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ABSTRACT

Hydrodynamic cavitation is associated with broad and vital applications, including pump,

turbine, and propeller damage. Acoustic cavitation also has biomedical ultrasound, sono-

chemistry, and cavitation cleaning applications. This thesis includes three published journal

articles concerned with the dynamics of a single bubble in a viscous compressible liquid near

a rigid boundary at a moderately large Reynolds number of O(10-100) and the application

of bubble clouds in dental cleaning.

Chapter 3 explores the bubble dynamics near a rigid boundary for a Reynolds num-

ber of O(10-100) by experiments and simulations. A non-reŕective boundary condition is

proposed based on the far-őeld asymptotic behaviour. New mechanisms are found for the

development of bubble jetting, the vortex sheet, and the vortex ring.

In Chapter 4, numerical studies have been conducted for a scaler vibrating in a peri-

odontal pocket using ABAQUS based on the őnite element method. A parametric study has

been carried out in terms of the volume of the pocket, the taper ratio, and the immersion

depth of the scaler tip in the pocket.

In Chapter 5, we further analyse how the scaler’s amplitude, frequency, and cross-

sectional shape affect cavitation generation in the pocket to provide practical guidance for

optimising dental scaler settings, which can improve oral hygiene and prevent complications

related to dental implants.
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computation are R0 = 300 µm, Ṙ0 = 20 m/s and pb0 = 1500 Pa. Other

parameters used for calculations are ρ∞ = 998 kg/m3, ρref = 1.2 kg/m3,

p∞ = pref = 101315 Pa, µg = 1.73× 10−5 Pa · s, µl = 0.001 Pa · s, γh = 1.4, σ

= 0.072 N/m, and c = 1500 m/s. . . . . . . . . . . . . . . . . . . . . . . . . 34

vii



LIST OF FIGURES LIST OF FIGURES

3.5 Convergence tests in terms of various element numbers: 64356, 256719, 501671,

and 756954, for (a) the equivalent bubble radius Req histories and (b) the bub-

ble shapes. Parameters used for calculations are the same as in őgure 3.4. . . 35

3.6 The evolution of bubble shapes for a spherical bubble oscillating in the 1000cSt

silicone oil with the density ρl, the dynamic viscosity µl, and the surface

tension coefficient σ being 975 kg/m3, 0.975 Pa · s, and 0.021 N/m, respectively. 36

3.7 Comparison of the equivalent bubble radius Req history with the solution of

the Keller-Miksis equation for a spherical bubble oscillating in the 1000cSt

silicone oil for the case in őgure 3.6. Other parameters used for the Keller-

Miksis equation are pb0 = 659 Pa, R0 = 14.74 mm, pv = 31000 Pa, p∞ =

101315 Pa, γh = 1.4, σ = 0.021 N/m, and c = 950 m/s. . . . . . . . . . . . . 37

3.8 The evolution of bubble shapes for a bubble oscillating near a rigid boundary

in (a) water with the viscosity µl being 0.001 Pa · s, (b) 500cSt silicone oil

with the viscosity µl being 0.485 Pa · s, and (c) 1000cSt silicone oil with the

viscosity µl being 0.975 Pa · s at the dimensionless standoff distance γ ≈ 1.4.

The densities ρl are 998, 975, and 975 kg/m3, respectively. The surface tension

coefficients σ are 0.072, 0.021, and 0.021 N/m, respectively. The maximum

bubble radii Rmax attained in the experiment are about 16.35, 15.33, and

14.03 mm, respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

viii



LIST OF FIGURES LIST OF FIGURES

3.9 Comparison of bubble shapes between the computation and the experiment

for the bubble oscillating in the 500cSt silicone oil with the viscosity being

0.485 Pa · s at typical times (a) 1.90 ms, (b) 2.66 ms, (c) 3.16 ms, (d) 3.42 ms,

(e) 3.67 ms, and (f) 3.92 ms. Parameters used for the calculation are R0 = 10
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Chapter One

General introduction

1.1 Research background

Hydrodynamic cavitation occurs when the pressure within the liquid drops below its vapour

pressure, forming tiny vapour-őlled bubbles within the liquid [1]. Research interests concern-

ing cavitation bubbles can be categorised into two primary domains. Firstly, uncontrolled

cavitation can cause damage to hydraulic systems, such as propellers [2], hydro turbines [3],

and pumps [4]. Cavitation near these components often results in signiőcant noise, damage to

components, vibrations, and reduced efficiency [5, 6]. This damage mechanism is attributed

to shockwaves [7ś9] and bubble jetting [10ś12], both originating during the őnal stages of

bubble collapse. Thus, the primary focus of studying bubble dynamics is understanding how

cavitation can negatively impact these components [1, 13, 14].

Secondly, controlled cavitation has diverse practical applications. Ultrasonic cavi-

tation bubbles, a form of controlled cavitation, are generated by applying highly intense

focused ultrasound (HIFU). It has applications in the őeld of biomedical ultrasound [15, 16],

including drug delivery [17ś19], extracorporeal shockwave lithotripsy [20ś23], tissue abla-

tion [16, 24ś26], as well as oncology [27] and cardiology [28, 29]. Additionally, it is applied
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Chapter One

in sonochemistry [30ś33] and cavitation cleaning [34ś41]. In these applications, cavitation

bubbles absorb and focus a signiőcant amount of energy from ultrasound, resulting in shape

oscillations, strong shockwaves, forceful collapses, and intense bubble jetting [42].

1.2 Literature review

1.2.1 Single bubble dynamics

The dynamics of a single bubble has been extensively studied theoretically [43ś54], experi-

mentally [8, 9, 55ś61], and numerically [62ś68] for a long time. Experimental studies for the

bubble distributions of various cavitation structures (bubble őlaments, bubble clusters, and

acoustically cavitated jets) have shown a centroid at an equilibrium radius of approximately

2-4 µm [69]. Therefore, considering viscous effects is vital because the Reynolds number for

cavitation bubble dynamics is relatively small.

Previous studies have primarily focused on bubbles with radii of O(100) µm or larger,

with Reynolds numbers of O(103) or larger. Extensive experiments have been conducted

on bubbles with radii of approximately O(100) µm or larger [9, 24, 55, 56, 58, 70ś76].

This could be attributed to the fact that experimental investigations of cavitation bubbles,

with dimensions and durations on the order of O(1) µm and O(1) µs, are limited by the

requirement for high spatial and temporal resolution.

In numerical studies, the bubble dynamics of a single bubble has been extensively

modelled using the boundary integral method based on the potential ŕow theory [24, 62, 77ś

81] and the NavierśStokes equations coupled with various interface-capturing schemes [63,

66, 67, 82ś90]. These computations are carried out for Reynolds numbers of O(103) or larger.

One of the challenges in studying bubble dynamics by solving the NavierśStokes equations
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is the need for a large computational domain. To prevent the reŕection from the far őeld,

its typical dimension is on the order of O(100Rmax), where Rmax represents the maximum

bubble radius. Another challenge is that the mesh and temporal resolution must be őne

enough across the entire computational domain to model shockwave propagation accurately.

The loss of energy associated with the emission of shockwaves at the end of the collapse was

not accurately captured in the previous computations. This could be due to the mesh size

not being őne enough for simulating the radiation of shockwaves. In order to circumvent

this issue, a portion of the bubble’s potential energy was manually removed at the end of

the őrst cycle of oscillation to continue the computations and to achieve agreement with

experiments for the second cycle [88]. Therefore, any development in the numerical model

that can reduce the computational cost is highly desirable.

Furthermore, it is well known that the conditions inside a collapsing bubble essentially

determine the chemical consequences of cavitation [33, 91]. This collapse will not only occur

at rigid boundaries but also when two bubbles are in close proximity in the cloud. However,

the ŕuid mechanics of the bubble gas during the asymmetric collapse remains unclear.

1.2.2 Bubble clusters dynamics

In recent years, bubble cluster dynamics has attracted growing interest, as practical cavita-

tion phenomena are commonly linked to cloud cavitation [92]. Bubble clusters exhibit strong

bubble-bubble interactions, leading to a non-spherical collapse of nearly all bubbles within

the cluster. During the collapse of the bubble cluster, an inward-propagating shock wave

emerges from a single bubble, converging with its precursor towards the cluster’s centre. As

this shock passes other bubbles, it generates a large pressure pulse, inducing further bubble

collapse. The convergence of these shock waves results in a focal point of high-frequency

pressure oscillations and vigorous bubble collapses, leading to elevated pressure peaks sev-
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eral hundred times greater than those observed in individual bubble collapses, resulting in

a signiőcantly intense impact on materials [7, 93]. Understanding the dynamics of bubble

clusters will not only aid in comprehending the mechanisms of cavitation erosion but also

facilitate the utilisation of cavitation bubbles.

However, the detailed dynamics of these clusters suffers from a lack of understand-

ing due to the length scales of O(10) µm and time scales of O(1) µs during the őnal and

most destructive collapse stage, which pose challenges to measurement technologies in ex-

periments [7, 94ś98]. Many researchers use numerical methods to explore the dynamics of

bubble clusters [99ś101]. However, these methods can only consider simple or idealised ap-

plications as the dynamics of individual bubble particles in these methods are governed by

the Rayleigh-Plesset equations, which only account for a spherical bubble shape. Other ap-

proaches based on the boundary integral method [102] or a homogeneous mixture model solv-

ing the Navier-Stokes equations [98, 103, 104] can consider asymmetries and non-spherical

bubbles, capturing the dynamics of more realistic conőgurations. However, these methods

remain computationally demanding and are restricted to small-scale issues suitable for fun-

damental research purposes. Dealing with resolved bubble clouds composed of thousands of

bubbles requires extremely large computational grids. [105ś108].

For practical and engineering applications, cavitation bubble clusters are often mod-

elled using simpliőed homogeneous models [109ś111] and mass transfer rate models [112ś

118], disregarding bubble-bubble interactions and the consequent non-spherical deformation

of bubbles. Similar models can currently be found within commercial CFD software packages

and open-source CFD toolkits [119].
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1.2.3 Ultrasonic cavitation in dental cleaning

Ultrasonic dental scalers are essential to routine periodontal therapy for effectively removing

bacterial bioőlm (dental plaque) from teeth and dental implants [120]. The most effective

treatment for cleaning dental plaque bioőlms has yet to be established, although using ul-

trasonic instruments is recommended [121].

Cavitation, which involves the formation and collapse of microbubbles within a liq-

uid, occurs in the cooling water surrounding the tips of ultrasonic scalers [122ś126]. Clean-

ing effects result from various mechanisms when cavitation bubbles collapse, including the

formation of microjets during microbubble collapse that induces localised shear stress on

the bioőlm [34, 35, 127], shockwaves emitted during microbubble implosion [128], micro-

streamers, acoustic streaming in the bulk ŕuid, and microstreaming around individual cav-

itation bubbles as they oscillate [129]. This cavitation can be used to clean dental bioőlms

in a non-contact approach, proving beneőcial in hard-to-reach regions of the mouth, such as

within periodontal pockets, root furcation, and on artiőcial surfaces like dental implants.

Previous studies have conőrmed that cavitation occurs around dental scaler tips,

enhancing the cleaning process [37, 38, 122]. Enhancing the cavitation generated by an

oscillating scaler tip could pave the way for innovative clinical approaches to the cleaning

process. Manmi et al. [40] investigated the inŕuence of operation conditions of ultrasonic

dental scalers on cavitation generation around a scaler tip in an unbounded liquid using the

one-ŕuid, cut-off cavitation model. This model solves the governing equations for a single

phase, employed to represent two distinct phases of the ŕuid (such as water and vapour).

It treats the cavitation region as a homogeneous single-phase area with a constant total

pressure equal to the vapour pressure of water when the cavitation criterion is met [130].

However, the current understanding of cavitation behaviour remains limited when the scaler

tip is conőned, such as a scaler in a periodontal pocket. The effects of the conőned space’s
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shape, optimal operation conditions, and ideal scaler tip design remain unclear.

1.3 Thesis overview

This thesis addresses the bubble dynamics in a viscous, compressible liquid near a rigid

boundary and its application in cavitation dental cleaning. It includes three journal articles

that have been published. The thesis is structured as follows:

Chapter 2. Numerical models

The numerical models used in this study and some speciőc treatments have been

described in this chapter.

Chapter 3. The mechanisms of jetting, vortex sheet and vortex ring development

in asymmetric bubble dynamics

The viscous bubble dynamics for a Reynolds number of O(10-100) has been investi-

gated using experiments and computations.

Our collaborator in this study, Jie Cui, conducted experiments for electric spark-

generated bubbles in silicone oils with a high-speed camera, as the viscosity of silicone oils

is two to three orders of magnitude higher than that of water. In order to maintain the

same Reynolds number, bubble sizes in silicone oils are increased by two to three orders of

magnitude compared to those in water. To be speciőc, in order to conduct experiments for

bubbles with Re = O(10-100) in water, bubbles radii are O(1-10) µm. Similarly, for bubbles

with Re = O(10-100) in silicone oils, bubbles radii are O(1-10) mm. Another advantage of

using a high-viscosity liquid is that bubble surfaces in water often become unstable after the

őrst oscillation cycle. Bubble surfaces in silicone oil are more stable, and thus, more cycles

of oscillations may be observed and studied.

6



Chapter One

Our numerical simulations are based on the axisymmetric compressible Navier-Stokes

equations using OpenFOAM [131], following Koch et al. [63], Lechner et al. [67, 85] and Zeng

et al. [88]. A non-reŕective boundary condition is proposed based on the far-őeld asymptotic

behaviour obtained from the weakly compressible theory [81, 132, 133]. The newly proposed

boundary condition reduces the dimension of the computational domain tenfold. With this

reduction in domain size, a sufficiently őne grid can be used for the computational domain

to accurately capture the shockwaves’ radiation.

New mechanisms are found for the development of bubble jetting, the vortex sheet,

and the vortex ring. An initially located stagnation point at the bubble centre migrates from

the wall due to asymmetric bubble expansion and moves out of the bubble at approximately

the maximum bubble volume, a vortex sheet forming inside the bubble during this process.

As the vortex sheet approaches the bubble interface, it transfers momentum to the gas-

liquid interface, inŕuencing the liquid ŕow close to the bubble wall. The high-pressure zone

at the stagnation point drives the distal part of the bubble surface to collapse őrst and

fastest subsequently. The asymmetric collapse generates the circulation around the side

cross-section of the bubble, and a vortex ring thus develops within the bubble gas at the

outer rim of the vortex sheet as the vortex sheet itself decays. With its core inside the bubble

gas, the vortex ring functions like a bearing system in accelerating the jet. Bubble dynamics,

including jetting, shockwaves, and viscous shear stress, is analysed in terms of the Reynolds

number.

Chapter 4. Cavitation in a periodontal pocket by an ultrasonic dental scaler: a

numerical investigation

Using the őnite element method, cavitation in a periodontal pocket by an ultrasonic

dental scaler has been investigated using ABAQUS. The simulations consider the three-

dimensional, nonlinear, and transient interaction between the vibration and deformation of
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the scaler tip; the water ŕows around the scaler and the cavitation formation. The numerical

model is validated by comparing results with the experimental data for a scaler vibrating in

an unbounded liquid, the displacement at the scaler’s free end, and the cavitation pattern

near the scaler tip displaying excellent agreement. The amount of cavitation generated is

evaluated by the cavitation density (or the void fraction), the ratio of cavitation volume

occupied in the hole to the total hole volume.

Numerical results indicate that the cavitation density in the hole increases with the

decreasing hole volume and the increasing taper ratio. Cleaning effects could be increased

if some modiőcations to the scaler design could be made to increase the blocking effect of

the hole during the cleaning process. Cavitation is observed in the hole even if the scaler is

placed above the hole and increases with the immersion depth.

Chapter 5. Numerical investigation of cavitation in periodontal pockets: insights

for enhancing cleaning efficiency

Numerical investigations of cavitation in periodontal pockets have been conducted to

provide insights for enhancing cleaning efficiency in dental cleaning. This chapter describes

two developments to the research in Manmi et al. [40] and in chapter 3. Firstly, we account

for the inŕuence of the soft tissue of the periodontal pocket on cavitation development, which

better represents the practical clinical scenario. We model soft tissue by incorporating the

Ogden model [134, 135]. Secondly, we study the effects of the operation conditions of the

dental scaler and the scaler’s cross-sectional shape on cavitation generation to optimise the

design of ultrasonic scalers.

