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ABSTRACT

The goal of this thesis is to find solutions to large-and-sparse linear Semidefinite Programs (SDPs)

with low-rank solutions and/or low-rank data, and we introduce a new code for the solution of these

problems. We are investigating an Interior-Point (IP) approach to solve these problems. A general

bottleneck of IP methods is assembling the so-called Schur complement equation and finding a so-

lution for it, in which the matrix becomes increasingly ill-conditioned as the interior-point method

makes progress toward the solution. To tackle this challenge, instead of the direct solver (Cholesky

factorization), we suggest using a Preconditioned Conjugate Gradient (PCG) method within an

interior-point semidefinite program algorithm and introduces a novel and efficient preconditioner

that fully utilizes the low-rank information. Efficient preconditioners allow PCG to converge to an

approximate solution of the linear equation in a few iterations, independent of the ill-conditioning

of the Schur complement matrix. The efficiency is demonstrated by numerical experiments using

the truss topology optimization problems of growing dimension which is formulated as large-scale

SDP with the low-rank solution and the sensor network localization problems. The numerical re-

sults demonstrate that our preconditioner is working better than preconditioners recently proposed

by Zhang and Lavaei [86], based on a similar idea. Also, our Matlab implementation outperforms

MOSEK [57] and other available IP-based software. Furthermore, we use this IP approach to solve

linear SDPs arising from higher-order Lasserre relaxations of Unconstrained Binary Quadratic op-

timization Problems (UBQPs). For these problems, the preconditioner makes use of the low-rank

structure of the solution of the relaxations. Thus, we re-write the moment relaxations and use

an ℓ1-penalty approach within the IP solver to deal with the arising linear equality constraints.



The efficiency of this approach is demonstrated by numerical experiments with the MAXCUT and

other randomly generated problems and a comparison with a state-of-the-art semidefinite solver

and the ADMM method. As a by-product, we observe that the second-order relaxation is often

high enough to deliver a globally optimal solution of the original problem.

In addition to this study, we look at how Polynomial Optimization techniques can be applied to

Geometric Modeling problems. We discuss some examples of geometric modeling problems, and

how they can be solved utilizing polynomial optimization tools. At the end, we report and analyze

some experimental findings.

Keywords— Semidefinite optimization, interior-point methods, preconditioned conjugate

gradients, Binary quadratic optimization, truss topology optimization, MAXCUT problem, Lasserre

relaxations, sensor network localization
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Chapter One

Introduction

Polynomial optimization is an important area of optimization that focuses on optimizing a polyno-

mial function under some polynomial constraints. These problems have a wide range of applica-

tions in many fields, including engineering, economics, computer science, statistics, and many oth-

ers. Also, it provides a solid mathematical foundation for solving complex optimization problems

and helps to develop efficient algorithms and computational tools to solve real-world problems.

Polynomial optimization is NP-hard and it is suggested to approximate these problems using a

hierarchy of convex (semidefinite) relaxations. There are two ways to create such relaxations; the

Sum of Squares (SOS) representation of nonnegative polynomials and the dual theory of moments.

The general approach started with the work of Shor [66, 67, 68, 69] and Nesterov [58]. Then, it

was further developed by Lasserre [47, 48, 50] and Parrilo [61, 62], and there is broad literature

available on this. The weakness of these relaxations is that in higher order relaxations, we need to

solve the huge resulting Semidefinite Programming problems (SDP). Thus, we need to use SDP

solvers for these large-scale problems.

The first efficient solvers for semidefinite optimization emerged more than twenty years

ago. All of the general-purpose solvers have been using second-order algorithms, predominantly

the Interior-Point (IP) method. In every iteration of such an algorithm, one has to solve a system

1



Introduction

of linear equations Hx = g of size n × n, where n is the dimension of the unknown vector x in

the linear semidefinite programming problem

min
x∈Rn

c⊤x subject to
n∑
i=1

xiA
(k)
i −B(k) ≽ 0 , k = 1, . . . , p

with A(k)
i , B

(k) ∈ Rm×m. The assembly and solution of this linear system is a well-known bottle-

neck of these solvers. This is the case even for problems with sparse data and sparse linear systems

when the assembly of the system requires O (pnm3) flops, and the solution by sparse Cholesky

factorization O (nα) flops with some α ∈ [1, 3].

On the other hand, many real-world applications lead to large-scale SDP, often unsolv-

able by current general-purpose software. There are, essentially, three ways how to approach this

conundrum:

1. Reformulating the problem to make it more suitable for general-purpose solvers. This can

be done, for instance, by facial reduction [44, 63, 89] or by decomposition of large matrix

inequalities (and thus reducing m) into several smaller ones [38, 41].

2. Using a different algorithm, such as spectral bundle [32], ADMM [59], augmented La-

grangian [54, 88], optimization on manifolds [36], randomized algorithms [84] or techniques

of nonlinear programming [13, 14].

3. Using one of the second-order algorithms with Cholesky factorization replaced by an itera-

tive method for the solution of the linear systems Hx = g; see, e.g., [42, 75, 86].

The last approach is particularly attractive whenever n≫m, and addresses both bottlenecks of a

second-order SDP solver.

• The assembling of the system matrix: an iterative solver only needs matrix-vector multipli-

cations, and so the matrix does not have to be explicitly assembled and stored.
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• The solution of the linear system itself: an iterative solver can handle very large systems,

as compared to a sparse Cholesky solver, under the assumption of good conditioning of the

matrix or the existence of a good preconditioner.

When the data matrices A(k)
i are of very low rank (such as rank one), the complexity of the

linear system assembling can be substantially reduced by using this fact. This is particularly true

for rank-one dense matrices. This fact is, however, rarely utilized in standard SDP software, due

to the complications related to a different data input.

Our goal in this thesis is to introduce Loraine (Low-rank interior-point), a new general-

purpose interior-point SDP solver targeted to problems with low-rank data and low-rank solutions.

It employs special treatment of low-rank data matrices and, in particular, an option to use an

iterative Krylov type method for the solution of the linear system. As the choice of an efficient

preconditioner in a Krylov type method is problem dependent, in particular, in the context of

optimization algorithms, we will focus on problems with expected very low-rank solutions.

SDP problems with low-rank solutions are common in relaxations of optimization problems

in different areas such as combinatorial optimization [9], approximation theory [16, 49], control

theory [49], structural optimization [72], and power systems [53].

It is not our goal to find a low-rank solution in case of non-unique solutions; indeed, it

is well-known that an interior-point method will converge to a maximal complementary solution.

However, if the method converges to a low-rank solution, we will use this fact to improve its

computational complexity and memory demands. The proposed preconditioners are not limited to

problems with (theoretically exactly) low-rank solutions, they can be efficiently applied when the

solution has a few outlying eigenvalues.

There is one major difference between Loraine to other algorithms for SDP problems with

low-rank solutions, such as SDPLR [14, 13], optimization on manifolds [36] and other approaches

3



Introduction

[6, 84]. All these methods require the knowledge of a guaranteed (possibly tight) upper bound on

the rank of the solution. If the estimate of the rank was lower than the actual rank, the algorithm

would not find a solution. In our approach, the rank information is merely used to speed up a

standard, well-established algorithm. If our estimated rank is smaller than the actual one, we

will only see it in possibly more iterations of the Krylov solver; the convergence behavior of the

optimization algorithm will be unchanged.

The actual optimization algorithm used in Loraine is a “standard” primal-dual interior-point

method. The algorithm mimics the reliable primal-dual algorithm with Nesterov-Todd direction,

as used, e.g., in the SDPT3 solver [74, 75].

Our preconditioner is motivated by the work of Zhang and Lavaei [86]. They presented a

preconditioner for the Conjugate Gradient (CG) method within a standard IP method that makes it

more efficient for large-and-sparse low-rank SDPs. We partly follow their approach, though there

are some major differences: we abandon a crucial assumption on the sparsity of the data matrices

(Assumption 2 in [86]); our method allows for SDPs with more than one LMI and with (simple)

linear constraints; the complexity of computing our preconditioner is substantially lower; we can

also efficiently solve problems with a few outlying eigenvalues in the optimal solution.

To test Loraine and the underlying algorithms, we have generated a library of problems

with low-rank solutions. The first group arises from truss topology optimization without and with

vibration constraints, formulated as SDP. These problems are characterized by very low-rank solu-

tions and scalability, in the sense that one can generate a range of problems of various dimensions

but of the same type. By comparing Loraine with other SDP solvers, we will demonstrate the

efficiency of our approach. Next, we tested our algorithm on linear SDPs arising from Lasserre

relaxations of the MAXCUT problem, randomly generated BQPs and a library of problems called

BQPGKA. These problems are large-scale and have a low-rank solution of their SDP relaxations.

In order to use the designed preconditioner, we rewrite the moment relaxations. As IP methods
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cannot handle resulting linear equality constraints, we use an ℓ1-penalty approach. The last group

of problems is the Sensor Network Localization (SNL) problem with noisy data.

We further discuss applications of polynomial optimization problems in geometric model-

ing by presenting examples and analyzing the results.

The thesis is organized as follows: In Chapters 2 and 3, we discuss semidefinite program-

ming, the interior point method, polynomial optimization, and convex relaxations which are the

backgrounds of our research. Chapter 4 presents the theory of our developed algorithm called Lo-

raine and it is divided into four sections: Section 4.1 introduces the SDP problems we want to solve

and some basic assumptions. In Section 4.2, we introduce the preconditioners used with the itera-

tive solvers. Section 4.3 describes two methods for solving SDPs with linear equality constraints.

The last section of this chapter, Section 4.4, presents the solver Loraine, its special features, and the

choice of parameters to use it. Chapters 5-7 describe our applications, truss topology optimization

problems, the sensor network localization problem and Lasserre hierarchies of the unconstrained

binary quadratic optimization problems, and the results of our numerical experiments on these

problems. Loraine described in Chapter 4 and some of the numerical results presented in Chapters

5-7 are brought together in papers titled ‘Loraine - An interior-point solver for low-rank semidefi-

nite programming’ [30] and ‘Barrier and penalty methods for low-rank semidefinite programming

with application to truss topology design’ [28]. Also, as we needed to rewrite the moment re-

laxations of UBQPs to be able to utilize Loraine for these problems, we collected the results of

Chapter 7 in more detail in a separate paper under the title of ‘Solving Lasserre relaxations of

unconstrained binary quadratic optimization problems by an interior-point method’ [31]. Finally,

in Chapter 8, we look at how Polynomial Optimization techniques can be used to solve Geometric

Modeling problems and we present some examples performed in Julia. The result of this chapter

is published by Springer as a chapter on ‘Polynomial Optimization in Geometric Modeling’ in the

book titled ‘Polynomial Optimization, Moments, and Applications’ [29].

In the following, a more precise list of this thesis’s contributions is presented:
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• Introduction of Loraine: The primary contribution of this thesis is the introduction of Lo-

raine, an Interior point solver designed for large-and-sparse semidefinite programming with

low-rank solutions or solutions with few outlying eigenvalues, and/or problems with low-

rank data. Loraine utilizes a preconditioned conjugate gradient method within an interior-

point SDP algorithm with an efficient preconditioner fully utilizing the low-rank information.

Loraine is demonstrating efficiency in various scenarios through numerical experiments on

truss topology optimization, Lasserre relaxations of unconstrained binary quadratic opti-

mization problems, and sensor network localization problems [28, 30].

• Experiments with Lasserre Relaxations of UBQPs: This contribution lies in our exper-

iments involving Lasserre relaxations of the unconstrained binary quadratic optimization

problems. To adapt these relaxations to Loraine’s assumptions, we introduce a reformula-

tion of the SDP relaxation of BQP, and we use an ℓ1-penalty approach. Loraine is then tested

on MAXCUT problems, randomly generated BQPs, and the BQPGKA library [31].

• Application to Geometric Modeling Problems: The thesis comprehensively reviews the

application of Polynomial Optimization techniques to Geometric Modeling problems. A

novel approach to address the Minimal Enclosing Ellipsoids problem is introduced, particu-

larly when the center point is treated as a free variable rather than predefined [29].
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Theory
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Chapter Two

Background

In this chapter and the following one, we describe the necessary background of our work. Semidefi-

nite programming and the interior-point method are described in this chapter and Chapter 3 focuses

on polynomial optimization and semidefinite relaxations.

2.1 Semidefinite Programming

Semidefinite programming is one of the major tools for solving polynomial optimization problems,

and there are some powerful software packages in this area. In this thesis, we introduce another

software, called Loraine, with specific features to solve them.

First, we introduce some useful notations. We denote by Sm,Sm+ and Sm++, respectively, the

vector space ofm×m real symmetric matrices, positive semidefinite and positive definite matrices.

The symbol • denotes the Frobenius inner product of two matrices in the mentioned vector spaces,

A•B = tr(A⊤B) =
∑
i,j

AijBij . Also, for symmetric matricesA andB,A•B = svec(A)⊤svec(B),

where ‘svec’ of a matrix is the symmetrized vectorization of it. A matrix M ∈ Sm is called

positive semidefinite (PSD) with the notation M ⪰0 or M ∈ Sm+ (respectively positive definite
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with the notation M ≻0 or M ∈ Sm++) if x⊤Mx ≥ 0 , for all x ∈ Rm (respectively > 0, for

all x ∈ Rm\{0}). Any PSD matrix with rank r can be decomposed by Gram decomposition and

be written as M = V V ⊤ for some V ∈ Rn×r [33]. We use this property later in Section 4.2 for

developing a preconditioner.

SDP is linear optimization over the cone of positive semidefinite matrices. In both SDP

and Linear Programming (LP), we want to optimize a linear function over the feasibility region.

The feasible region in LP and SDP is made of the vector variable x ∈ Rn,x ≥ 0, and symmetric

matrix variable X ∈ Sn, X ⪰ 0, respectively. LP and SDP problems are defined as the following

standard forms:
min
x∈Rm

c⊤x

s.t. a⊤j x = bj, j = 1, . . . , n,

x ≥ 0

(LP)

and
sup
X∈Sm

C •X

s.t. Aj •X = bj, j = 1, . . . , n,

X ⪰ 0,

(SDP)

where bj ∈ R and c, aj ∈ Rn, C,Aj ∈ Sm. Here, the problem (SDP) is in the standard primal form

of a semidefinite program, and we sayX is primal feasible ifAj•X = bj, j = 1, . . . , n, andX ⪰ 0.

The dual SDP is defined as
inf
y∈Rn

b⊤y

s.t.
n∑
j=1

yjAj − C ⪰ 0 .
(SDD)

As mentioned before, this problem is a linear programming problem in the convex but non-

polyhedral cone of positive semidefinite matrices. The constraint in (SDD) is also called linear

matrix inequality constraint (LMI).
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2.1.1 SDP and duality

Definition 2.1.1. (Strict feasibility) Let us consider p∗ and d∗ to be the optimal values of (SDP)

and (SDD), respectively. The (SDP) problem is strictly feasible if there exists X ≻ 0 which is

primal feasible. Also, (SDD) is strictly feasible if there exists y with
n∑
j=1

yjAj − C ≻ 0. Strict

feasibility is also called Slater’s constraint qualification or Slater’s regularity condition.

Definition 2.1.2. (Duality gap) Let us consider the primal and dual feasible sets be

P = {X | Aj •X = bj, j = 1, . . . , n, X ⪰ 0},

and

D = {y |
n∑
j=1

yjAj − C ⪰ 0},

Respectively. Let us consider X ∈ P and y ∈ D, then

C •X − b⊤y

is called the duality gap of (SDP) and (SDD).

Now, by considering these definitions, we discuss the weak and strong duality theorems, in

the following.

Theorem 2.1.3. (Weak duality theorem) Let us consider the primal problem (SDP) and its dual

(SDD) where both are feasible problems. Then, the weak duality holds which means that p∗ ≤ d∗.

Proof. This proof is straightforward. If we consider X and y to be feasible for (SDP) and (SDD),

respectively, then

0 ≤ X • (
n∑
j=1

yjAj − C) =
n∑
j=1

(X • Aj)yj − (C •X) = b⊤y − (C •X).

The first inequality in the right is implied from the following Theorem 2.1.4.
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Theorem 2.1.4. ([18, Theorem A.8]) A symmetric matrix A is positive semidefinite if and only if

for all positive semidefinite matrices B, A •B ≥ 0.

Proof. From right to left: We want to show that if A • B ≥ 0 for all B ⪰ 0 then the symmetric

matrix A is positive semidefinite. Let B = xx⊤ where x ∈ Rn is given, so B ⪰ 0. Then

0 ≤ A •B = A • xx⊤ =
∑
i,j

Aijxixj = x⊤Ax.

From left to right: Now, we want to prove that if A and B are both positive semidefinite

matrices, then their Frobenius inner product is also positive semidefinite. We have

A •B = tr(A
1
2A

1
2B

1
2B

1
2 ) = tr(A

1
2B

1
2B

1
2A

1
2 ) = ∥A

1
2B

1
2∥2 ≥ 0.

