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Abstract

This thesis focusses on the use of a Digital Micromirror Device (DMD) to produce spatially

and temporally varying optical potentials for the manipulation of ultracold atoms. I discuss the

apparatus used to generate ultracold atomic samples as well as that used to manipulate them,

including a comparison of the various light sources used with the DMD. Here I demonstrate the

advantages in image quality that can be achieved using a superluminescent diode. I also report

on work which uses the capability to produce spatially and temporally controlled potentials to

engineer a synthetic dimension of harmonic oscillator sites, forming a lattice consisting of 10s

of lattice sites on which Bloch Oscillations are demonstrated. Finally I describe simulations

which demonstrate the clustering behaviour of quantised vortices in a Bose-Einstein condensate

when arranged in linear structures, as could be done by the method of phase imprinting using

a DMD. I demonstrate the use of a cluster detection algorithm which is novel in the field of

quantised vortices, and show that in many cases, vortex clusters can be modelled by methods

similar to those used for single vortices.
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Chapter 1

Introduction

The creation of the first optical dipole trap for neutral atoms in 1986 [1], and then the first

magneto-optical trap in 1987 [2] kick started the field of cold atomic physics. Since then,

rapid advances have been made, using a variety of techniques to further cool samples down to

Bose-Einstein condensate [3, 4] or degenerate Fermi gas states [5], as well as producing traps

for single atoms [6], traps for molecules [7], as well as lattice traps [8]. These experiments have

lead to huge advances in our understanding of fundamental topics such as quantum turbulence

[9] and ultra-cold chemistry [10]. Cold atoms have also been used as tools to probe nature,

for example, they can be used as the basis for atom interferometers which are used to sense

acceleration and gravity [11–13], and atomic clocks [14] which provide the most precise and

accurate measurements so far achieved. Many searches for physics beyond the standard model

use cold atoms and molecules as a starting point [15–17] due to the precision with which they

can be controlled and measured, and the well developed understanding of the fundamental

physics which governs their behaviour. Finally, cold atoms systems are frequently used as the

basis for quantum simulations [18]. This term refers to any system which can be engineered

to mimic the behaviour of another quantum system. For example, it is possible to engineer

optical lattices such that trapped cold atoms will experience the same Hamiltionian as atoms in

a condensed matter crystal [19, 20], but with parameters which can be tuned far more easily. As

will be described in this thesis, quantum simulations can also be extended to situations which
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1.1. OVERVIEW OF THESIS CHAPTER 1. INTRODUCTION

cannot be easily implemented in other ways, for example simulations of systems in more than

3 spatial dimensions [21]. The trapping and manipulation of ultracold atoms is a key aspect

to many of these applications. In some cases simple geometries such as harmonic wells and

periodic lattices are sufficient, however in many cases more exotic trapping potentials unlock

new physics, for example the physics of disordered crystals could be more easily simulated using

non-periodic lattices. Full control over the potential experienced by the atoms, including the

ability to dynamically alter it as a function of time enables a wide variety of new physics to be

explored, such as the effects of rotating traps [22] or stirring of atomic clouds [23]. Finally,

in the case of Bose-Einstein condensates, the phase of the order parameter can be precisely

manipulated using carefully controlled potentials [24]. This can be used to generate arbitrary

flows, opening yet another avenue of exploration. Recently, Spatial Light Modulators (SLMs)

have become a widely used tool for the generation of spatially and temporally varying potentials

[25–28].

1.1 Overview of Thesis

In this thesis I will detail the results of my research while working on the QPrint experiment. I

will also describe the principles by which the experiment works, as well as the apparatus used

to perform the research, including the existing equipment as well as the modifications that I

have made during the course of the research project. The QPrint experiment is focused on the

production of ultracold samples of 87Rb and their manipulation using spatially and temporally

controlled optical potentials generated using a type of Spatial Light Modulator (SLM) known

as a Digital Micromirror Device (DMD). The apparatus is flexible enough to allow for multiple

science goals. During my time on the project, the primary goal was to use the system to

demonstrate a synthetic dimension of quantum harmonic oscillator states. Due to the COVID-

19 pandemic, a substantial amount of time had to be spent outside of the laboratory, during which

I developed simulations of vortex clustering dynamics in a system which could in principle be

implemented on the QPrint apparatus via the method of phase imprinting in a Bose-Einstein

2
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condensate (BEC). Beyond these, preliminary work was performed on a system to demonstrate

the superfluid fountain effect in an atomic BEC. As this work was not completed, I will not

present it in detail in this thesis, but I will present the principles as well as other potential avenues

for the future of the project in the concluding chapter of this thesis.

The thesis is arranged as follows:

• Chapter 1: Introduction In the remainder of this chapter I will outline the key concepts

required to understand this work, in particular the context and theory of optical potentials

and how they can be used to perform phase imprinting, the concept of synthetic dimensions,

and the idea of quantised vorticity in Bose-Einstein condensates.

• Chapter 2: Experimental Apparatus In this chapter I will describe the apparatus used

in the experiment including the vacuum and laser systems, the traps used to confine and

cool the atomic samples, the control systems and finally I will discuss the generation of

optical potentials using the Digital Micromirror Device and the various light sources used

with it.

• Chapter 3: Implementation of Synthetic Dimensions with Atomic Trapped States In

this chapter I will describe the scheme used to produce a synthetic dimension of harmonic

oscillator states in our system. I will then describe the particular experimental set-up used

during this work, and then report the results showing the production of Bloch Oscillations.

I will also briefly discuss the ways in which this scheme could be used to prepare samples

in highly excited oscillator states.

• Chapter 4: Simulations of Clustering Dynamics in Quantised Vortex Systems In this

chapter I will describe the theory underpinning the quantisation of vorticity and angular

momentum in a BEC. I will then explain the simulation methods used to implement the

Gross-Pitaevskii equation used to model the dynamics of a BEC. Next, I will report on the

clustering behaviour that we have observed when beginning with a linear vortex structure,

and finally I will describe the analytical models which can be used to describe vortex

motion, and how these can be extended to models for the behaviour of clusters of vortices.

3
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• Chapter 5: Conclusions and Outlook In this chapter I will conclude and describe the

ways in which this work can be extended, as well as other avenues for research which this

apparatus could address.

1.2 Bose-Einstein Condensates

The species which we use for our experiments is 87Rb. Each atom is comprised of 37 protons,

50 neutrons and 37 electrons, and so is a composite boson. Because of this, it is possible for

multiple atoms to occupy the same quantum state. When an energy state (usually the ground

state) of a sample of atoms is macroscopically occupied, i.e. the number of atoms in that state is

on the order of the total number of atoms in the sample, we say that the sample has undergone

Bose-Einstein condensation, or is a Bose-Einstein condensate (BEC). This occurs when the

phase space density is of order one,

𝑃.𝑆.𝐷 = 𝜌𝜆3
𝑇 ∼ 1, (1.1)

where 𝜌 is the number density and 𝜆𝑇 is the thermal de Broglie wavelength. This can be achieved

in the case of extremely high density, as is believed to be the case inside of neutron stars [29],

but in a laboratory setting, the phase space density is increased by reducing the temperature,

and thus increasing 𝜆𝑇 in an ideal gas. Bose-Einstein condensation occurs below a critical

temperature, which is a function of the number of atoms and the trapping frequencies of the

harmonic trap which the atoms are contained within. To first order, this is given by,

𝑇𝑐 =
ℏ𝜔ℎ𝑜

𝑘𝐵
(𝑁/𝜁 (3))1/3, (1.2)

with 𝜔ℎ𝑜 the geometric average of the trapping frequencies, 𝑁 the number of atoms and 𝜁 (𝑥)

the Riemann Zeta function. For temperatures between absolute zero (where all atoms would

be in the condensate), and 𝑇𝑐, a portion of the atoms condense, while the rest of the cloud

remains thermally distributed, according to the usual Bose distribution. This leads to a bimodal

4



CHAPTER 1. INTRODUCTION 1.3. OPTICAL POTENTIALS IN COLD ATOMS

distribution, both in real and in momentum space, with the condensed part appearing as a

sharp peak in the centre of the cloud, with zero momentum. As a BEC is a highly degenerate

system of many atoms in the same quantum state, it is convenient to model its behaviour using

a complex function Ψ(®𝑟, 𝑡) which is known as the ‘order parameter’ or ‘wave function of the

condensate’. This can be thought of as the wavefunction of the highly occupied ground state.

To high precision, it follows the famous Gross-Pitaevskii Equation,

𝑖ℏ𝜕𝑡Ψ =
−ℏ2

2𝑚
∇2Ψ +𝑈Ψ + 𝑔 |Ψ|2Ψ, (1.3)

with 𝑚 the particle mass, 𝑈 the external potential, and 𝑔 = 4𝜋ℏ2𝑎
𝑚

is a coupling constant which

depends on the s-wave scattering length 𝑎. We normalise the equation so that
∫
Ψ𝑑𝑉 = 𝑁 ,

with 𝑁 being the total particle number. For more information on trapped atomic Bose-Einstein

condensates, see [30]. Though we avoid condensing the cloud by rapid evaporation in the work on

generating synthetic dimensions, a condensate is required for any experimental implementations

of our simulations work on quantised vortex dynamics, as well as many of the other projects

which I will describe in chapter 5.

1.3 Optical Potentials in Cold Atoms

There are three ways in which cold neutral atoms can be trapped and manipulated: via radiation

pressure, via the application of magnetic traps, and via optical potentials. Radiation pressure

schemes such as the magneto-optical trap (MOT) have the great advantage of being able to trap

and cool atoms from a thermal background to the micro-kelvin range. However, they have several

disadvantages. First, there is a lower limit in temperature, namely the recoil energy. As these

systems rely on the absorption and re-emission of light, the minimum momentum transfer is that

of a single photon. The near resonant light can also induce a range of unwelcome effects, such as

light assisted inelastic collisions which can limit the density that can be achieved. Because of this,

radiation pressure traps are typically used for experiments where extremely low temperatures and

high densities are not required, or as the first stage of a cooling process. Magnetic traps in which

5
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a single state’s field dependent energy is exploited by generating an inhomogeneous magnetic

field again have several advantages and disadvantages. They produce conservative potentials,

ideal for many applications, and can easily be used to perform evaporative cooling by resonantly

transferring high energy atoms from the trapped to an anti-trapped state. However, these traps

do require that the atoms stay in the trapping state, which reduces the available physics potential

in cases where internal state is important, e.g. investigations of spinor condensates. They also

have the major disadvantage of being difficult to engineer the shape of. The requirement to use

fixed coils, as well as the complexity of calculating the geometry of a coil required to produce

a given field configuration means that these traps are generally used for experiments requiring

a simple and fixed trapping geometry, such as a simple harmonic oscillator potential. Finally,

we have the optical potentials in which atoms experience an A.C. Stark shift and thus feel a

potential proportional to the intensity of an off-resonant light field. These are not completely

conservative, however they have the advantages of being extremely versatile in shape, allowing

complex trap geometries and time varying potentials. Optical potentials can also be independent

of the sub-level of the atom and thus allow for experiments in which the internal electronic state

must be manipulated. In this experiment a radiation pressure based MOT is used to trap and

pre-cool atoms, before they are loaded into a crossed optical dipole trap (i.e. a trap using the

optical potential of two crossed high intensity beams). In this trap, they are evaporatively cooled

and then held in a near harmonic trap. Finally, the experiment uses a shaped beam to produce

spatially and time varying optical potentials on the cloud of atoms.

1.3.1 Theory of Optical Potentials

The following is a brief summary of the theory of optical potentials, as relevant to this work. A

more complete description is given in [31].

A neutral atom in an oscillating electric field, ®𝐸 has an induced dipole moment, ®𝑝 = 𝛼 ®𝐸 ,

where 𝛼 is the complex polarizability of the atom, and is a function of the frequency of the

driving electric field. The interaction of the field with the induced dipole moment produces an

6
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interaction potential,

𝑈 = −1
2
⟨ ®𝑝 ®𝐸⟩ = −Re(𝛼)𝐼

2𝜖0𝑐
, (1.4)

where the intensity 𝐼 = 2𝜖0𝑐 |𝐸̃ |2 is introduced. Similarly, the scattering rate is given by,

Γ𝑠𝑐 =
⟨ ¤®𝑝 ®𝐸⟩
ℏ𝜔

=
Im(𝛼)𝐼
ℏ𝜖0𝑐

. (1.5)

Using the following form for the polarizability,

𝛼 = 6𝜋𝜖0𝑐
3 Γ/𝜔2

0

𝜔2
0 − 𝜔2 − 𝑖Γ𝜔3/𝜔2

0
, (1.6)

with Γ the natural linewidth, 𝜔0 the transition frequency and 𝜔 the frequency of the incident

light gives us,

𝑈 =
3𝜋𝑐2Γ

2𝜔3
0Δ

𝐼

Γ𝑠𝑐 =
3𝜋𝑐2Γ2

2ℏ𝜔3
0Δ

2
𝐼,

(1.7)

where Δ = 𝜔0 − 𝜔 and Δ/𝜔0 and Γ/Δ are both taken to be small. These approximations can be

improved for a multilevel atom by treating the potential instead as a perturbation in the energy

of the ground state. Using second order perturbation theory gives us the general equation for

the shift in energy of an energy eigenstate,

Δ𝐸𝑔 =
∑︁
𝑗

| ⟨𝑒 𝑗 | 𝐻̂′ |𝑔⟩ |2

𝐸𝑔 − 𝐸𝑒 𝑗

, (1.8)

from which we get,

Δ𝐸𝑔 =
∑︁
𝑗

| ⟨𝑒 𝑗 | 𝜇̂ |𝑔⟩ |2

ℏΔ 𝑗

| ®𝐸 |2, (1.9)

where the interaction Hamiltonian 𝐻̂′ is taken to be minus the electric field multiplied by the

electric dipole operator, − ®𝐸 𝜇̂ and the difference in energy is taken to be ℏΔ 𝑗 with Δ 𝑗 = 𝜔 − 𝜔 𝑗

7



1.3. OPTICAL POTENTIALS IN COLD ATOMS CHAPTER 1. INTRODUCTION

is the detuning from the |𝑔⟩ → |𝑒 𝑗 ⟩ transition. This is because one photon with energy ℏ𝜔 𝑗 is

absorbed and the internal energy is increased by ℏ𝜔 𝑗 . Finally, we can take the electric field’s

magnitude to be |𝐸̃ |2 = 𝐼/2𝜖0𝑐 and the matrix element to be ⟨𝑒 𝑗 | 𝜇̂ |𝑔⟩ =

√︂
3𝜋ℏ𝑐3Γ
𝜔3

𝑗

𝑐𝑔 𝑗 , where

𝑐𝑔 𝑗 are real transition coefficients depending on the particular atomic states, and the values of

which can be found in the literature [32]. This gives us a perturbed energy which is position

dependent via the intensity, and can thus be considered a potential. In the case of 87Rb, we have

𝑈 (®𝑟) = 𝜋𝑐2Γ

2

(
2

Δ2𝜔
3
2
+ 1
Δ1𝜔

3
1

)
𝐼 (®𝑟). (1.10)

Note that the result has been divided by 3 to account for the fact that linearly polarised light

only addresses one component of the dipole operator. Using the same matrix elements, one can

calculate the scattering rate to be,

Γ𝑠𝑐 =
𝜋𝑐2Γ2

2ℏ

(
2

Δ2
2𝜔

3
2
+ 1
Δ2

1𝜔
3
1

)
𝐼 (®𝑟). (1.11)

Importantly, the potential scales inversely with detuning while the scattering rate, and thus

heating rate, scales with the inverse square of the detuning. Therefore it is usually advantageous

to use high intensity and large detunings in order to reduce the effects of photon scattering.

1.3.2 Phase Imprinting

It is possible to use optical potentials to modify the phase of the order parameter of a BEC

as well as to modify its density. The prominent uses for this technique are the production of

solitonic states, and the production of quantised vortices. Both of these states are examples of

topologically protected states, in which the energy of the system cannot be reduced by smooth

deformations of the condensate. In the case of a solitonic state in one dimension, the phase of

the condensate’s order parameter is stepped by 𝜋 between 2 regions. The sharp change in the

condensate phase between the to sides costs energy, but any smooth deformation would further

increase the energy. Similarly in a vortex state, the phase is wound around a point. The variation

in phase again costs energy, but the phase cannot unwind by any smooth deformation. The fact

8
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that these states are topologically stable means that they cannot easily decay but also means

that they cannot easily be generated by the evolution of the bulk condensate from a low energy

configuration. In fact quantised vortices are made either in pairs when generated by dragging

a defect through a cloud, or by nucleating on the boundary, as when a condensate is rotated.

Phase imprinting using optical potentials allows topological configurations such as these to be

generated by modifying the condensate in a way that isn’t a smooth deformation, but rather a

sudden jump in the phase. This can be controlled accurately using precisely shaped potentials,

allowing for arbitrary vortex configurations, for example, to be produced. I will now briefly

explain the mechanism behind phase imprinting.

As mentioned above, a BEC follows the Gross-Pitaevskii equation (GPE),

𝑖ℏ𝜕𝑡Ψ =
−ℏ2

2𝑚
∇2Ψ +𝑈Ψ + 𝑔 |Ψ|2Ψ. (1.12)

We can then introduce the number density 𝜌 and phase 𝜙 of the order parameter via the Madelung

transformation,

Ψ(®𝑟, 𝑡) =
√︁
𝜌(®𝑟, 𝑡)𝑒𝑖𝜙(®𝑟,𝑡) . (1.13)

Substituting this into the GPE gives the following coupled differential equations for the density

and phase,

¤𝜌 = − ℏ

𝑚
∇ · (𝜌∇𝜙)

¤𝜙 = −ℏ|∇𝜌 |
2

8𝑚𝜌2 + ℏ∇2𝜌

4𝑚𝜌
− ℏ|∇𝜙 |2

2𝑚
− 𝑈

ℏ
− 𝑔𝜌

ℏ
.