Numerical results indicate that cavitation is more pronounced for a scaler oscillating

near a nearly rigid boundary than a soft boundary. It increases with the vibration ampli-

tude because higher ultrasonic energy transfers to the liquid and generates stronger pressure

waves. The resonant frequency of the scaler coincides with the maximum cavitation and
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scaler tip amplitude. Reducing the dimension of the cross-section of the scaler in its oscil-

lation direction increases both the scaler tip amplitude and the cavitation generated. This

őnding offers a potential design approach for enhancing the scaler cavitation and its cleaning

effects.

Chapter 6. Summary, conclusions, and possible developments

Summary, conclusions, and possible developments are presented.

1.4 Original contributions clarification

The thesis is paper-based and contains both experimental and numerical studies. The au-

thor proposed a new non-reŕective far-őeld boundary condition and implemented it in Open-

FOAM. Additionally, the author implemented the Ogden model for hyperelastic materials

in ABAQUS. Based on these developments, numerical simulations were conducted to study

bubble dynamics and its application in dental cleaning in chapters 3-5. The experimental

study in chapter 3 is performed by the collaborator Prof. Jie Cui from Jiangsu University

of Science and Technology, China.
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Numerical models

2.1 Numerical Simulations of bubble dynamics using Open-

FOAM

OpenFOAM (Open Field Operation And Manipulation) is an open-source cell-centred őnite

volume computational ŕuid dynamics (CFD) toolbox developed initially at Imperial College

London by Jasak and Rusche [136, 137]. It comprises a collection of libraries and codes

written in C++ to address complex ŕuid ŕow problems.

2.1.1 Volume of ŕuid method for multiphase ŕow

Multiphase ŕows are common in nature and industrial applications. Modelling these ŕows is

challenging due to moving interfaces between different phases. Among various modelling ap-

proaches, the volume of ŕuid (VOF) method [138] is a popular and widely accepted technique

for capturing multiphase ŕow interfaces and has been incorporated into OpenFOAM.

(i) Interface indicator
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In the VOF method, multiphase ŕow interfaces are captured by assessing the fraction

of the computational cell volume occupied by each phase [138]. For gas-liquid two-phase

ŕow, the volume fraction of the liquid, αl, is deőned as the volume of liquid in the cell

divided by the total cell volume. Consequently, as shown in őgure 2.1, the value of αl can

fall into one of the following three conditions:

(1) αl = 1 the entire cell is őlled with liquid;

(2) αl = 0 the entire cell is őlled with gas;

(3) 0 < αl < 1 the cell is őlled with liquid and gas (interface region).

Figure 2.1: Volume of ŕuid approach.

The ŕuid density ρ and viscosity µ are expressed in terms of the volume fraction
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parameter αl of the liquid

ρ = αlρl + αgρg, µ = αlµl + αgµg, (2.1)

where αl + αg = 1, and the subscripts g and l denote the gas phase and the liquid phase,

respectively.

(ii) Continuity equation

Assuming no mass transfer between the two ŕuids, the mass conservation can be

expressed as a continuity equation for each phase

∂ (αiρi)

∂t
+∇ · (αiρiu) = 0, i = l, g, (2.2)

where u is the ŕow velocity.

The sum of the continuity equations for each phase leads to the overall continuity

equation
∂ρ

∂t
+∇ · (ρu) = 0. (2.3)

(iii) Transport equation of the interface indicator

Differentiating equation (2.2) for the liquid reveals

∂αl

∂t
ρl + αl

∂ρl
∂t

+ ρl (∇ · (αlu)) + αlu · ∇ρl = 0,

⇔ ∂αl

∂t
+∇ · (αlu) = −αl

ρl

(

∂ρl
∂t

+ u · ∇ρl
)

.
(2.4)

Furthermore, it is observed that

dρl
dt

= u · ∇ρl +
∂ρl
∂t
. (2.5)

where d/dt is the Lagrangian derivative.

We also know that
dρl
dt

=
dρl
dp

dp

dt
= ψl

dp

dt
, (2.6)
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where ψl = dρl
dp

is the compressibility of the liquid and p is the pressure.

Equation (2.4) may now be written as

∂αl
∂t

+∇ · (αlu) = −
αl
ρl

(

ψl
dp

dt

)

. (2.7)

This can be done for the gas phase as well so that

∂(αl + αg)

∂t
+∇ · ((αl + αg)u) = −

(

αl
ρl
ψl +

αg
ρg
ψg

)

dp

dt
, (2.8)

where ψg =
dρg
dp

is the compressibility of the gas.

As αl + αg = 1, we have

∇ · u = −

(

αl
ρl
ψl +

αg
ρg
ψg

)

dp

dt
. (2.9)

Equation (2.7) can be written as follows:

∂αl
∂t

+∇ · (αlu) = −
αl
ρl

(

ψl
dp

dt

)

= −αl

(

∇ · u+
ψl
ρl

dp

dt

)

+ αl (∇ · u) . (2.10)

Now inserting equation (2.8) into equation (2.10) gives us

∂αl

∂t
+∇ · (αlu) = −αl

(

−
(

αl

ρl
ψl +

αg

ρg
ψg

)

dp
dt
+ ψl

ρl

dp
dt

)

+ αl∇ · u

= αlαg

(

ψg

ρg
− ψl

ρl

)

dp
dt
+ αl∇ · u.

(2.11)

Furthermore, to avoid numerical dissipation and retain the sharpness of the interface,

it is necessary to include an artiőcial łinterface compressionž term −∇ · (αl (1− αl)uc) as a

source term on the right-hand side of equation (2.11) to ensure that the interface does not

dissolve numerically.

In the above, uc is a specially treated vector őeld only acting on the interface

uc = cα |u|n, (2.12)
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where cα controls the compression of the interface. As the interface dispersion speed cannot

exceed the mixture velocity near the interface in a realistic situation [139], the magnitude of

uc is constrained to the maximum velocity at the interface and cα should not exceed 1 and

is often set as 1 to retain the sharpness of the interface. n is the unit normal vector at the

interface and can be calculated using the volume fraction αl

n =
∇αl
|∇αl|

. (2.13)

Equation (2.11) now looks like

∂αl
∂t

+∇ · (αlu) = αlαg

(

ψg
ρg

−
ψl
ρl

)

dp

dt
+ αl∇ · u−∇ · (αl (1− αl)uc) . (2.14)

In OpenFOAM code, it is written as

∂αl
∂t

+∇ · (αl (u+ (1− αl)uc)) = αl (1− αl)

(

ψg
ρg

−
ψl
ρl

)

dp

dt
+ αl∇ · u. (2.15)

(iv) Momentum equation

The compressible Navier-Stokes equation reads

∂ (ρu)

∂t
+∇ · (ρuu) = −∇p+∇ · τ + fst, (2.16)

The second term on the right-hand side of equation (2.16) is the viscous term. The viscous

stress tensor of a Newtonian ŕuid

τ = µ

(

∇u+∇u
T −

2

3
(∇ · u)I

)

, (2.17)

where I is the unit tensor. The third term fst represents the surface force acting at the

interface of two ŕuids.

The inŕuence of surface tension is incorporated into the momentum equation following

the continuum surface force (CSF) model of Brackbill et al. [140]. The CSF surface tension

model can be evaluated as

fst = σκ∇αl (2.18)
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where κ = −∇ · n is the curvature at the interface and the unit normal to the interface

n = ∇αl

|∇αl|
, where the gradient of volume fraction ∇αl ensures that the surface tension force

is only applied in the interface region.

(v) Equations of state for the gas and the liquid

The Tait equation [141] is adopted for the liquid phase

ρl = ρ∞

(

p+B

p∞ +B

)1/nT

, (2.19)

where nT = 7.15 and B = 3.046 × 108 Pa. p∞ and ρ∞ are the undisturbed pressure and

density of the liquid.

The oscillation of the bubble gas is assumed to be adiabatic

ρg = ρref

(

p

pref

)1/γh

, (2.20)

where ρref and pref are the reference density and pressure of the bubble gas, and γh is the

ratio of the speciőc heats of the gas, which is assumed to be constant over the time of the

observation [142].

2.1.2 Bubble dynamics and multiphase ŕow

Bubble dynamics is a highly complex aspect of multiphase ŕow. Therefore, we utilise the

numerical model described above to simulate bubble oscillation. Speciőc treatments in our

simulations are outlined as follows.

(i) Numerical technique for axisymmetric problem in OpenFOAM

The ŕow őeld of bubble collapse near a wall is axisymmetric, meaning the őelds

remain unchanged in the circumferential direction. In such cases, the computational mesh

can consist of a wedge-shaped slice of the ŕow geometry. This type of mesh for axisymmetric
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solutions contains one cell across the circumferential direction, reducing the number of cells

to two dimensions in the axial and radial directions, as illustrated in őgure 2.2. The wedge

boundary condition is applied to the two sloping side patches.

Figure 2.2: Wedge-shaped computational domain.

Figure 2.3: Computation of values at the wedge boundary.

As illustrated in őgure 2.3, the cell value ΩP is transformed to the patch faces using

a rotational transformation tensor R by

Ωf = G (Rf ,ΩP ) , (2.21)

where P denotes the present cell, Rf deőnes a rotation between the unit vector nP in the
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circumferential direction at the cell centre and the unit face normal vector nf by nf = Rf ·nP

and can be calculated using the Euler-Rodrigues rotation formula,

Rf = nP · nfI+ (1− nP · nf )kfkf + nfnP − nPnf , (2.22)

where kf =
nP×nf

|nP×nf |
. G is the geometric transformation which can be calculated as follows:

(1) G (Rf ,ΩP ) = ΩP for scalar ΩP ;

(2) G (Rf ,ΩP ) = Rf ·ΩP for vector ΩP ;

(3) G (Rf ,ΩP ) = Rf ·ΩP ·RT for tensor ΩP .

The gradient at the face ∇Ωf is calculated from ΩN in an imaginary neighbour cell by

∇Ωf =
1

|2d|
[G (RN ,ΩP )−ΩP ] , (2.23)

where N is the neighbour cell and the rotation between cell centre RN = Rf ·Rf .

(ii) Regarding the surface tension force

In numerical simulations in this research, the surface tension coefficient is set to

zero to neglect the surface tension force at the bubble surface based on the following two

considerations:

Firstly, the continuum surface force (CSF) model has been employed in the volume of

ŕuid method to capture the bubble surface. As depicted in equation (2.18), determining the

local curvature and the interface normal vector poses challenges due to the discontinuous na-

ture of void fraction αl, which hinders the application of conventional discretisation schemes.

Inconsistent calculation of the surface tension force can result in parasitic currents. These

artefacts signiőcantly restrict the capability of the volume of ŕuid approach, representing

a limitation of the method rather than a numerical inaccuracy [143]. In certain scenarios,

parasitic currents may induce strong vortices at the interface without external forcing, poten-
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tially leading to catastrophic instability or breakup. Issues with parasitic currents commonly

arise in ŕows with high-density ratios, such as two-phase ŕows of bubbles in the water.

Secondly, viscous effects become signiőcant when bubbles are tiny. However, lower

accuracy in surface tension simulation can lead to parasitic currents at the interface and

even instability of the bubble surface, especially when the bubble is small. To address this,

a compromise is made in the current research by studying viscous effects through increased

viscosity of the liquid in the simulation while maintaining the bubble at a moderately large

radius. This approach allows for studying the viscous behaviour of smaller bubbles in water

by applying Reynolds number similarity. However, surface tension remains important for

smaller bubbles. Achieving Weber number similarity is not guaranteed in this scenario, and

dynamic similarity does not strictly apply. The surface tension force has been neglected in

numerical simulations to mitigate this issue.

However, neglecting the surface tension force has consequences that must be ad-

dressed. Reduced surface tension decreases resistance to interface deformation according to

Laplace’s law. Compared to smaller bubbles in water where surface tension effects are signif-

icant, ignoring the surface tension force in simulations may result in more intense gasśliquid

interface deformation and a more concentrated micro-jet during bubble collapse [144]. Ad-

ditionally, less surface energy is accumulated during cavitation bubble collapse with lower

surface tension, leading to weakened collapse intensity and reduced collapse pressure [145].

(iii) Mass conservation correction

It has been noted that due to the segregated nature of the solver for compressible

multiphase ŕow in OpenFOAM, the mass of the bubble undergoes an error over time [63,

146, 147]. To avoid the accumulation of numerical error for the mass of the bubble gas, the

density of gas is updated using global mass correction, following Koch et al. [63, 147]:
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Assuming that the error occurs homogeneously all over the bubble gas, we enforce

the conservation of the mass of the gas phase as follows:

Initially, the mass of the bubble gas is evaluated by

m (0) = ρg (0)V (0) , (2.24)

where ρg (0) and V (0) are the density of the gas phase and the volume of the bubble at

t = 0.

Similarly, the mass of the bubble gas at time t can be calculated by

m (t) = ρg (t)V (t) , (2.25)

Assuming no mass transfer between phases, we have

m (t) = m (0) . (2.26)

Therefore, the density of the bubble gas at time t can be calculated by

ρg (t) =
ρg (0)V (0)

V (t)
. (2.27)

Here, the density of the bubble gas ρg is assumed to be uniform in space. This approach has

been validated by comparison to the experimental data for both spherical and non-spherical

bubble cases as a mass error compensation [63, 148]. The disadvantage is that when the

bubble collapses into fragments for non-spherical cases, each fragment is treated the same,

regardless of the pressure inside the fragments [147].

2.2 Numerical simulation of ultrasonic cavitation using

ABAQUS

ABAQUS is a commercial software package for őnite element analysis, facilitating the analy-

sis of ŕuid-structure interaction problems, including scenarios involving cavitation, where the
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absolute pressure reaches a critical threshold, using the coupled acoustic-structural analysis

strategy. This approach, increasingly employed in recent years, addresses ŕuid-solid coupling

problems. In these simulations, solid elements such as C3D8 (Continuum, 3D, 8-node) are

employed to model the structure, while acoustic elements like AC3D4 (Acoustic, Continuum,

3D, 4-node) are utilised for the liquid phase.

2.2.1 Governing equations

(i) Governing equation of the structure and its weak form

Suppose the structure Vs with surface Ss under the action of the body force fb obeys

the isotropic linear elastic theory. Its displacement us satisőes the linear momentum equation

[149]

∇ · σs + ρsfb = ρsüs, (2.28)

where ∇ represents the nabla operator, σs and ρs are the stress tensor and density of the

structure, respectively, and üs is the second order time derivative of us denoting the accel-

eration.

Introducing an arbitrary variation displacement őeld δus, which adheres to the bound-

ary conditions imposed on us, ensuring consistency of behaviour at the boundaries, and

integrating equation (2.28) over the structural domain Vs, an equivalent weak form for the

linear momentum equation of the structure can be obtained

∫

Vs

δus · [∇ · σs + ρs (fb − üs)]dV = 0. (2.29)

Neglecting all body forces fb (such as damping, gravity) and integrating equation (2.29) by

parts gives us
∫

Vs

[∇ · (δus · σs) δus − σs · (∇ · δus)− ρsüsδus]dV = 0. (2.30)
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Using the Gauss theorem with the gradient identity for the őrst term on the left side of

equation (2.30) gives us

∫

Ss

δus · σs · n
−dS −

∫

Vs

σs · (∇ · δus) dV −

∫

Vs

ρsüsδusdV = 0. (2.31)

Given the surface traction t = n
− · σs, equation (2.31) can be written as

∫

Vs

ρsüsδusdV +

∫

Ss

σs · (∇ · δus) dV−

∫

Ss

δus · tdS = 0, (2.32)

where n
− is the unit outward normal to the structure surface.

Considering the external surface pressure from the liquid on the ŕuid-structure inter-

action, the virtual work can be calculated as

δW =

∫

Sfs

psδus · n
−dS, (2.33)

where ps is the pressure acting on the ŕuid-structural interface Sfs. The weak form of the

governing equation for the structure, accounting for ŕuid-structure interaction, can thus be

expressed as

∫

Vs

ρsüsδusdV +

∫

Vs

σs · (∇ · δus) dV +

∫

Sfs

psδus · n
−dS−

∫

Ss−Sfs

δus · tdS = 0. (2.34)

(ii) Governing equation of the ŕuid and its weak form

Assume that the liquid Vf with surface Sf is inviscid, compressible and irrotational.

