CCD. The front
entrance of the cell is located at the top of the image (see figure 4.4 for the
geometry of the observation). The majority of non-resonantly scatter light
comes from the front of the cell. The scale in the focal plane, that is the

zy plane at the center of the cell, is shown for reference. . . . . . . . . . .. 67
Diagram (plane view) illustrating the geometry of observation for figures
4.3 and 4.5, . . . L e 67

Scale maps of the detection optics weighting for a cross section of the vapour
cell in the xz-plane (see figure 4.4 for the geometry of the observation). The
region shown represents the full dimensions of the cell, 15 mm?. Lens is L2
placed at 58 mm from the cell centre on the right hand side of the diagram.
The detector has an aperture mask with radius of 3.5 mm and 2.5 mm for
the left and the right plots respectively. . . . . . . .. .. .. .. ... ... 68
Diagram of the energy levels for potassium D1 2S%to 2P%resonant scattering 70
Diagram of line width with hyperfine components. The black line shows
the sum of the four components. The blue line shows a Gaussian profile

with FWHM of 700 ms™t . . . . . . . .. .. ... . . . ... ... ... 71
Diagram of the energy levels for potassium RSS resonant scattering with
magnetic field. . . . . ..o Lo 72

Chosen definition of spherical polar coordinates with a point described by
the distance from the origin, # the angle formed with respect to the z-axis,
and ¢ formed with respect to the x-axis. . . . . ... ... .. ... .. .. 78
Images of the Stokes terms in ¢ — 60 space. Left to right: ¢r; ¢g; du; ¢y. . 84
Resonant scattering angular profiles in a magnetic field. The red line rep-
resents the o components and the blue line the 7. The black line is the
sum of both components showing isotropy. . . . . . . .. .. .. ... ... 85

Diagram of Hoyng active region . . . . . . . . ... .. ... ... ... .. 88
Plots of gain against instrumental optical depth for different detection op-
tics configurations. Black crosses are results from the Monte Carlo sim-
ulation while the red lines show the Hoyng model results normalised in
intensity to match the Monte Carlo results. All plots have DL2 at 73 mm
from the center of the cell. The radius of the aperture at the detector varies
with: top left - 7.495 mm; top right - 3.5 mm; bottom left - 2.5 mm; and
bottom right - 0.2mm. . . . . .. ... L Lo 100
Plot of gain against instrumental optical depth for DL2 at 73 mm and
detector aperture radius of 3.5 mm. The insert shows the region of optimal
gain. Black crosses are results from the Monte Carlo simulation while the
red lines show the Hoyng model results normalised in intensity to match
the Monte Carlo results. . . . . . . . . . .. ... .. . L 101
Number of scatters of detected photons for various instrumental optical
depths. Detection optics setup with DL2 at 73 mm and detector aperture
radius of 3.5 mm. Optical depths highlighted are: 1.0 in red; 2.0 in green;
and 3.0 in blue. . . . . . ... 103

vil



3.9

5.6

5.7

5.8

5.9

6.1

6.2

6.3

6.4

6.5

Cumulative frequency of the number of scatters of detected photons for
various instrumental optical depths. Optical depths highlighted are: 1.0
in red; 2.0 in green; and 3.0 in blue. Detection optics setup with DL2 at
73 mm and detector aperture radius of 3.5 mm. . . ... .. ... ... .. 104
Simulated temperature curves for detection optical setups with DL2 at
73 mm and detector apertures of radius 3.5 and 2.5 mm for left and right
respectively. Black crosses show the Monte Carlo results and the red line
displays the Hoyng model. . . . . . . . . .. ... ... .. 105
Narrabri temperature curve data from S. Hale’s visit to site in February
2010. Left: intensity and oven temperature as a function of time. Right:
intensity as a function of oven temperature with time indicated by the
colour bar. . . . . .. 106
Instrumental profiles in wavelength for a simulated BiSON RSS at various
IOD’s and detector apertures. Optical depths highlighted are: 1.0 in red;
2.0 in green; and 3.0 in blue. Radii of detector aperture are: top left
7.495 mm; top right 3.5 mm; bottom left 2.5 mm; and bottom right 0.2 mm.107
Predicted instrumental weightings to the solar disk for a detector posi-
tioned on the right hand side of the images. Left: simulated instrumental
weighting integrated over the wavelength range of the resonant transition
for an IOD of 2. Right: Broomhall instrumental weighting at optical depth
of 2. e 109

Modelled ratio for varying numbers of Monte Carlo events N in the simula-
tion of the vapour cell. Port detector displayed on the right and starboard
on the left. Weighted mean ratio for all values of N shown as blue dot-dash
line. . . . . e 113
Left panel shows the modelled change in ratio as a function of the solar
position angle. Right panel shows the modelled change in ratio as a function
of solar tilt angle. Standard convention is applied that dictates the port
detector is displayed in red, starboard in green, and the mean of the two
in black. . . ... 114
Change in modelled ratio as a function of atmospheric extinction coeffi-
cient with background counts at 2% of intensity. Port detector in red and

starboard in green. . . . .. ... 117
Change in ratio as a function of the image size at the centre of the RSS
vapour cell. Port detector in red and starboard in green. . . . . . ... .. 118

Change in ratio as a function of vapour temperature for two different line-
of-sight velocities. Left panel with v, = Om s ! and right panel v,s =
1100m s~ . Port detector in red and starboard in green. . . . . . . . .. .. 120

viil



6.6

6.7

6.8

6.9

6.10

6.11

6.12

6.13

6.14

7.1

7.2

7.3

Comparison of modelled intensity data and real intensity data for the Las
Campanas station on 11 January 2009 and 20 August 2009. Intensities
measured in the blue wing are shown in blue and the red wing in red. Left:
Intensities for real data as solid lines, modelled data without atmospheric
extinction as dashed lines, and modelled data with extinction coefficient
k = 0.03. Right: Difference between the the real data and data modelled
with atmospheric extinction. Top to bottom: 11/01/2011 port detector;
11/01/2011 starboard detector; 20/08/2011 port detector; and 20/08/2011
starboard detector. . . . . . ... .. 122
Ratios for modelled and real data for the Las Campanas station. Each
panel shows real data as solid line, modelled without extinction as dashed
line, and modelled data with an extinction coefficient of k = 0.03. The
modelled data with and without extinction lie over the top of each other.
Left panels show port detector data and right panels starboard. Top line:
11/01/2011. Bottom: 20/08/2011. . . . . . . . . . . . .. .. 123
The difference between real and modelled ratios for the Las Campanas sta-
tion. Port detector shown in red and starboard in green. Left: 11/01/2011.
Right: 20/08/2011. . . . . . . . . . . 124
Modelled differential extinction as a function of time through the day for
different values of extinction coefficient. Line shown are for extinction
coefficient starting at 0.0 and increasing in steps of 0.01. Lines highlighted
in colour are: k = 0.0 in red; x = 0.03 in green; and x = 0.06 in blue. . . . 126
Ratios at midday local time through the year for modelled (dashed line)
and real Las Campanas (solid line) data 2009. The port detector data is
displayed in red and starboard in green. . . . . . .. .. ... 128
The difference between modelled and real ratios taken at midday local time
for Las Campanas 2009. Port data is displayed in red and starboard in green.129

Port-starboard separation in ratio through the year for modelled (dashed
line) and real (solid line) Las Campanas 2009 data. . . . . ... ... ... 130
The port-starboard separation difference between modelled and real Las
Campanas 2009 data. . . . . . . . . . . .. 130
Ratio as a function of line-of-sight velocity - an RV curve - for modelled

(colour) and real (black) Las Campanas 2009 data. For aesthetic purposes
only every tenth day is displayed. . . . . . . ... ... ... 0oL 131

Mean overnight dark count values (black) for Las Campanas in 2009 with
the port detector left and starboard right. Over plotted in red are the mean
daytime dark counts for 4 days where the dome did not open. . . . . . .. 135
Simulated sums of I, + I, as a function of airmass. Each line represents
a different input extinction coefficient starting at x = 0.0 and increasing
in steps of 0.01, with the values 0.0,0.03,0.06 highlighted in red, green and
blue respectively. . . . . . . . 136
Instantaneous atmospheric absorption coefficient as a function of airmass.
Each line represents a different extinction coefficient starting at «x = 0.0
and increasing in steps of 0.01, with the values 0.0,0.03,0.06 highlighted in
red, green and blue respectively. . . . . . ... o000 137

X



7.4

7.5

7.6

7.7

7.8

7.9

7.10

7.11

7.12

7.13

7.14

Atmospheric extinction coefficients through the year calculated from mod-

elled RSS data with input extinction coefficient of 0.03. . . . . . . . .. .. 138
Atmospheric extinction coefficients through the year calculated from real
data of Las Campanas station year beginning 01/01/2009. . . . . .. . .. 139

Inverse sensitivity reduction due to dark counts coupled with extinction
through the year 2009 for Las Campanas A instrument, calculated at fixed

ratio, R =10.2. . . . . . . . 140
The impact of changes in inverse sensitivity due to dark counts and atmo-
spheric extinction in a season ratio-velocity curve. . . . . . . ... ... .. 141

Differential extinction signal generated from modelled data. Shown in the
time domain (left) and the generated residual signal in the frequency do-
main (right). . . . . . ... 142
Fits of the differential extinction model to the modelled RSS differen-
tial extinction signal for the Las Campanas station 14/01/2009 (left) and
11/06/2009 (right). . . . . . . . .o 146
Fit of a third-order polynomial plus differential extinction correction to
the modelled RSS ratio for the Las Campanas station 14/01/2009. Data
and residuals in the time domain on the left and residuals in the frequency
domain on the right. In the power spectrum residuals from: just the differ-
ential extinction signal (4); the fit of the correction to just the differential
signal (x); and the fit of the third-order polynomial and correction to the
modelled RSS ratio including differential extinction (¢). . . . . . . . . . .. 147
Fit of a third-order polynomial plus differential extinction correction to
the modelled RSS ratio for the Las Campanas station 10/06/2009. Data
and residuals in the time domain on the left and residuals in the frequency
domain on the right. In the power spectrum residuals from: just the differ-
ential extinction signal (4); the fit of the correction to just the differential
signal (*); and the fit of the third-order polynomial and correction to the
modelled RSS ratio including differential extinction. . . . . . . . . . . . .. 147
Fit coefficients for a third-order polynomial and differential extinction cor-
rection applied to simulated data. Left: The alpha coefficient for the fit
to differential extinction signal only (black) and the treatment of the full
ratio including differential extinction (red). Right: The 0V solution to the
third-order polynomial for the fit to ratio with (red) and without (black) a
differential correction. . . . . ... ..o Lo 148
Calibrated data for the Las Campanas station 14/01/2009. Top left: resid-
uals calibrated without the differential extinction correction and shown in
the time domain. Top right: residuals calibrated with the differential ex-
tinction correction , again shown in the time domain. Bottom: Comparison
of the uncorrected (red) and corrected (black) data in the frequency domain.151
Fit coefficients for a third-order polynomial with differential extinction cor-
rection applied to real data. Left: 6V the solution to the third-order poly-
nomial, for the calibration with (red) and without the differential extinction
correction. Right: histogram of the morning (black) and afternoon (blue)
alpha coefficients from the calibration. . . . . ... ... ... ... .... 152



7.15 Noise parameter as a function of time from sunrise of the point of data re-
jection for calibration with (red) and without (black) differential extinction
COTTeCtiON. . . . . . . . .

7.16 Histogram of data points per day for two regimes of regions, traditional
(black) and liberal (green) over the year starting 01/01/2009 for the Las
Campanas station. . . . . . . . ... Lo

7.17 Histogram of the noise populations in two different region regimes (tradi-
tional left and liberal right) calibrated with (red) and without (black) the
differential extinction correction. . . . . . . . .. ..o

7.18 Histogram of noise populations for three different region regimes: tradi-
tional in black; liberal in red; and trimmed in blue. . . . . . . .. ... ..

7.19 Power spectra for the three calibration regimes: Top - traditional regions
without differential extinction correction; middle - liberal regions with dif-
ferential extinction correction; and bottom - trimmed (optimised) regions
with differential extinction correction. . . . . . . . .. .. ...

8.1 Ratio as a function of line-of-sight velocity - an RV curve - for modelled
(red - port, green - starboard) and real (black) Las Campanas 2009 data.
For aesthetic purposes, only every tenth day is displayed. . . . . . . .. ..
8.2 Intensity velocity (IV) curve for Las Campanas year starting 01/01/20009.
Intensity wings are displayed split by the magnetic field strength, 2600 m s~!,
and with the fitted integrated solar line Gaussian. Right: port detector
Left: starboard detector. . . . . . . . . . ... o
8.3 Inverse sensitivity as a function of day of the year. Left: modelled data.
Right: Las Campanas station 2009. Detectors shown port (red) and star-
board (green). . . . . .. ..
8.4 Inverse sensitivity as a function of orbital velocity. Left: modelled data.
Right: Las Campanas station 2009. Detectors shown port (red) and star-
board (green). . . . . . ... L
8.5 Analytical model for inverse sensitivity. Left: predicted instrumental re-
sponse. Right: Response at varying magnetic field strength with interval
400 m s t. Foreground: Magnetic field strengths of 2600, 3000, and 3400
m s ! in read, green, and blue respectively. . . . . . ... .. ... L.
8.6 Las Campanas 2009 and analytically modelled inverse sensitivity as a func-
tion of velocity. Left: The mean of both detectors offset by 790 m s=! with
respect to the analytical model. Right: Port (red) and starboard (green)
detectors offset by 680 and 900 m s~! respectively. . . . . .. .. ... ...
8.7 OV parameter for Las Campanas station 2009 as a function of day of the
year. Left: The mean of both detectors. Right: the port (red) and star-
board (green) detectors. . . . . . . . ...
8.8 &V for Las Campanas 2009 as a function of day of the year with the fitted
model (red) and individual components (green, blue, and cyan) over plot-
ted. Left: mean detector data. Centre: port detector. Right: starboard

8.9 AV signal as a function of time predicted by the ¢V signal divided by the
calculated inverse sensitivity. . . . . . . ... oL Lo

X1

162



8.10

8.11

8.12

8.13

8.14

8.15
8.16

8.17

8.18

9.1

9.2

9.3

9.4

9.5

9.6

11.1

Result of fitted AV signal as a function of day of the year for port (red)
and starboard (green) detectors. . . . . . ... ... L. 175
RV curves showing uncorrected (black) data and data corrected with the
fitted AV signal. Left: port detector. Right: starboard detector. . . . . . . 175
Long term ¢V signals. Top left: Las Campanas. Top right: Izana. Bottom
left: Sutherland. Bottom right: Narrabri. . . . . . .. ... ... ... ... 178
Examples of the signal fitted and removed from the long term dV results
to produce 0V residuals. . . . . . .. ... Lo 180
Long term 6V residuals. Top left: Las Campanas. Top right: Izana.
Bottom left: Sutherland. Bottom right: Narrabri. . . . . . . ... ... .. 181
Simulated sunspot transit. . . . . . . . ... ... L 183
Modelled response in time and frequency domain’s to a single persisting

sunspot at varying latitudes on the solar disk. Latitudes top to bottom:

equatorial; 15°; 25°%; 45°%. . . . . . . L L 184
Power spectrum of the long-term 6V residuals. Top to bottom: Las Cam-
panas; Izana; Narrabri; and Sutherland. . . . . . . .. .. ... ... .. .. 186
Variation in time of the Carrington harmonics with international sun spot

over plotted. Horizontal blue lines show the frequency of the Carrington
harmonics. . . . . . . L 187

BiSON network performance described by low-frequency noise and time
series duty cycle (fill) for the years: 2009 red; 2005 green; 2000 blue; 1995
cyan; 1991 pink. . . . . . . ... 191
Selected smoothed power spectra for structure near a predicted frequency
of oscillation and P < 0.1. The number of bins over which the spectra are
smooth are (in ascending frequency): 4,7,11,12,1,15,and 3. Over plotted
are the P < 0.01 and P < 0.1 significance levels in blue and red re-
spectively together with the predicted frequencies from Turck-Chieze et al.
[2001]. Predicted frequencies are displayed by m value with m = 0,1, and
2 displayed with squares, triangles and diamonds respectively. . . . . . .. 198
Frequency differences between the modelled predicted mode frequencies of
Turck-Chieze et al. [2001] and the observed frequency of structure detected
In POWEr SpPectra. . . . . . . . . . . e e e 205
Mode widths as a function of frequency plotted on a In-In scale. Over
plotted in red is the least squares fit linear model with the dashed line
showing the (bin width) resolution limit. Right: Same plot but rejecting
data with small line widths (cut off at dot-dash line). . . . ... ... ... 208
Observed mode power as a function of frequency on a In-In scale. Over
plotted are the least squares fit linear models for [ = 0 green and [ = 1 blue.210
Predicted heights of low-frequency p modes for different lengths of observa-
tion time series. 20 year background levels displayed, prior to this thesis as
a dot-dot-dash line and following the work done in this thesis as a dashed
line. Each time series displayed is twice the length of the previous starting
at 1 year with 8,16, and 32 years displayed in red, green, and blue respectively.214

Diagram showing both cell and detection optics coordinate systems along
with the cell and detection optics. . . . . . . .. .. . ... ... ... ... 224

xi1



11.2 Diagram showing definition of the O’ coordinate system. . . . . ... . ..
11.3 Diagram showing vectors S, T, and r in the O' coordinate system. b and
d are the representations of S and T in this, the O’, system. . . . . .. ..

xiil



List of Tables

3.1

3.2

3.3
4.1

8.1

8.2

9.1
9.2

9.3
9.4

9.5

Solar line properties as a function of position on the solar disk taken from
de La Reza and Mueller [1975]. . . . . . . . ... .. ... ... ... ... 40
Coefficients of a third order polynomial to describe the solar line properties
as a function of position on the solar disk, . . . . . . . ... ... ... .. 41
Station parameters required to calculate the solar zenith angle. . . . . . . . 52
Stokes parameters for common states of fully polarised beams of light. . . . 80
Returned fit parameters for a Gaussian absorption line fitted to the Las

Campanas 2009 IV curve. . . . . . . . . .. .. 163
Table of fitted AV coefficients. . . . . . . .. .. . ... ... ... ... 174
Results from significance testing. . . . . . . . . ... ... ... ... 199
Results from fitting individually to structure observed in the power spec-

trum near a predicted frequency of oscillation. . . . . . . . . ... ... .. 203
Reported mode frequencies from this and other work. . . . . . . ... ... 207
Coefficients of the linear models fit to observed mode width and power in

In-In space. . . . . . .. 211
BiSON table of mode frequencies. . . . . . . . . ... ... ... ... .. 212

Xiv



Chapter 1

Helioseismology

1.1 Introduction

Helioseismology is the study and measurement of Solar oscillations in order to infer the
structure and dynamics of the solar interior. Knowledge of the solar interior is interesting
in itself, but helioseismology provides a view of the Sun that enables us to ask questions
and solve problems much deeper than “What is the solar structure and rotation?”

The Sun dominates our solar terrestrial environment and current interest in the solar
activity cycle has been reinvigorated following an extended period of quiescence between
solar cycles 23 and 24. In addition, the Sun provides an effective astrophysical laboratory
that tested - to breaking point - the particle physics standard model in the solar neutrino
problem. Finally but not exhaustively, the Sun is a star and is believed to be unremarkable
in all but its proximity to Earth. Much of astrophysics as a subject relies upon theories
of stellar structure and as such the Sun provides observational comparison with and
constraint on solar models, solar models being only a small sub-set of all stellar models.
Despite many years of work on global helioseismology, the Sun has not yet given up its
deepest secrets - detailed and accurate observation of the structure and dynamics of the
core. This thesis aims to advance the observational techniques required to measure low-

frequency pressure and buoyancy oscillations that hold the key to understanding the solar



core. Through a detailed model of the Sun-atmosphere-instrument interaction we aim to
tailor a version of the BiSON (Birmingham Solar Oscillation Network) data calibration
pipeline to the detection of scientifically interesting solar oscillations below the current
frequency limit of around 1 mHz.

The community of helioseismologists may be divided into two: global and local. Global
helioseismology, the subdivision that this thesis is concerned with, considers oscillations
that are standing waves setup through the entire Sun. Local helioseismology, as the name
suggests, observes waves confined in small volumes just beneath - or local - to the solar
surface. This introductory chapter will set out the preliminaries of solar oscillations,

observation and analysis.

1.2 Solar Oscillations

Solar oscillations were discovered in 1960 by Leighton [1960]. Using a spectroheliographic
technique, Leighton detected a periodic velocity field on the solar surface. These oscilla-
tions, with periods of around five minutes, were thought to be local phenomena. Ulrich
[1970] and Leibacher and Stein [1971] perhaps did not realise the full extent of the oscilla-
tions but produced a description of standing waves trapped in an acoustic cavity created
by the solar interior. The truly global nature of the modes was revealed when Claverie
et al. [1979] detected low-degree modes at discrete frequencies in full-disk solar observa-
tions. Furthermore, a milestone in the observation of the modes of oscillation was passed
when Grec et al. [1983] obtained continuous observation over 5 days from the south pole
which more clearly revealed the stochastic nature of the mode excitation. By contrast, in
2010 we are spoilt with high quality data sets of many years from a number of observing
programs e.g. BiSON Broomhall et al. [2009a], Chaplin et al. [1996b], Global Oscillations
at Low-Frequency (GOLF), Garcfa et al. [2010], Gabriel et al. [1995].



Figure 1.1: Radial velocity spherical harmonics. Left to right: (=1, m=1; (=3, m=1; [=3,
m=3; =9, m=3; =9, m=7; (=25, m=12.

1.2.1 Spherical harmonics

As a preliminary to the discussion of solar oscillations, here we mention the natural modes
of oscillation of a sphere. The angular structure of these modes can be expressed in terms
of spherical harmonics Y;™(f, ¢), where 6 and ¢ are the co-latitude and longitude. The
surface manifestation of each harmonic can be described by the degree [ and the azimuthal
order m. The degree [ measures the horizontal wave number kj; on the surface and the
azimuthal order gives the number of nodes along the equator. Figure 1.1 shows a selection
of spherical harmonics as if measured in radial velocity and superimposed onto a sphere
with polar axis pointing upwards just out of the plane of the page.

The description of oscillations as spherical harmonics is completed with the addition
of internal structure. The order n, gives the number of nodes from the surface to the
inner most turning point for a particular mode of oscillation. With this, any frequency of

oscillation can be described in terms of degree, azimuthal order, and order or vy,.

1.2.2 A dispersion relation

The Sun is a ball of gas in hydrostatic equilibrium and perturbations to the equilibrium
will generate a restoring force. In broadly the same way that a piano string oscillates when
struck by a hammer, the Sun oscillates when perturbed. By assuming linear adiabatic
oscillations in a non-rotating Sun - and ignoring the perturbation of the gravitational po-
tential, or in other words invoking the Cowling approximation - we can derive a dispersion
relation [Stix, 2002].

The dispersion relation for an oscillation in an isothermal atmosphere with angular fre-



quency w, wave speed ¢, acoustic cut-off angular frequency w,., and radial wave number

k. is given by
W2 — w2 SN2 —

K2 =
where S; describes the horizontal component of a wave such that

1
S = l(llg; )02 = kjc?, (1.2)
®

where [ is the degree of the spherical harmonic that describes the surface manifestation of
the wave, R is the solar radius, and kj, is the horizontal wave number (related directly
to [). Finally, N is the Brunt-Viisila frequency defined as

dp dp
N2=9 (2 _ 2P 1.3
p <dr dr)’ (1.3)

where p and p are the local density and pressure respectively and g is the gravitational
acceleration.

This form of the dispersion relation can reveal three regimes of waves that propagate in
the solar interior - oscillatory pressure waves, oscillatory gravity waves, and evanescent
waves. Each regime is determined by the frequency of oscillation relative to either the
acoustic cut-off frequency or Brunt-Vaisild frequency and will either be oscillatory with
kZ > 0 or evanescent with k? < 0. Figure 1.2 shows the so-called propagation diagram
for a standard solar model. Horizontal lines represent modes of oscillation with regions
of oscillatory propagation as solid lines and evanescent regions as dotted lines. Let us

consider the regimes individually.

1.2.3 Pressure modes

Pressure modes or p modes are oscillatory waves with the gradient of pressure providing
the required restoring force, just like for ordinary acoustic waves. Equation 1.1 can reveal

the p mode regime if we consider frequencies of oscillation. First we expand equation 1.1



w(juHz)

Figure 1.2: Propagation diagram for a standard solar model. The solid and dashed
curves represent k? = 0 for real frequencies plotted as a function of radius for [ = 1.
The hatched areas indicate p and g-mode areas of oscillatory propagation buffered by
the evanescent region. The horizontal lines represent three types of mode: a p mode of
frequency w = 600 pHz; a mixed mode of frequency w = 280 pHz; and a g mode of
frequency w = 150 pHz. Image from Appourchaux et al. [2010].

to give
2,2 N252 S2
R (1.4)

c2 w2c2 2’

We consider the regime where w is large, or specifically that w? > N? and that w? is large
enough that we may disregard the acoustic cut-off frequency. Because S? = k?c* we can

write equation 1.4 as

C{JQ

k2= — k7, (1.5)

r 62

and rewrite in terms of w?, i.e.

W= (k24 kD), (1.6)

which is the dispersion relation for acoustic waves.
So pressure waves may propagate in the solar interior, but we require additional informa-
tion in order to describe these oscillations as modes. Firstly, we must define an acoustic

cavity that traps pressure waves and allows for the creation of standing waves. Secondly,



if we wish to observe a p mode, the mode of oscillation must be excited by a source of
acoustic energy. First we consider the acoustic cavity.

Reflection of an acoustic wave occurs at the boundary &, = 0, which in equation 1.1 is de-
termined by the acoustic cut-off frequency which varies with position in the solar interior.
Near the solar surface density decreases rapidly, the density scale height (the distance
over which the density decreases by a factor of e) is proportional to temperature which
itself is falling off as the photosphere is approached. For a wave that has period longer
than the time required to travel across a few scale heights, the whole atmosphere adjusts
to smooth out the wave. Hence the energy of a wave is reflected in a process analogous
to total internal reflection of a light wave or a quantum mechanical particle that does not
have sufficient energy to climb a potential step. This analogy may be continued because
just like a step potential, in the solar case, an evanescent wave propagates beyond the
point of reflection. The reflection near the solar surface is defined as an upper turning
point.

The lower turning point of a acoustic wave (for non-radial modes), while still a reflection
at k, = 0, may be described physically in terms of refraction. As an acoustic wave prop-
agates into the solar interior, there will be a temperature gradient across its wavefront.
Because sound speed is dependent on the temperature of the carrying medium 7" - in fact
proportional to /T - there is a sound speed gradient across the wavefront. This effect
causes ray paths to be refracted away from the radial direction towards the horizontal
direction, until all energy is contained in kj,. Hence, ray paths of acoustic waves resemble
refractions with the lower turning point defined in terms of our original statement, k. = 0.
The consequence of the reflecting boundaries, the upper and lower turning points, is that
we have defined an acoustic cavity. When waves are confined in a region with depth r,

the possible number of vertical wave numbers becomes discrete:

ky = —, (1.7)



for large k., where n is an integer. This gives a spectrum of oscillation frequencies that
is discrete with equidistant frequency spacing. This is analogous to a musical instrument
and it is common to find these p modes described as the ‘music of the Sun’.

The excitation of trapped p modes is produced by acoustic energy generated across a
broad band of frequencies, the source of which is convective turbulence. Parcels of gas
moving up and down due to convection cause turbulent flow and release acoustic energy.
This convective process is continually and randomly occurring and so p mode oscillations
are described as stochastically forced or excited. But as sound travels through this convec-
tively unstable medium, so the convection motion provides a kind of friction or damping.
Hence we consider p modes to be stochastically excited and intrinsically damped by con-
vective motion. Of course, there are additional forms of damping not mentioned here, i.e.
absorption in the radiative zone.

Having introduced the spectrum of solar oscillations - discrete equally spaced peaks in
the frequency domain - we can also consider the amplitudes of oscillations at the solar
surface. It is clear that if an upper turning point is defined by the density scale height
decreasing rapidly so that the atmosphere adjusts to smooth out an oscillation within a
single period, then waves of increasing period - i.e. decreasing frequency - will be reflected
at points that are lower in the solar atmosphere. This requires modes of lower frequency
to propagate as evanescent waves for longer before reaching the height at which they are
observed. As evanescent waves have energy that decays exponentially - returning to the
analogy of a quantum particle being reflected at a potential barrier and the evanescent
wave being analogous to quantum tunnelling - modes of lower frequency will be observed
at the surface with reduced amplitude.

Waves at higher frequency suffer decreased observed mode height as the reflection mech-
anism of the solar surface loses efficiency at greater heights. In addition, the resonance
of the p mode oscillations with the large-scale convective flow peaks around 3 — 4 mHz,
producing the maximum mode amplitude, with drop offs to either side. Hence the stand-

ing waves observed are not as well reinforced at higher frequencies.



These two reflection mechanisms at increasing depth and increasing height in the atmo-
sphere and the resonance with granulation give the observed solar oscillations a mode

height envelope with a maximum at around 3 mHz, dropping off to either side.

1.2.4 Gravity modes

Gravity modes or g modes, specifically internal g modes, propagate at low frequencies.
Returning to equation 1.1 on page 4 and its expanded form, equation 1.4, we consider
the regime where w? < N2. When the first term on the right hand side of equation 1.4 is
small, we can rewrite the equation as
o SIN? s

T

(1.8)

c2w? 2’

which can be expressed as

S? (N? N?
kf:—l<——1>:k,i< —1), (1.9)

2\ w? w?
which gives the dispersion relation for internal gravity waves

wZ — 2 k‘]?b
k2 + k3

(1.10)

where N is the Brunt-Viasala frequency. These internal gravity waves, known as g modes
have buoyancy as their restoring force.

The Brunt-Viasala frequency is the upper limit for the oscillatory propagation of internal
gravity waves, as is obvious from equation 1.8. In real terms the Brunt-Viasila frequency
describes the stratification of the medium and so is dependent on the position in the
solar interior. When N2 > 0 we have stable stratification. In conditions where a region
is unstable to convective motion, a perturbation in terms of buoyancy will not return

to equilibrium and so waves in this region cannot be oscillatory. Hence internal gravity



modes are confined to the radiative interior of the Sun and propagate as evanescent waves
in the outer convective region. The consequence of this is that gravity waves provide only
a small amplitude contribution to the velocity field observed at the solar surface. In fact,
to date (2010) no unambiguous detection of solar g modes has been made [Appourchaux

et al., 2010].

1.3 Observations

Observations of solar oscillations can be made in a number of ways. For example, obser-
vations can be made with photometry or in radial velocity. Observations may be either
integrated over the whole solar disk or spatially resolved. And finally we can separate
the method of producing long-term uninterrupted observation through either a network
of ground-based stations or a space-based observatory. Each approach produces different
characteristics in each observation and as such each combination of results is complemen-
tary to one and other.

Observations integrated over the whole solar disk, or spatially unresolved, often referred
to as Sun-as-a-star measurements, are sensitive to low-degree modes. As signals are aver-
aged over the whole disk, oscillations with smaller horizontal wavelength (larger [) cancel
with regions of opposite phase. Consequently, Sun-as-a-star observations are sensitive
only to low-degree modes or [ < 4 1.

Spatially resolved observations, in contrast, are sensitive from low-[ up to as much as
[ =~ 4500. These observations record the intensity or velocity with respect to time of
small patches on the solar disk. In order to extract information about particular modes,
a spatial filter is applied to time series of resolved observations, normally at the post-
processing stage. Modes of oscillation can be identified by decomposing resolved images

into the coefficients of spherical harmonics, which create time series.

LAll though Sun-as-a-star observations are typically limited to I < 4, for BiSON instruments [ = 5 is
observable because of visibility enhancement given by Doppler imaging discussed later in this thesis.



Observations of the solar velocity field measure radial velocity by considering the Doppler
shifts of solar absorption lines. Irradiance measurements rely on the variation in intensity
at the solar surface caused by compression - and hence heating and so increased emission
- due to solar oscillations.

Velocity and intensity observations are complementary in the sense that results returned
are sensitive in different ways to granulation. Velocity observations provide better signal-
to-noise for solar oscillations than intensity measurements. Velocity measurements are
less sensitive to solar granulation, particularly important when detecting modes at low
frequencies, which is a source of noise. But intensity observations are more straightfor-
ward to implement and in a stellar context are the only current method of observing
oscillations in many (> 20) different stars at the same time [Chaplin et al., 2010, Karoff
et al., 2010].

Finally it is necessary to distinguish between ground and space-based observation. In
order to overcome the day-night cycle, any ground based observation must make use of a
network of (automated) telescopes spread across a range of longitudes around the world.
Despite the redundancy produced by networks of, for example, six telescopes, which may
produce as many as four simultaneously observing instruments, ground based networks
cannot compete with the continuously high levels of fill’ produced by space-based obser-
vatories. Using a simple statistical argument Chaplin et al. [1996a] showed that a network
of six stations may expect a duty cycle of only 80% while fill in the mid-90% range might
be achieved with a ten station network. While space-based instruments are saved from
the noise produced by atmospheric extinction or ‘seeing’, the relative expense and no

possibility of repair means that both approaches have been pursued.
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1.4 Time series analysis

The preceding sections have considered the form of solar oscillations and introduced meth-
ods of how to detect the oscillations. In almost all applications it is necessary to transform
data from the time domain to the frequency domain. It is in the frequency domain that
we are able to identify the individual modes of oscillation and the most common proce-
dure for performing this operation is an implementation of the discrete Fourier transform

(DFT), the fast Fourier transform (FFT).

1.4.1 Fourier analysis

The standard Fourier transform is an operation that defines the relationship between a
continuous signal in the time domain and its representation in the frequency domain. The
operation is commonly expressed in terms of a function f(¢) in the time domain and its

transform in the frequency domain F'(v)

F(v) = /_OO f(t)e 2™ dt. (1.11)

In reality, observations of solar oscillations are integrated over small periods of time and
this produces a data set that is discrete rather than continuous. For a data set with
N regularly spaced (as is the case throughout this thesis) points in the time series, the

discrete Fourier transform (DFT) is

=
— r)e N . 1.12

=3 @) (112
In the discrete case, F), is an approximation of the representation of the underlying signal
in the frequency domain. The information contained in such a transform is limited by the

discrete bin width in the frequency domain. Or in other words, a DFT assumes that a

signal repeats at the end of the measurement time, T, consequently the frequencies that
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it can represent are z for integer n. This means the bin width v must be

v = (1.13)

1
T
The DF'T provides frequency information up to the Nyquist frequency v,,4, which is defined

as

Vng = = (1.14)

where At is the cadence of the time series.
A frequency-power spectrum P(v) is used to display the frequency domain information

obtained from a DFT. In the simplest sense the power spectral density is defined as
P, = |F,|. (1.15)

While the frequency determination of a mode is independent of the power scaling, a
comparison of amplitudes requires sensible choices for the power scaling. The scaling
used in this thesis is set to give a power spectrum scaled as power per unit frequency
and in addition compensated once for reduced fill. Reduced fill occurs due to a number
of reasons, primarily weather or instrument failure interruption. Missing data in the
time domain is replaced by zeros to maintain an equally spaced time cadence. But, we
define the total power in the spectrum as equal to the sum of the squares of the velocity
residuals divided by the fill, to allow for this missing data. This choice is made to conform
with Parseval’s theorem, at least under the assumption that the variance of missing data
should be the same as the variance of present data. This choice of scaling is suitable for
comparing incoherent noise levels.

The impact of missing data is more subtle than just a reduction in power that can be

easily compensated for. In reality gaps in data introduce undesirable spectral features.
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1.4.2 The window function

The introduction of artifacts due to a window function in the time domain is a well known
phenomenon. Gaps appearing in data may be categorised as either random or quasi-
periodic. Both random and quasi-periodic window functions suffer from power leakage,
power is redistributed (in the frequency domain) into nearby frequency bins. This is
important in low signal-to-noise modes, where the height of a peak above the noise is
reduced by this leakage.

Further to power leakage, quasi periodic gaps - i.e. gaps dominated by the day-night
cycle - redistribute power into a series of sidebands that sit at multiples of £11.57 uHz
from the main peak. The presence of these sidebands interferes with the [ = 0, 2 spacing
which is of order ~ 11.5 pHz at 2.1 mHz. This interference introduces systematic errors
into the estimates of central frequencies when fitting modes. At lower frequencies and
hence lower signal to noise, sidebands cannot be distinguished from noise and contribute

to background noise levels.

1.5 Solar structure and dynamics

The primary results of global helioseismic observations are the frequencies of the modes
of oscillation of the Sun. As measurements of a quantity with units of inverse time,
we must input additional information to make inference on solar internal structure and
dynamics with units of anything more than time. In the simplest sense, we can construct
a solar model with various input parameters in order to predict observed frequencies of
oscillation, and then make comparison - this is direct modelling.

However, there is a well known difference between observed and computed frequencies of
oscillation for the Sun [Christensen-Dalsgaard et al., 1988, Kjeldsen et al., 2008]. This
systematic offset is known to arise from improper modelling of the near surface layers,
or failure to account for non-adiabatic effects and the breakdown of convection near the

surface. To compensate it is necessary to introduce a surface term. This surface term is
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an empirical correction and because the term is independent of angular degree - at least
for [ < 100 while waves move approximately vertically near the surface and so there is
little difference in the horizontal components in the near surface layers - the correction is
most easily determined for radial modes and then applied to all modes.

However, the uncertainties in the near-surface layers makes it difficult to test models by
directly comparing observed and modelled frequencies. The disagreement in frequency
due to near-surface effects is often larger than that due to differences in structure. By
using the differences in frequency and selecting modes of oscillation equally sensitive to
the near surface layers the deep solar structure can be tested.

Differences in frequency are typically inverted in order to determine the differences in
structure. Inversion techniques take observable outputs of a physical system and infer
the properties that bring about those observables, that is with suitable constraints on
the input physics, i.e. sound speed or density profiles as a function of solar radius must
be continuous in the first and second derivatives. A number of techniques have been
developed for solving the inverse problem [Gough and Thompson, 1991, Christensen-
Dalsgaard, 2002].

Applying this process of inversion it is possible to infer conditions in the solar interior.
Particularly, the depth dependent internal sound speed, the depth of the convection zone,

and solar internal rotation.

1.5.1 What have the ‘helioseismologists’ ever done for us?

Helioseismology has seen useful application in and beyond solar physics. Applications
include topics such as cosmology and the standard model of particle physics. Here we
briefly consider some milestones in the subject.