(1.14)

if we identify ®𝑣 = ℏ
𝑚
∇𝜙 as the velocity, the first line of this is simply the continuity equation.

Notably, this equation doesn’t directly involve the external potential 𝑈. Therefore, changes to

the particle density occur only via changes in the phase. Because of this, a rapid change in the

potential primarily affects the phase of the condensate, rather than its density. Therefore if we

9
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change 𝑈 to some 𝑈′ for a short time interval Δ𝑡, the phase will change to

𝜙′(𝑡 + Δ𝑡) ≈ ¤𝜙Δ𝑡 − 𝑈′Δ𝑡

ℏ
, (1.15)

where ¤𝜙 is taken to be without the modification to the potential. If Δ𝑡 is small compared to the

timescale associated with the unperturbed cloud, i.e. Δ𝑡𝜕𝑡Ψ𝑢𝑛𝑝𝑒𝑟𝑡𝑢𝑟𝑏𝑒𝑑 ≪ 1, the density will not

change appreciably over this time. If the condensate was originally in its ground state, then ¤𝜙

is not a function of position (as the ground state is by definition a stationary state), however 𝑈′

is an applied potential, which we can choose to be spatially inhomogeneous. As noted above,

the condensate velocity is proportional to the gradient of the phase, so by modifying the phase

of the condensate in this way, it is possible to produce arbitrary flows by using a brief flash of a

shaped optical potential,

Δ®𝑣(®𝑟) ≈ −∇𝑈
′(®𝑟)Δ𝑡
𝑚

. (1.16)

This approximation is better for smaller imprinting times, which require higher potential

gradients to produce the same flows.

1.4 Synthetic Dimensions

The introductory material in this section includes parts that have been published in the paper:

C. Oliver, A. Smith, T. Easton, G. Salerno, V. Guarrera, N. Goldman, G. Barontini, and Hannah

M. Price "Bloch oscillations along a synthetic dimension of atomic trap states", published in

Physical Review Research. Some of this material remains largely unchanged, others has been

made more appropriate for the thesis.

‘Synthetic dimensions’ is the name given to a wide range of schemes in which degrees of

freedom in a system are coupled together so that they can be treated mathematically as though

they were an extra dimension of physical space. Typically this is done by coupling discrete

states so that there is a notion of adjacency between states, i.e. states which are to be close in

10
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the synthetic dimension are coupled strongly and more distant states only weakly if at all. The

use of discrete states means that the synthetic dimension is typically best thought of as a lattice

rather than a continuous dimension.

Synthetic dimensions provide a powerful approach for simulating condensed matter physics

in cold atoms [33–46] and photonics [47–50], and they are opening up many new avenues for

simulating and exploring exotic physics, including quantum Hall ladders [34, 40, 41], non-

Hermitian topological bands [51], topological Anderson insulators [52], and even lattice physics

in four dimensions or higher [33, 35, 53]. A key reason that this framework is so powerful is

that it is very general, and can be applied to a wide-range of very different physical systems.

For example, synthetic dimensions have so far been realised experimentally in cold atoms with

hyperfine [33, 40, 41], magnetic [44], Rydberg [45, 46], and clock states [42, 43], as well as with

momentum [34, 35], orbital [38] and superradiant states [36]. However, in these experiments,

the size of the synthetic dimension has been so far limited by the number of states that can

feasibly be coupled. Indeed, the largest momentum state lattice [54] employed so far consists of

a 1D lattice of 21 sites.

Notably, it has been recently realised that such limitations can be lifted if external degrees of

freedom associated with trapping potentials are used to generate the synthetic dimensions [47,

55, 56]. Indeed, trapping potentials typically allow for tens or hundreds of trapped states in each

direction, and by suitably coupling them one could implement very long synthetic dimensions,

unleashing the full potential of this technique for quantum simulation. Additionally, this kind

of synthetic dimension is extremely appealing because it provides a framework for the manip-

ulation and control of trap states. A range of applications including quantum simulations in

optical lattices [57–59], trapped and guided atom interferometry [60–62] and quantum thermo-

dynamics [63–65] require the use of highly-excited trapped states, which are generally difficult

to realise with a good degree of precision and control.

In chapter 3, I will describe how we experimentally engineered a very long synthetic di-

mension of many tens of atomic trap states by dynamically modulating the harmonic trap of

an ultracold atomic sample [55, 56]. By controlling the driving frequency we generated a
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force along the synthetic dimension that induces Bloch oscillations, which act as a smoking

gun signature that the synthetic dimension behaves as expected. Bloch oscillations were first

famously predicted for electrons moving in a crystal under an electric field, and have since been

observed in various setups, including optical lattices for cold atoms [66], as well as synthetic

dimensions of photonic frequency modes [67] and of room-temperate molecular angular mo-

mentum states [68]. However, Bloch oscillations in our experiment are physically very different

from previous realizations, as they correspond to atoms periodically oscillating between low-

and high-energy states of the harmonic trap. As such, another benefit of the synthetic dimension

Bloch oscillations implemented here is that they allow us to explore highly-excited harmonic

states, and thus can lead towards a novel approach for quantum engineering of external atomic

states. More generally, this work paves the way for the exploration of higher-dimensional

quantum Hall physics with artificial magnetic fields, and opens new opportunities in quantum

simulations more widely. For example, a tunable artificial gauge field can be implemented by

spatial modulation of the phase of the driving potential, allowing access to 2D quantum Hall

physics.

1.5 Quantised Vortices

The introductory material in this section includes parts that have been published in the paper:

T. Easton, M. Kokmotos and G. Barontini "Vortex clustering in trapped Bose-Einstein conden-

sates". This has been submitted for publication in Scientific Reports. Some of this material

remains largely unchanged, others has been made more appropriate for the thesis.

The notion of vortices and vorticity is ubiquitous in physics, as it appears in classical physics,

e.g., in hydrodynamics, gravitational physics, electromagnetism [69] and non-linear optics [70],

as well as in in the quantum realm, through quantum turbulence and quantum hydrodynamics

in superfluids [71] and superconductors [72].

A vortex in a quantum system such as a Bose-Einstein condensate is a topological defect

which carries one or more quanta of angular momentum [73]. In a 3D system, these defects are
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1D curves which can tangle and support waves (known as Kelvin waves) along their lengths.

In a 2D system these lines reduce down to point-like objects. These point-like vortices can

still undergo complicated dynamics. In particular, vortices which carry more than one quantum

of angular momentum are unstable, and tend to decay. On top of this, when multiple vortices

interact, they may form bound structures.

Bound structures such as vortex-vortex or vortex-antivortex pairs have been created in BECs

[74–77] and predicted in ultracold Fermi gases [78]. In the optical regime, vortex cluster

formations have also been demonstrated in microcavity exciton-polariton condensates [79]. The

processes and parameters that lead to the formation of vortex clusters rather than, e.g., turbulence

or disorder, are however less understood and investigated.

Atomic BECs are a good platform for the generation and study of vortex clusters and their

dynamics due to their extensive controllability in the experiments [80] and the wide availability of

tools for numerical simulations both at zero [81] and finite temperature [82, 83]. In trapped BECs,

the vortex dynamics are dictated by density and phase gradients of the superfluid background.

The gradient of the background density created by the trapping potential induces a precession

of the vortex about the centre of the trap. In addition, each vortex creates a velocity field that

affects the motion of the other vortices similarly to the way seen in fluid physics. This can be

seen as a vortex-vortex interaction that depends on the separation of the vortices as well as their

topological charges [84]. It can lead to a rotational motion where the vortices rotate around each

other, or a linear motion where the vortices travel in parallel. The combination of these effects

is at the core of the formation of vortex clusters, turbulence or vortex lattices.

For what concerns vortex clusters, the many features of trapped BECs are ideal to gain

precious insight, both in real experiments and in numerical simulations, on the dynamics of the

clusters formation and the conditions for their existence and stability. Numerical simulations on

these clusters will be explored in chapter 4.
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Chapter 2

Experimental Apparatus

Figure 2.1: Image of the experimental apparatus labelled with some of the key components.

In this chapter, I will summarise the main components of the experimental apparatus in order

to contextualise the rest of the work. While the experiment was originally built in 2017[85] to

investigate the physics of spinor condensates, there have been changes made to almost every
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Figure 2.2: Schematic showing the connections between the various components of the ap-
paratus, focussing on the optics. Note that this diagram is not representative of the positions
of components in physical space, and mirrors used simply to redirect optical paths around the
bench are omitted. For detail on the locking electronics, see Fig.2.4

.

aspect of the setup since. For completeness, I will touch on all of the major elements of the setup,

but I will focus on those areas which I have directly modified. A summary of the connections

between the various components of the apparatus is shown in figure 2.2.

2.1 Vacuum System

The vacuum system is broken into 2 separate chambers, the 2D MOT chamber, at a pressure of

≈ 10−7 mbar and the science chamber, at ≈ 10−10 mbar. These are connected by a small tube

21 mm of length and 1.1 mm diameter, which allows for the pressure difference to be maintained.
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The 2D MOT chamber is kept at the higher pressure to increase the rate of atom loading, as

this is the chamber where atoms are initially loaded into a trap and pre-cooled. The science

chamber, where we reach BEC temperatures must be at the lower pressure in order to limit the

rate of collisions between ultracold trapped atoms and room temperature background gas atoms.

2.2 Optical Setup

2.2.1 Lasers & Laser Locking

The 780 nm light for the MOTs is provided by 2 Toptica DL Pro lasers, one for the cooling light,

and one for the repumper light. In order for the wavelengths of these lasers to stay correct for

the MOT, they must be locked via active feedback loops. This is summarised in figure 2.4. The

relevant energy levels are detailed in figure 2.3.

The repumper is kept at a constant frequency, on resonance with the 𝐹 = 1 → 𝐹′ = 2

transition of the D2 line. It can therefore be easily locked to a saturated absorption spectrum

generated by retro-reflecting 300 µW through a cell containing 87Rb vapour, then directing it

onto a fast photodiode. On the first pass of the light through the cell, atoms are excited when

the laser is close to the resonant frequency, creating an absorption trough. This feature is

Doppler broadened, as each velocity class of atoms sees a different wavelength (in the lab frame)

as resonant. On the reverse pass excited atoms which are stationary in the direction of laser

propagation are stimulated to emit. This is because only atoms which see the laser as having

the same frequency in both passes are excited and then stimulated. This creates small peaks

in the large trough. As well as peaks corresponding to each transition, there are so called

‘cross-over’ peaks, at the midpoint between each pair of transitions. These occur because there

will always be a velocity class such that one transition is resonant on the 1st laser pass, and

the other is resonant on the second laser pass. As we wish to use an AOM to modulate the

power of the repumper beam, and AOMs shift the frequency of the light, we choose to lock to

the 𝐹 = 1 → 𝐹′ = 1CO2 cross-over peak, and choose the AOM frequency to be 78.47 MHz,

which is equal to the detuning between the crossover and the 𝐹 = 1 → 𝐹′ = 2 transition. The
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Figure 2.3: Hyperfine structure for the 52𝑆1/2, 52𝑃1/2 and 52𝑃3/2 levels (not to scale). Arrows
denote relevant transitions, with the red and blue solid arrows corresponding to exciting the
atoms with the cooling and repumper beams respectively. The wide-dashed red arrow indicates
the deexcitation of atoms which remain in the closed cycle. The dashed upward arrow shows
the path by which atoms can be ‘accidentally’ excited into the 𝐹′ = 2 state. The remaining two
arrows show the paths that atoms in this excited state can take. Without the repumping beam, all
atoms would collect in the 𝐹 = 1 lower ground state. This is exploited in the dark MOT stage
(see below), to avoid loss of atoms by collisional deexcitation.
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spectrum, as seen by the photodiode is passed to the laser control box, where it is dithered to

generate an error signal, and then a PID loop is used to lock the laser to the peak by adjusting

its piezo voltage.

The cooling laser has a variable detuning over the course of the sequence, so it is offset

locked to the repumper with a variable offset. This is accomplished by overlapping 5 mW of

each laser onto another photodiode, connected to a bias tee. This produces a beat signal with

frequency components at the sum and difference of the two laser frequencies. This is then

passed through a low pass filter to remove the sum of the frequencies, then it is mixed with

an RF local oscillator frequency. Again, the output contains the sum and difference of these

two frequencies, so it is once again passed though a low pass filter, before being compared to a

standard reference frequency to produce an error signal. This is done by splitting the signal into

two branches, one being passed through a high-pass filter with a forward facing diode, while

the other is passed through a fixed 3 dB attenuator with a reverse facing diode. These branches

are then combined again after more low pass filtering to bring them close to DC. The sum of

voltages will then be positive or negative depending on whether the filter attenuates more or less

than the fixed attenuator. These will attenuate at the same level for a signal at 171 MHz. Again,

this error signal is fed into the Toptica laser control box, which uses a PID loop to adjust the

piezo voltage to keep the laser locked to the desired frequency. In order to vary the frequency

offset of the lock during the sequence, the local oscillator’s frequency is modified. Due to a

lack of availability of standalone VCOs at the required frequency, the signal is produced by a

synthesizer (EV-ADF5356SD1Z), with a reference frequency provided by a function generator,

which is in turn frequency modulated by an analog signal from the control computer.

The above description is of the current setup. Over the course of the project, due to degrading

lasers the scheme was changed from one involving a master laser which was spectroscopy locked,

along with two slave lasers (cooling and repumper), which were both individually beat locked.

The new setup is simpler and more efficient, requiring only 2 lasers, and also uses the laser

control box to provide the PID loops, rather than external systems as were in the previous

system.
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Figure 2.4: Schematic showing the connections between the various components of the laser
locking system.

2.2.2 Imaging Systems

Our setup includes two absorption imaging systems. The first images the atoms along the

horizontal direction, typically at a time-of-flight of 25 ms, with a total magnification of 2.7. This

is used for measuring the atom number, temperature and condensate fraction of the cloud. It

also has the potential to be used in some future measurements, particularly those involving the

fountain effect (see chapter 5). The second imaging system images along the vertical direction

via a series of 2 microscope objectives, one to focus light onto the atomic sample, and one

to form an image. This has a much higher magnification which can be modified by swapping

between various microscope objectives, but is typically 20×. This system is useful as it images

along the same optical path as the imaging light, allowing us to see dynamics in the same plane

as the potential we generate, and has a resolution of around 2 µm.
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Figure 2.5: Schematic showing the components of the imaging systems, along with the path
along which imprinting light is sent from the DMD (see section 2.6).
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2.3 Magneto-Optical Traps

The first step in producing our ultracold atomic samples is to trap and cool the atoms within

magneto-optical traps. This is a commonly used technique in cold atoms physics which allows

us to take 109 room temperature atoms from the background gas and trap and cool them down

to 350 µK.

2.3.1 Working Principle

In a Magneto-Optical Trap (MOT), light which is red-detuned from a resonance is incident on

atoms. The atoms can absorb the light, gaining its momentum, ℏ𝜔 in the direction of the beam’s

propagation. The atom can then lose the gained energy in one of 2 ways, either by spontaneous

emission, or by stimulated emission. If the atom undergoes stimulated emission, it loses the

momentum it gained, and there is no net change of momentum in the process. If on the other

hand, it undergoes spontaneous emission, it gains another momentum kick of ℏ𝜔 in a random

direction. After many cycles, these directions average out, meaning that the atom gains a net

momentum change in the direction of the beam’s propagation due to the absorption. Because the

light is red-detuned from the transition, the atom sees it doppler shifted towards the transition

when it travels towards the light source, and doppler shifted away from the transition when it is

moving away from the light source. This means that the probability of absorption is increased

for atoms moving towards the light source compared to those moving away from it. As the

average momentum kick is in the direction of light propagation, this has the effect of slowing

atoms which move towards the beam. By using 6 beams of light, one for each face of a cube,

this slowing can apply to atoms moving in any direction. This configuration is known as optical

molasses as the force acts similarly to a friction or drag force, slowing any particle regardless of

its momentum. As this configuration slows the random motion of atoms it has a cooling effect,

however the force is homogeneous and so cannot trap atoms. In order to add trapping to optical

molasses, a quadrupole magnetic field is applied, typically using a pair of coils in anti-helmholtz

configuration. This causes a zeeman split in the atomic transitions proportional to the distance
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from the centre of the coils. By using light which is 𝜎− polarised, light only addresses the

zeeman level which is reduced in energy when the field strength is increased. This has the effect

of increasing the transition probability, and therefore force, as distance from the centre increases,

thereby introducing a restoring force. This configuration is known as the magneto-optical trap.

2.3.2 Experimental Implementation

We use the closed cycle in the D2 line, i.e. 𝐹 = 2 → 𝐹′ = 3. This is known as a closed transition

because for atoms in the 𝐹′ = 3 state the only allowed transition is to decay back to the 𝐹 = 2

state, and so atoms should, in theory, never leave the cycle of 𝐹 = 2 → 𝐹′ = 3 → 𝐹 = 2.

However, the atoms have a finite probability of instead undergoing the 𝐹 = 2 → 𝐹′ = 2 transition

instead of the intended 𝐹 = 2 → 𝐹′ = 3. They can then decay into the lower ground state 𝐹 = 1.

We therefore also use a repumping beam resonant on the 𝐹 = 1 → 𝐹′ = 2 transition, in order

for these atoms to then be able to decay into the 𝐹 = 2 ground state and thus reenter the cooling

cycle. We have two stages of MOT, first a 2D MOT, which uses a pair of retro-reflected 𝜎−

polarised beams, at a power of 85 mW, with a cooling to repumper power ratio of 2 : 1.