The momentum equation of the ŕow experiencing velocity-dependent momentum losses can

be expressed as [25, 149ś151]

∇pf + γu̇f + ρf üf = 0, (2.35)

with the linear constitutive behaviour of the liquid,

pf = −Kf∇ · uf , (2.36)
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where γ is the volumetric drag, which is neglected in our calculations as it is small compared

with the ŕuid inertia, pf is the pressure in the ŕuid, uf , u̇f and üf are the displacement,

velocity and acceleration of the ŕuid particle, respectively, ρf is the density of the ŕuid, and

Kf represents the bulk modulus of the ŕuid.

To obtain the partial differential equation used in direct integration transient analysis

in terms of pressure pf , equation (2.35) is divided by ρf and the divergence is evaluated with

respect to x, where x is the spatial position. In the absence of the volumetric drag, the

result is then combined with the time derivatives of equation (2.36), which results in

1

Kf

p̈f −∇ ·

(

1

ρf
∇pf

)

= 0, (2.37)

where p̈f is the second order time derivative of pf . This is the linear wave equation for the

pressure őeld pf .

Introducing an arbitrary variation őeld δp, which adheres to the prescribed boundary

conditions of pf ensuring uniform behaviour across the boundaries, and integrating equation

(2.37) over the whole ŕuid domain Vf , an equivalent weak form for the equation of motion

of the ŕuid can be obtained as follows:

∫

Vf

(

1

Kf

p̈f −∇ ·
∇pf
ρf

)

δpdV = 0. (2.38)

Integrating equation (2.38) by parts gives us

∫

Vf

1

Kf

p̈fδpdV +

∫

Vf

1

ρf
∇δp·∇pfdV −

∫

Vf

∇ ·

(

∇pf
ρf

δp

)

dV = 0. (2.39)

Using the Gauss theorem for the last term on the left side of equation (2.39) gives us

∫

Vf

1

Kf

p̈fδpdV +

∫

Vf

1

ρf
∇δp·∇pfdV −

∫

Sf

n
− ·

∇pf
ρf

δpdS = 0. (2.40)

Given the boundary traction T (x) = −
n
−·∇pf
ρf

, the weak form of the governing equation for
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the ŕuid can thus be expressed as
∫

Vf

(

1

Kf

p̈fδp+
1

ρf
∇δp · ∇pf

)

dV +

∫

Sf

T (x)δpdS = 0. (2.41)

(iii) Fluid-structure interaction modelling

The surface-based interaction is utilised to account for ŕuid-structure interaction.

This capability is suitable for structural and acoustic meshes with disparate node numbering

and non-coincident surface meshes [149].

The transient expressions for the coupled acoustic-structural problem are equations

(2.34) and (2.41). The ŕuid-structure coupling condition on the ŕuid-structure interface Sfs

n
− · ∇pf
ρf

+ n
− · üf = 0 (2.42)

is enforced at the ŕuid nodes. The displacement of the ŕuid nodes on the ŕuid-structure

interface is constraint by the structure nodes, and the pressure on the interface is evaluated

by
∫

Sfs

(

n
− · ∇pf
ρf

+ n
− · üf

)

δpdS = 0. (2.43)

2.2.2 Modelling of cavitation

As the detailed micro-processes of cavitation generation remain elusive [14], the one-ŕuid,

cut-off cavitation model is employed to model the generation of vaporous cavitation [1, 40,

152ś154].

It assumes that cavitation happens instantaneously when the absolute pressure in the

liquid is smaller than a threshold pc. After considering cavitation, the pressure pf in the

liquid follows

pf = max {pf , pc} . (2.44)
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The one-ŕuid, cut-off cavitation model solves the governing equations for a single

phase, which are used to represent two separate phases of the ŕuid (e.g., water and vapour). It

treats the cavitation region as a homogeneous single-phase area with a constant total pressure

equal to the ŕuid’s vapour pressure once the cavitation criterion is met [130]. Although the

vapour phase of cavitation is not explicitly considered and is determined by the volume of

the region where the pressure falls below the saturated vapour pressure, and the density of

cavitation remains the same as that of the ŕuid and does not change during calculations, the

model has successfully approximated global cavitation zones predicted by cavitation models

that include phase transition [155, 156].
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The mechanisms of jetting, vortex sheet

and vortex ring development in

asymmetric bubble dynamics
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3.1 Introduction

Based on the following considerations, this chapter studies the viscous bubble dynamics for

a Reynolds number of O(10-100). Firstly, viscous effects are essential for cavitation bubbles,

whose population comprises mainly tiny bubbles [69]. Secondly, extensive studies have been

focused mainly on bubbles with radii of O(100) µm or larger with Re = O(103) or larger [9,

24, 55, 56, 58, 62, 63, 66, 67, 70ś77, 79ś90]. Thirdly, it is well known that the conditions

inside a collapsing bubble essentially determine the chemical consequences of cavitation [33,

91]. Our research will accurately simulate the ŕuid mechanics of the bubble gas during the

asymmetric collapse for the őrst time.

The remainder of this chapter is organised as follows. The experiment setup and

the numerical model are described in section 3.2. In section 3.3, experimental results are

presented for oscillations of both spherical and non-spherical bubbles. Numerical studies are

further performed for bubble dynamics near a rigid boundary in section 3.4, which correlates

well with the experimental data, and viscous effects on bubble dynamics are discussed.

Finally, the summary of this chapter is given in section 3.5.

3.2 Methodology

In this section, we describe both the experiment setup and the computational model. The

experiment uses a high-speed camera for electric spark-generated bubbles in silicone oils.

The computational model is based on the volume of ŕuid method for two-phase viscous

compressible ŕows.
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3.2.1 Experiment

The experiment is carried out for electric spark-generated bubbles in silicone oils. Figure

3.1(a) illustrates the experimental setup used to generate a cavitation bubble and record

its dynamics. The experiment is performed in a cubic acrylic container (0.3 m × 0.3 m ×

0.6 m) őlled with the liquid (water or silicone oils) to a depth of 0.2 m. The container is

illuminated by a 2 kW LED non-strobe lamp positioned on the opposite side of the camera,

passing through a white frosted glass őlm and a soft light plate. This arrangement allows

for a more uniform projection of the light source. The images of the cavitation bubble are

captured by a VRI-Phantom V611 high-speed camera working at 7900 frames per second

(FPS) for 1280 × 800 resolution.

Figure 3.1: (a) Experimental setup used to generate a cavitation bubble and record its

dynamics. (b) Underwater discharge circuit.

As shown in őgure 3.1(b), the bubble is generated by an electric spark device. It

comprises a 205 V DC power supply, a 1 kΩ resistor, a 6600 µF capacitor, and overlapping

electrodes made of copper alloy. As mentioned in Cui et al. [157], electrodes extending

from the capacitor poles are crossed and touched at their other ends in the liquid. Upon

activating switch K1, the capacitor is charged to 205 V to convert 220 V AC into 205 V

DC. Subsequently, switch K1 is deactivated and switch K2 is engaged. This discharges the
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electronic energy instantaneously, leading to heating at the cross point, bubble generation,

and simultaneous activation of the information acquisition button on the high-speed camera.

The copper alloy wires, with a thin radius of 0.1 mm compared to the bubble radius of

approximately 15 mm, are anticipated to have a minimal impact on the bubble dynamics.

Figure 3.2 shows the conőguration of a bubble in the container in the experiment.

The dimensionless standoff distance γ is deőned as D/Rmax, where D is the distance from

the centre of the initial bubble to the bottom of the container and Rmax is the maximum

bubble radius attained in the experiment. As the bubble is about 7Rmax -10Rmax from the

side walls of the container and the free surface, their effects on bubble dynamics are assumed

to be negligible as the amplitude for the spherically symmetric shockwaves emitted by the

bubble depends on the reciprocal of the distance travelled.

Figure 3.2: Sketch of the bubble in a container őlled with the liquid in the experiment.

We choose the length scale Rmax and the pressure scale p∞ − pv, where p∞ is the

hydrostatic pressure of the liquid, and pv is the partial pressure of vapour inside the bubble.

The Reynolds number and the Weber number of the bubble are deőned as

Re =
Rmax

√

ρ∞ (p∞ − pv)

µl
,We =

Rmax (p∞ − pv)

σ
, (3.1)

where ρ∞ is the undisturbed density, µl is the dynamic viscosity, and σ is the surface tension
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coefficient of the liquid.

3.2.2 Numerical simulation

(i) Numerical model

The governing equations of the numerical model have been fully described in chapter

2. Therefore, in this subsection, we will introduce the non-reŕective boundary condition pro-

posed based on the asymptotic behaviour, which reduces the dimension of the computational

domain tenfold.

A őnite truncated domain is necessary for numerical modelling to represent the inőnite

liquid domain. To ensure the non-reŕection of shockwaves at the external boundary, a large,

truncated domain with the dimension being about 100Rmax is necessary [67, 83, 85], leading

to a considerable demand for computational resources. Here, Rmax is a bubble’s maximum

radius in an unbounded, incompressible, inviscid liquid. In the following, we formulate the

far-őeld boundary condition using the asymptotic solution to reduce the size of the truncated

domain and avoid the unphysical reŕection of shockwaves at the external boundary.

Wang and Blake [132, 133] developed the weakly compressible theory for non-spherical

bubble dynamics based on the compressible potential ŕow theory, using the method of

matched asymptotic expansions. They obtained the asymptotic analytic solution for the

ŕow far away from a bubble oscillating near a rigid ŕat boundary, in terms of the velocity

potential ϕ(r, t)

ϕ (r, t) = −
1

2πr
V̇ (t− r/c) , (3.2)

where V (t) is the transient bubble volume at time t, the over dot denotes the derivative in

time t, r is the distance from a őeld point in the far őeld to the geometrical centre of the

bubble, and c is the speed of sound in the liquid. The liquid velocity u (r, t) in the far őeld
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is given as follows:

u (r, t) = u (r, t) er =

(

1

2πr2
V̇ (t− r/c) +

1

2πcr
V̈ (t− r/c)

)

er, (3.3)

where er is the unit vector from the initial bubble centroid to the őeld point considered.

The far-őeld asymptotic solution (3.3) is obtained based on the potential ŕow theory

but stands for the present viscous model, which is justiőed as follows. The viscous ŕow

velocity u (r, t) has the following Helmholtz’s decomposition:

u = ∇ϕ+∇×A. (3.4)

The őrst component is irrotational and described by a scalar potential ϕ(r, t). The second

part is rotational, accounting for all the vorticity of the ŕow, and is described by a vector

potential A. To make this decomposition unique, it is assumed that ∇ ·A = 0. The vector

potential A can be expressed in terms of the vorticity ω (r, t) as follows:

A =
1

4π

∫

Ω

ω (r′, t)

|r− r′|
dV ′. (3.5)

In this expression, r is the őeld point, and r
′ is the position of integration element dV ′ (the

source point). The integral domain Ω is the part of the liquid domain, where the vorticity

is nonzero, with a length scale of Rmax.

Klein and Ting [158] analysed the far-őeld asymptotic behaviour due to vorticity

within a őnite domain, with the following result

A = O
(

r−2
)

, r → ∞. (3.6)

The velocity contribution stemming from the rotational component is of O (r−3), and decays

faster than the velocity contribution of O (r−2) originating from the irrotational component.

The far-őeld behaviour of the velocity magnitude is thus given by equation (3.3) to the őrst

two orders of approximation.
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The pressure at the far őeld is obtained from the Bernoulli equation

p = p∞ −
1

2
ρlu

2 + pd, (3.7)

where pd (r, t) = −ρl
∂ϕ
∂t

= ρl
2πr
V̈ (t− r/c). We have

T
∫

0

pd (r, t) dt =
ρl
2πr

T
∫

0

V̈ (t− r/c) dt =
ρl
2πr

(

V̇ (T − r/c)− V̇ (0− r/c)
)

=
ρl
2πr

V̇ (T − r/c) .

(3.8)

Here we used V̇ (−r/c) = 0, as the bubble oscillation has not started at time t = −r/c.

Substituting equations (3.7) and (3.8) into equation (3.3) yields

cρlu (r, T ) =
c

r

T
∫

0

pd (r, t) dt+pd (r, T ) . (3.9)

This equation is similar to the early-time approximations obtained for the ŕuid-structure

interaction by Felippa [159].

Initially, the bubble is spherical, and the ŕow őeld can be approximated using the

method of images

ϕ (r, t) = −
1

4πr
V̇ (t− r/c)−

1

4πr2
V̇ (t− r2/c) , (3.10)

where r2 is the distance from a point considered to the image of the initial bubble centroid

in the ŕat rigid boundary. The initial velocity őeld is obtained using ∇ϕ, and the initial

pressure őeld is obtained using the Bernoulli equation (3.7). The őrst and second order time

derivatives of the bubble volume are obtained from the Keller-Miksis equation for a spherical

bubble [50], the derivation of which has been described in Appendix B.

(ii) Numerical setup

Consider an initially spherical bubble of high internal pressure inserted into the liquid at a

standoff distance D from the boundary. As the computations are axisymmetric, a wedge-

shaped domain with an opening angle of 2 degrees is constructed, with one cell wide in
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the azimuthal direction. The two planes shown in őgure 3.3(a) are set as the wedge type

in OpenFOAM to ensure axial symmetry. The essentially two-dimensional computational

domain is bounded by the axis of symmetry, the ŕat rigid non-slip wall, and the non-reŕective

boundary at a distance of Rdmn to the origin in all directions.

Figure 3.3(b) shows the meshing block’s cross-sectional view. The grid spacing is

uniform in a rectangular domain within the initial bubble. Outside this rectangle, the domain

is split as O-block with the spacing growth rate being 1.01. The mesh near the rigid wall

is reőned to capture the ŕow within the viscous boundary layer. Figure 3.3(c) shows a

schematic diagram of the computational mesh. The adaptive time step is chosen to satisfy

the CFL condition [160] with the maximum Courant number being 0.02 when capturing the

shockwaves.

Figure 3.3: Sketch of the geometry and the boundary conditions used for the simulations

of bubble dynamics near a rigid boundary. (a) 3D view of the truncated computational

domain, (b) 2D projection of the computational domain in the Oxz -plane. An initially

spherical bubble of high internal pressure is inserted into the liquid at a distance D from the

boundary, and (c) a schematic diagram of the computational mesh.

(iii) Numerical validation
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Validation of the non-reŕective boundary condition at the far őeld. Firstly, we

validate the effectiveness of the non-reŕective boundary condition at the far őeld. The case

considered is a bubble with the maximum radius Rmax = 600 µm at the dimensionless

standoff distance γ = D/Rmax = 1.1. The initial conditions are R0 = 300 µm, Ṙ0 = 20 m/s

and pb0 = 1500 Pa. The caption to őgure 3.4 provides other parameters used for calculations.

This case is calculated with the computational domains being Rdmn = 10Rmax and 100Rmax,

respectively. Figure 3.4 displays the excellent agreement for the equivalent bubble radius

history Req = (3V/4π)1/3, although one domain size is ten times larger than the other one.

The CPU time is about 50 hours and 71 hours for Rdmn = 10Rmax and 100Rmax respectively,

with the Courant number being 0.5. This conőrms the accuracy and effectiveness of the

non-reŕective boundary condition at the far őeld. Consequently, the domain size is set to

Rdmn = 10Rmax for the remaining computations.

Convergence tests. The convergence tests are carried out for various element numbers,

with the results displayed in őgure 3.5(a) for the time histories of the equivalent bubble radius

Req and őgure 3.5(b) for the bubble shapes at its maximum volume during the second cycle

of oscillation. The őgures display the convergence of the numerical model. The results for

the two higher resolutions, N = 501671 and 756954, are almost identical for the equivalent

bubble radius histories and the bubble shapes. Therefore, N = 501671 is chosen for all the

remaining calculations.
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Figure 3.4: Comparison of the equivalent bubble radius histories Req obtained from different

computational domain sizes 10Rmax and 100Rmax respectively, for a bubble with the max-

imum radius Rmax = 600 µm at the dimensionless standoff distance γ = 1.1 from a rigid

boundary. The initial conditions for the computation are R0 = 300 µm, Ṙ0 = 20 m/s and pb0

= 1500 Pa. Other parameters used for calculations are ρ∞ = 998 kg/m3, ρref = 1.2 kg/m3,

p∞ = pref = 101315 Pa, µg = 1.73× 10−5 Pa · s, µl = 0.001 Pa · s, γh = 1.4, σ = 0.072 N/m,

and c = 1500 m/s.