A sensible, and therefore common, starting point for global helioseismology is the internal
profile of sound speed. Gough [1986] showed that the internal sound speed could be used
to directly determine the depth of the convection zone, an important parameter in solar

physics, especially when considering the mixing of elements due to convection. Following
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Figure 1.3: Results from a sound speed inversion showing the difference, in sound speed
squared, between the Sun and a standard solar model. Taken from Christensen-Dalsgaard
2002].

on from this Christensen-Dalsgaard et al. [1991] used observations to show that the depth
of the convection zone is 0.287 £ 0.003 solar radii. Figure 1.3 shows the difference between
the sun and a standard model in sound speed squared. The feature at around 0.7 solar
radii is associated with the convection zone and allows an accurate determination of the
depth. More recent results have confirmed this with Basu and Antia [2004] reporting a
well constrained value of 0.2867 + 0.0005 solar radii. The depth of the convection zone
determined by helioseismology is some 50% deeper than predicted by conventional models
of the 1970’s.

Helioseismology has determined the solar internal rotation rate. The frequency degener-
acy of a mode of oscillation is broken by rotation so frequencies are rotationally split, with
each frequency probing different layers of the solar interior. Rhodes and Ulrich [1977],
Gough [1981], Thompson [1990] have shown with increasing accuracy that the differen-
tial rotation, witnessed through sunspots, on the solar surface continues to the depth of
the tachocline - just beneath the base of the convection zone - after which solid body
rotation dominates. This layer of shear at the tachocline is believed to be responsible for

the dynamo that drives the 11-year solar cycle [Antia et al., 2008]. Using helioseismic
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measurements Fletcher et al. [2010] suggest that a shorter 2-year cycle may be attributed
to shear layer at a depth of only 0.05 solar radii.

The solar neutrino problem, now resolved, tested and strained the standard model of
particle physics. Earth based observations of the solar electron-neutrino flux, a sensitive
measure of the conditions in the solar core, consistently returned values of one third the
amount of flux predicted by solar models and nuclear physics. The resolution of this prob-
lem was found to be electron neutrinos changing flavour to muon neutrinos - and becoming
undetectable by current instruments - while in transit from the Sun to the Earth. This
high accuracy of helioseismic measurements thereby providing strong constraints on solar
models forced particle physicists to modify their understanding. This application of the
Sun as an astrophysical laboratory to test fundamental physics lead to the modification
of the particle physics standard model based on the confidence in solar models [Elsworth
et al., 1990].

The elemental composition of the solar interior is an important parameter in current solar
physics and the formation of the Sun, which of course has implications on the modelling
of the solar system, modelling of other stars, modelling of our galaxy, and therefore im-
pact in cosmology. Abundances can be measured by photospheric spectroscopy, but this
is only a measure of abundance at the solar surface, additional information is required
to extrapolate to a value for solar abundance. We can believe that the convection zone
is well mixed due to turbulence which allows us to believe that the surface abundance
is a measure that is good down to the bottom of the convection zone. But a true solar
abundance must consider the effect of gravitational settling on the heavy elements.

In addition, the helium abundance cannot be inferred from spectroscopy as the required
spectral lines are formed in the chromosphere, where a lack of thermal equilibrium pre-
vents accurate determination of the line parameters. Helioseismic results constrain solar
models and therefore can be used to determine solar abundances.

Christensen-Dalsgaard and Gough [1980] used helioseismic data and a standard solar

model to determine a value for the helium abundance and hence demonstrate that there
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was no significant variation from the accepted helium abundance of the time. However,
solar models are sensitive to the input parameters, the opacity as determined by the heavy
element abundance, and recent work by Asplund et al. [2005b] revised the mass fraction of
the heavy elements to hydrogen, Z/X, to 0.0176 from the previous value of 0.0229 given
by Grevesse and Sauval [1998]. As standard solar models must satisfy the requirements of
measured effective temperature and luminosity at the current solar age, a change in the
opacity tables must be compensated for. The required solution is a revision downwards of
the metalicity Z and helium abundance Y, but these new abundances reduce the agree-
ment displayed between solar models and helioseismic results [Asplund et al., 2005a).

As yet this ‘solar model problem’ (or ‘solar abundance problem’, depending on ones per-
spective) has not yet been resolved [Serenelli et al., 2009]. The depth of the base of
the convection zone is predicted by models with the revised abundances as 0.724 solar
radii from the solar centre, while helioseismic results show 0.7133 £ 0.0005. The surface
abundance of helium is determined by models with the new abundances as 0.231, while
helioseismic results give 0.2485 + 0.0035. Clearly there is no agreement here. In addi-
tion to these two parameters, the sound speed and density profiles from observation and
modelling show reduced agreement, with the revised abundances. Modelling the Sun was
easier with the old abundances.

Progress in the solar model problem has continued with helioseismology. Basu et al.
[2007] showed the solar models constructed with low metalicity to be incompatible with
observations based on the conditions in the solar core. And Chaplin et al. [2007] obtained
a seismic estimate for the solar metalicity of between 0.0252 and 0.03103 with uncertain-
ties in the range of 12%-19%. These values are clearly much greater than the revised
low-metalicity abundances. Work in this field continues.

Helioseismology continues to demonstrate its relevance in unlocking the information stored
in the solar interior. The recent quiescence of the Sun at the end of solar cycle 23 sparked
interest in the internal conditions with analysis of the dynamic [Howe et al., 2009, Antia

and Basu, 2010, Basu and Antia, 2010] and the structural [Salabert et al., 2010] changes.
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In addition, once again using the Sun as an astrophysical laboratory, probing of the so-
lar dynamo [Jones et al., 2010], or using helioseismic constraints to infer the presence of
dark matter in the Sun [Cumberbatch et al., 2010] show a bright future for science using

helioseismology.

1.6 Low-frequency modes

Detection of solar oscillations below 1.3 mHz has proved a significant challenge to ob-
servers since the early days of helioseismology. With decreasing frequency, the noise due
to solar granulation increases, and yet the signal from evanescent waves reaching the pho-
tosphere decreases. This region in frequency of low signal to noise contains the key to
inference on the structure and dynamics of the solar core: low-degree and low-order g and
p modes.

Solar gravity waves have the potential to provide unprecedented inference on the solar
core [Appourchaux et al., 2010], inference that is not possible with the easily detectable
p modes. Gravity modes have high displacement amplitudes in, and hence are very sensi-
tive to, the solar core but are evanescent in the convective region. Consequently, g modes
have very low amplitudes in the photospheric region. While there are currently (2010)
no undisputed detections of individual g modes, there have been a number of claimed
detections for example Severnyi et al. [1976], Delache and Scherrer [1983], Kotov [1985]
and more recently Turck-Chieze et al. [2004]. Some of these claims of detection have
been rebuffed as systematic instrumental noise [Elsworth et al., 1989], while others face
criticism on grounds of plausibility, particularly given that noise levels in modern data
are significantly improved and yet still no undisputed detections exist. However, even
more recently, the GOLF team have perhaps found evidence of the ensemble signature
of g modes [Garcia et al., 2007] but again these results have not yet been independently
confirmed.

If g modes are difficult to detect then perhaps the signal from the so called mixed modes
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may reveal itself. Mixed modes are modes with a duality of nature, g mode while in the
stably stratified solar interior but p mode in propagation through the convective zone,
albeit with an evanescent buffer between the two regions. It is hoped that the oscillatory,
rather than evanescent, nature of these modes while in the outer regions of the Sun will
provide the required amplitudes to be detected at the solar surface. However, detections
of mixed modes [Garcia et al., 2001, Gabriel et al., 2002] have again not been yet been
independently confirmed.

In the absence of g and mixed modes the low-degree low-order p modes become important
to understanding the structure of the solar core [Garcia et al., 2001]. Low-frequency p
modes have very long life times which means that their spectral features are very nar-
row. The determination of the frequency of oscillation is then estimated with a high
accuracy which places better constraints on fractional precision of physical quantities in-
ferred with these observations. Since the properties of low-degree p modes are sensitive
to the conditions in the deep solar interior, their frequencies act as a probe of this region.
Detection of low-frequency p modes could place constraints on the structure of the solar
core. Numerous low-degree p modes have been detected but current limits do not extend
beyond ~ 972 pHz. As has been described previously, the signal to noise of p modes falls
off rapidly in the low-frequency region. Once again some detections have been claimed
in the sub 1 mHz region but all await independent confirmation [Chaplin et al., 2002a,

Broombhall et al., 2007].

1.7 Thesis structure

The thrust of thesis is work towards the improvement of signal to noise for the region
of low-frequency g and p modes, where the scientific objective is to further constrain the
structure of the solar core.

In order to achieve this goal, we start in the following chapter by giving an overview of the

current BiSON network. In chapter 3 we start the construction of a model to describe the
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observations made by BiSON Resonant Scattering Spectrometers (RSS). Having produced
the required descriptions of the Sun and terrestrial atmosphere we continue in chapter 4
to describe the process of resonant scattering at the heart of an RSS. Chapter 5 presents
the results of a model of an RSS which is combined with the solar and atmospheric com-
ponents in chapter 6 and the full model is tested against real observations.

In the following chapters we look to exploit the model for the improvement of the cali-
bration and concatenation of BiSON data. Chapter 7 develops a correction for the well
known (at least in the helioseismic community) effect of differential extinction. Where
previous attempts at a correction have shown the ability to correct only a single day of
data, here we show how a correction can be applied to all BiSON data.

Chapter 8 examines the long-term stability of the BISON network by looking for signals
at very low frequency that degrade the signal-to-noise ratio in the p and g mode regions
of scientific interest.

Chapter nine takes the improvement in signal to noise produced by the correction for
differential extinction over the whole 20 year BiSON data set and examines the target
low-frequency regions in the power spectrum. Modes of oscillation previously undetected
by the BiSON network are uncovered and their properties are analysed. Finally the future

prospects of uncovering further modes using the BiSON network are examined.
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Chapter 2

The BiSON Network

The Birmingham Solar-Oscillations Network (BiSON) uses resonant scattering spectrom-
eters to measure the spatially unresolved line-of-sight velocity of the solar surface. The
aim of this thesis is the detection of low-degree, low-frequency solar oscillations and to
that end we will pursue an increase in signal to noise in BiSON instruments. In this chap-
ter we describe the current instrumentation and data analysis techniques used to observe
solar oscillations with the BiSON network.

BiSON currently consists of 6 semi and fully automated stations dedicated to the col-
lection of low-degree (Sun-as-a-star) helioseismic data. The stations are situated at sites
around the globe to provide as near continuous observation of the Sun as possible. The six
sites are Izana in Tenerife, Las Campanas in Chile, Mount Wilson in California, Narrabri

in New South Wales, Carnarvon in Western Australia, and Sutherland in South Africa.

2.1 BiSON history

The BiSON network came in to being in the summer of 1981 when 3 months of solar
oscillation data were collected from two manually-operated, celeostat-fed instruments on
Haleakala, Hawaii and Izana, Tenerife. This basic network achieved a duty cycle of about
50% and continued episodic observations into 1984. In late 1984 the IAC, Tenerife started

operating the Izana instrument all year round and by the end of 1985 a third equatorially
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Figure 2.1: The Las Campanas dome in Chile.

mounted instrument had been commissioned at Carnarvon, Western Australia. These
three instruments, spread across a range of longitudes, provided a network capable (in
theory at least) of generating continuous coverage of the Sun. In reality though, the best
duty cycle achieved until 1990 was only 56% over a two month period.

In the early 1990’s the network expanded with the addition of the Sutherland, South Africa
station in 1990, Las Campanas, Chile (figure 2.1) in 1991, and Narrabri, Eastern Australia
in 1992. The transfer of the instrument in Haleakala to Mount Wilson, California in mid
1992 completed the current geographical configuration of the BiSON network, although
instruments have been regularly upgraded and transferred over the past 18 years. Network
performance over the last 20 years allows for the study of high-quality multi-year time
series with duty cycles of very nearly 80%. Hence, BiSON’s observations are a powerful

tool for inference on the structure and dynamics of the solar interior.

2.2 Resonant scattering spectrometers

Each BiSON station uses a Resonant Scattering Spectrometer (RSS) to measure the
line-of-sight Doppler velocity of the solar surface. A detailed description of the resonant
scattering vapour cell is given in Chapter 4, for now we detail the operation of an RSS and
how it compares the Doppler shifted solar absorption line with a laboratory referenced

atomic transition.
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Figure 2.2: Schematic of a typical BiSON spectrometer. Image: Brek Miller

Figure 2.2 shows a schematic diagram of a typical BiSON RSS. Sunlight enters the
instrument through the primary lens that forms part of a telescope with the second lens.
A section of quasi-parallel light follows where components that are sensitive to off-axis
angles are placed. First an interference filter, with a narrow pass band, reduces the
through put of the instrument to a small range in wavelength that extends either side of
the instrumental profile. Next a combination of a linear polariser and quarter wave plate
act to modify the polarisation of the passed beam to that of circularly polarised light.
In fact, the quarter wave plate is a Pockels cell, an opto-electric device that allows for
the variation of the axis of birefringence, which may be modulated between each state
and hence in combination with the linear polariser produces either left or right handed
circularly polarised light. The passed light is then focused to an image at the center of
the resonant scattering vapour cell. Further information on the operation of an RSS can
be found in Brookes et al. [1978].

BiSON measurements are achieved by passing this incident solar light through a vapour
of potassium atoms which resonantly scatter photons at energies matching atomic transi-
tions. As light from this process is emitted isotropically, detectors placed away from the

solar beam detect only resonantly scattered light. Because the line width of the vapour
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Figure 2.3: Pictures of a typical BiSON spectrometer. Left: instrument with cover re-
moved. Right: the vapour cell housing together with detection optics. Images: Brek
Miller

atomic transition is significantly smaller than that of the solar line, the intensity of light
detected is proportional to the intensity of the light in a narrow wavelength band at a
point on the solar absorption line.

The solar absorption line being studied is Doppler shifted by the line-of-sight velocity
components between the source and observer. This places the narrow instrumental line
away from the centre of the solar absorption line and changes the intensity detected. The
sensitivity of the instrument to velocity signals can be maximised by placing the instru-
mental pass-band at the point of the solar line where the slope (in terms of wavelength)
is greatest. This is achieved by placing the vapour in a longitudinal magnetic field.

The application of a longitudinal magnetic field produces Zeeman splitting of the instru-
mental pass-band. The splitting of the two resulting components that the RSS uses (the
ot and o~ components) is proportional to the strength of the magnetic field applied and
hence the sensitivity can be maximised. The typical magnetic field strength used by a
BiSON RSS is 0.18 T, which produces a separation between the o components of 13 pm

or 5200 m s 1.
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Figure 2.4: Intensities diagram showing the solar absorption line together with the blue

and red wing absorption lines. Left: No source-observer line-of-sight velocity. Right:

Source-observer line-of-sight velocity of 550 m s~ L.

In addition, because the blue shifted Zeeman o component has an intrinsic circular po-
larisation of opposite handedness to the red component, the component detected can be
isolated by supplying light of only left, or of only right, hand circular polarisation. This al-
lows for the separate measurement of two intensities over narrow instrumental pass-bands
either side of the solar absorption line, referred to here in as I, and I,. In application,
measurements of each wing are taken as close to simultaneously as possible. In BiSON
instruments the Pockels cell, and hence the handedness of polarisation and hence the wing
scattered, are modulated at 50 Hz to minimise atmospheric and solar sources of noise.
Figure 2.4 shows the classic picture of the intensity measurements.

Given that the basic measurement made by an RSS is an intensity, we require a calibra-

tion process that produces a measure of solar-surface velocities.

2.3 Calibrating data

Not all BiSON instruments share identical configurations and so rather than a modelled
calibration process for each instrument, a common self-calibrating procedure is applied.
This process takes advantage of what is a dominant Sun-observer line-of-sight velocity
signal. Rather than calibrate intensities that are highly sensitive to atmospheric extinction

noise, we use a ratio and hence create a differential measurement that is found to be a
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linear measure, to a good approximation, of line-of-sight velocity.
The ratio R is defined as the difference in red and blue intensity measurements divided
by the sum of the same measurements,

I, — I,
I+ 1,

R= (2.1)

The calibration of the ratio rather than an intensity significantly reduces the sensitives of

measured velocities to atmospheric variation.

2.3.1 Velocity components

The Sun-observer line-of-sight velocity components can be described as a sum of five
components: vg,i, due to Earth’s rotation; vy, due to Earth’s orbit; vgs due to the
gravitational red shift; v;,; due to instrumental effects; and finally wvg,,, due to solar

velocity signals. This gives
Utotal = VUspin + Vorb + Vgrs + Vinst + Usolar- (22)

The line-of-sight velocity component due to the Earth’s spin is dependent on an observer’s

positional latitude ¢qns and the local time LT as well as the solar declination d), via:
Uspin = Wik COS Popbs COS O Sin (17r—2LT) , (2.3)

where wg is the Earth’s angular velocity and Rp is the local perpendicular distance to the
axis of the Earth’s rotation. This component dominates daily data providing a change of

L over the course of a day.

around 800 m s~
The Earth’s elliptical orbit gives rise to a line-of-sight velocity component v,.4,, between
an observer and the solar surface. This velocity term is sensitive to the Sun-Earth inter-

action as well as components from lunar and planetary sources. While this velocity can
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be modelled to a high accuracy it is sensible - and probably slightly more accurate - to
take the velocity values generated from the JPL Ephemeris of solar system bodies. The
orbital term has only small variation over a single day but changes by around 1000 m s—*
over a year.

In addition to the obvious velocity terms generated by the motion of the Earth, there
are at least three additional components to consider. The first is the velocity component
predicted by general relativity, the gravitational redshift. Gravitational redshift is a phe-
nomena caused by photons experiencing energy loss as they leave the gravitational field of
the Sun, which results in a shift in wavelength. The energy lost, and hence the magnitude

of the redshift, is dependent on the change in the strength of the gravitational field. As

a redshift can be described in terms of a velocity we can write

Ugrs =

%<1 1>_GME 2.4

Ry, d) cRp’

c

where Mg, Mg, Ry, and Rg are the masses and radii of the Sun and Earth and d is
the Earth-Sun distance. At a distance of 1 AU the magnitude of the velocity due to

gravitational redshift is around —633 ms™!

and variation through the year is of order
0.1 ms %

Artifacts that can be described as velocity signals are introduced by the RSS instrument
Vinst, for example most BiSON RSS’s have two detectors that record the same measurement
but with an offset due to a process referred to as Doppler imaging. Typically, calibration
does not account for instrumental offsets or velocities but this will be discussed in detail
towards the end of the thesis.

Finally, we arrive at the quantity of interest, the velocity signals of solar origin vga,.
This signal includes the desired contribution from solar oscillations but also components
from granulation and solar activity. Granulation is observed as both a signal from the

convective turbulence and a blueshift produced by hotter and brighter convective material

rising with cooler and so dimmer material falling away into the solar interior. The method
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of calibration to extract the solar signals requires the determination of the known velocity
contributions and the calculation of the sensitivity of the instrument. This allows the
transformation of the ratio in to a velocity and then the known velocity contributions

may be subtracted to leave velocities of solar origin.

2.3.2 The R-V calibration

Calibration of BiSON data is performed daily, in ratio-velocity (R-V) space. Standard
data reduction approximates the relationship between the observed ratio Re.s, and the
computed observer velocity vehs, as a power series in velocity [Elsworth et al., 1995].
A third order polynomial function is selected which provides enough terms to follow the
change in sensitivity through the day but does not become unstable. A linear least squares

fit is performed to the measured ratio of the chosen function

3

R(vobs) = Z V515 (2.5)

1=0

where a; are the fit coefficients and where the observer’s velocity is the sum of the Earth’s
orbital and spin velocities

Uobs = Uspin + Vorb- (26)

The fit provides a function with good agreement to the observed ratio in order that the
contribution from known velocity sources may be subtracted and the sensitivity of the
instrument may be determined. It is implicit in the application of a least squares fit
that the experimental errors are normally distributed. Although the distribution of the
raw ideal intensity measurements should Poisson in nature, here the numerous sources
of other “error” in the measurement (atmospheric effects, electronic noise, solar signals,
etc.) combine, and under the central limit theorem approach a Gaussian distribution. This
validates the application of a least squares fit and importantly allows the determination of
the inverse sensitivity. The inverse sensitivity of the instrument, or the conversion factor

between ratio and velocity, is then dvyps/dR.
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The desired solar signal is the residuals of the third-order polynomial fit multiplied by

the inverse sensitivity i.e.
3 i
o Rmea.s - Zi:o AiUgps 2.7
Uresid - 3 . i—1 . ( . )
Zi:l Zaivobs

But the signal obtained in wvyq is not composed completely of solar oscillations. Con-
tributions remain from solar granulation and activity, and short timescale instrumental
effects, both of which we will consider to be noise. In addition, it is not necessarily the
case that all signals from solar oscillations have been retained by the calibration proce-
dure. The fit performed may be considered as a high-pass filter, where low-frequency

oscillatory signals are blocked. We consider this problem in the following section.

2.3.3 Low-frequency losses

The method of fitting and subtracting a third-order polynomial to the BiSON ratio is
known to attenuate power at low frequencies in the final residuals. This is desirable when
studying the five-minute modes as signal to noise in high-frequency regions is increased.
However, at low frequencies the fit is able to follow the signal, which is then lost to the
process when the fit is subtracted from the measured ratios. The question is, at what
frequencies is this important?

The frequencies affected by the fitting of the third order polynomial are determined by
the length of the time series under consideration. Although the fit is performed in R-V
space, the Earth’s spin velocity means that daily data produce a Sun-observer velocity
that is monotonically increasing with time. This representation of time in the velocity
axis means that very short data sets (a few points) will have almost all power removed by
the fit, where as very long data sets will have only the very lowest of frequencies removed.
We can crudely approximate the cut-off frequency by stating that the fit may remove a
maximum of three periods in a data set. For a data set of 800 points with a cadence
of 40 s this limit is around 100 pHz. We can produce a better test of the procedure by

applying the fit to simulated data.
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Figure 2.5: Simulation of a single stochastic solar oscillation with frequency 1y = 1 mHz
and damping time of 30 days. The cadence of the measurement is 40 s and time between
successive excitation kicks is ~ 8hours.

We start by generating simulated stochastic oscillations and granulation in terms of a ve-
locity signal. This is done using the auto-regressive processes detailed in De Ridder et al.
[2006] and reproduced in appendix 11.1(in addition to simulation in the time domain
stochastic oscillations may be simulated in the frequency domain, see Anderson et al.
[1990]). Adding the daily Sun-observer velocity and transforming from velocity to ratio
gives a model for BiSON measured ratios. The calibration process can then be applied
and comparison made between the input and output solar components. Figure 2.5 shows
the results of a single simulated solar oscillation at 1 mHz with damping time of 30 days
generated as described in appendix 11.1. Figure 2.6 shows the power spectrum of the sim-
ulated acoustic mode with simulated granulation. This solar component is added to the
daily ratio variation modelled with the results of a typical day’s third-order polynomial
fit producing the simulated BiSON daily data.

To examine the impact of the third-order polynomial fit and its associated high-pass
frequency filter effects, rather than consider a single mode of oscillation we simulate oscil-
lations at a number of frequencies with amplitudes and lifetimes that match predictions.
Using real data from the Las Campanas station for the third-order polynomial coefficients

and length of data for each day, the simulated ratios are calibrated to produce residuals.
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Figure 2.6: Power spectrum of a single simulated solar stochastic oscillation at 1 mHz
with simulated granulation and super-granulation.
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Figure 2.7: Simulated solar signal removed by the BiSON third-order polynomial velocity
calibration process for different lengths of data set. Red: 1000 pts; green: 800 pts; blue:
600 pts; cyan: 400 pts; and pink: 200 pts.

Figure 2.7 shows the process gain (power output divided by power input) as a function
of frequency for varying length data sets. The attenuation of power is clear at very low
frequencies (< 100 pHz) while little attenuation occurs above this limit for longer data
sets. This suggests that the current procedure is satisfactory for low-frequency p modes
but may not be adequate for the detection of low-frequency (< 100 pHz) g modes or the

study of very-low frequency variation in BiSON data.
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2.4 Combining data

Once data have been calibrated into daily residual velocities, it is necessary to combine
data from all six stations to produce a high-fill long-timescale data set. Here care is
required as residual data from each station can be quite different in their noise character-
istics. It is therefore sensible to combine data in such a way that strikes a compromise
between the need for a high duty-cycle and optimum low-frequency noise.

The low-frequency noise can be parametrised as the mean power in the frequency domain
over the range 0.8 to 1.3 mHz and so can be determined for each set of calibrated daily
residuals. Firstly, this parametrisation allows for the rejection of data with unusually
high low-frequency noise characteristics. Secondly, in the case of over-lapping data from
stations observing simultaneously, the noise parameter allows for the selection of the best
quality data and rejection of the inferior data. This is the historical BiSON method for
combining data to form long time series.

This process appears wasteful, in that good-quality data may be rejected if there is better
quality contemporaneous data. Clearly there are obvious advantages to combining data
from two stations that contain coherent signal and incoherent noise. Chaplin et al. [1997]
detail the merging of multi-site velocity residuals including the weighted combination of
contemporaneous data and report gains in signal to noise if noise levels are comparable.
However, to produce these gains large low-frequency trends in data sets must be removed.
This is achieved by box-car smoothing the data set to remove signals below 1 mHz, which
is clearly undesirable when studying low-frequency regions. BiSON data include large
low-frequency trends that prevent the straightforward weighted combination of contem-
poraneous data. Worse still, BISON data contain large trends at the beginning and end
of the day due to a process called differential extinction (see Chapter 3). Because of the
longitudinal spread of the network, the ends of the day are exactly the regions where the
majority of overlaps occur. Hence, it is still the case that the BiSON data concatenation
pipeline includes data of the best quality and rejects other overlapping data.

Long time series produced by the BiSON network are studied in the frequency domain to
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find power due to solar oscillations. Next we present the statistical methods for evaluating

observed power spectra structure in that domain.

2.5 Selection of mode candidates

Under conditions of low signal to noise i.e. the low-frequency region, it is necessary to
determine the nature (signal or noise) of a prominent peak. Hence, a proper treatment
of the probability of occurrence of prominent spikes, power confined to a single bin that
might be regarded as a mode, is essential (see Appourchaux et al. [2010] for a compre-
hensive review on both the frequentist approach taken here and the alternative Bayesian
approach). This treatment is dependent on the statistical distribution of power in the
frequency domain.

If power in the frequency domain arises from a standard normally distributed noise source
in the time domain, then the real and imaginary parts of the Fourier transform will be
normally distributed, i.e. proportional to exp(—yx?/2), where x? are the observed noise
values or more generally the difference between the observed values and theoretical pre-
dictions. The probability that a result in the power spectrum (the sum of the squares
of the real and imaginary parts) occurs between x and y + dx depends on exp(—yx?/2),

multiplied by Y, so

P(x) o yexp(—x/2). (2.8)

Changing variables from x to x? requires that we multiply by dx/dx? giving
P(x*) = P(X)% x XGXP(TX); = eXp(TX). (2.9)

This is the definition of a x? with 2 degrees of freedom (d.o.f.) distribution and hence the
power spectrum of Gaussian noise in the time domain will follow this negative exponential
distribution.

While individual sources of noise may not necessarily be Gaussian in character, the central
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limit theorem suggests that several noises sources, when combined, will tend to a normal
distribution. Therefore, if we consider a small section in frequency of a power spectrum
(~ 100 pHz) and we assert that the background is flat and ‘white’, then power spectral
density may be described by the x? 2 d.o.f. distribution.

Knowing the underlying distribution allows for the determination of the probability that
a single spike is part of the background noise. So, let the relative height of a given spike

be

(2.10)

where £ is the power of the spike in question at frequency v and where the mean back-
ground level is (£), also at frequency v. Assuming that all bins are independent in the
frequency domain, the probability of observing a peak of height s, or greater in any given
bin is

p(s,) =exp(—s,). (2.11)

The probability of observing at least one spike that has relative height of s, or greater

across NN bins is

Py(s,)=1—(1—p(s,)V. (2.12)

This serves as a measure of significance of a candidate detection, i.e. the lower the value
of Ps(s,) the less chance a peak is due to noise. Of course, we do not know the probability
that a spike is a mode, only the probability that it is part of the noise. Our ability to judge
whether or not a spike may be considered as a p mode of oscillation depends upon not
only the Ps(s,) but also its location in frequency. Predicted frequencies around 1 mHz are
sufficiently well known so that we can ignore statistically significant peaks that disagree
with predictions by more than 1 gHz. In addition, modes with [ > 1 show characteristic
multiplets, i.e. rotationally split multiplets that can increase our confidence in a detection.
This information may be combined to determine whether or not a detection is plausible.
For a spike to be considered as a candidate we require that Ps(s,) < 0.01 when assessed

across a frequency range of Ap = 100 puHz. The relative height threshold corresponding
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to a low Py(s,) can be found in the limit where p(s,) = exp(s,) is small. In this limit

equation 2.12 can be approximated by [Chaplin et al., 2002a]

Py(s,) = Np(s,) =~ A,T exp(—s,), (2.13)

where 7' is the length of the time series and A, is the range in frequency under consider-

ation. Hence, rearranging gives the relative height threshold

sy, = In AT — In Py(s,) (2.14)

and substituting in Ps(s,) = 0.01.

At low frequency, predicted mode widths are small compared to bin widths (unresolved),
the regime change from resolved to unresolved occurring at around 900 mHz for a 10 year
BiSON data set. Hence at low frequency, a modes height above the background may be
increased using bin shifting, that is varying the length of a time series to place the centre
of a bin in frequency closer to the central frequency of a narrow mode. The increase in
visibility of a mode from bin shifting is clear if we consider a mode straddling two bins. In
this case, the prominence of the mode above the background is reduced by approaching
half in comparison to the case where the power is restricted to a single bin.

In addition to bin shifting there are gains to be found around the 1 mHz region and higher
by applying power spectrum smoothing. Averaging N, integer numbers of adjacent bins
to produce a new bin with N, times the width, but maintaining the independence of
the new bins, changes the power spectrum statistics. The noise spectrum is smoothed
and modified such that it follows a x* N, + 1 d.o.f. distribution. Hence the visibility of
modes of oscillation that span several bins is improved. Adding power while smoothing
the background produces an obvious reduction in probability that a peak is due to noise.
The above methods of calibration, concatenation, and detection have been rigorously
applied to BiSON data from the last 25 years. We conclude the introduction to the

BiSON network by introducing the current limits of detection at low frequency.
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2.6 Current Bison limits of detection

Low-frequency noise in BiSON data, primarily from granulation, limits the detection
of solar p mode oscillations around 1 mHz. While the lower limit of detection is the
[ =0,n =6 mode at 972.6 uHz [Broomhall et al., 2009a], the lack of detections between
this mode and the [ = 0,n = 8 mode at 1263.2 yHz (also seen by GOLF) suggests that a
typical limit of detection has been circumvented by additional excitation of the 972.6 pHz
mode. Also reported in Broomhall et al. [2009a], the [ = 1,n = 7 mode at 1185.6 pHz has
been detected using BiSON data, but only the m = —1 component has been observed.
This suggests that the typical BiSON limit of detection is around 1185 pHz.

The aim of this thesis is to reduce this limit of detection by improving the signal-to-noise
ratio in the frequency domain. By reconsidering the process of BiSON residual velocity
calibration and long time series concatenation we aim to lower the current mode frequency
detection limit. The following chapter details a model of BiSON observations in order to

isolate systematic noise in the BiSON power spectra.

36



Chapter 3

Modelling Data

The aim of this thesis is to present an improved approach to the detection of low-frequency
p mode oscillations of the Sun. In the previous chapter we have seen that current data
reduction techniques suppress oscillation amplitudes at low-frequencies. This means that
the desired signal is lost in noise with things worsening with decreasing frequency. Here
we will model observations made by BiSON instruments in order to study the problems
of calibration and concatenation of raw data. We aim to improve the signal-to-noise ratio
of oscillations in the power spectrum to increase the chance of detections of p modes at
low frequency.

This chapter will proceed by forming a model of BiSON observations, without tackling
the complexities of the instrumental effects. Following on from this, the next two chapters
will deal with the processes and simulation of the RSS instrumental weighting. Finally,
in chapter 6 on page 110 we present the results for the combined work. We start by

producing an overall framework for the model.

3.1 Introduction

The BiSON network makes ground-based radial-velocity observations of the Sun as a

star using a Resonant Scattering Spectrometer (RSS). The raw data returned by the
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instrument is a measurement of intensity, taken from either side of the K1 solar absorption
line, which is calibrated to produce a ratio. But what are the measured intensities I,
dependent on?

In order to measure radial velocity v, the RSS compares the solar Fraunhofer line as a
function of wavelength I () to known laboratory atomic transitions. In addition, the
RSS makes Sun-as-a-star measurements so intensities are integrated over the whole solar

surface S. We can state this as a simple model:

)\0-1-(5)\
// o (0, \) dA dS, (3.1)
Ao—0A

where )\ is the central wavelength of the scattering atomic transition and dA describes
the transition line width.

To achieve a more complete description of the system we must include atmospheric ex-
tinction suffered when making ground-based observations. Because the Sun is a discrete
source and extinction is known to be differential across the solar surface, we must convolve
the line function with an atmospheric function. By treating the the solar surface as a two
dimensional disk, parametrised by x and y, we can include the atmospheric extinction 7'

as a function of position on the solar disk, giving

/\0+5/\
// o, T (2, y) dX dx, dy. (3.2)
A

0—0A

To complete the description we include a non-uniform instrumental response U. The
scattering of light, required by the instrument to measure intensity, will only occur for
wavelengths within the limits of the resonant scattering profile. In addition, the instru-
ment has a non-homogeneous response to position on the solar disk, making U a function
of wavelength and position U (A, z,y). Including the instrumental weighting in our simple

model gives

I, = /5 / Lo(vn A) T, y) UL 2, 1) dA da, dy. (3.3)
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Figure 3.1: Cartesian coordinates of the solar disk.

This provides our framework to continue as we study each of the terms in the integral

separately.

3.2 The solar line function

In this section we will consider the solar line function I, and its dependencies, one of
which is the point of observation on the solar disk. In light of this, we start by defining a
Cartesian coordinate system, with the origin at the centre of the disk. Figure 3.1 shows
the coordinate system drawn with respect to the cardinal points, and normalised with

respect to the solar radius Rg.

3.2.1 Solar Fraunhofer line

In order to build a model for the solar line function we will consider the absorption line
properties at each point on the solar disk. More specifically, we will consider the solar line
observed at each point on the solar surface before integrating to obtain the Sun-as-a-star
line measured by the RSS. The parameters of interest to us, with respect to line shape, are
the line width and depth. The line width is sensitive to turbulence (granulation broadens
the solar line by at least the same magnitude as thermal effects) and therefore line width is

sensitive to the height of observation in the solar atmosphere. It is difficult, and therefore
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lp [Tpm)[ d |
1.0 16.2 0.8399
0.8 16.8 0.8369
0.5 18.0 0.8361
0.3 19.0 0.8340
0.2 20.2 0.8321

Table 3.1: Solar line properties as a function of position on the solar disk taken from de
La Reza and Mueller [1975].

beyond the scope of this work, to model the variation in line shape with height so we will
rely on observational data while treating the solar surface as a two dimensional disk.

For observational parameters we use those found by de La Reza and Mueller [1975] using
the McMath solar telescope at the Kitt Peak Observatory. These authors observed centre-
to-limb spectrogram at constant solar longitude(on the rotational axis) but varying solar
latitude while avoiding the potential contamination of active regions. This work allows us
to represent the solar line observed at particular coordinates on the solar disk. The spatial
integration used, of 34800 km in the y-direction and 174 km in the x-direction, minimising
the effects of rotational broadening giving a closer representation of the underlying solar
line. With only a very small observed asymmetry, a solar line at a point on the solar
disk can be well described by a Gaussian absorption line with depth d, full width half
maximum (FWHM) I', and central wavelength A.. The form of each Gaussian line may

be expressed algebraically as

Io(h ) = 1 — d(p) exp [—41112 <%)] , (3.4)

where g describes the position on the solar disk such that

[t = cos (sin_1 <7M>> =,|1- (7'332%) . (3.5)

R, R,

The results from de La Reza and Mueller [1975] for the line parameters are given in table

3.1. For the purposes of this work, the line width and depth can be sufficiently described
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[a; [T (x10°%m) [ d (%) ]

0 162.0 84.0
1 168.0 -0.2
2 -469.5 -0.01
3 343.9 -0.49

Table 3.2: Coefficients of a third order polynomial to describe the solar line properties as
a function of position on the solar disk, r.

by fitting a third order polynomial,

y(r) = ao + ayr + agr’® + agr®, (3.6)

to the presented data, where r is the radius of the position on the solar disk in units of
solar radius. The resulting coefficients are given in table 3.2. The error bars on the coef-
ficients are larger than would normally be tolerated, but here the purpose is to establish
a nominal model that can be integrated into our framework in order to understand time
dependent effects in the observations of an RSS.

Having stated the basic properties of the position dependent solar lines, we continue by

considering the shifting of each line due to line-of-sight velocity.

3.2.2 Doppler shifts

The central wavelength of a solar line )., observed at any point on the disk, may be
Doppler shifted by a line-of-sight velocity between the observer and source (the Sun).
The individual components contributing to a ground-based solar observers radial velocity
have been discussed in section 2.3.1 on page 26. Here, ignoring velocity signals generated
by the Sun, suffice to say that the total observed radial velocity is a sum of the following

components: the source-observer motion vgation; the gravitational redshift expressed as a
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velocity vg; and the rotation of the Sun about its axis vrotation. This then is simply
Up = Ustation T Vgrs =+ Urotation s (37)
where the magnitude of the shift in wavelength due to Doppler shifts A\ is
UT'
A)\ - )\rest?a (38)

and c is the speed of light in the medium, and A is the central wavelength of a solar
line in a frame of rest. This gives the central wavelength of a line with Sun-observer
line-of-sight motion, A, as

Ae = Arest + AN (3.9)

Substituting this into equation 3.4 gives

Io(\ ) =1 —d(p) exp [—41112 ((A — Ar((,i)_; <)) )] : (3.10)

The values of the individual components of v, must be calculated in order to determine I
and to do this we require the positions and movements of solar system bodies. These values
are well known and vg.:50n may be either calculated or extracted from the JPL ephemeris.

L and

The solar gravitational redshift is commonly expressed as a velocity vy, = 632 m s~
will be treated as a constant. We will move on to discuss the velocity contribution from

solar rotation in the following section.

3.2.3 Differential Solar rotation

The radial velocity between a ground-based observer and a point on the solar disk includes
a component from solar rotation. This rotation is differential over the range described by

the solar latitude ¢p,;. Snodgrass and Ulrich [1990] provide measured coefficients for the
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sidereal solar differential rotation rate w to fulfil the equation
W(Prat) = ao + a1 sin® Pra; + ag sin? Py, (3.11)

where the conversion from Cartesian coordinates to solar latitude is performed by

Prar = sin~" <R%> : (3.12)

The coefficients from Snodgrass and Ulrich [1990] are

ap = 14.713 + 0.0491 ° day ™"
ap = —2.396 4+ 0.188 ° day ™'

ay = —1.787 +0.253 ° day ",

showing that the solar equator has a greater rate of rotation than the poles.