These beams are expanded in one direction using cylindrical lenses. This allows us to produce

a cigar-shaped trap. The large extent of this trap allows for the trapping of significantly more

atoms than could be done in a 3D MOT. The 2D MOT is then transferred via the resonant push

beam into the science cell where it is collected by the 3D MOT.

The 3D MOT is formed from 3 pairs of counter propagating 𝜎− beams with 5 mW of

cooling light in each beam. The repumper need not be isotropic so we choose to only supply

5 mW of it to the horizontal pair. In order for the imprinting light to propagate in the vertical

direction, 2 pairs of MOT beams are rotated 45◦ from vertical. Over 5 s of loading from the

2D MOT into the 3D MOT, we are able to capture 109 atoms and cool them to 350 µK. This

temperature is still higher than the dipole trap’s depth, as so we use a dark MOT stage to reduce

the temperature down to 50 µK. This involves further red-detuning the cooling light to favour

cooling over trapping, while reducing the intensity of the repumping light to reduce the number

of scattering events. This also means that at the end of the dark MOT, the atoms are all able
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Figure 2.6: Schematic diagram of the various laser beams around the science chamber. a)
Cut-through view from the side. Atoms arrive from the 2D MOT via resonant push beam from
the left. The radial MOT beams are arranged at 45◦ from vertical to allow room above and below
the chamber for microscope objectives which are used for imaging and projecting the imprinting
light (see sections 2.2.2 and 2.6. b) Cut-through view from above. The axial MOT beams, which
include repumping light, crossed dipole beams (section 2.4.1), flat trap beam (section 2.4.2) and
horizontal imaging beam (section 2.4.2 all lie in the horizontal plane.

to fall into the lower ground state, so that they can no longer undergo collisional deexcitation

which would otherwise be a major atom loss channel.

2.4 Optical Dipole Trap

As MOT works on the principle of absorption and re-emission of photons, the minimum possible

temperature it can reach is the recoil temperature, corresponding to the recoil energy, i.e. the

kinetic energy an atom gains by emitting a single photon. In order to reach colder temperatures

and higher phase space densities, the atoms are loading into a crossed optical dipole trap. This

trap works on the same principle as the optical potentials that are applied on the final samples,

i.e. the A.C. Stark effect. In brief, the rapidly oscillating electric field of the applied laser light

shifts the energy levels of the atom depending on the detuning from resonances and the power of

the beam. The energy levels are shifted lower in the presence of light which is red detuned, and

therefore by using a red-detuned beam with a gaussian profile, the atoms feel a force towards

the highest intensity region of the beam, i.e. its centre.
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Figure 2.7: Absorption images of a typical cloud. a) From the horizontal imaging system after
25 ms time of flight expansion. b) From the vertical imaging system without time of flight
expansion.

2.4.1 Crossed Optical Dipole Trap

Using a focussed beam means that there is trapping not only in the transverse direction, but also

in the axial direction. This can be used to create a trap on its own, however in order to produce

tighter confinement in this direction, as well as to have more control over the relative trapping

strengths in each direction, we produce a crossed optical dipole trap, in which 2 high power

red detuned beams are overlapped to produce tight confinement in every direction. We use a

1070 nm laser at 20 W with waist 26 µm and a 1550 nm at 10 W with a waist of 53 µm. Both

pass through AOMs to allow for their power to be adjusted duing the experimental sequence.

In order to reduce the temperature of the cloud, we can then employ evaporative cooling by

reducing the power of the beams. This allows the highest energy atoms to leave the trap, and

if it is done slowly enough, the atoms can rethermalise to a lower temperature before the next

highest energy atoms leave the trap, and so on. During this process we lose ∼ 99% of the atoms,

but the remaining ones can be as cold as 20 nK. The atoms occupy the centre of the beams,

so we are free to approximate the gaussian profiles as quadratics, and can therefore treat the

trap as harmonic. By adjusting the ratio of powers of the two beams, we are able to achieve a

range of trapping frequencies, but typically use ∼ (10, 100, 100) Hz. At these temperatures, this

causes the atoms to undergo Bose-Einstein condensation. A typical evaporation ramp involves

the 1070 nm beam from ∼ 12.4 W to 0.1 W over 7.875 s with the 1550 nm beam switched on at

∼ 3.9 W 275 ms into the process, with it ramping down in power to ∼ 0.05 W for the final 6.7 s

of the evaporation.

24



CHAPTER 2. EXPERIMENTAL APPARATUS 2.4. OPTICAL DIPOLE TRAP

2.4.2 Flattened Trap

We have also implemented a flattened trap beam to allow us to produce clouds with a very high

trapping frequency in the vertical direction. This was achieved by extracting one of the unused

orders from the 1070 nm trapping beam’s AOM and passing it through its own AOM for power

control, before fibre coupling it to the level of the science cell. The beam is then passed through

a series of lenses including a pair of cylindrical lenses which produce a beam with a very small

waist of 11 µm in the vertical direction with a large waist of 390 µm in the horizontal direction.

A diagram of the optical setup for the flattened trap is shown in figure 2.8. The top panel of

this figure shows the original design for the optics, which has the vertical and horizontal waists

coinciding. This produces a large trap depth at the focal point. However we found that by

moving the final cylindrical lens by 4 mm, we could displace the horizontal waist, providing a

much higher trap aspect ratio. This is shown in the lower panel of figure 2.8.

Figure 2.8: Simulations of the beam propagation through the flat trap optics after exiting the
optical fibre. Purple shows the horizontal component of the light, while red shows the vertical.
a) The original design with the two focci coinciding. b) The same configuration but with the
final cylindrical lens moved by 4 mm. This has the effect of displacing the horizontal focus and
giving a much wider horizontal beam diameter at the position of the vertical waist.

We determined that when used in conjunction with one or more of the other dipole trap

beams, there was still a high enough trap depth to contain an atomic sample, and were able to
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observe aspect ratio inversion in time of flight imaging, a ‘smoking gun’ indicator of a BEC in

a non-isotropic trap.

Figure 2.9: Images of the flattened trap. a) Image taken using the horizontal imaging system
after 25 ms of time of flight. It is clear to see the aspect ratio inversion from the ‘pancake shaped’
cloud formed in the trap to the ‘cigar shaped’ cloud reached after dropping for 25 ms. This is
a clear indication that we have produced a BEC in the flat trap. b) A picture of the same cloud
from the vertical imaging system. We can see that the cloud is relatively round in the horizontal
plane. Note, the blue circular disc corresponds to the aperture of the microscope objective.

The purpose of the flat trap beam was intended to be to generate clouds such as those

described in the work on simulations of vortex dynamics (see chapter 4), however when the

1550 nm laser broke, the flat beam could be used to allow measurements to still be taken by

using it as the weaker cross beam until the 1550 nm could be repaired.

2.5 Sequence Control

We use Cicero Word Generator/ Atticus[86], along with a National instruments PXIe-1062Q

chassis containing a PXIe-8360 card, a PXI-6713 card and a PXIe-6535 card. These are attached

to breakout boards with current buffers, allowing us to produce analogue and digital signals.

We use a variable timebase generated using an Opal Kelly XEM3001 FPGA which allows us to

produce samples at up to 1 MHz where needed, but to produce them at less than 1 Hz in longer

stages with few changes, so that we don’t overfill the buffers on the National Instruments (NI)

cards. An example of an experimental sequence as seen in Cicero is shown in figure 2.10.
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2.6 Optical Potentials

The above apparatus allows for the generation of ultracold atomic samples. The purpose of

generating these is to then manipulate them using optically generated potentials. In this section

I will describe how these are generated, first by describing the digital micromirror device and

the related optics. Next I will discuss the various light sources used. We originally made

a comparison between a tuneable Toptica DL Pro laser and a superluminescent diode (SLD),

which showed favourable results for the SLD in regards to the generated image quality. It was

decided, however that it would be advantageous to perform many of the experiments using

repulsive potentials, which can only be produced by blue detuned light, and that the tuneable

laser was preferable. Towards the end of the project, it was determined that the heating effect of

the tuneable laser was too high for some experiments which involved longer projection times.

We therefore implemented a red laser with a much higher power and a much larger detuning

from resonance.

2.6.1 Digital Micromirror Device

We use an DLP9500 digital micromirror device. It is formed of an array of 1920x1080 micromir-

rors, each with a side length of 10.8 µm. The device has a refresh rate of 10 kHz. The DMD

accepts data in the form of black and white bitmap images with a bit depth of 8 per channel. We

are able to supply the DMD with a folder of such images, and can proceed from one image to

the next by supplying a TTL signal. This can either be done directly from the control system, or

we can use a function generator to supply signals at a fixed frequency, gated by a digital signal

from the control system. While it is convenient to picture the DMD as a mask, simply directing

light incident on the ‘on’ pixels in one direction the ‘off’ pixels in another, the system is actually

more complex. As the DMD is a uniform array of many identical optical elements, it must also

be considered as an optical grating, and diffraction effects are important. In particular, the light

incident on the DMD is split among many diffraction orders, and the efficiency of the reflection

depends strongly on the angles of incidence and reflection, as well as the wavelength of the light.
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Figure 2.11: Image of our DMD in position. In the background are the optics for the red laser
(see below).

A reflective diffraction grating obeys the equation,

𝑚𝜆 = 𝑑 (sin𝛼 − sin𝛽), (2.1)

where 𝑚 is an integer determining the diffraction order, 𝜆 is the wavelength of light, 𝑑 is

the grating spacing and 𝛼 and 𝛽 are the input and output angles relative to the diffraction

grating normal, as shown in figure 2.12. This equation accounts only for the effects of coherent

interference.

Clearly, we will see improved efficiency if the angles are chosen so that the path also

corresponds to specular reflection. This gives us the additional constraint that,

𝛼 − 𝜃 = 𝛽 + 𝜃, (2.2)

where 𝜃 is the angle of the micromirrors, as defined in figure 2.12. When both of these conditions

are met, the diffraction is said to be ‘blazed’. Using trigonometric identities we can see that

equations 2.1 and 2.2 lead directly to,

𝑚𝜆

2𝑑
= sin𝜃cos(𝛼 − 𝜃). (2.3)
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Figure 2.12: Ray diagram for a reflective diffraction grating in three configurations: a) Non-
blazed diffraction, b) Blazed diffraction, c) Littrow configuration. The dashed line represents the
normal to the grating while the dotted line represents the normal to the surface of an individual
micromirror. d) an SEM image of a DMD pixel flipped to the ‘on’ state (in this case 10◦, while
the actual DMD we used had a ‘pitch’ of 12◦)[87].

There is a special case, known as Littrow configuration, in which 𝛼 = −𝛽 = 𝜃, where the input

and output beams follow the same path. Unfortunately, as 𝜃 and 𝑑 are both fixed by the geometry

of the DMD, this gives a strict constraint on the wavelength,

𝜆(𝑚) = 2𝑑sin𝜃
𝑚

. (2.4)

Where the only other free parameter is 𝑚, which must be an integer. We find that for our

parameters of 𝜃 = 12◦ and 𝑑 = 10.8 µm, the closest wavelengths allowed by this condition to the

D1 and D2 lines are 𝜆 = 748.5 nm for 𝑚 = 6 and 𝜆 = 898.2 nm for 𝑚 = 5. Neither of these are

suitable, so we choose not to use Littrow configuration, and instead use a blazed configuration

with 𝑚 = 4 in most cases. We choose a low value of 𝑚, as the efficiency of diffraction drops as

𝑚 increases, but take one high enough to allow for simple geometry of the optics.

The blazed diffraction order then forms an image which is passed through a 3× telescope,

before being combined with the imaging beam path on a dichroic mirror for 674 nm light, or
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Figure 2.13: Curves showing the angles of incidence, 𝛼, which correspond to the blazing
condition for different wavelengths and different diffraction orders (orders 𝑚 = −2 to 𝑚 = 8
shown) on our DMD with 𝑑 = 10.8 µm and 𝜃 = 12◦. The magenta shaded area shows the region
of wavelengths used with the tuneable laser, with blazed angles shown as diamonds. The solid
magenta line shows the wavelength of the red laser, and its blazed angles are shown as magenta
crosses. The black dash-dotted line shows the Littrow configuration condition i.e. 𝛼 = 𝜃,
and the black circles show the wavelengths for which this is also blazed. Clearly there are no
blazing Littrow configurations corresponding to useful wavelengths, and therefore we choose a
non-Littrow blazed configuration. The grey shaded areas correspond to angles which are ruled
out because they would require either the input or output beam to be at more than 90◦ from the
DMD’s normal.

90/10 beam cube for IR light. It then passes through a tube lens before being focussed by a

microscope objective onto the atoms. The microscope objective typically used to focus the light

onto the atoms is the G Plan Apo 50X Objective from Mitutoyo, which has a focal length of 4mm

and a numerical aperture of 0.50. Due to the small depth of focus for a microscope objective,

it is important to make sure that the distance between the objective and the cloud is correct. In

order to do this, we first focus the top imaging objective well onto the atoms, then project an

image from the DMD onto the CCD through the lower objective. The lower objective position

is then adjusted until the image is focussed onto the CCD. This ensures that the image plane of

the DMD projection system is the same plane as the object plane of the imaging system, which

is in turn the plane of the atomic cloud. In practice, this often requires multiple iterations of this

procedure due to uncertainty in the quality of focus in the top imaging objective.
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2.6.2 Tuneable Laser

The first light source which was used was a tuneable diode laser (Toptica DL pro). This had

peak intensity of 147 mW at 797.4 nm, and could be tuned between 763.32 nm and 812.76 nm,

with power dropping to less than half of its peak value at the extremes of the wavelength range.

The laser could therefore be tuned for different purposes. It could be either blue detuned or

red detuned from the D1 and D2 lines depending on whether repulsive or attractive potentials

were required. The size of the detuning could also be modified depending on whether we were

limited by the heating rate or by the maximum potential.

2.6.3 Superluminescent Diode

This section is a reformatted, slightly adapted copy of my paper: A. Smith, T. Easton, V. Guarrera,

and G. Barontini. "Generation of optical potentials for ultracold atoms using a superluminescent

diode", which was published in Physical Review Research. Some of this material remains largely

unchanged, others has been made more appropriate for the thesis.

Our SLD light source is a Thorlabs SLD830s-A20, emitting 23 mW over a spectrum with

full-width at half maximum of Δ𝜆 = 20.3 nm, centred at 𝜆𝑐 = 836 nm, as shown in Fig. 1b.

From the spectrum we estimate the coherence length of the SLD to be 𝑙 = 2 ln 2𝜆2
𝑐/𝑛𝜋Δ𝜆 ≃ 15

𝜇m. The light produced by the SLD is then amplified to 300 mW using a tapered amplifier (TA)

with gain centred at 840 nm (Eagleyard EYP-TPA-0830). The spectrum of the amplified light is

a convolution between the gain curve of the TA and the SLD spectrum. This is shown in Fig.

2.14b, where it is possible to appreciate that after the amplification the spectrum is centred at

𝜆′𝑐 = 840 nm and its full-width at half maximum is Δ𝜆′ = 9.4 nm, therefore smaller than that

of the bare SLD. This results in a doubly longer coherence length of 𝑙′ ≃ 33 µm. Care must be

taken to provide 30 dB of isolation between the TA and the SLD to prevent damage to the latter

with the TA back emission. The amplified light passes through an acousto-optic modulator that

allows us to control its power and then is injected into a single mode optical fibre. A flip mirror

allows us to use the same acousto-optic modulator and fibre with the laser tuned at 800 nm,
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enabling a direct comparison between the two light sources. We do not observe any difference

in the acousto-optic modulator efficiency between the two light sources. The light coming out

from the optical fibre is reflected by a DMD and then sent onto the atoms along the vertical

direction, demagnified by a factor 100 using an optical setup that includes a 50× high-resolution

optical microscope objective, as described above (see Section 2.2.2). After reflection by the

DMD and transmission through the optics, we typically obtain 1 mW of power at the position

of the atoms.

SLD vs Laser Comparison

In this section we quantitatively compare the images produced using the SLD and the laser. For

simplicity and clarity, we constrain our analysis to one-dimensional structures, as our findings

can be easily extended to two dimensions. In particular, we investigate the ability of the two

sources to produce square-wave gratings with our optical system, as in the examples in Fig.