3.3 Experimental results

3.3.1 Spherical bubble oscillation in the silicone oil

We őrst consider a bubble oscillating in an equivalent unbounded domain in the 1000cSt

silicone oil with the density ρl, the dynamic viscosity µl, and the surface tension coefficient σ

34



Chapter Three

Figure 3.5: Convergence tests in terms of various element numbers: 64356, 256719, 501671,

and 756954, for (a) the equivalent bubble radius Req histories and (b) the bubble shapes.

Parameters used for calculations are the same as in őgure 3.4.

being 975 kg/m3, 0.975 Pa ·s, and 0.021 N/m, respectively. Figure 3.6 shows the evolution of

bubble shapes for two oscillation cycles. The bubble retains a nearly spherical shape during

the oscillations. Figure 3.7 compares the equivalent bubble radius Req with the solution of

the Keller-Miksis equation (B.26), where pb0 = 659 Pa, R0 = 14.74 mm, p∞ = 101315 Pa, γh

= 1.4, σ = 0.021 N/m, and c = 950 m/s. As the temperature of the gas is high as a result

of the thermal decomposition within the bubble induced by the copper wire, the vapour

pressure pv is set as 31000 Pa in the Keller-Miksis equation to őt with the oscillation period

in the experiment. There is good agreement between the experimental results and the Keller-

Miksis equation. This agreement justiőes the accuracy of the experimental measurements

and the Newtonian ŕuid model with the parameters used in the calculation.
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Figure 3.6: The evolution of bubble shapes for a spherical bubble oscillating in the 1000cSt

silicone oil with the density ρl, the dynamic viscosity µl, and the surface tension coefficient

σ being 975 kg/m3, 0.975 Pa · s, and 0.021 N/m, respectively.

3.3.2 Bubble oscillation near a rigid boundary in silicone oils

The dynamics of bubbles near a rigid boundary is now under investigation within three

distinct media: water, 500cSt silicone oil, and 1000cSt silicone oil. Properties of the three

liquids are listed in table 3.1. The dynamic viscosities of 500cSt and 1000cSt silicone oils are

0.485 Pa · s and 0.975 Pa · s, being much larger than the water viscosity 0.001 Pa · s.

Type of Liquid ρl(kg/m
3) µl(Pa · s) σ(N/m) Re We Rmax(mm) P1(ms)

Water 998 0.001 0.072 1.63× 105 2.25× 104 16.35 4.18

500cSt Silicone Oil 975 0.485 0.021 3.08× 102 7.23× 104 15.33 3.80

1000cSt Silicone Oil 975 0.975 0.021 1.41× 102 6.62× 104 14.03 3.54

Table 3.1: Properties of the liquids used in the experiment, the Reynolds and Weber numbers,

the corresponding maximum equivalent bubble radius Rmax, and the period for the őrst

oscillation cycle P1.
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Figure 3.7: Comparison of the equivalent bubble radius Req history with the solution of the

Keller-Miksis equation for a spherical bubble oscillating in the 1000cSt silicone oil for the

case in őgure 3.6. Other parameters used for the Keller-Miksis equation are pb0 = 659 Pa,

R0 = 14.74 mm, pv = 31000 Pa, p∞ = 101315 Pa, γh = 1.4, σ = 0.021 N/m, and c = 950

m/s.

Figure 3.8 displays the dynamics of a bubble near a rigid ŕat boundary located at the

bottom of each frame for γ ≈ 1.4 in (a) water, (b) 500cSt silicone oil, and (c) 1000cSt silicone

oil, respectively. As depicted in őgure 3.8(a), the bubble in water initially undergoes spherical

expansion in frames (a1)-(a3). Subsequently, it collapses into a vertically elongated prolate

spheroid in frames (a3)-(a7). The bubble then collapses predominantly from the upper

surface in frames (a7)-(a9). A jet forms and penetrates the bubble during the early stages

of the rebound in frame (a9). As the bubble rebounds, the jet penetrates the liquid between
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Figure 3.8: The evolution of bubble shapes for a bubble oscillating near a rigid boundary in

(a) water with the viscosity µl being 0.001 Pa · s, (b) 500cSt silicone oil with the viscosity

µl being 0.485 Pa · s, and (c) 1000cSt silicone oil with the viscosity µl being 0.975 Pa · s

at the dimensionless standoff distance γ ≈ 1.4. The densities ρl are 998, 975, and 975

kg/m3, respectively. The surface tension coefficients σ are 0.072, 0.021, and 0.021 N/m,

respectively. The maximum bubble radii Rmax attained in the experiment are about 16.35,

15.33, and 14.03 mm, respectively.

the bubble and the wall, eventually impacting the wall in frames (a9)-(a12). It subsequently

re-collapses and migrates to the wall in frames (a12)-(a18) when the instability develops at

the bubble surface. The bubble disintegrates towards the end of the second cycle.
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Figures 3.8(b) and 3.8(c) display similar features for the bubble dynamics in silicone

oils. As in the case of water, the bubble expands spherically, őrst collapsing to a prolate

spheroid, which is elongated vertically and then collapsing predominantly from the upper

surface. With much larger viscosities, the bubble maximum radii are smaller in silicone

oils, 15.33 mm and 14.03 mm in 500cSt and 1000cSt silicone oils, compared to 16.35 mm in

water. This is because of the more signiőcant damping effects in silicone oils. Accordingly,

the periods of the őrst cycle are smaller in silicone oils, being 3.80 and 3.54 ms in 500cSt

and 1000cSt silicone oils, compared to 4.18 ms in water.

As in the case of water, a jet forms during the early rebounding of the bubble, pene-

trating the bubble and then impacting the wall. However, the maximum bubble volume in

the second cycle is larger than in water. The bubble then re-collapses and migrates to the

wall due to the Bjerknes force of the rigid boundary. In contrast to the scenario in water, the

bubble maintains stability during the second cycle in the case of silicone oils. As a result, the

jet is visible in frames (b11)-(b12) of őgure 3.8(b) and frames (c12)-(c14) of őgure 3.8(c). A

protrusion of bubble gas encloses and follows the jet after the jet has penetrated the bubble.

3.4 Numerical results

Computational results are presented and discussed in this section. This includes the valida-

tion of the computational model with experiments. Attention is paid to the generation and

evolution of vortex sheets, vortex rings, ŕow őelds, shockwave propagation, jet development

and impact on the rigid boundary, and the shear stress at the rigid boundary. These details

are either unavailable or difficult to obtain from experiments.
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3.4.1 Comparisons with experiments

We őrst compare the numerical results with our experimental results for the bubble oscillating

in the 500cSt silicone oil with the viscosity being 0.485 Pa · s and Reynolds number being

3.08× 102 at the dimensionless standoff distance γ ≈ 2.0. The computational domain size is

10Rmax and parameters used for calculation are R0 = 10 mm, Ṙ0 = 12 m/s and pb0 = 720

Pa. Other parameters used for calculations are provided in the caption to őgure 3.9. The

computational results are re-timed for the comparisons.

Figure 3.9 displays the bubble shapes at representative times. The computational and

experimental results are shown on the left and right parts of frames (a1)-(f1), respectively.

The rigid boundary is at the bottom of frames (a1)-(f1). Frames (a2)-(f2) represent 2D

views of the simulated bubbles, while frames (a3)-(f3) present their 3D perspectives. Figure

3.9(a) is for the bubble at its maximum radius when it remains spherical. It then begins to

collapse and becomes a prolate spheroid in őgures 3.9(b)-(c), and a liquid jet forms at the top

of the bubble surface, piercing the lower bubble surface in őgure 3.9(d). A toroidal bubble

accompanied by a protrusion of the lower bubble surface forms and expands towards the rigid

boundary during the rebound in őgure 3.9(e) and then reaches its second maximum volume

in őgure 3.9(f). The computation agrees well with the experiment for a bubble collapsing

and rebounding in the 500cSt silicone oil at a moderately large Reynolds number.

We then compare the computational results with the experiment [88] where the

Reynolds number is Re = 6033. Parameters used for calculations are the same as in őgure

3.4. The computational results are also re-timed for the comparisons. Figure 3.10 displays

the bubble shapes at representative times. The computational and experimental results are

shown on the left and right parts of frames (a1)-(f1), respectively. The rigid boundary is at

the bottom of frames (a1)-(f1). Frames (a2)-(f2) represent 2D views of the simulated bub-

bles, while frames (a3)-(f3) present their 3D perspectives. Figure 3.10(a) is for the bubble
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Figure 3.9: Comparison of bubble shapes between the computation and the experiment for

the bubble oscillating in the 500cSt silicone oil with the viscosity being 0.485 Pa · s at typical

times (a) 1.90 ms, (b) 2.66 ms, (c) 3.16 ms, (d) 3.42 ms, (e) 3.67 ms, and (f) 3.92 ms.

Parameters used for the calculation are R0 = 10 mm, Ṙ0 = 12 m/s and pb0 = 720 Pa,

ρ∞ = 975 kg/m3, µl = 0.485 Pa · s and c = 950 m/s, and the remaining parameters are the

same as in őgure 3.4. The left part in frames (a1)-(f1) is the computational results, while the

right is the experimental results. The rigid boundary is the lower boundary of frames (a1)-

(f1). The red dot displays the outer proőle of the bubble shapes in the experiment. Frames

(a2)-(f2) and frames (a3)-(f3) are 2D and 3D views of the simulated bubbles, respectively.

at its maximum radius when it remains spherical apart from its surface near the wall being

ŕattened by the wall. During the late collapse stages, a liquid jet forms at the top of the

bubble surface in őgure 3.10(b) and impacts at the opposite bubble surface in őgure 3.10(c).

After the jet penetrates the bubble wall, a toroidal bubble forms, collapses continuously to

its minimum volume, and rebounds in őgure 3.10(d). It then reaches its second maximum

volume in őgure 3.10(e) and later re-collapses in őgure 3.10(f).
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Figure 3.10: Comparison of the bubble shapes between the computation and the experiment

[88] at typical times (a) 65 µs, (b) 125 µs, (c) 130 µs, (d) 140 µs, (e) 185 µs, and (f) 230 µs

during the two cycles of oscillation. The parameters used for calculation are the same as in

őgure 3.4. The left part in frames a1-f1 is the computational results, while the right is the

experimental results. The rigid boundary is the lower boundary of frames (a1)-(f1). The red

dot displays the outer proőle of the bubble shapes in the experiment. Frames (a2)-(f2) and

frames (a3)-(f3) are 2D and 3D views of the simulated bubbles, respectively.

The computation repeats all these features observed in the experiment for the bubble

expansion, collapse, rebound, and re-collapse. The computational results for the bubble

shapes agree with those of the experiment during the őrst and second oscillation cycles. The

jet is not observable in the experiments because of the reŕection of light off the liquid/gas

interface; nevertheless, the outer proőle of the toroidal bubble of the computation is in

agreement with that of the experiment.

Figure 3.11 compares the equivalent bubble radius Req history between the compu-

tation and the experiment [88]. The excellent agreement is shown for the őrst and second

cycles of oscillation. The relative error of the maximum radius in the second cycle is about

7%, which may be due to the heat transfer and the phase change neglected in the model

and/or the measurement errors in the experiment.
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Figure 3.11: Comparison of the equivalent bubble radius Req history between the compu-

tation and the experiment [88] for the case in őgure 3.10. The parameters used for the

calculation are the same as in őgure 3.4.

It is challenging to compute the energy loss of a bubble system associated with the

emission of shockwaves at the end of the collapse. Typically, this has been handled by

empirically removing a part of the bubble potential energy at the end of the őrst oscillation

cycle [88]. Otherwise, subsequent numerical results are incorrect. Without resetting the

rebounding condition, our computational results agree well with the experiments for the

second oscillation cycle.
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3.4.2 Bubble dynamics near a rigid boundary for Re = O(10)

In this subsection, we conduct numerical simulations of bubble dynamics near a rigid bound-

ary for a Reynolds number of O(10) and study the viscous effects on bubble dynamics near

a rigid boundary. We will re-compute the case in őgure 3.10 for Re = 6033 by setting Re =

75 (with µl = 0.08 Pa · s), with all other parameters kept unchanged.

(i) Vortex ring development

Figure 3.12 displays the streamlines and velocity vectors outside and inside the bubble and

the velocity and pressure contours inside the bubble. When the bubble is nearly spherical,

a stagnation point exists at the centre of the bubble, from which the streamlines radiate

outwards, as shown in őgure 3.12(a). The part of the bubble surface furthest from the wall

expands faster than the closer part, as the wall hinders the latter. Consequently, the airŕow

above the stagnation point moves faster than the airŕow below the stagnation point, and

the airŕow above the stagnation point has smaller pressure, as shown in őgure 3.12(b). This

is consistent with the Bernoulli equation.

As a result of the pressure gradient, the stagnation point moves away from the wall

along the axis of symmetry during expansion. Two kinds of streamlines form: concave

shape for the upper part and convex shape for the lower part, as shown in őgure 3.13(a).

The streamlines are becoming denser closer to the upwards-moving stagnation point. The

concave- and convex- streamlines tend to converge at the stagnation point with different

velocities, and the strong velocity difference leads to the formation of the vortex sheet near

the upper bubble surface as shown in őgure 3.13(b).

The vortex sheet subsequently approaches the bubble interface and begins transferring

momentum to the gas-liquid interface, which in turn inŕuences the ŕow in the liquid close to

the bubble wall. At approximately the maximum bubble volume, the stagnation point meets
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Figure 3.12: (a) Streamlines, (b) velocity vectors (left), velocity contour (left), and pressure

contour (right) during early expansion when the bubble is nearly spherical. The Reynolds

number is Re = 75 (µl = 0.08 Pa · s), and the remaining parameters are the same as in őgure

3.4.

the bubble surface in őgure 3.14(a) and moves out of the bubble afterwards in őgure 3.14(b).

The part of the vortex sheet within the bubble decays after it meets with the interface, where

it is subject to the much higher shear stress from the liquid with a much higher viscosity

than gases. Due to the higher pressure zone at the stagnation point, the liquid ŕow above

it is stopped, the part of the bubble surface furthest from the wall collapses őrst, and the

receding bubble surface drags the surrounding liquid towards it. In the meantime, the part

of the bubble surface nearest to the wall still expands, pushing the liquid between the bubble

and rigid boundary outwards. This generates a circulation around the periphery of the cross-

section of the bubble. A vortex ring is accordingly generated within the bubble gas at the

outer rim of the vortex sheet.

During the collapse phase, the distal part of the bubble surface from the wall collapses

faster, the surrounding liquid ŕow towards the distal part strengthens, and the vortex ring

intensiőes, as shown in őgures 3.15(a) and 3.15(b). These three events enhance each other
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Figure 3.13: Velocity vectors (left in each őgure), velocity contours (left in each őgure), and

streamlines (right in each őgure) at (a) 42 µs and (b) 47 µs showing the formation of the

vortex sheet generated from the bubble collapse near a rigid boundary for the case in őgure

3.12. (Recall that the simulations are axisymmetric when visualising the 3D form of the

vortex sheet).

Figure 3.14: Velocity vectors (left in each őgure), velocity contours (left in each őgure), and

streamlines (right in each őgure) at (a) 50.2 µs and (b) 56 µs showing the conversion from

the vortex sheet to the vortex ring for the case in őgure 3.12.
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Figure 3.15: Streamlines ((a) & (c)), velocity vectors (left in (b) & (d)), velocity contours

(left in (b) & (d)), and vorticity contours (right in (b) & (d)) showing the further development

of the vortex ring after generation during bubble collapse for the case in őgure 3.12.

during collapse, forming a positive feedback loop. A high-speed liquid jet develops, and it

gets accelerated by the vortex ring at the bubble surface, which subsequently penetrates the

bubble, from which it is redirected outwards after impacting on the wall as shown in őgures

3.15(c) and 3.15(d). This strengthens the circulation around the vortex ring even further.

With the core of the vortex ring inside the bubble gas, much less energy loss occurs

than inside the liquid. This is because the energy dissipation of a vortex ring is proportional

to viscosity, and most of the energy dissipation occurs near its centre [161]. With its core

inside the bubble gas, the vortex ring accelerates the jet like a bearing system.

The vortex ring associated with a toroidal bubble has been an essential topic for

bubble dynamics and plays a crucial role in toroidal bubble dynamics [78, 80, 162ś165].