The Earth’s orbit and the solar rotation are in the same direction, and this increases the
observed period of solar rotation, which when corrected for Earth’s orbit, is called the
solar synodic rotation period. The solar synodic rotation angular frequency wgyn is the
difference between the solar sidereal rotation angular frequency w and the Earth’s orbital
angular frequency wgaren i.€.

Wsyn = W — Warth- (3.13)
Modifying the coefficients from Snodgrass and Ulrich [1990] to synodic angular frequency

and expressing in units of rad s~! gives,

ap = 2.972 x 10 % rad s 7!
a; = —4.84 x 107" rad s7*

as = —3.61 x 1077 rad s7".
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Figure 3.2: Solar differential synodic rotation map.

Finally, converting from angular frequency to units of radial velocity can be achieved by
multiplying the synodic frequency by the distance in the x-direction (that is perpendicular

to the axis of rotation) on the solar disk

Urotation — Wsyn'T- (314)

Figure 3.2 shows the differential synodic rotation map of the solar disk. The differential
nature is clear with the equator rotating faster than the poles. The diagram shows the
Eastern limb rotating towards the observer, and hence blue shifted, and the Western limb
receding, hence red shifted. We continue to consider the orientation of the rotation axis

of the solar disk.

Position and tilt angles

The introduction of solar differential rotation is more significant than just an additional
component of radial velocity. The definition of an axis of rotation removes the angular
symmetry of the solar disk and the orientation of the Sun is now significant. The orienta-
tion of the axis of rotation changes with respect to time, and we can define this variation.
Here we introduce two common definitions to describe the orientation of the axis of rota-
tion of the Sun that changes with Earth’s orbit. The first is the solar position angle P,
defined as the position angle between the geocentric north pole and the solar rotational

north pole measured eastward from geocentric north. The second, solar tilt angle By, is

44



I
o 200

400
Days after 01/01,/2008

Figure 3.3: Plot showing position angle, P, (solid line), and tilt angle, By (dot-dash line),
for days after 01/01/2008.

defined by the heliographic latitude of the central point of the solar disk. The positions
and orientations of solar system bodies are well understood and P, and By may be cal-
culated or extracted from the JPL ephemeris.

Figure 3.3 shows the variation of the two quantities throughout 2008 and 2009. Both
quantities have a yearly period but are phase shifted with respect to each other. The
amplitude of the position angle variation is 26.5 °, while the tilt angle varies between plus
and minus 7.25 °.

The position angle rotates the solar rotational axis with respect to geocentric North and
the tilt axis shifts in latitude. When these rotations are viewed by an RSS, the centre of
rotation is the centre of the solar disk, hence we can straightforwardly implement rota-
tion matrices. Any given position on the solar surface [zg, yo, z0] will be mapped to point
(1,1, z1] when rotated through the angle P, about the z-axis and By about the x-axis.

The rotation matrix operations are linear and can be considered sequentially giving

cosP, sinP, 0 o T
—sinP, cosP, 0 Yo = Y| (3.15)
0 0 1 20 21
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Figure 3.4: Solar differential synodic rotation map with position angle of 26.25 ° and zero
tilt angle.

for position angle and

1 0 0 Ty T2
0 cosBy sinByj 1 = Yo | > (3.16)
0 —sin BO COS BO Z1 Z9

for tilt angle.
Given the variation in orientation of the solar disk we must review earlier definitions. We
must redefine the input coordinates to equations 3.11 and 3.14 in terms of the rotated

coordinate system to give the latitude in the rotated frame

¢lat - Sin_l <ZZ—2®> , (317)

and the rotational velocity

Urotation = WsynT'2- (318)

Figure 3.4 shows the differential synodic rotation map of the solar disk with a position
angle of P, = 26.25 ° and tilt angle By = 0 ° with respect to the cardinal points.
Having completed the discussion on components of velocity, we continue to discuss solar

limb darkening.
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Figure 3.5: Varying intensity due to limb darkening on the solar disk at A = 770 nm.

3.2.4 Limb darkening

Limb darkening is an effect that describes the variation in intensity across the solar disk
due to variation in observed optical depth. At the centre of the solar disk an observer is
looking deeper into the photosphere than at the limb. Observing at increasing depth in
the photosphere reveals increasing temperature (because of the solar interior temperature
gradient) which is the cause of the increased observed intensity. Hence, the limb of the
solar disk is darkened with respect to the centre. Nishikawa [1990] gives an equation for

limb darkening at a wavelength of 770 nm as

I(p)

= 0.469 + 0.75251 — 0.221542, (3.19)
0

where 1 has been defined previously in equation 3.5.

Figure 3.5 shows the intensity variation due to limb darkening on the solar disk. Once
again error bars are not of concern, we are simply developing a nominal model to in-
vestigate time dependent effects. This limb darkening function is applied to the relative
line intensities formed from the coefficients of the position dependent solar line model.
In other words, the impact of limb darkening is multiplicative and its application can be
though of as a intensity mask combined with the solar line function.

This concludes the definitions of the solar line inputs. We move on to consider how these

features combine to define the RSS observations.
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3.2.5 Results

Having described the components of the solar line function, we will now combine the
individual effects to study the resultant weighting of the solar disk. We are interested
in the weighting as a function of both position on the solar disk and wavelength. To
demonstrate changes in the variation with position, we consider the intensity on the solar
disk over two boxcar functions in wavelength that are narrow in comparison to the solar
line and split 2600 m s~! either side of the stationary central wavelength )\, = 769.898nm.
This gives two observations, one in the red wing and the other in the blue wing and is
loosely analogous to the two intensity measurements made by the BiSON instrument.
To show the variation in intensity as a function of wavelength we construct full disk
absorption line profiles.

Figure 3.6 on the next page shows the solar line function for the combination of effects
discussed in the previous section. For reference purposes, a Gaussian absorption line with
depth d = 0.84, and FWHM I' = 18.0pm is shown in the wavelength intensity profiles.
Top of figure 3.6, the positional weightings for the solar Fraunhdéfer line (only) are seen
to be equal with no offset in the whole disk absorption lines central wavelength. The
addition of a line-of-sight velocity shifts the central wavelength and introduces a difference
in positional weighting between the two wings. The addition of solar rotation (differential)
introduces a marked shift in positional weighting but also increases the width and reduces
the depth of the whole disk absorption line. Rotating the axis of solar rotation by a
positional angle of P, = 26.25° has only second order impact on the whole disk line, but
is significant to the orientation of the positional weighting. Variation in tilt angle, up to
By = 7.25°, was tested and found to be second order in both the whole disk line and the
disk weighting. The structure found at the centre of the solar disk is a consequence of
the sensitivity of the solar line function to position on the solar disk, here producing an
increased weighting to the centre of the disk. Finally, the change in whole disk line profile
due the addition of the limb darkening function is dominated by the significant reduction

in intensity across the line.
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Figure 3.6: Weightings of the solar line function in position on the solar disk and wave-
length. Left: blue wing positional weighting. Centre: red wing positional weighting.
Right: wavelength-intensity full disk line profile with reference Gaussian absorption line
(dot-dash)of depth, d = 0.84, and FWHM I' = 18 pm. Top line: with solar Fraunhofer
line only. 2"¢ line: addition of line-of-sight velocity. 3" line: including solar differential
rotation. 4 line: including position angle, P, = 26.25°. Bottom line: with solar limb

darkening.
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We have demonstrated that a model of the solar line function can be produced and
evaluated over both position on the solar disk and wavelength. We have considered,
albeit briefly, the impact on weightings due to the individual effects input into our model,
but the full value of the model cannot be appreciated until we have dealt with the other
terms, atmospheric and instrumental, in the integration of equation 3.3. So we move on

to consider the role of atmospheric extinction.

3.3 Atmospheric extinction

It is well known to ground-based astronomical observers that atmospheric extinction is
a significant source of noise in photometric measurements. However, when an extended
object, such as the Sun, is observed from Earth, two types of extinction component are
present. The first, from fluctuations that are random in time and position across the solar
disk, does not provide any scope for correction with current systems. However, the second
is a systematic atmospheric gradient across the solar disk, often referred to as differential
extinction, and we will consider this now.

Differential extinction has been studied by a number of authors with a view to cor-
recting ground-based radial velocity Sun-as-a-star measurements (Grec and Fossat [1979],
Belmonte et al. [1988], and Ehgamberdiev and Khamitov [1991]). Differential extinction
appears in BiSON data as a monotonic velocity signal due to the changing orientation of
the terrestrial atmospheric gradient, which rotates with respect to the solar disk’s axis of
rotation. The slow variation of this orientation over each day produces noise, particularly
at low-frequencies. In addition, in a network of multiple and overlapping stations, such as
BiSON, this spurious and changing velocity signal causes problems in the concatenation
of individual station daily data. In the following section we construct an atmospheric

function to include in our straight forward model given in equation 3.3 on page 38.
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3.3.1 Atmospheric model

We start by defining a model of extinction due to absorption or scattering in the terrestrial
atmosphere. A standard definition expresses the reduction in intensity I—IO, as exponentially

dependent on the atmospheric absorption coefficient k,;,,, and the airmass A giving,

I
— = exp(—KamA). (3.20)
Iy

Typically the absorption coefficient would be defined as a function of wavelength. Here,
the acutely narrow band of wavelengths considered allows us to treat k., as a constant,
typically around k,im = 0.010 + 0.005 at 770 nm. Next we will consider the variation of

alrmass.

3.3.2 Airmass

Airmass is defined here as the path length that light from a point on the solar disk takes
through the Earth’s atmosphere relative to the path length for an object at the zenith.
Convention is to take the airmass at the zenith to be unity. A typical plane parallel
atmosphere approximation would define airmass in terms of the secant of the zenith angle
Zp l.e.

A = sec 2. (3.21)

A better model that includes correction for curvature of the atmosphere and refracted
elevation(the shift in apparent elevation due to refraction) is given by Kasten and Young

[1989]
1

A= '
cos(zp) + 0.50572(96.07995 — z;) 16364

(3.22)

Taking the more complete definition as our working model, we proceed by considering the

variation of the zenith angle.
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‘ Station H UTC — LT ‘ Dobs (°) ‘

Izana 0 28.30
Carnarvon -8 -24.87
Narrabri -10 -30.31
Sutherland -2 -32.38
Las Campanas 4 -29.02
Mount Wilson 8 34.22

Table 3.3: Station parameters required to calculate the solar zenith angle.

3.3.3 Zenith Angle

The solar zenith angle is formed between the observers local zenith and the line-of-sight
to the centre point on the solar disk. The zenith angle can be calculated from the local
hour angle H, the observers latitude ¢.s, and the solar declination d,. The equation to

find the zenith angle is
COS 2y = SiN Pops SIN Oy + COS Pops COS Oy cOS H, (3.23)

where the solar declination for any station can be calculated from the current Modified

Julian Date MJD using

2
5o = 23.44° cos <T—7T(MJD - 54638.5)) , (3.24)

E

where T is the Earths orbital period of 365.242191 days.
The hour angle and observer latitude are dependent on the time and location of the

observation. The solar hour angle can be calculated from local time LT with
H = 15.0°(LT — 12.0) (3.25)

The difference between UTC and local time, and observer latitude for each BiSON station
are given in table 3.3. The solar zenith angle varies throughout the day, in the familiar

manner to produce the rising and setting of the Sun and the day-night cycle. In addition,
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Figure 3.7: Variation of solar zenith angle with time at the BiSON Las Campanas station.
The plot shows the variation with respect to local time through the day, and the variation
between summer and winter solstice. Each day between summer and winter solstice is
traced to give the annual variation.
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Figure 3.8: Variation of extinction with time. The plot shows the variation with respect
to local time through the day, and the variation between summer and winter solstice.
Atmospheric extinction coefficient set to kam = 0.1. Each day between summer and
winter solstice is traced to give the annual variation.

the nature of the relative inclination of Earth’s spin and orbit around the Sun produces
variations in zenith angle between summer and winter solstice. Figure 3.7 shows the vari-
ation of zenith angle with respect to local time, and day of the year.

Having calculated the zenith angle, we can straight forwardly work out the airmass and
in turn the atmospheric extinction. But because the zenith angle varies through the day
and year, extinction does too. Figure 3.8 shows the variation of extinction with respect
to time for an atmospheric absorption coefficient of K, = 0.1.

We have now dealt with the extinction of a single central point on the solar disk. We
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Figure 3.9: Diagram showing definition of parallactic angle on the solar disk.

will continue by considering the Sun as an extended source, the key factor in differential

extinction.

3.3.4 Parallactic angle

We have seen that the Sun moves across the sky throughout a day and its position
is described by the zenith angle z;. But the solar disk is an extended source, with
angular extent of 0.5 °, and therefore extinction will vary with position on the disk.
To model this extinction we must consider: the angles formed between the heliographic
North/South axis; the atmospheric extinction gradient; and the axis of the instrument.
BiSON instruments are mounted equatorially and this maintains a constant alignment
with the heliographic axis, and hence we will consider the atmosphere to be rotating with
respect to this common axis.

The parallactic angle is formally the angle between the great circle through a celestial
object, the zenith, and the hour circle of the object. Figure 3.9 shows the parallactic
angle on the solar disk with respect to the heliographic cardinal points and zenith.

The parallactic angle of the solar disk changes through the day as the Earth spins and
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Figure 3.10: Variation of parallactic angle through the day and year. Each day between
summer and winter solstice is traced to give the annual variation.

also throughout the year as the Earth orbits the Sun. The parallactic angle n can be
calculated from: an observers latitude ¢qs; the solar declination 4 ; and the zenith angle

2p. The dependence is expressed as [Duffett-Smith and Zwart, 2011]

Sin Pgps — Sin o COS 2

cosn = (3.26)

cos 0, sin 2

Figure 3.10 shows the variation of the parallactic angle, with the abscissa in local time
and a trace for each day between summer and winter solstice for the BiSON Las Campanas

station.

3.3.5 Extinction across the solar disk

In this section we combine the zenith angle, parallactic angle and extinction coefficient
to produce the extinction across the solar disk. We start by considering the zenith angle
and define this at any point on the solar disk z, to be the zenith angle of the disk centre

plus a change in zenith angle due to position on the solar disk dz, giving
24 = 20+ 02, (3.27)

where z; can be determined from equation 3.23 on page 52. We consider dz to act in

an atmospheric frame that is aligned so that the atmospheric gradient is in the y-axis
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only y.im. Hence, the change in zenith angle is defined here to be the y-direction angular

extent of any point away from the disk centre, giving,

o yatm
0z =0.25°. . 3.28
F=025° t (3.29

We must include the rotation of the atmospheric frame with respect to the heliographic

coordinates (z,y) which is achieved with

Yatm = Y COST) — T sin 1. (329)

Using this equation and equations 3.22 and 3.20 on page 51 allows us to calculate the
extinction at any point on the solar disk.
Figure 3.11 on the next page shows the modelled results for extinction across the solar
disk for the BiSON Las Campanas station on 14/01/2009. The solar disks are shown with
each contour line representing a 0.01% change in measured intensity due to atmospheric
extinction. Results are shown for a range of times spanning the whole day. The atmo-
spheric gradient across the disk can be seen to rotate throughout the day with respect to
the stationary heliographic coordinates. The distance between contours shows the mag-
nitude of the gradient, which is seen to be much greater at the extremes of each day.
Having considered the gradient of extinction over the solar disk we continue by studying

its effect on the whole disk absorption line.

3.3.6 Results

In this section we focus on combining the spatial aspects of atmospheric extinction with
the solar line function, produced from the model considered in section 3.2 on page 39.
We expect to see results that produce a velocity signal that varies throughout the day
due to the changing magnitude and direction of the atmospheric gradient. As BiSON

instruments measure intensities at points on the solar absorption line, we must observe
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Figure 3.12: Full disk line profiles for various times through the day at the BiSON Las
Campanas station on 14/01/2009. Black lines show the whole disk solar line with a
referenced dashed green line not subjected to extinction. Red and blue lines show the
difference between the lines with and without extinction on either side of the line. The
local time from left to right then top to bottom: 06:00; 07:00; 08:00; 10:00; 12:00; 14:00;
16:00; 17:00; and 18:00.

the variation of whole disk solar line with time of day.

Figure 3.12 shows the whole disk solar absorption line shapes at different times of day for
the BiSON Las Campanas station on 14/01/2009. The whole disk solar absorption lines
are shown in black with a reference line without extinction displayed as a dashed green
line. The blue and red lines are the difference between the green and black (atmospheric
extinction) lines. The effect of extinction through the day is obvious and manifested as a
reduction in intensity at the ends of each day. However, far from obvious is the action of
differential extinction on the lines.

It is difficult to see the line asymmetry produced by differential extinction in figure 3.12,
this effect is second order to (non-differential) extinction, and to observe it we must look
more closely at the line shape. We know that differential extinction appears as a velocity
signal in BiSON data but, rather than a Doppler shift of the central wavelength of the
solar line, the signal is manifested as an asymmetry about the central wavelength of line.

Figure 3.13 on the following page shows the modelled asymmetry (blue minus red) across
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Figure 3.13: Asymmetry in full disk line for various times through the day at BiSON Las
Campanas but with position angle suppressed. Variation in time (hours): 06:00 (red);
07:00; 08:00; 10:00; 12:00 (green); 14:00; 16:00; 17:00; 18:00 (blue).

the whole disk line for different times of day for the BiSON Las Campanas station on
14/01/2009. We see that the line asymmetry displays a systematic variation through the
day, passing through a zero point at midday and changing signs.

Line asymmetry due to differential extinction impacts the intensities I, that BiSON in-
struments use to form the ratio, which is then calibrated to a velocity vops. The calibration

is defined by,
I,— I,

T 3.30
Ib +Ir, ( )

Uobs = k

where k is a constant of proportionality, often referred to as the sensitivity, with typical

values of 3000 m s—!.

Assuming no variation in the denominator of the expression and
that k is truly constant, then the velocity signal from differential extinction vgqe, is the
line asymmetry ¢, multiplied by &,

Vde — k‘C (331)

With this, the maximum asymmetry in figure 3.13 of 0.075% gives a differential extinction
velocity of 2.25 m s—!, which is the same order of magnitude as solar oscillations.

Figure 3.13 shows the whole disk line profile asymmetry without a contribution from posi-
tion angle. So for completeness, figure 3.14 has the effects of position angle included. The
position angle introduces an asymmetrical weighting, about the heliographic North/South

axis, on the solar disk. The resulting asymmetry is a convolution of position angle and
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Figure 3.14: Asymmetry in full disk line for various times through the day at BiSON
Las Campanas. Variation in time (hours): 06:00 (red); 07:00; 08:00; 10:00; 12:00 (green);
14:00; 16:00; 17:00; 18:00 (blue).

differential extinction. Consequently, in addition to a dependence on solar declination,

the effects of differential extinction will vary throughout the year with position angle.

3.4 Instrumental weighting

We have now considered the solar line function and aspects of terrestrial atmospheric
extinction pertinent to the BiSON RSS observations. Next we must consider the role of
the instrumental weighting in measuring the solar radial velocity, but this is complex. To
cover the required material we devote the next two chapters to the instrumental weighting,
first of all describing the instrument and the scattering process, then simulating the in-
strumental weighting in chapter 5. Finally, we return to the model, given by equation 3.3

on page 38, in chapter 6 to generate simulated BiSON RSS data.
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Chapter 4

Resonant Scattering Vapour Cells

The instrumental weighting function of a BiSON RSS, taking Sun-as-a-star radial veloc-
ity measurements, is dominated by the processes of resonant scattering that occur in the
vapour cell. Because of the importance of the instrumental weighting function for sim-
ulating BiSON data, we use this chapter to set out a full description of the instrument.
Starting with a description of the optical systems, we work towards a detailed presenta-
tion of resonant scattering in a magnetic field. This work forms the physical basis of the

vapour cell simulation performed in the following chapter.

4.1 Geometric Description of the optical systems

In this section we describe the geometry of the optical systems with respect to the vapour
cell. There are two optical systems that are dealt with independently; the primary optics
that focus sunlight into the vapour cell so that a narrow wavelength band may be reso-
nantly scattered; and the detection optics, arranged perpendicular to the primary optical
axis, that collect photons that have undergone resonant scattering. Photons transported
through both optical systems are counted and form the intensity measurements made by

the BiSON RSS. First we consider the primary optical setup.
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Figure 4.1: Diagram of the primary optics for a 3™ generation BiSON spectrometer.

4.1.1 Primary optical setup

The primary optics of a typical 3"¢ generation BiSON RSS consist of a telescope, polarisa-
tion and wavelength filters, and a resonant scattering vapour cell. Light rays entering the
instrument are transported through the system to produce a twice inverted (non-inverted)
image of the solar disk in the centre of the vapour cell. Light passing through the vapour
cell, and with a resonant wavelength, is scattered in all directions and hence passed to
the detection optics.
Figure 4.1 shows the primary optical setup to scale but magnified in the vertical axis. L1
is the front lens with diameter d1 = 50 mm, and a focal length f1 = 200 mm. L2 has a
diameter d2 = 30 mm and, focal length f2 = 60 mm. These two lenses are placed so that
they share a common focal plane and this creates a section of quasi-parallel light between
L2 and L3 required for the optical components sensitive to off-axis angle (the Pockels
cells). Finally, Lens L3 produces the image of the solar disk at the centre of the vapour
cell. The L3 lens particulars are diameter d3 = 38.1 mm and focal length f3 = 150 mm.
To model the instrumental weighting we must study the scattering of photons within
the cell, but this is sensitive to the geometric properties of the light path into the vapour
cell. Two parameters are sufficient to specify this light path; the size of the image of the
solar disk at the centre of the cell; and the solid angle of the light cone for each point
in the image. Both these values can be easily calculated with knowledge of the optical
setup and the angular extent of the source (the solar disk). While the angular extent of
the solar disk varies slightly and systematically throughout the year, here it is considered

that the full angle remains constant at one half of a degree 6, = 0.5°.
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Image size

The size of the image of the solar disk in the centre of the BiSON RSS vapour cell is an
important parameter in the simulation of an RSS [Broomhall et al., 2009b]. Using the
primary optical setup described previously it is straight forward to calculate the diameter
of the image from geometric optical principles. We use geometric optical principles, i.e.
modelling in terms of rays, as the wavelength band width of light considered is small, and
so the variation of refraction as a function of wavelength may be ignored. In addition,
the paraxial approximation used is valid as off axis angles do not greatly exceed 10°,
the approximate limit of validity. This geometric application is however, still a large
simplification that does not consider effects due to interference, particularly diffraction.

The size of the image in the common focal plane of L1 and L2, diyage,1—2, is determined by
the angular size of the source, in this case ., and the focal length of L1. Rays from the
limb and centre of the solar disk, passing through the centre of L1, form a right angled
triangle. The angle between the optic axis and the hypotenuse is half the angular extent

of the source and the opposite and adjacent sides of the triangle are f1 and 0.5dimage,1—2

tan O

respectively. The small angle approximation of tan %9 = —2 is valid giving the diameter

of the image in the common focal plane of L1 and L2 as,

dimage,1—2 = f1tan(fg). (4.1)

The image formed in the common focal planes of L1 and L2 is imaged into the plane
orthogonal to the optical axis at the centre of the cell. The magnification from the
common focal planes to the image in the cell is the ratio of the focal lengths of L3 and

L2. This gives the diameter of the image in the centre of the cell as,

fifs

2

tan(f). (4.2)

dimage,cell -
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Substituting in the values already stated gives an image with a diameter of 4.4 mm. These
calculations provide a lower boundary for the true image size and to account for the ge-
ometrical nature of the calculations and imperfections in the primary optical system, a

value of dimage,cen = 5 mm will be used in further work.

Solid angle of light into the cell

The primary optical setup places an image in good focus at the centre of the vapour cell,
but away from the plane at the centre of the cell the image produced lacks focus. The
solid angle of light entering the cell for a single point on the solar disk determines the
dispersion of the true image at some distance away from the centre of the cell.

To calculate the solid angle of light entering the cell for a point on the solar disk, we must
first define the size of the aperture at L1, Z;;. The half width of the beam between L2
and L3, =3, is then given by,

Zn1 f

oz = . 4.3
T (43

The value =53 defines the opposite side of a right angled triangle with the adjacent side

as the focal length of L3. The maximum off-axis angle in the cell .. is then given by,

Hcell = tanfl <;;1‘f€2) . (44)

It is common to reduce the front aperture =r; of BiISON instruments to reduce sensitivity
to optical misalignment. A typical value for the actual aperture is Z;; = 30 mm which
produces a maximum off-axis angle of 0.028 rad. Converting to solid angle gives the cone
as 2.46 x 1073 sr.

While the calculations so far have avoided any discussion of diffraction it is perhaps pru-
dent to comment on the limit of resolution. With an aperture of 50 mm, a wavelength
of 770 nm, and invoking the small angle approximation, the Rayleigh criterion gives a

diffraction limited angular resolution of 1.9 x 10° rad. For the solar disk, with angular
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diameter of 8.7 x 1073 rad, we then have a limit of around 1/460th of the solar diame-
ter. As mentioned, in BiSON instruments the front aperture may be stopped down to as
much as 30 mm, in which case the limit of resolution is 1/278th of the solar disk. Next

we consider the geometry of the detector optical setup.

4.1.2 Detector optical setup

The detectors in a BISON RSS count resonantly scattered photons propagating away from
the primary optical axis. Other forms of scattering or reflection cause non-resonantly scat-
tered light and this may be a significant source of noise. In order to maximise the ratio
of resonantly scattered to non-resonantly scattered photons counted, the detectors are
placed at right angles to the primary optical axis and the detectors view into the cell is
limited by an aperture.

Figure 4.2 shows the optical setup for both port and starboard detectors. The lenses L1
and L2 are aspherical plano-back with a diameter of 30 mm and a focal length from the
centre of 26.5 mm, this gives f# = 0.88. The lenses are constructed from optical crown
glass and have n = 1.518 at ~ 770 nm wavelength.

Lens L1 is fixed in position 19 mm from the centre of the cell while L2 can be varied

L2 L1 Cell

7 Detector
Aperture
Lw 4 4

Port Starboard

Figure 4.2: Plan view diagram of the detection optics for a 3' generation BiSON spec-
trometer.

between 58 mm and 73 mm from the centre of the cell. The detector surface is placed
at 81 mm from the centre of the cell and the circular aperture is of variable size ranging
from 2.5 mm to 3.5 mm in radius. The radius of the aperture and position of L2 can be

tuned for each instrument to minimise the contribution, and therefore noise, from non-
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resonantly scattered light.

Non-resonantly scattered light

Non-Resonantly Scattered (NRS) photons could be a significant source of background
noise in BiSON Sun-as-a-star radial-velocity measurements and hence efforts are made to
minimise them. It is thought that the source of detected NRS photons is scatter from
imperfections or dust on the walls of the vapour cell. To reduce the contributions from
NRS light, the BiSON RSS uses an interference filter that passes light in a small band of
wavelengths across the instrumental profile. As the intensity of light passing through the
cell is reduced by narrowing the pass band, less non-resonant scattering occurs and the
background count, with associated noise, is reduced.

In addition to the interference filter an aperture is placed over the surface of the detector
to improve the signal to noise ratio. The aperture is used to mask regions of the vapour
cell that contain significant amounts of NRS light. Figure 4.3 shows a composite (without
normalisation) from four images of NRS light taken with a infra-red sensitive CCD from
the BiSON Sutherland instrument. The intensities for each image are not continuous
due to the automatic gain in the CCD, but the structure of the NRS light can be seen.
The top of the image is the front of the cell and contains the majority of the NRS light.
The aperture on each instrument is adjusted to maximise the resonant signal over the
background noise. As a large part of the undesirable non-resonantly scattered light em-
anates from the front of the cell, it is clear that this volume of the cell should be masked

by any aperture.

Detector optical system sensitivity

In order to simulate the BiSON RSS and its measurements of the Sun-as-a-star it is im-

portant to understand the role of the detection optical setup and its sensitivity to regions
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Figure 4.3: Composite images of non-resonantly scattered light for the BiSON Sutherland
instrument taken in 2008 with an infra-red sensitive CCD. The front entrance of the cell
is located at the top of the image (see figure 4.4 for the geometry of the observation). The
majority of non-resonantly scatter light comes from the front of the cell. The scale in the
focal plane, that is the zy plane at the center of the cell, is shown for reference.

. L2 L1 Cell

View into cell for
T figures 4.3 & 4.5
v E

Sunlight

Figure 4.4: Diagram (plane view) illustrating the geometry of observation for figures 4.3
and 4.5.

of the vapour cell. To analyse the weighting in the cell produced by this detector optical
setup a ray-tracing program was created.
The ray-tracing methods for a single photon in three dimensions are described fully in
section 5.2.4 on page 97. Ray tracing each interaction in the detection optics system is
2D and here we consider a two dimensional xz-plane. For each point represented in the
xz-plane photons are generated with systematically varying angle of propagation so that
the photon crosses the diameter of the first detection lens L1. The photons are detected
if they cross the plane of the detector within the radius of the aperture.

Figure 4.5 shows the contour map of detections from the xz-plane for different detector
optics setups. The front of the cell is at the top of the map and the detector is to the right

hand side. The optical setup places a greater weighting on regions of the cell, broadly
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Figure 4.5: Scale maps of the detection optics weighting for a cross section of the vapour
cell in the xz-plane (see figure 4.4 for the geometry of the observation). The region shown
represents the full dimensions of the cell, 15 mm?. Lens is L2 placed at 58 mm from the
cell centre on the right hand side of the diagram. The detector has an aperture mask with
radius of 3.5 mm and 2.5 mm for the left and the right plots respectively.

speaking, closer to the detector.

The weighting displayed in figure 4.5 shows that as the detector and point of scattering
separation increases, the lens L1 presents a smaller solid angle to a particular point. This
reduces the weighting of regions further from the detector. The magnitude of this effect
is of course sensitive to the size of aperture placed over a detector.

In the z-direction, the aperture over the detector can be seen to minimise the weight
afforded to the front and rear of the cell as required. This is expected because a point
in the front or back of the cell will be completely masked if in focus at the plane of the
detector but the image is outside the aperture. As the image of a point in the cell is
moved out of focus so the sensitivity of the system to that point will increase.

The example weightings shown here are an important factor in how the BiSON RSS
weights the image of the solar disk. In addition to the weighting from the detection op-
tical setup there there is an optical depth effect [Broombhall et al., 2009b] that influences
the instruments weighting to the solar disk. This effect is a direct result of the nature

of resonant scattering and the following section sets out the physical details of resonant

scattering in the vapour cell.
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4.2 Resonant Scattering

As has already been discussed in Chapter 2 the BiSON RSS compares the solar absorp-
tion line with atomic transitions in the laboratory frame. The process fundamental to
this technique is that of resonant scattering, sometimes called resonance radiation. Here
we will discuss resonance radiation with reference to conditions in a BiSON RSS vapour

cell.

4.2.1 Resonance radiation

Resonance radiation was discovered by R. W. Wood in the early part of the 20'" century.
Much theoretical and experimental work has been carried out since then and is well de-
scribed in Mitchell and Zemansky [1971]. It is established that resonant scattering occurs
when the wavelength of an inbound photon matches the energy of an atomic transition. If
the excited state of an atom has a short lifetime and only one lower state to de-excite into,
then re-emission of a new photon, with a wavelength correlated to that of the inbound,
will occur.

Experimentally, resonance radiation is produced when a broad-band continuum of light
is passed through a vapour meeting the resonant scattering requirements. Scattered light
over a narrow band in wavelength may be detected away from the initial light path and
observations show that resonance radiation from a vapour is scattered in an isotropic
manner. The explanation for such observations is obvious if we consider the excited atom
as a dipole emitter with no preferential axis of alignment: emission must be isotropic. It
is this property that is exploited by the RSS to transport a photon away from the optical
axis to the detection optics.

Here we first consider the wavelength profile of resonantly scattered light.
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4.2.2 Energy levels and line profiles

The BiSON RSS vapour cell contains potassium that is heated to around 80°C, so that
vapour is placed in the path of the incoming sunlight. Figure 4.6 shows the atomic
transition of potassium between the 42P%and the 4QS%energy levels that will resonate in
the BiSON RSS. The wavelength of this transition is A\, = 769.9 nm and the lifetime of the
atom in the excited state is 7 = 2.7 x 107® s. Other potassium resonant states do exist
but light reaching the RSS vapour cell has been filtered to a narrow pass-band around
769.99 nm, thus suppressing detection of other lines.

The line profile of a transition is defined by the intrinsic atomic properties of the
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Figure 4.6: Diagram of the energy levels for potassium D1 2S%to 2P%resonant scattering

potassium atom and the state of the scattering vapour. Within the BiSON RSS vapour cell
the only independent variable is that of the vapour temperature. The vapour temperature
controls the width of the line profile and the number density of the vapour. The number
density of the vapour controls the optical depth and is dealt with in detail in section 4.3 on
page 73. Here we concern ourselves with the width of a transition in terms of wavelength.
Potassium atoms display hyperfine structure and the magnitude of this effect is determined
by the quantum number for nuclear spin. The nuclear spin of the potassium atom is I = %
and this produces hyperfine structure with only the S or ground state significantly affected.
The result is a hyperfine quartet with each component split by 88 m s~! [Brookes et al.,
1978]. The hyperfine splitting, natural width of 4.7 m s~! and pressure broadening (less
than 1 m s—!) are second-order effects when compared to the Doppler width of the vapour,
which is 650 m s~! at a typical vapour temperature of 80°C. Therefore we will include

the width of hyperfine splitting but neglect the other two effects.
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Figure 4.7 shows the sum of the hyperfine quartet at the typical vapour temperature,
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Figure 4.7: Diagram of line width with hyperfine components. The black line shows the
sum of the four components. The blue line shows a Gaussian profile with FWHM of
700 ms~!

80°C. The resulting line is well described by a Gaussian with a FWHM of 700 m s .
In the following work we will treat the line profile of a single resonant transition as a
Gaussian with this FWHM of 700 m s~ *. This assumption reduces the complexity when
considering the vapour under the influence of a magnetic field, described in the following

section.

4.2.3 With a magnetic field

The BiSON RSS places a weak magnetic field across the potassium vapour to Zeeman
split the atomic energy levels either side of the solar Fraunhofer line. This introduction
of the magnetic field increases the complexity of the energy levels shown in figure 4.6 on
the previous page. The Zeeman splitting of the observed spectral lines occurs because
the magnetic field creates an alignment with the magnetic moment of the atom. Energy
levels are then shifted creating the splitting of the resonant lines.

In the weak field approximation the external applied field is not sufficient to disrupt the
coupling between orbital and spin angular moment i.e. the external applied magnetic

field (0.18 T) is weaker than the potassium atoms internal magnetic field (> 2 T). The
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orbital and spin angular momenta then remain coupled. In this regime, the magnitude of

the shift in energy, AF, is given by,
AE =m;gsup|Bl, (4.5)

where pp is the Bohr magneton, g; is the Lande g factor and m; is the magnetic moment
quantum number.

The magnetic field strength used by a typical BiSON instrument is 0.18 T, which is well
within the weak field regime. For the case of the potassium D1, 2P%to 2S%transition,
the Lande g factors are, g; = % and ¢g; = 2 respectively. For both states the magnetic

quantum number may be, m; = i%, creating a pair of doublets.

Figure 4.8 shows the shifted energy levels and subsequent splitting of the potassium
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Figure 4.8: Diagram of the energy levels for potassium RSS resonant scattering with
magnetic field.

atomic transitions. The components of the quartet of transitions are commonly labelled
as m and o. The labels are defined by the change in the magnetic moment quantum
number with 7 transitions having Am; = 0 and o transitions having Am; = £1. Each
transition occurs within a line profile at a well defined wavelength, but for a transition to
be allowed the dipole selection rules must be satisfied.

The BiSON RSS uses a longitudinal magnetic field with respect to the incoming light.
This, by design eliminates absorption taking place by a 7 transition because the selec-

tion rules of dipole radiation require that Am; = 0,£1. In the transverse magnetic field
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configuration all the Zeeman components are allowed transitions. However, in the longi-
tudinal configuration, Am; = 0 components are polarised parallel to the magnetic field
and absorption is forbidden. The two o components remain as the two allowed transitions
in the longitudinal configuration. The BiSON RSS selects only one of the 0 components
by the polarisation of the incoming light.

Inhomogeneity in the magnetic field adds complication to the scattering profile. In the
case of a variation in the longitudinal field strength, the scattering profile is pulled and
widened in the direction of the filed strength change. Measurements of the magnetic filed
along the longitudinal length of the cell show the variation to be of order a few percent
(private communication B. Miller). In the case of the introduction of a transverse com-
ponent, the scattering profile must now include a contribution from the m component.
However, a large angle away from the longitudinal axis is required before the m compo-
nent is significant, because the scattering profile is sensitive to the sine of the transverse
angle.

The probability of a scattering event as a photon passes through the vapour cell is de-
termined by the optical depth. The following section works towards defining the term
instrumental optical depth and showing its associated temperature dependence. This sets
the platform enabling us to describe the path of a photon through the vapour cell in

section 4.4 on page 77.

4.3 Instrumental Optical Depth

Now we go on to discuss the instrument at a macroscopic level, considering the opti-
cal depth of the vapour cell. This section will set out the wavelength and temperature
dependence of optical depth in the vapour cell. We will show that it is too simplistic
to describe the “optical depth” of the cell because a different absorption coefficient is
presented across the instrumental line profile. To improve the description of the cell we

introduce the term Instrumental Optical Depth(IOD), this is briefly defined as the optical
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depth at the central wavelength of the resonant line profile.

4.3.1 Monochromatic optical depth

Let us start by considering monochromatic light passing through an opaque absorbing
medium. The optical depth, 7y, is defined by the exponential reduction in the ratio of the

incident and transmitted intensities through this medium
— =e ™. (4.6)

The optical depth is dependent on the number density, n, of the scattering particles

multiplied by the scattering cross section, o), integrated over the optical path, s, i.e.

T = /TLO',\ ds. (47)

The dependence of optical depth on path length can cause confusion and a more natural
parameter is the absorption coefficient, x), defined more simply by the number density

multiplied by the scattering cross section
K)x = noy. (4.8)

The state of the vapour within the cell is considered as homogeneous so the number
density and scattering cross section are constant over the path taken by a photon. This

allows us to compare the optical depth and absorption coefficient
TA = NONS = K)\S, (4.9)

showing that the monochromatic optical depth is the absorption coefficient multiplied by

the path through the absorbing medium, in this case the length of the cell.
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The absorption coefficient is comprised of two terms, the number density and the scat-
tering cross section, if both are known then the monochromatic optical depth of the cell

can be calculated. We start with the number density.

4.3.2 Number Density

The BiSON RSS vapour cell contains potassium vapour which will be treated as an
ideal gas under normal operating pressures, i.e. interactions between particles may be
neglected. The number density of the potassium vapour can then be calculated from the
familiar ideal gas law

pV = NkT, (4.10)

where p is the pressure, V' is the volume, /N is the number of molecules, £ is Boltzmann’s
constant, and 7' is the temperature of the gas.