2.15a and b. In order to quantitatively compare the images produced by the two sources, we use

two parameters: the fidelity and the contrast. We have chosen to separately evaluate these two

parameters to highlight the superior ability of SLDs to produce square-wave patterns, regardless

of their amplitude or residual background. To compute the fidelity, we perform two-dimensional

fits of the images produced on the CCD 𝐼 with the “target image",

𝐼0(𝑖, 𝑗) = 𝐴 + 𝐵𝜗[cos(𝜋𝑖𝑑/𝐿 + 𝜙)], (2.5)

i.e., a perfect square-wave grating, with {𝑖, 𝑗} the pixel coordinates in the two directions, 𝑑 the

pixel size and 𝐿 the semi-period of the square-wave. 𝐴, 𝐵 and 𝜙 are free fitting parameters. The

fidelity is then defined as:

𝐹 = 1 − 1
𝐵𝑁

√︄∑︁
𝑖, 𝑗

(𝐼 (𝑖, 𝑗) − 𝐼0(𝑖, 𝑗))2 (2.6)

where 𝑁 is the number of CCD pixels in the region of interest. As an example, in Fig. 2.15c and

d we report the residuals 𝐼 (𝑖, 𝑗) − 𝐼0(𝑖, 𝑗) obtained by fitting the outlined regions in Fig. 2.15a
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Figure 2.14: a) Schematic representation of our optical system for comparison of the SLD with
a laser. The SLD light is first amplified by a TA and then injected into an optical fibre to clean
the mode. An AOM is used to control the power injected in the fibre. The output of the fibre
is reflected by a DMD that imprints arbitrary patterns on the intensity profile. The patterned
intensity profile is then imaged on the atoms using a 100× demagnification system that includes
a 50× objective. The plane where the image is produced, that corresponds to the plane where
the atoms are trapped, is then imaged on a CCD camera using a 20× magnification system. We
can use the same path for the laser source by activating a flip mirror. b) Emission spectrum of
the SLD (blue) and spectrum after the SLD emission has been amplified by a TA (black). The
spectra are normalised to have the same area.
c) Image produced by the laser at the position of the atoms with the DMD fully on. d) Same as
c) but with a 2× zoom on a pattern containing an irregular mesh, a star and an arrow. Both the
bars in c) and d) correspond to 50 𝜇m. e) and f), same as c) and d) but using the SLD as light

source.
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Figure 2.15: a) Image produced on the plane of the atoms using the laser source and a square-
wave pattern on the DMD with period 1512 𝜇m, corresponding to a period of 15.12 𝜇m in the
imaging plane. b) The same as a) but using the amplified SLD as the source. c) And d) are the
residuals obtained by fitting with a square-wave grating the regions within the red rectangles in
a) and b) respectively, which correspond to the beams peak intensity regions. The colour bar
indicates the values of the residuals. The green curves in e) and f) correspond to 1d cuts along
the green lines in a) and b) respectively. The magenta curves are the fits to the data using eq.
(2.5).

and b with the same square-wave function. We consistently observe that for SLD-generated

images the values of the residuals are lower all across the images, and also that the images have

fewer aberrations. This is also evident in Fig. 2.15e and f, where we show the 1d cuts across

the green lines in Fig. 2.15a and b together with the fits done using eq. (2.5). To evaluate the

contrast, we integrate the images along the 𝑦 direction obtaining one-dimensional arrays 𝐼 and

then compute

𝐶 =
max(𝐼) − min(𝐼)

max(𝐼)
. (2.7)

The fidelity quantitatively estimates how close the image produced is to the target image,

while the contrast accounts for the ability of a certain source to effectively produce dark regions,

indeed it varies linearly with min(𝐼). For the implementation of accurate optical potentials for

cold atoms we require both these quantities to be as close to 1 as possible. Indeed, low values
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Figure 2.16: a) Fidelity (circles) and contrast (squares) of the SLD images (open symbols) and
laser images (filled symbols) as a function of the semi-periodicity of the square wave 𝐿. b)
Quality of the image as a function of 𝐿 for the SLD images (open symbols) and the laser images
(filled symbols).

of 𝐹 indicate aberrations in the optical potential and therefore a limited capacity to accurately

manipulate the atoms. Low values of 𝐶 imply instead that higher intensities need to be used

to reach the desired potential depth, causing an increase in the scattering rate that makes the

potential increasingly less conservative. To account for both these effects we use the quality of

the image 𝑄 = 𝐹 × 𝐶 as our figure of merit. An image with 𝑄 = 1 would perfectly produce the

desired optical potential. In Fig. 2.16 we report the behaviour of 𝐹, 𝐶 and 𝑄 as a function of 𝐿.

With 𝐿 we indicate the semi-periodicity in the imaging plane, therefore 𝐿 is a factor 100 smaller

than the semi-periodicity of the pattern on the DMD. The SLD images are characterised by a

slightly lower contrast than the laser images, especially for low values of 𝐿. Our measurements

therefore confirm that temporal coherence plays a minor role in the contrast of an image [88], but

also suggest that as the size of the features is reduced, such role becomes increasingly important.

Notably, SLD images consistently feature a substantially higher fidelity, as the reduced temporal

coherence of the SLD almost completely eliminates interference effects. The main source of

loss of fidelity for the SLD images is the underlying Gaussian distribution of the intensity, as
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Figure 2.17: Quality of the image generated by the SLD (open symbols) and the laser (filled
symbols) for 𝐿=7.56 𝜇m a function of the distance from the focal plane 𝐷. For SLD-generated
images 𝑄 is a smooth function of 𝐷, while for laser-generated images 𝑄 is modulated by the
Talbot effect, that every ≃80𝜇m generates images with semi-periodicity 𝐿/2, as shown in the
inset.

can be seen for example in Fig. 2.14e and 2.15b,d. The overall effect is that the SLD generates

images with values of 𝑄 higher by at least 0.1 than those generated by the laser over the whole

range explored. Our imaging system does not allow us to perform quantitative measurements

for 𝐿 < 5 𝜇m. To provide a qualitative estimate below the limits of our imaging system, we fit

𝐶 and 𝐹 with second order polynomial functions. By doing this we infer that the SLD images

should feature a higher 𝑄 down to sub-𝜇m structures.

Another important feature stemming from the partial incoherence of SLD-generated light

is that it is free from the Talbot effect, that alters the periodicity of regular structures as the

beam propagates. This can be observed in Fig. 2.17, where we report the quality of the image

𝑄 as a function of the distance from the focal plane 𝐷 for 𝐿 = 7.56 𝜇m. We observe that for

SLD-generated images𝑄 is a smooth function of 𝐷, while for laser-generated images𝑄 presents

some local maxima and minima. The minima are due to the Talbot effect, that at integer fractions

of the Talbot length Λ = 2(2𝐿)2/𝜆 causes the appearance of images with 𝐿/2 semi-periodicity.

This in turn causes a degradation both in 𝐹 and 𝐶. SLD-generated images feature also higher

values of𝑄 over a broad range of 𝐷. The fact that the images produced by the SLD are free from

the Talbot effect can be relevant for the implementation of high-quality 3d-patterns, lattices and
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Figure 2.18: In-situ absorption imaging of our ultracold atoms under the action of two distinct
‘disordered’ potentials. The temperature of the atoms is 20 nK. The patterns imprinted on the
DMD are reported in the back panels, and we indicate with black (white) the regions of the DMD
where the micromirrors are set to off (on). Regions where the micromirrors are on correspond
to regions with full intensity on the atoms, and therefore to attractive potentials. The depth of
the potential is 90 nK. The atoms re-arrange in such ‘disordered’ potentials, nicely retracing the
patterns set on the DMD.

holograms using two perpendicular beams that carry periodic or near-periodic structures.

SLD-generated optical potentials for cold atoms

Besides the low temporal coherence that enables the generation of optical potentials with

higher quality than lasers, SLDs feature high spatial coherence, that in turn implies Gaussian

propagation. On the one hand this represents a problem in reaching very high values of 𝑄, as

demonstrated in the previous section. On the other, this is a crucial feature to reach sufficiently

high intensities and generate optical potentials that can be used to manipulate ultracold atoms.

Using the SLD, with our setup we can achieve 1 mW of power over an area of 207× 117 µm

at the position where the atoms are trapped. To evaluate the corresponding optical potential, we

fit the amplified spectrum of Fig. 2.14b with a double-Gaussian obtaining the power spectrum
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𝐺 (𝜆), with 𝜆 the wavelength, and then we calculate

𝑈 (𝑥, 𝑦) = −𝜋𝑐2

2
Γ

∫ (
2

Δ2𝜔
3
2
+ 1
Δ1𝜔

3
1

)
𝐽 (𝑥, 𝑦, 𝜆)𝑑𝜆 (2.8)

with Γ the linewidth and𝜔1,2 the frequencies of the D1 and D2 lines of 87Rb, Δ1,2 = 𝜔1,2−2𝜋𝑐/𝜆

the corresponding detunings, and

𝐽 (𝑥, 𝑦, 𝜆) = 2𝑃
𝜋𝑤2

𝐺 (𝜆)∫
𝐺 (𝜆′)𝑑𝜆′

𝑒
−2 𝑥2+𝑦2

𝑤2 , (2.9)

where 𝑃 is the total power at the position of the atoms and 𝑤 is the waist of the beam obtained

with a Gaussian fit of the intensity profile of Fig. 2.14e. Similarly, we calculate the heating rate

as

Γℎ (𝑥, 𝑦) =
𝜋𝑐2Γ2

2ℏ

∫
𝐸𝑟

𝑘𝐵

(
2

Δ2
2𝜔

3
2
+ 1
Δ2

1𝜔
3
1

)
𝐽 (𝑥, 𝑦, 𝜆)𝑑𝜆, (2.10)

with 𝐸𝑟 = 2𝜋2ℏ2/𝑚𝜆2 the recoil energy, where 𝑚 is the mass of the atoms, and 𝑘𝐵 the Boltzmann

constant. With our setup we can obtain a maximum intensity of 2𝑃/(𝜋𝑤2) =14.3 W/cm2,

corresponding to a maximum potential depth 𝑈/𝑘𝐵 ≃90 nK. This red-detuned potential is

therefore sufficiently strong to efficiently manipulate our ultracold sample. The associated

maximum heating rate is instead ≃1 nK s−1 For comparison, the heating rate for a laser at

840 nm with the same intensity is ≃0.5 nK s−1. Indeed, we could not observe any measurable

heating in the typical time scale of our experiments (hundreds of ms) even when illuminating

the atomic cloud with the DMD fully on.

To give an example, in Fig. 2.18 we demonstrate that the combination of arbitrary patterns

produced with a DMD and the good quality of the images produced by the SLD can be used

to arrange ultracold atoms in non-periodic structures. We have implemented two arbitrary

‘disordered’ 1d potentials by setting unequally spaced gratings on the DMD, as displayed in

the back panels. The white vertical lines, corresponding to regions of high intensity, cross with

the dipole trap potential creating a series of neatly-separated, sharp squared dimples of different

sizes and with different spacing. The dimples are sufficiently deep to trap the atoms, indeed their
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Figure 2.19: a) Evolution of the atomic column density, integrated along the 𝑦 direction, as
a function of time under the action of the dynamical potential (also integrated along the 𝑦

direction) displayed in panel b). The time frames are taken every 8 ms. The black (white)
regions in b) correspond to micromirrors set off (on) on the DMD.

density profile in absorption nicely retraces the patterns imprinted on the DMD, including the

sharp edges. Evaluating the fidelity and contrast directly on the the atomic sample can therefore

also be used to characterise the potential.

We finally demonstrate the implementation of dynamical potentials with SLDs. The pos-

sibility to rapidly reconfigure the pattern on the DMD is particularly appealing as it allows

us to dynamically and arbitrarily modify the potential on the atoms a fast as one frame every

100 µs. For dynamical potentials, good image quality is especially desirable as it ensures a

good uniformity of the potential across the whole illuminated area, potentially reducing losses

of atoms, spurious excitations and heating. In Fig. 2.19a we report the evolution of the density

profile of our ultracold atomic sample under the action of the dynamically varying ‘disordered’

potential of Fig. 2.19b. For every frame we have integrated the density profiles along the 𝑦

direction. In this case, the pattern on the DMD was modified every 500 µs. We observe that the

atomic density is dynamically modified following the trajectory of the optical potential. After

200 ms of evolution, we retain ≃75% of the atoms.
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2.6.4 Red Laser

Despite the advantageous coherence properties of SLDs for image formation, they have the

disadvantage of reduced power and limited wavelengths available. For these reasons, it was

decided that a laser should be used as the primary light source for performing experiments. The

majority of the work described in this thesis uses the tuneable infrared laser described above.

However, it seems that some measurements were limited by the heating due to the small detuning

from this laser. In order to address this, a new red laser was installed. The laser diode is a

M1F4S22-675.5-10C-SS5.2M2P19T3 from Coherent. Its central wavelength is 674 nm, with a

linewidth of 1.5 nm, and it can produce up to 16 W. The laser is not tuneable, however it is far

enough detuned from the transition that the heating rate should be negligible. We can check this

by using equations 1.10 and 1.11 to compare the heating rate of a laser at 674 nm to one at, for

example, 776 nm, when they are providing the same potential. We find the ratio of heating rates

to be 0.037.

Figure 2.20: Intensity and scattering rate at different wavelengths. The blue curve shows the
log of the ratio of the intensity required to generate a given potential at wavelength 𝜆 to that at
776 nm. The red curve is the same but for the scattering rate at the intensity that will generate
an equal potential.

As the potential and heating rate are both linear in intensity, this value is independent of

the potential. However, the far detuning also means that we must use an intensity 22 times
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higher to produce the same potential. In order to properly manage the heat output of a diode

producing this much power, it was mounted onto a block of copper, which was then mounted on

a peltier module, which was then mounted on a large heatsink with a fan. The peltier module’s

current is modulated my an IGBT which is controlled by a PID temperature controller, attached

to an internal thermistor inside the diode module. Even with the increased requirements due

to the large detuning, the diode was able to supply more than enough power, and therefore the

optics were adjusted to expand the beam to a waist of ≈ 4.8 cm such that only a small central

part of it was incident on the DMD, which has dimensions of 2 cm × 1.1 cm. This means that

the beam is more uniform, allowing for more faithful image generation. The use of a laser

with a wavelength of 674 nm also has the advantage of having a higher reflection efficiency

on our DMD due to the DMD’s glass cover being coated for visible light. According to the

manufacturer’s specifications, the glass cover has a transmittance of ∼ 90% at 800 nm, which

causes a round trip loss of almost 20%. 674 nm light is within specification for the glass, and so

we have close to 100% transmittance.
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Chapter 3

Implementation of Synthetic Dimensions

with Atomic Trapped States

This chapter is a reformatted, slightly adapted copy of my paper: C. Oliver, A. Smith, T. Easton,

G. Salerno, V. Guarrera, N. Goldman, G. Barontini, and Hannah M. Price "Bloch oscillations

along a synthetic dimension of atomic trap states", published in Physical Review Research.

Some of this material remains largely unchanged, others has been made more appropriate for

the thesis. The experimental work and data analysis was carried out by A. Smith and I, and the

numerical data was produced by C. Oliver, with much of the theoretical work carried out by C.

Oliver. Because of this, some of the theoretical and analytical details have been omitted from

this thesis, but enough has been retained to provide context and explanation for the experimental

work and data.

As was briefly explained in the introduction to this thesis, we show the implementation of a

synthetic dimension of harmonic oscillator states in a cloud trapped in our crossed optical dipole

trap. We implement the coupling between the states by modulating the potential in a spatial

and time varying manner using the DMD, at a frequency close to the trapping frequency of the

dipole trap. In this chapter I will begin by providing a mathematical overview of the scheme

and how it is modelled, including a discussion of how Bloch Oscillations emerge from detuning

the modulation frequency from the trap frequency. I will then describe the methods by which
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this protocol implemented on the QPrint apparatus. Next I will explain the experimental results

and how they were fit and compared to numerical simulations. I will then briefly explain the

analytics which were calculated using Floquet Theory to model the motion of the cloud through

the synthetic dimension. Finally I will discuss the application of these methods in producing

highly excited states.

3.1 Overview of Scheme

To introduce our scheme, let us consider an atomic cloud in a cigar-shaped harmonic trap

with trap frequencies 𝜔𝑥 = 𝜔𝑧 ≫ 𝜔𝑦. In order to realise the synthetic dimension, we couple

together the atomic trap states of the strong trapping potential along 𝑥 with the spatially- and

temporally-varying driving potential given by:

𝑉𝐷 (𝑥, 𝑡) = −𝑉0Θ(𝑥 sin(𝜔𝐷𝑡 + 𝜑)) (3.1)

where 𝑉0 is the driving amplitude, Θ(𝑥) is the Heaviside step function, 𝜔𝐷 is the driving

frequency and 𝜑 is the initial driving phase. Physically, this corresponds to illuminating the

upper half of the atomic cloud with constant power for the first half of the period, 𝑇𝐷 = 2𝜋/𝜔𝐷 ,

before illuminating the lower half with the same constant power over the second half of the

period (see Fig. 3.1(a)). This driving protocol is chosen because it is simple to implement, robust

and it leads to a simple Floquet Hamiltonian with near-constant nearest-neighbour hoppings,

corresponding to a textbook 1D tight binding model, as discussed below.

Combining Eq. 3.1 with the 1D harmonic oscillator Hamiltonian along 𝑥 gives the time-

dependent Hamiltonian:

𝐻̂ (𝑡) = ℏ𝜔𝑥

∑︁
𝜆

𝜆 |𝜆⟩ ⟨𝜆 | +𝑉𝐷 (𝑥, 𝑡), (3.2)

written in the eigenstate basis of the “strong” trap along 𝑥, as indexed by 𝜆 = 0, 1, 2....