With the concept of ideal ŕuid mechanics, the generation of the vortex ring is attributed to
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the topological transform of the liquid domain after the bubble jet penetrates through the

bubble. Here, we have revealed that the generation process of the vortex ring takes place

within the bubble gas before the bubble jet penetrates through the bubble.

The new results on the vortex sheet and the vortex ring provide two mechanisms for

the nanodroplet injection model [33, 91]. Both the decay of the vortex sheet as it interacts

with the bubble interface and the vortex ring adjacent to the bubble interface are potential

sources of nanodroplets in the hot bubble gas.

(ii) Bubble oscillation and jetting

As shown in őgure 3.16, the bubble expands without signiőcant change to the maximum

volume from őgure 3.16(a) to 3.16(b) for the two Reynolds numbers. At the larger Reynolds

number, the jet forms earlier in őgure 3.16(c) and develops to a larger and sharper jet in

őgure 3.16(d). When the jet impacts the opposite bubble surface in őgure 3.16(d), the jet

at the larger Reynolds number is nearer to the rigid boundary. The bubble for Re = 6033

rebounds to a larger maximum volume as shown in őgure 3.16(e).

In őgure 3.17(a), the equivalent bubble radius Req histories are compared for the two

Reynolds numbers: Re = 75 and Re = 6033. The őrst cycle experiences a marginal reduction

in both the maximum bubble radius and period at Re = 75, attributed to viscous dissipation.

For Re = 75, a smaller jet is formed in őgure 3.16(d), leading to an increase in the kinetic

energy associated with the collapse process. Following the more intense collapse, a more

signiőcant amount of energy is dissipated through the emission of shockwaves towards the

end of the collapse. Consequently, the bubble rebounds to a much smaller maximum radius

and period during the second cycle at Re = 75.

Figure 3.17(b) shows the jet velocity Vjet histories with the time counted from the jet

starting in őgure 3.16(c) to the jet impacting on the opposite bubble wall in őgure 3.16(d).
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Figure 3.16: Bubble shapes evolutions near a rigid boundary for Re = 75, 6033 (µl = 0.08,

0.001 Pa · s, respectively). The remaining parameters are the same as in őgure 3.4.

For Re = 6033, the jet velocity őrstly increases with time and then reaches a nearly constant

value, which was also observed by Minsier et al. [82]. However, for Re = 75, the jet velocity

increases continuously before impacting at the opposite surface, and it attains a larger value

than for Re = 6033.

(iii) Shockwave emission and pressure on the wall

Shockwaves are emitted at the end of collapse and are associated with signiőcant energy loss

of the bubble system [81]. The shockwaves are believed to be the leading cause of the erosion

of the rigid boundary [8, 9]. The pressure contours in őgure 3.18 display the emission and

propagation of shockwaves for Re = 75. A ring shockwave emits from the bubble ring at the

end of the collapse in őgure 3.18(a), propagates with a circular cross-section in őgure 3.18(b),

and impacts itself at the axis of symmetry resulting in a higher pressure in őgure 3.18(c).
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Figure 3.17: Numerical results for Re = 75, 6033 (µl = 0.08, 0.001 Pa · s, respectively): (a)

histories of the equivalent bubble radius Req and (b) the jet velocity Vjet. The remaining

parameters are the same as in őgure 3.4.

As a result of the further propagation of the shockwaves, two intersection points exist on the

symmetry axis where the pressure is higher in őgure 3.18(d). The two intersection points

move in opposite directions in őgure 3.18(e), and a high-pressure region forms when the

shockwaves reach the rigid boundary. Subsequently, a clear reŕection moving away from the

rigid boundary can be observed in őgure 3.18(f).

Figure 3.19 shows the pressure on the centre point of the rigid boundary (green spots

in őgure 3.18) as a function of time for Re = 75, 6033. The stronger collapse at Re = 75

leads to the stronger shockwave emission, and thus, the pressure on the rigid boundary is also

larger. However, the shockwaves are much weaker, and the pressure on the rigid boundary

is much smaller at the end of the second cycle for Re = 75 due to greater energy loss at the

end of the őrst cycle of oscillation. Since shockwave emission occurs around the end of each

collapse and reaches the rigid boundary shortly afterwards, the time taken to reach the őrst

and second pressure peaks for Re = 75, 6033 is consistent with the oscillation periods for

both Reynolds numbers, as depicted in őgure 3.17.
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Figure 3.18: Pressure contours showing the emission and propagation of shockwaves gener-

ated at the end of the őrst bubble collapse for the case in őgure 3.12.

(iv) Shear stress on the rigid boundary

Figure 3.20 shows the spatial-temporal distribution of the shear stress τ on the rigid boundary

for Re = 75, using log10 |τ | due to its large range of values. The direction pointing away

from the axis of symmetry is deőned as positive and plotted in red. The direction pointing

to the axis of symmetry is negative and plotted in blue. As the bubble expands, it drives the

liquid outwards, and the shear stress at the wall is outwards. Starting from the late stages of

expansion for t ≥ 40 µs, the shear stress turns inwards far away from the axis of symmetry.

The transition from outwards to inwards shear stress corresponds to the stagnation ring.

The mechanism of the stagnation ring is explained as follows. Figure 3.21 shows

the ŕow őeld distribution at t = 42 µs when the bubble is at the late stages of expansion.

At certain late stages of expansion, the bubble gas pressure is lower than the hydrostatic

pressure. The liquid around the bubble moves outwards owing to its inertia, and the part of

the liquid near the wall has less velocity because of the shear stress of the wall. Therefore,
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Figure 3.19: Pressure on the centre point of the rigid boundary (green spots in őgure 3.18)

as a function of time for Re = 75, 6033 (µl = 0.08, 0.001 Pa · s, respectively). The remaining

parameters are the same as in őgure 3.4.

the reversed ŕow towards the centre starts near the wall, far away from the axis of symmetry

before the end of the expansion, resulting in the stagnation ring occurring before the end of

the expansion.

The stagnation ring exists over the wall, with its radius decreasing as the bubble

further expands and then collapses. During the late collapse and before rebound for 95

µs ≤ t ≤ 120 µs, the shear stress is negative everywhere on the boundary and reaches its

maximum absolute value. This is generated by the fast-shrinking bubble.

The above feature is repeated during the second cycle of oscillation. During a large
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Figure 3.20: The time-space map of the wall shear stress for the case in őgure 3.12. The

logarithm to the base 10 is taken of the wall shear stress values before plotting due to the

large range of values. The őrst colour bar represents the positive wall shear stress (away from

the axis of symmetry), while the second one represents the negative shear stress. Overlaid

is the bubble dynamics as a dashed line adapted from őgure 3.17(a).

part of the rebounding, the shear stress is outwards everywhere due to the fast-spreading

jet along the boundary, and a stagnation ring occurs during the later stages of the rebound,

with its radius decreasing with time. However, the shear stress distribution is complex and

changes rapidly due to the complex ŕow őeld caused by the toroidal bubble collapse at the

end of the second cycle.

Figure 3.22 shows the time histories of the shear stress at a probe point on the rigid

boundary 180 µm from the axis of symmetry (black spots in őgure 3.23). For both cases,
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Figure 3.21: Velocity vectors (black arrows), velocity contour (left), and pressure contour

(right) at t = 42 µs for the case in őgure 3.12.

a distinct impulse with a greater magnitude and a shorter period is evident, along with a

more gradual impulse characterised by a smaller magnitude and a longer period. The shear

stress for Re = 75 is larger than that for Re = 6033.

Figure 3.23 displays the bubble shapes and the ŕow őelds for Re = 75 at different
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Figure 3.22: The time histories of the shear stress at a point on the rigid boundary, at 180

µm from the axis of symmetry, for Re = 75, 6033 (µl = 0.08, 0.001 Pa · s, respectively).

Other parameters are the same as in őgure 3.4.

times during collapse and rebound, where the probe point is marked as black spots. Figure

3.23(a) is at t = 120 µs when the shear stress is negative and small at the probe point. Figure

3.23(b) is at t = 123 µs when the shockwaves impact the probe point, resulting in the sharp

impulse of shear stress in őgure 3.22. Figure 3.23(c) is at t = 127 µs, corresponding to the

milder impulse of shear stress in őgure 3.22, when the jet is spreading along the wall after

impacting on the rigid boundary. At t = 150 µs in őgure 3.23(d), the jet is still spreading,

but the magnitude is much smaller, which corresponds to the decreasing wall shear stress in

őgure 3.22.

In conclusion, when a bubble undergoes inertial collapse near a rigid boundary, sig-
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Figure 3.23: Bubble shapes (frames (a1)-(d1)) and ŕow őelds (frames (a2)-(d2)) including

velocity vectors (left in frames (a2)-(d2)), velocity contours (left in frames (a2)-(d2)) and

pressure contours (right in frames (a2)-(d2)) at (a) 120 µs, (b) 123 µs, (c) 127 µs, and (d)

150 µs during bubble collapse and rebound for the case in őgure 3.12.

niőcant shear stress emerges primarily during the propagation of the shockwaves along the

boundary and the spread of the jet along the boundary. The former has a much higher

amplitude, and the latter has a longer period. They both increase with decreasing Reynolds
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number.

3.5 Chapter summary

The bubble dynamics near a rigid boundary for Reynolds number O(10-100) is studied

experimentally by capturing the spark-generated bubble oscillation in silicone oils. It has also

been studied numerically by solving the compressible Navier-Stokes equations by extending

the open-source code OpenFOAM with a newly proposed non-reŕective boundary condition

at the far őeld based on the asymptotic behaviour. New dynamic features regarding viscous

effects and mechanisms underlying the bubble jetting and vortex ring are revealed.
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Cavitation in a periodontal pocket by an

ultrasonic dental scaler: a numerical

investigation

This chapter is a reformatted and partially edited version of the article:

Y. Yu, M. Mahmud, N. Vyas, W. R. Smith, Q. Wang, and A. D. Walmsley. "Cavitation

in a periodontal pocket by an ultrasonic dental scaler: A numerical investigation". In:

Ultrasonics Sonochemistry 90 (2022), p. 106178.

Authorship Statement. Y. Yu: Conceptualisation, Methodology, Formal analysis, Data

curation, Investigation, Visualisation, Writing - Original Draft; M. Mahmud: Validation;

N. Vyas: Resources;W. R. Smith: Supervision, Writing - Review & Editing; Q. Wang:

Supervision, Writing - Review & Editing, Funding acquisition; A. D. Walmsley: Supervi-

sion, Writing - Review & Editing, Funding acquisition.

58



Chapter Four

4.1 Introduction

Previous studies have conőrmed that cavitation occurs around dental scaler tips and aids the

cleaning process [37, 38, 122]. Increasing the cavitation generated by an oscillating scaler

tip will lead to novel clinical approaches to the cleaning process. However, there is currently

little understanding of the cavitation behaviour when the scaler tip is in a conőned space,

e.g., a scaler in a periodontal pocket as shown in őgure 4.1(a) [126]. In this chapter, we will

study the effects of the hole volume, taper ratio, and immersion depth of the scaler tip on

cavitation generation in a periodontal pocket by numerical simulations.

Figure 4.1: (a) Schematic problem description of ultrasonic scaler tip and its vibration in a

periodontal pocket [126], and (b) 3D view of the computational domain where the periodontal

pocket is simpliőed to a hole.

The numerical model is described in section 4.2, and it is validated in section 4.3

by comparing numerical results with the experimental data for the displacement at the free

end of the scaler and the cavitation pattern near the scaler tip for a scaler operating in

unbounded water. In section 4.4, the formation of cavitation due to a scaler vibrating in

59



Chapter Four

a hole is analysed, and parametric analyses have been carried out to study the effects of

the hole volume, taper ratio, and immersion depth of the scaler tip on cavitation generation

around the scaler tip in the hole. Finally, the summary of this chapter is given in section

4.5.

4.2 Physical and numerical model

4.2.1 Problem description

Considering a dental scaler tip vibrating inside a periodontal pocket (hole) őlled with water,

as illustrated in őgure 4.1(b). A numerical model is described for the three-dimensional,

non-linear, and transient interactions between the scaler vibration, the liquid ŕow, and the

cavitation development. The conőguration is assumed to be symmetric in a vertical plane,

chosen as the Oxy-plane with the y-axis vertical. The cubic part of the computational

domain is 25 mm× 20 mm× 20 mm in x, y, and z directions, respectively. The section near

the circular cylinder base of the scaler is much thicker than the free end of the scaler and

does not deform signiőcantly [40]. We thus truncate the part that does not deform with

the truncated scaler face Sts as shown in őgure 4.2(a), where a prescribed one-dimensional

harmonic oscillation along the axis of symmetry of the circular cylinder base is deőned. Its

displacement is A sin (ωt), where A is the amplitude and ω is the angular frequency. The

choice of the truncated computational domain size is validated in section 4.3. The vibration

of the scaler tip generates pressure waves in water, which results in cavitation formation.

As shown in őgure 4.2(b), the truncated part of the scaler is assumed to be an elastic

structure with the domain Vs and its surface Ss = Sfs ∪ Sts, where Sfs is the ŕuid-structure

interface within the truncated computational domain, and Sts is the truncated scaler surface.
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Figure 4.2: The illustration of (a) the scaler with the truncated surface Sts, and (b) the

cross-section of the computational domain at the Oxy-plane indicating the position of the

displacement boundary condition at Sts, the ŕuid-structure interface Sfs, the rigid wall

surface Srw and the truncated water planes Stf .

The truncated water domain used for numerical simulations is denoted as Vf bounded by the

interface surface Sfs, the rigid wall surface Srw consisting of the bottom of the container and

the hole wall, and the őve truncated water planes Stf of the cubic part of the computational

domain. The boundary conditions imposed on these surfaces are introduced in the following

subsections.

4.2.2 Numerical model

The weak form for the linear momentum equation of the structure (scaler) can be expressed

as
∫

Vs

ρsüsδusdV +

∫

Vs

σs · (∇ · δus) dV +

∫

Sfs

psδus · n
−dS−

∫

Sts

δus · tdS = 0. (4.1)
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The weak form for the equation of motion of the ŕuid can be expressed as

∫

Vf

(

1

Kf

p̈fδp+
1

ρf
∇δp · ∇pf

)

dV +

∫

Srw∪Sfs∪Stf

T (x)δpdS = 0, (4.2)

where T (x) is the boundary traction, determined by the boundary conditions on surfaces

Srw, Sfs and Stf . The derivations of the weak forms can be found in chapter 2.

Two boundary conditions for the ŕuid part Srw and Stf except for the interface of ŕuid-

structure Sfs, which has been described in chapter 2, should be prescribed. Srw represents

the rigid immobile wall where the acceleration of the particles üf = 0, and we apply this

boundary condition by prescribing

Trw (x) = n
− · üf = 0. (4.3)

The non-reŕective boundary at the truncated water planes Stf

Ttf (x) = −
n
− · ∇pf
ρf

= −
cos(θ)
√

ρfKf

ṗf , (4.4)

where θ is the angle between the sound wave and the normal to the truncated boundary

surface.

The one-ŕuid, cut-off cavitation model is applied to model the cavitation generated

by an oscillating scaler. The details of this model can be found in chapter 2.

4.3 Numerical validations

The water parameters are chosen as follows: the density ρf = 1000 kg/m3, the bulk modulus

Kf = ρfc
2 = 2140 MPa, where c is the speed of sound in water and the cavitation pressure

threshold pc = 2300 Pa, which is the saturated vapour pressure for water at room temper-

ature of 20 oC. The scaler (Tip 10P, Acteon Group, USA) is made of stainless steel with
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the density ρs = 8000 kg/m3, the Young’s modulus E = 224 GPa, and the Poisson’s ratio

ν = 0.3 [166]. The amplitude and the angular frequency of the harmonic oscillation of the

truncated end of the scaler are chosen as A = 0.01 mm and ω = 19500 rad/s (approx. 31

kHz), which could be used for a clinical setting, respectively.

The computational domain is meshed with unstructured tetrahedral meshes with

varying densities to őt the computational domain and save CPU time. For the structural

part with 0.1 million elements, the mesh size ranges from 0.01 mm near the scaler tip, where

a higher displacement occurs, to 0.06 mm near the truncated surface of the scaler. For the

ŕuid part, the mesh size is 0.01 mm in the hole, which is the region of interest in this study,

0.02 mm on the ŕuid-structural interface and 1.00 mm on the bottom of the cuboid. With

the sizes mentioned above, the total element number for the ŕuid domain is approximately

12 million.