Expressing the number density n and pressure p as a function of the temperature gives

n(T) = 222 (4.11)

The vapour pressure of potassium at temperatures lower than 500 K has been determined
by fitting to a selection of results taken from Hicks [1962]. The selected model shows an

exponential change in vapour pressure across the temperature range required, i.e.,

Puapour(T) = 1075205 =312) py. (4.12)

The number density is a function of temperature but independent of wavelength. The
scattering cross section is a function of both temperature and wavelength and we consider

this next.
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4.3.3 Scattering Cross Section

The scattering cross section is the area of interaction presented to photons by the potas-
sium atoms and for resonant scattering is dependent on both the vapour temperature
and the photon wavelength. The temperature dependence derives from simple Doppler
arguments while the wavelength dependence is introduced by the absorption line profile
from Boltzmann concepts. From Mitchell and Zemansky [1971] the resonant scattering

cross section o(\,T') is given by

2 In2 X2 g,
\T) = 072 A A 4.13
TNT) = SV g A2, (4.13)

where g; and g, are the degeneracy of the 2P%and 2S%energy levels respectively, Ag; is

the Einstein A coefficient, Avp(T) is the Doppler width of the vapour and ¢()\) is the
resonant scattering line shape.

The resonant line shapes are the Zeeman components considered in the previous section.
Doppler broadening dominates the width of the scattering line as shown in section 4.2.1

on page 69 and so ¢()\) can be treated as a Gaussian profile with FWHM of 700 m s~

2kT
Avp(T) = Aoy ) ——, (4.14)
mo

where my is the atomic mass divided by Avogadro’s constant.

The Doppler width is given by

4.3.4 A new definition: IOD

From the arguments of equations 4.13 and 4.11, the scattering cross section and number
density, and so the optical depth, are functions of both vapour temperature and wave-
length. When describing the vapour cell it is straightforward to refer to the temperature
of the vapour. However, the wavelengths of light entering the cell are spread over a narrow

pass-band determined by the interference filter. To refer to a single optical depth of the
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cell becomes too simplistic and even confusing.

For the sake of clarity we introduce a new term: the Instrumental Optical Depth (IOD).
The IOD is defined as the optical depth at the centre of the resonant transition line profile
where ¢(\) = 1.0. This choice means that the IOD is the maximum optical depth that a
photon “sees” on entering the cell, but obviously the vast majority of photons will have
a much lower optical depth presented to them than that of the IOD. The IOD is simply
described by

IOD(T) = n(T)o(T)|p(r)=15. (4.15)

and is now only a function of vapour temperature.

The work in this chapter so far has described the optical components outside of the
vapour cell, the scattering process within the cell and the IOD that provides a description
of the state of the cell. We must now focus on the path that photons take to propagate
through the cell. In the following section we set up a Zeeman absorption matrix in
Stokes parameter space. This allows for the description of the absorption in terms of the
polarisation and orientation with respect to the magnetic field. We will show that the
Zeeman absorption matrix can determine the absorption and emission probabilities for
light with a given wavelength, polarisation and axis of propagation through a cell with a

known IOD.

4.4 The path of a photon through the cell

The simulation of the vapour cell within a BiSON RSS requires knowledge of the path
taken by photons passing through the cell. Analogous to a random walk, the distance
between interactions and the angle of resonant scatterings determine this path. The
distance between interactions is determined by the optical depth of the potassium vapour.
The distributions for angle of scattering can be determined by considering the potassium
atoms as dipole oscillators rotating in a magnetic field. We start by defining the co-

ordinate system.
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4.4.1 Definition of axis

The angular components of spherical polar coordinates are defined in opposite ways by
physicists and mathematicians, making a statement of definition prior to use necessary.
Figure 4.9 shows the adopted definition - the physicists convention - in this work. Any
point may be described by r the distance from the origin, # the angle formed with respect

to the z-axis, and ¢ the angle formed with respect to the x-axis. Having defined the

Figure 4.9: Chosen definition of spherical polar coordinates with a point described by the
distance from the origin, # the angle formed with respect to the z-axis, and ¢ formed with
respect to the x-axis.

coordinate system we may move forward by considering the properties of Zeeman resonant

scattering.

4.4.2 Properties of Zeeman Resonant Scattering

The resonant scattering of light in a magnetic field has been tackled already in radiative
transfer theory and work heavily taken from Rees et al. [1989] will be presented here. The
approach by Rees et al. [1989] is to setup a transfer equation for the Stokes vector, I, to

compare with polarimetric measurements

dI
— =—-KI+j 4.1

where K is the total absorption matrix and j is the emission vector.
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Stokes parameters: definition

Before tackling the application of work by Rees et al. [1989] we should start by defining
what we mean by Stokes parameters. Stokes parameters provide a convenient mathe-
matical description of the polarisation state of electromagnetic radiation. Light can be
considered as a transverse wave, that is oscillations of the electric field occur perpendicu-
lar to its velocity, and the plane of this oscillation is referred to as the polarisation. And
S0, Stokes parameters describe the electric field in the plane of oscillation.

There are a number of ways for prescribing Stokes parameters and these vary in both
nomenclature and definition, although differences rarely exceed some form of normalisa-
tion. For this reason we will take the time to write out each parameter explicitly in terms
of the contribution of the electric field in the transverse directions, these being £, and E,
if propagation is considered to be in the z-direction, and the relative phase ¢ of F, with

respect to E,. We define the Stokes parameters as

I =(E2)+ (E}) (4.17)
Q= (E2) — (E}) (4.18)
U =2(E,E,)cos§ (4.19)
V =2(E,E,)sing, (4.20)

where (...) indicates the mean value over time.

Each of the Stokes parameters describes an aspect of a beam of light: the total intensity
of the beam, I; the degree of linear polarisation parallel to the x-axis, Q; the degree of
linear polarisation at 45° to the x-axis, U; and the degree of circular polarisation for a
clockwise rotation of the electric field in a given plane when looking towards the source,
defined here as right-hand circularly polarised. It is straight forward to present Stokes
parameters for common states of fully polarised beams, as detailed in table 4.1. Finally

for ease of presentation is it common to find Stokes parameters displayed as the “Stokes
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| [/ [T/T]V/T]

linear parallel to x 1 0 0
linear parallel to y -1 0 0
linear 45° to x 0 1 0
linear —45° to x 0 -1 0
right-handed circular 0 0 1
left-handed circular 0 0 -1
unpolarised 0 0 0

Table 4.1: Stokes parameters for common states of fully polarised beams of light.

vector” S such that

(4.21)

= a8 Q&

The strength of Stokes parameters comes from the ability to describe all possible states
of polarisation from unpolarised, through partially polarised, to fully polarised. We now

continue to apply the radiative transfer work by Rees et al. [1989].

Zeeman absorption matrix

While Rees concerned himself with multiple types of scattering and subsequent emission,
here we restrict our discussion to just resonant scattering. The resonant scattering Zeeman
line absorption matrix ® is just one component of K in radiative transfer theory and is

given as

o1 ¢  Pu v
bQ o1 Py —dy
e T
ov by —dg b

, (4.22)

where ¢ and ¢’ are the line absorption and emission profiles in wavelength and the sub-
scripts refer to the defined Stokes parameters. The individual terms are given by Rees

for generalised anomalous Zeeman splitting if the following conditions are met: transi-
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tions are electric dipole in nature; emission is treated as negative absorption; photons are
completely redistributed on scattering; and the vapour is homogeneous. All these require-
ments are expected to be satisfied for potassium vapour in a BiSON RSS cell. Taking the
specific case of the 428%to 42P%p0tassium doublets, Rees formulae can be used to give

the constituent terms of the absorption matrix

¢r = % (¢pr+ + ) sin® 6 + i (¢o+ + o) (1 + cos®§) (4.23)
ba = 5 |(6rs +0-) — 3 (9 + 6,0) | sin? Dcos 20 (1.20)
b0 = 3| (0rr +00-) 2 (Bpe 46,0 | sin?05in 26 (4.25
v = %(_qﬁﬁ + ¢ ) cos 0 - (4.26)
Oy = 3|6t ) 3 )] sin?hos 2 (4.27
O = |0+ 0 )~ 5 (0 +0l )| s 0sin 26 (4.28)
& = %@:ﬁ + 6 cos 0. | (4.20)

By definition the absorption and emission terms have the same form but are dependent
on the absorption or emission profiles and direction of travel. In fact the absorption and
emission profiles will differ due to Faraday rotation (rotation of the plane of polarisation is
scrambled during absorption and subsequent emission). In further work we will ignore the
impact of Faraday rotation, primarily because it is a second order effect but also because
its inclusion is computationally difficult to achieve.

The Zeeman absorption matrix acts in a similar manner to a Mueller matrix but with a
difference. Mueller matrices are used to describe optical components and their influence on
polarised light. A Mueller matrix combined with matrix for incoming light will return the
Stokes parameters of the light exiting the optical component. Here the Zeeman absorption

matrix, when supplied with incoming light, will return the change in light passing through
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the cell. This allows us to investigate the action of the cell on different polarisation states

of light.

Polarisation

The BiSON RSS directs inbound circularly polarised light through the vapour cell in
a longitudinal magnetic field. This circularly polarised light can be represented by the

Stokes parameters

RHC = , (4.30)

for right handedness and

LHC = , (4.31)

-1
for left handedness. The Stokes parameters of the transmitted light I;,..s can be calculated
from

dlI

I— — =Tians, 4.32
dz ! ( )

where the vapour can be represented by the resonant scattering Zeeman absorption matrix.
Assuming a high opacity 7, >> 1, and no emission ¢! = 0, the change in the Stokes vector

I, can be represented by
dl

— = 3L 4.33
R (4.33)
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Hence the we may calculate the change in the Stokes parameters for light resonantly

scattered while passing through a BiSON RSS vapour cell

Gar o1 g  Pu  Pv
¢aqQ ¢o ¢ Py —dy
bav du —dy 1 b
Pav ov . —dp 91

(4.34)

= @ & ~

Consistent definition of the Stokes parameter V is required to exploit the above notation
Clarke [1974]. The common definition has the V' parameter greater than zero for o
and for o the parameter must be less than zero. Using this to evaluate the previous

expression for right hand circular polarisation and at the incident angle # = 0 gives

Dot ¢r P  Yu Qv 1
I R A (4.35)
0 dv —dv b P 0

Do+ ov by —dg b 1

and for left hand circularly polarised light

Po- or g v —dv 1

Ol o e o v o L0 (4.36)
0 dv Py 1 ¢>'Q 0

—Qo- —v by —dp 91 -1

The calculations show the change in the Stokes parameters will be equal to the Stokes
parameters of the input light. This means that at high optical depths, circularly polarised
light is fully absorbed when incident along the magnetic field lines.

Of course the equations can be used to tackle any set of absorption parameters, or even
emission parameters as the process is by design commutative. Figure 4.10 shows the

angular dependence of each of the Stokes terms in ¢ — 6 space.
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When modelling the BiSON RSS vapour cell we must know the wavelength, polarisation

¢

Figure 4.10: Images of the Stokes terms in ¢ — 0 space. Left to right: ¢r; ¢o; du; ov.

and direction of travel of photons to determine the probability of absorption in conjunction
with IOD. Having dealt with polarisation we move on to consider the angular dependence

of each transition.

4.4.3 Angular Dependence

In the absence of a magnetic field, resonantly scattered light emission is isotropic. This
isotropy must be maintained over all the Zeeman transitions, but allows for anisotropic
absorption and emission for an individual line. These effects can be investigated using
the Zeeman absorption matrix terms.

From equation 4.23 we can isolate the angular dependency v of the 7 and o components.

We have

,QZ)W - % (§Z$7r+ + d)n*) Sin2 9, (437)

and

Yo = % (¢o+ + Po-) (14 cos®8). (4.38)

The relative strengths of the lines are given in Mitchell and Zemansky [1971] and quoted
as 40 : 20 in the transverse direction, for the o and 7 lines respectively. Again using

equation 4.23 we can apply the line strengths in this direction, i.e. # = 90°. This gives

¢I - % (¢7r+ + QSW*) + 4740 (¢a+ + ¢a*) ) (439)
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and shows that the components are of equal strength in the transverse direction. This is
consistent with Kuhn [1962] who uses the correspondence principle to show the “equality
of all four components in the transverse direction.”

Figure 4.11 shows the angular distribution of the o and 7m components and confirms
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Figure 4.11: Resonant scattering angular profiles in a magnetic field. The red line rep-
resents the o components and the blue line the 7. The black line is the sum of both
components showing isotropy.

their sum is isotropic as expected. The total probability of emission by either a o or 7
transition can be found by integrating over # for both components. Over all angles three
times as many o transitions as m will occur.

We have completed the required description of the instrument and the resonant scattering
process, in the next chapter we implement the physics described here in a simulation of

the instrument.
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Chapter 5

Modelling multiple scattering

In the previous chapter we discussed the process of Zeeman split resonance radiation in a
vapour. We now proceed to apply these concepts in the context of a Resonant Scattering
Spectrometer (RSS) used to make radial velocity measurements of the Sun as a star.
We will see that the Instrumental Optical Depth (IOD) is an important consideration in
constructing a model of an RSS. Furthermore, as it is almost impossible to fully model the
performance of an RSS, we show that Monte Carlo simulations are an effective method
of determining the system response.

We start with a brief review of previous approaches to the problem, before motivating
the need for the Monte Carlo methods including multiple (rather than single) scattering
and finally present the results from the simulations. We find that the classical view of an
optical depth of unity for optimal observations is flawed and show that an IOD of no less

than two is advantageous.

5.1 Introduction

Optical depth in an RSS vapour cell is a well studied subject, so why should we recon-
sider this work? One reason is that in the context of an RSS there is inconsistency and
ambiguity in the definition of optimal optical depth. We assert that the term “optimal”

refers to the conditions which give the largest number of resonantly scattered photons
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detected and take this as a working definition. The use of the term “optical depth” in
previous work will be considered and compared to instrumental optical depth.

We will proceed by considering three different approaches to the problem which have
been taken in the past: an optimal optical depth of unity; the Hoyng theoretical method;
and the Broombhall empirical work on Doppler imaging. We will adjust reported values
in these three works to conform to a consistent definition. We will highlight the short-
comings of the previous approaches and so make the case for a full treatment including

multiple scattering.

5.1.1 Optical depth of unity

The optimal optical depth of a vapour cell in an RSS is commonly stated as having a
value of unity (Boumier [1991], Chaplin [1993]), the canonical value. Why is this view so
prevalent and what is its impact on vapour cell modelling? An assumption underpinning
a value of unity for optical depth is that detected photons have been scattered only once.
When constructing a model for the GOLF RSS, Boumier [1991] states that the optimal
optical depth for the vapour cell is unity. Boumier cites Mitchell and Zemansky [1971]
and private communication with H. B. van der Raay as evidence that multiple scattering
in the vapour cell is negligible. The usual argument is that there should be a balance
between a maximum of photons scattered into a detector and a low chance of multiple
scattering. The balance point of the two opposing processes is assumed to be an optical
depth of unity. But is this true?

To examine the importance of secondary scattering, we consider a cube vapour cell with
an optical depth of unity and light scattered and re-emitted at the cell centre. The optical
path towards a detector will then be half the length of the cell and so the optical depth
seen by any photon is simply one half. We can use the equation for a beam of light
with intensity I, passing through an absorbing medium with optical depth 7, and initial

intensity Iy to calculate the ratio of intensities of the passed and initial beam. Substituting
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Figure 5.1: Diagram of Hoyng active region

in numbers gives

—=e¢ " =¢ " =061 (5.1)

Consequently, nearly 40% of the incident photons will undergo a subsequent interaction or
in other words, secondary scattering. But this calculation says nothing about the optimal

optical depth which is an issue that we will explore.

5.1.2 The Hoyng Approach

Hoyng [1989] took a theoretical approach to modelling the problem of optimal optical
depth in an RSS vapour cell. His work required the optimal optical depth as a parameter to
estimate the noise contribution from variations in vapour temperature. Hoyng constructed
an “active region” and treated the vapour as an absorbing medium. First we consider the
active region. Hoyng assumed that scattered light reaching a detector originated from an
“active region” in the vapour cell. This active region is controlled by the configuration of
the detection optics (see section 4.1.2 on page 66). The region is assumed to be formed
as a box in the centre of the cell with distance d between the front of the active region
and front of the cell, and the same for the back. The total internal length of the cell is
given as [. Figure 5.1 shows the Hoyng vapour cell geometry.

Having defined an active region of the cell, Hoyng proceeded by considering the fraction

f of the beam absorbed in the active volume. The absorption in the active region can be
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calculated as the beam intensity at the front of the active region, less the intensity at the

back of the active region and gives
f — e—nd (1 - e—n(l—Qd)) — e—nd - e—n(l—d). (52)

The point of optimal optical depth is a balance of a high enough optical depth that

sufficient light is absorbed, but not so high that a large component of the scattering occurs

before light reaches the active region. The optimal absorption coefficient kop, is then a
5t

(maximum) turning point of equation 5.2 i.e. &= = 0. Differentiating and rearranging for

Kopt 1Ves

1 [ —d
Ropt = m lOg (T) . (53)

By using typical values for a BISON spectrometer of d = 4.0 mm and [ = 15.0 mm, we find
that the optimal conditions are k.p = 0.144 or equivalently an optical depth 7o, = 2.17.
We have seen that for optical depth greater than unity multiple scattering should be con-
sidered. There is another consideration, which is the variation of absorption coefficient
with wavelength (equation 4.13 on page 76). Photons with wavelengths in the wings of
the scattering line profile are subjected to a smaller scattering cross-section than those at
the centre. If we were to modify the Hoyng approach to include the line profile we would
find the resulting optimum IOD to be greater than 3. Therefore, not only is it sensible to

consider multiple scattering but any model should be multiwavelength.

5.1.3 The Broombhall approach

Work carried out by Broomhall et al. [2009b] (from here on Broomhall) used the optical
depth in the vapour cell as a parameter to estimate the RSS instrumental weighting (a new
aspect of “Doppler imaging”) in Sun-as-a-star observations. Constraints on the working
optical depth were found to exist in the simultaneous - but subtly different - observations

made by the two detectors in a single BiSON RSS.
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The non-homogeneous response of the RSS across the solar disk, studied by Broomhall, is
known as Doppler imaging. Solar contributions to this effect, rotation and limb darkening,
had been well documented [Brookes et al., 1978] but Broomhall described an instrumental
effect that was dependent on the image of the solar disk and the optical depth in the cell.
This effect forms from the sensitivity of a detector that is influenced by its distance from

the point on the solar image 2 due to the optical depth, where

— = T = e "%, (54)

The asymmetry in the solar disk due to rotation and the instrumental weighting effect
combine so that the BiSON port and starboard detectors make different observations.
Hence, the two observations can be used to constrain the working value of optical depth.
The value reported by Broomhall for working optical depth considered only half the length
of the vapour cell. So as we can make comparison with the Hoyng work and IOD, we must
double the reported result for Broomhall. In addition, Broomhall demonstrates that the
reported value is sensitive to the size of the image at the centre of the vapour cell formed
by the primary optics. Broomhall works consistently with an image of diameter 10 mm,
but we have shown in section 4.1.1 on page 63 that the diameter for BiISON instruments
is nearer 5 mm. For the corrected image size, Broomhall reports a working optical depth
of 1.15, which is equivalent to 7 = 2.3 over the full length of the cell.

We see that the Broomhall approach is in agreement with Hoyng, which is convincing as
they are testing two, quite different, concepts. However, both have common assumptions.
Both ignore the changing optical depth over the scattering line profile and both treat
detected photons as scattering only once. We have seen that when including the line profile
the value of optimal IOD will be increased, which in turn will increase the significance
of multiple scattering. Increasing multiple scattering will have the added consequence of
diffusing the instrumental weighting from Doppler imaging. Therefore, it is necessary to

conduct a full treatment of the system to establish the true instrumental weighting.

90



5.2 A Monte Carlo approach

The Monte Carlo method is a device for studying stochastic models of a physical process,
in this instance a photon travelling through a vapour. The path of this photon, through
the scattering medium, is simulated by ‘rolling dice’ (dice with many more than six sides)
to determine distance and direction, absorption, and emission parameters. By repeatedly
determining the path of photons through the cell, the Monte Carlo method estimates the
probability that a photon, with given initial conditions, will strike a detector in an RSS.
These probabilities will be used to assess the instrumental weighting over position on the
solar disk and wavelength.

The transportation of photons through a scattering layer of vapour is a radiative transfer
problem, particularly analogous to radiative transfer in stellar atmospheres. Monte Carlo
techniques have been used for radiative transfer before (see [House and Avery, 1969] for a
general but dated review). Work on radiative transfer problems has moved away from the
Monte Carlo method, given development of more sophisticated numerical techniques, but
in the application of the RSS, with inhomogeneous weighting from detection optics, these
new techniques do not apply. In fact, the Monte Carlo method is ideal for the simulation
of an RSS.

Simulation of resonant scattering, here in an RSS, using Monte Carlo methods can be
described using a widely used scheme from Avery and House [1968]. To initialise the
simulation, a system of coordinates, boundary’s and optical components are defined to
describe the RSS, and the physics of resonant scattering and the optical systems must
be constructed in a probabilistic way. The method considers a single photon released to
the system which is forced to traverse the cell, its motion being governed by the under-
lying physics sampled by quasi-random number distributions. On escaping the system
the properties of the photon are recorded and assessed for detection. The release of pho-

tons continues until the statistics on the probabilities of detection are considered adequate.
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5.2.1 Initialisation

Initialisation describes the state of the instrument to be used by the Monte Carlo method.
Parameters that influence the propagation of a photon from the point of entry to the point
of exit must be set. There are three main systems that transport photons; the primary
optics that introduce a photon to the cell; the vapour in the cell that resonantly scatters
photons; and the detection optics that forward a photon to the detector.

The primary optics define the range of paths a photon may take when entering the vapour
cell. The parameters to be supplied to the simulation are the position of the image of
a point source in the vapour cell and the maximum off-axis angle in this image. The
position of the image in the cell is determined by the magnification of the primary op-
tics. Section 4.1.1 on page 62 considered the mapping of the image of the solar disk to
the image in the vapour cell, finding the image to be in the centre of the cell and have
diameter dimagecen = 5 mm. This image is inverted twice meaning that any normalised
coordinate system defined on the solar disk maps 1 : 1 to the image in the centre of the
cell. The image in the cell is created by lens L3 and this defines a maximum off-axis
angle of 0.028 rad. However, the off-axis angle of any individual photon is determined as
a source variable, as discussed in further on in section 5.2.2. The vapour cell is described
by its geometry, IOD, and the wavelength profile of the resonant potassium transition.
The basic physics behind this have been discussed extensively in chapter 4, and here we
will only mention a few points on application. The geometry of the vapour cell is a cube
with side length of 15 mm; there will be no treatment of the stem of the vapour cell.
The TOD is determined by the temperature of the vapour. And finally, the transition
line profile shape is set by the underlying physics while the magnetic field determines the
central wavelength of the line.

The alignment of the detection optics determines the sensitivity of the instrument to re-
gions of the cell (see section 4.1.2 on page 66). The position of detection lens DL2 and
the size of the aperture over the detector are variables to be set in initialisation, on top

of the standard definition of the component position. Having discussed the initialisation
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of the instrument we continue to discuss the parameters of the photons supplied to the

system.

5.2.2 Source parameters

The parameters of a source photon must be set before it is is released to propagate through
the system. Our aim for this simulation is to characterise the instrument in a way that
can be integrated into the models proposed in chapter 3. If we consider the approach
that would be taken with a real instrument in a laboratory, it would be ideal to present
a monochromatic, circularly polarised, point source and scan through wavelength and
position of source. Hence, we will follow the same approach in this simulation and so the
source parameters are wavelength, polarisation, and position.

As we have defined above, wavelength is a user input into the Monte Carlo simulation (it
is not determined stochastically), but the process must be repeated to cover a suitable
energy range. The wavelength is important because it is combined with the IOD to
produce the optical depth a photon sees when entering the cell. From earlier definitions,

initial optical depth 7; is given by,

7; = 10D x ¢(N), (5.5)

where ¢(A) is the line profile with possible values ranging from 0 to 1.

The position of an ideal point source determines the path of light through the primary
optics, and hence the initial path through the vapour cell. Because the image of a point
source is inverted twice through the primary optics, the position of the source maps
directly to the position in the cell. The possible paths of light, from the last lens in the
primary optical setup to the vapour cell, are bounded by a cone with a maximum off-axis
angle of 0.028 rad defined in section 4.1.1 on page 64.

A path for each photon must be selected randomly from the distribution of off-axis angles.
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A point source (or even a point on the solar disk) will emit isotropically, and hence the
distribution of off-axis angles will be uniform in spherical polar coordinates over the cone
bounded by the maximum off-axis angle. To achieve the required random deviates the
transformation method is applied in spherical polar coordinates over the designed solid
angle.

Appendix 11.2.1 on page 221 gives the derivation of the desired random deviates from two
supplied uniform random deviates, u and v. The required results show the path (given in

terms of # and ¢) within the limits of the maximum off-axis angle U,,,., as

0 = cos™t (—cos(m — Upay) + v (=1 — cos(m — Upnay))) (5.6)

¢ = 2mu. (5.7)

Strictly speaking, the initial optical depth seen is determined by a combination of a pho-
tons wavelength, direction of travel, and polarisation. This is a slight adjustment, due
to the magnetic field in the vapour cell, to the dependence given in equation 5.5. It
is necessary because the Zeeman splitting of the line profiles produces a more complex
situation described in detail in section 4.2.1 on page 69. However, the source condition
of polarisation is determined by optical components in the instrument, which ensure cir-
cularly polarised light of either left or right handedness enters the cell. Light enters the
cell parallel to the magnetic field plus or minus the off-axis angle which is a maximum of
0.028 rad. As this angle is small, we are able to state that the first absorptions to occur
in the cell will be completely dominated by ¢ transitions, with 7 transitions accounting
for less that 0.5% of resonant scatters. Hence in the simulation we will ignore the initial
dependency on direction of travel, the impact of polarisation, and the contribution of any

initial 7 scatter for the first absorption in the cell.
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5.2.3 Propagation

The previous section details work to initialise the system and receive a photon from the
primary optics. Here we deal with the process of propagating this photon through the cell
and on to a detector. The movement of a photon is determined by probabilistic physical
processes that are replicated here with distributions of random deviates.

The probability distribution function of distance travelled z, through a medium with

absorption coefficient k, is given by
P(zx)=1—e"". (5.8)

Using the transformation method, a random uniform deviate R, can be transformed to
an exponential random deviate (see appendix 11.2 on page 221 for derivation), where the

result is

1
=—|InR 5.9
o=l nE] (59)

or written in terms of seen optical depth 7, and the length of absorbing medium /[,
[
r=—|InR|. (5.10)
T

The seen optical depth is determined by the value of the line profile at the wavelength A,

multiplied by the IOD hence
[

T

where the details of ¢(\) from a 7 or o transition have been discussed extensively in
section 4.4.3 on page 84.

Absorption occurs as a resonant transition where the energies of the photon and transition
match, hence the type of transition is determined by the wavelength of the photon. The
magnetic field used in the BiSON instruments has magnitude large enough that there is
no overlap of transitions, so a photon with wavelength within the ¢ line profile will only be

absorbed by a ¢ transition. The type of absorption transition determines the excited state
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of the potassium atom, and hence influences the de-excitation transition and associated
emission.

Firstly, an atom may de-excite to either possible ground state, allowing both ¢ and =
photon emission, but not with equal probability. Section 4.4.3 on page 84 shows the ratio
of transitions, over all angles of emission, to be 3 : 1, o to m. This choice of transition
determines the distributions of properties for the new photon emitted.

Secondly, the direction of propagation of a photon is sensitive to the type of transition, this
is evident in section 4.4.3 on page 84. The random deviates giving the angle of emission
required by the Monte Carlo simulation are derived in appendix 11.2 on page 221 using
the transformation method. The distribution functions equated to the uniform random
deviate R, are

R = (—cos’@ — 3cosf + 4) (5.12)

ol —

for the o transition, and

R = sin* <g> (cos @ + 2) (5.13)

for the 7 transition. These equations must be solved for theta having generated a given
R, but this is non-trivial. From Press et al. [1992], we solve the previous expression by
a combination of Newton-Raphson method and bisection. This yields an numerical value
for 6 from the uniform random deviate R.

In addition to direction of propagation, the wavelength of an emitted photon is determined
by the choice of transition. As an atom de-excites through either a 7 or ¢ transition, so
a photon is emitted with energy defined by the width of the transition. We approximate
the transition, and so wavelength profile, as a Gaussian (section 4.2.2 on page 70). The
central wavelength of the profile is set by the magnitude of the magnetic field and the

width by the properties of the vapour. Here we use FWHM = 700m s !.

A Gaussian
random deviate can be generated using two uniform random variates with the ‘gasdev’
routine from Press et al. [1992].

Lastly, the transition type and the direction of propagation determines the polarisation
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properties of photons. Previously we have treated emission and absorption through reso-
nant transitions as dipole radiation, hence the alignment of the dipole moment is impor-
tant and in fact different for o and 7 transitions.

However, we are able to make a useful and valid simplification that removes polarisation
from consideration. The polarisation characteristics of emission have the same dependen-
cies (principally the alignment of the dipole) as absorption. In the absence of rotation of
the axis of polarisation due to propagation through a magnetic field (Faraday effect) or
other scattering processes, the polarisation of an emitted photon will give the maximum
probability of absorption in that direction. For this reason, the complicated description of
polarisation in terms of Stokes parameters falls out of the equations required to calculate
the distance travelled before absorption. Apart from anything else this will provide a sig-
nificant benefit in terms of computational efficiency, and for this reason Faraday rotation
and scattering processes other than resonant scattering are ignored.

With the above physical processes, expressed in probabilistic terms, we have enough in-
formation to propagate a photon through a potassium vapour cell. After each discrete
movement the photon must be tested to see if it remains in the cell. Photons still in the
cell must be propagated till they are not, and photons that have left must be assessed for

detection.

5.2.4 Detection

The assessment for detection will be performed by a ray tracing element of the Monte
Carlo routine, in effect continuing the transfer of a photon through the instrument. For a
photon leaving the cell, the point of last scatter and direction of travel are known and it is
straight forward to identify photons heading towards the first detection lens. Photons not
destined to meet the surface of the first detection lens can be recorded as not detected,
while all others are propagated through the lens system to reach the plane of the detector.

The geometric information for the detection optical setup is detailed in section 4.1.2 on
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page 65.

Spencer and Murty [1962] detailed a general procedure for implementing ray tracing
through an optical system with a single optical axis, as is the case for the detection
optics. In brief, this procedure starts with the position of the ray source and its direction
of propagation, here supplied by the vapour cell transfer element of the simulation. The
point of intersection of the ray with the first optical surface is determined and the action
of this surface is found. Modifying the direction of propagation of the ray completes the
action of the first surface and the procedure is repeated until all surfaces are dealt with.
In order to be successfully implemented into the simulation, the ray tracing element must
be computationally efficient. Ray transfer matrix analysis is computationally efficient
but only valid under a paraxial approximation. The detection optics accept, and detect,
photons that are at a large angle (6 # sin 0) to the optical axis. To fully consider the whole
volume in the vapour that the detection optics are sensitive to, a ray tracing procedure
is require. Ray tracing in not particularly computationally efficient but necessary. For
this reason we choose to implement a simplistic and first order approach that ignores
reflection from surfaces, diffraction, and dispersion. In addition, rather than using the
full equation for the surface of an aspherical lens, we will substitute a computationally
convenient spherical lens with the same effective focal length.

In this simplified detection optical setup there are two types of surface interaction to
be considered: refraction at a planar surface; and refraction at a spherical surface. The
nature of ray tracing allows us to tackle these surfaces one at a time in a repetitive nature.
Typically, we find the point of intersection then apply Snell’s law. In the appendix 11.3 we
consider a coordinate transfer from the cell system to a convenient form for the detection
optics, find a general description for the point of intersection for both planar and spherical
surfaces, and finally detail the application of Snell’s law at an intersection.

In our application of the ray tracing method, we must propagate a photon from the
vapour cell through to the plane of the detector and then confirm detection if the photon

passes inside the detector aperture. This concludes the discussion of the framework of the
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simulation and we can move forward to consider the results.

5.3 Results

In this section we present results from the simulation of the RSS. These results simulate
the instrument observing a distant and discrete source, constructed from 7 x 5002 white
light point sources. The angular diameter of the source has been chosen to approximate
that of the Sun as viewed from Earth, i.e. half a degree angular extent. This, to a rea-
sonable approximation, is the equivalent of testing the instrument on a laboratory bench.
We have asked the question “what is the optimum instrumental optical depth?” and can
now ask this of the simulation. Figure 5.2 shows the gain of the instrument predicted by
the simulation and by the Hoyng model as a function of IOD for a number of different
detection optical setups. As an aside, to compare the two approaches we must decide
on an active region for the Hoyng model and here we take the diameter of the detector
aperture to define the length of the active region, thus treating the detector aperture as if
imaged by the detection optics into the centre of the cell. In addition, the Hoyng results
have been normalised to match the peak gain of the simulation.

First of all, we can perform a few simple checks of our understanding of the scattering
in the vapour cell and its interplay with the active region.
Firstly, the greater the radius of the detector aperture, the longer the length of active
region in the cell and the more counts are expected. The optimal gain results shown in
figure 5.2 suggest optimal IOD as a function of aperture radius may be described by a
straight line with intercept close to zero and gradient of around 1.5 (in the unusual units
of % gain per mm). In other words, increasing the radius of the aperture by 1 mm is
expected to produce an absolute increase of 1.5 % in gain.
Secondly, the shape of the gain curves should show two competing processes that pro-
duce the turning point at an optimal IOD. At low IOD, too much light passes through

the vapour cell without interaction and so gain is low. At high IOD, too much light is
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Figure 5.2: Plots of gain against instrumental optical depth for different detection optics
configurations. Black crosses are results from the Monte Carlo simulation while the red
lines show the Hoyng model results normalised in intensity to match the Monte Carlo
results. All plots have DL2 at 73 mm from the center of the cell. The radius of the
aperture at the detector varies with: top left - 7.495 mm; top right - 3.5 mm; bottom left
- 2.5 mm; and bottom right - 0.2 mm.
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Figure 5.3: Plot of gain against instrumental optical depth for DL2 at 73 mm and detector
aperture radius of 3.5 mm. The insert shows the region of optimal gain. Black crosses
are results from the Monte Carlo simulation while the red lines show the Hoyng model
results normalised in intensity to match the Monte Carlo results.

scattered at the front of the cell and does not reach the active volume. We can clearly
see the maximum of optimal IOD in each plot and can identify the regions of too low and
too high IOD. We can believe that the results presented so far are consistent with our
knowledge of the RSS.

This leads us to broadly state the values of optimal IOD for each detection optics setup.
The optimal TOD values differ for each setup but are predicted to lie in the range of
between 2 and 3 IOD. This is then broadly consistent with the values obtained by Hoyng
and Broombhall (section 5.1 on page 86). Figure 5.3 shows the gain curve, for detections
optics with lens DL2 at 73 mm and a detector aperture with radius 3.5 mm, with error
bars shown in the insert. We see that the optimal IOD is 2.0 £ 0.1. A conservative esti-
mate of error corresponds to a change in vapour temperature of less than 0.5 K, which is
greater than the real world resolution of the BiSON RSS temperature controllers. Having
considered the absolute values of gain, optimal IOD, and the shape of the gain curve we
may now consider the results in comparison to the Hoyng model. There is no useful com-
parison of absolute values of gain with the Hoyng model as only the fractional percentage
of photons first absorbed in the active region is considered, and for this reason the Hoyng
curves have been normalised to match the optimal gain of the simulation. However, the

optimal IOD values and the shape of the curve contain some striking similarities and

101



differences.

At optical depths less than 3 and for the two intermediate aperture radii, both the optimal
IOD and the shape of the curves are well matched. But at higher optical depths and more
extreme detector aperture radii this agreement is lost.

The optimal IOD changes with the radius of the detector aperture for both the Monte
Carlo simulation and Hoyng model. For an increase in aperture radius the simulation re-
ports lower optimal IOD’s, but for the Hoyng model the opposite is true and an increase
in aperture radius produces higher optimal IOD.

In addition to the change in optimal IOD with detector aperture radius, there is a clear
difference of opinion in the simulation and model at high IOD. The Hoyng model predicts
very low gains for very high IOD, i.e. the absorption in the front of the cell dominates and
photons do not reach the active region. The simulation is at odds with this and shows a
steadying of the gain at high IOD. This can be easily explained if there is a mechanism
present in the simulation, and not in the Hoyng model, that transports photons scat-
tered at high IOD in the front of the cell into the active region, i.e. multiple scattering.
The Hoyng model considers single scattering only, where as the simulation provides a full
treatment for multiple scattering.

We continue this theme in the next section by considering the importance of secondary

scattering at various 10D’s.

5.3.1 The importance of multiple scattering

The simulation performed reveals the importance of multiple scattering by returning the
number of scatters for each detected photon, and figure 5.4 shows this for a range of
IOD’s. The number of scatters is displayed on the abscissa, with a minimum value of one
because a photon must be scattered to be detected. The ordinate shows the frequency
of occurrence on a logarithmic scale. Each IOD produces an approximately straight
line on this plot (an exponential dependency) with the gradient becoming less negative

with increasing IOD. This shows multiple scattering to be of increasing importance at
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Number of scotters

Figure 5.4: Number of scatters of detected photons for various instrumental optical depths.
Detection optics setup with DL2 at 73 mm and detector aperture radius of 3.5 mm.
Optical depths highlighted are: 1.0 in red; 2.0 in green; and 3.0 in blue.

increasing optical depth, which is entirely sensible.

Figure 5.5 displays the same results but as a cumulative frequency on a linear scale. In
this form it is easy to identify the ratio of single to multiple scatters detected (that is
single in that a photon is detected after only one scatter and multiple for more than but
not including one scatter). IOD of 1 is the red line and the scatter ratio is around 3 : 1.
IOD equal to 2 is shown by the green line and has a scatter ratio of around 3 : 2. Finally
IOD of 3 (blue) has a scatter ratio of very nearly 1 : 1.

At this point we might consider some parameter that describes the scattering in the
cell in a manner that would be familiar to the Hoyng and Broomhall approaches. The
obvious choice is the mean distance between scatters in the cell, which is directly related to
optical depth. However, by considering wavelengths in the wings of the resonant profile,
any result will be inflated by photons that see a very small optical depth and do not
interact. By weighting the mean distance between scatters by the instrumental profile,
i.e. considering only inbound photon events (photons before and after scattering are not
completely correlated) that are detected, we can compensate. Hence, the mean distance
between scatters for detected photons for an IOD of 2 is 5.2 mm, or 0.35 times the length
of the cell. We note that despite the IOD, the maximum optical depth, providing a lower

limit on this value of half the cell length, the weighting created by the criteria of detection
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Figure 5.5: Cumulative frequency of the number of scatters of detected photons for various
instrumental optical depths. Optical depths highlighted are: 1.0 in red; 2.0 in green; and
3.0 in blue. Detection optics setup with DL2 at 73 mm and detector aperture radius of
3.5 mm.

will act to lower this value, or in other words photons initially scattered at the rear of the
cell are less likely to be detected. Hence greater weight is given to the photons initially
scattering at the front of the cell, and the mean distance between scatters is reduced.