The stroboscopic dynamics of this system is captured by an effective time-independent
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Figure 3.1: Schematic of the experiment and signatures of the synthetic-dimension Bloch
oscillations in real space. (a): Schematic of the DMD pattern (red), which shakes the harmonic
trap (blue/purple) and couples together nearest-neighbour trap states with an approximately
uniform hopping amplitude, 𝐽, in order to create the synthetic dimension. Bloch oscillations
(green) can be driven along the synthetic dimension by applying a force along𝜆, corresponding to
detuning the shaking frequency from the trap frequency. (b): Experimentally, the cloud is imaged
after a short time-of-flight expansion, as demonstrated here for a detuning of Δ = 2𝜋 × 9.84 Hz.
The colour scale is the column density in arbitrary units. The full dynamics includes micromotion
within each driving period, so the experimental data are averaged over several values of 𝜑.
This averaging procedure makes the cloud appear to widen, although the true cloud width is
approximately constant. (c): The real-space centre-of-mass position, 𝑥𝑐𝑜𝑚, of the atomic cloud
is extracted, as shown here for the same data as in (b). The experimental data (orange) are
fitted (black) with a function motivated by Bloch oscillations in the synthetic dimension, which
captures the real-space dynamics well. Also shown are numerical results (blue) with a suitable
TOF correction. The micromotion within each driving period can be seen in the inset for an
initial driving phase of 𝜑 = 0. To reduce these unwanted micromotion effects, we average
both the experiment and numerics over several values of 𝜑 (e.g. 𝜑 = 0 and 𝜋/2) to obtain
the results shown in the main panel. As can be seen numerically, the residual micromotion
oscillations have a small amplitude, which can be further reduced by averaging over more initial
driving phases. Panels (b) and (c) use experimental parameters of 𝑉0 = 4.16 nK, 𝑇 = 20 nK,
𝜔𝑦 = 2𝜋 × 10 Hz, and 𝜔𝑥 = 2𝜋 × 166.5 Hz, where the latter is determined experimentally by
shifting the oscillation frequency data to pass through ( |Δ|, 𝑓 ) = (0, 0). Experimental errorbars
are 1𝜎 statistical errors.
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Floquet Hamiltonian, which we can approximate over a large number of trap-states by:

Ĥ ≈ ℏΔ
∑︁
𝜆

𝜆 |𝜆⟩ ⟨𝜆 | + 𝐽
∑︁
𝜆

[
𝑖𝑒𝑖𝜑 |𝜆 + 1⟩ ⟨𝜆 | + h.c

]
(3.3)

where Δ ≡ 𝜔𝑥 − 𝜔𝐷 is the (small) drive detuning and 𝐽 is a uniform hopping amplitude, which

itself depends on 𝑉0 and 𝜔𝑥 and is calculated using Floquet theory. Note that this description

is valid for near-resonant driving in a deep harmonic trap, i.e. such that 𝜔𝑥 ≃ 𝜔𝐷 ≫ Δ, 𝐽/ℏ.

As depicted in Fig. 3.1(a), Eq. 3.3 describes a particle hopping between nearest-neighbour sites

along a 1D tight-binding lattice with unit spacing in a synthetic dimension. The detuning plays

the role of a constant force, 𝐹 ≡ −ℏΔ, which therefore can induce Bloch oscillations. Note that

the shaking phase 𝜑 appears in the effective Hamiltonian as a hopping phase, which we will

exploit below to average over unwanted micromotion effects.

In the absence of a force along the synthetic dimension, i.e. when Δ = 0, the effective model

in Eq. 3.3 is translationally invariant along the synthetic dimension and has a single energy

band in the Brillouin zone. Applying a nonzero force (i.e. Δ ≠ 0) accelerates a semiclassical

wavepacket formed in the synthetic dimension bulk, such that it undergoes Bloch oscillations

across the Brillouin zone, with a centre-of-mass (COM) position along the synthetic dimension,

𝜆com, that varies as [55]:

𝜆com(𝑡) = 𝜆0
com + 2𝐽

ℏΔ
(1 − cos(2𝜋 𝑓𝐵𝑡)), (3.4)

from the initial position 𝜆com(𝑡 =0) =𝜆0
com and where 𝑓𝐵 is the Bloch oscillation frequency. As

we can set the spacing between the fictitious synthetic lattice sites equal to one, the periodic

Brillouin zone covers [−𝜋, 𝜋]. The Bloch oscillation frequency is then set by the magnitude of

the applied force divided by the length of this Brillouin zone, i.e. 𝑓𝐵 = |Δ|/2𝜋, and so is entirely

controlled by the detuning. Conversely, the amplitude of the Bloch oscillations is proportional

to the bandwidth divided by the force, i.e. 4𝐽/ℏΔ, and so depends on the detuning but also,

through 𝐽, on the trap frequency and shaking power. The Bloch oscillations therefore provide

a way to transport atoms between different trap states, with independent control over both the
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timescale and number of trap states explored.

3.2 Experimental Implementation

Experimentally, we use a thermal cloud of 87Rb atoms in a harmonic trap with trapping fre-

quencies 𝜔𝑥 = 𝜔𝑧 ≃ 2𝜋 × 160 Hz and 𝜔𝑦 ≃ 2𝜋 × 10 Hz. The cloud was measured, both in-situ

and with standard time-of-flight techniques, to have an initial temperature of 𝑇 ≃ 20 nK. We

used a rapid evaporation ramp to prevent the sample from condensing at this temperature, thus

reducing the effect of mean-field interactions [55], which may complicate the dynamics and will

be of interest in future investigations. To realise the driving potential of Eq. 3.1, we utilise a

digital micromirror device (DMD) that allows us to dynamically and spatially control the inten-

sity profile of a laser beam with wavelength 800 nm. We verify that the trapping and driving

potentials are aligned to within ≃ 1 µm. Our driving potential was chosen because it was found

to be the most effective and robust, in the sense of not being sensitive to misalignments and

other imperfections. This is in addition to the favourable theoretical properties discussed above.

We then perform absorption imaging of the atomic cloud in position space after a very short

time-of-flight (TOF) expansion of 𝑡tof = 5 ms, chosen to increase the visibility of the dynamics.

This is demonstrated in Fig. 3.1(b) for a detuning of 9.84 Hz, where we plot the real space

cloud density as a function of time for an example Bloch oscillation, showing the cloud COM

being displaced away from the origin. Note that the density is averaged over several values of

𝜑 in order to reduce the effect of micromotion. As such, the cloud appears to widen along 𝑥 in

time, although the cloud width is actually approximately constant. The initial temperature of

𝑇 ≃ 20 nK, corresponds to 𝜆0
com ≈ 2 for an initial Maxwell-Boltzmann distribution of atomic

energies. This means that, initially, the atoms start near one “edge" of the synthetic dimension

(at 𝜆 = 0), and so atoms must move up the synthetic dimension, irrespective of the sign of the

detuning, i.e. the direction of the force. The cloud also does not have a Gaussian distribution

with respect to the synthetic dimension as the above semiclassical theory implicitly assumes;

nevertheless, as we shall show, the prediction in Eq. 3.4 works well once appropriate corrections
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are included.

In our experimental realisation, the final trapping frequencies are 𝑓𝑥 = 𝑓𝑧 ≃ 160 Hz, and

𝑓𝑦 ≃ 10 Hz, where 𝑧 is the vertical axis, resulting in a cloud elongated along 𝑦, with 𝑁 ≃ 2×104

atoms at ≃20 nK. We conclude a posteriori that the degeneracy of the 𝑥 and 𝑧 trapping directions

does not affect the dynamics because of the good agreement between theory and experimental

data. We also verified using horizontal imaging that there are no significant dynamics along the

𝑧-direction. We verify the alignment between the driving and trapping potentials to a precision

of ≃1 µm by imaging both the cloud and the DMD pattern at once. This was done every 20

runs to avoid slow drifts. We also note that we do not observe significant heating of the cloud

due to the driving potential. We determine this by observing the width of the cloud in the weak

trapping direction after a short TOF expansion and finding that it does not change, as shown by

experimental data in Fig. 3.6. This is caused by any “heated” atom spilling out of the weak trap,

leading to some atom loss but a fixed temperature.

3.3 Bloch Oscillations

Bloch oscillations in 𝜆-space naturally translate into atomic motion along 𝑥 in real space, as

different harmonic oscillator eigenstates have different real-space profiles. The resulting motion

can be seen in Fig. 3.1, where we report the measured dynamics of the real-space COM position

under the action of the shaking potential, as a function of time. It is important to notice that

the full dynamics also includes micromotion within each driving period [55]; for the real-space

COM, as shown numerically in the inset of Fig. 3.1(c), the micromotion corresponds to large and

fast oscillations as the atoms slosh backwards and forwards in the trap, while the stroboscopic

Bloch oscillations translate into variations in the envelope of the dynamics. We are not able

to reliably achieve the high time resolution to observe the micromotion in experiment, so we

apply an averaging procedure to remove it. This is because of drifts in experimental parameters

on a timescale of hours, which would make the large number of measurements required to

reconstruct fast dynamics impractical. To overcome this, we root-mean-square (RMS) average
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over different experimental runs with suitably-chosen different initial driving phases, 𝜑. The

raw cloud images in Fig. 3.1(b) have themselves been averaged in this way. This has the effect

of making the cloud appear to widen significantly over the oscillation, although in each single

shot the width is approximately constant. Note that this averaging procedure slightly lowers

the apparent amplitude of the motion. However, by reducing the micromotion effects, we can

then clearly observe the real-space signatures of the synthetic-dimension Bloch oscillations, as

reported in Fig. 3.1(c) for the same parameters as Fig. 3.1(b) (orange), where the experimental

data is fitted by a function (black) motivated by synthetic-dimension Bloch oscillations:

𝑥(𝑡) = 𝐴
√︁

1 − 𝑒−𝑔𝑡 cos(2𝜋 𝑓 𝑡 + 𝜙), (3.5)

where we fit to find the amplitude 𝐴 and frequency 𝑓 . We introduce the additional fit parameters

𝑔 and 𝜙 to capture some details of the experimental data. As can be seen, this fit captures

the behaviour of the data very well, with agreement between the experiment and numerical

simulations (blue curve) of a non-interacting 2D thermal cloud. Our numerical simulations use

the time-dependent Hamiltonian to evolve an ensemble of states, each of which is a superposition

over the eigenstates of the 2D trap with random phase factors to destroy the phase coherence.

Physical observables such as the cloud density are found by averaging over these phases. To

account for the fact that we do not measure the true position of the cloud due to the TOF

expansion, we include an approximate TOF correction to the cloud centre-of-mass position in

our numerical simulations. In particular, we use the simulated COM momentum 𝑝com to find

the semiclassical cloud velocity, and then shift the simulated cloud COM at each timestep.

To further characterise our experimental results, we plot in Fig. 3.2(a) the values of the

oscillation frequency obtained by fitting our data for different detunings. As can be seen, for

both experiment and numerics, the frequency increases linearly with detuning, as expected

from the analytical Bloch-oscillation frequency (green line) given by 𝑓𝐵 = |Δ|/2𝜋 in both real

and synthetic space [c.f. Eq. 3.4]. The trapping frequency is determined by shifting a linear

fit to the measured oscillation frequencies to pass through ( |Δ|, 𝑓 ) = (0, 0). This provides
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Figure 3.2: Bloch oscillation frequency and real space amplitude as a function of detuning (a):
Frequency of the Bloch oscillations for the experiment (orange forΔ > 0 and black forΔ < 0) and
for numerics (blue). The observed trend is in agreement with the analytical prediction (green)
of 𝑓𝐵 = |Δ|/2𝜋 for Bloch oscillations. (b): Amplitude in real space of Bloch oscillations for the
same data as plotted in panel (a). The analytical prediction (green) shows the expected real-space
amplitude as calculated under appropriate approximations from the synthetic-dimension Bloch
oscillations, with the green error band calculated from the errors on 𝐽 and other numerical
parameters. The numerical results are obtained by fitting the same function as in experiment
to the TOF-corrected, RMS-averaged results like in Fig. 3.1(c). Note that the numerical fit
parameters also include error bars, but these are smaller than the datapoint size. We use the
same parameters as Fig. 3.1. Experimental errorbars are 1𝜎 statistical errors.

a straightforward way to measure the trapping frequency, but does mean that any systematic

uncertainty would not be detected.

In Fig. 3.2(b) we show how the amplitude of the real-space motion depends on the detuning

by plotting the amplitude fitting parameters. As can be seen, the experiment (orange/black) and

numerics (blue) both clearly show the expected growth in the real-space amplitude as the detuning

decreases and higher-excited atomic trap states are explored. To make a quantitative comparison

with semiclassical Bloch oscillations (Eq. 3.4), we have derived an analytical expression that

converts the expected Bloch oscillation amplitude from synthetic space to real space under

appropriate assumptions, including a correction for the finite fraction of atoms participating in

the dynamics, as discussed further below. The expression is based on the formula:

𝑥com =

√︂
𝜆com − 𝜎2

𝑥 + 1
2
, (3.6)
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which connects the real space cloud COM 𝑥com and width 𝜎𝑥 to the synthetic space COM 𝜆com

under certain assumptions. This analytical prediction is plotted in Fig. 3.2(b) (green), with

errors calculated from our numerical parameters. As can be seen, there is agreement between

the experiment, numerics and the analytics, demonstrating that we have achieved good control

of the synthetic-dimension Bloch oscillations.

We can also independently increase the number of atomic trap states explored (i.e. the

Bloch oscillation amplitude) while keeping the oscillation frequency constant, by increasing the

shaking power, 𝑉0, and hence the hopping parameter 𝐽 [c.f. Eq. 3.3]. The dependence of the

real-space COM amplitude on 𝑉0 is shown in Fig. 3.3(a) for a fixed detuning Δ = 2𝜋 × 8.3 Hz,

while the inset shows the variation of the hopping 𝐽, as calculated with Floquet theory.

As can be seen, the amplitude in experiment (orange), numerics (blue) and analytics (green)

all increase as the hopping increases [c.f. Eq. 3.4]. Note that the analytical result is only

plotted for 𝑉0 ≤ 4 nK, as at higher shaking powers, our simple analytical model (Eq. 3.3) breaks

down. Despite this, we still observe clear Bloch oscillation dynamics at high power. This is

further demonstrated in Fig. 3.3(b), where we use a very strong potential of 𝑉0 = 11.96 nK,

and still observe the same qualitative trends (i.e. the amplitude decreasing with the detuning

and the frequency being equal to the detuning) as in the low power regime. Finally, we can

visualise the Bloch oscillations along the synthetic dimension more directly, by translating our

real-space experimental measurements [from Fig. 3.1(c)] into 𝜆-space. These experimental

results are plotted in Fig. 3.4(a) (orange), along with numerical simulations (blue curve).

Note that the latter is not averaged over different initial driving phases; however, in synthetic

space, the micromotion is only a fraction of a “lattice spacing" and becomes negligible as

the trapping frequency 𝜔𝑥 increases [55]. We also compare our experimental results directly

with the semiclassical analytical predictions [Eq. 3.4] with (green curve) and without (red

curve) multiplying by a constant numerical re-scaling factor to account for the fraction of atoms

contributing to the dynamics. This correction was also used in Fig. 3.2 and 3.3 and is necessary

because the COM is skewed downwards by the thermal cloud splitting into two distinct parts,

with approximately half of the atoms remaining in low 𝜆-states during the oscillation, as can be
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Figure 3.3: Varying the shaking power to control the dynamics. (a): The real-space amplitude
[c.f Fig. 3.2(b)] for different shaking powers at a fixed detuning of Δ = 2𝜋 × 8.3 Hz, with
𝜔𝑥 = 2𝜋 × 162.6 Hz. As can be seen, the experiment (orange), numerics (blue) and analytics
(green) increase with the shaking power; this is because, as shown in the inset, the nearest-
neighbour hopping amplitude, 𝐽, from Floquet theory, increases with 𝑉0 and hence the Bloch-
oscillation amplitude along the synthetic dimension increases. Analytics are only shown up to
𝑉0 = 4 nK, as at higher shaking potentials the simple nearest-neighbour tight-binding model in
Eq. (3.3) is no longer a good description, although the numerics and experiment still appear to
exhibit Bloch-oscillation dynamics. This is shown further in (b), where we plot the amplitude fit
parameter (inset) and the frequency fit parameter, for 𝑉0 = 11.96 nK, with 𝜔𝑥 = 2𝜋 × 142.1 Hz,
Δ < 0, and other parameters as in Fig. 3.1 and 3.2. Despite the large shaking power, we still
observe similar trends to that at low power [c.f. Fig 3.2], and still with agreement in panel (b) to
the 𝑓𝐵 = |Δ|/2𝜋 analytical result from the simple tight-binding model. Experimental errorbars
are 1𝜎 statistical errors. Note that all numerical datapoints include error bars, but these are
smaller than the datapoints. The green error band on the analytics is calculated from the errors
on 𝐽 and other numerical parameters.
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Figure 3.4: Example Bloch oscillation in synthetic space. (a): Evolution of the COM, 𝜆com, and
the numerical density distribution heatmap along the synthetic dimension (b) for the same data as
Fig. 3.1(b), for 𝜑 = 0. Both Bloch oscillations and high-frequency micromotion are visible in the
2D numerics (blue line) for a non-interacting thermal cloud. We also convert the corresponding
real space experimental data to synthetic space under suitable assumptions . The observed
Bloch oscillation frequency is in good agreement with the 1D analytical semiclassics (Eq. 3.4,
red line), albeit with a lower amplitude as only around half the atoms from the thermal cloud
oscillate along the synthetic dimension [c.f. density distribution heatmap in (b)]. To correct for
this, the analytical result is rescaled (green line) as discussed in the text. The heatmap shows the
numerical atomic density (integrated along the 𝑦 direction) with respect to 𝜆 over the oscillation,
showing the cloud-splitting. Both panels use experimental parameters of 𝜔𝑥 = 2𝜋 × 166.5 Hz,
Δ = 2𝜋 × 9.84 Hz, 𝑉0 = 4.16 nK, 𝑇 = 20 nK, and 𝜔𝑦 = 2𝜋 × 10 Hz. Experimental errorbars are
1𝜎 statistical errors.
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Figure 3.5: Bloch oscillation amplitude in synthetic space. The extrapolated maximum value
of 𝜆 reached by the oscillating part of the cloud as a function of Δ, demonstrating that we
have a long, controllable synthetic dimension. As discussed in Appendix E, we convert the
experimental fit parameters in Fig. 3.2(b) to synthetic space (orange/black), correcting for cloud
splitting. We also plot our numerical maximum 𝜆 values (blue) for 𝜑 = 0, again corrected for
cloud splitting. Furthermore, we derive appropriate analytics (green) for comparison. Error bars
on experimental points were calculated by converting the real space errors to synthetic space,
while the error bars on the analytics were found by propagating errors on 𝐽 and other numerical
parameters. We use experimental parameters of 𝜔𝑥 = 2𝜋 × 166.5 Hz, 𝑉0 = 4.16 nK, 𝑇 = 20 nK,
and 𝜔𝑦 = 2𝜋 × 10 Hz.

seen in the numerical density distribution heatmap in Fig. 3.4(b). This effect is likely caused by

small oscillations in the Floquet Hamiltonian matrix elements..