4.3.1 Choice of time step

Choosing an appropriate time step in explicit őnite element analysis is critical to prevent

exceeding the stability limit, signiőcantly inŕuencing numerical simulation results’ reliability

and accuracy [149]. As the duration for which a state accurately represents the problem is

inherently short, determining the stability limit precisely is often impractical. Therefore,

conservative estimates are often utilised, potentially decreasing computational efficiency. In

numerical simulations, we utilise the automatic time incrementation feature provided by

ABAQUS, which automatically selects increments as close as possible to the stability limit

while ensuring high computational efficiency.
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4.3.2 Mesh convergence tests

The convergence tests are carried out for various element numbers (coarse: 2 million;

medium: 8 million; őne: 12 million; very őne: 16 million), with the results displayed in

őgure 4.3 for the time history of the cavitation density in the hole. The computational

domain with the radius of the circular cylinder hole being 1.5 mm and the depth being 10

mm is adopted. The results for the two higher resolutions are close. Therefore, the mesh

resolution for the őne mesh with 12 million elements, as described above, is adopted for all

subsequent calculations.

4.3.3 The truncated computational domain

To test if the truncated computational domain is sufficient, we will compare the computa-

tional results with two truncated domains, denoted as Vf ∪Vs as shown in őgure 4.2(b), and

a larger computational domain denoted as V ′
f ∪ V

′
s as shown in őgure 4.4(a).

The results compared are the displacement of the scaler tip and the time-averaged

cavitation density in the hole over the simulation time 500 µs. With a 20% difference in

volume, the displacements for the two ŕuid domains are very close in őgure 4.4(b), and the

time-averaged cavitation is 0.319 for Vf ∪ Vs and 0.317 for V ′
f ∪ V

′
s . Therefore, the smaller

truncated computational domain Vf ∪Vs is suitable and chosen for all remaining calculations

to save CPU time.

4.3.4 Comparisons with experimental results

We validate the computational results with experiments for the scaler tip vibrating in an

unbounded expanse of water, as there are available experimental results for this case. Ex-
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Figure 4.3: Mesh convergence tests regarding the time history of the cavitation density

within the hole. Element numbers are 2 million, 8 million, 12 million, and 16 million for

coarse, medium, őne, and very őne mesh, respectively. The hole is a circular cylinder shape

with radius r = 1.5 mm, depth H = 10.0 mm and the immersion depth of the scaler tip

in the hole h = 5.0 mm. The amplitude A and the angular frequency ω of the harmonic

oscillation of the scaler handpiece are 0.01 mm and 195000 rad/s (approx. 31 kHz). Other

parameters used in the calculations are ρf = 1000 kg/m3, Kf = ρfc
2 = 2140 MPa, pc = 2300

Pa, ρs = 8000 kg/m3, the Young’s modulus E = 224 GPa, and ν = 0.3 [166].

perimental high-speed images were acquired of an ultrasonic scaler tip vibrating in a water

tank using a previously described setup [37]. Brieŕy, a P5 Newtron XS dental ultrasonic

scaler was used in conjunction with Tip 10P to generate the cavitation around the scaler.

Imaging was done in brightőeld mode using a high-speed camera (Fastcam mini AX200,

Photron, Japan). The scaler position was őxed by attaching it to an xyz translation stage

65



Chapter Four

Figure 4.4: (a) Illustration of the two truncated computational domains at Oxy-plane with

different sizes. (b) Comparison of the displacement of the free end of the scaler tip along the

x -axis for the computational domains Vf ∪ Vs and V ′
f ∪ V ′

s . Other parameters used in the

calculations are the same as in őgure 4.3.

(PT3, Thorlabs Inc, NJ, USA) and a high-precision rotation mount (PRO1/M, Thorlabs

Inc, NJ, USA). The axial rotation of the scaler tip was maintained during experiments.

We compare the computational results with experiments in terms of the displacement

of the free end of the scaler tip denoted by "+" in őgure 4.5(b), as well as the cavitation

pattern around the scaler tip. The boundary condition for the surface Srw of the ŕuid

domain in őgure 4.2(b) is set as the non-reŕective boundary (equation 4.4) to satisfy the

equivalent inőnite ŕuid domain in the experiment. Figure 4.5(a) depicts the comparison of

the scaler tip displacement in the global x -direction. For the őrst few oscillation cycles, the

computational results are associated with some transient oscillations as the initial conditions

are set as the quiescent water ŕow. In contrast, the experimental data were recorded after

many cycles with repeated steady oscillation. After the őrst few cycles, the displacement of

the computational results rapidly stabilises and agrees well with the experimental data.
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Figure 4.5: Comparisons with experiments in terms of (a) the displacement of the free end

of the scaler tip denoted by "+" in őgure 4.4(b) along the x -axis, and (b) the cavitation

pattern (black area) around the scaler tip at t = 348.5 µs in the simulation on Oxy-plane

and in the experiment. Parameters used in the calculations are the same as in őgure 4.3.

Figure 4.5(b) displays the contours of the pressure in the ŕuid where the predicted

area of cavitation is in black at t = 348.5 µs and the corresponding experimental image of
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the cavitation zone near the straight part of the vibrating scaler tip [37]. The computational

results display two cavitation zones, shown in the dashed rectangles; one is beneath the tip,

near the tip end, and the other is above the tip and away from the tip end. The present

model predicts the main cavitation zones well. Some other bubbles can also be observed in

the experiment from őgure 4.5(a). This discrepancy could be due to the inaccuracy of the

present model and/or the pre-existing air bubbles that grow due to rectiőed diffusion [167,

168].

4.4 Numerical results

A parametric study has been carried out to investigate the cavitation density in the hole in

terms of the hole volume, taper ratio of the hole, and immersion depth of the scaler tip. The

depth of the holes in our simulations is 10 mm, considering advanced periodontitis where the

periodontal pocket depth can reach 10 mm or deeper [169]. Considering safety in a clinical

setting, the vibrating scaler should not touch the tooth or the gum tissue. Therefore, our

simulations adopted a wide range of hole sizes and immersion depths corresponding to the

safety concerns, which will be provided in the following subsections. The simulation time is

500 µs for each case, and the time-averaged cavitation density is evaluated for comparisons.

4.4.1 Cavitation around a scaler tip

Figure 4.6 compares the pressure contours for a scaler tip vibrating (a) in an unbounded,

inőnite domain and (b) in a hole. For a scaler tip vibrating in the inőnite domain, the pressure

contour is only shown within the corresponding liquid domain for the scaler tip oscillating

in a hole. The results demonstrate that much more cavitation is generated around the scaler

tip vibrating in a hole. The average energy of acoustic wave per unit volume e is related to
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the pressure wave amplitude pf by [170]

e =
pf

2

2ρfc2
. (4.5)

For the scaler tip placed in a hole with rigid boundaries, more ultrasonic energy will be

conőned in the hole in the form of pressure waves with higher amplitude. Thus, the pressure

in the liquid is more likely to be lower than the vapour pressure, resulting in a higher

likelihood of cavitation formation in the hole.

Figure 4.6: Pressure contours showing the cavitation pattern for a scaler vibrating in (a) an

unbounded, inőnite domain, and (b) a hole at t = 399 µs. The black area denotes the area

of cavitation. Other parameters used in the calculations are the same as in őgure 4.3.

4.4.2 Effects of the hole volume

Figure 4.7(a) shows the schematic diagram for a dental scaler vibrating at dimensionless

immersion depth h/H of 0.5 in circular cylinder-shaped holes with the depth of the hole H

being 10 mm and the radius r being 0.8, 1.5 and 2 mm, respectively. The volume of each

hole is approximately 20.1, 70.7, 125.7 mm3 respectively.

Figure 4.7(b) shows that the time-averaged cavitation density increases as the hole

volume decreases. As the time-averaged energy introduced into the ŕuid in the hole from
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the vibrating scaler is constant, the ultrasonic energy per unit volume increases with the

hole volume decreasing. This results in stronger ultrasonic pressure waves in the hole and

produces more cavitation in the hole.

Figure 4.7: (a) Schematic diagram for a dental scaler vibrating in holes with the volume

being approximately 20.1, 70.7, 125.7 mm3 (from left to right). (b) Time-averaged cavitation

density in the hole versus the volume of the hole. The dimensionless immersion depth of the

scaler tip in the hole is 0.5. Other parameters used in the calculations are the same as in

őgure 4.3.

4.4.3 Effects of the taper ratio

The taper ratio is deőned as η = ro/rb , where ro and rb are the radius of the circular

opening and bottom of the hole, respectively. Figure 4.8(a) shows the schematic diagram

for a dental scaler vibrating at dimensionless immersion depth h/H of 0.5 in holes with the

depth H being 10 mm and the volume being 70.7 mm3. The taper ratio η is 0.35, 1 and

2.75, respectively.

Figure 4.8(b) shows that the time-averaged cavitation density increases with the taper
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ratio. The smaller hole opening for the larger taper ratio reduces the wave propagation

and associated energy transport outside the hole. The more considerable ultrasonic energy

retained in the hole results in stronger pressure waves and, thus, more cavitation in the hole.

If a scaler tip has a lid to seal the hole opening, more cavitation will be generated in the

hole, enhancing cleaning effects.

Figure 4.8: (a) Schematic diagram for a dental scaler vibrating in holes with the depth H

being 10 mm and the volume being 70.7 mm3. The taper ratio η is 0.35, 1 and 2.75 (from left

to right). (b) Time-averaged cavitation density in the hole versus the taper ratio of the hole.

The dimensionless immersion depth of the scaler tip in the hole is 0.5, and other parameters

used in the calculations are the same as in őgure 4.3.

4.4.4 Effects of the immersion depth

Figure 4.9(a) shows the schematic diagram for a dental scaler vibrating in a hole with the

depth of the hole H being 10 mm, the volume being 70.7 mm3 and the taper ratio being 1

at the dimensionless immersion depth h/H of 0, 0.5 and 0.75, respectively.

Figure 4.9(b) shows that the time-averaged cavitation density increases as the im-
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mersion depth of the scaler tip increases. With a larger immersion depth, more energy

is introduced into the liquid in the hole, leading to stronger pressure waves in the hole.

Consequently, cavitation is more likely to be generated.

Figure 4.9: (a) Schematic diagram for a dental scaler vibrating in holes with the volume

being 70.7 mm3 and the taper ratio being 1. The dimensionless immersion depths are 0, 0.5,

and 0.75 (from left to right). (b) Time-averaged cavitation density in the hole versus the

dimensionless immersion depth of the scaler tip. Other parameters used in the calculations

are the same as in őgure 4.3.

Figure 4.10 shows pressure contours in the three cases with different immersion depths

at t = 399 µs when the oscillation is relatively stable. Cavitation can be observed in the hole

when the immersion depth is 0. This means cleaning effects exist even if the scaler is placed

just above the hole. The cavitation density and the cleaning effects increase signiőcantly

with the immersion depth.
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Figure 4.10: Pressure contours at t = 399 µs for cases with dimensionless immersion depths

being (a) 0, (b) 0.5, and (c) 0.75 on the Oxy-plane of the hole. The black area denotes the

area of cavitation. Other parameters used in the calculations are the same as in őgure 4.3.

4.5 Chapter summary

A parametric study has been performed to investigate the effects of the volume of the hole,

the taper ratio η and the immersion depth of the scaler tip on cavitation generation by an

ultrasonic dental scaler vibrating in a periodontal pocket using a coupled acoustic-structural

őnite element method.
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Numerical investigation of cavitation in

periodontal pockets: insights for

enhancing cleaning efficiency
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5.1 Introduction

This chapter extends the research conducted by Manmi et al. [40] and the őndings presented

in chapter 4. We consider the inŕuence of soft tissue and investigate the effects of the oper-

ation conditions and the scaler’s cross-sectional shape on cavitation generation to optimise

the utilisation and design of ultrasonic scalers.

The physical and numerical model will be described in section 5.2. Validation will

be conducted in section 5.3, comparing the numerical results with experimental cavitation

images for a scaler vibrating near a wall. Parametric studies investigating the effects of

vibration amplitude, frequency, and cross-sectional shapes of the dental scaler on cavitation

generation will be presented in section 5.4. Finally, the summary of this chapter is given in

section 5.5.

5.2 Physical and numerical model

5.2.1 Problem description

An ultrasonic dental scaler is assumed to undergo vibrations within a water-őlled periodon-

tal pocket, as illustrated in őgure 5.1(a). A cubic truncated computational domain with

dimensions 20 mm × 30 mm × 20 mm in the x, y, and z directions is selected, as depicted in

őgure 5.1(b). The tooth surface is represented as a rigid plane. The periodontal pocket with

gum tissue is modelled as a circular cylinder with a radius of 6.5 mm, having a truncated

cone removed with the cone radius changing from 5 mm to 2.5 mm and a cone depth of 10

mm, as depicted in őgure 5.2. The scaler tip is located 5 mm deep in the pocket and vibrates

parallel to the tooth surface plane along the x -axis, maintaining a 1.8 mm distance from the
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tooth surface.

Figure 5.1: (a) Schematic illustration of the ultrasonic dental scaler and the periodontal

pocket, and (b) 3D truncated domain in Cartesian coordinates.

Previous studies [40, 41] have shown that the scaler tip displacement remains un-

affected by the truncated surface when the truncation is near the circular cylinder base.

Consequently, in this study, the scaler is truncated at Sts, as depicted in őgure 5.3(a), to

reduce the computational domain size and save CPU time. We deőne a harmonic oscillation

at the truncated surface Sts of the scaler with the direction along the axis of symmetry

in őgure 5.3(a) and the displacement of A sin (2πft), where A denotes the amplitude and

f represents the frequency. As shown in őgure 5.3(b), the scaler is denoted as Vs1 and its

surface Ss = Sls ∪ Sts, where Sls represents the liquid-scaler interface. The gum tissue is

Vs2, and the liquid-tissue interface is Slg. The truncated liquid domain is represented by Vl,

bounded by the scaler surface Sls, the gum tissue surface Slg, the tooth surface Srt, and all

the remaining truncated planes Stf .
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Figure 5.2: The simpliőed representation of the periodontal pocket with gum tissue and the

positions of the scaler in (a) the x-y plane and (b) the y-z plane.

5.2.2 Numerical model

In this work, the structure, including both the scaler and the gum tissue, is governed by the

momentum equation [149], with its weak form being
∫

Vs

ρsüsδusdV +

∫

Vs

σs · (∇ · δus) dV +

∫

Sls∪Slg

psδus · n
−dS−

∫

Sts

δus · tdS = 0. (5.1)

where the Cauchy stress tensor of the structure σs is computed using Hooke’s law for the

linear elastic material of the scaler and the Ogden model for the hyperelastic material of

gum tissue.

The Ogden model [134, 135] has the following the strain energy function

U (λ1, λ2, λ3) =
n
∑

i=1

µi
αi

(λαi

1 + λαi

2 + λαi

3 − 3), (5.2)
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Figure 5.3: (a) The position of the truncated and free end of the scaler tip. (b) Cross-

sectional view of the computational domain at the x-y plane indicating the locations of

the displacement boundary condition at Sts, the liquid-scaler interface Sls, the liquid-tissue

interface Slg, the tooth surface Srt and the truncated surfaces of the computational domain

Stf .

where λj, j = 1, 2, 3, are the principal stretches, µi and αi are material parameters of

the Ogden model, which can be determined from material tests, and n is the order of the

Ogden model and n = 3 is adopted in this chapter. The Cauchy stress σs is obtained by

differentiating the strain energy density function U (λ) with respect to the stretch λ [134,

135].

The equivalent weak form of the momentum equation for őnite element analysis of

the liquid can be written as

∫

Vf

(

1

Kf

p̈fδp+
1

ρf
∇δp · ∇pf

)

dV +

∫

Srt∪Sls∪Slg∪Stf

T (x)δpdS = 0. (5.3)

where T (x) is the boundary traction, determined by the boundary conditions on surfaces
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Srt, Sls, Slg and Stf . For the tooth surface Srt, a rigid immobile wall is applied, while

for the truncated surfaces Stf of the liquid domain, a non-reŕective boundary condition is

implemented to avoid the reŕection of pressure waves from the truncated boundaries. The

ŕuid-structure interaction is considered at the interfaces Sls and Slg, which are the liquid-

scaler and liquid-tissue interfaces. Further details of the derivation of weak forms (5.1) and

(5.3), the model of ŕuid-structure interaction, and the boundary conditions can be found in

chapters 2 and 3.