The strong duality theorem, guaranteeing a zero duality gap, holds for any feasible linear

optimization (LP) problems when either the primal or dual problem is feasible. This theorem states

that if the primal LP problem has an optimal solution, then the dual LP problem also has an optimal

solution, and the optimal values of the objective functions are equal. In semidefinite programming,

this duality does not always hold and it can be obtained under Slater conditions. The following

example shows strong duality for SDPs does not always hold.

Example 2.1.5. Let us consider the (SDP) where n = m = 3 and our data matrices are as follows:

C =


0 0 0

0 0 0

0 0 −1

 , b =


1
2

1
2

0


and

A1 =


0 1 0

1 2 0

0 0 1

 , A2 =


0 0 2

0 0 0

2 0 0

 , A3 =


0 0 0

0 2 0

0 0 0

 .
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By considering the matrix X =


x11 x12 x13

x12 x22 x23

x13 x23 x33

, this primal SDP problem would be written as

max −x33

s.t. 2x12 + 2x22 + x33 =
1

2

4x13 =
1

2

2x22 = 0

X ⪰ 0.

As x22 = 0, based on the positive definiteness of X , x12 = 0. Finally, from the first constraint, we

would have x33 =
1
2

and p∗ = −1
2
.

Now, the dual of this SDP would be written as

min
y1 + y2

2

s.t.


0 y1 2y2

y1 2y1 + 2y3 0

2y2 0 y1 + 1

 ⪰ 0.

As the first entry of the constraint matrix is zero and because of the positive definiteness of it, the

first row and columns should just include zero entries. So, y1 = y2 = 0 and to have the feasible

solution y3 ≥ 0. Based on this set of feasible solutions d∗ = 0. This is an example that violates

Slater’s conditions and demonstrates that strong duality, which holds for linear programs, does

not hold in general for semidefinite programs.

Before we go through the strong duality theorem, we present the Theorem 2.1.6 which is

needed throughout the proof. This theorem is called Seperation theorem for convex sets.

Theorem 2.1.6. ([18, Theorem B.4]) Let us consider two nonempty convex sets C1 and C2 in Rm.
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The relative interiors of these two sets are disjoint if and only if there exists a r ∈ Rm such that

sup
x∈C1

r⊤x ≤ inf
y∈C2

r⊤y

and

inf
x∈C1

r⊤x < sup
y∈C2

r⊤y.

Theorem 2.1.7. ([18, Theorem 2.2])(Strong duality theorem) Let us consider the problem (SDP)

and its dual (SDD). The strong duality, i.e. p∗ = d∗, holds in any of the following circumstances:

(i) If (SDD) is strictly feasible and (SDP) is feasible, then p∗ = d∗.

(ii) If (SDP) is strictly feasible and (SDD) is feasible, then p∗ = d∗.

Proof. It is enough to prove (i), and as the dual of the dual problem is primal, the statement (ii)

will also be proved.

In this proof, we consider the (SDP) and (SDD) problems be equivalently written as

p∗ := inf
X∈Sm

{
− C •X

∣∣∣ Aj •X = bj, j = 1, . . . , n, X ⪰ 0
}
,

and

d∗ := sup
y,S

{
− b⊤y

∣∣∣ n∑
j=1

yjAj − C = S, S ⪰ 0
}

respectively. By this new formulation, the weak duality holds when d∗ ≤ p∗. For b = 0, strong

duality will trivially hold, and the optimal solution of (SDP) will be zero. Thus, we consider the

case where b ̸= 0.

First, we define a nonempty convex set

M =
{
S ∈ Sm

∣∣∣ S =
n∑
j=1

yjAj − C, −b⊤y ≥ d∗, y ∈ Rn
}
.

As this set is nonempty, its relative interiors and the relative interiors of the cone Sm+ will be disjoint.

Otherwise, it will contradict with d∗ being the optimal value of the dual problem.
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Now, as these two convex sets are disjoint, we can use the separation theorem Theorem 2.1.6,

by associating Sm with R 1
2
m(m+1) and we use this property of the Frobenius inner product that

svec(A)⊤svec(B) = A •B for A,B ∈ Sm. Thus, there exist a R ∈ Sm such that

sup
S∈M

(S •R) ≤ inf
U∈Sm+

(U •R). (2.1)

Sm+ is a cone, so the infimum on the right must be either zero or −∞. As the set M is nonempty,

then the infimum is zero and R ⪰ 0. In addition, one has

sup
S∈M

(S •R) ≤ 0. (2.2)

For each S ∈ M , there exist a y ∈ Rn such that −b⊤y ≥ d∗ and by multiplying R to the either

sides of the constrain S =
∑n

j=1 yjAj − C, we get

n∑
j=1

yj(Aj •R) = (S + C) •R = S •R + C •R

and from (2.2), the next inequality follows

n∑
j=1

yj(Aj •R) ≤ C •R. (2.3)

Based on this inequality, one can see the function

f(y) =
n∑
j=1

yj(Aj •R)

is bounded above on the half-space b⊤y ≤ −d∗. This happens when for some β ≥ 0,

Aj •R = βbj, j = 1, . . . , n. (2.4)

If β = 0, then Aj • R = 0 for all j = 1, . . . , n and by (2.3), C • R ≥ 0. By the strict feasibility of

the dual problem, there exists (y0, S0) in the feasible set D in which S0 ≻ 0. By the inner product

of S0 and R, one gets

S0 •R =
n∑
j=1

y0j (Aj •R)− C •R = 0− C •R ≤ 0.
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Thus, S0 • R ≤ 0 which is contradictiong with S0 ≻ 0 and R ⪰ 0. So, β > 0 and as the optimal

value of the SDP problem X∗ must be positive semidefinite, we can define

X∗ =
1

β
R ⪰ 0.

This X∗ is feasible for the SDP problem as by (2.4), we get Aj • X = bj, j = 1, . . . , n. By

multiplying each sides of (2.3) by − 1
β

, for all y ∈ Rn such that −b⊤y ≥ d∗, one will have

−C • x∗ ≤ −b⊤y,

so, −C •X∗ ≤ d∗ and equivalently p∗ ≤ d∗ and by the weak duality p∗ = d∗.

2.2 Interior-Point Algorithm

In this section, we will describe a primal-dual predictor-corrector interior-point method for SDP

which is using the Nesterov–Todd (NT) direction. We will closely follow the articles by Todd,

Toh and Tütüncü [74] and by Toh and Kojima [76] and only repeat formulas needed to present the

structure of the matrix that is required to develop the preconditioners in Section 4.2. The basic

framework of our interior-point solver thus, more or less, mimics that of the software SDPT3.

The general SDP problem of our concern and its features is introduced in Section 4.1.

This problem includes linear constraints and several matrix variables; however, for the sake of

simplicity, we ignore the linear constraints in the following development and consider only one

matrix variable. More variables can, of course, be formally included in a single block diagonal

matrix.

Therefore, in this section, we consider the standard SDP with one matrix variable X ∈ Sm
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and no linear constraints

min
X

C •X (2.5)

subject to Aj •X = bj, j = 1, . . . , n

X ≽ 0 .

Here Aj ∈ Sm, j = 1, . . . , n, C ∈ Sm, b ∈ Rn are data of the problem, and the dual problem of

this SDP is:

max
y, S

b⊤y (2.6)

subject to
n∑
j=1

yjAj + S = C,

S ≽ 0 .

where y ∈ Rn and S ∈ Sm.

2.2.1 Basic framework

Let A be an m2 × n matrix defined by

A := [vecA1, . . . , vecAn].

Our algorithm follows the standard steps of a primal-dual interior-point method. We write down

optimality conditions for (2.5) with relaxed complementarity condition:

A⊤vec(X) = b, (2.7)

Ay + S = C,

XS = σµI ,

where µ = X•S
m

and σ is a centering parameter to be specified below. This system of nonlinear

equations is solved repeatedly until convergence.
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2.2.2 Newton direction

The system (2.7) is solved approximately by Newton’s method, where in every iteration of the

method we solve the following system of linear equations in variables (∆X,∆y,∆S), the Newton

direction:

A⊤vec(∆X) = rp, (2.8a)

A∆y + vec(∆S) = vec(Rd), (2.8b)

HW (X∆S +∆XS) = σµI −HW (XS) . (2.8c)

Here

rp := b−A⊤vec(X), Rd := C − S −
n∑
i=1

yiAi,

and HW is a linear transformation guaranteeing symmetry of the resulting matrix, in particular

HW (M) =
1

2

(
WMW−1 +W−TMTW T

)
with some invertible matrix W ∈ Sm++ known as the scaling matrix [87]. There are different ways

to construct this W . By assuming (X,y, S) to be the current iterate, the most studied choices of

W are primal scaling (where W = X), dual scaling (where W = S−1) and Nesterov-Todd (NT)

scaling. We define the so-called Nesterov-Todd scaling matrix

W = S− 1
2

(
S

1
2XS

1
2

) 1
2
S− 1

2 = X
1
2

(
X− 1

2SX− 1
2

) 1
2
X

1
2

satisfying X = WSW and S = WX−1W . This is the scaling matrix used in Loraine.

The primary objective of scaling is to determine a symmetrization strategy through the

operator HW (M), ensuring the symmetry of any matrix M . The simplest symmetrization involves

setting W as the identity matrix, as suggested by Alizadeh, Haeberly, and Overton. Additionally,

the Nesterov-Todd primal-dual scaling used in this context adjusts the scale of primal and dual

variables relative to each other. This helps prevent, for example, excessively large numbers in S

and excessively small numbers in X .
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As in the case of linear programming, instead of solving the linear system of 2m2 + n

equations (2.8a)–(2.8c) directly, we can solve a Schur Complement Equation (SCE) involving

only ∆y. The general bottleneck of any interior-point method for SDP is assembling and solving

this SCE

H∆y = r. (2.9a)

Here H is the Schur complement matrix with elements

Hij = Ai •WAjW, i, j = 1, . . . , n, (2.9b)

and

r = rp +A⊤vec (WRdW +WSW ) . (2.9c)

For details of computing W , r, ∆X and ∆S efficiently for the NT scaling, see [76].

By considering (2.9a) and (2.9b) we have the following linear system

(H∆y)i = Ai •

[
W

(
n∑
j=1

∆yiAj

)
W

]
= ri, i = 1, . . . , n. (2.10)

Finally, vectorizing the matrix variables allows (2.10) to be written as

(
A⊤(W ⊗W )A

)
∆y = r . (2.11)

2.2.3 Interior-point algorithm

In the following Algorithm 1, we use a second-order correction to the NT direction. Suppose that

we have approximations δX and δS to the search directions. The correction RNT is given by

RNT = −
(
G−1 (δXδS)G+G⊤ (δSδX)G−T ) ./ (de⊤ + ed⊤

)
, (2.12)
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where “./" is entry-wise division, G satisfies W = GG⊤, d := diag(G⊤SG) and e := (1, . . . , 1)⊤.

With this correction, we define a new right-hand side of (2.9b) as

r = rp +A⊤vec
(
WRdW +WSW − σµS−1 −GRNTG

⊤) . (2.13)

The algorithm essentially constitutes a Newton step but with the requirement that, at the end

of the process, we remain within the interior of the feasible set. It begins by computing the Newton

direction, followed by calculating step lengths α and β to ensure feasibility within the region.

While a line search is typically employed, it is unnecessary here due to the linear SDP nature of

the problem. The precise step to the boundary of the feasible region can be computed, and so to

remain within the interior, the step size is shortened by choosing τ = 0.9. This adjustment ensures

that we stay within the interior, as choosing τ = 1 would already result in a positive semidefinite

matrix, precisely reaching the boundary.
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Algorithm 1 NT-IP Algorithm
Given an initial iterate (X0,y0, S0), with X0, S0 positive definite. Choose τ = 0.9. Let µ = X•S

m
.

1: for ℓ = 0, 1, 2, . . . do

2: Predictor step: For (Xℓ,yℓ, Sℓ) compute the Newton direction (δX, δy, δS) from (2.8a)-

(2.8c) and (2.9a) with right-hand side (2.9c).

3: Find

α := min
(
1,

−τ
λmin ((Xℓ)−1δX)

)
, β := min

(
1,

−τ
λmin ((Sℓ)−1δS)

)
(2.14)

ensuring that Xℓ + αδX and Sℓ + βδS are positive definite. Set

σ :=
[(Xℓ + αδX) • (Sℓ + βδS)

Xℓ • Sℓ
]3
.

4: Corrector step: Compute the Newton correction (∆X,∆y,∆S) from (2.8a)-(2.8c) and

(2.9a) with right-hand side (2.13).

5: Update (Xℓ,yℓ, Sℓ) by

Xℓ+1 = Xℓ + α∆X, yℓ+1 = yℓ + β∆y, Sℓ+1 = Sℓ + β∆S

where α and β are chosen as in (2.14) with δX , δS replaced by ∆X , ∆S, so that Xℓ+1 and

Sℓ+1 are positive definite.

6: end for
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Chapter Three

Polynomial and Semi-algebraic

Optimization

In this chapter, we talk about polynomial optimization problems, their importance, and the way

how these global minimization problems are translated into SDP problems. Then, we describe

SOS and moment approach to solve these problems. Throughout this chapter, we largely follow

books by Lasserre [46] and Laurent [52].

3.1 Polynomial Optimization

We consider the global optimization problem

f ∗ := inf
x

f(x) (3.1)

s.t. gj(x) ≥ 0, j = 1, . . . ,m

x ∈ Rn,

with f, gj : Rn → R being continuous function.

There is no general-purpose method to solve (3.1), even to reach an approximation of f ∗. However,
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if we restrict this problem to a polynomial optimization problem, we might be able to solve it

exactly or at least as close as desired to f ∗. Polynomial Optimization Problems (POP) are problems

of the form

inf
x
{f(x) : x ∈ K}, (3.2)

where

K := {x ∈ Rn : gj(x) ≥ 0, j = 1, . . . ,m}. (3.3)

K is called a semi-algebraic set and is a feasible set in which the functions f, gj : Rn → R, j =

1, . . . ,m, are all polynomials. Problem (3.2) is a special instance of nonlinear nonconvex opti-

mization. The specificity of polynomial optimization can help us to design a technique that may

reach the global optimum. A significant subclass of POP is the class of linear and quadratic opti-

mization problems. Notice that minimizing a polynomial is the same as finding the largest scalar

λ such as f(x)− λ is nonnegative over the feasible region K.

In the following section, we will discuss the importance of nonnegative polynomials and

how, if a nonnegative polynomial has a sum of squares representation, we can solve it using SDP

methods.

3.2 Convex Relaxations

There are various approaches to solving polynomial optimization problems, such as using a hierar-

chy of convex (semidefinite) relaxations to approximate (3.2). Such relaxations can be built using

two methods: the SOS representation of nonnegative polynomials and the dual theory of moments.

This section will only briefly discuss the main development and these two dual approaches. Each

will give additional complementary information about the problem. In addition, more examples of

these relaxations can be found in Section 8.2.
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3.2.1 Sum of Squares Approach

Let R[x] be the ring of real multivariate polynomials in the n-tuple variables x = (x1, . . . , xn). The

polynomial p ∈ R[x] for x ∈ Rn is a Sum of Squares (SOS) if for a finite number of polynomials

(pj)j∈J ⊂ R[x], it can be expressed as

x 7→ p(x) =
∑
j∈J

pj(x)
2. (3.4)

The next lemma demonstrates that the degree of pmust necessarily be even and the degree of every

pj must be bounded by deg(p)
2

.

Lemma 3.2.1. ( [52, Lemma 3.1]) If p ∈ R[x] is a SOS, then deg(p) is even and any decomposition

p =
∑

j∈J p
2
j where pj ∈ R[x] satisfies deg(pj) ≤ deg(p)

2
for all j.

Obviously, every polynomial which is SOS is nonnegative on Rn. The following theorem

shows that for the real polynomial with a single variable (univariate case), the ring R[x] has a fun-

damental property that every nonnegative polynomial is a SOS of polynomials. However, not all

nonnegative polynomials are SOS in multiple dimensions (multivariate case).

Theorem 3.2.2. ( [46, Theorem 2.3].) One can write a polynomial p ∈ R[x] with even degree

as the sum of the squares of other polynomials, which means that for hi ∈ R[x], i = 1, . . . , k,

p(x) =
k∑
i=1

hi(x)
2, if and only if p is nonnegative.