We have seen from the gain curves that it is important to account for multiple scattering
at high TOD. We now see that multiple scattering accounts a significant fraction of the
total counts at the optimum IOD of 2 and also for IOD’s of 1 and 3. We continue now
to consider the character of the instrument now that it is sensible to account for multiple

scattering.

5.3.2 The character of the instrument

In the previous chapters we have discussed a resonant scattering spectrometer in terms
of three variables: the temperature of the resonant scattering vapour that controls the
instrumental optical depth; the wavelength of incident light that determines the point on
the resonant profile, and hence the ‘seen’ absorption coefficient; and the initial path of
light through the cell which is linked to the position on the solar disk. In this section we

consider the response of the instrument to these variables.
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Figure 5.6: Simulated temperature curves for detection optical setups with DLL.2 at 73 mm
and detector apertures of radius 3.5 and 2.5 mm for left and right respectively. Black
crosses show the Monte Carlo results and the red line displays the Hoyng model.

Vapour temperature

A common diagnostic for tuning an RSS is the temperature curve, a plot of the intensity
as a function of oven temperature. Note that we are using the distinction between: the
vapour temperature, controlled by the coldest point in the stem (lower part) of the cell;
and the oven temperature, the temperature of the housing surrounding the upper parts
of the cell. The oven temperature and vapour temperature may differ by up to (and in
extreme circumstances, over) 20 K. To aid this distinction we will refer to vapour tem-
perature in Kelvin and oven temperature in degrees centigrade.

The temperature curves of the simulation are the gain curves as before but expressed
as a function of vapour temperature rather than IOD. This conversion is achieved using
equation 4.15 on page 77. The plots are shown in figure 5.6 and indicate an optimal
setting to be a vapour temperature of around 370 K.

The results of the simulation can be compared with data from a real station, in this case
Narrabri. S. Hale made a visit to Narrabri in February 2010 and performed a temperature
scan up to nearly 170 °C. This is higher than usual as normally temperature scans would
avoid oven temperatures much higher than the optimal value as potassium is corrosive to
the cell at very high vapour temperatures. Results from the temperature scan, originally

published in the BiSON technical report series, are presented in figure 5.7.
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Figure 5.7: Narrabri temperature curve data from S. Hale’s visit to site in February 2010.
Left: intensity and oven temperature as a function of time. Right: intensity as a function
of oven temperature with time indicated by the colour bar.

Results from the real data show two distinct curves for heating and cooling which empha-
sises the point the oven temperature is not an accurate measure of vapour temperature.
However, the shape of the curves is clear and comparable to those produced by the sim-
ulation. The optimum oven temperature is around 115 °C' which is around 18 degrees
higher than the optimum vapour temperature, which we can regard as plausible given
early statements.

The shape of the curve up to an oven temperature of 170 °C', reveals the predicted im-
portance of multiple scattering at high temperature, or as previously stated, high TOD.

We can then, be confident that the simulation provides a reasonable qualitative descrip-
tion of the temperature dependence of the instrument. More in depth quantitative testing
of the simulation, as part of a Sun-atmosphere-instrument model, will be performed in the

following chapter. Before this we examine the wavelength dependence of the instrument.

Wavelength

Figure 5.8 shows the instrumental profile in wavelength predicted by the simulation for
a number of IOD’s and detector apertures. For a large detector aperture, the profile
at optimum IOD is approximately Gaussian in shape. This Gaussian shape is retarded

with a smaller radius of detector aperture and this is due to the wavelength dependence
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Figure 5.8: Instrumental profiles in wavelength for a simulated BiSON RSS at various
IOD’s and detector apertures. Optical depths highlighted are: 1.0 in red; 2.0 in green;
and 3.0 in blue. Radii of detector aperture are: top left 7.495 mm; top right 3.5 mm;
bottom left 2.5 mm; and bottom right 0.2 mm.

of seen optical depth. Light closer to the centre of the resonant line profile experiences
a greater optical depth, than that at the wings, and this causes increased scattering in
the region of the cell before the active volume. Increased scattering outside of the active
region diminishes the gain of the instrument and the centre of the instrumental profile is
suppressed away from its otherwise Gaussian shape.

This suppression effect can be seen when changing either the length of the active region,
or the changing IOD. At higher IOD’s the suppression effect starts to dominate the in-
strumental profile eventually producing a profile with two distinct peaks.

The wavelength dependence of seen optical depth is an effect not accounted for by either
the Hoyng or the Broomhall model, yet both produce values for optical depth that are
in agreement with the simulation. In addition, neither Hoyng or Broomhall give a full

treatment of multiple scattering to reach their values of optical depth. We have then three
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very different approaches to finding the optimum optical depth of a RSS vapour cell, each
with similar superficial results. Why then have we gone to so much effort to provide a
full treatment when previous results appear adequate? The answer is in the weighting of

the solar image.

Weighting of the solar image

The weighting to the image of the solar disk produced by the instrument is an impor-
tant consideration in any model of an RSS. The positional weighting is dependent on
the vapour temperature, the wavelength of light and the impact of multiple scattering.
Changes in these factors, or even alignment of the image of the solar disk in the instru-
ment, can produce systematic and spurious velocity signals in calibrated data sets. The
weighting afforded by the instrument to points on the solar disk is important.

The recent use of the optical depth in other work has been as a parameter that describes
the weighting of the solar disk. We have seen already that the term optical depth ignores
a variation of seen optical depth with wavelength and so we required the definition of
instrumental optical depth (IOD). We have also seen that multiple scattering is an im-
portant aspect of any simulation, and while IOD could be used to describe the extent of
multiple scattering, the impact on the instrumental weighting is far from obvious. Optical
depth is a poor parameter for describing the response of an RSS.

The RSS is a complex system, and to model the Sun-atmosphere-instrument system we
require the response of the instrument at different points in the solar disk across a range of
wavelengths created by a simulation that affords a full treatment to multiple scattering. It
is not sensible to parametrise this or to display weightings for all considered wavelengths
created by the simulation. Through the simulation we have produced an approximation
of the required information and figure 5.9 shows the instrumental weighting integrated
over the wavelengths of the resonant transition. For comparison the weighting predicted
by the Broombhall work is also displayed.

Direct comparison between the two instrumental weightings is difficult because Broomhall
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Figure 5.9: Predicted instrumental weightings to the solar disk for a detector positioned
on the right hand side of the images. Left: simulated instrumental weighting integrated
over the wavelength range of the resonant transition for an IOD of 2. Right: Broomhall
instrumental weighting at optical depth of 2.

considered a monochromatic optical depth, while the weighting shown from the simula-
tion is integrated over wavelength. It is however noteworthy that both weightings display
the new aspect of Doppler imaging realised by Broomhall, with the gradient of extinction
across the disk greater for the treatment without multiple scattering. We should expect
multiple scattering to provide a diffusive effect, lowering the mentioned gradient of ex-
tinction, and this is predicted by figure 5.9. Put simply, to achieve a detailed model of a
resonant scattering vapour cell multiple scattering must be considered.

We are then armed with the required information to tackle a model of the Sun-atmosphere-

instrument system, and this is covered in the next chapter.
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Chapter 6

Results From Sun and Instrument

Simulations

The previous three chapters have developed the components of a model for the BiSON
Resonant Scattering Spectrometer (RSS) that attempts to model the interaction between
the Sun, atmosphere, and instrument that makes radial-velocity measurements of the
solar surface. This chapter presents the model in its totality and uses the results to
demonstrate the response of the instrument. Starting with the response of a single data
point in time, the scope of the model is expanded to eventually produce a whole year of
data from a single station. These data are studied with the aim of finding opportunity
for improvement in the BiSON data reduction pipeline, specifically with respect to the

reduction of low-frequency noise in long time series.

6.1 Introduction

We now have a complete but disjoint description of a model that replicates BiSON obser-
vations and we must now combine the various elements of this work. Let us refresh our
memory. Chapter three has detailed the approach of the model - that we must integrate
three functions(solar line function; atmospheric weighting function; and the instrumental

weighting function) over the independent variables of wavelength and position on the solar
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disk. The solar line function and atmospheric weightings have been covered extensively in
chapter three. The third component, instrumental weighting, introduced in chapter 4 and
simulated in chapter five, completes the requirements. We proceed with the numerical
integration required to determine the measured intensities of an RSS.

The model of the RSS measurements will be applied as summation, rather than an analyt-
ical integration, over position on the solar disk and wavelength. This numerical approach
is necessary as the instrumental weighting is simulated for 100 discrete wavelengths, each
providing a unique 500 x 500 pixel image of the instrumental positional weighting. Hence
any model must produce 500 x 500 pixel images of the Sun as viewed by the instrument at
each of the wavelengths defined by the instrumental weighting. Each pixel in the image of
the Sun is then subjected to atmospheric extinction and the modified image is combined
with the instrumental weighting. The measured intensity is then the sum of the intensities
at each point in each resultant image at every discrete wavelength.

Chapter five demonstrated that the optimum Instrumental Optical Depth (IOD), at least
in terms of instrumental gain, occurs when IOD = 2. Hence, unless otherwise stated the

reader may assume that the model has been applied using this value.

This chapter will first examine the reproducibility of the model given that the instru-
mental weighting is generated by a Monte Carlo method, i.e. using randomly sampled
distributions. After that, we will look at the response of the instrument to specific ‘pseudo’
velocity inputs. We present the raw and reduced modelled data and make comparison
with real data, primarily as a test of the model’s sanity, before studying the effect of
differential rotation and the instruments predicted long term stability. First we tackle the
accuracy of the model, the upper limit of which is determined by the randomness in the

simulated instrumental weighting.
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6.2 Reproducibility of the model

At the heart of the model that replicates BiISON RSS radial-velocity observation is a Monte
Carlo simulation that builds a weighting of the instrument to different wavelengths and
position on the solar disk. The Monte Carlo method uses repeated sampling of random
deviate distributions to compute this weighting, and hence by its nature will be subject
to random noise. Let N be the number of random Monte Carlo photon events for a single
wavelength and position on the solar disk. It is obvious that as N increases, so the random
noise in the computed intensity decreases. The question is, at what N does the model
return results with an acceptable random noise level?
This question requires us to state what an acceptable level of random noise in the mod-
elled data is. In the context of low-frequency solar oscillations it is desirable to be able
to measure signals perhaps as low as 1 cm/s, which approximated as a ratio of intensities
is nearly 3 x 107%. We therefore set the requirement that the model is reproducible to -
that a ratio returned for the same initial settings varies by no more than - a few parts in
a million of ratio. Of course, this statement lacks some meaning without a definition of
a sigma value to accompany it. However, it is not computationally realistic to generate
a sufficient number of tests at high N to be able determine the returned distribution of
values. Hence we choose to leave the statement as reproducible to a few parts in a million
in terms of ratio.
Instead of repeating the model at computationally expensive high N with invariant initial
conditions, we can borrow (and perhaps butcher) a technique from medical science for
combining trials with individually low N. The so called meta-analyses reduce error or noise
- due to a single effect at least - by applying a weighted combination of low N studies.
Random error is reduced as the total N considered grows. Specific to this context, we can
take the mean of the returned ratio, weighted by shot noise or the square root of N, to
reduce the error on the true value of the ratio and compare this to the returned value.
Figure 6.1 shows the modelled ratio for N varying on a log;, scale with the blue line rep-

resenting the weighted mean of the returned ratio for all runs. The data show convergence
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Figure 6.1: Modelled ratio for varying numbers of Monte Carlo events N in the simulation
of the vapour cell. Port detector displayed on the right and starboard on the left. Weighted
mean ratio for all values of N shown as blue dot-dash line.

to the averaged value with the three highest N values falling within 5 parts in a million
in terms of ratio. Whilst not statistically exhaustive, we feel that this probably demon-
strates that the model is self-consistent within a few parts in a million for N = 51200 , as
required.

Having determined the required value for N we can proceed by considering the instru-

mental response to known ‘pseudo’ velocity signals down to a level of around 1 cm/s.

6.3 Instrument response to pseudo velocity input

The BiSON RSS measures intensities at points on a solar absorption line integrated over
the whole solar disk. These intensities are by design sensitive to the Doppler shift of
the solar absorption line but also by consequence, sensitive to the shape of the measured
line. In the following section we investigate, through modelling, a number of effects that
change the velocity measured, not through Doppler shifts but by changing the shape of
the measured solar line. We test these effects on the simulated ratio at the Las Campanas
simulated station on 14/01/2009 with vsgation = 220 m s~ in order to establish the ob-
served magnitude of each effect. To start, we consider the alignment of the rotation axis

of the Sun.

113



0.004 F T T T T T E 1x107°F

: o : o 3
0.003 F o4 oF E
: a ] Eoa e E
E k| E £l 3
E 3 -SE o E
o 00028 2. o —I10TE e 5 o ® E
5 E oo E 5 P E
g E o o i 5 Eoo i
- 0.001F P 8 El C —2x107°F E!
= E o ¢ E = E N E
® E 2 ° © El I 75; ]
2 0.000F 2gpefoo, 3 2 —3x107°F 3
2 P coocoog® %o o 2 ° o ° S
© -0.001F 2 ° o 4 S _axi07E N ) E
: o E E o 8, o e E
E o E| sE 3
—0.002F 4 E —5x107E o ° E
: E SE o o E
~0.003 E ‘ s s s s El —6x107°k E
-3 -20 -10 0 10 20 30 o 2 4 6 8

Position angle (Degrees) Tilt angle (Degrees)

Figure 6.2: Left panel shows the modelled change in ratio as a function of the solar
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starboard in green, and the mean of the two in black.

6.3.1 Alignment of rotation axis of the Sun

The Earth orbits around the Sun with its rotation vector tilted away from orthonormal
of the solar system ecliptic. In fact, the Earth’s rotation vector is at an angle of 23.5° to
the Earths barycentric position vector. This changes our view of the Sun - and the view
from an RSS - systematically through the year. For an RSS this is important because the
solar image is combined with the instrumental weighting that has a fixed alignment with
respect to the RSS detectors. Or put another way, rotating the image of the Sun causes
the detectors to weight the solar disk differently and measure a slightly different intensity.
Chapter 3 introduces the solar position angle P, and the solar tilt angle By, the two angles
that describe the perceived rotation of the Sun about the z and x axis respectively. The
position angle, as stated, varies by £26.3° and the tilt angle by 7.25°. Here we can ask
questions of the modelled data as to the response of the instrument to each variation and
then place an estimated value on the magnitude of the observed pseudo velocity.

Figure 6.2 shows the change in ratio for modelled data as a function of position angle
(left) and tilt angle (right). Points in red represent the modelled port detector and green
shows the starboard detector. The data show that the magnitude of the effect due to

positional angle is is as much as 0.001 in ratio which is around 10 m s='. The effect due
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to tilt angle is some 100 times smaller in magnitude and hence a second order effect.
The effect due to position angle has an approximate symmetry about the ordinate which
will mean the period of the effect is seen as 6 months. There is another approximate
symmetry about the abscissa that means the effect will, to some extent, cancel when
considering an average of the port and starboard detector. We can say then that the
position angle signal in a single detector is expected to have a magnitude of around
10 m s~! with a period of around six months. For the signal of two detectors averaged
together we see that this magnitude will drop by a third with an approximately annual
period.

Next we consider the combined impact of dark counts and atmospheric extinction.

6.3.2 Dark counts and atmospheric extinction

BiSON RSS intensity measurements include counts from sources other than resonantly
scattered light [, particularly non-resonantly scattered light ™", and dark counts
i. Chaplin et al. [2005] showed the effect of the contribution from these counts when

intensities are combined in a ratio

Iges + [gwn + ib _ Jres _ Jnon _ ir
= Iges 4 [gwn + ib + [;"es + [;wn + ir :

(6.1)

This equation can be simplified because it is sensible to assume - because all components
are measured by the same detector - that the non-resonantly scattered light and dark
counts are equal in both the blue and red wings, [, and [,. This gives the reduced

equation
B [g‘es _ [;‘es
O Ipes + Ires 4 2]non 4 24

(6.2)

where ¢ is the mean value of 4, and 4,. This highlights the impact of the background
(I™"™ + 1) counts that are not resonantly scattered. Background counts will act to reduce
the ratio which reduces the sensitivity of the instrument and so steps are taken to minimise

this impact. But background counts may impact the ratio in other ways.
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It is obvious from equation 6.2 that a time varying background will add a time varying
contribution to the measured ratio, i.e. the background may produce a source of noise as
well a reduction in sensitivity. But how may the background vary?

A well behaved detector, such as the port detector in the Las Campanas A instrument
has a dark count contribution of around 1440 counts in a total measured intensity of
something like 50000 counts. These dark counts vary systematically through the year as
ambient temperature changes, here described by the function d(t), to produce an observed
variation of a maximum of 40 in 1440 counts, or around a 3% change in dark counts. In
addition, dark counts also vary through the day.

Non-resonantly scattered counts are formed from light scattered by dust or vapour cell
glass imperfections and so are proportional to the total light entering the instrument. We
know the input intensity varies systematically through the year due to the position of the
Sun in the sky and the associated atmospheric extinction. A change in background is
important in terms of its size relative to the measured resonantly scattered intensities. As
the resonantly scattered counts change in the same way as the non-resonantly scattered
light - intensities are increased due to seasonal effects characterised by ¢(t) - there will be

no change in the measured ratio, i.e. ignoring dark counts

res res Tes res

- Iges+[res+2[non - C[ges+cjres+20[non' (63)
But including dark counts paints a different picture
R = cly™ — el ™ - = L= = L - (6.4)
cIl® + cIres + 2cImon + 2di - IJeS + I7es + 2Imon 4 2(d/c)i
where the d/c term has the approximate form
1.0 + ay, sin (wyrt + @yr) + Gday SID (Waayt + Pday)
d/c(t) = e—FOAD) ’ (6.:5)
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Figure 6.3: Change in modelled ratio as a function of atmospheric extinction coefficient
with background counts at 2% of intensity. Port detector in red and starboard in green.

to account for yearly and daily sinusoidal variations in dark counts and the atmospheric
extinction term where k is the extinction coefficient and A is the airmass.

It is clear that background and dark counts are able to vary as a function of time. A
number of efforts can be made to eliminate this variation, primarily minimisation of dark
counts or failing that the minimisation of variation of dark counts. Where dark counts do
exist, and even worse vary, there will be a response from the ratio when the atmospheric
extinction coefficient x varies. We can test this in the model.

Figure 6.3 shows the change in ratio as a function of the atmospheric extinction coefficient
at an airmass of 1, with a fixed dark count set at 2% of the sum of the two resonantly
scattered intensities. The data show a close to a linear dependence - i.e. the first to
term of a series expansion of the exponential function e* =1+ x + “"2—? + ... - because the
atmospheric absorption coefficient is small. The data show that a change in s from 0.02
to 0.08 will produce a ratio change of 0.0006 or 2.1m s~!. The magnitude of this effect
will be sensitive to the unchanged ratio, the value of the dark counts, and airmass but
this has been described in the above equations. The magnitudes given here represent a
best case scenario so can be considered as a lower limit. An upper limit could conceivably

be as much a 30 times greater, accounted for by a ten fold increase in A and three times
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increase in k.

The alignment of the solar rotation axis and atmospheric extinction effects - albeit at a
constant k - are explicitly defined in the model developed in chapter 3 and hence will
appear in modelled data. But other effects are too computationally inefficient to be
included. We are, however, able to study these effects as the response of a single point in
time. We will now study the response of the instrument to the change of the size of the

image in the solar cell and the variation in vapour cell temperature.

6.3.3 Size of solar image in cell

The angular extent of the solar disk varies with the Sun-Earth distance, which in turn
influences the size of its image created at the centre of the RSS potassium vapour cell.
The diameter of this image varies by +1.5% throughout the year and this produces a
pseudo velocity as the instrumental weighting to the solar disk is affected. This effect
cannot be easily integrated into the simulation of the instrumental weighting, because it
is too computationally intensive, but it is possible to generate a small number of data
points to estimate the magnitude of the effect.

Figure 6.4 hints at the magnitude of the pseudo velocity signal due to variation in im-
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age size. The plot shows the change in ratio as a function of the percentage change in
the solar disk image diameter. The variation in image size is achieved by cropping the
500x500 images that produce the standard instrumental weighting. The crop is achieved
by reducing the image size at both extremes of both axes by an integer number of pixels,
so for example a crop of one pixel produces a new image of size 498x498. To maintain a
consistent resolution with the other areas of the model, the instrumental weighting images
are re-sized back to 500x500 using a cubic convolution interpolation method. Of course,
this interpolation allows for the reduction in the size of the image but an increase would
require extrapolation, and for this reason we study only the reduction in image size.

Ignoring the first point, an anomaly caused by the interpolation, the magnitude of effect
due to the solar disk image size reduction is shown by the data to be a maximum of
0.0006 change in ratio, which is equivalent to around 2 m s™'. The data shows that the
effect acts in opposite directions for port and starboard detectors, which will lead to some
cancellation in the effect. As a result we can expect the value of 2 m s~ to be an upper

limit on the effect when considering data averaged over both detectors.

6.3.4 Potassium vapour temperature

BiSON RSS instruments are carefully temperature controlled, especially the housing of
the potassium vapour, but realistic implementation of the temperature control through-
out the year, in often extreme weather conditions, means that the vapour temperature is
not completely stable. It is difficult to measure the vapour temperature, even more so the
change in vapour temperature, of an instrument so it is difficult to assess the magnitude of
the vapour temperature variation. We can though, model the response of the instrument
to a change in vapour temperature by modelling the instrument at varying IOD.

Figure 6.5 shows the modelled change in ratio as a function of vapour temperature (I0D)
for source-observer line-of-sight velocities of 0 and 1100 m s~!. The data show the ratio

changing due to a shift in instrumental weighting which we have said many times is com-
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Figure 6.5: Change in ratio as a function of vapour temperature for two different line-
of-sight velocities. Left panel with v,s = Om s~ ! and right panel v,s = 1100m s—*. Port
detector in red and starboard in green.

bined with the solar line function. The data show that the ratio changes by around 0.0005
for a change in vapour temperature of 4K, which is close to the upper limit of the vapour
temperature change that may be expected at a BiSON station. This places the upper

limit for the response of the instrument at less than 2 m s*.

We have considered four different pseudo velocity signals expected to appear in BiSON
RSS data with the consequence of increased noise at low frequencies. We have found the
impact of the position angle - more specifically the shift in alignment of the solar rotation
axis with respect to the RSS detectors - as a signal of magnitude 7 m s~! for the average
signal in both port and starboard detectors. Having studied the effects of extinction and

! with an upper limit at some

background counts we see a minimum impact of 2 m s~
thirty times this value. We have also seen that the response of the instrument to a change
in solar disk image size and vapour cell temperature variation, especially for the average

of both detectors, is small over the anticipated ranges. Having considered these effects in

isolation we can proceed to study modelled data for a full days single site observation.
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6.4 Daily data

Having discussed the response of the RSS to pseudo velocities we can now return to the
primary function of the RSS, to measure intensities that change due to the Doppler shift
of the measured solar absorption line. Measured intensities are used to form a ratio which
provides a good approximation of the underlying line-of-sight velocity between the ob-
server and the source. The current model acts much like an instrument in that intensities
are modelled /observed and then converted to ratios. In this section we make comparison

between real data and modelled data for both intensity and ratio measurements.

6.4.1 Intensity

We have modelled a full year of data for the Las Campanas site from 01/01/2009 to
31/12/2009. To retain the effects of weather interruption, modelled data is used only
where real data is free from the effect of cloud-cover. This means that modelled data will
have the same fill as real residual velocities. Finally, all solar values are consistent with
those defined in chapter 3 and the atmospheric extinction coefficient has been set to a
constant value k = 0.03 which is representative of the Las Campanas station.

Figure 6.6 on the next page shows simulated intensities as a function of time through
the day with the real intensities plotted over the top. Two days are shown that are
virtually free from weather effects, from top bottom: 11/01/2009 and 20/08/2011. The
plots have been colour coded with blue lines showing the intensity measurements for the
blue wing and red lines for the red wing. Real data is displayed as a solid line, modelled
intensities without extinction are shown with a dashed line, and modelled intensities
including extinction are shown with a dot-dash line. Ignoring arbitrary multiplicative
normalisation differences (deliberately manufactured to allow the data to be displayed on
the same plot) there is broad agreement in the daily shapes of real and modelled data.
The effect most obvious in the difference is that of extinction and it can be seen that an

extinction coefficient of 0.03 produces effects that are of the correct order of magnitude.
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Figure 6.6: Comparison of modelled intensity data and real intensity data for the Las
Campanas station on 11 January 2009 and 20 August 2009. Intensities measured in
the blue wing are shown in blue and the red wing in red. Left: Intensities for real
data as solid lines, modelled data without atmospheric extinction as dashed lines, and
modelled data with extinction coefficient x = 0.03. Right: Difference between the the
real data and data modelled with atmospheric extinction. Top to bottom: 11/01/2011
port detector; 11/01/2011 starboard detector; 20/08/2011 port detector; and 20/08/2011
starboard detector. 122
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Figure 6.7: Ratios for modelled and real data for the Las Campanas station. Each panel
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data with an extinction coefficient of k = 0.03. The modelled data with and without
extinction lie over the top of each other. Left panels show port detector data and right
panels starboard. Top line: 11/01/2011. Bottom: 20/08/2011.

Effects due to velocities are more easily considered by comparing modelled and real ratios

and we cover this next.

6.4.2 Ratio

The intensities shown in the previous section are obviously affected by atmospheric ex-
tinction but are less sensitive to the source-observer line-of-sight velocity. In contrast the
BiSON ratio is sensitive to velocity and insensitive to atmospheric extinction, which is
exactly why the ratio is used. Here we present a comparison of modelled and real ratios
for the four days of intensity data considered above.

Figure 6.7 shows the modelled ratio as a function of time through the day with the

real ratio data plotted over the top. Again, real data is drawn as a solid line, modelled
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Figure 6.8: The difference between real and modelled ratios for the Las Campanas station.
Port detector shown in red and starboard in green. Left: 11/01/2011. Right: 20/08/2011.

data without atmospheric extinction as a dashed line, and modelled data with extinction
as a dot-dash line. There is very little difference between the modelled data with and
without atmospheric extinction so these lines lie virtually over the top of each other. The
difference between the signals is shown in figure 6.8. The data show the modelled ratio
and real ratio to show broad agreement.

There are small but never-the-less notable departures from agreement in the modelled
and real data, particularly in terms of the d.c. offset but also the gradient of the curves.
Constant offsets in the values of the ratios returned can be attributed to either: a differ-
ence in position of the solar image in the cell of the instrument; different detection optics
setting, i.e. the position of the first collection lens; and or inaccuracy in the underlying
solar absorption line settings specified for each position on the solar disk. Changes in the
gradient of the line may be explained by: again poor coefficients for the underlying solar
absorption line used; and or a larger than expected contribution from background counts.
It is clear from the last two sections of data considered that there is superficial agreement
between the modelled and real data. It is probable that existing differences can be ex-
plained in either a failure of the model or a difference in settings in the instrument. While
the model cannot hope to describe a particular instrument to a high degree of precision,
we can at least use the modelled data as if it were a unique instrument and ask questions

of its daily output when given a specific daily input.
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6.4.3 Differential extinction

The impact of differential extinction is one such effect that can be examined using the
model. We know that extinction is well corrected for by the denominator in the ratio but
differential extinction is quite a different effect. Differential extinction is an artifact of the
gradient of atmospheric extinction across the solar disk, the disk being a discrete source.
The magnitude and alignment of this gradient causes changes in measured intensities that
are different for the red and blue wings. Because the solar disk is rotating the whole disk
solar line is rotationally broadened. By placing a systematic transmission gradient at
some angle to the rotational axis, the seen whole disk solar line is given an asymmetry
that is reflected in the intensities. By weighting more heavily to the receding limb the
red wing of the solar line is enhanced as the blue wing fades, and vice versa. We can ask
the simulation what signal differential extinction places in the ratio.

Figure 6.9 shows the modelled change in ratio as a function of time through the day

for different values of atmospheric extinction coefficient x, at the Las Campanas site on
14/01/2009. Lines on the chart represent values of x with intervals of 0.01 starting at
t = 0.0. Three values of x have been highlighted: £ = 0.0 in red; x = 0.03 in green;
and k£ = 0.06 in blue. The underlying shape that results from this test is - at least to
first order - the shape of differential extinction seen in real data, the effects of which are
mitigated for by rejecting data from the extreme ends of each day. This signal may have
a magnitude in velocity of as much as 6 m s~!.
Importantly, differential extinction has a well defined shape that is defined by the gradient
of the atmospheric extinction across the solar disk. While the magnitude of the change in
ratio due to this effect varies with the extinction coefficient, the shape of the systematic
variation remains constant. This presents the possibility of a straightforward correction,
applied to data as part of the BiSON data reduction and calibration pipeline, to eliminate,
or at least mitigate, the effect of differential extinction. The following chapter details this
correction.

Before we proceed to the next chapter and the correction of differential extinction we must
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Figure 6.9: Modelled differential extinction as a function of time through the day for
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conclude the work on the results of our modelling. We continue then to consider the long

term stability of the modelled BiSON instrument with comparison to a real instrument.

6.5 Modelled long term stability

The BiSON RSS provides good long term stability for measuring line-of-sight velocity
signals by taking measurements referenced to atomic line transitions. This high level of
stability is compromised by pseudo velocity signals, like the types discussed above, with
periods of a day to a year. These pseudo velocities force BiSON data calibration to be
performed on a daily basis which removes very low frequency signal from the residual ve-
locities. If the sources of pseudo velocities can be found and characterised then this would
be a step towards a seasonal calibration procedure that maintains very low frequency sig-
nals of solar origin - and of other origin for that matter. We continue by comparing the
yearly variation of RSS ratios for real and modelled data.
There are a number of ways of looking at the long term stability of the instrument but
the most straightforward two are the ratio and the separation of the ratio created by the
port and starboard detectors. First we consider the ratio.
The ratio is a data point constructed from the RSS instruments measured intensities that
is a proxy for the line-of-sight velocity between the source and the observer. As this ve-
locity changes through the day, due to the Earth’s spin, and the year due to the Earth’s
orbit, the ratio will change too. Here we are considering the ratio over a long timescale so
instead of tackling the 40 second data we consider only one point at local midday. As a
result this day cadence ratio should display the Earth’s orbital velocity but be insensitive
to the spin velocity.

Figure 6.10 shows the modelled and real ratios taken at midday local time throughout
2009 at the Las Campanas station. Real data are displayed using solid lines and mod-
elled data as dashed lines. Following convention, the port detector is shown in red and

starboard in green. The data show reasonable agreement at this level with some offset
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Figure 6.10: Ratios at midday local time through the year for modelled (dashed line) and
real Las Campanas (solid line) data 2009. The port detector data is displayed in red and
starboard in green.

and difference in sensitivity, but this is to be expected when being realistic about the ap-
proximations made in the alignment of the modelled instrument (a modelled instrument
being well aligned, with the real instrument being an approximation of that setup). For
completeness we mention the monthly variation seen in the ratio which is a result of the
perturbations caused by the Moon.

Figure 6.11 takes the data from figure 6.10 and displays the modelled data minus real
data to highlight the differences in each detector. Again, the port detector is displayed
in red and the starboard in green. At first sign it is clear that there is an asymmetry in
each detector for each half of the year. For the first half of the year the two detectors
act in the same manner, but in the second half of the year the port detector sees effects
that appear amplified in comparison to the suppressed response from the port detector.
The difference in responses suggests a cause that does not act in the same manner in
each detector, or put another way, the cause must generate a different response for each
detector in the second half of the year.

Further to the differing response from each detector, it is notable that the difference be-
tween modelled and real data does not vary in a smooth fashion - there is some aspect

of randomness or noise. Modelled data with a constant atmospheric extinction coefficient
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Figure 6.11: The difference between modelled and real ratios taken at midday local time
for Las Campanas 2009. Port data is displayed in red and starboard in green.

and background counts does vary in a smooth fashion so the source of the noise is real
data. This short timescale variation may be caused by one of instrument temperature
variation, change in atmospheric extinction coefficient, guiding problems or something
utterly obscure.

We see a similar noise in the port-starboard separation, the difference in ratio between
the two detectors, primarily caused by the different view of the solar image each detector
has.

Figure 6.12 shows the modelled (dashed line) and real data (solid line) separation of
the port and starboard ratios. The data show a clear offset, again probably explained by
alignment, in ratio of 0.025. In addition there is a difference, between modelled and real
data, in trend in the latter half of the year. Also noise in the ratio separation is present
and has the same (undetermined) source as the noise in the absolute ratio.

Figure 6.13 shows the difference between the modelled and real separation of the ratios
through the year. The data show a better agreement in the first half of the year as men-
tioned above. We can conclude then that real data is subject to an effect that is prominent
in the latter half of the year, one that reduces the separation in the port-starboard ratio,

that is not included in the model.
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Figure 6.12: Port-starboard separation in ratio through the year for modelled (dashed
line) and real (solid line) Las Campanas 2009 data.
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Figure 6.13: The port-starboard separation difference between modelled and real Las
Campanas 2009 data.
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Figure 6.14: Ratio as a function of line-of-sight velocity - an RV curve - for modelled
(colour) and real (black) Las Campanas 2009 data. For aesthetic purposes only every
tenth day is displayed.

We have seen that the long term stability of the BiSON RSS is good but there are pseudo
velocities that cause variations that impact this stability. We will consider these effects
in detail in chapter 8. The last thing we will do before moving on is to demonstrate the
significance of the unknown effects in a yearly RV (ratio-velocity) curve. The ratio is
designed to be a measure of the line-of-sight velocity component and one would expect a
well calibrated instrument to return a unique ratio for each radial velocity. In reality all
of the effects discussed above lead to ambiguity in the line-of-sight velocity taken for each
ratio. The yearly RV curves displays this.

Figure 6.14 shows the real and modelled ratios plotted as a function of line-of-sight
velocity vgiation. The port detector is displayed on the left and starboard on the right
with modelled data in color and real data in black. The modelled ratios show a high
correspondence with vg.iion - there is very little width to the line in RV space. Real data
on the other hand has significant width not predicted by the model - there is reduced
correspondence.

From the above we must again conclude that there are pseudo velocities acting in the
real data that are either not included in the model or are expected to have much smaller

magnitudes. In chapter 8 we will investigate the origin of these effects.
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Chapter 7

Correcting for atmospheric effects

In the last chapter we highlighted two consequences of atmospheric extinction that in-
troduce pseudo velocity signals into BISON RSS measurements. The first effect, coined
‘extinction coupled with dark counts’, and the already familiar differential extinction are
a consequence of the atmospheric terms included in our model. The atmospheric terms
contain an extinction coefficient, which is an unknown variable, and the airmass, which
has a well described systematic variation. If we can measure the extinction coefficient and
the magnitude of the dark count contribution we may mitigate these two effects through
a correction applied to the measured ratio. We start with the problem of atmospheric

extinction coupled with dark counts.

7.1 Extinction coupled with dark counts

For the sake of clarity, we will recap the work of the previous chapter that linked atmo-
spheric extinction with background counts. We demonstrated in equation 6.4 on page 116

that extinction coupled with dark counts manifests in the ratio as

CI;GS _ C[res [ges _ II‘eS
T eIl 4 It 2cIMn 1 2di If + It + 210% + 2(d/c)i’

(7.1)
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where ¢ is the atmospheric transmission, a function of the extinction coefficient x and the

airmass A with standard form

c(t) = == =exp (=k()A(t) ), (7.2)

and d is the time varying function that describes the instrumental dark counts. It is clear
that a variation in dark counts and extinction can result in a variation in the ratio.

The ratio is designed to be a measure of the line-of-sight velocity signal between the ob-
server and source, but here we have a clear non-solar effect that can appear as a velocity.
It is desirable then that we modify the measured ratio - and hence the residual velocity -
so as to minimise this effect.

From the above equations we can see a straightforward solution to the problem of extinc-
tion coupled with dark counts. If 7 = 0 i.e. there are no dark counts, we have no problem.
But dark counts are unavoidable. Because dark counts are non zero and we wish to cor-
rect for the consequences, we must measure dark counts and atmospheric extinction. We
will continue by discussing the measurement of extinction from the RSS intensity data
and the measurement of a proxy for dark counts.

If we can measure both dark counts and atmospheric extinction, then we can construct a

correction to the BiSON ratio which has form

[gotal + [total
meas ]goml + I;;otal _ (Q(d/c)z)

Rideal =R (73)

The question is, can we measure dark counts?

7.1.1 Measuring dark counts

Dark counts are straightforward to measure if the spectrometer telescope aperture is
closed. Unfortunately, under such circumstances, sensitivities to solar oscillations are
somewhat reduced. However, there are times in the working life of an instrument when

it is necessary to have the telescope closed. For example, when the Sun is not visible at
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night and during bad weather. BiSON instruments continue to collect data, albeit not
velocity data, during these ‘down’ times and hence provide us with an opportunity. But
can these measurements of dark counts provide a reliable proxy for the dark count values
during ‘up’ time?

If, as we have argued, dark count variation is generated by temperature variations in the
detector electronics, then dark counts will share similar variations to ambient or spec-
trometer temperature. We would expect that these variations contain a daily component
and an annual component. Variation through the day(up time) is unmeasurable as we
have suggested, but it could - potentially - be achieved through calibration of detectors
using ambient or spectrometer temperature. We will leave this idea here as suggested
further work. We will instead continue to study the variation of dark counts through the
year.

In order to generate a time series of dark counts to show annual variation, we start by
defining a process that gives one data point per day to represent dark counts. Using
overnight intensity measurements we take a nightly value as the mean of a Gaussian dis-
tribution fitted by least squares fit to the frequency histogram. This method is preferred
to a straightforward mean of the population as results are less sensitive to outliers caused
by counting glitches. Using this as a working definition we may apply the technique to
data from the year 2009 taken at the Las Campanas station.

Figure 7.1 shows the daily - specifically nightly - mean dark count through the year
2009 for the Las Campanas station with port data displayed on the left and starboard
on the right. We instantly realise that there is a marked performance difference between
the port and starboard detector. The port detector is stable to within 40 or so counts in
1440 through the entire year. The starboard detector is poorly behaved with variation
occurring over the range 1700 to 2500 counts.