The one-ŕuid, cut-off cavitation model, described in chapter 2, is incorporated into

the overall model to capture the instantaneous effects of cavitation.

5.3 Numerical validations

5.3.1 Numerical setup

Parameters used for liquid modelling include: the liquid density ρf = 1000 kg/m3, the liquid

bulk modulus Kf = 2140 MPa, and the saturated vapour pressure of the liquid pc = 2300

Pa. The scalers are modelled using the following parameters: the density ρs1 = 8000 kg/m3,

Young’s modulus E = 224 GPa, and Poisson’s ratio ν = 0.3 [166]. Polydimethylsiloxane

(PDMS) is a hyperelastic material widespread in biomedical research and technology, often

employed as a substitute for soft tissue [171]. The density of PDMS is ρs2 = 980 kg/m3

and its hyperelastic properties [172] are represented by the 3rd order Ogden model in our

simulations to mimic gum tissue. Strain-stress curves are presented in őgure 5.4, and the

material parameters for the 3rd order Ogden model are µ1 = -0.102 MPa, µ2 = -0.095 MPa,

µ3 = -0.117 MPa, α1 = 5.226, α2 = 5.448, and α3 = -5.545.

Varying densities are adopted for the discretisation of the computational domain.
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Figure 5.4: Strain-stress curves of PDMS obtained from the experiment [172] and the őtting

results using the 3rd Ogden model in the simulations.

The scaler component is modelled using approximately 0.1 million C3D4 solid elements,

commonly employed for modelling solid structures. The mesh sizes range from 0.01 mm in

proximity to the scaler tip, where larger displacements are anticipated, to 0.06 mm closer

to the truncated surface of the scaler. The ŕuid domain is meshed with acoustic elements

(AC3D4), progressively growing from 0.015 mm near the scaler surface to 0.2 mm at the

outer boundary of the ŕuid domain. The gum tissue is meshed with C3D8 solid elements

with a uniform size of 0.1 mm. The computational domain contains approximately 8 million

elements following the criteria mentioned above.
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5.3.2 Mesh convergence test

The convergence test is carried out using varying numbers of elements, including coarse

(about 1 million), medium (about 3 million), őne (about 8 million), and very őne (about

12 million). The results in őgure 5.5 show cavitation volume history within the periodontal

pocket. The truncated surface of the scaler oscillates harmonically at the amplitude A =

0.01 mm and the frequency f = 31 kHz. Similar results are obtained for the two sets of

mesh with higher resolutions. Consequently, the mesh resolution employed for the őne mesh

consisting of 8 million elements, as detailed in subsection 5.3.1, is applied to all subsequent

simulations.

5.3.3 Comparison with the experiment

To validate the numerical model, we compare the numerical results of the cavitation pattern

with the experimental image when an ultrasonic dental scaler undergoes vibrations close to a

wall. The experimental image was acquired from an ultrasonic dental scaler that undergoes

vibrations in a water tank. More details of the experiment setup can be found in Vyas et

al.[37]. As shown in őgure 5.6(a), the scaler oscillates parallel to the wall in the experiment,

maintaining a 0.5 mm distance from the wall, replicating a clinical setting to avoid potential

damage from accidental contact with the wall. In this speciőc case, the gum tissue Vs2 in

őgure 5.3(b) is set as the liquid to simulate the scaler’s proximity to a wall.

Previous experiments and simulations were conducted in an unbounded domain, re-

vealing cavitation clouds occurring on both sides of the scaler tip in the direction of displace-

ment [37, 40, 41]. However, cavitation occurs on the side of the tip closest to the wall with

the proximity to a wall in both experiments and simulations, as shown in őgures 5.6(b) and

5.6(c). The cavitation pattern in the simulation closely matches the experimental results.
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Figure 5.5: Mesh convergence tests for the cavitation volume within the periodontal pocket

over time. The element numbers are about 1 million, 3 million, 8 million, and 12 million.

The truncated surface of the scaler oscillates harmonically at the amplitude A = 0.01 mm

and the frequency f = 31 kHz. Other parameters for the calculations are ρf = 1000 kg/m3,

Kf = 2140 MPa, pc = 2300 Pa, ρs1 = 8000 kg/m3, E = 224 GPa, ν = 0.3, ρs2 = 980 kg/m3,

µ1 = -0.102 MPa, µ2 = -0.095 MPa, µ3 = -0.117 MPa, α1 = 5.226, α2 = 5.448, and α3 =

-5.545.

5.4 Numerical results

In clinical settings, ultrasonic dental scalers often operate at frequencies ranging from 20

to 51 kHz, and the amplitude of oscillation can be adjusted by varying the input power of

the instrument. We conduct parametric studies to investigate the effects of the oscillation

amplitude A and frequency f of the dental scaler on cavitation volume within the periodontal
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Figure 5.6: (a) Schematic of the scaler near a wall in the experiment, (b) a high-speed

experimental cavitation image, and (c) the contour of the liquid pressure. The black region

represents cavitation, where the pressure reduces to the cavitation limit of 2300 Pa. Other

parameters are the same as in őgure 5.5.

pocket. Additionally, we explore the inŕuence of the cross-sectional shape of the scaler tip

on cavitation generation. The simulation is conducted for a duration of 500 µs, and the

time-averaged void fraction in the periodontal pocket, representing the amount of cavitation

generated and indicating the cleaning effects implicitly, is evaluated.

5.4.1 Effects of the vibration amplitude

To analyse the impact of the scaler’s oscillation amplitude A on cavitation generation, we

simulate the dental scaler oscillating in the periodontal pocket with both soft and nearly

rigid (by setting the gum tissue with the same material as the scaler) boundaries at various

amplitudes A ranging from 0.005 to 0.02 mm and a frequency f of 31 kHz.
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Figure 5.7: Void fraction in the periodontal pocket with both soft and nearly rigid boundaries

plotted against the scaler tip’s oscillation amplitude A. The oscillation amplitude A ranges

from 0.005 to 0.02 mm, and other parameters are the same as in 5.5.

Figure 5.7 illustrates that the void fraction increases with the vibration amplitude

for both soft and nearly rigid boundaries. The energy density of a linear plane harmonic

acoustic wave can be estimated as

I =
1

2
ρfc(2πfp)

2A2
p, (5.4)

where fp and Ap are the oscillation frequency and amplitude of the liquid particle. At the

same oscillation frequency, the energy transferred to the liquid increases signiőcantly with

the amplitude, leading to more cavitation.

Figure 5.7 also demonstrates that less cavitation is generated when the pocket bound-
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ary is soft. This is because a substantial part of ultrasonic energy propagated into the liquid

has been absorbed by the soft boundary and transformed into elastic wave energy rather

than being reŕected at the rigid boundary.

5.4.2 Effects of the vibration frequency

To analyse the impact of the scaler’s frequency on cavitation generation, we simulate the

dental scaler oscillating in the periodontal pocket with both soft and nearly rigid boundaries

at various frequencies f ranging from 20 to 45 kHz, with an amplitude A of 0.01 mm.

Figure 5.8: Void fraction in the periodontal pocket with both soft and nearly rigid boundaries

plotted against the scaler’s vibration frequency f. The vibration frequency f ranges from 20

to 45 kHz, and other parameters are the same as in őgure 5.5.
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Figure 5.9: The root mean square (RMS) amplitude of the scaler tip along the x - and y-

axes plotted against the vibration frequency f of the scaler tip. The vibration frequency f

ranges from 20 to 45 kHz, and other parameters are the same as in őgure 5.5.

As shown in őgure 5.8, the void fraction within the periodontal pocket increases with

the vibration frequency, attaining its peak value at approximately 32 kHz before gradually

decreasing. Figure 5.9 displays the root mean square (RMS) amplitude of the scaler tip

along the x - and y- axes, which is evaluated by

ARMS =

√

√

√

√

1

N

N
∑

i=1

A2
i , (5.5)

where ARMS represents the RMS amplitude, Ai denotes the ith simulated amplitude, and

N is the total number of samples. The amplitude along the x -axis follows the same trend

as the void fraction and is signiőcantly larger than that along the y-axis. To analyse this

pattern, the natural frequency of the scaler undergoing vibrations without the presence of

surrounding liquid is evaluated using ABAQUS, which is 34.7 kHz. The natural frequency
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of the scaler’s vibrations in the liquid should decrease due to the effect of the added mass

to the system by the liquid. Therefore, the peak value of the void fraction and scaler tip

amplitude at 32 kHz in őgures 5.8 and 5.9 correspond to the resonance of the system subject

to the oscillation of the scaler.

5.4.3 Effects of the shape of the scaler tip cross-section

We now analyse the impact of the cross-sectional shape of the scaler tip on cavitation gener-

ation. Three cross-sectional shapes are considered, as shown in őgure 5.10: Type A: a thin

cross-section to the direction of the displacement of the scaler tip; Type B: a circular cross-

section; and Type C: a blunt cross-section. These three cross-sectional shapes are kept in

the same area. The amplitude A and the frequency f are 0.01 mm and 31 kHz, respectively.

Figure 5.10: Schematics showing various cross-sectional shapes of dental scalers, where the

x -axis is along the scaler tip displacement direction. Type A: a thin cross-section (ξ = 0.5),

Type B: a circular cross-section (ξ = 1), and Type C: a blunt cross-section (ξ = 2).

Figure 5.11 illustrates that the void fraction in the periodontal pocket increases as

the ratio ξ = Lx/Lz decreases. Figure 5.12 displays the RMS amplitude of the scaler tip

along the x - and y- axes, which follow the same trend as the void fraction. The moment of
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Figure 5.11: Void fraction in the periodontal pocket with both soft and nearly rigid bound-

aries, generated by dental scalers with different cross-sectional shapes (Type A: a thin cross-

section ξ = 0.5, Type B: a circular cross-section ξ = 0.5, and Type C: a blunt cross-section

ξ = 0.5). Parameters are the same as in őgure 5.5.

inertia of area (also known as the second moment of area) for the cross-section of the scaler

tip can be calculated by [173]

Izz =
πL3

xLz
4

. (5.6)

Following equation (5.6), the moments of inertia of area for Type A, Type B, and Type C

are IAzz = πR4

8
, IBzz = πR4

4
, and ICzz = πR4

2
, respectively, where R is the radius of the cross-

section of Type B. According to the EulerśBernoulli bending theory [174], the deŕection w
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Figure 5.12: The RMS amplitude of the scaler tip along the x - and y- axes for dental scalers

with different cross-sectional shapes (Type A: a thin cross-section ξ = 0.5, Type B: a circular

cross-section ξ = 1, and Type C: a blunt cross-section ξ = 2). Other parameters are the

same as in őgure 5.5.

of a slender beam can be described by

∂2w

∂y2
=
M

EI
, (5.7)

where M is the applied bending moment at a given position, E is the Young’s modulus of the

material, and y is the position along the beam. The deŕection of a bending beam is inversely

proportional to the moment of inertia of the area of the beam’s cross-section. Therefore,

with the same input power for the scaler, the scaler tip vibrates at a larger amplitude as

the thickness along the main direction of oscillation (x -axis) decreases, increasing cavitation

generation.

Manufacturers have designed different shaped tips for various cleaning applications
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inside the mouth. For instance, broader and larger tips are used to clean mineralised plaque

deposits above the gum line, while much thinner tips are used for subgingival cleaning. To

enhance the effective use of ultrasonic scalers in a non-touch mode, modifying the shape of

the scaler tip to decrease the moment of inertia of area for the cross-section and increase the

tip oscillation amplitude, resulting in more cavitation generation, can be beneőcial.

5.5 Chapter summary

Considering the impact of soft tissue of the periodontal pocket, we have conducted a para-

metric study numerically to explore the effects of vibration amplitude, frequency, and the

cross-sectional shape of the dental scaler on cavitation generation. The clinical relevance of

these őndings is that when dealing with a periodontal pocket with severe inŕammation, clin-

ical operators are advised to adjust the frequency of the scaler to match its natural frequency

and increase the amplitude to maximise cavitation and cleaning effects.
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Summary, conclusions and possible

developments

6.1 Summary and conclusions

This thesis explores the dynamics of a single bubble in a viscous compressible liquid near a

rigid boundary at a moderately large Reynolds number of O(10-100) and the application of

cavitation bubbles in dental cleaning.

(1) Chapter 3. The mechanisms of jetting, vortex sheet and vortex ring devel-

opment in asymmetric bubble dynamics

The bubble dynamics near a rigid boundary for Reynolds number O(10-100) is studied

experimentally and numerically. New dynamic features are revealed.

(i) Mechanisms underlying the bubble jetting and vortex ring

During expansion, the distal part of the bubble surface from the wall expands faster

than the closer part, as the latter is hindered by the wall. Accordingly, the bubble gas on
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the distal side ŕows faster away from the stagnation point, initially at the bubble centre, and

has smaller pressure according to the Bernoulli equation. As a result, the stagnation point

moves away from the wall during expansion, and a vortex sheet forms inside the bubble as

the streamlines converge to the stagnation point with different velocities.

As the vortex sheet approaches the bubble interface, it transfers momentum to the

gas-liquid interface, inŕuencing the liquid ŕow close to the bubble wall. At approximately the

maximum bubble volume, the stagnation point moves out of the bubble. The high-pressure

zone at the stagnation point drives the distal bubble surface to collapse őrst and fastest,

pulling the side liquid inwards. In the meantime, the part of the bubble surface nearest the

wall still expands, pushing the liquid between the bubble and the rigid boundary outwards.

This generates a circulation around the side cross-section of the bubble. A vortex ring is

accordingly generated within the bubble gas at the outer rim of the vortex sheet as the

vortex sheet decays, owing to the higher shear stress from the liquid.

The distal bubble surface collapses faster during the collapse, the liquid ŕow towards

the distal part strengthens, and the vortex ring intensiőes. These events enhance each other

in a positive feedback loop. A high-speed liquid jet develops at the distal bubble surface,

accelerated by the vortex ring. The liquid jet subsequently penetrates the bubble and is

redirected outwards after impacting the wall. This, in turn, strengthens the circulation

around the vortex ring.

With the core of the vortex ring inside the bubble gas, much less energy loss occurs

than inside the liquid. This is because the energy dissipation of a vortex ring is proportional

to viscosity, and most energy dissipation occurs near its centre. With its core inside the

bubble gas, the vortex ring accelerates the jet like a bearing system. These new insights

into the gas ŕow inside the bubble provide supporting evidence for the nanodroplet injection

model.
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(ii) Viscous effects

The jet is shallower due to viscosity effects and has less kinetic energy at a smaller

Reynolds number. With less kinetic energy associated with the jet, the bubble collapses

violently to a smaller minimum value, producing stronger shockwaves. With signiőcantly

more energy radiated due to the stronger shockwaves, the subsequent oscillation during the

second cycle has a smaller maximum radius. The period of oscillation is energy dependent;

therefore, the period also reduces due to the energy reduction.

The pressure on the wall is more signiőcant due to the stronger shockwave emission at

the end of the őrst cycle when the Reynolds number is smaller. As more energy is radiated

due to stronger shockwaves at the end of the őrst cycle, the shockwaves are much weaker,

and the pressure on the rigid boundary is much smaller at the end of the second cycle.

An oscillating bubble in a higher viscous liquid is more stable. A bubble often breaks

up after the őrst cycle of oscillation in water. A bubble often remains stable in higher

viscosity liquid after multiple oscillation cycles.

For a bubble in inertial collapse near a rigid boundary, the signiőcant shear stress at

the boundary occurs primarily as the shockwaves propagate and the jet spreads along the

boundary. The former has a much higher amplitude, and the latter has a longer period.

They both increase with decreasing Reynolds number.

(2) Chapter 4. Cavitation in a periodontal pocket by an ultrasonic dental scaler:

a numerical investigation

A parametric study for an ultrasonic dental scaler oscillating in a periodontal pocket has

been performed to investigate the effects of the volume of the periodontal pocket, the taper

ratio η and the immersion depth of the scaler tip on the cavitation generated. Based on the

numerical results, it can be concluded that:
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More cavitation around a scaler tip is generated when it is vibrating in a hole, and

the cavitation density increases as the hole volume decreases. This is because the ultrasound

energy per unit volume increases inversely with the hole volume.