Let Σ[x] ⊂ R[x] denote the space of SOS polynomials, and let Nn
d := {α ∈ Nn : |α| ≤ d}

in which for a multi-index α ∈ Nn, |α| :=
n∑
i=1

αi. For the set of all monomials xα with degree less

than or equal to d and dimension s(d) :=
(
n+d
d

)
, consider the vector

vd(x) = (xα), α ∈ Nn
d

= (1, x1, . . . , xn, x
2
1, x1x2, . . . , xn−1xn, x

2
n, . . . , x

d
1, . . . , x

d
n)
T . (3.5)
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These monomials are the canonical basis of the polynomials vector space R[x]d with degrees up to

d. In (3.4), consider the polynomial pj(x) = pj
Tvd(x), where vd(x) is a vector in the monomial

base, and pj, j ∈ J, is the vector of coefficients of the polynomial in a monomials form. By this

definition of pj(x), we can rewrite (3.4) for all x ∈ Rn as

p(x) =
∑
j∈J

vd(x)
Tpj pj

Tvd(x) = vd(x)
T (
∑
j∈J

pj pj
T )vd(x).

The polynomial p is said to be homogeneous if all its terms have the same degree.

Define Q =
∑
j∈J

pj pj
T . So, if a positive semidefinite matrix Q exists as indicated above, the

polynomial p(x) is SOS. The ensuing proposition is the result of this.

Proposition 3.2.3. ([46, Proposition 2.1].) A polynomial p ∈ R[x]2d has an SOS decomposition

if and only if a real symmetric and positive semidefinite matrix Q ∈ Rs(d)×s(d) exists such that

p(x) = vd(x)
TQvd(x), for all x ∈ Rn.

One benefit of this claim is that we can solve problems with nonnegative polynomials with

SOS representations using semidefinite optimization techniques.

For a given SOS polynomial p ∈ R[x]2d, the matrixQmust satisfy the identity p(x) = vd(x)
TQvd(x)

for all x ∈ Rn. We can write

vd(x)vd(x)
T =

∑
α∈Nn

2d

Bαx
α,

where Bα, α ∈ Nn
2d are s(d) × s(d) real symmetric matrices. To determine if the polynomial

x 7→ p(x) =
∑

α pαx
α is SOS, it can be simplified to solving a semidefinite optimization problem.

This problem finds Q ∈ Rs(d)×s(d) where

Q = QT , Q ⪰ 0, ⟨Q,Bα⟩ = pα, ∀α ∈ Nn
2d, (3.6)

which is a traceable convex optimization problem. There are efficient software packages available

for this purpose, such as Mosek [57], SDPT3 [74, 75], and Loraine the software presented in this

thesis.
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In the following example, we illustrate how to find whether a polynomial with two variables is an

SOS.

Example 3.2.4. Take a look at the polynomial in R[x] = R[x1, x2]

x 7→ p(x) = 17x41 + 12x31x2 − 4x1x
3
2 − 11x21x

2
2 + 4x42, x ∈ R2.

To determine whether the homogeneous polynomial p is SOS, it can be written as

p(x1, x2) =

(
x21 x22 x1x2

)
q11 q12 q13

q12 q22 q23

q13 q23 q33




x21

x22

x1x2


= q11x

4
1 + q22x

4
2 + (q33 + 2q12)x

2
1x

2
2 + 2q13x

3
1x2 + 2q23x1x

3
2,

for some Q ⪰ 0. Thus, we get

Q ⪰ 0, q11 = 17, q22 = 4, q33 + 2q12 = −11, 2q13 = 12, 2q23 = −4

in order to have an identity. There is a particular solution

0 ⪯ Q =


17 −8 6

−8 4 −2

6 −2 5

 = HHT , for H =


4 1

−2 0

1 2

 .
So, p can be written as

p(x) = (4x21 − 2x22 + x1x2)
2 + (x21 + 2x1x2)

2

which is an SOS.

Positivity on a Compact Basic Semi-algebraic Set

In this section, we consider K ⊂ Rn as in (3.3) which is a compact semi-algebraic set. We discuss

the ways to get a positivity certificate over K. To do this, we define a quadratic module and a

preordering set.
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Definition 3.2.5. The quadratic module generated by the finite family (gi, i = 1, . . . ,m) ⊂ R[x]

is defined as the set

Q(g) :=
{
σ0 +

m∑
i=1

σigi : σ0, σi ∈ Σ[x], i = 1, . . . ,m
}
. (3.7)

The preordering on R[x] generated by the polynomials g1, . . . , gm is defined as the set

P(g) :=
{ ∑
J⊆{1,...,m}

σJgJ : σJ ∈ Σ[x]
}
, (3.8)

in which for J ⊆ {1, . . . ,m}, gJ ∈ R[x] indicates the polynomial x 7→ gJ(x) =
∏

j∈J gj(x),

where g∅ is defined as 1. It is clear that Q(g) ⊆ P(g).

Assumption 3.2.1. Let (gj)mj=1 ⊂ R[x]n. There exist u ∈ Q(g) such that the level set {x ∈ Rn :

u(x) ≥ 0} is compact.

Since K ⊆ {x : u(x) ≥ 0} for any u ∈ Q(g), Assumption 3.2.1 indicates that K is

compact. This assumption is on the description of K rather than the set K. For example, if the

set {x ∈ Rn : gj(x) ≥ 0} is compact for some j, then Assumption 3.2.1 holds. The following

theorem shows different conditions under which the positivity certificate can be obtained.

Theorem 3.2.6. ( [46, Theorem 2.13, Theorem 2.14, Theorem 2.15], [45] and [71].)

1. (Schmüdgen’s Positivstellensatz) Assume that K as in (3.3) is compact. If f ∈ R[x] is strictly

positive on K then f ∈ P(g).

2. (Putinar’s Positivstellensatz) Let us consider K to be as defined before and let Assumption

3.2.1 holds. If f ∈ R[x] is strictly positive on K then f ∈ Q(g).

3. (Positivstellensatz for general K) For the general K, f ∈ R[x] is strictly positive on K if

and only if

∃p, q ∈ P(g) s.t. pf = q + 1,
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and, f ∈ R[x] is positive on K if and only if

∃p, q ∈ P(g) & ∃k ∈ N s.t. pf = f 2k + q.

4. (Archimedean condition) Let Assumption 3.2.1 holds, then

∀p ∈ R[x], ∃N ∈ N for which N ± p ∈ Q(g).

Sum-of-Squares (SOS) Relaxation

The SOS relaxation is a type of convex relaxation method that replaces polynomial non-negativity

constraints with SOS constraints. These SOS constraints are computationally more manageable

and can be formulated using semidefinite programs. By applying this relaxation, nonlinear poly-

nomial optimization problems can be transformed into a sequence of convex problems, whose

level of complexity is determined by a single-degree parameter. In this section, this hierarchy of

semidefinite relaxations is provided. The optimal values of these relaxations form a monotone non-

decreasing sequence of lower bounds that converge to the global optimum f ∗ of problem (3.1). It

means that we design bounds that can be computed using SDP. We need to restrict the degree of

the SOS multiplier σj in Σ[x]. We pick an integer d which is our degree bound and we restrict the

quadratic module to the case where all the summons have the degree at most 2d. So, to approx-

imate the solutions of (3.2), we define the following finite-dimensional convex cones, also called

truncated quadratic module generated by gj for j = 0, . . . ,m and with g0 = 1 to be

Q(g)d :=
{ m∑

j=0

σjgj : σj ∈ Σ[x], deg(σjgj) ≤ 2d, j = 0, . . . ,m
}
. (3.9)

We can equivalently say

Q(g)d :=
{ m∑

j=0

σjgj : σj ∈ Σ[x]2d, j = 0, . . . ,m
}
,

where as mentioned before, Σ[x]d = {p =
∑

i q
2
i , qi ∈ R[x] d

2
} is the convex cone of polynomials

of degree ≤ d, which are sums of squares, and R[x]d is the vector space of polynomials of this
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degree in the variables x = (x1, . . . , xn).

The truncated quadratic module Q(g)d is a convex cone by demonstrating that it maintains its

properties under multiplication by positive scalars and addition of its elements. Moreover, the

polynomials in Q(g)d have been designed to be non-negative on K.

As we mentioned before, minimizing a polynomial f(x) over K is the same as finding the

largest scaler λ such as f(x)− λ is nonnegative over the feasible region K. So,

f ∗ = inf
x∈K

f(x) =
{

sup
λ,x∈K

λ s.t. f(x)− λ ≥ 0
}
. (3.10)

In the SOS case, the SOS bound of order d is defined as the largest scalar λ for which the poly-

nomial f(x) − λ lies in the truncated quadratic module of degree 2d. This means that we replace

(3.10) and we approximate the solution of (3.2) by the solution of the following convex optimiza-

tion problem:

fSOS,d = sup
λ,x∈K

λ

s.t. λ ∈ R (3.11)

f(x)− λ ∈ Q(g)d .

As discussed before, SOS can be modeled using SDP, so each SOS bound of order d can be

computed via SDP. From [48, Theorem 4.2], we know that as the order d grows, we get bounds

that are better and better and they converge asymptotically to the f ∗. Thus, fSOS,d ≤ fSOS,d+1 ≤ f ∗

and if K compact limd→∞ fSOS,d = f ∗. The reason for this asymptotic convergence can be directly

derived from the Positivstellensatz of Putinar, Theorem 3.2.6. The SOS polynomials (σj) ⊂ Σ[x]

give a Putinar certificate of nonnegativity for the polynomial f on K.

The convex conesQℓ are tractable since they consist of combinations of SOS cones Σ[x]2d.

Problem (3.11) is also considered tractable since it can be formulated as a semidefinite program,

which can be efficiently solved using standard convex optimization methods, such as interior point

methods [18, 74].
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Let vd(x)j denote a basis of R[x]d. Then (3.11) is implemented as a semidefinite program

of the form

fSOS,d = sup λ

s.t. λ ∈ R, Aj ≽ 0,

f(x)− λ−
m∑
j=1

gj(x)vd(x)
T
j Ajvd(x)j = 0 ,

where Aj ∈ Rs(d)×s(d) is positive semidefinite i.e. Aj ≽ 0 and it is shown in Proposition 3.2.3. The

last polynomial constraint can be written as

∑
α∈Nn

2d

cα(λ,A1, . . . , Am)x
α = 0

where (xα)α∈Nn
2d

is the monomial basis of R[x]d. It corresponds to a sequence of coefficient con-

straints cα(λ,A) = 0, which are linear in λ, A = (A1, . . . , Am).

We verify that Qd ⊂ Qd+1 so that (Qd) is a hierarchy of nested convex finite dimensional

cones.

So far, we have discussed how to use SOS to design a hierarchy of lower bounds (SOS

bounds) of growing orders. We have seen that the hierarchy of bounds converges to the minimum

of f on the semialgebraic set K. This SOS approach is useful because it gives certificates for

the nonnegativity of the polynomial. In the next section, we describe the dual approach (Moment

approach) which gives us additional complementary information, not only about minimum value

of f , but also about global minimizers of f on K.

3.2.2 Moment Approach

As defined above for all x ∈ Rn, α ∈ Nn, xα is a monomial xα1
1 · xα2

2 · · · · · xαn
n in R[x]. A Borel

measure on Rn refers to a set function on the σ−algebra formed by the open sets of Rn and is
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also known as the Borel σ-field B of Rn that is nonnegative and satisfies countable additivity [46].

Throughout this section, we consider the Borel measure on Rn. So, when we say ‘a measure’ on

Rn , we mean a (positive) Borel measure on Rn. Support of the measure µ on Rn is the smallest

closed set S ∈ Rn for which µ(Rn\S) = 0 and is shown as supp(µ). Thus, µ is a measure on K or

a measure supported by K ⊆ Rn if supp(µ)⊆ K.

For x ∈ Rn, δx denotes the Dirac measure at x, with support {x} and mass 1 at x and mass 0

elsewhere.

When the supp(µ) = {x1, . . . , xr} and it is finite, then for some λ1, . . . , λr > 0, µ =
∑r

i=1 λiδxi .

These xi are called the atoms of µ and µ is called r-atomic measure.

Definition 3.2.7. ([46, Definition 2.31]) The full moment problem: Let (gi)mi=1 ⊂ R[x], and

K ⊂ Rn be the set given in (3.3). An infinite sequence of real numbers y = (yα) ⊂ R, α ∈ Nn, is

a K-moment sequence whether there exists a finite Borel measure µ supported on K, such that

yα =

∫
K

xαdµ, ∀α ∈ Nn. (3.12)

In other words, y is called the sequence of moments of the measure µ.

The truncated moment problem: Given (gi)
m
i=1,K ⊂ Rn as in (3.3), a finite set ∆ ⊂ Nn, and a

finite sequence of real numbers y = (yα), α ∈ ∆, y is a K-moment whether there exists a measure

µ supported on K, such that

yα =

∫
K

xαdµ, ∀α ∈ ∆. (3.13)

Definition 3.2.8. In both full and truncated cases, a measure µ as in (3.12) and (3.13) is said to

be a representing measure of the sequence y.

Definition 3.2.9. The Riesz linear functional: The Riesz linear functional Ly : R[x] → R for a

real sequence y = (yα) ⊂ R, constructed by:

f
(
=
∑
α∈Nn

fαx
α
)
7→ Ly(f) =

∑
α∈Nn

fαyα, ∀f ∈ R[x], (3.14)
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also

xα 7→ Ly(x
α) := yα.

The goal of the polynomial optimization (3.2) is to find x in the semi-algebraic set K with

the smallest f value possible. Every point x ∈ K can be viewed as a measure and it can be

modeled by a Dirac measure on K. Since we are minimizing over x, instead of minimizing over

the Dirac measure at x, we can minimize over the convex combination of Dirac measures at points

in K, which results in minimizing over probability measures on K. As a result, we can reformulate

our polynomial optimization problem to a problem of finding µ such that the expected value of f

with respect to this measure is as small as possible. Then, if we have µ, we can define

fmin = inf
x∈K

f(x) = inf
µ

∫
K

f(x)dµ s.t. µ is a probability measure on K

= inf Ly(f) s.t. L has a representing measure µ on K.

Definition 3.2.10. Consider y = (yα) of dimension s(2d). The moment matrix is a real symmetric

matrix Md(y) of dimension s(d) and defined as

Md(y)(α, β) = Ly(x
αxβ) = yα+β, ∀α, β ∈ Nn

d (3.15)

in which rows and columns indexed by α ∈ Nn
d . Equivalently, Md(y) = Ly(vd(x)vd(x)

T ). That is,

we apply Ly to each entry of the matrix vd(x)vd(x)
T .

Example 3.2.11. The moment matrix M1(y) which is for n = d = 1 is a Hankel matrix:

1 x x2 x3

x x2 x3 x4

x2 x3 x4 x5

x3 x4 x5 x6


→ M3(y) =



y0 y1 y2 y3

y1 y2 y3 y4

y2 y3 y4 y5

y3 y4 y5 y6


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For a two-dimensional case let us consider an example with n = d = 2. In this case, M2(y) is of

Hankel type and we have

M2(y) =

1 x1 x2 x21 x1x2 x22



1 y00 | y10 y01 | y20 y11 y02

− − − − − − −

x1 y10 | y20 y11 | y30 y21 y12

x2 y01 | y11 y02 | y21 y12 y03

− − − − − − −

x21 y20 | y30 y21 | y40 y31 y22

x1x2 y11 | y21 y12 | y31 y22 y13

x22 y02 | y12 y03 | y22 y13 y04

Definition 3.2.12. Let us consider polynomial g ∈ R[x] with coefficient vector g = (gγ). The

matrix Md(gy) is called localizing matrix with respect to y and g and defined by

Md(gy)(α, β) = Ly(g(x)x
αxβ) =

∑
γ∈Nn

gγyα+β+γ, ∀α, β ∈ Nn
d (3.16)

in which rows and columns are indexed by α ∈ Nn
d . The localizing matrix localizes the support

of a representing measure for y. Equivalently, Md(gy) = Ly(gvd(x)vd(x)
T ). That is, we apply

Ly to each entry of the matrix g(x)vd(x)vd(x)
T . If r = deg(g), Md(gy) =

∑
α∈Nn

2d+r

Cαyα where

Cα, α ∈ Nn
2d+r are real symmetric matrices and defined by

x 7→ g(x)vd(x)vd(x)
T =

∑
α∈Nn

2d+r

Cαx
α, x ∈ Rn.

The moment matrix Md(y) defines a bilinear form on R[x]d

⟨p, q⟩y := Ly(pq) = ⟨p,Md(y)q⟩ = p⊤Md(y)q

in which p, q ∈ R[x]d. Here, p,q ∈ Rs(d) represent the coefficient vectors of this p and q respec-
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tively. Also, if y has a representing measure µ then for every p ∈ R[x],

⟨p,Md(y)p⟩ = Ly(p
2) =

∫
Rn

p2dµ ≥ 0.

Similarly to this, for all j ∈ J ,

⟨p,Md(gjy)p⟩ = Ly(gjp
2) =

∫
Rn

gjp
2dµ.

From these equalities, one can see that

[
Ly(p

2) ≥ 0, ∀p ∈ R[x]
]
⇐⇒

[
Md(y) ⪰ 0

]
,

and, for all j ∈ J ,

[
Ly(gjp

2) ≥ 0, ∀p ∈ R[x]
]
⇐⇒

[
Md(gjy) ⪰ 0

]
.