Putting aside the stability of the individual detectors, we still want to know if this calcu-
lated value may provide a good proxy for the day time average counts. For this purpose

we have included 4 data points calculated in the same manner as night time values, but
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Figure 7.1: Mean overnight dark count values (black) for Las Campanas in 2009 with the
port detector left and starboard right. Over plotted in red are the mean daytime dark
counts for 4 days where the dome did not open.

for daytime data where the dome did not open due to bad weather. There is good agree-
ment between the values which is encouraging. But, this ignores the fact that opening the
dome will introduce additional temperature changes and of course Sunlight interaction
with the spectrometer. So we accept that this measure has its limitations but provides a
proxy for the variation in dark counts through the year. Next we consider the extinction

coefficient.

7.1.2 Measuring atmospheric extinction coefficients

We have already stated that we require the value of the atmospheric extinction coefficient
if we are to correct for its interaction with dark counts. The atmospheric extinction
coefficient k can be measured using the RSS intensity measurements, I, and I,, that are
sensitive to, even dominated, by atmospheric extinction. But, these intensities contain a
contaminating signal from the line-of-sight velocity. We can find the extinction coefficient
using Bouger’s method (detailed later) but first we must remove the velocity contribution.
Atmospheric extinction has been modelled in earlier sections of this work simply as a

reduction in intensity,

[i = exp(—krA), (7.4)

0
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Figure 7.2: Simulated sums of I, + I, as a function of airmass. Each line represents a
different input extinction coefficient starting at x = 0.0 and increasing in steps of 0.01,
with the values 0.0,0.03,0.06 highlighted in red, green and blue respectively.

where A is the airmass. By simple manipulation we can see that

In (ILO) _— (7.5)

Hence if we plot the left hand side (LHS) of this equation as a function of airmass, we
expect to see straight lines where —x is the gradient. Figure 7.2 shows the fractional in-
tensity for modelled data as a function of airmass through the day plotted on a log scale.
Each line represents a different extinction coefficient starting at x = 0.0 and increasing in
steps of 0.01, with the values 0.0,0.03,0.06 highlighted in red, green and blue respectively.
The modelled data has constant s through the day and so the lines are expected to be
straight. We see that this is true for values of airmass greater than 2. However, the station
line-of-sight velocity interferes with the expected straight lines. For A < 2 the gradient
in figure 7.2 deviates from the constant extinction coefficient input. This is caused the
line-of-sight velocity bleeding into the sum during the middle part of the day. We can see
this more clearly in the following plot.

Figure 7.3 shows the instantaneous value of the extinction coefficient from the gradients

136



Extinction coefficient
o
o
o
\

|
©
(@]
o

T

\

0 1 2 3 4 5 6 7
Airmass

Figure 7.3: Instantaneous atmospheric absorption coefficient as a function of airmass.
Each line represents a different extinction coefficient starting at x = 0.0 and increasing in
steps of 0.01, with the values 0.0,0.03,0.06 highlighted in red, green and blue respectively.

of the previous chart. We see that for A > 2 the returned values for x are in good agree-
ment with the model input. However, for A < 2 the interference of the velocity signal
makes the returned values useless. Hence, before we measure a value for k we should
make efforts to minimise the velocity component bleeding into the sum.

To reduce the impact of the velocity component on measuring x we consider how [ varies
with v,,s. To a good first order approximation [ is linear in v;,,,. Hence, we can use a
straight line fit to I in terms of v;,s, with the gradient detailing the variation in 1.

By design we are using intensities that are sensitive to atmospheric extinction and rela-
tively insensitive to v;,s. As a result, any linear fit to intensity to account for velocity will
suffer due to extinction. Most complications can be avoided if the fit of intensity to v
is allowed only for regions of the day where atmospheric effects are at a minimum, which
is achieved for A < 2.0.

In addition to the fit to velocity, we can use the reaction to the line-of-sight velocity of
each intensity wing, I, and I, which is nearly equal and opposite in nature. By removing
the majority of the velocity component using a linear fit and then combining the two

intensities as a sum, [, + I, we have a measure that is insensitive to v,,s but still a good
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Figure 7.4: Atmospheric extinction coefficients through the year calculated from modelled
RSS data with input extinction coefficient of 0.03.

measure of atmospheric extinction.

The final step in this sequence is to apply Bouger’s method to the modified sum of the
intensities. Bouger’s method fits a straight line to the log of the measured intensity as
a function of airmass. We utilise this here by applying Bouger’s method separately to
morning and afternoon data. We can test this method on modelled data with constant
input for atmospheric extinction coefficient.

Figure 7.4 shows the atmospheric extinction coefficient determined by Bouger’s method
when applied to the sum of intensities modified to remove velocity components. The top
plot shows morning data and the bottom afternoon, with each plot displaying both port
and starboard values. The data show mostly good agreement with the model input value
of kK = 0.03. Disagreement between input and returned values are due to gaps in the mea-
sured data, caused by bad (modelled) weather, that cause inaccuracies in the correction
of the velocity component, particularly in the section of data at around 50 days.

This method gives us the ability to measure k, albeit with complications due to bad
weather. The types of days on which this method fails are days with shorter sections of
data and for that reason have a reduced need for correction, i.e. their impact in any long

time series will be reduced. We can proceed to consider real data.
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Figure 7.5: Atmospheric extinction coefficients through the year calculated from real data
of Las Campanas station year beginning 01/01/20009.

Figure 7.5 shows the method under consideration applied to real data for Las Campanas

2009, i.e. the same circumstances used for modelled data. Again the top panel shows
morning data and the bottom is afternoon with both port and starboard detectors shown.
The data show results with good stability from day to day, ignoring the section of data
around 50 days we know to be compromised. The data show better stability in winter
and decreased stability during the summer months which is consistent with the anecdotal
description of the stations seasonal variation. This then, provides a satisfactory measure-
ment of k.
We have all we need to calculate the impact of dark counts coupled with extinction in
the BiSON RSS ratio. To demonstrate this effect we introduce the definition of inverse
sensitivity, that is the rate of change of velocity with respect to ratio, dv/dR, given in
units of m s~!. This measure is then the gradient in a ratio against velocity plot and a
change in sensitivity will rotate the ratio velocity curve about the origin.

Figure 7.6 on the next page shows the expected reduction in inverse sensitivity due to
dark counts coupled with extinction. The data show that any changes in sensitivity are
small (a few m s™!) for the well behaved port detector but in excess of 12m s~! for the

starboard detector where dark counts contribute as much as 2% to the total count. Tt is
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Figure 7.6: Inverse sensitivity reduction due to dark counts coupled with extinction
through the year 2009 for Las Campanas A instrument, calculated at fixed ratio, R = 0.2.

straightforward to demonstrate what this change in sensitivity does to the ratio velocity
curve.

Figure 7.7 on the following page shows the impact of dark counts as a percentage of
total counts in the measured ratio. Clearly a change in sensitivity due to a change in
background counts is capable of creating width in the ratio velocity curve. This width
can been seen to be monotonically increasing as we move further away from the origin.
However, the total width in the real data displayed in figure 6.14 of the previous chap-
ter requires a variation in sensitivity of the order 150 and 250 m s~! for the port and
starboard detectors respectively. While the background counts contribute a signal, it is
significantly less than that required to explain the observed lack of correspondence in the
ratio velocity curve.

We have then, a signal of unknown origin that is not explained by a model of the in-
teraction of the Sun-atmosphere and instrument. This signal prevents the application of
seasonal calibration of the BiSON day - as opposed to the current daily calibration. For
now we stick with matter at hand, the presence of effects of (known) atmospheric origin
that manifest in BiSON measurements. We will return to the signal unidentified origin

in the next chapter.
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Figure 7.7: The impact of changes in inverse sensitivity due to dark counts and atmo-
spheric extinction in a season ratio-velocity curve.

7.2 A correction for differential extinction.

Differential extinction has been detailed in a number of places in this work already (see 3.3
on page 50). To recap briefly, differential extinction is a pseudo velocity signal that enters
BiSON residual velocities because atmospheric extinction varies with position on the solar
disk which depends on the alignment of the extinction gradient relative to the solar axis
of rotation and the magnitude of the gradient. In the previous chapter, we retrieved the
form of differential extinction from modelled data. We now begin to look for a correction
to this effect. First we ask the question: what is the impact in the power spectrum of
differential extinction?

Figure 7.8 shows the differential extinction signal in the time and the generated residual
signal in the frequency domain. The left figure shows the differential extinction shape -
determined and displayed in the previous chapter (figure 6.9 on page 126) - for extinction
coefficients starting at x = 0.0 and increasing in steps of 0.01. Three cases have been
highlighted with x = 0.0,0.03,0.06 in red, green and blue respectively. The right figure
shows the power spectrum of the residuals generated from a third-order polynomial fit

and calibration to the modelled ratio for the same values of x.
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Figure 7.8: Differential extinction signal generated from modelled data. Shown in the
time domain (left) and the generated residual signal in the frequency domain (right).

Figure 7.8 says two things about differential extinction. One; differential extinction in-
troduces significant amounts of low-frequency noise, and two; the amount of noise is not
linearly proportional to the amount of differential extinction. The first point is the mo-
tivation for studying a correction for differential extinction. The second point tells us
something about the existing data reduction pipeline.

The BiSON pipeline typically fits a third-order polynomial to measured ratio that in-
cludes differential extinction. But the characteristic shape of a third-order polynomial is
not a good fit to the differential extinction shape. One can simplify this statement by
considering fitting a second or even first order polynomial to the differential extinction. As
the fit acts to minimise x?, the resulting parameters will describe a function that scythes
through the middle of the differential extinction. So fitting a third-order does not remove
differential extinction, in fact it modifies the shape of the original function to satisfy a
minimum in y2. This is why the low-frequency noise produced is not a linear function of
the extinction coefficient.

From modelled data, we expect differential extinction to produce a systematic effect that
varies in magnitude depending upon the atmospheric absorption coefficient. This type of
effect presents an opportunity for a correction that will remove or at least minimise its
impact. To achieve this we will construct a mathematical model for differential extinction

that will be applied in later sections.
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7.2.1 Differential extinction model

The problem of differential extinction has been studied previously (see Grec and Fossat
[1979], Belmonte et al. [1988], McLeod and Isaak [1988]). It is common to seek a model for
differential extinction that takes the magnitude of the atmospheric transmission gradient
T'/T and multiplies this by the sine of the angle between this gradient and the rotation
axis of the Sun. Including some constant, Aj,g, to account for the instrumental sensitivity

gives a generic model for the velocity component of differential extinction as

!

T
Udext = Ainst? Sin(q + Pa)a (76)

where ¢ is the parallactic angle and P, is the position angle. The ambiguity in the plus or
minus of these angles comes from an ambiguity in definition. Here we define the position
angle such that the angle between the transmission gradient and the solar rotation axis
isq— P,.

Ehgamberdiev and Khamitov [1991] realised that the instrumental ‘fudge’ factor, A, would
not remain constant through the year and so modelled this parameter in commendable
detail. The result of this work was a complicated function containing many constants that
attempted to describe the solar line function weightings but crucially not the instrumen-
tal effects. Earlier work in this thesis produced the instrumental weightings of a BiSON
RSS from fundamental principles and we may now rework the modelling of differential
extinction with this increased knowledge.

Here we make a subtle but necessary change to the approach of previous authors, we
will derive a correction in terms of ratio not velocity. Previous work has adjusted the
calibration procedure so that v, includes the pseudo velocity from differential extinc-
tion. Here we will derive an additional function that may be fitted to data at the same
time as a third-order polynomial. This allows for the possibility of free parameters in the
fit to account for instrumental fudge factors and poorly known atmospheric extinction

coefficients.
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Given that we consider the existing model in velocity to be sensible, we can straightfor-
wardly transmute previous work to suit our needs by describing differential extinction in
terms of a ratio:
TI
Tdext = Ainst? Sin(q - Pa)7 (77)
but we must expand this expression to make it meaningful.

We have a model for the atmospheric transmission function that can be expressed in terms

of zenith angle (see chapter 3)

1
Fmomplond)=exp (= ; 7.8
b b < cos(z) — 0.50572 (96.07995 — z)1-6364) (7.8)

where the zenith angle z must be given in degrees. This gives the magnitude of the

atmospheric transmission gradient with respect to z as

T dT 1 .82 50572 -
—=—.—=—kK (M — sin(z)) (w + cos(z)) : (7.9)

26364 16364

where w = 96.07995 — z. For convenience we will express the above as two terms giving

T/
= —k6(2). (7.10)

This then gives our model in terms of ratio as
Tdext = —AinstiB(2) sin (g — P,) . (7.11)

As we have seen in the previous section it is troublesome to measure the atmospheric
extinction coefficient x, but we require this value for equation 7.11. In addition, we require
the weighting fudge factor. It is therefore sensible to combine two separate unknowns to

form a single unknown, here as . We then have a correction that is a function of zenith
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angle, parallactic angle, and position angle with a single free parameter «,

raext (2,4, Pa) = af(2) sin (¢ — F,). (7.12)

This provides us with a function that can be combined with a third-order polynomial to

describe the measured ratio
r(v,z,q, P, Za]v] +af(z)sin (g — P,) . (7.13)

It is first prudent to demonstrate the efficacy of this correction on modelled data, after

this we will work with real data.

7.3 Correcting modelled data

Following on from the previous section, we now have a modelled correction to account for
differential extinction. And from the previous chapter, we know the form of differential
extinction from the modelling of RSS measurements. We start by comparing the two
results to establish consistency.

To compare both modelled forms of differential extinction we will fit the simple approach
taken in equation 7.12 to the differential extinction shape predicted by the full RSS
model. Fitting is performed using the Levenburg-Marquardt routine, a robust non-linear
least squares fit. We do not consider the errors in the fit parameters as the error in the
modelled ratio is an unknown. We can consider just the differential extinction shape for
two example days,

Figure 7.9 shows the modelled RSS data correction (black) hidden by the fitted differential
extinction model (red), with the residuals of the fit shown below. Two example days are
shown at opposite points in the year, 14/01/2009 and 11/06/2009, for the Las Campanas
station. The data show the model to be a reasonable fit to the data with the differential

extinction reduced to less than 10% of its original value.
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Figure 7.9: Fits of the differential extinction model to the modelled RSS differential
extinction signal for the Las Campanas station 14/01/2009 (left) and 11/06/2009 (right).

Normally one would examine the fit residuals and consider a modification or addition to
the model, but not here. The inclusion of a third-order polynomial fit is implicit in the
final application of any correction and it is desirable to keep the interaction between the
two functions - differential extinction and third-order polynomial - to a minimum. By
leaving the shape of the correction tightly constrained we avoid unnecessarily increasing
the number of local minima in y?. We can now look at how this combined fit performs
when considering the modelled ratio including differential extinction.

Figure 7.10 left shows the modelled RSS ratio (black) and the third-order polynomial
with differential extinction fit (red) with the residuals shown below. The right hand
panel displays the power spectrum for three possibilities: the differential extinction shape
uncorrected (+); differential extinction shape corrected with the differential extinction
model(x); and the modelled RSS ratio including differential extinction corrected with
a combined fit of the third-order polynomial and differential extinction correction(o).
The data show that the addition of the polynomial reduces the magnitude of the residual
ratios. In the power spectrum, the low-frequency noise is reduced by first the correction for
differential extinction and then the introduction of the polynomial. The noise-reduction
at 1 mHz is at least a couple of orders of magnitude for each step. This provides an
example of a best case scenario, and so we consider next a typical day.

Figure 7.11 shows the same information as 7.10 but for Las Campanas 11/06/2009.
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Figure 7.10: Fit of a third-order polynomial plus differential extinction correction to the
modelled RSS ratio for the Las Campanas station 14/01/2009. Data and residuals in
the time domain on the left and residuals in the frequency domain on the right. In the
power spectrum residuals from: just the differential extinction signal (4); the fit of the
correction to just the differential signal (x); and the fit of the third-order polynomial and
correction to the modelled RSS ratio including differential extinction (o).

4x10°
10* o
C ] e
E ] [ +++++++H+H++HH+ 1
S 3x10°F E WOQjM WMMW
= £ 1
N r | R o 7
r B N T
i 1 T o0k
@ 2x10°F B 5 00,
] Q- J
] N ”
1 5 5
E E z 107 !
1X10°F 1 a | |
0 E ]
5 20F E
3 E E 1074 i
o oF El
[ £ | b 4
g —20¢ E .
—40¢c e 10 I I I
12 14 16 18 20 22 0.0000 0.0005 0.0010 0.0015 0.0020
Time (Hours) Frequency (Hz)

Figure 7.11: Fit of a third-order polynomial plus differential extinction correction to the
modelled RSS ratio for the Las Campanas station 10/06/2009. Data and residuals in
the time domain on the left and residuals in the frequency domain on the right. In the
power spectrum residuals from: just the differential extinction signal (4); the fit of the
correction to just the differential signal (*); and the fit of the third-order polynomial and
correction to the modelled RSS ratio including differential extinction.
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Figure 7.12: Fit coefficients for a third-order polynomial and differential extinction cor-
rection applied to simulated data. Left: The alpha coefficient for the fit to differential
extinction signal only (black) and the treatment of the full ratio including differential
extinction (red). Right: The §V solution to the third-order polynomial for the fit to ratio
with (red) and without (black) a differential correction.

In this application the addition of the polynomial in the fit actually increases the low-
frequency noise, albeit by a relatively small amount. But noise levels are still significantly
reduced when compared to an uncorrected differential extinction shape. The analysis here
is slightly disingenuous in that we are hinting at a comparison with uncorrected differential
extinction. In reality, the noise produced by uncorrected differential extinction will be
mitigated to some degree by a polynomial fit to the ratio. However, the noise due to
differential extinction found in residuals from a third-order polynomial fit is very sensitive
to regions of the day considered, by a number of orders of magnitude. We will give proper
consideration to the reduction in noise from uncorrected to corrected data but this is
best achieved when considering the noise distribution of real data. Next we consider the
variation of the fit coefficients through the year.

Figure 7.12 shows the variation of the calibration fit coefficients through the year. The
left chart shows the « coefficient for the differential extinction correction fitted to just the
differential extinction shape (black +) and the polynomial plus correction fitted to the
modelled RSS ratio (red triangle). The right chart gives 0V, the velocity solution to the

third-order polynomial

3
R=Y aj, (7.14)
§=0
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where R is a ratio value selected such that most days through the year contain that value.
This choice minimises extrapolation and for Las Campanas modelled data is set R = 0.2.
Two dv data sets are shown, black data points for calibration with just the polynomial
and red points for calibration including the differential extinction correction.

The data in figure 7.12 show a reasonable agreement in terms of the underlying trend
between the calibration with correction and the control data sets. However, it is clear that
there is interference between the third-order polynomial and the differential extinction
correction. Days 50 to 175 show examples of the fit finding local minima around the
starting estimated parameters. This can be mitigated by selecting good starting values
for the fit which then return results consistent with uncorrected data, as can be seen in
the second half of the year.

We have applied a differential extinction correction to modelled data that provides an
opportunity for a significant reduction in noise due to this effect. We know now that the
application of the correction to real data is expected to be sensitive to the fitting starting
parameters. In this sense we cannot expect the correction to be perfect, instead we target
a reduction in noise rather than elimination. We can now go on to apply this correction

to real data.

7.4 Correcting real data

Application of a differential extinction correction to real data requires some modification
to the implementation applied to sterile modelled RSS data. Of course, we are unable to
isolate the differential extinction signal from velocity changes in real data which means
we have no comparison for fit coefficients. The figure of merit for the correction must be
the low-frequency noise observed in the power spectrum.

It is expected that the atmospheric absorption coefficient x will vary from the morning to
the afternoon and hence, so will a. Here we can take advantage of the shape of differential

extinction as the model provides a significant correction at only the ends of a day - the
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correction is insensitive to variations in x during the middle of the day. Hence, we are
able to define an « coefficient in the morning «,, and then a modifier coefficient mgey,

such that

Qafternoon — UmMdex- (715)

This adjustment is a reduction in the number of constraints on the model, but the shape
of the differential extinction in each half of the day remains fixed - only the magnitude
may change - which should be constraint enough. The point of transition from morning

to afternoon - in terms of the alpha coefficient - is simply defined by

sin (¢ — P,) = 0. (7.16)

This eliminates any discontinuity due to the discrete change in parameters.
The modifier parameter describes the change in atmospheric conditions between the morn-
ing and afternoon. Considering all BiSON stations and each of their own unique atmo-
spheric anomalies - normally caused by dust or sand overland, or water vapour over sea
- it is hard to conceive a condition where this modifier should stray from the region
0.05 < mgex < 20. Therefore, the modifier parameter is constrained in the fit to these
given values.
We have enough information now to apply the correction to real data. First we consider
a single day of data, 14/01/2009 from the Las Campanas station. In order to display
the differential extinction signal in real data we must make an adjustment to the regions
of data considered. Without a correction for differential extinction, it was necessary to
remove the ends of each day to minimise the noise seen in calibrated data. To show the
impact of our correction we include end of day data not normally passed.

Figure 7.13 shows residual velocities (left) and their power spectra (right) for uncor-
rected (top) and corrected (bottom) data. The differential extinction signal is clear in the
uncorrected residuals, albeit with a shape modified by the polynomial fit. The corrected

residuals do not contain a differential extinction shape. A comparison of the two power
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Figure 7.13: Calibrated data for the Las Campanas station 14/01/2009. Top left: residuals
calibrated without the differential extinction correction and shown in the time domain.
Top right: residuals calibrated with the differential extinction correction , again shown
in the time domain. Bottom: Comparison of the uncorrected (red) and corrected (black)
data in the frequency domain.
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Figure 7.14: Fit coefficients for a third-order polynomial with differential extinction cor-
rection applied to real data. Left: 6V the solution to the third-order polynomial, for the
calibration with (red) and without the differential extinction correction. Right: histogram
of the morning (black) and afternoon (blue) alpha coefficients from the calibration.

spectra shows that noise in the band 0 — 1 mHz is significantly reduced. We will delay
discussion of the noise reduction in a quantitative manner until we have considered more
than a single day.

Having considered a single day we move on to apply the correction to a whole year of
data. The two populations of corrected and uncorrected data can be used to show the
effect of the addition of the differential correction. An important comparison between the
two data sets are the fit coefficients returned. We consider these now.

Figure 7.14 shows the fit coefficients from data calibration for the year starting 01/01/2009
at the Las Campanas station. The left hand plot shows the 0V formed from the third-
order polynomial coefficients of the fit with the uncorrected data set shown in black and
corrected in red. The right hand plot displays the histogram of the alpha coefficients for
morning (black) and afternoon (blue). The data show that the polynomial fit is largely
unaffected by the addition of the differential extinction correction, the exception being
the region from 50 to 150 days which corresponds to the same region of disagreement in
0V seen in modelled data.

The distribution of alpha coefficients show two points of interest. Firstly there are signif-
icant number of days that show values at the extreme ends allowed by the fit, zero and

1 x 10~ These values represent days that have little or no data at dawn and dusk that
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Figure 7.15: Noise parameter as a function of time from sunrise of the point of data
rejection for calibration with (red) and without (black) differential extinction correction.

would otherwise provide good constraint. As we have already discussed, the fit of the
differential extinction correction is sensitive to the ends of the day but insensitive to the
middle of the day. On days with little constraining data, the fitting routine will allow the
alpha coefficient to vary wildly without significant impact in the x?. This is nothing to
be concerned about because of the lack of impact.
Secondly, we can compare the peak of the two distributions from real data with the val-
ues of alpha generated from simulated data. We can see there is a vague maximum in
both morning and afternoon alpha values at 2 x 107°. The mean value generated from
simulated data is 1.8 x 107° giving good agreement between the two. We can now move
on to discuss the quantitative aspects of the reduction in noise.
When discussing a reduction in the low-frequency noise parameter - the sum of the power
in the frequency band 0.8 — 1.3 mHz - we must be cautious about our comparisons. Any
observed reduction in noise is sensitive to the regions of a days data included in the anal-
ysis. We do not expect to see a reduction in noise from the addition of the proposed
correction for regions of data a couple of hours either side of midday. On the other hand,
if we consider a full day of data we would expect maybe a 60% reduction in noise.
Figure 7.15 shows the low-frequency noise parameter for 14/01/2009 at the Las Cam-
panas station as a function of the length of time rejected from the start of the day.

Uncorrected data are displayed in black and corrected in red. The data show an under-
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Figure 7.16: Histogram of data points per day for two regimes of regions, traditional
(black) and liberal (green) over the year starting 01/01/2009 for the Las Campanas sta-
tion.

lying trend with some periodic noise over the top. The ‘noise’ comes from end effects
caused by solar oscillations producing noise in the FFT process. Ignoring this noise, we
can see that low-frequency noise reduction from the addition of the correction is much
greater with less data removed, as expected. The impact of the correction is significantly
reduced when more that an hour of data is rejected.
We note from figure 7.15 that the corrected data are not sensitive to the length of the
day considered. Each day of BiSON data has been manually processed to include regions
of good data unaffected by cloud interruption or differential extinction. The introduction
of a correction for differential extinction changes the requirements of the regions set for
each day. Again using the year beginning 01/01/2009 and Las Campanas data, a new set
of regions were created with the extreme ends of each day included rather than rejected.
Figure 7.16 shows the histogram of the number of points included in each day. Tradi-
tional regions set to exclude differential extinction are shown in black and the new liberal
regions displayed in green. The increase in fill due to the extension of regions is 2.7 %.
We can now compare the low-frequency noise parameters returned with and without a
differential extinction correction for each day with the two different regions settings.
Figure 7.17 shows the noise distributions of a year of data starting 01/01/2009 at the

Las Campanas station. The left hand chart shows the results with the traditional regions
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Figure 7.17: Histogram of the noise populations in two different region regimes (traditional
left and liberal right) calibrated with (red) and without (black) the differential extinction
correction.

and the right hand side with the liberal regions. Data without the differential extinction
correction are shown in black with corrected data in red. It is clear that in both charts
the data show a reduction in the mean low-frequency noise value, when corrected for
differential extinction, for both populations of region data.

More than just a reduction in low-frequency noise, the correction for differential extinc-
tion produces two distributions of noise, for the different types of region used, that are
not wildly dissimilar. The distribution of noise for the liberal regions is slightly shifted to
higher noise than for the traditional regions but this shift is perhaps compensated for by
the 2.7% increase in fill.

We will consider the fill to be a proxy for signal in a time series and hence, we can con-
struct a parameter that describes the signal-to-noise ratio (SNR) of a long time series of
data. This SNR provides a value that can be calculated and even maximised in a days

region parameter space.

7.4.1 Trimming

In an effort to reduce the impact of differential extinction, prior to the advent of a cor-
rection, a technique called ‘trimming’ was developed to maximise the signal to noise

parameter by reducing the amount of data passed through the calibration pipeline at the
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Figure 7.18: Histogram of noise populations for three different region regimes: traditional
in black; liberal in red; and trimmed in blue.

extreme ends of the day. With the inclusion of the correction for differential extinction
the technique of trimming has a significantly reduced impact in noise reduction. However,
more data can now be included at the extreme ends of the day giving an increase in signal
for a similar value of noise. Trimming it seems is still useful.

Application of the trimming procedure is a brute force method that calculates the noise
- the mean value of the power in the power spectrum over the range in frequency 0.8 —
1.3 mHz - as a function (and for all sensible values) of the number of points included.
The technique is applied separately in the morning and the afternoon and as a result is
computationally intensive. Numerical algorithms that would significantly optimise the
path taken to a maximum value, are foiled by a number of deep local minima caused by
discontinuities at the end of each day, that are of course dependent on the independent
variable.

Despite being an unwieldy tool, trimming does provide a reduction in the mean value of
the noise distribution through out a year.

Figure 7.18 shows the three noise distributions calibrated using the differential correction
for the traditional regions(black), the liberal regions(red) and the trimmed (or optimised)
regions(blue). The data show a clear shift in the distributions towards lower noise for
the trimmed data set. One should be wary of over parametrisation, that is assigning

a simplistic value to describe a more complex system. To sanity check the results here
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we complete this chapter by presenting the three long time series produced by the three

methods displayed in fig. 7.18.

7.4.2 Time series

Figure 7.19 on the next page shows three power spectra generated with a year of data
(2009) from the Las Campanas A instrument. The three power spectra show the noise
levels for each of the three regimes of region discussed above: traditional regions with-
out differential extinction correction top; liberal regions middle; and optimised regions
bottom. It is not important as to whether or not this mode or that mode is visible in
the spectra, rather that the average noise levels are clearly distinguishable. Quantita-
tively, the results for each of the regions are: traditional regions with fill of 29% and noise
of 29.35 m? s72 Hz~!; liberal with a fill of 32.85% and noise of 24.64 m? s~ Hz~!; and
trimmed with a fill of 32.70% and noise of 24.13 m? s=2 Hz~!.

It is incontrovertible that the addition of the differential extinction correction reduces
the low-frequency noise and allows for the acceptance of more data at the extremes of the
day, which increases the fill. There is support for a reduction in noise from the addition
of the trimming technique but this effect is far less dramatic.

Having satisfied ourselves that we can apply a correction for the impact of atmospheric
extinction we return in the next chapter to tackle the annual velocity signal of unknown

origin.
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Figure 7.19: Power spectra for the three calibration regimes: Top - traditional regions
without differential extinction correction; middle - liberal regions with differential extinc-
tion correction; and bottom - trimmed (optimised) regions with differential extinction
correction.

158



Chapter 8

BiSON inference on long timescales

In Chapter 6 we presented a disagreement between the model of an RSS and the real data:
there is a lack of correspondence in the ratio-velocity (RV) curve for observations not
seen in modelled data. This lack of correspondence hampers efforts to produce residuals
calibrated over a season rather than a single day. The motivation for a seasonal calibration
is the ability to observe signals of solar origin at very low frequencies (< 0.2 mHz). Here
we return to the problem of lack of correspondence to study the characteristics of the

process that generates the width in the RV curve.

8.1 Introduction

When calibrating BiSON data, we assume that the measured ratio is a function of line-
of-sight velocity between the spectrometer and the Sun. We would like to believe that
the ratio has only this one independent variable and hence we calibrate data on a daily

basis with the application of a third-order polynomial fit in velocity

r(v) = Zaivi. (8.1)

However, studying the yearly RV curve we see that there is width, or a lack of corre-

spondence, in the resulting line. This width is evidence of a second dependence - another
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independent variable. But what is the magnitude of this width?

Figure 8.1 on the following page shows the RV curve for modelled (red and green for port
and starboard respectively) and real data (black). The width of the real data curve can
be expressed as a velocity - even if it is simplistic to assign the width to processes in just
the velocity axis - which is of order magnitude 100 m s~!. The width in modelled data
can be seen to be some ten times smaller than this. In addition to the modelled observed
differences, the width is of a different magnitude for the port and starboard detectors
as well as the maximum width appearing at different times of the year - which is the
equivalent of saying differing orbital velocities.

Given that we can clearly identify a signal of unknown origin - the cause of our lack of
correspondence - and that it does not appear in modelled data, we are left with questions.
Is there something missing in our model that can generate this effect? Can we explain
the effect in terms of an instrumental alignment issue? And, is there a problem with a
model input, perhaps the solar line function?

We will continue by investigating the properties of the signal of unknown origin, but first,
it will be useful for later work to measure the integrated solar line observed by BiSON

RSS.

8.2 Integrated solar line

BiSON RSS instruments make intensity measurements over a narrow band in wavelength
around some wavelength on the integrated solar line. We can show the approximate shape
of the mean integrated solar absorption line using an intensity-velocity (IV) curve, where
each measurement of intensity, using data from many days, is displayed at the line-of-sight
velocity between the observer and source. In addition, we split the two measurements I,
and I, by the value of the magnetic field strength given in units of velocity, 2600 m s~*.

This TV curve traces out the shape of the solar line but is severely contaminated by

the effects of atmospheric extinction. To reduce the confusion caused by atmospheric
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Figure 8.1: Ratio as a function of line-of-sight velocity - an RV curve - for modelled
(red - port, green - starboard) and real (black) Las Campanas 2009 data. For aesthetic

purposes, only every tenth day is displayed.
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Figure 8.2: Intensity velocity (IV) curve for Las Campanas year starting 01/01/2009.
Intensity wings are displayed split by the magnetic field strength, 2600 m s~!, and with
the fitted integrated solar line Gaussian. Right: port detector Left: starboard detector.

extinction, data are cut by passing values only where the summed intensity is within
99.99% of the daily maximum.

Given that the IV curve traces out the solar line, we can fit a basic model of the integrated
solar line to the intensity data in terms of velocity v. To prevent over complication,
something that would only hamper efforts in later work, we model the integrated solar
line as a Gaussian with symmetry about the mean value in velocity. This model is
expressed algebraically as

—Z

2
I = I[] — Fexp <T> y (82)

where [j is the intensity of the continuum away from the solar line, I" is the depth of the
solar absorption line and z is a parameter describing the mean p and width o of the line

where

P — (8.3)

We can proceed by fitting this to the IV curve.

Figure 8.2 shows the yearly IV curve starting 01/01/2009, for the BiSON Las Campanas
station. The port detector is shown on the left and starboard on the right. Plotted over
the top of the intensity measurements are the symmetric Gaussian lines - fitted using the

Levenburg-Marquardt robust non-linear least squares fit - to model the solar integrated
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‘ Parameter H Port ‘ Starboard ‘ Modelled port ‘ Modelled starboard ‘

Mean offset (pms™') || —405+1 | —624+1 —541.64 £ 0.02 —717.85+0.03
Depth (ILO) 0.77+£0.01 | 0.78 £0.01 | 0.78056 &+ 0.00001 | 0.78056 £ 0.00001
Width (o ms™!) 2627 £ 6 2762 £ 4 28789+ 0.2 2871.7+£0.2

Table 8.1: Returned fit parameters for a Gaussian absorption line fitted to the Las Cam-
panas 2009 IV curve.

absorption line.

The accuracy of the fitted line is compromised both by the use of a symmetric Gaussian
and the confusion created by atmospheric extinction, which generates significant system-
atic error. However, as a guide for the approximate values of the integrated solar line this
will suffice. The same process of fitting is applied to modelled data without atmospheric
effects included. The returned parameters for real data and modelled data are given in
table 8.1.

The difference between the integrated solar lines of modelled and real data are significant
for the mean offset and one sigma width parameters but not for the depth. Of course, the
RSS model is sensitive to the input parameters for the solar line for each pixel. Compar-
ing the returned integrated solar lines would be a sensible approach to tuning the model
to suit observed data. However, generating a year of modelled data is computationally
intensive which prohibits the variation of input line to match the observed outputs. The
alternative, an inversion problem, could form the basis for further work.

The parameters found for the integrated solar line will be of use in the following section

when studying the inverse sensitivity.

8.3 Inverse sensitivity

The lack of correspondence observed in BiSON RV curves must be described by some
movement of data points, away from the underlying trend, in the ratio-velocity space. In
these two dimensions, the movements must be described by a combination of translations

and or rotations. Here we concentrate on a type of rotation, the variation of a spectrom-
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Figure 8.3: Inverse sensitivity as a function of day of the year. Left: modelled data.
Right: Las Campanas station 2009. Detectors shown port (red) and starboard (green).

eter’s inverse sensitivity.

The inverse sensitivity of a BiSON RSS is the rate of change of velocity with respect to
ratio, or the inverse of the gradient in RV space. The inverse, rather than the sensitivity is
used as this gives the familiar units of m s~!. Considering a change in inverse sensitivity
is analogous to considering a rotation of the curve in RV space with the axis of rotation
centred on the origin. Put another way, an increase in inverse sensitivity (a decrease in
sensitivity) will reduce the gradient in the RV curve. The question is, can we explain the
width in the RV curve with a variation in inverse sensitivity?

Figure 8.3 shows the modelled and real data inverse sensitivities as a function of day
through the year 2009 for the BiSON Las Campanas A instrument. We see an underlying
annual trend with some non-linear response. In fact the data can be well described by

the function
dVv :
E(t) = ap + a1 exp (sin(wt + ¢)), (8.4)
where the angular frequency w and phase of the sinusoid ¢ match those of the orbital
velocity signal. This simplistic application leaves a residual signal with a period of 30
days - the station velocity component due to the moon.
Figure 8.4 shows the inverse sensitivity for modelled and real data as a function of

daily orbital velocity. The agreement of the curves over all velocities confirms that the

independent variable is indeed orbital velocity. If the driving signal were anything else,
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Figure 8.4: Inverse sensitivity as a function of orbital velocity. Left: modelled data.
Right: Las Campanas station 2009. Detectors shown port (red) and starboard (green).

we would clearly see a disagreement due to the velocity caused by the orbit of the moon.
However, we can see that there is a significant difference in magnitude in the two data

sets, real and modelled. The inverse sensitivity of modelled data varies by around half

that of real data. A different inverse sensitivity function between modelled and observed

data will of course produce a change in ratio’s between the two, and perhaps will produce

differing width in the R-V curve.

Next we consider a simple analytical treatment of the inverse sensitivity by using the

integrated solar line function.

8.3.1 Analytical treatment of inverse sensitivity

Placing the mean value for the integrated solar line at zero for simplicity, the description

from equation 8.2 becomes

2
[:1—FeXp<2v>, (8.5)

202
where v is now the velocity offset from the centre of the line. BiSON instruments measure
intensity at wavelengths referenced by atomic transitions, in the laboratory frame, that
have very narrow line widths. By considering the point of measurement to move with
respect to a solar line described by a Doppler velocity v, and the BiSON measurement to

be taken at a single point on the solar line, we can describe the rate of change of intensity
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with respect to velocity as
d —v? I'v —?

BiSON RSS measure intensity but use the ratio R which gives a greater sensitivity to

Doppler velocities - defined as
I, — I
=2 T (8.7)
ILy+1,+0
where b is the non-resonantly scattered counts and the subscripts refer to the measure-

ments taken in either the blue or red wing. Hence, the rate of change of the ratio with

respect to velocity is then

dr  d ( I(v) = I,(v) >: <%_d[r

— = L+1I1+b) ", 8.8
dv  dv \Ly(v) + I.(v) + b dv dv>(bjL +9) (8:8)

assuming that

@) + L) + ) =o. (8.9)

dv
This assumption is valid to first order only because it relies on the velocity response of
the two intensities being equal and opposite. In reality, asymmetry of the measured solar
line and non-linear effects at high station velocities produce lower order effects. But for
the work here the assumption is valid.

Expanding equation 8.8 in terms of the solar line function gives

2 2
ar rew () e (55)
dv 2—Fexp(%§>—f‘exp(;§§>+b

(8.10)

where we can describe the magnetic field strength in terms of a velocity B! such that

v, =v+ B and v, = v — B.

!The magnetic field strength is 0.18T which acts to Zeeman split the wavelength of the potassium
atomic transitions which means that we can describe the magnetic field in terms of the Doppler velocity.
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Figure 8.5: Analytical model for inverse sensitivity. Left: predicted instrumental re-
sponse. Right: Response at varying magnetic field strength with interval 400 m s='.
Foreground: Magnetic field strengths of 2600, 3000, and 3400 m s™! in read, green, and
blue respectively.

This reveals the exponential dependence observed in both real and modelled data. With-
out needing to simplify the expression we can plot the inverse sensitivity as a function
of velocity. We use the parameters I' = 0.78, ¢ = 2600.0 m s~!, B = 2600.0 m s~! and
b = 0.1. Figure 8.5 shows this result and the results for magnetic field varying in steps of
200 m s~ L.