Importantly, we can also convert our experimental amplitude fit parameters (Fig. 3.2(b)) to

synthetic space and divide by the constant numerical cloud splitting factor in order to extrapolate

how far up 𝜆 the oscillating part of the cloud is actually exploring. This is plotted in Fig. 3.5

(orange/black), where we can see that the fraction of the cloud involved in the Bloch oscillations

is moving up several tens of Bloch states, demonstrating that we are creating a very long synthetic

dimension. This is supported by our numerical (blue) and analytical results (green).

Note that the number of sites along the synthetic dimension will eventually be limited

experimentally by anharmonicities in the trapping potential [55]; however, in this experiment,

this does not play an important role. We included the appropriate quartic anharmonic terms in

our numerical simulations and found that they had no effect in the range of trap states that are

relevant here. Finally, we note that our methods can be extended towards single-site resolution
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to on the order of or below ℏ𝜔𝑥/𝑘𝐵. That would start the dynamics with only the 𝜆 = 0 state

populated. The subsequent dynamics would maintain the single 𝜆-state character. To reduce

micromotion effects, the experimental data for the real-space COM position is RMS-averaged

over initial driving phases drawn randomly from 2𝜋𝑛/30, with 𝑛 = 0, 1, ...30. The resulting data

are then fitted to the function:

𝑥(𝑡) = 𝐴
√︁

1 − 𝑒−𝑔𝑡 cos(2𝜋 𝑓 𝑡 + 𝜙), (3.7)

where 𝐴 is the amplitude, 𝑓 is the frequency, 𝑔 is a damping factor and 𝜙 is a phase offset

which accounts for random variation in the state preparation. The functional form of this fitting

function is motivated by translating the semiclassical prediction for synthetic-dimension Bloch

oscillations (Eq. 3.4) into real space, using Eq. 3.6. Note that in choosing the form of the fitting

function, we assume that the cloud width 𝜎𝑥 is approximately constant as a function of time, as

has also been verified numerically. The fitting parameters 𝑓 and 𝐴 are then plotted, for example,

in Fig. 3.2(a) and (b) respectively. We perform our simulations by time-evolving an appropriate

initial state using the time-dependent Hamiltonian in Eq. 3.2, where we also include weak-trap

dynamics (i.e. terms that depend on 𝑦). We simulate the dynamics of a non-interacting thermal

cloud by using an initial state of the form |𝜓𝜃⟩ = 𝐴
∑𝑁−1

𝑖=0
√
𝑝𝑖 exp (𝑖𝜃𝑖) |𝜙𝑖⟩ , where A is a

normalisation factor, 𝑝𝑖 = exp (−𝛽𝐸𝑖)/𝑍 is the Boltzmann weight for the 𝑖th eigenstate of the

2D harmonic trap |𝜙𝑖⟩ with energy 𝐸𝑖, 𝛽 is the inverse temperature, 𝑍 is the partition function

for the 2D harmonic trap and 𝜃𝑖 is a random phase drawn from a uniform distribution between 0

and 2𝜋. We choose the first 𝑁 states of the 2D harmonic trap, and we check that the Boltzmann

weight is small enough that this is a good approximation. We sequentially generate 𝑁′ such

states, each with a different set of random phases, and then time-evolve each separately. The

resulting densities are then averaged together which reproduces the density of a thermal cloud

at 𝑡 = 0.

From our numerical simulations, we obtain the cloud density in either synthetic space

𝜌(𝜆, 𝑦, 𝑡) or real-space 𝜌(𝑥, 𝑦, 𝑡). From these densities, we can then calculate the COM position

as a function of time with respect to 𝜆 and 𝑥 respectively. The former is plotted in Fig. 3.4(a),
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while the latter requires additional processing steps to be compared with experiment. Firstly,

to account for the experimental TOF expansion of the cloud, we apply a correction as 𝑥com =

𝑥com + 𝑣com𝑡tof, where the COM velocity 𝑣com is calculated from the numerical momentum

distribution. Secondly, we RMS average the 𝑀 different corrected centres-of-mass together to

remove the micromotion: ⟨𝑥com⟩ =

√︃
1
𝑀

∑𝑀
𝑖=1(𝑥

(𝑖)
com)2. For the numerics shown in the above,

we take 𝑀 = 2 with 𝜑 = 0 and 𝜑 = 𝜋/2. Finally, we fit our data with the experimental fitting

function [Eq. 3.7], although now with 𝜙 = 0 as numerically there are no random variations in

the state preparation. The corresponding fitting parameters 𝑓 and 𝐴 for the numerical data are

then plotted, for example, in Fig. 3.2(a) and (b) respectively.

To convert our real space experimental oscillation into synthetic space (Fig. 3.4(a)), we use

our conversion formula (Eq. 3.6), assuming that the real space width 𝜎𝑥 (measured in harmonic

oscillator lengths) remains constant in time and set by the trap frequency and initial temperature.

We then obtain:

𝜆com(𝑡) =
(
𝑥com(𝑡)
𝛼rms𝛼𝑡𝑜 𝑓

)2
+ 𝜎2

𝑥 − 1
2
, (3.8)

where 𝑥com(𝑡) is the experimental real space COM measured in harmonic oscillator lengths. The

conversion for the data in Fig. 3.5 is similar, but here we convert the experimental amplitude

fitting parameters, so we use the conversion:

𝜆com =
©­«
(

𝑥com

𝛼rms𝛼𝑡𝑜 𝑓 /
√

2

)2

+ 𝜎2
𝑥 − 1

2
ª®¬ /𝑟, (3.9)

This is then compared against the corresponding numerics, where we extract the maximum

value of 𝜆com and rescale by 1/𝑟 to account for the cloud splitting. We also compare against an

analytical expression, 𝜆com = 𝜆0 + 4𝐽/ℏΔ, as shown in Fig. 3.5.

3.4 Analytical results

The semiclassical prediction for synthetic-dimension Bloch oscillations is given by Eq. 3.4. In

order to plot this analytical result, we independently calculate the nearest-neighbour hopping
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𝐽/ℏ = 106 ± 8 Hz from Floquet theory. Floquet theory involves removing the micromotion of

the system by creating a ‘Floquet Hamiltonian’, 𝐻̂𝐹 such that for some starting time, 𝑡0 we have,

𝐻̂𝐹𝑇 =

∫ 𝑡0+𝑇

𝑡0

𝐻̂ (𝑡)𝑑𝑡, (3.10)

with 𝐻̂ the full hamiltonian and 𝑇 the time period of the driving. Using this method, time

can be evolved through integer steps of 𝑇 , and the slow dynamics relative to T, such as Bloch

oscillations, become clear.

When calculating this hopping, we observe that the hopping is independent of the detuning,

and that each hopping is nearly independent of 𝜆, except for small oscillations. We therefore

calculate the error bar by adding the standard deviations of the hopping for each Δ in quadrature.

Note that this value applies to our low-power data only; in the high-power case, we have

significant long-range hoppings so we can no longer use this nearest-neighbour tight binding

model. Note also that, in practice, only a fraction of atoms participates in the dynamics, which

leads to a significant reduction in the apparent COM position in both synthetic and real space, as

shown in Fig. 3.4. To account for this, we modify Eq. 3.4 to 𝜆com(𝑡) = 𝜆0
com + 𝑟 2𝐽

ℏΔ
(1− cos(Δ𝑡)).

Here, 𝑟 = 0.52 ± 0.03 is the average cloud fraction that undergoes the oscillation, as calculated

from our numerics for the low power data, where the error bar is the standard deviation of the

different 𝑟 values for different detunings.

To translate the analytical result from synthetic space to real space, we make use of the

conversion formula Eq. 3.6 under the assumption that the real-space cloud width stays constant

as a function of time. This leads to the expression:

𝑥max =
1
√

2
𝛼rms𝛼tof

√︄
ℏ

𝑚𝜔𝑥

√︂
𝜆0

com + 𝑟
4𝐽
ℏΔ

− 𝜎2
𝑥 + 1

2
. (3.11)

where we have included corrections for the reduction in amplitude due to RMS averaging,

𝛼rms = 1/
√

2, and for the TOF expansion, 𝛼tof = 5.25 ± 0.08, as calculated from our low-power

numerics with an error bar corresponding to the standard deviation across multiple detunings.

Note that the cloud width 𝜎𝑥 is here measured in harmonic oscillator lengths
√︁
ℏ/𝑚𝜔𝑥 . This
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result is then plotted, for example, in Fig. 3.2(b).

3.5 Creation of highly-excited states

Bloch oscillations along the synthetic dimension offer a way to controllably populate highly-

excited atomic trap states. Indeed, by stopping the shaking at a certain given time it is possible

to ‘freeze’ the dynamics. If this is done when the Bloch oscillation is exploring high 𝜆 states,

the resulting state will have a considerable admixture of highly-excited harmonic trap states. In

Fig. 3.6 we show an example of states obtained after a 5 ms TOF expansion with such a technique

with Δ/2𝜋 ≃ 17 Hz , 𝑉0 ≃ 1.2 nK and stopping the Bloch evolution when the oscillation has

reached the peak (40 ms) and half way (20 ms). By averaging over several different phases of

the shaking potential, we can reconstruct the whole set of states that can be obtained for a given

Bloch evolution time, this is shown as shaded areas in Fig. 3.6 (a) and the column density profiles

in Fig. 3.6 (b) and (c). We observe that the resulting density profiles acquire the characteristic

double-lobe structure typical of highly-excited harmonic trap states. Additionally, as the Bloch

dynamics evolve, we observe that the distance between the two lobes increases, as expected

when populating increasingly higher states. Notably, by controlling the phase of the shaking

potential, it is possible to accurately control the shape and position of the final state. This is

shown in Fig. 3.6 (a), where the two solid lines correspond to averages over several runs with

the same phase both for the 20 and 40 ms cases.

We have additionally measured the lifetime of the states created by measuring the number

of atoms as a function of time after the Bloch evolution is stopped. We then performed an

exponential decay fit, whose decay time sets the lifetime of the state. Concerning the states

shown in Fig. 3.6 in particular, we have measured that the lifetime for the states produced after

20 ms of shaking potential is ≃1 s, while for those produced after 40 ms is ≃ 600 ms. Therefore

the lifetime of these highly-excited states is sufficiently long to allow one to practically use them.

As an example, they would provide a good overlap with a double-well potential enabling new

possibilities for trapped atom interferometry [62].
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Figure 3.6: (a) Column density distribution integrated along the 𝑦 direction of our atomic samples
after 5 ms of time of flight. The shaded areas correspond to the average of 30 experimental runs
where we vary the shaking phase. The solid lines are examples of density distributions that are
obtained with fixed phase. The number of atoms is ≃ 15 × 104. (b) and (c) are the column
densities averaged over 30 runs with different phases in the shaking potential that we observe
after 5 ms of time of flight and with 20 and 40 ms of shaking time respectively.

The fidelity of the excited states could be further improved by decreasing the proportion of

the cloud that remains in the low-lying 𝜆 states, and by decreasing the width with respect to 𝜆

of the portion that does oscillate. One approach to achieving this is by a combination of using a

stronger trap (i.e. increasing 𝜔𝑥) and/or a lower temperature, both of which reduce the width of

the initial Maxwell-Boltzmann distribution. Fig. 3.7(a) and (b) show the synthetic space density

profile, with 𝑦-dependence integrated out, for a numerical simulation of a thermal cloud with

(a) the typical parameters used elsewhere in our work, and (b) a larger trapping frequency and

lower temperature, over a single Bloch oscillation period. As can be seen, in panel (b) the part

of the cloud that oscillates is narrower with respect to 𝜆 than with our more typical parameters

in panel (a). Note that, for a small enough temperature, a significant initial condensate fraction

may also affect the dynamics. However, we have verified numerically that an initial state with

the whole cloud in the 𝜆 = 0 state (i.e. a non-interacting BEC) still undergoes Bloch oscillations

under the driving potential.
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Figure 3.7: (a): Time evolution of the integrated synthetic space density for a thermal cloud
under our usual driving potential using typical parameters, for a detuning of Δ = 2𝜋 × 5 Hz.
We see significant cloud splitting and a relatively wide oscillating component. We use identical
parameters to our low-power data elsewhere in this work, with 𝜑 = 0. (b): The result in (a)
but with increased trapping frequency and decreased temperature, showing that the oscillating
part of the cloud becomes much narrower in synthetic space. Note the different colour scale to
(a). We use the same parameters as (a) but with 𝑇 = 5 nK and 𝜔𝑥 = 2𝜋 × 500 Hz. (c): Time
evolution of the integrated synthetic space density of a thermal cloud for a modified driving
potential, showing that the entire cloud moves, with no split component. Note that the linear
driving potential together with parameters as in (a) produces a wide oscillating cloud, so we
also increase the trapping frequency and decrease the temperature here to compensate for this.
We use: 𝜅𝑥qho = 1 nK, with 𝑥qho =

√︁
ℏ/𝑚𝜔𝑥 , 𝜔𝑥 = 2𝜋 × 500 Hz, Δ = 2𝜋 × 5 Hz, 𝑇 = 10 nK and

𝜔𝑦 = 2𝜋 × 10 Hz. The insets of each panel shows the corresponding 𝜆 COM as a function of
time. Note that the results for (a) and (b) are not rescaled to take into account cloud splitting.

60



CHAPTER 3. SYNTHETIC DIMENSIONS 3.5. CREATION OF HIGHLY-EXCITED STATES

We also note that the width of the oscillating part of the cloud also depends upon the detuning.

In Fig. 3.8, for the low-power parameters used above, and a detuning of Δ/2𝜋 = 2 Hz (panel

(a)) and Δ/2𝜋 = 5 Hz (panel (b)), the density with respect to 𝜆 is shown close to the peak of the

oscillation. The oscillating part of the cloud can be seen to have a full-width at half-maximum

(FWHM) of around 8 states in (a). This width depends upon the detuning, with larger detunings

yielding smaller widths. For example, in panel (b), the FWHM is around 5 states. Note that

these methods to reduce the width of the cloud with respect to 𝜆 could be extended towards

single-site resolution.

Another strategy for improving the fidelity is to optimize the driving potential. As an

example, Fig. 3.7(c) shows the effect of a different driving potential, 𝑉 (𝑥, 𝑡) = 𝜅𝑥 cos(𝜔𝐷𝑡),

upon a lower-temperature thermal cloud (𝑇 = 10 nK). Note that this driving potential is the

same as that of [55] (see Eq. 2 therein). As can be seen, the entire cloud undergoes the Bloch

oscillation, with no split component. This difference is likely because for the experimental

driving potential (Eq. 3.1), there are oscillations in the Floquet Hamiltonian matrix elements

(e.g. Fig. 3.9) at low 𝜆, which include, for example, an effective potential minimum at 𝜆 = 0

which may trap some atoms, leading to the cloud splitting. For the linear driving potential, on the

other hand, the Floquet Hamiltonian does not exhibit such oscillations, although there is then a

strong 𝜆-dependence in the hopping elements [55]. Going further, quantum control approaches

could be used to further numerically optimize the driving potential, in order to improve the

fidelity of desired state preparation. Finally, another possible strategy for improving the fidelity

of excited states would be to employ a two-step protocol. Firstly, the cloud could be placed into

an excited trap state without using the driving potential [58]. Secondly, the driving potential

could be activated, causing Bloch oscillations in the synthetic dimension bulk.
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Figure 3.8: Cloud density with respect to 𝜆 for the low power parameters used in the above and
a detuning of Δ/2𝜋 = 2 Hz (panel (a)) and Δ/2𝜋 = 5 Hz (panel (b)). The density is extracted
from close to the peak of the oscillation. We clearly see the oscillating part of the cloud, which
has a full-width at half-maximum of around 8 states in (a) and around 5 states in (b).
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Figure 3.9: Numerically-calculated matrix elements of the full Floquet Hamiltonian for 𝜔𝑥 =

2𝜋 × 166.5 Hz, 𝑉0 = 4.16 nK and 𝜑 = 0, for Δ = 2𝜋 × 0,−2, 2 and 7 Hz in columns (a), (b), (c)
and (d) respectively. These parameters correspond to the low-power data shown in Fig. 3.1,
3.3, 3.4 and 3.5 . The top row shows the real part of the first five diagonals, the middle row
shows the imaginary part, and the final row shows a heat map of |𝐻̂𝐹 |. The on-site terms are in
blue, the NN hoppings in red and longer-range hoppings in other colours. We see that we can
approximate 𝐻̂𝐹 by a nearest-neighbour tight-binding model where Δ plays the role of a force
along the synthetic dimension. The onset of instability regions (IR), marked by the black dotted
lines, show long-range hoppings for some 𝜆 and are a numerical artifact and are not physical.
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Chapter 4

Simulations of Clustering Dynamics in

Quantised Vortex Systems

This chapter is a reformatted, slightly adapted copy of my paper: T. Easton, M. Kokmotos and

G. Barontini "Vortex clustering in trapped Bose-Einstein condensates". This has been published

in a revised form in Scientific Reports. Some of this material remains largely unchanged, others

has been made more appropriate for the thesis.

As mentioned in the introduction to this thesis, trapped atomic Bose-Einstein condensates

are an ideal context in which to study the dynamics of quantised vortices due to the ease

of generation and interrogation of vortex states. Trapped BECs also have the advantage that

their dimensionality can be varied easily by adjusting the ratio of trapping frequencies. In the

following work, we consider quasi-2D systems in which we simulate structures vortex states

and study their dynamics. Such structures states are now possible to implement using spatially

and temporally varying potentials via the phase imprinting method described in the thesis

introduction, and could be implemented using an SLM such as a DMD. The work presented

here is simulation based, and much of it was completed during COVID-19 lockdowns, however

it was all done with a view towards experimental implementation on the QPrint apparatus.