A Hierarchy of the Moment Relaxation

In this part, we explain the Lasserre hierarchy which is a hierarchy of semidefinite relaxations. The

optimum obtained from these relaxations forms a sequence of lower bounds which is monotone and

non-decreasing, and it converges to the global optimum f ∗. Consider the polynomial optimization

problem (3.2) with the feasible set K (3.3). We assume that the set K is a compact basic semi-

algebraic subset of Rn.

To approximate the polynomial problem (3.2), Lasserre [48] proposed the following technique.

First, we have:

f ∗ = inf
x∈K

f(x) = inf
µ

∫
K

f(x)dµ.

Here is where the second infimum comes from. For any x0 ∈ K, p(x0) = infµ
∫
K
f(x)dµ for

the Dirac measure µ := δx0 , we see that f ∗ ≥ infµ
∫
K
f(x)dµ. On the other hand, for all x ∈

K, f(x) ≥ f ∗ and since µ is the probability measure
∫
K
f(x)dµ ≥

∫
K
f ∗dµ = f ∗.

Now, we can reformulate this problem again. We can see that
∫
f(x)dµ =

∑
αfα

∫
f(x0)dµ =

33



Polynomial and Semi-algebraic Optimization

f⊤y. So,

f ∗ = inf
y
f⊤y s.t. y0 = 1, y has a representing measure on K. (3.17)

Consider the feasible set K (3.3) with an additional constraint g0 = 1, and vj := [(deg(gj))/2], j =

0, . . . ,m. We can replace the constraint in (3.17) with the weaker conditions Md(y) ⪰ 0 and

Md−vj(gjy) ⪰ 0,∀j, and for d ≥ d0 in which d0 := max[[(deg(f))/2],maxj=1,...,m vj], get the

following SDP

ρmom
d = inf

y
Ly(f) (3.18)

s.t. Md(y) ⪰ 0

Md−vj(gjy) ⪰ 0, j = 1, . . . ,m

y0 = 1.

Here Md(y) and Md−vj(gjy) are the moment matrix and localizing matrix, respectively,

associated with y and the polynomial gj , and Ly is the Riesz linear function as described before.

This SDP is a relaxation of (3.2) and by changing the parameter d, it defines a hierarchy of

semidefinite relaxation of that. Here is the reason for it being a hierarchy: let x ∈ K be a feasible

solution and y := v2d(x), which is equal to xα, α ∈ Nn
2d. The vector y is the vector of moments of

the Dirac measure µ := δx at x ∈ K of order up to 2d. Thus, y is a feasible solution of (3.18) with

objective value of Ly(f) = f(x). This means ρmom
d ≤ f ∗, for all d. In addition, as the SDP (3.18)

with d+ 1 includes more constraints than with d, for all d ≥ d0, ρmom
d+1 ≥ ρmom

d .

By considering the moment and localizing matrices in (3.18) for some symmetric real ma-

trices Cj
α, j = 1, . . . ,m, and α ∈ Nn

2d to be

Md(y) =
∑

|α|≤2d

yαC
0
α, Md−vj(gjy) =

∑
|α|≤2d

yαC
j
α, j = 1, . . . ,m,
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the dual of (3.18) will be written as the SDP problem

ρsos
d = sup

λ,Xj

λ (3.19)

s.t. fα − λ1α=0 =
m∑
j=0

⟨Xj, C
j
α⟩, ∀α ∈ Nn

2d

Xj ⪰ 0, j = 0, . . . ,m,

where Xj, j = 0, . . . ,m, are all real symmetric matrices. From these problems and the weak

duality, we can obviously see that ρsos
d ≤ ρmom

d ≤ ρmom
d+1 ≤ f ∗.

The compact form of this dual is the SDP

ρsos
d = sup

λ,{σj}
λ (3.20)

s.t. f − λ =
m∑
j=0

σjgj, σj ∈ Σ[x]d−vj , j = 0, . . . ,m.

Here is the explanation of where this compact form comes from: multiply each side of the equality

constraint in (3.19) by xα and sum up to obtain

∑
α∈Nn

2d

fαx
α − λ =

m∑
j=0

〈
Xj,

∑
α

Cj
αx

α
〉
, ∀x ∈ Rn,

This is equal to

f(x)− λ =
m∑
j=0

gj(x)
〈
Xj, vd−vj(x)vd−vj(x)

T
〉

=
m∑
j=0

gj(x)vd−vj(x)Xjvd−vj(x)
T , ∀x ∈ Rn.

By writing Xj ⪰ 0 as
tj∑
l=1

qjlq
T
jl, for every j = 0, . . . ,m and some tj ∈ N, we have

f(x)− λ =
m∑
j=0

gj(x)

(
tj∑
l=1

(qTjlvd−vj(x))
2︸ ︷︷ ︸

qjl(x)2

)
, ∀x ∈ Rn,
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where qjl ∈ R[x]d−vj has a coefficient vector qjl ∈ Rs(d−vj), for all l = 1, . . . , tj , and all j =

0, . . . ,m. By considering the SOS polynomial
tj∑
l=1

q2jl to be σj ∈ Σ[x]d−vj , for every j = 0, . . . ,m,

equivalently to the last equation we get

f − λ =
m∑
j=0

σjgj.

This demonstrates that the dual of (3.18) is a semidefinite program that reads (3.20) in compact

form. Algorithm 2 [46] describes the general procedure for locating the global optimum of the

polynomial optimization problem utilizing the Lasserre hierarchy. We demonstrate the conver-

gence of this approach in the theorem below.

Theorem 3.2.13. ([46, Theorem 6.2].) Let Assumption 3.2.1 hold and consider the semidefinite

relaxation (3.18) with optimal value ρmom
d . We have the following convergence result:

• ρmom
d ↑ f ∗ as d→∞.

• Assume x∗ ∈ K to be the unique global minimizer of (3.2) and yd be a nearly optimal

solution of (3.18) with value Ly(f) ≤ ρmom
d +1/d. Then, for every j = 1, . . . ,m, as d→∞,

Lyd(xj)→ x∗j .

It is worthwhile to mention that there is a duality between sums of squares and moment

sequences. We consider the cones

M := {y | y has a representing measure on K}

and

M⪰ := {y |M(y) ⪰ 0},

and P ,Σ ∈ R[x] be the cone of nonnegative polynomials and cone of polynomials that are sums

of squares, respectively with their dual cones

P∗ = {L ∈ R[x]∗ | L(p) ≥ 0, ∀p ∈M},
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Algorithm 2 Constrained Polynomial Optimization [46]

• Input A polynomial x 7→ f(x). A set K = {x ∈ Rn : gj(x) ≥ 0, j = 1, . . . ,m} in which

gj are polynomials of degree 2vj or 2vj − 1 for j = 1, . . . ,m. Let k be the order of the

highest relaxation.

• Output The value f ∗ = infx∈Kf(x) as well as a list of global minimizers or a lower bound

ρk on f ∗.

(i) Solve the SDP problem (3.18) with the optimal value ρmom
d and optimal solution y∗ if it exists.

(ii) If there is no y∗, ρmom
d will be only the lower bound of f ∗ (ρmom

d ≤ f ∗). If d < k, d→ d+ 1

and go back to the step (i); otherwise finish and return ρk

(iii) If rank Md−v(y
∗) = rank Md(y

∗) with v := maxjvj , then ρmom
d = f ∗ and there are at least

r = rank Md(y
∗) global minimizers.

(iv) If rank Md−v(y
∗) ̸= rank Md(y

∗) and d < k, d→ d+1 and go back to the step (i); otherwise

finish and return ρk which providing the lower bound of f ∗.
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and

Σ∗ = {L ∈ R[x]∗ | L(p2) ≥ 0, ∀p ∈ R[x]}.

Proposition 3.2.14. ([52, Proposition 4.9]) The conesM and P are duals of each other. Which

means that P = M∗, M = P∗. Also, the same duality holds for M⪰ and Σ and M⪰ = Σ∗,

Σ = (M⪰)
∗

Finite convergence

In the feasible set K specified in (3.3), an equality constraint gj(x) = 0 is treated as two in-

equality constraints. These constraints are gj(x) ≥ 0 and −gj(x) ≥ 0. Thus, for those equality

constraints the semidefinite constraint Md−vj(gjy) ⪰ 0 in (3.18) becomes the equality constraint

Md−vj(gjy) = 0. Finite convergence of the hierarchy of semidefinite relaxation (3.18) occurs un-

der some nonlinear programming-related conditions. We must make a distinction between equality

constraints and inequality constraints in order to describe such conditions. As a result, the basic

semi-algebraic set K ⊂ Rn will have the general form represented as in the following:

K := {x ∈ Rn : gj(x) ≥ 0, j = 1, . . . ,m1;hl(x) = 0, l = 1, . . . ,m2}, (3.21)

where m1,m2 are integers and gj, hl ∈ R[x] are some polynomials. Lets τl = [(deg hl)/2], l =

1, . . . ,m2. Now, we reformulate the moment semidefinite relaxation (3.18) as this problem

ρmom
d = inf

y
Ly(f) (3.22)

s.t. Md(y) ⪰ 0

Md−vj(gjy) ⪰ 0, j = 1, . . . ,m1

Md−τl(hly) = 0, j = 1, . . . ,m2

y0 = 1
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and its dual, the SOS relaxation

ρsos
d = sup

λ,{σj}
λ (3.23)

s.t. f − λ =

m1∑
j=0

σjgj +

m2∑
l=1

ψlhl,

σj ∈ Σ[x]d−vj , j = 1, . . . ,m1,

ψl ∈ R[x]d−τl , l = 1, . . . ,m2.

The semidefinite relaxation (3.22) is exact when ρmom
d = f ∗. Consider the set J(x∗), which in-

cludes the inequality constraints active at x∗, that is, J(x∗) := {j : gj(x∗) = 0}.

Definition 3.2.15. [5] A vector (x∗, λ∗, v∗) ∈ K × Rm1 × Rm2 is called Karush-Kuhn-Tucker

(KKT) vector if it satisfies

▽f(x∗) =

m1∑
j=1

λ∗j▽gj(x
∗) +

m2∑
l=1

v∗l ▽hl(x
∗), (3.24)

λ∗jgj(x
∗) = 0, j = 1, . . . ,m1 [complementarity]

λ∗j ≥ 0, j = 1, . . . ,m1.

For the KKT vector (x∗, λ∗, v∗) we define the Lagrangian function L(·, λ∗, v∗) : Rn → R as the

polynomial

x 7→ L(x, λ∗, v∗) := f(x)− f ∗ −
m1∑
j=1

λ∗jgj(x) +

m2∑
l=1

v∗l hl(x).

Such a KKT vector exists, if x∗ is a local minimizer and the gradients (▽gj(x∗),▽hl(x∗))

are linearly independent for j ∈ J(x∗), l = 1, . . . ,m2 [5, Theorem 4.3.7]. In addition, strict

complementarity holds if λ∗j > 0 for all j ∈ J(x∗). When we define K in its general form (3.21),

Assumption 3.2.1 reads as follows.

Assumption 3.2.2. There exists M > 0 such that the quadratic polynomial x 7→ M − ∥x∥2 can

be written as

M − ∥x∥2 =
m1∑
j=1

σjgj +

m2∑
l=1

ψlhl, (3.25)
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for some ψl ∈ R[x] and some SOS polynomials σj ∈ Σ[x].

The last theorem demonstrates the finite convergence of this hierarchy relaxation.

Theorem 3.2.16. ([46, Theorem 6.5].) Let K be as in (3.21) and Assumption 3.2.2 hold. Assume

that, at every global minimizer x∗ ∈ K of problem (3.2) with f ∗ = f(x∗) the following holds:

• The gradients (▽gj(x∗),▽hl(x∗)) are linearly independent for j ∈ J(x∗), l = 1, . . . ,m2,

and as a result there exists a KKT vector (x∗, λ∗, v∗),

• strict complementarity holds,

• second-order sufficiency holds. That is, for every u ̸= 0, uT▽2
xxL(x

∗, λ∗, v∗)u > 0 holds,

such that for j ∈ J(x∗) with λj > 0 and l = 1, . . . ,m2, we have ▽gj(x∗)Tu = 0 and

▽hl(x∗)Tu = 0.

Then finite convergence occurs, i.e., ρmom
d = f ∗ , for some d ∈ N and (3.22) has an optimal

solution.

If in addition the ideal ⟨h⟩ = ⟨h1, . . . , hm2⟩ is real then there exist d ∈ N, polynomials ψl ∈

R[x]d−τl , l = 1, . . . ,m2, and SOS polynomials σj ∈ Σ[x]d−vj , j = 0, . . . ,m1, such that

f − f ∗ =

m1∑
j=1

σjgj +

m2∑
l=1

ψlhl, (3.26)

i.e. ρsos
d = f ∗ and (3.23) has an optimal solution.

The next theorem, Theorem 3.2.18, by Fialkow shows that there is a finite convergence on

the order of relaxations and how we can realize the relaxation is exact. Before that, we need to

define the flat extension of a matrix.

Definition 3.2.17. ([52, Definition 1.1]) Let X be a symmetric block matrix

X =

 A B

B⊤ C

 . (3.27)
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If rank X=rank A, then X is called a flat extension of A. In other words, there exists a matrix

W such that B = AW and C = B⊤W = W⊤AW . When X is a flat extension of A, X ⪰ 0 iff

A ⪰ 0.

Theorem 3.2.18. ([52, Theorem 5.33].) Let K be the semialgebraic set defined in (3.3), dK =

maxj=1,...,m vj and r = rank Md(y) for some d. The statements that follow are equivalent

i. y ∈ RNn
2d has a r-atomic representing measure µ on K.

ii. Md(y) ⪰ 0 and y can be extended to a vector ỹ ∈ RNn
2(d+dK) where Md+dK(ỹ) is a flat

extension of Md(y) and Md(gj ỹ) ⪰ 0 for j = 1, . . . ,m.

Moreover, for rj := rank Md(gj ỹ), we have that r − rj of the atoms in the support of µ belong to

the set of roots of the gj(x), and µ is a representing measure for ỹ.

The statement (i) in the last theorem means that y is a global solution and it is equivalent to

(ii) which shows the existence of the flat extension for that particular d.

3.2.3 Computing the minimizers

In this section, We discuss the algorithm to extract the global minimizer x∗ ∈ K. The following

theorem shows the sufficient condition to obtain the finite convergence and compute the global

minimizer.

Theorem 3.2.19. ([46, Theorem 6.6]) Consider the function f in the set of real polynomials R[x]

and assume that the optimal value of (3.18), ρmom
d has happened at y∗. If

rank Md−v(y
∗) = rank Md(y

∗), for v = max
j=1,...,m

vj, (3.28)

then ρmom
d = f ∗, and Algorithm 3 can be employed to extract at least r global minimizers, where r

corresponds to the rank of Md(y
∗).
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If the equality (3.28) holds which also means that the semidefinite relaxation (3.18) is exact

at s steps of hierarchy, one can compute rank Md(y
∗) global minimizers of (3.2) by using the

following algorithm ([46, Algorithm 6.9].

Algorithm 3 The extraction algorithm

• Input The moment matrix Ms(y
∗) of rank r satisfying (3.28).

• Output The r points x∗(i), i = 1, . . . , r, global minimizers of (3.2)

1. Compute the Cholesky factorization Ms(y
∗) = VV⊤.

2. Reduce V to a column echelon form U.

3. Compute the multiplication matrices Ni, i = 1, . . . , n from U.

4. For randomly generated coefficients λi, i = 1, . . . , n compute N :=
∑n

i=1 λiNi.

5. Compute the Schur decomposition N = QTQ⊤.

6. Compute the matrix Q = [q1 q2 . . . qr].

7. Return x∗
i (j) = q⊤j Niqi, for every i = 1, 2, . . . , n, and every j = 1, . . . , r.

Example 3.2.20. ([46, Example 6.10]) Consider the polynomial optimization

min
x

− (x1 − 1)2 − (x1 − x2)
2 − (x2 − 3)2

s.t. (x1 − 1)2 ≤ 1,

(x1 − x2)
2 ≤ 1,

(x2 − 3)2 ≤ 1.

For the first SDP relaxation ρmom
1 = −3 and rank M1(y

∗) = 3, however for the second one

ρmom
2 = −2 with the same rank of the moment matrix. Thus, (3.28) satisfies, and based on the last
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theorem ρmom
2 = f ∗ = −2. The monomial basis is v2(x) = (1, x1, x2, x

2
1, x1x2, x

2
2)
T . The column

echelon form of the Cholesky factor of M2(y
∗) reads as

U =



1

0 1

0 0 1

−2 3 0

−4 2 2

−6 0 5


Pivot entries associated with the generating basis w(x) = (1, x1, x2)

T , and by v2(x) = Uw(x),

three global minimizers must satisfy:

x21 = −2 + 3x1,

x1x2 = −4 + 2x1 + 2x2,

x22 = −6 + 5x2 .