The shape of inverse sensitivity as a function of line-of-sight velocity returned by the
analytical model closely resembles the both modelled and real data. Although, the mag-
nitude of the effect throughout a year will obviously depend on any velocity offset - at
greater velocities there is a greater change in inverse sensitivity. Hence, the analytical
model suggests to improve agreement between RSS model and observed data we must
vary one of the input parameters: magnetic field strength; background contribution; or
solar line shape.

Figure 8.5 shows the inverse sensitivity as a function of velocity at varying magnetic field
strengths. This plot shows us two things. Firstly, the sensitivity of an instrument may be
improved by using a magnetic field strength greater than the usual B = 2600 m s~*. The
optimum sensitivity (lowest inverse sensitivity) is achieved with a magnetic field strength
of B=3400 ms~! or B = 0.24 T. Secondly, the flat part of the curves at differing mag-

1

netic field strength show, to a resolution of 200 m s™", the observed inverse sensitivity
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Figure 8.6: Las Campanas 2009 and analytically modelled inverse sensitivity as a function
of velocity. Left: The mean of both detectors offset by 790 m s~! with respect to the
analytical model. Right: Port (red) and starboard (green) detectors offset by 680 and
900 m s~ ! respectively.

matches the analytical model - and in fact the RSS model - at B = 2600 m s~!.

Figure 8.6 shows the analytical model for inverse sensitivity with the observed data over
plotted. The observed data are plotted with a velocity offset to match the analytical
model curve. The offset between the port and starboard detectors, due to the imaging of
the rotating sun in the cell, is a useful diagnostic. The offsets used for the port and star-
board velocities are 680 m s~ and 900 m s~!, and while this is shifted by some 270 m s~!
with respect to the measured integrated line velocities, the separation of the two in in
good agreement. This all suggests that inverse sensitivity is a function of line of sight
velocity.

Initially we had hoped that a change in inverse sensitivity might generate width in the RV
curve. But as we have seen, the observations show that inverse sensitivity is a function
of line-of-sight velocity and while this will change the shape of the RV curve it does not
present a method for introducing width. In order to explain the width in the RV curve
we require a process that is not a function of velocity. Next we consider a parameter that

describes the change in width of the RV curve to try and identify source of this signal.
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8.4 The ¢V parameter

In this section we re-introduce the parameter 6V and use its properties to examine the
time dependence of the width in the RV curve. §V is defined as the velocity solution to

the third-order polynomial daily calibration fit

r(v) = Zaivi, (8.11)

where the coefficients a; are determined by the fit to the measured ratio for each day. The
following is solved either exactly, or using the Newton-Raphson technique, to give 6V for
each day

3

R=r(V)=> a6V, (8.12)

i=0
where R is a value of the ratio chosen around the middle of the yearly ratio range such
that extrapolation is minimised.

Because the fit to ratio is known to provide a good description of observed ratio, 0V
provides a record of the calibrated velocity at R for each day. The lack of correspondence
in the RV curve will manifest as a change in ¢V as a function of some - as yet unknown

- variable. Let us consider ¢V for a single station over a single year.

8.4.1 Las Campanas 2009 6V

We have established that 0V is a measure of the width in an RV curve. Figure 8.7 shows
oV for the BiSON Las Campanas station for the year beginning 01/01/2009 for the mean
and individual port and starboard detectors. The data show an annual variation with
a distinct difference between the port and starboard detectors. The magnitude of the
change in 0V for the individual detectors is consistent with the observed magnitude of
the width in the RV curve, in as much as both magnitudes are greater for the starboard
detector.

We believe that the 1 parameter gives a description of the width of the RV curve
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Figure 8.7: 0V parameter for Las Campanas station 2009 as a function of day of the year.
Left: The mean of both detectors. Right: the port (red) and starboard (green) detectors.
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as a function of time and we are interested in the process that is driving this width.
But the shape of the 0V curve indicates that there is more than one underlying process.

Empirically we find that the 0V curve can be well described by the model

SV (t) = ag + ay sin(wt + @) + ag sin(2wt + ¢) + az exp (sin(wt + @)) (8.13)

where w is an angular frequency and ¢ is a phase. We will return to the justification of
this model later. Figure 8.8 shows the results of the fit with each component over plotted.
Fitting this model to the data shows it to provide a good description of the data but the
justification for the model is less robust.

The fitted model contains three components in addition to an offset that is arbitrary.

Each component should describe a process that we can identify: we see that there is a
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large dominating annual trend that correlates with the negative of orbital velocity. The
second component is a half yearly signal with similar magnitudes in both detectors. And
the final component matches the shape of the inverse sensitivity with the sinusoid - inside
the exponential - describing the orbital line-of-sight velocity (common to equation 8.10).
All three components appear plausible at first sight, but let us consider each in more
depth.

The first component, a sinusoid with an annual period, is of the same phase and period
as the negative of orbital velocity. But we believe that our RV curve should not exhibit
width due to orbital velocity; as the signal exists in both the ratio and the velocity, there
should be good correlation. Any signal that is a function of velocity, in this case orbital
velocity, would return the same measured ratio at a defined velocity, hence a process that
is a function of velocity cannot introduce width into the RV curve, or change in the 6V
parameter. We might consider the input station velocities to be wrong but these are
generated by the JPL ephemeris and have already been heavily scrutinised. Perhaps the
annual sinusoid does not arise from negative orbital velocity.

Following exactly the same argument as in the previous paragraph, it is not obvious how
the instrumental sensitivity, the second component which we have shown previously to
be a function of velocity, manifests in the width of the RV curve. Of course a change in
sensitivity will change the shape of the RV curve but in order to introduce width, there
must be a signal that is changing as a function of something other than velocity.

The favoured explanation for the width in the RV curve relies on a change in position
angle through the year, something that is not a function of velocity. The third component,
a sinusoid with a period of six months, could potentially materialise from position angle.
The response of the instrument to position angle has been studied already and we expect
a signal with a six month period in the port and starboard detectors. However, this signal
should be of opposite magnitude for each detector which causes a cancellation in the mean
detector data. This is clearly not the case with the observed third component.

We are left with the following situation: we have a signal in real data that does not ap-
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pear in modelled data and we lack an understanding of the source of the signal. We have
modelled the 6V with three components but cannot reach a conclusion as to the source of
each component. It is entirely possible that the three component model is incorrect in its
construction, we lack physical justification for the terms. However, it is hard to imagine
- or even harder to justify - terms of any other form.

We do know that the change in sensitivity produced by our model is less than that ob-
served in real data. We might hypothesise that the increased change in sensitivity in
real data coupled with the signal produced by positional angle returns a pseudo velocity
that generates a 0V but have no simple method to follow this up. Instead we continue
to look at methods of dealing with the width in the RV curve by introducing and then

constraining an additional velocity signal, albeit one we do not understand.

8.4.2 Determining the unknown signal

So far we have studied the inverse sensitivity and 6V, representing the width in the
RV curve, as separate effects. Here we combine the two to generate a guess as to the
underlying velocity signal AV that generates the lack of correspondence in the RV curve.
Our parameter 0V is supposed to be representative of AV but is assessed at only a single
ratio. As AV changes, 6V will change but so will the inverse sensitivity i—g which impacts
the rate at which V" changes. In fact, we would believe an underlying change in velocity

measured as a ratio, multiplied by the inverse sensitivity produces a change in velocity or

dVv
oV ox AV —. 8.14
o AV (8.14)
Figure 8.9 on the next page shows calculated 0V divided by the calculated inverse sensi-
tivity - less a d.c. offset of 2900 m s~! chosen to match the minimum inverse sensitivity -

which we expect to have the same form as AV. The plot shows data from the mean, port,

and starboard detectors and these results display the required magnitudes, in as much as
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Figure 8.9: AV signal as a function of time predicted by the 6V signal divided by the
calculated inverse sensitivity.

the starboard magnitude is much greater than that of port. In addition to this , we see
agreement with the temporal position of the width in the RV curve.

An RV curve contains a time dependent signal from the variation in time of velocity.
Early January and late June occupy the middle of the RV curve with March at the top
right and September bottom left. Looking at the progression in time of the width in the
RV we see that the port detector exhibits maximum width approaching and receding from
March while the starboard detector exhibits width both around March and approaching
and receding from September. Studying this function, plotted in fig. 8.9, shows the same
general form as the width in the RV curve. We note that the reduction in width at the
extremes of the RV curve is due to a combination of smaller data sets and the turning
point in the underlying velocity signal.

If we believe that the signals presented in fig. 8.9 have the same form as the underlying
signal that generates the width in the RV curve, we can apply a straight forward test: the
modification of velocity in the RV curve to include AV should significantly reduce the
observed width. Rather than values generated in figure 8.9 that include various sources
of noise and require some normalisation, we will explore a function that approximates the

signals

AV = Agexp (1.0 +sin(wt + ¢)) + Ay exp (1.0 + sin(wt + 7 + ¢)) , (8.15)
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| [ A [ A [ ¢ |
Port 13.79 | 1.28 |-0.04138
Starboard | 9.76 | -13.67 | -0.01028

Table 8.2: Table of fitted AV coefficients.

where w is the annual angular frequency, ¢ is the day of the year, A, is the amplitude of
the component, and ¢ is the phase.

If we are to apply AV in addition to the station velocity we require the optimum coeffi-
cients of the above function which can be determined by minimising the width in the RV
curve. The width is well described by the x? returned from a fit of Ratio to a third order
polynomial in velocity. We have then a minimisation problem.

Minimising the width in the RV curve is not a straight forward problem. We have a
non-linear function giving a parameter space with only seven variables but with significant
occurrences of local minima. The local minima are generated primarily by the third order
polynomial reacting to a translation in RV space caused by the AV function. Systematic
constraint of parameters and improved starting guesses do not alleviate these problems.
Instead we resort to a rudimentary search of parameter space by varying a single coeffi-
cient of the AV function and then applying a linear least-squares fit of the ratio to the
third order polynomial in velocity plus AV. This process is repeated by cycling through
the AV coefficients until a suitable solution is found. The resulting coefficients are given
in table 8.2, with the functions plotted in figure 8.10 on the following page.

Figure 8.11 shows the RV curves for port and starboard with and without the velocity
corrected by the addition of AV. The corrected RV curves are offset by +0.1 in ratio
to avoid crossing and all curves display only one in every ten days of data. It is obvious
that width in the RV curve is significantly reduced and comparison with figure 8.1 on
page 161 shows that the corrected curves now have width of order magnitude consistent
with modelled data.

We are then able to resolve the differences displayed by the modelled and real data.

Firstly, there is an additional velocity signal with period of one year that is present in
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Figure 8.10: Result of fitted AV signal as a function of day of the year for port (red) and
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Figure 8.11: RV curves showing uncorrected (black) data and data corrected with the
fitted AV signal. Left: port detector. Right: starboard detector.
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real data but not in the model. The source of this signal remains unknown. Secondly,
the integrated solar line function in the model does not match the observed integrated
solar line and this impacts the sensitivity through the year. The change in sensitivity acts
multiplicatively with the unexpected annual velocity and produces width in the RV curve.
Further work would include a reworking of the model to tune the solar line function and
the addition of the unexpected signal.

We can hypothesise about the origin of the unexpected signal. The signal has an annual
period which perhaps suggests that it is of instrumental origin. A candidate that may
cause a large annually varying signal is uneven weighting of the solar disk caused by ob-
struction - dirt or dust perhaps - in the optical system. As the weighting of the solar
disk changes naturally through station velocity so an invariant weighting would generate
a secondary signal and perhaps even a significant variation in the integrated solar line.
With a number of opportunities for this additional instrumental weighting to occur - each
optical component beyond the front lens - this hypothesis is difficult to test.

We have made a significant stride in reducing the width in the RV curve but what does
this mean in terms of a seasonal calibration” Our method for reducing the width in the RV
curve introduces a daily correction AV to the station velocity. Applying this correction
and calibrating reveals systematic trends in daily data which by consequence produce the
harmonics of a daily signal that dominate the low-frequency power spectrum obscuring
low signal-to-noise solar oscillations. The source of the systematic variation is the implied
assumption that the unexpected signal changes daily. We know that this signal contains
a multiplicative sensitivity component which is a function of velocity and hence makes
the corrective signal for AV a function of time and velocity.

In terms of implementation of a seasonal fit, an additional velocity term that is a function
of time and velocity significantly increase the parameter space. Some initial success has
been had with the port detector using a multi-variable non-linear least-squares fit, but
application to the starboard detector has not yet been successful. Despite believing we

have the required knowledge the application of a seasonal fit remains elusive.
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So the long term stability of the BISON RSS is compromised by a signal that is hypothe-
sised to be of instrumental origin. We continue by searching for signals of solar origin in

a daily cadence time series.

8.5 Long term solar signals

In the previous sections we have identified a long-term signal 6V and can characterise
this variation in terms of a three component model, perhaps linked to the instrumental
inverse sensitivity. Here we aim to identify long-term signals of solar origin found in the
0V parameter as a test of the long-term stability of the BiSON network. To accomplish
this we expand our data set to include the BiSON stations: Las Campanas 1996-2010;
Izana 1984-2010; Sutherland 1996-2010; and Narrabri 1996-2010 .

Figure 8.12 shows the raw 0V parameter for each station calculated from the daily fit co-
efficients. The data sets are sensitive to interruptions from bad weather and instrumental

Lis returned.

failure. Where sensible values for 0V cannot be found a value of 0 m s~
Marked on the plot of fig. 8.12 are a set of red break points that show the position of
discontinuities in the 6V signal. These breaks represent maintenance and upgrade visits
to stations and so coincide with a modified alignment of an instrument. Typically, a site
visit would include, at the least, an auto-guider scan and oven temperature scan. Changes
in the guiding of an instrument will change the position of the solar image at the centre
of the cell and a new vapour temperature changes both the gain of the instrument and
instrumental optical depth. These variations are capable of introducing velocities offset
with respect to an optimal alignment.
Discontinuities in ¢V show the RSS to be sensitive to its working state and this offers
an explanation for the difference in integrated solar line velocity offset observed between
real and modelled data. Further to this, in searching for long-term signals of solar origin

we must calibrate data to account for discrete changes in alignment. Following on we

consider the reduction of raw §V data by sections of constant alignment.
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Figure 8.12: Long term 0V signals. Top left: Las Campanas. Top right: Izana. Bottom
left: Sutherland. Bottom right: Narrabri.
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8.6 Data Reduction

The identification of signals of solar origin in the JV time series requires the removal of
the dominating yearly signal. As we have seen, the magnitude and offset of this annual
variation varies with what is thought to be instrumental alignment. In order to produce
residuals that do not contain the annual signal, which is clearly of terrestrial origin, we
consider sections of data with continuous alignment.

Removing the annual signal is accomplished by fitting the three component model of the

previous section, equation 8.15 on page 173

SV (t) = Agsin(wot + o) + Ay exp (sin(wit + ¢1)) + Ag sin®(wat + ¢s). (8.16)

In applying the model to long periods of data, we found an improvement in the goodness
of fit by including linear terms to account for long-term drifts. Specifically, improvement

came from the introduction of an additional term

SV () = o + Ay (8.17)

and modification of each A; term to a linear dependence in time, such that

Figure 8.13 shows examples of the application of the above reduction of segmented data,
with the long-term residuals shown in figure 8.14 on page 181.

The residuals from the reduction of §V" are expected to contain long-term solar surface
velocity signals in addition to signals of instrumental origin. Of particular note are signals
that may be present from the tidal distortions from Mercury and Jupiter (or in fact any
planet) in addition to the the velocity signal produced as sunspots migrate across the
solar disk.

Tidal distortion of stellar shape is a familiar concept in the study of binary star systems.
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signal fitted and removed from the long term 0V results to
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The changing gravitational potential, due to a secondary object (here Jupiter or Mercury),
across the diameter of a primary object (the Sun) causes a tidal distortion with bulges
in the positive and negative direction of the secondary object. As Earth orbits the Sun a
velocity signal at half the synodic period of the secondary object will appear. The synodic
periods for Jupiter and Mercury are 398.9 and 115.9 days respectively, which will give
signals with the frequencies 0.058 and 0.2 pyHz. The magnitude of this effect is of the
same order for both Jupiter and Mercury - as the force produced is proportional to the
mass of the secondary object and inversely proportional to the objects separation cubed
- but still relatively small.

The velocity component from sunspots is expected to appear at the solar rotation rate -
the differential solar rotation rate. In the following section we use the RSS model of the

previous chapters to estimated this signal.

8.7 Modelling the solar rotation signal

As sunspots pass across the face of the solar disk a net velocity signal is produced as the
rotating limbs are given unequal weighting. We can demonstrate this effect using the RSS
model and a single sunspot.

The spatial resolution of the RSS model is limited - by computational demands - to an
image of the Sun of 500 by 500 pixels. Rather than considering sunspots of varying size
and intensity, we define a spot in the model as a single pixel with no emission. An increase
in the size of the spot will increase the magnitude of the effect, just as an increase in the
intensity of the spot (up to normal levels) will reduce the magnitude of the effect - the two
variables are interchangeable. To produce a signal we transit a spot across the surface of
the solar disk at the rate of rotation associated with the specified latitude. Figure 8.15 on
the following page shows the progress of a spot across the modelled solar disk at constant
intervals of time.

Figure 8.16 shows the results from the RSS model with a single sunspot at various
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Figure 8.15: Simulated sunspot transit.

latitudes. The signal is displayed in both the time domain for the port and starboard
detectors and the mean signal in the frequency domain. In order to isolate the effect of
the sunspot, the frequency domain plot considers a single sunspot but with infinite life
time. In reality, sunspots persist for a time period of order one full solar rotation.

The power spectra plots show the fundamental frequency signal produced at the period
of the rate of solar rotation in addition to a clear harmonic structure. The fundamental
and harmonics show the variation in frequency that is to be expected with latitude due to
differential rotation. Given the migration of sunspots to equatorial latitudes through the
solar cycle, we would expect broad excesses of power in the §V residual power spectrum
at the Carrington period and its harmonics. In addition, we would expect to be able to
observe a time variance in the power around the harmonics that is correlated with the
international sunspot number (ISSN).

The modelling performed here of a single persistent sunspot fulfils the needs of this work:

The shape of the signal in the frequency domain has been identified. Further work in this
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area could lead to a velocity correction in the BiSON calibration pipeline to compensate
for sunspots. While the magnitude of the correction would be negligible for data calibrated
on a daily basis, residuals calibrated over long timer periods may benefit substantially
from the removal of this effect.

We return to the measure 6V signal and its residuals to examine the frequency domain for
the predicted effects of planetary tidal forces and sunspots following differential rotation

patterns.

8.8 Data Analysis

Figure 8.17 shows the power spectra for ¢V residuals for the four stations under consid-
eration. Over plotted in red are the data with a 21 nHz boxcar smoothing filter applied.
The Carrington rotation rate and some of its harmonics are visible to some degree in
each of the power spectra, with Las Campanas having by far the best signal to noise.
Searching for planetary tidal signals is not sensible due to the increased noise at very low
frequencies and the uncertainty of source of signal around the 0.2pHz (both the Mercury
tidal signal and the sunspot signal are restricted in this region).

The noise in the residual data is high compared to the small signal produce by the
sunspot transits. However, Las Campanas data have just about sufficient signal to noise

to allow the study of the variation of the Carrington signal as a function of time.

8.8.1 Variation signal through solar cycle

We know that sunspot activity is intrinsically linked to the 11 year solar cycle but can we
see a variation in time of the sunspot signal from §V data?

Figure 8.18 shows the time variation of the V" residuals in the frequency domain. The
chart is an image of Lomb periodograms with frequency on the ordinate and time on the
abscissa. Each periodogram is produced using a two year data set modified by a Welch

function and is presented at the midpoint in that time series. By removing data with a
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Figure 8.18: Variation in time of the Carrington harmonics with international sun spot
over plotted. Horizontal blue lines show the frequency of the Carrington harmonics.

normalised Lomb value of less than 8 the sunspot signal is highlighted. The Carrington
period and its first and second harmonics are shown with horizontal dot-dash lines. Over
plotted in blue are the international sunspot numbers for the corresponding day. Each
point in time will of course be highly correlated with its temporal neighbours but clear
signals exist on timescales longer than two years for the Carrington period and the first
harmonic.

Importantly the data show a tentative correlation between the ISSN and the presence of
the sunspot signal. This increases our confidence that we are measuring a signal of solar

origin at very low frequency in BiSON data.

8.9 Implications on BiSON RSS stability

BiSON instruments are stable over long periods in time because measurements are ref-

erenced to a laboratory-frame atomic line. The RSS’s measurement of integrated solar

187



velocity has a number of components but is dominated by the true Doppler velocity shift
of the solar surface due to Earth’s obit and spin in addition to the gravitational red shift
term . Other contributions to the velocity measured are second order terms and may be
of solar origin - oscillations, granulation, and sunspots - or may be instrumental in origin
e.g. background contributions, vapour temperature variation, and Doppler imaging.

When considering reduced and calibrated data we can consider three regimes in the fre-
quency domain: the five minutes region, the low-frequency region (0.1 - 1 mHz), and the
very low-frequency region (periods longer than a day). The five minute region is domi-
nated by solar oscillations. The low-frequency region is dominated by solar granulation
and daily harmonics introduced as a result of semi-regular gaps in the data. We have now
shown that the very low-frequency region is dominated by a signal of unknown origin but
probably instrumental in origin and that once this signal is removed (with varying success

for different stations) we once again return to signal of solar origin in the sunspot signal.
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Chapter 9

Final time series analysis

9.1 Introduction

In this final chapter we follow our analysis through to a natural conclusion: the detection of
low-/, low-frequency solar oscillations. So far, this thesis has produced a description, and
model, of the BiISON RSS instrument in order to improve the BiSON low-frequency data
processing pipeline. Here we will apply these improvements, concatenate the resulting
data and then search for modes of oscillation previously undetected in BiSON or perhaps
any other data.

In the following work we apply the correction for differential extinction determined in
Chapter 7. This work produces an improvement in mode signal to noise of around 25%
under normal circumstances. The long-term calibration, described in Chapter 8 that is
aimed at signals lower than 100 pHz, does not produce sufficient gains in signal-to-noise
in the targeted region to be of interest here.

In addition to the revised calibration process, we will search for the optimum application
of the existing BiSON long time series concatenation pipeline. Having processed the
data, we will apply the standard power spectrum statistical tests to assess whether or not
potential structure in the frequency domain is part of the background noise. Using this

statistical information and the properties of a potential mode in the frequency domain, we
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may make decisions on the plausibility of possible detections of modes of solar oscillations.

9.2 Data preparation

We have used BiSON unresolved Doppler velocity observations made during the period
1991 January 1 to 2010 December 31 inclusive. This period spans nearly two solar cycles
including the extended solar minimum experienced at the end of solar cycle 23. The ob-
served frequencies of p-mode oscillations vary by typically 1 part in 10,000 at 3mHz with
the solar cycle. However, at low frequencies this variation is substantially lower, with
no variation observed in 23 years of data for low-frequency (< 1300 pHz) low-I p modes
[Broomhall et al., 2009a].

The data collected from all six BiSON stations are first calibrated using the radial-velocity
third-order polynomial with the correction for differential extinction detailed in Chapter
7. Data are concatenated to produce a multiyear time series for analysis in the frequency
domain.

A significant challenge for the concatenation process is the coherent combination of data
with very different noise and duty cycle characteristics. It has been found that the se-
lection of the best data only, determined by a low frequency noise parameter on short
timescales, and rejection of other contemporaneous data, produces the optimum time se-
ries for low-frequency study. In addition, data exceeding a certain noise threshold are
rejected even when this causes gaps in the time series. Consequently, this noise threshold
must be chosen with some care.

To add further complication, the performance of the BiSON network has seen impressive
year-on-year improvements in the quality and duty cycle of its observations. The reasons
for the improvement are both changes to the spectrometer hardware, for example changing
from photomultiplier tubes to solid state detectors and improving spectrometer temper-
ature control, and modifications to the hardware and software that controls automation,

allowing the network to respond quick to faults. However, this systematic improvement
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Figure 9.1: BiSON network performance described by low-frequency noise and time series
duty cycle (fill) for the years: 2009 red; 2005 green; 2000 blue; 1995 cyan; 1991 pink.

in noise levels through the 20 years of BiSON data requires that any threshold be chosen
to balance the low-fill and (relatively) high-noise early data, with high-fill and low-noise
modern data. To emphasise the improvement in the BiSON network figure 9.1 shows the
fill and noise options for 1991, 1995, 2000, 2005, and 2009, optimum performance being
in the top left hand corner of the plot.

The observed signal to noise of a mode of oscillation can be described by the intrinsic
signal-to-noise modified by a transfer function that is dependent on both the duty cycle
of the observed time series and the local background noise. Hence we find we can describe
the relative observed signal-to-noise in the low-frequency region of the power spectrum
by taking the ratio of the duty cycle of the full time series to the mean power spectral
density from 0.8 to 1.3 mHz. We define this as the noise parameter to which we set the
rejection threshold. Varying the noise threshold used by the concatenation process allows
the selection of an optimum balance of fill and noise. We find the optimum threshold
value to be around 45 m?s 2Hz !.

Further improvements to the signal-to-noise ratio can be gained from the rejection of out-

lying data points. Studying the lower-frequency modes visible in a one year data set, we

find that small improvements (=~ 3% SNR) can be made by rejecting outlying residual
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points that are more than 7 ms~! away from zero.

This completes the generation of a standard time series for analysis in the frequency do-
main. The time series is typically transformed to the frequency domain using the FFT
technique detailed in section 1.4.1 on page 11. In addition to the standard FF'T, Fletcher

et al. (2011) detail a new efficient method for determining weighted power spectra.

9.2.1 Weighted FFT

There are existing methods for generating power spectra from a time series with known
weights but these use unrealistically computationally expensive (for a 20 year, 40 second
cadence data set) sine-wave fitting (SWF) techniques. Fletcher et al. (2011) have adapted
the FF'T method to include weighting data in the time domain by the noise characteristics
observed in the frequency domain. This method has the advantage that the adapted FFT
method, substituted for the SWF, remains computationally efficient and returns results
that are consistent with SWF methods.

Typically a SWF method will fit
Az' sin (27Tfltk) + Bl COS (27Tfltk) s (91)

to the data, y;, at each frequency f;, where ¢, is the time of the kth observation. Normally
A; and B; would be evaluated by least squares fitting. Fletcher et al. show that it is
possible to rewrite expressions for A; and B; in terms of an FFT and a summation over

the observational weighting:

A; = (kak)) (9_2)

and
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where wy is the weight for each data point.

The weighting of the data is determined by one over the low-frequency figure of merit
used elsewhere in this thesis, i.e. the inverse of the mean of the power in the frequency
domain over the range 0.8 to 1.3 mHz. Fletcher et al. tested this weighted FF'T technique

against simulated and real data and found evidence of a useful increase in signal to noise.

9.2.2 Bin shifting

Bin shifting offers the opportunity for optimising signal to noise by maximising the height
of a mode in a single bin together with producing different realisations of background noise.
For modes with a narrow width compared to the frequency bin width, it is possible that
power is distributed over a couple of bins and so increased relative height may achieved by
moving much of the power to a single bin. By varying the length of a time series by small
amounts, the centre of a bin in frequency can be shifted and perhaps in the above case this
would confine more power to a single bin. In addition, slightly ‘different’ realisations of the
background noise are generated when bins are arranged slightly differently in frequency.
A change in the noise may be all that is required to achieve a new detection.

The necessity of performing an FFT on a long data set many times, each time bin shifting,
requires that any systematic search must select modified lengths of time series that provide
computational efficiency. Here we apply 25 shifts, for each of which the length of data
set is determined to optimise the FFT routine. Data points are removed from the start
of the time series up to a maximum number of 1500 points.

Bin shifting achieves slightly different realisations of the background noise using a single
data set in the time domain. However, the spectra obtained are not independent and there
will be correlations between prominent noise spikes in each of the shifted sets. While the
different realisations of the noise are correlated meaning we cannot use the probabilities
independently from each spectrum, we do still retain a different realisation of a mode of

oscillation against a slightly different noise background. Chaplin et al. [2002a] find that if
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the likelihood of uncovering a mode in an unshifted data set is small, then the probability
of finding significance in all 25 bin-shifted sets is increased by a factor of around 3.

In the following section we consider the techniques of searching for significant structure
in the frequency domain of data sets that are optimised for maximum signal to noise and

also bin shifted.

9.3 Searching the power spectrum

At low frequencies in the p-mode spectrum, modes are manifested in the frequency domain
as prominent discrete peaks with narrow width. The peaks show a regular structure in
both the regular spacing of modes with the same [ (i.e. degree) and regular spacing,
due to rotational splitting, in the m components (i.e. azimuthal order). In addition, the
width and total power of modes measured in the power spectrum varies with frequency
in a definable manner [Houdek, 2002]. These properties allow peaks to be identified as
resonant modes of solar oscillation.

However, small signal to noise in these low-frequency regions increases the possibility
that noise may be confused with observed structure, particularly single peaks. Hence,
any search for low-frequency p modes must include an understanding of the probability of
an occurrence of different structures. We must remember that that the probabilities we
obtain do not describe the probability that structure is due to a mode, but only describe
the probability that a structure is part of the background noise. For this reason we require
a concerted effort to produced more than just the significance of a spike.

Searching the power spectrum for resonant modes of oscillation requires us to extract all
available information and use the sum of this information to inform our belief that a peak
or structure is due to a mode of oscillation. As such, significance testing is an important

part of any strategy.
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9.3.1 Significance testing

The basic method of single peak significance testing has been introduced in an earlier
section of this thesis (section 2.5 on page 33). The process of calculating the probability
that a single peak is part of the background noise is standard practise with the only choice
arising being the width of the power spectrum over which to assess the probability. Here
we select this range in frequency (determining N bins from the earlier notation) to be
Ap =100 pHz.

In addition to searching for single peaks, it is sensible to search for collections of power
produced by the width of resolved modes. In this instance, the same calculations are
repeated as for a single spike but in a averaged power spectrum. Here adjacent bins are
combined to produce a new single bin and hence bins in the smoothed spectrum do not
lose their statistical independence. Thus the modification required to the above process
is only that, rather than before with a y? 2 d.o.f, the underlying distribution is now
x? 2k d.o.f where k is the number of bins over which smoothing takes place [Anderson
et al., 1990, Appourchaux, 2003].

A third test is possible that relies on the near constant rotational splitting of multiplets

for [ > 1 modes of oscillation.

Testing for multiplets

We start by defining the nature of the multiplet structure that is observed due to rotational
splitting. Solar rotation lifts the degeneracy of modes with [ > 1 into 2/ + 1 components.
But the nature of our full-disc helioseismic data and our near equatorial view of the Sun
means in reality we only observe [ + 1 components where [ — m is even. Modes in the
frequency region of interest are expected to have components that are split by the rotation
of the solar interior where the synodic frequency splitting for |[Am| =1 is expected to be
close to 0.4 pHz.

Asymmetries in the frequency splittings between each multiplet may be introduced by

the presence of a magnetic field. This effect is not anticipated in [ = 1 modes but may
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be present in modes of higher [ [Chaplin et al., 2002b]. To account for this possibility
we introduce an uncertainty in the m component splitting of v = 0.1 pHz. Hence, our
definition of multiplet structure is a prominent spike in the spectrum with other prominent
spikes separated by multiples of 0.4 + 0.1 pHz appropriate for that [.

A test for a multiplet is initiated when a single peak is located and found to be in excess
of the P < 0.1 threshold. We can then proceed to determine the probability of observing
a pair or triplet! in the defined multiplet region of frequency.

We start by calculating the probability of observing at least one spike by chance with a

relative height above s,5 over the uncertainty range 2Ny, i.e.
Ps = P[1;p(8,2),2Ns] = 1 — [1 — p(s,2)]"™" . (9.4)
Hence the probability of finding 2 spikes as part of a multiplet above s, is

Pov = p(s02) Py = pls2) (1= [1 = pls2)]™) (9.5)

The number of possible arrangements of the multiplet over the range in the power spec-
trum under consideration, A,, is dependent on the splitting Ny associated with 0.4 pHz
and the uncertainty allowed, N5 associated with 0.1 pHz. In a power spectrum assessed
over A, =100 pHz and produced by a time series of 20 years at 40 second cadence, both
Ngpiit and N5 are much smaller than the number of bins in A,, N. Hence, the number
of arrangements can be approximated as N. So the probability of observing at least one

multiplet pair can be approximated as

Poui ® P[1; Py, Nl =1 -1 — P,]". (9.6)

'We do not expect to observe the quartet from [ = 3 modes in the region 0.8 to 1.3 mHz due to the
significantly reduced signal to noise compared with [ = 0,1 or 2.
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It is possible to search for triplets, where by P, is replaced by P; which is given by
Py = p(s,0) F; - (9.7)

There is no straightforward analytical expression to calculate s,o but given the normalised
height of the spikes in the power spectrum, the probability that the structure is due to
noise may be calculated.

We have now considered the techniques required to identify unusual structure in the fre-
quency domain. We move on to discuss the preliminary results found from these statistical

tests.

9.4 Preliminary results

Figure 9.2 shows the structure found by the statistical tests of the previous section with
the P = 0.1 and P = 0.01 thresholds displayed in red and blue respectively, together
with the predicted frequencies from the Saclay seismic model [Turck-Chiéze et al., 2001]
assuming a rotational splitting of 400 nHz. To avoid repetition of the same region in
frequency, only a single instance is shown, even when more combinations of signal to
noise appear significant. While it would appear that the majority of peaks barely pass
above the P = 0.01 threshold it must be remembered that smoothing a power spectrum
can increase signal to noise, but this also increases the bin width and this in turn increases
the uncertainty in the central frequency of any structure. Therefore, structure is displayed
at the minimum smoothing necessary to lift a peak, where possible, above the P = 0.01
threshold. Or in other words, in many cases where P > 0.01, more signal to noise can be
found by increasing the number of bins over which the power spectrum is smoothed.
Table 9.1 shows the results from the search for structure in the power spectra for
frequencies from 900 pHz to 1300 pHz. Some structure at very low frequency was found
to be significant but has been rejected on the basis that it is not plausibly a frequency

of oscillation. Possible detections are listed by [, n, and m with the frequencies given
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Figure 9.2: Selected smoothed power spectra for structure near a predicted frequency of
oscillation and P < 0.1. The number of bins over which the spectra are smooth are (in
ascending frequency): 4,7,11,12,1,15,and 3. Over plotted are the P < 0.01 and P < 0.1
significance levels in blue and red respectively together with the predicted frequencies
from Turck-Chieze et al. [2001]. Predicted frequencies are displayed by m value with
m = 0,1, and 2 displayed with squares, triangles and diamonds respectively.
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[ n m Frequency (uHz) | Probability (P) | Smoothed | Outlier | WFEFT
structure
due to noise
6 0 972.614 £ 0.003 0.0197 4 7 No
1 6 +1 1039.864 £ 0.006 8.79 x 103 7 - Yes
mean 1039.463 £ 0.006
2 6 -2 1104.335 £ 0.009 0.134 11 8 No
+2 1105.938 £ 0.009 0.141 11 8 No
multiplet 0.015 11 8 No
mean 1105.136 £ 0.006
7 0 1117.992 £+ 0.010 9.60 x 1073 12 20 No
17 -1 1185.196 £ 0.006 4.97 x 1073 8 10 No
+1 1185.999 + 0.001 6.05 x 1073 1 10 No
multiplet 5.11 x 107° 8 10 No
mean 1185.598 £ 0.003
2 7 -2 1249.758 £ 0.011 0.302 14 - Yes
+2 1251.377 £ 0.012 0.015 15 - Yes
multiplet 1.61 x 107 14 - Yes
mean 1250.567 £ 0.008
0 8 0 1263.193 £ 0.002 1.70 x 103 3 8 No

Table 9.1: Results from significance testing.

for the center of the bin with the greatest relative height. Frequencies are listed together
with a conservative estimate of the error which is half the width of the bin containing the
peak. The probability that a structure is part of the background noise is given together
with the number of bins over which the power spectrum is smoothed, the outlier rejection
threshold, and whether or not a weighted FFT (WFFT) is used (in which case outlier
rejection is not used). In addition, where multiplet structure is expected we give the mean
value of frequency, with the exception of the [ = 1, n = 6 structure where only a single
component is found. In this case we take the mean value of rotational splitting for modes
nearby, v = 401 nHz, to calculate a pseudo mean.

We find that structure is identified by the statistical tests close to predicted frequencies
of modes of oscillation given by the Saclay helioseismic model for all but [ = 1, n = 6,
m = —1. Any structure further than 1 pyHz away from a predicted frequency has been
discarded.

The structures listed in table 9.1 are not necessarily regarded yet as detections. We will
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continue by investigating the properties of the observed structure.

9.5 Going beyond statistical significance

As we have stressed previously, we wish to use the sum of all available information to guide
our decision as to whether or not structure seen in the frequency domain is a mode of
solar oscillation. Here we extract detailed information on observed structure and compare

results to modelled results and other observations.

9.5.1 Fitting individual modes

We continue by attempting to fit a basic Lorentzian model to the observed structure in
the power spectrum. This fitting is applied for two reasons. Firstly, attempting to fit a
well constrained model to structure that is in fact noise will produce returned parameters
that are not consistent with expectations, in which case would undermine any detection.
Secondly, the earlier use of the central frequency of the most prominent bin is not neces-
sarily a good measure of the frequency of a mode of oscillation (the background noise will
exist on top of any mode structure). Fitting a sensible model, where possible, will give
more robust estimates of both the frequency and the associated errors.

At higher frequencies (> 1300 pHz) and hence higher signal to noise ratios it is sensible
to fit modes as sets or even better use a pseudo global fitting technique [Fletcher et al.,
2009]. At lower frequencies and hence lower signal to noise, this approach fails to return
sensible parameters with the height of the mode often being iterated to zero. We find
that the solution is to fit individual components using a simple model over only a narrow

band in the frequency domain (dvg, = 1 pHz).
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Modelling the power spectrum

We make the reasonable assumption that the narrow band in frequency under consid-
eration, dvg, has a flat background noise that is well described by the x%, probability

distribution. The observed unsmoothed spectrum, O;, whose probability distribution is

P0) = gy (o5 (5%)

described by

which over dvg; is represented by the joint probability density:

L=][~. (9.9)

where L is the likelihood function. Substituting the probability distribution into equation
9.9 gives a function S that can be minimised to give maximum likelihood estimates of the

model’s, M;(a), parameters,

S=-In(L) =) {m(Mi(a)) + Mi(é) : (9.10)

While this limit is derived for a single spectrum with Y3 distribution. Appourchaux
[2003] showed that for fitting to & mean averaged spectra, there is no approximation in
minimising the same function, S, but resulting errors must be normalised by V/k.

For fitting of individual low-frequency solar oscillations we choose a model containing a

symmetric Lorentzian together with a flat background term, i.e.