In this chapter, I will provide a brief overview of the concept of quantised vorticity in a

superfluid. I will then describe the methods used to simulate the systems of vortices. Next I
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will describe the arrangements of vortices we chose and how they form cluster states. I will then

describe the algorithm used to quantitatively determine when a state was clustered. Lastly I will

describe the analytical model for vortex motion, and an extension of this model to one which

models the motion of clusters.

4.1 Quantised Vorticity

Vortices in Bose-Einstein condensates are quantised topological defects, each of with quantised

angular momentum. To see that vortices must be quantised, consider a general form for the

velocity field of a vortex at the origin in a 2D plane,

®𝑣(®𝑟) = 𝑣( |®𝑟 |)𝜃. (4.1)

As noted above, the velocity of the condensate can be given in terms of the order parameter’s

phase by, ®𝑣 = ℏ
𝑚
∇𝜙.

We then have that,

𝜕𝜙

𝜕𝜃
=
𝑚 |®𝑟 |𝑣( |®𝑟 |)

ℏ
𝜕𝜙

𝜕𝑟
= 0.

(4.2)

The solution to this is clearly,

𝜙(𝜃) = 𝑛𝜃 + 𝜙0

𝑣( |®𝑟 |) = ℏ𝑛

𝑚 |®𝑟 |

(4.3)

Where 𝑛 is constrained to be an integer because of the condition that 𝜙 is single valued, up to

integer multiples of 2𝜋. The value 𝑛 is known as the ‘topological charge’ of the vortex. This

configuration also clearly has an angular momentum of,

𝐿𝑧 = ℏ𝑛. (4.4)
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Quantised vortices are also characterised by the density depletion at their cores. In fact, the

density must drop to zero at the centre of a vortex, both because the velocity diverges there, and

because Stokes’ theorem requires that the circulation,

Γ =

∮
𝐶

®𝑣 · 𝑑®𝑟, (4.5)

is zero for a simply connected region bounded by a closed path, 𝐶. Here 𝑑®𝑟 is an infinitesimal

displacement along 𝐶. The shortest distance over which the density of a BEC can drop from

background level to zero is known as the healing length, 𝜉 which is given by,

𝜉 =
1√︁

8𝜋𝜌0𝑎
, (4.6)

where 𝜌0 is the background density and 𝑎 is the s-wave scattering length. This sets the length

scale for the size of the density depletion region around the centre of the vortex. This density

depletion can be used in simulations to track the position of vortices, and is visible in experiments

after the cloud has been expanded in time-of-flight. Vortices in Bose-Einstein condensates are

quantised topological defects, each of with quantised angular momentum. In fact, unless the

BEC has a topology which already includes holes, quantised vortices are the only way in which

a BEC can support angular momentum.

4.2 Simulation Methods

In order to simulate vortex dynamics, FORTRAN code was run on University of Birmingham’s

Bluebear cluster to find a ground state solution for the trapping potential, apply a phase change

according to the vortex configuration of interest, and then evolve the cloud forwards through time.

For these simulations, we assumed that the dynamics followed the Gross-Pitaevskii equation.

This ignores small effects beyond the mean field as well as any effects due to finite temperatures,

however these effects are known to be very small for a cold enough cloud and a high enough

atom number. We simulate a system with 𝑁 = 5 × 104 87Rb atoms trapped in a harmonic
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potential with trapping frequencies 𝜔𝑥 = 𝜔𝑦 = 𝜔⊥ and 𝜔𝑧 = 𝜆𝜔⊥ in the radial and transverse

directions respectively, with 𝜆 = 15 and 𝜔⊥ = 2𝜋 × 20 Hz. We implement these simulations on

a grid of 256 × 256 × 16 sites.

4.2.1 Ground State

The first step in simulating the dynamics of a BEC is to find the ground state of the system.

This was done using a modified version of the method of ‘steepest decent in imaginary time’.

This process begins by taking a starting guess for the ground state of the system. In our case, a

parabolic Thomas-Fermi density distribution worked well. This is clearly close to the shape of

the ground state solution, but the Thomas-Fermi distribution is an approximation which can be

numerically improved upon.

The standard process starts with the Schrödinger equation (or Gross-Pitaevskii equation),

𝑖ℏ
𝑑 |Ψ(𝑡)⟩

𝑑𝑡
= 𝐻̂ |Ψ(𝑡)⟩ . (4.7)

If time is evolved forwards, we see that energy eigenstates maintain their amplitudes, and rotate

in phase with a frequency proportional to their corresponding energy eigenvalue. However,

if one instead evolves towards the negative imaginary axis, energy eigenstates instead decay

exponentially, with a rate proportional to their corresponding energy eigenvalue. In this way,

the highest energy states are suppressed, and once the state is normalised, the low energy states

are enhanced. This process then converges on the ground state. To first order in time step this

gives us,

|Ψ(𝑡 + Δ𝑡)⟩ ≈ (1 − Δ𝑡

ℏ
𝐻̂) |Ψ(𝑡)⟩ . (4.8)

Making this process explicitly discrete, we can take |Ψ𝑛⟩ as the state after 𝑛 iterations. We

can also take 𝛿 = Δ𝑡/ℏ for simplicity. Finally, we can improve the standard algorithm by adding

a term proportional to the mean energy, 𝜇0 = ⟨Ψ0 | 𝐻̂ |Ψ0⟩, in the following way,

|Ψ̃1⟩ = (1 − 𝛿(𝐻̂ − 𝜇0)) |Ψ0⟩ , (4.9)
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This further suppresses energy states higher than the current mean, while enhancing those

below it, which has the effect of allowing the result to converge on the ground state more quickly.

We can see that the process reduces the average energy by calculating,

𝜇1

𝜇0
= 1 − 𝛿

𝜇0

2𝜇(2)
0 − 𝛿𝜇

(3)
0

1 + 𝛿2𝜇
(2)
0

, (4.10)

where 𝜇
(𝑛)
0 is the 𝑛-th central moment of the energy distribution for state |Ψ0⟩. From this we can

see that the energy of the system decreases for,

0 < 𝛿 <
2𝜇(2)

0

𝜇
(3)
0

. (4.11)

It is therefore possible to reach a good approximation for the ground state by iterating this

process, as long as 𝛿 is always kept small enough.

4.2.2 Time Evolution

In order to evolve the condensate through time we make the following approximation for the

time evolution operator,

𝑒
−𝑖Δ𝑡 𝐻̂

ℏ = 𝑒
−𝑖Δ𝑡 (𝑇̂+𝑈𝑡𝑜𝑡 )

ℏ ≈ 𝑒
−𝑖Δ𝑡𝑈𝑡𝑜𝑡

2ℏ 𝑒
−𝑖Δ𝑡𝑇̂

ℏ 𝑒
−𝑖Δ𝑡𝑈𝑡𝑜𝑡

2ℏ , (4.12)

where 𝐻̂ = 𝑇 +𝑈𝑡𝑜𝑡 is the Gross-Pitaevskii hamiltonian, 𝑇 is the kinetic energy operator and𝑈𝑡𝑜𝑡

is the total potential energy including the nonlinear term. According to the Baker-Campbell-

Hausdorff formula for the product of exponentials of non-commuting objects, the error due to

this approximation is on the order of Δ𝑡3. This form is useful because it allows 𝑇 and 𝑈𝑡𝑜𝑡 to

be treated separately, and because it is much easier to calculate the result of the kinetic energy

operator in momentum space, which can be conveniently found by applying a Fourier transform.

The final time evolution of the order parameter is therefore given by,

Ψ(𝑡 + Δ𝑡) ≈ 𝑒
−𝑖Δ𝑡𝑈𝑡𝑜𝑡

2ℏ F −1 [𝑒
−𝑖Δ𝑡 𝑝2

2𝑚ℏ F [𝑒
−𝑖Δ𝑡𝑈𝑡𝑜𝑡

2ℏ Ψ(𝑡)]], (4.13)
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Where F denotes the (discrete) fourier transform which transforms functions of position, 𝑥 to

momentum, 𝑝.

4.3 Cluster Formation

In this work, we numerically study the conditions under which linear vortex structures, imprinted

onto a trapped BECs, can evolve into vortex clusters. The system under investigation has been

chosen with an eye to possible experimental implementations, as vortices can be controllably

imprinted on ultracold atomic samples [77, 89]. Our configuration of choice is the case of

simple one-dimensional linear structures which are symmetrical about the centre of the cloud.

This layout has a symmetry that is expected to favour the formation of clusters, but also

has the characteristic of being geometrically very different from clusters. This combination

allows us to observe the dynamical formation of the clusters and determine under which initial

imprinting conditions such dynamics happen. In particular, we study the clustering dynamics

of arrangements of 𝑁𝑣 vortices arranged on a line passing through the centre of the cloud, with

a symmetric uniform distribution of vortices on each side. While similar configurations in an

anisotropic cloud have been considered in the past where the ordering of the linear layout is not

destroyed [90], our isotropic system gives rise to clusters with rich dynamics. For concreteness,

we will consider 𝑁 = 5 × 104 87Rb atoms trapped in a harmonic potential with trapping

frequencies 𝜔𝑥 = 𝜔𝑦 = 𝜔⊥ and 𝜔𝑧 = 𝜆𝜔⊥ in the radial and transverse directions respectively,

with 𝜆 = 15 and 𝜔⊥ = 2𝜋 × 20 Hz. We numerically simulate our system on a 256 by 256 by

16 grid. The strong anisotropy between radial and transverse directions allows us to treat our

system effectively as a 2D BEC where the vortices are constrained to move in the plane as their

bending would be energetically unfavourable.

To initiate the dynamics that generates the vortex clusters, at 𝑡 = 0 we imprint on the

condensate a spatially dependent phase profile of the form

𝜙(𝑥, 𝑦) == 2
𝑁𝑣∑︁
𝑛=1

𝑠𝑛tan−1
(

𝑦 − 𝑦𝑛√︁
(𝑥 − 𝑥𝑛)2 + (𝑦 − 𝑦𝑛)2 + 𝑥 − 𝑥𝑛

)
, (4.14)
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Figure 4.1: Snapshots of the column density in the 𝑥𝑦 plane over time. The evolution time for
each panel is indicated in the top row. Distances are normalised to the Thomas-Fermi radius
𝑅𝑇𝐹 . The red segments in panels (k) and (p) correspond to 𝐷 and 𝑑 respectively, as defined in
Sec. II. The colour scale corresponds to the column density value normalised to the maximum
in each panel. The top row shows 𝑁𝑣 = 6 vortices with 𝐷 = 0.414𝑅𝑇𝐹 and 𝑑 = 0.138𝑅𝑇𝐹 . The
second row shows 𝑁𝑣 = 7 vortices with 𝐷 = 0.48𝑅𝑇𝐹 and 𝑑 = 0.138𝑅𝑇𝐹 . The third row shows
𝑁𝑣 = 8 vortices with 𝐷 = 0.44𝑅𝑇𝐹 and 𝑑 = 0.138𝑅𝑇𝐹 . The bottom row shows 𝑁𝑣 = 9 vortices
with 𝐷 = 0.274𝑅𝑇𝐹 and 𝑑 = 0.154𝑅𝑇𝐹 .

where 𝑠𝑛 is the vortex charge for the 𝑛-th vortex and (𝑥𝑛, 𝑦𝑛) are the coordinates of the 𝑛-th

vortex. We arrange a number of vortices, 𝑁𝑣, in two groups symmetrically along a common

diameter of the cloud. Within each of these groups, we choose a constant nearest-neighbour

distance, 𝑑 (see fig.4.1p). The closest distance between the two groups is then parameterised

by 𝐷 (so, excluding the central vortex of the line in case of odd 𝑁𝑣, 𝐷 is the distance between

the two inner-most vortices) as depicted in the first column of Fig.4.1. In the cases where there

is an odd vortex number, we also include a vortex at the centre of the cloud. All vortex lines

run parallel to the z-axis. As soon as the vortices are imprinted, they begin to precess around
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the centre of the cloud in a direction given by the sign of the imprinted topological charge (see

fig. 4.1). Because the precession frequency is an increasing function of distance from the centre

of the cloud, the outer vortices rotate faster than the inner ones, leading to the line bending

into an ‘s’-shape. Without vortex-vortex interactions, one would expect that this bending would

become more and more exaggerated, leading the vortices to wind into a spiral configuration with

each vortex remaining at its original radial distance from the centre of the cloud. However, the

existence of vortex-vortex interactions, although repulsive, gives rise to dynamics that leads to

the creation of vortex clusters. In particular, as the interaction scales inversely with the distance

between vortices, the vortices tend to rotate around their closest neighbours, causing the linear

structure to break into clusters, as shown in Fig.4.1. Once formed, the vortex clusters rotate

around their centroids, and continue to precess around the centre of the cloud. Typically, the

arrangements of clusters remain well separated from one another and maintain the symmetry

of the initial state, forming two identical antipodal clusters or two antipodal clusters and an

additional one in the centre, depending whether 𝑁𝑣 is even or odd.

Depending on the number of vortices imprinted and the distances 𝑑 and 𝐷, we observe a

range of different clustering dynamics. An example of the simplest kind of dynamics is reported

in the first row of Fig.4.1. We observe this dynamics when 𝐷 ≫ 𝑑, therefore when the vortices

are already imprinted into two fairly separated groups, and when 𝑁𝑣 is even. The dynamics

that follows the imprinting essentially keeps the overall symmetry, and the two lines of vortices

evolve into two separated clusters that orbit around their centroids. The inner cluster dynamics

is quite complex, in the sense that the two clusters change their shape often, however, as we

discuss later on, the average distance between the vortices in the cluster and the distance between

the clusters do not substantially change. We observe similar dynamics when 𝐷 ≫ 𝑑 and 𝑁𝑣

is odd. An example is shown in the second row of Fig.4.1. In this case, the central vortex

remains stationary while the antipodal clusters form and begin to evolve as described previously.

However, this central vortex will eventually be perturbed and move from the centre, usually

joining one of the existing clusters (an example of this can be seen in Fig.4.1i-j). Once the

central vortex moves, the symmetry of the system breaks and the clusters are perturbed. The
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perturbed cluster ceases to be tightly bound and its dynamics is no longer a simple revolution

around its centroid, while the centroid itself changes.

The clustering dynamics becomes richer as 𝑁𝑣 increases. An example is shown in the third

row of Fig. 4.1, with 𝑁𝑣 = 8 and 𝐷 ≫ 𝑑. In this case we observe that the dynamics that follows

the imprinting generates clusters with a satellite vortex. These are formations of strongly-bound

clusters that revolve around their centroids, similarly to what previously described, with an

additional vortex that revolves around them. The satellite vortices are at a distance from the

others that doesn’t allow them to be considered part of the cluster, nor to be considered as stray

vortices. Another kind of clustering dynamics is shown in the fourth row of Fig.4.1, for 𝑁𝑣 = 9

and 𝐷 ≃ 2𝑑. Here we observe the formation of three clusters. The third cluster forms around

the central vortex and remains stable until it is perturbed by the other two (Fig.4.1t).

As we discuss in Sec. 4.5, we do not observe any clustering dynamics for small values of

𝐷, where the initial configuration of the imprinted vortices causes the trajectories to tangle and

does not allow the formation of well separated clusters. We also do not not observe clustering

for large values of 𝑑, where the vortices fail to capture one another in their velocity fields.

4.4 Cluster Detection

Various algorithms and statistical methods have been used to devise clustering measures in a

2D Bose-Einstein Condensate in systems of 2D decaying quantum turbulence [91, 92] and low

vortex-number systems [93]. To provide a quantitative description of the clustering dynamics and

to determine when a cluster has been formed, we have applied the Hierarchical Agglomerative

Clustering algorithm [94]. The quantitative definition of a cluster is indeed a common problem

in statistical theory and its modern machine learning applications [94], where clusters of similar

objects are detected based on similarity of their features in a multi-dimensional space. In our

system we seek clusters in a Euclidean two-dimensional geometry. The clustering algorithm

detects clusters by analysing the positions of the vortices with no external input besides the

definition of the algorithm’s metrics. The only assumption is that we are able to accurately
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Figure 4.2: Dendrogram for the hierarchical agglomerative algorithm for the same data as
Fig.4.1. The evolution time for each panel is indicated in the top row. The merging distances 𝐷̂
computed by the clustering algorithm are normalised to 𝑅𝑇𝐹 . The horizontal dashed line in each
panel corresponds to 𝛿. The first row corresponds to 𝑁𝑣 = 6 vortices. The algorithm detects
two clusters of three vortices each, highlighted with different colours. The second row shows
the case of 𝑁𝑣 = 7 vortices. The third row is for the case of 𝑁𝑣 = 8 vortices, where the grey
branches identify the ‘satellite’, vortices. The bottom row is for the case of 𝑁𝑣 = 9 vortices,
where three clusters are formed, identified with different colours.
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describe the trajectories of the individual vortices. This is a reasonable assumption for our case

of interest that consists of well separated vortex cores.

The algorithm starts by treating each vortex as an individual cluster, and then it iteratively

attempts to merge the clusters in larger clusters following a bottom-up approach, according to

the Ward criterion [95]. The selection of the optimal pair to be joined at each step is based on

the distance metric

𝐷̂ =

√︂
2

𝑛𝑟𝑛𝑠

𝑛𝑟 + 𝑛𝑠
∥r𝑟 − r𝑠∥, (4.15)

where 𝑛𝑟 and 𝑛𝑠 are the number of elements in each of two clusters 𝑟 and 𝑠 respectively that are

under consideration. Similarly, r𝑟 and r𝑠 are the positions of their centroids. At each step, the

clusters with the minimum pairwise distance are connected. The distance is also proportional

to the square root of the harmonic mean of the number of elements in each of the two cluster to

be joined. The clusters appear as distinct formations in the dendrogram output of the algorithm,

see Fig. 4.2. A strongly bound cluster is characterised by a short merging distance and large

difference to the next merging point in the dendrogram.