The multiplication matrices that contain the coefficients of the monomials can be extracted from

the rows in U as

N1 =


0 1 0

−2 3 0

−4 2 2

 , N2 =


0 0 1

−4 2 2

−6 0 5

 .
By random convex combination of these two matrices and computing the Schur decomposition in

step 6 of the algorithm, we reach the three global minimizers for this problem which are:

x∗(1) =

1
2

 ,x∗(2) =

2
2

 ,x∗(3) =

2
3

 .
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Chapter Four

Theory of Loraine

In this chapter, we present the theoretical foundations of Loraine, the algorithm developed within

the framework of this thesis. While Loraine is a general-purpose SDP solver, its main feature is the

ability to efficiently solve SDP problems with low-rank solutions. There are several approaches for

these problems, most well known by Burer and Monteiro [13, 14] which is based on the low-rank

factorization of the matrix variables. These methods necessitate knowing the guaranteed upper

bound on the rank of the solution and the algorithm would not find a solution if the estimated rank

was lower than the actual rank. The main difference of Loraine and these methods is that if the

estimated rank is smaller than the real one, it will not affect the convergence of the algorithm and

it might need more iterations in the iterative solver.

The first section of this chapter is thus focused on the low-rank feature of Loraine.
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4.1 Low-rank semidefinite optimization

We consider a (primal) semidefinite optimization problem with matrix variables Xi ∈ Smi , i =

1, . . . , p, and with linear constraints

min
X1,...,Xp,xlin

p∑
i=1

Ci •Xi + d⊤xlin (4.1)

subject to
p∑
i=1

A
(i)
j •Xi + (D⊤xlin)j = bj, j = 1, . . . , n

X ≽ 0, xlin ≥ 0

together with its Lagrangian dual

max
y, S1,...,Sp, slin

b⊤y (4.2)

subject to
n∑
j=1

yjA
(i)
j + Si = Ci, i = 1, . . . , p

Dy + slin = d

Si ≽ 0, i = 1, . . . , p

slin ≥ 0 .

Here A(i)
j ∈ Smi , j = 1, . . . , n, i = 1, . . . , p, Ci ∈ Smi , i = 1, . . . , p, b ∈ Rn, D ∈ Rν×n,

d ∈ Rν are data of the problem.

4.1.1 Basic assumptions

We make the following assumptions.

Assumption 4.1.1. There exist strictly feasible Xi ∈ Smi
++, xlin ∈ Rν

++, y ∈ Rn, Si ∈ Smi
++,

slin ∈ Rν
++, i = 1, . . . , p satisfying the equality constraints in (4.1) and (4.2) (Slater’s condition).

Assumption 4.1.2. Define the matrices Ai = [vecA(i)
1 , . . . , vecA(i)

n ], i = 1, . . . , p. We assume that

matrix-vector products with Ai and A⊤
i may each be computed in O(n) flops and memory.
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Assumption 4.1.3. The inverse (D⊤D)−1 and matrix-vector product with (D⊤D)−1 may each be

computed in O(n) flops and memory.

Assumption 4.1.4. The dimensions of Xi, i = 1, . . . , p, are much smaller than the number of

constraints, i.e., mi ≪ n.

Remark 4.1.1. Assumption 4.1.3 is satisfied, for instance, in the case of box constraints on vari-

able y in the dual formulation. Assumption 4.1.4 is not really needed as a “mathematical” assump-

tion, the iterative methods presented in the paper would work without it. However, the complexity

of these methods would then be comparable with standard software using Cholesky factorization.

The presented methods will be only superior to the standard software under this assumption.

4.1.2 Low-rank assumption

As mentioned in the Introduction, our approach is focused on linear systems with matrices hav-

ing few large outlying eigenvalues. This, of course, includes matrices with very low rank but

also matrices with “approximately” low rank. These matrices frequently appear in optimization

algorithms, such as interior-point methods, when the “exact” low rank is only attained at the (un-

reached) optimum. Moreover, the approach allows us to solve problems with matrices of high rank

but with a few large outlying eigenvalues, such as the problems in Chapter 6.

Because our approach covers SDP problems with (genuinely) low-rank solutions and for

the lack of better terminology for the larger class of matrices with outlying eigenvalues, we still call

our main assumption “low-rank” and the problems we are targeting “SDP problems with low-rank

solutions”.

Our main assumption used in the design of an efficient preconditioner concerns the eigen-

value distribution of the solutionX∗ = (X∗
1 , . . . , X

∗
p ) of (4.1). We assume thatX∗ has a very small

number of large outlying eigenvalues. This includes problems where X∗
i are of a very low rank.
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Assumption 4.1.5. Let X∗ be the solution of (4.1). We assume that, for i = 1, . . . , p, X∗
i has k

outlying eigenvalues, i.e., that

(0 ≤) λ(X∗
i )1 ≤ · · · ≤ λ(X∗

i )mi−k ≪ λ(X∗
i )mi−k+1 ≤ · · · ≤ λ(X∗

i )mi
,

where k is very small, typically smaller than 10 and, often, equal to 1.

Remark 4.1.2. In order to emphasize the difference between our algorithm and other “low-rank

algorithms", such as SDPLR [13] and the low-rank preconditioner introduced in [86]—that oth-

erwise served as our motivation—we include the following remarks.

1. We do not assume anything about the distribution of the first (mi − k) eigenvalues of X∗
i ;

they may not be equal to zero, they may not be clustered.

2. We make no assumption about the “rank” of the solution x∗
lin of (4.1), i.e., about the number

of active constraints in Dy ≤ d in (4.2). This can be arbitrarily large or small.

3. We do not assume that the matrix A⊤A is easily invertible. Indeed, it is not in our application

in Chapter 5, contrary to examples in [86] where this matrix is diagonal.

4.2 Preconditioners

As we mentioned before, the general bottleneck of the algorithm Algorithm 1 defined in the Sec-

tion 2.2 is the assembling and solving of the Schur complement equation (2.11). One way to solve

this equation is using an iterative method, in particular, a Krylov-type method such as the method

of conjugate gradients (CG) or the minimum residual method (MINRES).

The Schur complement matrix H is large and the assembling of it may be expensive.

Besides, and more importantly, it becomes increasingly ill-conditioned as the IP method makes

progress toward the solution. So a successful CG-based solution for our linear systems must rely
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on an efficient preconditioner. In this chapter, we introduce two preconditioners implemented in

Loraine and targeted pro-SDP problems with low-rank solutions, and we recall some existing ones.

As mentioned before in Section 4.1, we consider the general form of SDP (4.1) and its dual (4.2).

While, formally, (4.1) and (4.2) can be written in the form of (2.5) and (2.6) (mentioned to describe

NT-IP Algorithm), respectively, the more detailed form is needed for software implementation and

we will thus use it in the following. Furthermore, the formal separation of linear constraints is

important for the derivation of the preconditioner.

Accordingly, we have the following new notation: Ai is the matrix A for the i-th LMI,

which is

Ai = [vecA(i)
1 , . . . , vecA(i)

n ],

and Wi is the scaling matrix W for the i-th LMI.

Our goal is to solve efficiently linear systems with matrix the Schur complement matrix H .

In designing the preconditioner, we will assume that H can be written as a sum

H = Ĥ +

p∑
i=1

Bi .

The idea is to replace the matrices Bi by their approximation B̃i, i = 1, . . . , p, with the aim to

simplify computation of the inverse of
p∑
i=1

B̃i. We will use the following general theorem.

Theorem 4.2.1. Let H = Ĥ +
p∑
i=1

Bi and let B̃i, i = 1, . . . , p, be matrices given such that P :=

Ĥ +
p∑
i=1

B̃i is positive definite. Assume that, for i = 1, . . . , p,

λmax

(
P−1/2(Bi − B̃i)P

−1/2
)
≤ εi and λmin

(
P−1/2(Bi − B̃i)P

−1/2
)
≥ εi .

Then

κ
(
P−1/2HP−1/2

)
≤

1 +

p∑
i=1

εi

1 +

p∑
i=1

εi

.
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Proof. We have

H =

p∑
i=1

Bi + P −
p∑
i=1

B̃i,

and thus

P−1/2HP−1/2 = P−1/2

(
p∑
i=1

(Bi − B̃i)

)
P−1/2 + I .

Hence

λk
(
P−1/2HP−1/2

)
= λk

(
P−1/2

(
p∑
i=1

(Bi − B̃i)

)
P−1/2

)
+ 1, k = 1, . . . , n .

Using the inequalities

λmax

(
P−1/2

(
p∑
i=1

(Bi − B̃i)

)
P−1/2

)
≤

p∑
i=1

λmax

(
P−1/2(Bi − B̃i)P

−1/2
)

and

λmin

(
P−1/2

(
p∑
i=1

(Bi − B̃i)

)
P−1/2

)
≥

p∑
i=1

λmin

(
P−1/2(Bi − B̃i)P

−1/2
)

we get the required result.

4.2.1 Rank of H

The Schur complement matrix H can be written as a sum

H =

p∑
i=1

H i
lmi +Hlin ,

where Hlin is associated with linear constraints. Recall from (2.11) that each H i
lmi is computed as

H i
lmi = A⊤

i (Wi ⊗Wi)Ai , (4.3)

where Wi is the NT scaling matrix.

In the next three Lemmas 4.2.2–4.2.4, we will omit the subscript i and refer to the problem

(4.1) with p = 1, for simplicity, before returning to the full notation in Theorem 4.2.5. The next
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lemma shows that W has the same rank as X . So, as X is low-rank, W will be low-rank. Later in

this section, we will use this low-rank property of W to present the preconditioners.

Let (X,S) be a pair of solutions to (4.1). By complementarity, we know that XS = 0,

and rank(X) + rank(S) = k + σ ≤ m. Assume k + σ = m, i.e., strict complementarity. From

XS = 0, X ≽ 0, S ⪰ 0, we know that X and S are simultaneously diagonalizable, i.e., there

exists U such that X = UΛXU
⊤, S = UΛSU

⊤, where ΛX and ΛS are the diagonal matrices of

eigenvalues and U⊤U = I [33, Theorem 1.3.12].

Lemma 4.2.2. Let X,S be as above. Let W ∈ Sm be any matrix such that X = WSW . Then

rank(W ) = rank(X).

Proof. Assume, without loss of generality, that eigenvalues of X and S are sorted such that

ΛX = Diag (λ1, . . . , λk, 0, . . . , 0) and ΛS = Diag (0, . . . , 0, µ1, . . . , µm−k). Then X = WSW

is equivalent to UΛXU⊤ = WUΛS U
⊤W , and so, as U⊤U = I , ΛX = U⊤WUΛS U

⊤WU . De-

fine Z = U⊤WU , so that ΛX = Z⊤ΛS Z. Because (ΛX)i,i = 0 for i > k, it must hold that

z⊤:,iz:,i = 0, i > k, where z:,i is the i-th column of Z. As Z is positive semidefinite, it means that

Zi,j = 0 for i, j > k, i.e., the leading k×k submatrix of Z is a rank-k non-zero matrix and the rest

of the matrix is zero. Hence, rank(Z) = k and, as W = UZU⊤, so is the rank of W .

The proof of the next lemma is straightforward.

Lemma 4.2.3. Let X ∈ Sm such that rankX = k, k ≤ m. Then rank(X ⊗X) = k2.

Lemma 4.2.4. Let Y ∈ Sm such that rankY = k, k ≤ m, and A ∈ Rn×m, n < m. Then

rank(AY A⊤) ≤ k.

Proof. Because rankY = k, we have Y =
∑k

i=1 y
(i)(y(i))⊤ with some y(i) ∈ Rm, i = 1, . . . , k.

Hence AY A⊤ = A
(∑k

i=1 y
(i)(y(i))⊤

)
A⊤ =

∑k
i=1 z

(i)(z(i))⊤ with z(i) = Ay(i). Therefore
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rank(AY A⊤) = rank
∑k

i=1 z
(i)(z(i))⊤ ≤ k. A strict inequality occurs, trivially, when n < k.

It can also occur when z(i), i = 1, . . . , k, are linearly dependent.

By combining the above results we get the following theorem.

Theorem 4.2.5. Let, for some i ∈ {1, . . . , p}, Wi be the scaling matrix from Section 2.2 and let

rankWi = k. Let further H i
lmi be defined as in (4.3). Then rankH i

lmi ≤ k2.

Remark 4.2.1. All results in this section have been presented under the assumption of the exact

rank of the involved matrices. This is, of course, only the limit case in our algorithms. The

actual matrices have outlying eigenvalues and converge to the low-rank matrices. The message of

Theorem 4.2.5 remains the same, though: when Wi has k outlying eigenvalues, then H i
lmi will have

at most k2 outlying eigenvalues. This is the fact on which we build the preconditioner.

4.2.2 Hα preconditioner

The preconditioner introduced in this section has been motivated by the work of Zhang and Lavaei

[86] and, in its derivation, we partly follow their paper; however, the new preconditioner differs in

substantial detail, as explained below. Also, our assumption about the matrix W is weaker.

In Section 2.2, we introduced the scaling matrix W and different ways of constructing

it. This matrix becomes progressively ill-conditioned as the IP method approaches the solution.

This ill-conditioning of W is a result of Lemma 4.2.2. Assuming that the solution matrices X∗
i ,

i = 1, . . . , p, have ranks ki, the rank of matrices Wi will also tend to ki.

The main idea of the preconditioner is to utilize Assumption 4.1.5 and decompose matrices

Wi accordingly to their expected rank (ki) as follows:

Wi = W 0
i + UiU

⊤
i , (4.4)

51



Theory of Loraine

where Ui are mi × ki matrices of full column rank. Assume that the eigenvalues of Wi are sorted

as follows

λ1(Wi) ≤ · · · ≤ λmi−ki(Wi)≪ λmi−ki+1(Wi) ≤ · · · ≤ λmi
(Wi) .

Decomposition (4.4) can be readily computed by spectral decomposition of Wi:

Wi =

[
V s
i V l

i

]Λsi 0

0 Λli

[V s
i V l

i

]⊤
,

where Λsi = diag(λ1(Wi), . . . , λmi−ki(Wi)) and Λli = diag(λmi−ki+1(Wi), . . . , λmi
(Wi)). Then,

by choosing τi such that λ1(Wi) ≤ τi < λmi−ki(Wi), we obtain the following form of (4.4):

Wi =

[
V s
i V l

i

]Λsi 0

0 τiI

[V s
i V l

i

]⊤
︸ ︷︷ ︸

W 0
i

+V l
i (Λ

l
i − τI)(V l

i )
⊤︸ ︷︷ ︸

UiU⊤
i

. (4.5)

Recall now the form of the Schur complement matrix for problem (4.1):

H =

p∑
i=1

A⊤
i (Wi ⊗Wi)Ai +D⊤XlinS

−1
lin D, (4.6)

in which Xlin = diag(xlin) and Slin = diag(slin).

Remark 4.2.2. Formally, we could treat the linear constraints, if present, as matrix constraints

with diagonal matrices and perform the above decomposition for these constraints, too. However,

it is rather unlikely that the corresponding part of the solution, vector xlin would be “low rank”,

i.e., that only a very few of the linear constraints would be active. This fact could then ruin the

whole idea. Here we propose to treat the linear constraints as “full rank” and add the matrix

D⊤XlinS
−1
lin D to the preconditioner as is. In two of our applications, truss topology optimization

and sensor network localization, the linear constraints only consist of upper and lower bounds (in

the dual formulation), hence the matrix D⊤XlinS
−1
lin D is diagonal and satisfies Assumption 4.1.3.

The third application, Chapter 7, relaxation of the unconstrained binary quadratic optimization

problem, the matrix D⊤XlinS
−1
lin D is chordal and sparse (Lemma 7.2.8), so sparse Cholesky fac-

torization leads to zero fill-in and is thus very efficient.

52



Theory of Loraine

By substituting the splittings (4.5) for i = 1, . . . , p into the matrix (4.6), we get

H =

p∑
i=1

A⊤
i

(
(W 0

i + UiU
⊤
i )⊗ (W 0

i + UiU
⊤
i )
)
Ai +D⊤XlinS

−1
lin D

=

p∑
i=1

A⊤
i

(
W 0
i ⊗W 0

i + UiU
⊤
i ⊗W 0

i +W 0
i ⊗ UiU⊤

i + UiU
⊤
i ⊗ UiU⊤

i

)
Ai

+D⊤XlinS
−1
lin D.