A(w/2)*

(v = 1/0)2 (w)2)? + b, (9.11)

Mi (CL) =

where A is the maximum signal power, w is the full width at half maximum, 1 is the
mode frequency, and b is the background level. The function S is minimised using the
Powell multi-variable minimisation procedure [Press et al., 1992].

To calculate errors on the model parameters Anderson et al. [1990] detail that if the
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maximum likelihood function is expressed in terms of the logarithms of the parameters
A and w, then for small changes in the model parameters, the shape of the hyper-surface
near the maximum value is approximately Gaussian. This means the errors on the fitted
parameters can be determined using the identity elements of the inverse Hessian matrix.
Of course as already stated, this must be scaled by the square root of the number of bins
by which the power spectra has been smoothed.

To complete the method of individually fitting low-frequency modes we define a figure of

merit for the goodness of fit. Anderson et al. [1990] define the “merit” function as

2
0O;—M;(a)
ZZ( M;(a) )
d.o.f.

Mmerit - (912)

where the degrees of freedom, d.o.f., are the number of points less the number of free pa-
rameters in the fit. Figures of merit less than or equal to unity suggest the fitting function
is a good approximation of the observed spectra over dvg;. Some care is required here as
low signal-to-noise means that poorly fitting functions may still exhibit a low merit figure
but we may expect this to still return MERIT > 1. As such the merit figure is only a
guide.

For structures at higher frequency that have higher signal to noise and greater width in
the frequency domain, it is essential to consider the asymmetry of a mode and also the
window function convolved with the true signal that causes diurnal side lobes. At low
frequency, the narrow widths of modes with respect to the bin size and small asymmetries
[Chaplin et al., 1999], combined with the narrow region of the power spectrum considered
means that fitting a symmetric Lorentzian function without considering the diurnal side
lobes - which exist outside of the region considered - is valid.

The technique of fitting individual modes over a narrow region in the frequency domain
was tested against a simulated time series of 20 years length that comprised a single sym-
metric mode, granulation, and white noise. The method consistently produced results

within 20 error of the input parameters with varying resolved mode lifetimes.
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| I n  m || Frequency (uHz) | In width (uHz) | In height (m™? s> Hz™') | Merit/d.o.f. |
0 6 0 972.613 £ 0.004 —5.7+0.7 2.8+0.5 1.09
0 7 0 | 1117.992 + 0.005 —4.6+0.7 4.7+0.8 0.94
1 7 -1 | 1185.193 + 0.004 —4.8+0.6 4.8+ 0.7 0.96
1 7 41 1185.997 4+ 0.004 —5.1+£0.8 5.1+£0.9 0.97
2 7 -2 1249.743 £ 0.011 —3.6 £0.6 3.6 0.7 0.98
2 7 42 1251.373+0.010 —3.2+£0.5 3.7£0.5 1.14
0 8 0 | 1263.197 £ 0.004 —4.8+0.5 5.0+ 0.6 0.98
1 8 -1 | 1329.232+ 0.004 —4.1+04 2.0 +0.5 1.08
1 8 41 1330.035 % 0.005 -3.9+0.3 5.3+£04 0.93
0 9 0 | 1407.471+£0.006 —3.5+0.3 5.0+04 0.91

Table 9.2: Results from fitting individually to structure observed in the power spectrum
near a predicted frequency of oscillation.

Fitting results

The results of the fitting procedure can be seen in table 9.2. We see that the fitting
method returns sensible error values and acceptable values for the goodness-of-fit merit
function.

The fact we fit our model to the listed power spectrum structure and that this returns
useful parameters adds significant weight to the conclusion that we are observing modes
of solar oscillation. However, in addition we should check the returned properties of these

potential modes with modelled data and other observation programs.

Comparison of observed frequency with models

We can use the difference between the frequency of an observed structure and the fre-
quency from modelled theoretical mode values to guide our decision on plausibility of a
detection. Figure 9.3 gives this difference using the modelled frequencies of the Saclay
seismic model [Turck-Chieze et al., 2001] for values of [ = 0, 1, and 2. Although by no
means confirmation, the presence of a clear trend in the difference between observations

and modelled results lends weight to the plausibility of detections.
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Comparison of frequency with other observers

A comparison of the potential modes detected with other work (table 9.3 on page 207)
shows a satisfactory level of agreement. Comparisons are drawn between two previous
BiSON publications (Broomhall et al. [2009a] and Chaplin et al. [2002a]), as well as with
results using data from Solar and Heliospheric Observatory (SOHO) instruments, i.e.
GOLF [Garcia et al., 2001], GOLF and MDI [Bertello et al., 2000], and MDI and SPM
[Toutain et al., 1998].

Despite good general agreement, there a number of cases where returned frequencies show
variation beyond the ubiquitous 3o limit. Firstly, [ = 2, n = 6 shows nearly a 0.4 pHz
difference with the value reported by Toutain et al. [1998]. We note that the observed
structure does not meet our own significance criteria (P < 0.01) but suggest that the
difference between the modelled frequency and the Toutain result would not pass one of
our first cuts.

Secondly, the [ = 1, n = 7 mode shows good agreement with the existing BiSON detection
but a significant difference with other results. The error on the Toutain result is too
large to make sensible comparison with but the Garcia and Bertello result differences are
significant. Garcia et al. report this mode using a number of techniques throughout the
paper sometimes with and sometimes without confidence levels in the detection (what we
would describe here as the significance test result). Where significance levels are quoted,
the maximum value returned is > 95% so do not meet the requirements stated here of
P < 0.01. Tt is difficult to justify any conclusion on the validity of a frequency based on a
significance level but we may consider the length of the time series used (20 years to 3.5
years) as adding plausibility to the BiSON detection.

Finally the [ = 0, n = 8 mode shows differences across all reported results. There is very
little in the data to suggest the prevalence of one result over any other but we do note

that the mean value of all the presented results is in some sort of agreement with the
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Figure 9.3: Frequency differences between the modelled predicted mode frequencies of
Turck-Chieze et al. [2001] and the observed frequency of structure detected in power
spectra.
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result published in this thesis. The disparate results presented here suggest that perhaps
reported error bars - all here being calculated in the same or very similar manner - are

under-estimated.

Fitted widths

Our main aim in evaluating the width of structure in the power spectra is to establish
a frequency dependent relation that lends weight to the conclusion that the observed
structure is generated from a mode of solar oscillation. But further to this, any relation
describing mode width as a function of frequency can be extrapolated to lower frequencies
to provide information about the possibility of detections at lower frequency and lower
mode width.

Determining the mode width in the low-frequency region with low signal-to-noise is dif-
ficult and the results returned by the fitting procedure may be subject to bias [Chaplin
et al., 2008]. This bias manifests as an underestimate in returned line width caused by
the tails of the Lorentzian peaks becoming dominated by background noise. This effect is
prominent when the length of a time series used is of order a few (perhaps as many as 5)
lifetimes of the mode or less. In addition, the magnitude of the effect is sensitive to the
signal to noise of a mode which means that making corrections for the effect is difficult.
Here we attempt no correction but must remember that the returned width of structure
in the power spectrum will be an underestimate of the true width of a mode of oscillation
with bias increasing at lower frequency.

To establish a frequency dependence at low-frequency we have used the individually fitted
frequencies of this thesis together with results returned at higher frequency using a pseudo
global fit. We have rejected frequencies above 2000 ©Hz in order to avoid the ‘flattening
out’ of line widths around the 5 minute region. Using the weighting of the errors returned
by the fitting routine we fit a linear function to the natural log of frequency versus the
natural log of the line width, i.e. a power law. The fit and results can be seen in figure

9.4 and table 9.4.
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Figure 9.4: Mode widths as a function of frequency plotted on a In-In scale. Over plotted
in red is the least squares fit linear model with the dashed line showing the (bin width)
resolution limit. Right: Same plot but rejecting data with small line widths (cut off at
dot-dash line).

The gradient of the frequency dependence of line width is returned as 7.5+0.4. Remember-
ing that this is an underestimate due to the fitting bias that increases the underestimate
of mode width at decreasing frequency. This value then presents a lower limit of the
frequency dependence of line width. Theoretical calculations from atmospheric radiative
transfer models predict the gradient to be 8.0 [Balmforth, 1992] meaning that results here
are consistent with this.

At narrow line widths the shape of the structure observed in the frequency domain
becomes increasingly dominated by a sinc component in the mode structure generated by
the use of a finite time series. Through simulation and modelling we find that the impact
of the finite time series can be described in three regimes specified by the ratio of the
length of the time series to the lifetime of a mode (T'/7). Firstly, where T' 7 > 5 we find
the error in the fitted width to be less than 1/100 of a bin width i.e. there is little cause
for concern. Secondly, for 5 > T'/7 > 2 we find returned widths to be slightly underes-
timated by no more than 1/10 bin widths. Finally, at T//7 < 2 the spectral structure is
increasingly dominated by the sinc component and returned widths show the behaviour
associated with attempting to fit a Lorentzian to a sinc function, i.e. erratic results.

To check for any impact on returned line widths from the use of a finite time series,

we repeat the above fit but reject data where T'/7 < 7. This has the added benefit of
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reducing possible bias, discussed above, due to low signal-to-noise. The revised results
give the gradient of the fitted line as 7.4 4+ 0.4 and the intercept of the frequency axis as
—57.1 £ 3.2, which agrees with the original result.

A correction for the determined effects due to the increasing importance of the sinc com-
ponent may be considered but the error on any correction becomes large at points where
the correction may be useful. Future work may consider fitting a model that includes the
sinc function which can be easily obtained from the Fourier transform of a decaying sine
wave evaluated from 0 to 7.

As part of our assessment of the plausibility that observed structure is a mode of oscilla-
tion we note that the goodness of fit (y?/d.o.f. = 0.6) shows there to be good agreement
between the data and the linear fit in In-In space model. This then does lend weight to
the plausibility of our observed structure being modes of solar oscillation. The unusually
low value of x? suggests that we have been too conservative in our errors assigned to the
values of width, but given our concerns over systematic bias it not sensible to revisit these

values.

Calculated power

We can follow a similar path to assess the plausibility of a mode by studying the pattern of
mode amplitude as a function of frequency. The amplitude of a mode may be calculated
from the height and width of a mode in the frequency domain and this calculation is
insensitive to the width fitting bias detailed above.

If a mode can be resolved then its amplitude squared, V2, is m/2 times height, H, times
width, Av, i.e.

V2= gHAz/. (9.13)

We assume that the structure detected here is sufficiently well resolved for this to be valid,

or at least an acceptable approximation, and apply the fitted width and height of a mode
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Figure 9.5: Observed mode power as a function of frequency on a In-In scale. Over plotted
are the least squares fit linear models for [ = 0 green and [ = 1 blue.

to determine the power. Expressing the relationship in logarithmic form gives
InV?2 = lng +InH +1nAv, (9.14)
where the variance of the amplitude squared is given by
Tinye = Otn g + Ot ay — 2 €OV (011, Oln Av) 5 (9.15)

where cov (01,11, 01n Ay) i the covariance of the log with and height. The width and height
of a mode have a high negative correlation, so the covariance acts to reduce the error in
In V2.

The calculated mode amplitude plotted as a function of frequency on a In-In scale is shown
in figure 9.5 together with the best fit linear models for [ = 0 and [ = 1. The coefficients
of the fit are given in table 9.4.

It is clear from the plot of log power as a function of log frequency that a linear model
is not a good fit to the data. The error bars for the calculated power provide very good
constraint which is not fulfilled by the linear model. This then is not information that
can add significantly to our confidence in the detection of modes. We do note however,
that the departure from the linear occurs at high frequency (=~ 1600 pHz) where we are

already confident that the observed structures are modes. This then does not positively
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| Method | [ || Gradient | Intercept | x*/d.o.f. |

width all || 7.5 +£0.4 | —=57.5£2.7 0.60
power 0 80+0.2 | —69.5+1.8 18.9
1 834+0.2 | =71.3+1.7 8.4

Table 9.4: Coefficients of the linear models fit to observed mode width and power in In-In
space.

or negatively impact our assessment of the plausibility of structure as modes of solar os-
cillation.

The good constraint provided by the small error bars in the amplitude squared and the
anticipated lack of bias provides the low-frequency regime with an interesting diagnostic
on the noise generation rate from turbulent excitation but this is beyond the scope of this

thesis.

9.6 Detections

We now discuss the claims of detections for modes of solar oscillations. We have pre-
sented the probability that a structure is due to the background noise, compared the
frequency of structure to modelled predictions, fitted Lorentzian shapes, and extracted
mode parameters. The sum of this information leads us to conclude that structure that
has a probability of being part of the background noise of less than 1% and that has been
successfully fit and returned plausible parameters may be considered as a detection of a
mode of solar oscillation. These cases are listed in table 9.5 on the following page in black.
The remaining two instances (in red in table 9.5) of possible detection do not offer such
convincing evidence.

The | = 1, n = 6 mode at 1039.463 £+ 0.006 pHz is detected with P < 0.01 but the
low signal to noise prevents fitting. Consequently we must look to the work of others
and the comparison with modelled predicted frequencies. Remarkable agreement in fre-

quency is found with the work of Bertello and Toutain and hence we can gain confidence
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Mode frequency (pHz)

Radial order n [=0 =1 [=2

6 972.613 £ 0.002 1039.463 £ 0.006 1105.136 £ 0.006
7 1117.992 £ 0.005 1185.598 £+ 0.003 1250.567 £ 0.008
8 1263.193 £ 0.002 1329.631 £ 0.005 1394.683 £ 0.011
9 1407.473 £ 0.005 1472.848 £ 0.005 1535.861 £ 0.008

Table 9.5: BiSON table of mode frequencies.

that structure at this frequency is perhaps present in data sets from 4 different instru-
ments (GOLF, MDI, SPM, and BiSON). However, the common use of MDI in the work
of Bertello and Toutain allows the possibility that the detected signal is only present in
MDI data and then detected here in this work too. Further to this, comparison with
predicted frequencies is inconclusive as extrapolation from confirmed modes does not pro-
vide enough information to allow absolute confirmation or rejection. We feel confident
that with increasing signal to noise, this structure will soon reveal itself to be a mode of
oscillation.

Finally we consider the [ = 2, n = 6 mode at 1105.136 4+ 0.006. The structure found
here is a pair multiplet with each component giving P < 0.1 and the multiplet P < 0.02.
Comparison with the detection of Toutain has nearly 0.4 yHz disagreement in frequency.
Using the comparison with modelled predictions we note there is better agreement, both
in terms of absolute value and the difference trend, with the value found in this thesis.
Without sufficient signal to noise to be able to fit to this mode no further information is
available. We therefore suggest that more work is required here before a firm detection is
made.

With the year-on-year increase in quality of the BiSON network it should not prove to
be long before a sufficient increase in signal to noise naturally occurs to allow the fitting
of the [ = 1,2, n = 6 modes. This should provide the required information to form a
decision on detection of a mode of solar oscillation. We finish this thesis by attempting

to draw conclusions on the future for the detection of low-frequency p modes.
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9.7 Future Prospects

Given our estimates for the power and life times of the low-frequency p modes we can
attempt to draw some inference on the possibility of future detections by considering
the estimated height of a bin in the frequency domain. We start by reaffirming our

symmetrical Lorentzian model,

A(w/2)*

M(a) = (l/i _ V0)2 N (11)/2)2,

(9.16)

and stating the maximum height observed in the power spectrum of a single bin as

V0+%"
H= M dv, (9.17)

vo— b2

where dv is the bin width. Applying the integration gives

Sv
2A(w/2)* tan™" (2@;%)) o
H = . (9.18)
v b
vo— %
Evaluating this expression and substituting
V22
A= —— (9.19)
w T
gives the height in a single bin as
V2 J -0
H=— (tan1 % tan! —V> . (9.20)
v w w

Given that we have frequency dependent relations for both the amplitude squared and
the width of a mode, we see that the observed height of a bin in the frequency domain is
determined by the bin width. Of course, we operate in a region with low signal to noise,
hence a significant impact of the background distribution, which elevates the observed

height.
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Figure 9.6: Predicted heights of low-frequency p modes for different lengths of observation
time series. 20 year background levels displayed, prior to this thesis as a dot-dot-dash line
and following the work done in this thesis as a dashed line. Each time series displayed is
twice the length of the previous starting at 1 year with 8,16, and 32 years displayed in
red, green, and blue respectively.

Figure 9.6 shows the predicted heights as a function of frequency at different bin widths
described by the length of time series used. The time series lengths of 8, 16, and 32 years
are displayed in red, green, and blue respectively. The background level from the 20 year
time series is over plotted to give a sense of scale.

Figure 9.6 clearly shows that the advantage of a longer time series is to move the
apex, marking the transition from the linear dependence of clearly resolved to unresolved,
to lower frequencies. However, doubling the length of time series each time produces
less than a linear decrease in the low-frequency limit. Consequently, the limit of future
detections at low frequency will be the background noise levels. In this sense the year-
on-year improvement of BiSON data will have a significant impact on future detection

limits.
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Chapter 10

Conclusion

The aim of this thesis was to study low-frequency p-mode oscillations using the Birm-
ingham Solar Oscillation Network (BiSON). Through the introduction of an improved
correction and calibration procedure for raw data, we have demonstrated that we are
able to achieve significant gains in the signal-to-noise ratio at frequencies below 1.3 mHz.
These gains in the BiSON data set have allowed us to detect new modes of oscillation

and, very importantly, determine their properties.

We started by constructing a model for the observations made by a resonant scat-
tering spectrometer (RSS). This model consists of three distinct components to describe
three categories of phenomena: the solar absorption line function; terrestrial atmospheric
extinction; and the RSS instrumental response. Nominal models describing the first two
components were constructed from existing observations. The determination of the in-
strumental response necessitated a multifaceted approach.

To elucidate the instrumental response required that we detailed the physics of res-
onant scattering that allows an RSS to make high-precision radial velocity observations.
We constructed a Monte Carlo simulation based on these principles to uncover the re-
sponse of the instrument in terms of both wavelength and position on the solar disk. Using

this simulation we demonstrated that the optimal Instrumental Optical Depth (IOD) for
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an RSS is very close to 2 and that, contrary to canonical belief, at this IOD multiple

scattering in the RSS vapour cell is an important consideration.

By combining the three completed components of our model (the Sun, the atmosphere,
and the instrument) we were able to produce modelled radial velocity observations taken
by an RSS. Modelled data was compared to real observations and found to be consistent,
at least within expectations given that a real instrument is only an approximation of the
ideal setup found in the modelled data. This then allowed for the opportunity to study

the impact of the terrestrial atmosphere in real observations.

We isolated the impact of the terrestrial atmosphere by studying the difference between
modelled data both with and without an atmosphere. The resulting signal is dominated
by a process, well known to the community of helioseismologists, referred to as “differ-
ential extinction”. Previous attempts at a correction for differential extinction had been
able to demonstrate a function that could be applied to a single day of data. However,
a general correction that could be applied to more than a single day remained illusive.
This prevented any previous corrections from having any impact a the long time series.
We demonstrated a novel approach to the correction that could be applied to a whole
year of data, and hence could be applied to all BiSON stations over a long time period to
generate a time series with a significant improvement (&~ 25%) in low-frequency signal to

noise.

We applied the new correction for differential extinction to 20 years of BiSON ob-
servations and generated a time series optimised for good low-frequency noise. We then
applied a frequentist statistical approach to produce a list of possible modes of oscillation
for study. Further to this, we have fitted where possible, Lorentzian profiles to the modes,
using a likelihood maximisation technique. This allowed for the determination of the

modes parameters and served as check on the validity of the detections. We categorise 2
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new modes as high confidence detections (n=7, 1=0,2), with 2 further modes showing a
good level of statistical significance but insufficient signal to noise to allow robust fitting
(n=6, 1=1,2). Importantly, the frequencies of these new modes were determined with
small error bars. In addition, the improved signal to noise produced a reduction in error

bars on frequencies for modes already observed.

Finally, fitting of the detected modes allowed for the estimation of the linewidth (Av)
and power. Over the frequency range 972 > v > 1850 pHz we find the frequency-linewidth

dependence to be Ay oc p75+04

which is close to agreement with theoretical predictions
of Av o 80, thereby extending the range over which the physics of mode excitation can

be tested.
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Chapter 11

Appendix

11.1 Modelling the solar velocity field

The varying solar surface velocity field has components due to oscillations and granulation.
Here we describe the process - taken from De Ridder et al. [2006] - of modelling these as
integrated velocity signals to produce a timeseries.

11.1.1 Stochastic oscillations

Solar oscillations are stochastically excited and intrinsically damped by turbulent con-
vection. This process continually injects energy into the modes of oscillation producing
observable amplitudes. The process is often compared to a bell in a sandstorm, continu-
ally ringing due the constant excitation from the particles of sand. Hence we model the
stochastic oscillations v(t) as a damped and re-excited oscillator.

We start with a harmonic oscillator

v(t) = A(t) sin (27t + ¢(1)), (11.1)

where A(t) and ¢(t) are the time-dependent amplitude and phase. The oscillator experi-
ences exponential damping with rate 1, but re-excitation occurs before dying out. This
re-excitation is simulated by ‘kicking’ the amplitude at small and regular intervals Afy;c.
Between two kicks the oscillation is damped with a factor of e "%k g0 the kicking
equation is [De Ridder et al., 2006]

Appg = e M8tk A ey, (11.2)

where € is a normally distributed random number with zero mean. Equation 11.2 is a
first-order autoregressive process.

In addition to the amplitude, the phase of oscillation is time dependent, and in order
to account for this De Ridder et al. [2006] model v(t) as a sum of a sine and a cosine
term with amplitudes B and C respectively. Each amplitude is modelled independently
using the prescribed autoregressive technique. Hence to calculate the v(t) of a single mode,
amplitudes B,, and C,, are evolved using equation 11.2 so that nAtea < ¢ < (n+ 1) Abgek-
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The velocity amplitude of the oscillation is then
v(t) = e 1Ak B sin(27wyt) 4+ O, cos(2mvgt)] . (11.3)

In order to model solar oscillations input parameters must be chosen sensibly. The kick
step-time should be sufficiently small with respect to the damping time n~!. The discrete
modelling process better approximates a continuous system with decreasing kick-step and
De Ridder et al. [2006] report a sensible choice as 1/100th of the damping time. In ad-
dition, the variance of the randomly distributed variable € and the damping rate control
the power and the Lorentzian width of a mode in the power spectrum, and so must be
chosen to match solar values.

11.1.2 Granulation

Granulation and super-granulation provide significant contributions to integrated solar
velocity observations, especially at low frequencies. When detecting solar oscillations,
granulation provides a source of noise that prevents detection of the scientifically inter-
esting low-frequency p and g modes. Here we describe a model, presented by Palle et al.
[1995] and references therein, of the solar ‘background’ velocity signal.

Palle et al. [1995] use a model of multiple components to describe the solar ‘background’
velocity field. The frequency domain description of each component is described by the
power spectral density P(v) where

4o%T

"

(11.4)
o is the amplitude scale of the velocity variation, and 7 is the characteristic time-scale.
For frequency ranges above 50 pHz, only the components due to granulation (G) and
super-granulation (SG) are significant, the meso-granulation and active region component
signals falling off rapidly above this frequency limit. Hence, we can consider BiSON
observations in this regions of interest as a sum of two components

Piotas = Po + Par- (11.5)

This power spectral density can be modelled by the sum of two random walks, or more
formally two autoregressive processes, see equation 11.2. To recap,

Gp1 = e 277G + €n4a, (11.6)

where € is a normally distributed random number with zero mean and standard deviation
ov/At/TG,, that is the velocity variation due to granulation.
To compute the granulation amplitude at a time t, G,, is evolved until step n such that
nAt <t < (n+ 1)At so that

G(t) =e"G, + e, (11.7)

where § =t — nAt and e &~ N(0,04/d/7).
Again one must make sensible choices for the input parameters. The time-step At should
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be selected so that it is 1/100th of the smallest time-scale 7. The parameters for the rms
amplitudes and time-scales are taken from Lefebvre et al. [2008].

11.2 The transformation method

The transformation technique transforms the probability distribution of y, p(y) dy to a
function that can be sampled by inputting a uniform random variate. The Monte Carlo
method detailed in chapter 5 uses the transformation technique to produce a number of
non-uniform distributions. This appendix contains the derivations.

11.2.1 Uniform deviates in spherical polar coordinates over a
limited solid angle

The Monte Carlo simulation of chapter 5 determines the initial direction of propagation of

a photon by randomly selecting the angle of propagation from within a cone determined by

the primary optics. This selection of off-axis angle requires a distribution that is uniform

in spherical polar coordinates over a limited solid angle, 2, with axis in the 2z direction.

Here the maximum off-axis angle is given as x and the polar angles # and ¢ are taken
with respect to the z and x axis respectively. We can start by writing the area element,

dQ = sin 6 df dg. (11.8)

Expressing the integral and substituting for the variable of integration gives,

cos(m) 2
/dQ _ / / — ¢ d(cos ), (11.9)
cos f=cos(m—x)  $=0

Q= —[¢]y" [cos 0], (11.10)

cos(mr—x)

which is evaluated to,

We see that ¢ varies uniformly from 0 to 27 and € varies from cos(m — z) to —1 and is
non-uniform. The distribution, uniform in spherical polar coordinates, can be achieved
with two random variables v and v that are uniform and vary from 0 to 1. Using the
transformation technique gives,

¢ =2mu (11.11)
0 =cos ¢, (11.12)

where £ is a function that transforms the range of v to the required range. That function
is,

£ =—cos(m—x)+v(—1—cos(m—x)). (11.13)
11.2.2 Exponential random deviates

Adapted from Avery and House [1968], it is straight forward to generate a distribution
of distances along the photon path before absorption by utilising the transformation
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method. The probability of an absorption between x and x + dx along a path follows the
exponential absorption law which gives a probability density function,

p(r)dx = e kdx, (11.14)
and a corresponding distribution function,
P(r)=1—e"". (11.15)

The distance to absorption can be determined by equating a uniform random deviate, R
to the distribution function,
R=1-¢e"" (11.16)

Solving for x gives,
-1
T = ?|ln(1—R)|. (11.17)

Since R is equally distributed on 0.0 > R < 1.0 then 1 — R will also be equidistributed.
Neglecting the minus sign gives,

1 [
r=—|InR|=—|InR]|. (11.18)
K T

This is the distance a photon will advance before absorption.

11.2.3 Random deviates for the ¢ transition angular dependence

Absorption or emission probabilities for o transitions show dependence over the angle #,
taken with respect to the z axis, of

Ve (0) =1+ cos? 0, (11.19)

see section 4.4.2 on page 80 for details. This gives the dependence over unit area of df2
as,

dQ = (1 + cos? #) sin @ df d¢ (11.20)
The probability over all angles must be unity,

/;0 /:ZP(Q) dr=1, (11.21)

and normalising to satisfy this gives the probability distribution function,

P(Q) = P(#) = /:I p(h)dh = g/: (1 + cos® ) sin 6d6. (11.22)

=0 =0

Integrating and invoking the transformation technique, by setting P(0') = R, gives,

R==(—cos’@—3cosf +4). (11.23)

|
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The transformation technique requires that we solve for 6, but this is non-trivial and
requires a numerical approach. From [Press et al., 1992], we solve the previous expression
by a combination of Newton-Raphson method and bisection. This yields an numerical
value for € from the uniform random deviate R.
The o transition is uniform in ¢ and ranges between 0 and 27. As shown earlier in this
section, this gives,

¢ =21R. (11.24)

11.2.4 Random deviates for the 7 transition angular dependence

Absorption or emission probabilities for 7 transitions show dependence over the angle @,
taken with respect to the z axis, of

Vo (0) = sin’ 0, (11.25)

see section 4.4.2 on page 80 for details. This gives the dependence over unit area of df2
as,

dQ) = sin® 0 df d¢ (11.26)
The probability over all angles must be unity,

/:0 /:ZP(Q) dr=1, (11.27)

and normalising to satisfy this gives the probability distribution function,

0[
PQ) = P(0) = % /0 sin0do, (11.28)

=0

which when integrated and P(f') set to R we have,
v
R = sin B (cosf +2). (11.29)

Once again this must be solved for 6 but is non-trivial. The numerical techniques men-
tioned earlier of Newton-Raphson and bisection are used, and the random deviate 6 is
calculated. Once again the ¢ dependence is uniform over 0 to 27.

11.3 Ray tracing through the detection optics

The details of propagating a photon through the detections optics, starting with a trans-
formation from the coordinates of the vapour cell to the coordinates of the detection
optics.
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Figure 11.1: Diagram showing both cell and detection optics coordinate systems along
with the cell and detection optics.

Coordinate system transfer

The transition of a photon from the Monte Carlo radiative transfer of the vapour cell,
to the optical transfer of the detection optics makes it sensible to change our coordinate
system from that of the cell to one that suits the detection optics. The sensible choice
of detection optics coordinate system is one that places the origin at the centre of the
cell, hence giving an axis along the detection optical axis. It is of course arbitrary which
coordinate axis this is, but here we choose the z-axis of our system to match the detection
optical axis.

Figure 11.1 shows the two chosen coordinate systems. To transfer from one system to
the other we are required to perform a translation followed by a rotation. The translation
moves the origin of the system from the bottom left hand corner of the cell, the double
primed coordinate system, to the centre of the cell, the primed system. This action on
any point P can be achieved with

P =P~ é, (11.30)
where [ is the length of the cell.
The rotation of the coordinate system is through 90° about the y-axis in the primed
system. The rotation matrix Ry(/3) describes the rotation of a point about the y-axis and
is given by
cosf 0 —sinf
Ry(B) = 0 1 0 , (11.31)
sinfg 0 cospf

where [ is the angle of rotation. Applying f = 90° gives

00 —1 X' —Z
P=Ry90°)P =|01 0 v = v |. (11.32)
10 0 Z' X

This coordinate transfer must be applied to both points provided by the Monte Carlo
vapour radiative transfer element of the simulation. The two points in question are: the
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point of last scatter inside the cell F; and the last known point outside the cell P}.

Planar intersect

Using our knowledge of P4 and P; we must find the point of intersection with the planar
surface of the first detection lens P;.

Here we generalise the description of known points such that P, ; is a known photon
position before the surface in question, P, is an extrapolation of position beyond the
surface in question taken from the knowledge of P, ; and the direction of propagation of
the photon, and P, is the point of intersection on the surface. The position of the centre
of the lens is given by P, .

In our system photons travel in straight lines until reaching an optical surface, hence we
can describe a ray trace with the equation of a straight line. The point of intersection
may be found using a parametrisation of these equations in s, i.e.

Pn:Pn71+S(Pn+1_Pnfl)- (1133)

The value of s can be found because we know P, i, P,,;, and that the planar surface
satisfies Z,, = Z1,,. Stating this with s as the solution gives

ZL - anl
§= = 11.34
Zn+1 - anl ( )

It is then trivial to find the elements of a point of intersection on the planar surface

Xp = Xpo1 + 8 (Xps1 — Xot) (11.35)
Yn = Yn,1 + s (Yn+1 - Ynfl) (1136)
Zn =7y, (11.37)

Spherical intersect

Using the same general definitions as before we may calculate the point of intersection
with a spherical surface, with the centre of the lens and the centre from the equation of the
sphere coinciding. Again we must parametrise the equation of a straight line representing
the propagation of the light ray. Here, to avoid confusion with the previous section, we

parametrise in u, i.e.
Pn:Pn71+u(Pn+1 _Pnfl)- (1138)

The equation for a spherical surface to represent the lens is defined as
RY, = (z—X0,)"+ (y— Yi.)" + (2 — Zu.)7, (11.39)

where Ry, is the radius of the spherical surface and so by earlier definition, also the radius
of the lens.

We wish to solve the combination of the two equations to determine u. By substituting
the expansion of equation 11.38 into 11.39 we obtain a quadratic equation of the form,

au® + bu 4 c = 0, (11.40)
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where,

a=(Xni1 — Xno1)’ + Yosr = Yoot)2 4 (Znis — Zn_i)® (11.41)
b=2 (Xn+1 - anl) (anl - XLn)
+2 (Yps1 — Yoot) (Yoot — Y1) (11.42)

+2(Zni1 — Zn-1) (Zyp—1 — Z1,,)
c= XED + YLG + ZED + X2 Y+ 2

(11.43)
—2[X, X, + YooY, + 21 21, — Ry,
Solving the quadratic equation using the familiar formula
—b+ Vb -4
Uiy = ac, (11.44)

2a

yields two solutions, provided the light ray passes through the sphere (two same value
solutions if the ray only grazes the sphere). Substituting u, o back into equation 11.38
gives the two points of intersection. Because the detection lenses are semi-spheres only
one solution u provides the correct point of intersection, but this is easily obtained when
the alignment of the lens is known.

Now we can determine the points of intersection in our system so we move on to consider
the application of Snell’s law at these points.

Snell’s law

Snell’s law describes the refraction of light at a boundary between two media with different
refractive indices. The law is commonly expressed as

n;sinf; = nysin by, (11.45)

where n is the refractive index and # is the angle of the light path with respect to the
normal of the boundary. This equation appears to operate in 2 dimensions, so how can
it be applied in the simulation of 3 dimensional ray tracing?

Ray tracing may propagate through the 3 dimensions we have defined for the detection
optics, but the application of Snell’s law is an intrinsically 2D operation. In order to
maintain this simplification it is necessary to transform the coordinate frame of the de-
tection optics into a frame in which neither the incident ray nor the normal to the media
boundary have any ¢ component, that is to say no component in the y-axis. This is
nothing more than a transformation between two coordinate systems but one that allows
the application of equation 11.45.

To realise this straight forward application of Snell’s law, we define two coordinate sys-
tems, the system of the detections optics O = (I, 1ls,[3), and the system to suit Snell’s
law O" = (ky, k2, k3). (Note: the prime notation has nothing at all to do with the prime
notation of the previous section.) Figure 11.2 on the next page shows the definition of
the O coordinate system. To proceed we write Snell’s law in a vector form that is valid
for either of our defined coordinate systems. Here we define the incident ray as S, the
refracted ray as T, and the unit vector normal to the boundary as r, giving

n;SXT = nTXE. (11.46)
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L

Figure 11.2: Diagram showing definition of the O coordinate system.

ky

L

bs

b

Figure 11.3: Diagram showing vectors S, T, and r in the O’ coordinate system. b and d
are the representations of S and T in this, the O’, system.

In essence, we must transform the S into S’, calculate T” and then transform to T. To
achieve this we define representations of the vectors in both coordinate systems

S=>al, (11.47)
S =Y bk (11.48)
T=Y cl (11.49)
T =) dk (11.50)
P=) el (11.51)
P=> fk. (11.52)

Figure 11.3 shows the three vectors S, T, and r as well as the two representations b and
d in the O’ coordinate system.

From the above definitions we can calculate the transformation matrices Ay and Ay
such that

b = Z (Alk)ij a; (11.53)
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Deriving the transformation matrix Ay is covered in appendix 11.4 on the next page.
Here we state the most convenient form

Ag=| #x (LS) xS | (11.55)

this is possible because we have chosen the primed frame such that f = (0,0,1) and
b, = dy = 0. To be meaningful to the simulation the transformation should be represented
in terms of a and e, and it is, but in the appendix. To solve for ¢, the representation of
T in O, we use equation 11.54 and so require the transformation matrix above Ay, and d,
the representation of T in O'. Using the geometry from figure 11.3 we see that

sin 9f
d= 0 ) (11.56)
cos ¢

It follows from our original definition of Snell’s law and a trigonometric relationship that
Digin Gl
ny

d= 0 . (11.57)

1 (2 sine)’

By definition S and r are vectors separated by the angle ;, which means that #; can be
found from the cross product of the two

rxS
|Ex S|

= sin; ko. (11.58)

Having dealt with the mathematics of the process we need only determine the vectors
S and r in order to calculate ¢. S is the incident ray moving from a point P, ; to the
surface of a lens at point P,. Hence, S in full is

Xn - anl
S=( vV,-V,: |. (11.59)
Zn - Zn—l

The normal to the surface of the lens is described by r and has been defined so that its
direction is away from the cell and towards a detector. For a planar surface, r is given by

i=( o |, (11.60)

and for a spherical surface

P=| Y, Fv. |. (11.61)



Finally we wish to determine the direction of propagation of a refracted ray in spherical
polar coordinates, which can be achieved with

0=cos ! | ——2 (11.62)
Va+3+4
¢ = tan~! <9> . (11.63)

&1

11.4 Orthogonal transformation matrix

In section 11.3 on the preceding page we transform from a detection optics coordinate
system into a coordinate system that allows the application of Snell’s law. The transfor-
mation is a rotoinversion, which is a type of orthogonal transformation. An orthogonal
transformation is a linear transformation that maps [ to k, T": [ — k and preserves the
lengths of vectors and the angles between vectors,

(LkY=(T1,Tk), (11.64)

where ( -, ) is an inner product.

An orthogonal transformation, 7', can be realised using an orthogonal matrix, A. As we
are transforming in Euclidean space from real vector space R® to R, A is a 3 x 3 matrix
which has elements a;;. For any linear transformation in three dimensions,

1"1 = a11T1 + aj2xy + a13T3 (1165)
JfIQ = (2171 + Q922 + A93T3 (1166)
Jfg = (3171 + Q3222 + a33T3, (1167)

which can be expressed more succinctly as,

v=>ay ;. (11.68)

Using the notation defined in section 11.3 we wish to perform a transformation from a to
b, apply Snell’s law to get d and then transform back to ¢. Expressing this,

bi = Z (Akl)ij a; (11.69)
Txf = —SxF (11.70)
=Y (Aw)y d (11.71)

We could apply all steps sequentially but that would require more calculations than are
necessary. We remember that equation 11.70 is valid in both our frames and we choose
the primed coordinate system such that f = (0,0,1) and by = dy = 0. We can now start
to describe the coordinate system. As f is the representation of t in the primed frame,

k; =T, (11.72)
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and because by = dy = 0, rxS can be defined as in the Eg direction, which means that we
can define,

. S
ky = 22 (11.73)
lrx S|

Finally we can complete the R space with 1A<2><1A<3 so that,

k= [ 25 (11.74)
lrx S|

Our transformation matrix Ay, is then,

Ay = (LS) xi xS 5| (11.75)

but we must express S and r in terms of their representations in the original frame, a and
€, SO

ay
S=1{ a |, (11.76)
as
and
€1
(Alk)gj =r= €9 . (1177)
€3
Which makes (Alk)2j7
xS 1 a3€9 — A9€3
I:X - a1€3 — a3€eq s (1178)
|I'XS| \/(CL3€2 — 0,263)2 + (0163 — CL3€1)2 + (0261 - CL1€2)2 €1 — a1€9

which for simplicity in the next step we will write as,

#xS ™

Bl . 11.79

£xS] e (11.79)
mg

Finally we can write (Ay),; as

N msags — MMoas
xS
( r ) XTI = miasz — Mmsay . (1180)

maQ; — M1a2
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This completes the transformation matrix. The values for d are determined in section 11.3
on page 228.
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