The cavitation density increases with the taper ratio as more energy remains in the

hole due to the increased blocking effect. The cleaning effects should be improved by adding

a lid to the scaler tip to cover the hole opening.

Cavitation forms in the hole even if the scaler is placed above the hole. The cavitation

density increases signiőcantly with the immersion depth of the scale tip in the hole.

The cavitation density varies when the scaler tip is put in periodontal pockets with

various shapes and immersion depths. The increase in cavitation density may result in

increased cleaning efficiency. In this regard, the numerical model developed in this study

can aid in further optimisation studies that allow the ultrasonic scaler to be used in a non-

touching technique more efficiently.

(3) Chapter 5. Numerical investigation of cavitation in periodontal pockets:

insights for enhancing cleaning efficiency

A parametric study has been undertaken to explore the impacts of vibration amplitude,

frequency, and the cross-sectional shape of the dental scaler on cavitation generation. The

following new features/phenomena are observed.

Cavitation generated in the periodontal pocket with a soft boundary is signiőcantly

less than that with a nearly rigid boundary. This is because a signiőcant part of the acoustic

energy is transformed into the elastic wave energy of the soft boundary.

Increasing the scaler’s oscillation amplitude at a őxed oscillation frequency leads to

higher cavitation levels as more ultrasonic energy is introduced into the liquid.
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Cavitation within the periodontal pocket reaches the peak value when the vibration

frequency is 32 kHz for the dental scaler tip 10P. This frequency closely matches the natural

frequency of the scaler, and the peak cavitation coincides with the maximum amplitude of

the scaler tip. This phenomenon is attributed to the resonance of the system.

The scaler tip’s cross-sectional shape signiőcantly inŕuences the scaler tip’s oscillation

amplitude and the cavitation generation within the periodontal pocket. When the cross-

sectional area is constant, an increase in the scaler tip’s amplitude and cavitation generation

can be achieved by reducing the thickness of the scaler tip along its main oscillation direction.

This őnding can potentially optimise the structural design of dental scalers for better cleaning

effects.

6.2 Possible developments

Regarding the study of single bubble dynamics, a numerical model with a newly proposed

non-reŕective boundary condition has been established with the volume of ŕuid interface

capturing method. However, non-conservation of mass is observed at the end of collapse,

which could be attributed to the precision of the interface capturing method needs to be

improved. A high-precision interface capturing method, such as a cut-cell method based on

the Eulerian-Lagrangian method, can be developed.

Regarding the study of ultrasonic cavitation in dental cleaning, the cleaning effects are

investigated implicitly by evaluating the amount of cavitation generated. This evaluation

approach can be further improved if dental plaque bioőlms can be modelled. Moreover,

a more accurate model for cavitation bubble clusters will enhance the reliability of the

cavitation predicted by numerical simulations.
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Derivation of Rayleigh-Plesset equation

for a spherical bubble

Spherical bubble oscillation in an incompressible liquid is mathematically described by the

RayleighśPlesset equation [43]. Derivation of the equations is described herein.

Consider a spherical bubble in an inőnite incompressible liquid. Set spherical coordi-

nates (r, φ, θ) with the origin at the bubble centre. Every function then depends on only one

spatial variable, r, the distance from the bubble centre to the point considered, and time t.

As such, the velocity u in the liquid satisőes

u = u (r, t) er, (A.1)

where er is the unit coordinate vector for the r -coordinate. Namely, ur = u (r, t) , uφ = uθ =

0.

The unknown functions in the problem to be determined are: (1) The bubble radius

history R (t) in terms of time t ; (2) In the liquid domain r ≥ R (t), the velocity u (r, t) and

the pressure p (r, t) induced by the evolution of the bubble.
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Assuming the liquid is incompressible, the continuity equation of the liquid ŕow reads

∇ · u = 0. (A.2)

The divergence of u in spherical coordinates is

∇ · u =
1

r2
∂ (r2ur)

∂r
+

1

r sin θ

∂ (sin θuθ)

∂θ
+

1

r sin θ

∂ (uφ)

∂φ
. (A.3)

Using the symmetry of the modelling, i.e. u = (u (r, t) , 0, 0), we have

∇ · u =
1

r2
∂ (r2u)

∂r
= 0. (A.4)

This yields

r2u (r, t) = c′(t), (A.5)

for r ≥ R(t), where c′(t) is a function depending only on time.

When mass transfer through the interface is neglected, the liquid velocity at the

interface u (R, t) is equal to the interface velocity. Thus, we have

r2u (r, t) = c′(t) = R2u (R (t) , t) = R2(t)Ṙ(t), (A.6)

Namely

u (r, t) =
c′(t)

r2
=
R2(t)Ṙ(t)

r2
. (A.7)

The velocity of the liquid ŕow at a point due to an oscillating spherical bubble is inversely

proportional to the square of the distance r from the point considered to the bubble centre.

The Navier-Stokes equations for an incompressible liquid ŕow read

ρ

(

∂u

∂t
+ u · ∇u

)

= ρf −∇p+ µ∇2
u. (A.8)

Here, f is the body force, ρ and µ are the density and dynamic viscosity of the liquid.
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Its r -component in spherical coordinates is given by

ρ

(

dur
dt

−
u2θ + u2φ

r

)

= −
∂p

∂r
+ ρfr + µ

(

∇2ur −
2ur
r2

−
2

r2
∂uθ
∂θ

−
2uθ cot θ

r2
−

2

r2 sin θ

∂uφ
∂φ

)

,

(A.9)

where d
dt
= ∂

∂t
+ ur

∂
∂r

+ uθ
r

∂
∂θ

+
uφ

r sin θ
∂
∂φ

, ∇2 = 1
r2

∂
∂r

(

r2 ∂
∂r

)

+ 1
r2sin2φ

∂2

∂θ2
+ 1

r2 sinφ
∂
∂φ

(

sinφ ∂
∂φ

)

.

Using ur = u (r, t) , uφ = uθ = 0, we have

ρ

(

∂u

∂t
+ u

∂u

∂r

)

= −
∂p

∂r
+ µ

(

1

r2
∂

∂r

(

r2
∂u

∂r

)

−
2u

r2

)

, (A.10)

or
∂u

∂t
+ u

∂u

∂r
= −

1

ρ

∂p

∂r
+ ν

(

1

r2
∂

∂r

(

r2
∂u

∂r

)

−
2u

r2

)

,ν=
µ

ρ
. (A.11)

Substituting u (r, t) = c′(t)
r2

yields

∂

∂t

c′ (t)

r2
+
c′ (t)

r2
∂

∂r

(

c′ (t)

r2

)

= −
1

ρ

∂p

∂r
+ ν

(

1

r2
∂

∂r

(

r2
∂

∂r

(

c′ (t)

r2

))

−
2c′ (t)

r4

)

. (A.12)

Thus, we have
ċ′

r2
− 2

c′2

r5
= −

1

ρ

∂p

∂r
. (A.13)

In this very particular case, the viscous term of the Navier-Stokes equations cancelled

automatically. Thus, for both a viscous and non-viscous ŕuid, the momentum equation

remains the same.

Integrating the above equation (A.13) with respect to r from r = R (t) to r → ∞

yields
∞
∫

R(t)

(

ċ′

r2
− 2

c′2

r5

)

dr = −

∞
∫

R(t)

1

ρ

∂p

∂r
dr. (A.14)

Noticing the density is a constant for an incompressible ŕow, we have

ċ′

R
−

1

2

c′2

R4
=
pB (t)− pamb

ρ
,pB (t) = p (R (t) , t) ,pamb = p|r→∞. (A.15)
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Here, pB (t) is the transient liquid pressure at time t at the bubble surface r = R (t),

and pamb is the ambient pressure.

Substituting c′(t) = R2(t)Ṙ(t) into the above equation yields

ρ

(

RR̈ +
3

2
Ṙ2

)

= pB (t)− pamb. (A.16)

As the liquid is quiescent, the ambient pressure pamb is the hydrostatic pressure p∞.

Considering the surface tension and viscous effects, the transient liquid pressure at the bubble

surface can be calculated by

pB = pv + pb0

(

R0

R

)3γh

− 4µ
Ṙ

R
−

2σ

R
, (A.17)

where pv is the vapour pressure, pb0 is the initial bubble gas pressure, R0 and R are the

initial and transient bubble radii, γh is the ratio of the speciőc heats of the gas, and σ is the

surface tension coefficient.

Substituting equation (A.17) into equation (A.16) yields

ρ

(

RR̈ +
3

2
Ṙ2

)

= pv + pg0

(

R0

R

)3γh

− pamb −
2σ

R
− 4µ

Ṙ

R
. (A.18)

This equation, known as the Rayleigh-Plesset equation, allows us to determine the

temporal evolution of the bubble radius R (t) and consequently the pressure őeld in the

liquid, when the ambient pressure pamb and the initial conditions are given.
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Derivation of Keller-Miksis equation for

a spherical bubble

The RayleighśPlesset equation describes the spherical bubble oscillation in an incompressible

liquid. When considering the weak compressibility of the liquid with low Mach number, the

spherical bubble oscillation can be described by the Keller-Miksis equation [47]. Derivation

of the equations is described herein.

A compressible inviscid ŕow is governed by the equation of mass conservation

∂ρ

∂t
+∇ · (ρu) = 0, (B.1)

and the equation for momentum conservation in the absence of body forces

∂u

∂t
+ u · ∇u = −

1

ρ
∇p. (B.2)

By assuming the ŕow is irrotational, we may introduce a velocity potential ϕ such

that u = ∇ϕ. With this deőnition equation (B.1) is rewritten as

∇2ϕ+
1

ρ

(

∂ρ

∂t
+∇ϕ · ∇ρ

)

= 0. (B.3)
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Noticing u · ∇u = ∇u2

2
− u×∇× u = ∇u2

2
− u×∇×∇ϕ, equation (B.2) becomes

∂

∂t
∇ϕ+∇

u2

2
= −

1

ρ
∇p. (B.4)

As p = p (ρ), equation (B.4) can be expressed as

∂

∂t
∇ϕ+∇

u2

2
= −c2

∇ρ

ρ
, (B.5)

where c =
√

dp
dρ

, which is the speed of sound.

Equation (B.6) is integrated once to give the Bernoulli equation, assuming here c is

a constant,
∂ϕ

∂t
+
u2

2
+ c2 ln ρ = c2 ln ρ∞. (B.6)

where ρ∞ is the undisturbed density at the far őeld.

Taking the derivative of equation (B.6) with respect to time gives us

∂2ϕ

∂t2
+
∂

∂t

(

u2

2

)

+ c2
1

ρ

∂ρ

∂t
= 0. (B.7)

Subtracting equation (B.3) by equation (B.7) divided by c2 yields

∇2ϕ−
1

c2
∂2ϕ

∂t2
=

1

2c2
∂u2

∂t
−∇ϕ ·

∇ρ

ρ
. (B.8)

Using equation (B.5), equation (B.8) can be written as

∇2ϕ− 1
c2
∂2ϕ
∂t2

= 1
2c2

∂u2

∂t
−∇φ · ∇ρ

ρ

= 1
2c2

∂u2

∂t
+ 1

c2
∇ϕ ·

(

∂∇ϕ
∂t

+ 1
2
∇u2

)

= 1
2c2

(

∂u2

∂t
+∇ϕ · ∇u2

)

+ 1
2c2

∂
∂t
|∇ϕ|2

= 1
2c2

du2

dt
+ 1

2c2
∂u2

∂t

(B.9)

Here d
dt

in equation(B.9) is the Lagrangian derivative. Under the assumption that c≫ u we

can linearise the above equation to obtain

∆ϕ =
1

c2
∂2ϕ

∂t2
. (B.10)
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Consider a spherical bubble in a compressible liquid. Set spherical coordinates (r, φ, θ)

with the origin at the bubble centre. Every function then depends on only one spatial

variable, r, the distance from the bubble centre to the point considered, and time t. As such,

the velocity u in the liquid satisőes

u = u (r, t) er, (B.11)

where er is the unit coordinate vector for the r -coordinate. Namely, ur = u (r, t) , uφ = uθ =

0. One can verify the curl of the velocity őeld is zero. The liquid ŕow due to the bubble is a

potential ŕow.

Assuming the bubble wall velocity is small compared to the speed of sound in the

liquid, the ŕow is a weakly compressible ŕow. It thus satisőes the wave equation (equation

B.10).

Due to spherical symmetry, equation (B.10) becomes

1

r2
∂ϕ

∂r

(

r2
∂ϕ

∂r

)

=
1

c2
∂2ϕ

∂t2
, (B.12)

since the Laplace operator in spherical coordinates take the following form

∇2 =
1

r2
∂

∂r

(

r2
∂

∂r

)

+
1

r2sin2φ

∂2

∂θ2
+

1

r2 sinφ

∂

∂φ

(

sinφ
∂

∂φ

)

. (B.13)

The general solution of the wave equation (B.12) under spherical symmetry is obtained

as follows:

ϕ = −
f (t− r/c)

r
−
g (t+ r/c)

r
. (B.14)

Using the Sommerfeld radiation condition, for a wave propagating away from its source, we

have

ϕ = −
f (t− r/c)

r
. (B.15)
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The kinematic boundary condition at the bubble surface takes the form

Ṙ = ∂ϕ
∂r

∣

∣

r=R
= ∂ϕ(R,t)

∂r
=
(

ḟ(t−r/c)
cr

+ f(t−r/c)
r2

)

r=R

= ḟ(t−R/c)
cR

+ f(t−R/c)
R2 .

(B.16)

Using equation (B.15) we have

ϕ (R, t) = −
f (t−R/c)

R
, (B.17)

and
∂ϕ (R, t)

∂t
= −

ḟ (t−R/c)

R
. (B.18)

Using these two equations, equation (B.16) can be written as

∂ϕ (R, t)

∂t
= −c

(

Ṙ +
ϕ (R, t)

R

)

. (B.19)

Using Bernoulli’s equation,

∂ϕ

∂t
+

1

2
u2 +

p

ρ
=
pamb
ρ
, (B.20)

at the bubble surface, we have

∂ϕ (R, t)

∂t
+

1

2
Ṙ2 +

pB
ρ

=
pamb
ρ

. (B.21)

This can be written as
∂ϕ (R, t)

∂t
+

1

2
Ṙ2 = −

pB − pamb
ρ

= ∆. (B.22)

Substituting equation (B.19) into equation (B.22) yields

RṘ + ϕ (R, t)−
1

2c
RṘ2 = −

1

c
R∆. (B.23)

Noticing that
dϕ(R(t),t)

dt
= ∂ϕ(R,t)

∂t
+ ∂ϕ(R,t)

∂r
Ṙ

= ∂ϕ(R,t)
∂t

+ Ṙ2

= ∂ϕ(R,t)
∂t

+ 1
2
Ṙ2 + 1

2
Ṙ2

= ∆+ 1
2
Ṙ2,

(B.24)
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and performing d
dt

to equation (B.23), we obtain

d(RṘ)
dt

+
(

∆+ 1
2
Ṙ2
)

− 1
2c
dRṘ2

dt
= −1

c
dR∆
dt

⇒ RR̈ + 3
2
Ṙ2 − 1

2c

(

Ṙ3 + 2RṘR̈
)

= −∆− 1
c

(

Ṙ∆+Rd∆
dt

)

⇒
(

1− Ṙ
c

)

RR̈ +
(

1− Ṙ
3c

)

3
2
Ṙ2 = −

(

1 + Ṙ
c

)

∆− R
c
d∆
dt
.

(B.25)

As ∆ = −pB−pamb

ρ
, equation (B.25) can be rewritten as

(

1−
Ṙ

c

)

RR̈ +

(

1−
Ṙ

3c

)

3

2
Ṙ2 =

(

1 +
Ṙ

c

)

pB − pamb
ρ

+
R

ρc

d

dt
(pB − pamb) . (B.26)

where pB can be calculated by equation (A.17). For a bubble in a quiescent liquid, the

ambient pressure pamb is equal to the hydrostatic pressure p∞.

This is the Keller-Miksis equation for the time history of the radius, R(t), for a bubble

in a weakly compressible liquid. The Keller-Miksis equation holds for
∣

∣

∣
Ṙ
∣

∣

∣
/c ≪ 1. Note

that this weakly compressible KellerśMiksis equation (B.26) reduces to the incompressible

RayleighśPlesset equation (A.18) as c→ ∞.
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