Using the identity A⊤(Φ⊗ Ξ)A = A⊤(Ξ⊗ Φ)A for any Φ,Ξ ∈ Rmi×mi with A defined as above

([86, Lemma 6] and [34, Chap. 4.2, Problem 25]), we obtain

H =

p∑
i=1

A⊤
i (W

0
i ⊗W 0

i )Ai +

p∑
i=1

A⊤
i (Ui ⊗ Γi)(Ui ⊗ Γi)

⊤Ai +D⊤XlinS
−1
lin D,

where Γi is any matrix satisfying ΓiΓ
⊤
i = 2W 0

i + UiU
⊤
i . Next we define Vi = A⊤

i (Ui ⊗ Γi) for

i = 1, . . . , p. Then,

H =

p∑
i=1

A⊤
i (W

0
i ⊗W 0

i )Ai +D⊤XlinS
−1
lin D +

p∑
i=1

ViV
⊤
i

=

p∑
i=1

A⊤
i (W

0
i ⊗W 0

i )Ai︸ ︷︷ ︸
H0

i

+D⊤XlinS
−1
lin D + Ṽ Ṽ ⊤ , (4.7)

where Ṽ = [V1, . . . , Vp].

We now approximate A⊤
i (W

0
i ⊗W 0

i )Ai by τ 2i I in (4.7), to define the Hα preconditioner,

which is

Hα =

(
p∑
i=1

τ 2i I +D⊤XlinS
−1
lin D

)
︸ ︷︷ ︸

Aα

+Ṽ Ṽ ⊤ , (4.8)

or, in short,

Hα = Aα + Ṽ Ṽ ⊤ . (4.9)

By using the Sherman-Morrison-Woodbury (SMW) formula, its inverse will be

H−1
α = A−1

α (I − ṼΘ−1Ṽ ⊤A−1
α ) , (4.10)
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where Θ = I + Ṽ ⊤A−1
α Ṽ is the Schur complement. Notice that, by Assumption 4.1.3, the inverse

of Aα is inexpensive.

Theorem 4.2.6. Assume that, for i = 1, . . . , p,

λmax

(
H−1/2
α (H0

i − τ 2i I)H−1/2
α

)
≤ εi and λmin

(
H−1/2
α (H0

i − τ 2i I)H−1/2
α

)
≥ εi .

Then

κ
(
H−1/2
α HH−1/2

α

)
≤

1 +

p∑
i=1

εi

1 +

p∑
i=1

εi

.

Proof. The result follows directly from Theorem 4.2.1 by setting Ĥ = D⊤XlinS
−1
lin D + Ṽ Ṽ ⊤,

Bi = A⊤
i (W

0
i ⊗W 0

i )Ai and B̃i = τ 2i I , i = 1, . . . , p.

Complexity of the PCG

• We compute the Schur complement

Θ = I + [A⊤
1 (U1 ⊗ Γ1) . . .A

⊤
p (U1 ⊗ Γp)]

⊤A−1
α [A⊤

1 (U1 ⊗ Γ1) . . .A
⊤
p (Up ⊗ Γp)],

block-wise, with the (i, j)-block Θij = B⊤
i Bj , where Bi = R−1A⊤

i (Ui ⊗ Γi), i = 1, . . . , p,

and R is the Cholesky factor of Aα. Then, we multiply (Ci =)R−1A⊤
i , which isO(n) flops.

The sparsity of Ai is maintained in Ci, and so Cid is still O(n) flops for an arbitrary vector

d. Hence, as (Ui ⊗ Γi) has miki columns, the product Ci(Ui ⊗ Γi) requires O(nmiki) flops.

Finally, we compute B⊤
i Bj , which requires O(mimjkikj) flops, if Bi and Bj are sparse as

well. If this is not the case, the complexity would beO(mimjkikjn), however the additional

factor n in the complexity formula can be avoided by reordering calculations appropriately.

Define m̂ = max
i=1,...,p

mi and k̂ = max
i=1,...,p

ki. Forming and factorizing the Schur complement

(i.e., forming the preconditioner) requiresO
(
p2m̂2k̂2 + pnm̂k̂ + m̂3k̂3

)
flops; the last term

comes from the Cholesky factorization of Θ.
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Algorithm 4 Solution of the linear system H∆y = r by PCG
Given data k > 0 (solution rank), Wi ∈ Sm++, i = 1, . . . , p, r ∈ Rn (right-hand side) and an initial

iterate ∆y0.

1: procedure SETTING UP PRECONDITIONER Hα

2: for i = 1, . . . , p do ▷ computing the decomposition (4.7)

3: Compute eigenvalue decomposition Wi = ViΛiV
⊤
i and set τi = λmin(Wi).

4: Form the matrices W 0
i and Ui by (4.5).

5: Compute the Cholesky factorization ΓiΓ
⊤
i = 2W 0

i + UiU
⊤
i .

6: end for

7: Compute the Schur complement Θ = I + Ṽ ⊤A−1
α Ṽ and its Cholesky factorization Θ =

LL⊤.

8: end procedure

9: procedure PCG

Use standard PCG algorithm to solve H∆y = r until ∥H∆y − r∥/∥r∥ ≤ εCG.

At each PCG iteration:

10: Compute the matrix-vector product with H using (2.10).

11: Compute the matrix-vector product with H−1
α by means of the SMW in (4.10), using

Θ−1 = L−⊤L−1.

12: end procedure
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• Each iteration of the PCG method is dominated by the matrix-matrix product in (2.10) requir-

ingO (
∑p

i=1m
3
i ) flops and application of the preconditioner (4.10) requiringO (

∑p
i=1miki)

2
+

O (n
∑p

i=1miki) flops.

• The number of PCG iterations is a little unpredictable, in particular, when approaching the

solution of the problem. However, our experience shows that this number is usually well

below 10 and does not exceed 100 in the worst problems. Dropping the lower-order terms

and assuming n ≈ m̂2, we will need O
(
m̂3k̂3

)
flops in the preconditioner and O

(
m̂3k̂

)
flops in one PCG iteration. We come to the conclusion that the cost of the preconditioner is

about the same as the cost of the solution of the linear system by the PCG method.

In Figure 4.1 we can see why Hα is nearly a perfect preconditioner. The figure on the left shows

the distribution of the eigenvalues of Schur complement matrix for the problem tru7 in the last

iteration of IP (see Section 5.4). We observe that there is one distinct eigenvalue and the remaining

are spread from almost 50 to 3 × 108. The second figure on the right-hand side shows the distri-

bution of the eigenvalues of the preconditioned matrix H−1
α H . Most of the eigenvalues are equal

to 1 and the rest do not exceed 1.36. Thus, we can see that the preconditioned matrix has clustered

eigenvalues with a very small condition number, and this is the case we are looking for.

H̃ preconditioner of [86] The main idea of proposing preconditioner Hα comes from Zhang

and Lavaei [86]. In their paper, they do not consider linear constraints and approximate A⊤
i (W

0
i ⊗

W 0
i )Ai by τ 2i A

⊤
iAi in (4.7), the result yielding the following preconditioner denoted in [86] by H̃

(and adopted here to the case of more LMIs and additional linear constraints):

H̃ =

p∑
i=1

τ 2i A
⊤
iAi +D⊤XlinS

−1
lin D + Ṽ Ṽ ⊤ . (4.11)

Obviously, the only difference between Hα and H̃ is in the first term of the sum. As this term

needs to be inverted in the SMW formula, H̃ requires an additional assumption that it is easily
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Figure 4.1: The distribution of eigenvalues of H in logarithmic scaling (on the left) and H−1
α H is linear

scaling (on the right) in tru7.

invertible. This assumption is not satisfied in our problems. Later in Section 5.4, Table 5.5, we

will demonstrate that, despite being seemingly simple, Hα is at least as efficient as H̃ and requires

much less computational time.

4.2.3 Hβ and hybrid preconditioner

Recall the definition of the matrix H:

H =

p∑
i=1

A⊤
i (W

0
i ⊗W 0

i )Ai + Ṽ Ṽ ⊤ +D⊤XlinS
−1
lin D .

It turns out that, in our numerical examples, the last term is dominating in the first iterations of

the IP algorithm, before the low-rank structure of W is clearly recognized. This is demonstrated

in Figure 4.2 that shows the distribution of eigenvalues of matrices D⊤XlinS
−1
lin D (in red) and∑p

i=1A
⊤
i (W

0
i ⊗ W 0

i )Ai + Ṽ Ṽ ⊤ (in blue) in iterations 2, 17, 30 (final) in problem tru7e (see

Section 5.4). This observation led to the idea of a simplified preconditioner called Hβ defined as
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Figure 4.2: Problem tru7e; eigenvalues of D⊤XlinS
−1
lin D (red) and

∑p
i=1A

⊤
i (W

0
i ⊗W 0

i )Ai+ Ṽ Ṽ ⊤ (blue)

in iteration 2, 17 and 30 (left to right).

follows

Hβ =

p∑
i=1

τ 2i I +D⊤XlinS
−1
lin D, (4.12)

in which τi is defined as in the previous section. This matrix is easy to invert by Assumption 4.1.3;

in fact, the matrix is diagonal in many problems. It is therefore an extremely “cheap” precondi-

tioner that is efficient in the first iterations of the IP algorithm.

For relevant problems, we therefore recommend using a hybrid preconditioner: we start

the IP iterations with Hβ and, once it becomes inefficient, switch to the more expensive but more

efficient Hα. See an example in Section 6.3.2.

58



Theory of Loraine

4.3 Solving SDPs with linear equality constraints

In this chapter, we will look at how to solve SDPs with linear equality constraints using the IP

method. Let us consider solving this problem

min
y∈Rn,S∈Sm

b⊤y (4.13)

subject to
n∑
i=1

yiAi + S = C,

S ⪰ 0,

Γ⊤y = γ.

Here Ai ∈ Sm, i = 1, . . . , n, C ∈ Sm, b ∈ Rn, Γ ∈ Rn×ι, γ ∈ Rι are data of the problem.

As previously stated, we are utilizing the interior-point method through this thesis. Interior-point

methods have been designed for optimization problems with inequality constraints and it is unable

to directly handle equality constraints. One of the ways to overcome this problem is to compute

the search direction of each iteration by using the Schur complement method. In addition, there

are various approaches to dealing with equality constraints and reaching our desired SDP with all

inequality constraints, starting with writing equality as two inequalities; see [4] for an overview

focused on SDP interior-point algorithms. One of the other ways to treat the equality constraints

is by the ℓ1-penalty approach. In the following, we discuss both Schur complement method and

ℓ1-penalty approach.
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4.3.1 Schur Complement Method

In this method, we start with replacing the nonsmooth constraint S ⪰ 0 in (4.13) by the smooth,

strongly convex and self-concordant penalty function µlog detS, we get

min
y∈Rn,S∈Sm

b⊤y − µlog detS (4.14)

subject to
n∑
i=1

yiAi + S = C,

Γ⊤y = γ.

The Lagrangian of this problem is defined as

L(y, X, S, z) = b⊤y − µlog detS − ⟨X,
n∑
i=1

yiAi + S − C⟩ − z⊤(Γ⊤y − γ). (4.15)

From KKT conditions we have

y : −bi + ⟨Ai, X⟩+ (Γz)i = o, ∀i = 1, . . . , n, (4.16a)

X :
n∑
i=1

yiAi + S = C, (4.16b)

S : XS = µI, (4.16c)

z : Γ⊤y = γ (4.16d)

X ⪰ 0, S ⪰ 0.

The main step at each iteration of the Interior-point method is the computation of the search direc-

tion (∆X,∆y,∆S,∆z) from the Newton equation below:

⟨Ai,∆X⟩+ (Γ∆z)i = bi − ⟨Ai, X⟩ − (Γz)i = (rp)i, ∀i = 1, . . . , n, (4.17a)
n∑
i=1

∆yiAi +∆S = C − S −
n∑
i=1

yiAi = Rd, (4.17b)

X∆S +∆XS = σµI −XS = Rc, (4.17c)

Γ⊤∆y = γ − Γ⊤y = rz. (4.17d)
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First, define A to be an m2 × n matrix defined by

A := [vecA1, . . . , vecAn].

Using the above equations, we can write the following system

0 A⊤ 0 Γ

A 0 I 0

0 E F 0

Γ⊤ 0 0 0





∆y

vec(∆X)

vec(∆S)

∆z


=



rp

vec(Rd)

vec(Rc)

rz


. (4.18)

The Schur complement equation for SDP without free variable is

(A⊤E−1FA)∆y = rp +A⊤E−1Fvec(Rd)−A⊤E−1vec(Rc). (4.19)

For rewriting the Schur complement equation for our case, first we consider the equations coming

from (4.18).

1 : A⊤vec(∆X) + Γ∆z = rp, (4.20)

2 : A∆y + vec(∆S) = vec(Rd), (4.21)

3 : Evec(∆X) + Fvec(∆S) = vec(Rc), (4.22)

4 : Γ⊤∆y = rz. (4.23)

By replacing vec(∆S) coming from (4.21) in (4.22), we have

∆X = mat[E−1vec(Rc)− E−1Fvec(Rd) + E−1FA∆y]. (4.24)

Again, by substituting ∆X in (4.20), we will have

(A⊤E−1FA)∆y = rp +A⊤E−1Fvec(Rd)−A⊤E−1vec(Rc)− Γ∆z. (4.25)

Now, by considering (4.23)and (4.25), the one variable equation for calculating ∆z will be written

as

Γ⊤(A⊤E−1FA)−1Γ∆z = Γ⊤(A⊤E−1FA)−1(rp +A⊤E−1Fvec(Rd)−A⊤E−1vec(Rc))− rz.

(4.26)
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Assuming that ∆z has been computed from (4.26), we can compute ∆y from (4.25). Then, we

can reach ∆S and ∆X from (4.21) and (4.22), respectively.

4.3.2 l1-Penalty Approach

For the given SDP (4.13), we treat the linear equality constraint Γ⊤y− γ = 0 by using ℓ1-penalty.

By this penalization, (4.13) leads to the following problem

min
y∈Rn,S∈Sm

b⊤y + µ∥Γ⊤y − γ∥1

subject to
n∑
i=1

yiAi + S = C,

S ⪰ 0

with a penalty parameter µ > 0.

We now introduce two new variables, r ∈ Rn, s ∈ Rn, satisfying

Γ⊤y − γ = r− s, r ≥ 0, s ≥ 0 .

By substituting this equality in the last problem, we have the problem

min
y∈Rn,S∈Sm

b⊤y + µ
n∑
i=1

(si + ri)

subject to
n∑
i=1

yiAi + S = C,

Γ⊤y − γ = r− s,

r ≥ 0, s ≥ 0, S ⪰ 0.

62



Theory of Loraine

We eliminate the variable r by using the identity r = Γ⊤y − γ + s, and we reach the problem

min
y∈Rn,S∈Sm

b⊤y + µ

n∑
i=1

(
(Γ⊤y − γ)i + 2si

)
subject to C −

n∑
i=1

yiAi ⪰ 0,

Γ⊤y − γ + s ≥ 0,

s ≥ 0.

Now, here is our final problem with all linear inequality constraints, that the Interior-point method

is designed for and can solve it.

4.4 The code Loraine

Algorithms presented in the previous chapters have been implemented in a code Loraine (for LOw-

RAnk INtErior point). The implementation was done in MATLAB and Julia programming envi-

ronments and is available as open source1.

4.4.1 Special features

Loraine is a general-purpose solver for any linear SDP with linear equality and inequality con-

straints. Compared to other general-purpose SDP software, it particularly targets two classes of

problems.

1github.com/kocvara/Loraine.m
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Problems with low-rank solutions

Loraine is using the preconditioned conjugate gradient method, as described in detail in Sec-

tion 4.2. In particular, the user can choose between the direct and iterative solver, the type of

preconditioner and the expected rank of the solution. The direct solver relies on the implementa-

tion of the (sparse or dense) Cholesky factorization provided by MATLAB or Julia.

Problems with low-rank data input

This feature is only useful when a direct solver is used. In this case, the bottleneck of an interior-

point algorithm is the computation of the Schur complement matrix in (2.9b) and (2.11). When the

data matrices Ai are of low rank (typically of rank one), the complexity of (2.9b) can be drastically

reduced. The user has a choice

– to provide vectors (aji )k, k = 1, . . . , r, defining matrices A(i)
j =

∑r
k=1(a

j
i )k(a

j
i )

⊤
k (field

Avec in the Data input section below);

– to indicate that the input matrices A(i)
j are all expected to be of rank one. Then their decom-

position to a vector-vector product can be automatically computed by Loraine.

4.4.2 Data input

The notation in the input file is related to the dual formulation of the problem (4.2) without slack

variables. The input for the MATLAB version of Loraine is a MATLAB structure with the follow-

ing fields:

type . . . ‘sdp’ [field used for future extensions]
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name . . . ‘name of the problem’

nvar . . . number of variables n

c . . . objective vector b

nlmi . . . number of linear matrix inequalities p

msizes . . . dimensions of the LMIs m1, . . . ,mp

nlin . . . number of linear constraints ν

lsi_op . . . (optional) binary vector of length nlin, set to zero for equality constraints and one for

inequality constraints; if this vector is not present and ν > 0, inequality type constraints are

assumed.

A . . . matrices A(i)
j stored in MATLAB sparse format as cells A{i,j}

Avec . . . vectors (aji )k, k = 1, . . . , r, defining matrices A(i)
j =

∑r
k=1(a

j
i )k(a

j
i )

⊤
k

C . . . matrix C of linear constraints

d . . . vector d of linear constraints

We also provide several converters, e.g., from SDPA input files. For the Julia version of Loraine,

the MATLAB structure can be exported and read by the Julia code.