Each panel in Fig. 4.2 corresponds to the same panel in Fig. 4.1. The dashed horizontal

lines correspond to the average inter-vortex distance for uniform distributions of vortices, which

is 𝛿 =
√︁
𝜋/𝑁𝑣𝑅𝑇𝐹/2, for the same sets of parameters. In general, clusters must satisfy 𝐷̂ ≪ 𝛿.

It is important to note that 𝛿 is not a parameter of the algorithm but only a reference point for

our interpretation of the results compared to a purely random layout. The first row of Fig. 4.2

shows that when 𝐷 ≫ 𝑑 and 𝑁𝑣 is even, one can already consider the imprinted pattern as

two separate clusters (highlighted with different colours). The following dynamics essentially

does not alter the clusters that keep their intra- and inter- distances roughly the same as the

initial pattern. The case with 𝐷 ≫ 𝑑 and 𝑁𝑣 odd is instead shown in the second row. After

the initial imprinting, two three-vortex clusters are rapidly formed while the remaining seventh

vortex orbits at a distance ≃ 𝛿 from one of the clusters, therefore we can’t consider it part of any

cluster. The dendrogram remains essentially stationary until 𝑡 = 90 ms, where it shows that the

seventh vortex is finally incorporated in one of the clusters.

The third row of Fig. 4.2 reports the case of 𝑁𝑣 = 8 vortices. The dendrogram shows that two
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three-vortex clusters are clearly formed at a distance well below 𝛿, while each of the remaining

vortices have a merging distance to one of the clusters near 𝛿. The fact that the merging distance

of the fourth vortex is close to 𝛿 confirms the fact that it can only be considered as a satellite

vortex and not part of the cluster itself. Interestingly the cluster-plus-satellite formations remain

stable and stationary for as long as we follow their dynamics. This is a phenomenon that could

not be predicted a-priori and is only discovered by the algorithm. The bottom row of Fig. 4.2

finally reports the dendrograms for the case of 𝑁𝑣 = 9 vortices. Shortly after the imprinting,

the algorithm clearly identifies three very tightly bound clusters that remain well separated and

stationary for most of the dynamics. Towards 𝑡 = 90 ms we observe that the clusters start to

slightly weaken their binding, and for longer times we observe that the clusters dissolve.

4.5 Vortex Dynamics

As just discussed, the initial imprinting gives rise to a range of different dynamics depending

on the number of vortices 𝑁𝑣 and the distances 𝑑 and 𝐷. However, not every imprinting

configuration generates stable or quasi-stable clusters. To explore the range of parameters that

lead to the formation of clusters, we utilise an effective particle model. This approach allows

us to scan the space of parameters more easily than GPE simulations. In this simplified model

the vortices are treated as point-like objects in a 2D space. The use of such a model, which also

excludes effects from vortex line curvature and effects of vortex-phonon coupling, is justified

in a quasi-2D system such as the one we consider. The motion of each vortex can be ascribed

to two constituent factors. The first is the precession induced by the inhomogeneous atomic

density profile of the condensate, while the second is the effect of pairwise interactions between

the vortices. The latter can be explained as the motion that is induced on every point of a vortex

in a pair due to the fluid flow that is generated by the other vortex of the pair.

As has been shown in [96] the dynamics of the vortices can be expressed in the following
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Figure 4.3: Maximum 𝑁𝑣 of imprinted vortices that can generate clusters as a function of 𝑑

and 𝐷. The white region corresponds to configurations that either don’t produce clusters or can
only produce clusters of two vortices. The non-smooth boundaries of the contours indicate the
breakdown of the qualitative agreement between the ODE and GPE solutions.

system of first order ordinary differential equations (ODEs),

¤𝑤𝑘 = 𝑖𝑤𝑘

(
Ω𝑝

𝑠𝑘

1 − |𝑤𝑘 |2
+Ω𝐼

∑︁
𝑗≠𝑘

𝑠 𝑗

𝑤∗
𝑗
𝑤𝑘 − |𝑤𝑘 |2

)
, (4.16)

with 𝑠𝑘 the topological charge of the vortex (= ±1), 𝑤𝑘 = 𝑧𝑘/𝑅𝑇𝐹 the position of the k-th vortex,

written as a complex number (i.e. 𝑧𝑘 = 𝑥𝑘 + 𝑖𝑦𝑘 ), normalised to the Thomas-Fermi radius, 𝑅𝑇𝐹

of the cloud. The first term in equation 4.16 corresponds to the precession of the vortex around

the cloud while the second term corresponds to the interactions. The two frequencies controlling

the relative strengths of these two effects are given by[97],

Ω𝑝 =
(3 + 1

5𝜆2 )ℏ
2𝑚𝑅2

𝑇𝐹

ln
(
𝑅𝑇𝐹

𝜉

)
, (4.17)

Ω𝐼 = 𝑏
ℏ

2𝑚𝑅2
𝑇𝐹

. (4.18)

where 𝜉 is the healing length, and 𝑏 is an empirically determined parameter which modifies

the strength of interactions.
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We implemented Equation 4.16 in a numerical ODE solver, using a ratio of Ω𝑝/Ω𝐼 ≈ 9,

corresponding to the same values as simulated using the GPE. By comparing the dynamics

observed in the ODE solver to those obtained by the numerical solution of the GPE, we found

that the rotation period of the vortex clusters matched when 𝑏 = 1.35. This agrees with the

value used in [96].

By running simulations of the ODE system for various values of the 𝐷, 𝑑 and 𝑁𝑣 parameters,

we extract a clear region in which clustering occurs, shown in Fig. 4.3. Fig. 4.3 shows the

maximum number of vortices that can be imprinted, which generates clusters. For every 𝑁𝑣

smaller than this maximum value, we observe cluster formation. The configuration space of Fig.

4.3 shows that there is a strong relationship between the distance parameters 𝐷 and 𝑑 -according

to which the initial imprinting of the vortices is configured- and the number of vortices that can

cluster. We also observe good agreement between the ODE and the GPE solutions on whether

clustering is observed for different values of 𝑑, 𝐷 and 𝑁𝑣, except in cases which are very close

to the boundary between clustered and unclustered states. As discussed, different initial 𝐷 and

𝑑 parameters lead to different cluster formations. We observe that a relatively large 𝐷 value

compared to 𝑑 always lead to distinct clusters, even when the number of vortices is as high as 15.

For odd and large number of vortices, we observe the formation of a central cluster in addition

to the antipodal ones. As expected, for lower values of 𝐷 and higher values of 𝑑 the formation

of clusters is hindered, and more complex dynamics occur.

4.6 Cluster Dynamics

By treating the clusters as the objects of interest, we can extend the model developed in the

previous section. This further simplifies the system by reducing the degrees of freedom but

keeping the salient features of the system dynamics. In order to make a model of the dynamics

of the clusters as opposed to their constituent vortices, we should first check whether the internal

dynamics of a vortex cluster are important. In fact, in the case of a cluster of vortices in the

absence of any external vortices or precession effects due to the shape of the cloud, it can be
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Figure 4.4: Comparison of the period of revolution and the dynamics of the clusters against
the period of revolution of the composite object in the simplified system leads to an effective
charge for the composite object for which a similar period is observed between the two systems.
There is a good agreement of the dynamics between the simplified system (red trajectories) and
the original system consisting of 7 vortices (green trajectories) . The embedded figure shows
the agreement of the effective charge of the simplified ODE system (composite object) on the
vertical axis and the sum of the vortex charges in the cluster of the full ODE system. For a
system with 𝑁𝑣 vortices the effective charge agrees with the sum of the individual cluster (the
integer part of 𝑁𝑣/2).

shown that the centroid position of any group of vortices with the same topological charge

remains fixed.

We define the cluster position to be its centroid,

𝐶 =
1
𝑁

𝑁∑︁
𝑘=1

𝑤𝑘 . (4.19)

Then, using 4.16, the equation of motion for this centroid is,

¤𝐶 =
𝑖Ω𝐼 𝑠

𝑁

𝑁∑︁
𝑘=1

𝑁∑︁
𝑗=1


0 𝑗 = 𝑘

1
(𝑤 𝑗−𝑤𝑘)∗ 𝑗 ≠ 𝑘,

(4.20)

where we set Ω𝑝 = 0 to remove the effects of precession due to the cloud density, and only

summed over the 𝑁 vortices within the cluster, thus eliminating the effects of interactions with

the rest of the system. Clearly, from the anti-symmetry under dummy-index interchange, this is
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gives ¤𝐶 = 0. In other words, an isolated cluster of vortices on a flat background won’t move on

it’s own, in the same way that a single isolated vortex wouldn’t.

It follows from this that if we consider small clusters such that the effects of their differing

positions in the velocity fields due to external vortices and the shape of the cloud is negligible,

we may discard all of the internal dynamics of a cluster and consider it to be a single object,

with its position taken to be the centroid of its constituent vortices.

The velocity of a vortex cluster centroid due to external sources such as those produced by

the cloud shape or the effects of other vortices and clusters is equal to the mean of the velocity

of its constituent vortices, which in turn depend only on their positions. As we consider small

clusters, we can take the velocity of a vortex cluster to be the same as that of a single constituent

vortex at the centroid position.

The effect of the cluster on an external vortex (or vortex cluster) is the sum of the velocity

fields of all of its constituent vortices. If we assume that all external vortices have distances

from the cluster much larger than the size of the cluster, we can simply treat the cluster as a

vortex with a charge equal to the total charge of its constituent vortices.

These observations allow us to generalise equation 4.16 to one describing the dynamics of

clusters of 1 or more vortices,

¤𝑤𝑘 = 𝑖𝑤𝑘

(
Ω𝑝

𝑠𝑘

1 − |𝑤𝑘 |2
+Ω𝐼

∑︁
𝑗≠𝑘

𝑠 𝑗𝑛 𝑗

𝑤∗
𝑗
𝑤𝑘 − |𝑤𝑘 |2

)
, (4.21)

where the positions 𝑤𝑖 and charges 𝑠𝑖 now refer to the centroid positions and topological charges

per vortex of a cluster, and 𝑛𝑖 gives the number of vortices found in the cluster labelled 𝑖. This

model is only applicable for clusters formed from vortices of the same charge, however, due

to the instability of vortices with absolute charges greater than one, this is the case of primary

interest.

To test the validity of this model, it was implemented in the same numerical ODE solver as

equation 4.16. The period of rotation was used as the comparison factor between the simulations

of the two models, and it was found to be in a really good agreement (see figure 4.4). Specifically,
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for the case of even 𝑁𝑣 the line segments consisting of ⌊𝑁𝑣/2⌋ vortices, when clustered as per

the configuration space of fig.4.3 were replaced by an object with an effective charge that turns

out to be in a very good agreement with the expected sum of charges in the cluster. For the

cases of an odd number of vortices, the central vortex remains unchanged while the symmetrical

line segments with respect to the cloud are replaced with an object of an effective charge. The

effective charges in both cases show a very good agreement with the expected total sum of

charges in a cluster. In systems which are large enough to support multiple levels of length

scale separation, we expect that one may observe this clustering process occur recursively, i.e.

if there are many clusters which are well separated, they may form ‘superclusters’ in which each

small cluster acts in the way that a single vortex does in a normal cluster. With enough length

scale separation, this process may continue for multiple levels, however the ratio of cloud size

to healing length would have to be very large to support enough clusters with enough distance

between them, and the initial arrangements which would form these superclusters is not obvious.

80



Chapter 5

Conclusions and Outlook

In this thesis I have described the apparatus and methods required to produce ultracold atomic

clouds of 87Rb and manipulate them using optical potentials controlled via the use of a DMD.

In chapter 1, I introduced many of the key topics required to understand the work, including

the basics of the theory of Bose-Einstein condensates, the theory and applications of optical

potentials as well as the ideas of synthetic dimensions and quantised vorticity. In chapter 2,

I described the experimental apparatus, including the vacuum system and the various optical

systems required to generate and image an ultracold sample of 87Rb, including a description of

the working principles of magneto-optical traps and all-optical evaporative cooling, along with

details of how these are used in our apparatus. I then described the use of the Digital Micromirror

Device and how we use it to produce spatially and temporally varying optical optical potentials

on the clouds. I have also provided a comparison between the light sources used to produce

these optical potentials. From this we can see that while lasers clearly have their place due to

their wide range of available wavelengths and high intensity, Superluminescent diodes are also

useful when image quality is paramount. In chapter 3, I have explained how we demonstrated an

implementation of a synthetic dimension formed from the quantum harmonic oscillator states

of our trapping potential, and the production of Bloch oscillations. This work could be extended

to 1 real + 1 synthetic dimension by adding a phase variation in the driving oscillation across an

elongated real dimension. By doing this, a synthetic magnetic field could be produced, causing
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atoms to undergo cyclotron motion in the real-synthetic space. Our scheme would make this

an interesting avenue to explore as there is a natural edge to the synthetic dimension in that

there are no states lower than the ground state of the harmonic oscillator. An upper edge to the

dimension could also be engineered by adding optically generated walls to the driving potential

which would restrict the oscillations to lower lying states. Finally walls restricting the motion

of atoms along the long real dimension could add edges to that dimension as well. This setup

would allow for the investigation of topologically protected edge states. Further to this, one

could imagine extending the scheme to a 2D or 3D optical lattice, with driving individually

addressing each lattice site. While this would be challenging to implement, it would allow us to

study physics in up to 6 spatial dimensions in the case of a 3D lattice with 3 independent driving

directions. In Chapter 4, I have described the quantisation of vortices and how we numerically

simulated the evolution of systems of specifically chosen arrangements of vortices, as could be

implemented in the experiment via the phase imprinting method. In particular, we simulated

linear arrangements which were symmetric about the centre of a quasi-2D cloud. I showed that

for particular numbers and spacings of vortices, these arrangements quickly form pairs of vortex

clusters, while others produces cluster triplets or clusters with satellites. I have also described

a hierarchical agglomerative clustering algorithm used to identify cluster states. I then showed

the efficacy of a simple analytical model for vortex motion, and extended it to the motion of

vortex clusters. This work suggests that in a large enough system with appropriate separation of

length scales, there may exist some recursive ‘clustering of clusters’ and so on.

Finally, I will outline a few directions which the experiment may take in the future. The

simulations work on quantised vortices provides a clear avenue for future experimental imple-

mentation. Our work on synthetic dimensions and the modifications to out imprinting light

sources has also honed our abilities to produce optical potentials with arbitrary spatial and

temporal behaviour, which unlocks further projects. Some preliminary work was done to assess

the viability of demonstrating the superfluid fountain effect [98] in a cold atomic BEC, which

has been simulated numerically [99]. In order to do this, the cloud could be separated into two

pieces by raising an optically produced barrier in the centre of the cloud. One half of the cloud
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could then be heated before a small channel in the barrier is opened up. The predicted behaviour

is that in order to achieve thermodynamic equilibrium, atoms would flow from the cold to the

hot side of the barrier. This assumes that the channel is small enough that only the zero viscosity

superfluid component of the atomic cloud could flow through it. Because no entropy and thus

no heat can be transported by a superfluid, heat could not flow from the hot side to the cold, and

therefore the temperature gradient can only be decreased by adding zero-entropy cold atoms to

the hot side from the cold side. In our studies we have seen that splitting the cloud into 2 halves

is easy, however viewing them separately in time of flight is challenging as they tend to overlap

as they expand. This was overcome by adding a kicking potential to force the two half-clouds to

pass through each other and separate. It was also challenging to find a method to reliably heat

one side of the atomic cloud without losing too many atoms to give a good signal. Finally, the

issue of the required channel width is so far unclear. If these issues can be resolved, the system

should be able to give a clear demonstration of this predicted effect. As another example of work

which may soon be performed on this apparatus, there is potential to investigate the superfluid

nature of BECs. Superfluids are characterised by their zero viscosity, and the fact that they do

not cause any drag effect on a normal fluid. However, it has been predicted [100] that there

is a dispersionless drag between separate superfluids, known as the ‘Andreev-Bashkin effect’.

In our system, because we use all optical trapping, we are able to make spinor Bose-Einstein

Condensates of 87Rb, which can be thought of as a collection of 3 independent BECs (one for

each magnetic Zeeman state). These 3 components can be separated spatially by performing a

Stern-Gerlach pulse (i.e. free-fall with a magnetic field gradient applied). In principle, it would

then be possible to phase imprint quantised vortices onto 2 or more of the components before

recombining them with the reverse Stern-Gerlach pulse. Observing any interaction between

vortices imprinted in different components would be strong evidence for the Andreev-Bashkin

Effect. Lastly, our system would be well placed to produce acoustic black holes (also known

as dumb holes). These are simulations of general relativistic black holes whereby an ‘event

horizon’ is generated by creating a region of fluid that moves faster than the local speed of

sound. In such a region, phonons would be unable to make progress and escape the fast moving
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region. By creating a potential step, a fluid can be separated into regions with different speeds

of sound (because the speed of sound is density dependent). If the step is then moved with a

speed between these two speeds of sound, in the frame of the step, one region is moving sub-

sonically, and the other supersonically. In implementations of this scheme, entangled Hawking

Radiation has been observed [101]. With our very flexible apparatus, it would be possible to

vary parameters such as the shape of the step, which may lead to new physics such as massive

Hawking radiation.
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