4.4.3 Loraine options

The following parameters can be changed by the user:

kit = 1; % 0..direct solver; 1..iterative solver

tol_cg = 1e-2; % initial tolerance for iterative solver
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tol_cg_up = 0.5; % tolerance update

tol_cg_min = 1e-6; % minimal tolerance for CG solver

cg_type = ’minres’;% ’minres’ or ’cg’ implemented

eDIMACS = 1e-6; % epsilon for DIMACS error stopping criterion

prec = 1; % 0..no; 1..H_alpha; 2..H_beta; 4..hybrid

erank = 1; % estimated rank of the solution

mup = 1000; % initial penalty parameter mu for l1-penalization

verb = 2; % 2..full output, 1..short output, 0..no output

datarank = 0; % -1..A_i expected rank one; 0..full rank; 1..A_i by vectors

initpoint = 0;% 0..Loraine heuristics, 1..SDPT3-like heuristics

4.4.4 Loraine setting

To test Loraine and compare it with the other algorithms, we have generated a library of problems.

These problems arise from truss topology optimization (TTO), sensor network localization (SNL),

and Lasserre relaxations of MAXCUT problems. In part II, Chapter 5-8, we present results of

solving these problems obtained by Loraine, together with (sometimes brief) comparison with

other SDP software. For this comparison, we use the solver MOSEK [57] which is also based

on an interior-point algorithm. While this comparison may seem unfair, as MOSEK uses a direct

solver to solve the linear systems, we believe that it gives a good perspective of the clear advantage

of iterative solvers with good preconditioners, when available and when applicable. We further

present a comparison with our MATLAB implementation of the ADMM method, based on [82].

For the truss problems, we also offer a comparison with SDPNAL+ [83], an implemen-

tation of the semi-smooth Newton-CG augmented Lagrangian method, and SDPLR [13] using a

nonlinear programming algorithm based on low-rank factorization of the variables. In the follow-

ing, the Loraine setting to solve these problems is mentioned.

66



Theory of Loraine

The algorithms presented in this thesis were implemented in MATLAB and Julia codes. The codes

use DIMACS stopping criteria [56] with εDIMACS = 10−5.

The stopping parameter for the CG method εCG in Algorithm 4 has been set and updated as

follows: we start with εCG = 0.01 and multiply it after every major iteration by 0.5, until it reaches

the value 10−6; then we continue with this value till convergence of the optimization algorithm.

Unless stated otherwise, we use the following hybrid preconditioner called Hhyb: we start

with Hβ (4.12) until the criterion below is satisfied and then switch to Hα (4.8):

Ncg_iter > kp
√
n/10 & Niter >

√
n/60 .

Here Niter is the current IP iteration and Ncg_iter is the number of CG steps needed to solve the

corrector equation in this iteration. This criterion is, obviously, purely heuristic. We further choose

the value of τ in Hα and Hβ as

τ = λ1(Wi) + 0.5mean(λ1(Wi), . . . , λm−ki(Wi)) .

To solve the problems, we used the default setting of Loraine parameters as shown before

in this section, with the following exceptions, as explained in the respective paragraphs below:

SNL: tol_cg = 1e-1, eDIMACS = 1e-4, erank = 12, initpoint = 1

MAXCUT: eDIMACS = 1e-6

All problems were solved on an iMac desktop computer with 3.6 GHz 8-Core Intel Core i9

and 64 GB 2667 MHz DDR4 using MATLAB R2022b.
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Applications and Numerical Results
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Chapter Five

Truss topology optimization

The notation used throughout this chapter is specific to this application and unrelated to the rest

of the thesis.

In this chapter, we test Loraine on a library of problems arising from truss topology op-

timization, both with and without vibration constraints, formulated as an SDP. Additionally, we

analyze the efficiency of Loraine by comparing the numerical results with those obtained from

other SDP solvers, such as MOSEK. The notations and formulations of the truss topology opti-

mization problems follow the conventions brought in the chapter by Kočvara [40].

5.1 Truss notation

By truss, we understand a mechanical structure, an assemblage of pin-jointed uniform straight bars

made of elastic material, such as steel or aluminum. The bars can only carry axial tension and

compression. We denote by m the number of bars and by N the number of joints. The positions of

the joints are collected in a vector y of dimension ñ := dim ·N where dim is the spatial dimension

of the truss. The material properties of bars are characterized by their Young’s moduli Ei, the bar
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lengths are denoted by ℓi and bar volumes by ti, i = 1, . . . ,m.

For an i-th bar, let γi be the vector of directional cosines; e.g., for dim = 2, we define

γi =
1

ℓi

(
−(y(k)1 − y

(j)
1 ), −(y(k)2 − y

(j)
2 ), y

(k)
1 − y

(j)
1 , y

(k)
2 − y

(j)
2

)⊤
,

where y(j) and y(k) are the end-points of the bar.

Let f ∈ Rñ be a load vector of nodal forces. The response of the truss to the load f

is measured by nodal displacements collected in a displacement vector u ∈ Rñ. Some of the

displacement components may be restricted: a node can be fixed in a wall, then the correspond-

ing displacements are prescribed to be zero. The number of free nodes multiplied by the spatial

dimension will be denoted by n and we will assume that f ∈ Rn and u ∈ Rn.

We introduce the bar stiffness matrices Ki and assemble them in the global stiffness matrix

of the truss

K(t) =
m∑
i=1

tiKi =
m∑
i=1

ti
Ei
ℓ2i
γiγ

⊤
i , i = 1, . . . ,m (5.1)

and introduce the equilibrium equation

K(t)u = f . (5.2)

Assumption 5.1.1. K(1) with 1 = (1, 1, . . . , 1) ∈ Rm is positive definite and the load vector f is

in the range space of K(1).
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5.2 Truss topology problem, rank of the solution

Let 0 ≤ ti ≤ ti, i = 1, . . . ,m, and γ be a positive constant. The basic “minimum volume" truss

topology optimization (TTO) problem reads as follows:

min
t∈Rm,u∈Rn

m∑
i=1

ti (5.3)

subject to

K(t)u = f

f⊤u ≤ γ

ti ≤ ti ≤ ti, i = 1, . . . ,m .

The following version of the Schur complement theorem can be found, e.g., in [3].

Lemma 5.2.1. Let t ∈ Rm, t ≥ 0, and γ ∈ R be fixed. Then there exists u ∈ Rn satisfying

K(t)u = f and f⊤u ≤ γ

if and only if  γ −f⊤

−f K(t)

 ⪰ 0 .

From the above lemma, we immediately get an equivalent SDP formulation of the problem:

min
t∈Rm

m∑
i=1

ti (5.4)

subject to γ −f⊤

−f K(t)

 ≽ 0

ti ≤ ti ≤ ti, i = 1, . . . ,m .
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The dual to (5.4) reads as follows.

max
X∈Sn+1

ρ∈Rm,ρ∈Rm

−γ f⊤

f 0

 •X − m∑
i=1

ρiti +
m∑
i=1

ρ
i
ti (5.5)

subject to0 0

0 Ki

 •X − ρi + ρ
i
= 1, i = 1, . . . ,m

X ≽ 0

ρi ≥ 0, ρ
i
≥ 0, i = 1, . . . ,m .

Lemma 5.2.2. Problems (5.4), (5.5) satisfy Assumption 4.1.2 and Assumption 4.1.3.

Proof. Every vector γi in (5.1) has at most 4 non-zero elements (6 in 3D space) and thus every

matrix Ki has at most 16 (36) non-zero elements, independently of the size of the problem; hence

Assumption 4.1.2 is satisfied. Assumption 4.1.3 is trivially satisfied for box constraints on ti.

Proposition 5.2.3. [1, Chap. 2.5] Let t∗ ∈ Rm be a solution of the minimum volume problem

(5.3) with ti = 0, i = 1, . . . ,m. There exists a sequence {tk}∞k=1, tk ∈ Rm, with the following

properties

• tk is a solution of (5.3) with ti = εk, i = 1, . . . ,m and εk → 0 as k →∞ ;

• tk → t∗ as k →∞ .

Theorem 5.2.4. There exists a solution (X∗, ρ∗, ρ∗) ∈ Sn+1 ×Rm ×Rm of the dual SDP problem

(5.5) such that the rank of X∗ is one.

Proof. Let t∗ be a solution of the primal SDP problem (5.4) associated with (5.5). Denote by

S∗ ∈ Sn+1 the primal slack matrix variable

S∗ =

 γ −f⊤

−f K(t∗)

 .
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This matrix is complementary to any solution X of the dual SDP problem, i.e.,

⟨X,S∗⟩ = 0 .

As X and S∗ are commuting and thus simultaneously diagonalizable, we have the following rank

condition (see, e.g., [18]):

rank(S∗) + rank(X) ≤ n+ 1 . (5.6)

If ti > 0, i = 1, . . . ,m, the matrix K(t∗) is positive definite and, due to Assumption 5.1.1,

has a full rank n. Hence, by the above rank condition, the rank of any dual solution X is at most

one. Since we exclude trivial solutions with X ≡ 0, the rank of X is exactly equal to one.

Assume now that ti = 0, i = 1, . . . ,m, i.e., the matrix K(t∗) can be rank deficient. Due

to Proposition 5.2.3, there is a sequence of solutions {Sk} to the problem (5.4) with (ti)k = εk,

εk → 0 as k → ∞, such that Sk → S∗. Associated with {Sk} there is a sequence of dual

solutions {Xk}, such that any pair (Sk, Xk) satisfies the complementarity condition and thus the

rank condition. By this construction, the matrices K(tk) are strictly positive definite and thus, due

to Assumption 5.1.1, have full rank n. From the rank condition (5.6) it follows that the rank of

Xk is at most one and thus exactly equal to one. Hence there is a sequence of vectors {xk} such

that Xk = xkx
⊤
k for each k. Then X∗ = x∗(x∗)⊤ is a solution of the dual SDP problem and thus

complementary to S∗. By construction, X∗ is a rank-one matrix.

Corollary 5.2.5. Let ti > 0 for i = 1, . . . ,m. Let (X∗, ρ∗, ρ∗) ∈ Sn+1 × Rm × Rm be a solution

of (5.5). Then X∗ has rank one.

Problems with approximate low rank The conclusion of Corollary 5.2.5 changes when we

assume that ti = 0 for i = 1, . . . ,m. In this case, some bars may “vanish" at the optimum

(the corresponding ti = 0). Moreover, some nodes of the structure may only be connected by

these vanishing bars and hence also “vanish" from the optimal structure. As a consequence, the
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stiffness matrix K(t) will become singular with as many zero eigenvalues as the vanished nodes

(not connected to the optimal structure). Then

rank(S∗) < n and thus rank(X∗) > 1 is possible .

Hence, while there is always a rank-one solution by Theorem 5.2.4, in this case, there might be

other solutions with a higher rank. In particular, when we solve the problems by an interior point

method, the pair of solutions (S∗, X∗) will be maximally complementary ([18, Thm. 3.4]), so the

rank of X∗ will be equal to the number of the vanished nodes plus one.

Example 5.2.6. Figure 5.1 shows an example of a truss with potentially six nodes (the remaining

three nodes are fixed by boundary conditions); at the optimum, nodes 1, 2, 3, 4, 6 vanished—they

are not connected to the optimal structure but are still present in the problem and its stiffness

matrix. Hence the solution of the dual problem may have a rank of up to (1 + 2 × 5) = 11. The

Figure 5.1: A problem with five nodes vanishing at the optimum; initial structure (left) and optimal solution

(right).

associated Table 5.1 presents, column-wise, eigenvalues of X∗ and S∗ for t > 0 (when rank-one

solution X∗ is expected) and eigenvalues of X∗ and S∗ for t = 0 (when one outlying eigenvalue of

X∗ is expected).

Notice that the number of the vanished nodes depends on the initial setting of the problem

and can be rather high, as compared to the total number of the nodes.
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Table 5.1: Eigenvalues of X∗ and S∗ for problem in Fig. 5.1.

λ(X∗), t > 0

1.980482521248879

0.000000102260913

0.000000086085241

0.000000068216515

0.000000054110869

0.000000042818584

0.000000039334355

0.000000033270286

0.000000032811718

0.000000028005339

0.000000027431494

0.000000000001029

0.000000000000041

λ(S∗), t > 0

0.000000000000102

0.000003116874928

0.000003956920433

0.000006409263345

0.000007529457678

0.000009477992158

0.000011708852890

0.000012193659241

0.000014115281046

0.000014761068984

0.000016565957597

0.399999306252456

10.10000007997102

λ(X∗), t = 0

2.064483254260574

0.010238711360358

0.009214785863400

0.005367091514209

0.005013654697043

0.003545367975067

0.002923233469802

0.002610639717586

0.001846306250799

0.001771660792931

0.001555022631457

0.000000000000031

0.000000000000001

λ(S∗), t = 0

0.000000000010001

0.000000000013521

0.000000000013687

0.000000000016235

0.000000000017372

0.000000000018683

0.000000000020485

0.000000000021874

0.000000000024806

0.000000000028448

0.000000000032822

0.400000000006957

10.10000000001012

5.3 Truss topology problem, vibration constraints

Formulation of the basic truss topology problem as an SDP is rather academic. It was shown, e.g.,

in [35] that it is equivalent to a convex nonlinear programming problem that can be solved very

efficiently by interior point methods. The SDP formulation gains significance once we add more,

important and practical, constraints to the problem. In particular, it was shown in [2, 3] that a

constraint on natural (free) vibrations of the optimal structure leads to a linear matrix inequality

and that this is, arguably, the best way how to treat this constraint.

The free vibrations are the squares of the eigenvalues of the following generalized eigen-

value problem

K(t)w = λ (M(t) +M0)w . (5.7)

Here M(t) =
m∑
i=1

tiMi is the so-called mass matrix that collects information about the mass distri-

bution in the truss. The matrices Mi are positive semidefinite and have the same sparsity structure

as Ki. The non-structural mass matrix M0 is a constant, typically diagonal matrix with very few

75



Truss topology optimization

nonzero elements.

Low vibrations are dangerous and may lead to structural collapse. Hence we typically

require the smallest free vibration to be bigger than some threshold, that is:

λmin ≥ λ for a given λ > 0

where λmin is the smallest eigenvalue of the generalized eigenvalue problem (5.7). This constraint

can be equivalently written as a linear matrix inequality

K(t)− λ (M(t) +M0) ≽ 0 (5.8)

which is to be added to the basic truss topology problem. As (5.8) is a linear matrix inequality in

variable t, it is natural to add this constraint to the primal SDP formulation (5.4). We will thus get

the following linear SDP formulation of the truss topology design with a vibration constraint:

min
t∈Rm

m∑
i=1

ti (5.9)

subject to γ −f⊤

−f K(t)

 ≽ 0

K(t)− λ (M(t) +M0) ≽ 0

ti ≤ ti ≤ ti, i = 1, . . . ,m .

It has been shown, e.g., in [72] that, when ti > 0, the rank of the optimal dual variable to

the second matrix inequality is equal to the multiplicity of the smallest eigenvalue of (5.7). This

multiplicity depends on the geometry of the optimal structure but is, typically, very low, usually not

bigger than 1 or 2. Problem (5.9) thus fits in our framework of SDPs with very low-rank solutions.
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5.4 Numerical experiments

5.4.1 Problem database

We generated a set of truss topology optimization problems of various sizes, both with and without

the vibration constraint. All problems have the same geometry, boundary conditions and loads

and only differ in the number of potential nodes and bars. These problems are standard testing

problems characterized by very low-rank solutions and scalability, meaning that one can gener-

ate problems of various dimensions but of the same type. This may not be possible for more

complicated geometries. The geometry and loading for TTO problems without vibration (formula-

tion (5.4)) are as shown in Figure 5.1-left, while the data for problems with the vibration constraint

(formulation (5.9)) differ only in the horizontal orientation of the load vector. We have generated

four groups of problems with the following naming convention. In each group, all nodes in the

initial ground structure are connected by potential bars.

tru<n> standard TTO problem (5.4) with t = 0, discretized by n× n nodes;

tru<n>e standard TTO problem (5.4) with t = ε > 0, discretized by n× n nodes;

vib<n> TTO problem with the vibration constraint (5.9) with t = 0, discretized by n × n

nodes;

vib<n>e TTO problem with the vibration constraint (5.9) with t = ε > 0, discretized by

n× n nodes.

Table 5.2 present dimensions of the generated problems. Notice that these problems satisfy As-

sumption 4.1.4.

For illustration, Figure 5.2 shows optimal results for problems tru25 and vib19.
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Table 5.2: Problems tru<n> and tru<n>e and problems vib<n> and vib<n>e, number of variables n, size

of the LMI constraint m and number of linear constraints.

problem n m lin. constr.

tru3(e) 36 13 72

tru5(e) 300 41 600

tru7(e) 1176 85 2352

tru9(e) 3240 145 6480

tru11(e) 7260 221 14520

tru13(e) 14196 313 28392

tru15(e) 25200 421 50400

tru17(e) 41616 545 83232

tru19(e) 64980 685 129960

tru21(e) 97020 841 194040

tru23(e) 139656 1013 279312

tru25(e) 195000 1201 390000

problem n m lin. constr.

vib3(e) 36 (13, 12) 72

vib5(e) 300 (41, 40) 600

vib7(e) 1176 (85, 84) 2352

vib9(e) 3240 (145, 144) 6480

vib11(e) 7260 (221, 220) 14520

vib13(e) 14196 (313, 312) 28392

vib15(e) 25200 (421, 420) 50400

vib17(e) 41616 (545, 544) 83232

vib19(e) 64980 (685, 684) 129960

vib21(e) 97020 (841, 840) 194040

vib23(e) 139656 (1013, 1012) 279312

vib25(e) 195000 (1201, 1200) 390000

Figure 5.2: Optimal results for problems tru25 (left) and vib19 (right).
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5.4.2 Numerical results

In this section, we will present numerical results for the truss topology problems from the problem

database.

Before presenting the results, we want to illustrate the efficiency of the used preconditioners, in

particular, in the light of the assumption of Theorem 4.2.6. In Figure 5.3–left we present the

Figure 5.3: Left: The history of the condition numbers of the preconditioned matrix in problem tru9. Right:

Eigenvalues of the preconditioned matrix in the last iteration of Loraine.

history of the condition numbers of the preconditioned matrices for problem tru9. The condition

numbers are consistently very low. For this problem, we also computed the values of ε and ε from

Theorem 4.2.6 and found that the estimate of the condition number in this theorem was always

sharp. Figure 5.3–right depicts all eigenvalues of the preconditioned matrix in the last iteration.

Most of the eigenvalues are very close or equal to one and the matrices have only a few outlying

eigenvalues, albeit still not far from one.

We now present results for all tru and vib problems using Loraine. These are shown in

Table 5.3. The table presents the number of iterations of the respective algorithm and the total

number of CG iterations using the hybrid preconditionerHhyb. This is followed by CPU time spent

in the optimization solver and time per iteration. Notice that Loraine solves two linear systems per
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iteration (predictor and corrector). For all problems, we set the expected rank of the dual solutions

k = 1.

Table 5.3: Loraine in tru<n> and vib<n> problems

problem iter CG iter CPU CPU/iter

tru3 16 122 0.01 0.00

tru5 21 190 0.08 0.00

tru7 27 236 0.24 0.01

tru9 31 333 0.65 0.02

tru11 36 370 1.6 0.04

tru13 45 500 4.5 0.10

tru15 52 882 11 0.22

tru17 53 980 24 0.45

tru19 64 1310 51 0.80

tru21 65 1325 84 1.29

tru23 72 2450 189 2.63

tru25 87 2148 317 3.64

problem iter CG iter CPU CPU/iter

vib3 20 209 0.04 0.00

vib5 31 411 0.21 0.01

vib7 39 501 0.67 0.02

vib9 47 663 2.2 0.05

vib11 59 995 6.1 0.10

vib13 69 1153 16 0.23

vib15 80 1480 37 0.46

vib17 94 1781 92 0.98

vib19 108 2116 189 1.75

vib21 120 2844 401 3.34

vib23 130 2720 718 5.52

vib25 143 3752 1321 9.24

The following Figures 5.4 and 5.5 depict graphs of CPU times versus the number of vari-

ables for all four groups of problems, presented in the log-log scale. We can see that the time grows

almost linearly (factor ∼1.25) with the size of the problem.

5.4.3 Other software

In this section, we give a brief comparison of Loraine with other SDP software. The next Sec-

tion 5.4.3 presents results of Loraine with direct solver and rank-one input data, MOSEK, SDP-

NAL+ and SDPLR; we again give the number of iterations of the solver, CPU time and (for Loraine

and MOSEK) CPU time per one iteration. The data matrices for the truss problems are of rank
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Figure 5.4: Loraine in tru∗ (blue) and tru∗e (red) problems. CPU time vs number of variables in log-log

scale.

Figure 5.5: Loraine in vib∗ (blue) and vib∗e (red) problems. CPU time vs number of variables in log-log

scale.
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Table 5.4: Loraine direct and other solvers in tru<n> problems

Loraine direct MOSEK SDPNAL+ SDPLR

problem iter time time/iter iter time time/iter iter time iter time

tru3 16 0.01 0.001 14 0.22 0.02 440 0.5 15 0.01

tru5 21 0.09 0.004 15 0.23 0.02 9674 29 18 1.7

tru7 27 0.46 0.02 17 0.78 0.05 6324 55 19 21

tru9 31 4.3 0.14 20 5.6 0.28 47579 468 20 179

tru11 36 31 0.86 26 44 1.69 maxit 22 2469

tru13 45 239 5.31 29 235 8.10 maxit

tru15 52 1216 23.38 32 1079 33.72

tru17 51 4583 89.86 37 4671 126.24

one; see (5.1). While Loraine is much more efficient for these problems with an iterative solver,

the goal of this comparison is to show that when handling the rank-one data efficiently, we get a

code that is (at least per one iteration) faster than other software even with a direct solver.

We only present results for problems tru3–tru17; for the larger problems MOSEK ex-

ceeded the available 64GB RAM. SDPNAL+ and SDPLR were used with default stopping toler-

ance. None of these codes can solve problems bigger than tru11 before reaching the maximum

number of iterations, either internal or global. While Loraine solutions satisfy DIMACS criteria

with 10−5, other codes often finish with lower precision. The ADMM is not included in this com-

parison as, even for the smallest problems, the method stagnated at a point far from the solution.

In Figure 5.6 we give a comparison of the CPU time per iteration for Loraine (iterative) and

MOSEK. While MOSEK actually exceeds the theoretical complexity with coefficient 2.2, the com-

plexity of Loraine is almost linear for these problems.

The next Table 5.5 gives results of Loraine with the preconditionerHα compared with other

solvers that could potentially benefit from the low rank information: Loraine with the precondi-

tioner H̃ by Zhang and Lavaei [86]; SDPNAL+ [83], an implementation of semismooth Newton-
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Figure 5.6: Loraine (red) and MOSEK (blue) in tru∗ problems. CPU time per iteration vs number of

variables in log-log scale.

CG augmented Lagrangian method; and SDPLR [13] using a nonlinear programming algorithm

based on low-rank factorization of the variables. SDPNAL+ and SDPLR were used with default

stopping tolerance. None of these codes can solve problems bigger than tru11 before reaching the

maximum number of iterations, either internal or global. While Loraine solutions satisfy DIMACS

criteria with 10−5, other codes often finish with lower precision, as documented by the final value

of the objective function.

Table 5.5: Other solvers

Loraine with Hα Loraine with H̃ SDPNAL+ SDPLR

iter CG iter CPU iter CG iter CPU iter CPU iter CPU

tru3 16 122 0.01 16 131 0.02 440 0.5 15 0.01

tru5 21 190 0.08 21 197 0.3 9674 29 18 1.7

tru7 27 237 0.27 27 348 3.7 6324 55 19 21

tru9 31 331 0.94 31 570 42 47579 468 20 179

tru11 36 344 2.62 36 625 303 maxit 22 2469
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5.4.4 No preconditioner

Recall the two contributing factors to the efficiency of the presented methods: a) the dedicated

preconditioner and b) the very fact of using an iterative method for the solution of linear systems,

a method requiring only matrix-vector multiplications, without the need to assemble and store the

actual matrix. While our main focus was on the preconditioner, the second factor is just as im-

portant. Indeed, it turns out that for several problem classes, no preconditioner is actually needed;

typically for the matrix completion problems used in [6, 86] or problems resulting from the relax-

ation of combinatorial optimization problems. The typical feature of these problems is the lack of

linear constraints and the fact that the matrix A⊤A is diagonal. In such a case, our Hα is almost

identical to H̃ of [86].

For example, when solving problem gpp500-1 from SDPLIB [12] (solution of rank 6),

Loraine needed 288 total CG steps (2 in the last IP iteration) and 96 seconds to solve the problem

using Hα and 4045 CG steps (539 in the last IP iteration) and (only) 14 seconds to solve the

problem without preconditioner. In another example, we solved the matrix completion problem

([6, 86]) with n = 36000, m = 1200 and rankX∗ = 1; in this case Loraine needed 580 total CG

steps and 53 seconds to solve the problem using Hα and 1108 CG steps and 48 seconds to solve

the problem without preconditioner.

To demonstrate that this is not the case of the truss topology problems, we include Table 5.6.

It presents the results of Loraine with no preconditioner for problems that are still solvable before

reaching the maximum number of CG iterations in one linear system, set to 100000. We clearly

see the advantage of using the preconditioner; confront Table 5.3.
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Table 5.6: Loraine with no preconditioner

iter CG iter CPU iter CG iter CPU

tru3 16 346 0.01 vib3 21 3115 0.06

tru5 21 2385 0.15 vib5 31 46949 2.76

tru7 27 10091 0.97 vib7 40 166135 24.9

tru9 30 33163 7.3 vib9 48 432416 181

tru11 36 77700 45
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Chapter Six

Sensor network localization with noisy data

In this chapter, we analyze the application of Loraine to the SDP relaxation of the sensor network

localization problem.

6.1 The problem

Assume there are m distinct (sensor) points in xi ∈ Rd, whose locations are to be determined, and

ν other fixed (anchor) points, whose locations a1, . . . , aν are known. The Euclidean distance δij

between the ith and jth sensor point is known if (i, j) ∈ Ix = {(i, j) | ∥xi − xj∥ = δij ≤ ρ},

where ρ is a fixed parameter called the radio range. Similarly, the Euclidean distance δkj between

the kth anchor and jth sensor point is known if (k, j) ∈ Ia = {(k, j) | ∥ak−xj∥ = δkj ≤ ρ}. The

sensor network localization (SNL) problem is to

Find xi ∈ Rd, i = 1, . . . ,m, for which (6.1)

∥xi − xj∥2 = δ2ij, (i, j) ∈ Ix

∥ak − xj∥2 = δ
2

kj, (k, j) ∈ Ia .
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Typical networks of this type consist of a large number of densely deployed sensor nodes which

gather local data and communicate with other nearby nodes. The sensor data from the nodes are

relevant only if we know to what location they refer. The problem arises in applications as different

as the habitat monitoring system in the Great Duck Island, detecting volcano eruptions, industrial

control in semiconductor manufacturing plants, structural health monitoring, battlefield surveil-

lance, moving object tracking, asset location, and the problem of determining protein molecule

structure [10].

Figure 6.1–left shows an example of a network with 9 anchors and 512 sensors.

In many applications the data δij are noisy. Assume perturbation of δij and δik by random

noises εij and εik, respectively:

δij = δ̂ij|1 + εij|, (i, j) ∈ Ix

δik = δ̂ik|1 + εik|, (i, j) ∈ Ia

where δ̂ij are the true distances. Obviously, the problem (6.1) may now become infeasible.

6.2 SDP relaxation

In a series of papers, Biswas, Ye and their co-authors [11, 10, 81] proposed a relaxation of the prob-

lem based on the semidefinite programming formulation. The next lines follow the development

from Biswas and Ye [11].

Let X = [x1 x2 . . . xm] be a d×m unknown matrix. Then

∥xi − xj∥2 = (ei − ej)TXTX(ei − ej)

∥ak − xj∥2 = (ak;−ej)T

 Id
XT

 [Id X](ak;−ej)
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Figure 6.1: Sensor network localization problem: initial data (left) and optimal solution of the SDP relax-

ation (right). Black: anchors; magenta: exact positions of sensors; red (left): known distances between

anchors and sensors; blue (left): known mutual distances of sensors; blue (right): computed positions of

sensors.

and the original problem (6.1) can be equivalently written as

Find xi ∈ Rd, i = 1, . . . ,m, for which (6.2)

(ei − ej)TXTX(ei − ej) = δ2ij

(ak;−ej)T

 Id X

XT Y

 (ak;−ej) = δ
2

kj

Y = XTX .

We now relax the equality Y = XTX to Y ≽ XTX , which is equivalent to the linear

matrix inequality

Z =

 Id X

XT Y

 ≽ 0 .
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The semidefinite optimization problem

min
Z,u,v

∑
(i,j)∈Ix

(uij + vij) +
∑

(k,j)∈Ia

(ukj + vkj) (6.3)

subject to

Z1:d,1:d = Id

(0; ei − ej)TZ(0; ei − ej)− uij + vij = δ2ij, (i, j) ∈ Ix

(ak;−ej)TZ(ak;−ej)− ukj + vkj = δ
2

kj, (k, j) ∈ Ia

Z ≽ 0

uij, vij ≥ 0, (i, j) ∈ Ix , ukj, vkj ≥ 0, (k, j) ∈ Ia

is called the full SDP relaxation (FSDP) of (6.1). It has been shown by So and Ye [70] that for

certain “good” problems with no data noise this relaxation is exact.

For larger sensor network localization problems, the FSDP relaxation is difficult to solve

numerically. The SDP problem has a large number of variables and the constraint matrix is thus

large and full. In order to solve the problem, one may exploit the sparsity of Ix and Ia at the

relaxation modeling level. Several approaches have been published on this subject. A simple, yet

powerful approach was proposed by Wang et al. [81] and called edge-based relaxation (ESDP).

However, ESDP does not maintain the localizability of FSDP: the solution can have a high rank

even for uniquely localizable problems. For problems with no data noise, Krislock and Wolkowicz

[44] proposed a very efficient algorithm based on facial reductions. This approach, however, cannot

be extended to the problems with noisy data.

As mentioned above, for many noiseless problems the relaxation is exact, i.e., the rank

of the matrix Z is two. Then, for problems with small noise, Z is expected to have two large

eigenvalues and several, perhaps many, small nonzero ones. The problem thus satisfies our low-

rank Assumption 4.1.5 and can be efficiently solved by Loraine. This will be demonstrated in

Section 7.4.
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Table 6.1: Problems SNL-<n>, number of variables n, size of the LMI constraint m and number of linear

constraints.

problem n m lin. constr.

SNL-16 1677 130 3348

SNL-32 6818 258 13630

SNL-48 14886 386 29766

SNL-64 26767 514 53528

SNL-80 40840 642 81674

SNL-96 58956 770 117906

SNL-112 82137 898 164268

SNL-128 109464 1026 218922

6.3 Numerical experiments

6.3.1 Problem database

We consider SNL problems of growing dimension with nine anchors and n sensors randomly

distributed around the letters O and B; see Figure 6.1. The radio range ρ (see the beginning of

Chapter 6) was set to 1
5

of the maximal vertical distance of the anchors. The known distances

between the sensors were perturbed by 1% Gaussian noise. Table 6.1 shows the dimensions of the

generated problems.

6.3.2 Numerical results

Recall from Section 6 that problems with noisy data lead to optimal solution Z∗ of (6.3) with two

outlying and a number of small, nonzero eigenvalues. Selecting k = 2 therefore did not lead to an
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Table 6.2: Loraine, MOSEK and ADMM in SNL-<n> problems

Loraine MOSEK ADMM

problem iter CG iter time iter time iter time

SNL-16 21 395 1.4 13 1.0 6239 12

SNL-32 25 532 7.4 15 21 19343 362

SNL-48 27 676 21 17 150 14328 1050

SNL-64 27 705 40 16 611 81938 17554

SNL-80 28 1064 84 21 2052 >50000

SNL-96 29 969 120 27 6579 time

SNL-112 30 1293 224 memory

SNL-128 30 1316 299

efficient preconditioner and we had to increase the estimate of the rank of Z∗. For the problems

we solved, k = 12 turned out to be a good compromise between the quality of the preconditioner

and the CPU time needed to apply it. Due to the ill-conditioning of the problems, we relaxed the

stopping criterion to eDIMACS=1e-4 [56]; the same criterion was used for the ADMM code.

Table 6.2 presents the results for Loraine, MOSEK and ADMM. While ADMM turned out

to be more successful than for the truss problems, it is still much slower than the two IP codes.

In this table, the number of CG iterations sums up the iterations with preconditioners Hβ and Hα.

For instance, in problem SNL-64, the average number of CG iterations with Hα was 10 and the

maximal number (in the last IP iteration) was 23. In Figure 6.2, we give a comparison of the CPU

time per iteration for Loraine and MOSEK.

For these problems, we also demonstrate the usefulness of the hybrid preconditioner (see

Section 4.2). Figure 6.3 shows the iteration log for problem SNL-80; the first IP iterations are

solved using Hβ; once it requires too many iterations, we switch to Hα.
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Figure 6.2: Loraine (red) and MOSEK (blue) in SNL∗ problems. CPU time per iteration vs number of

variables in log-log scale.
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*** Loraine v0.1 ***

Number of variables: 40839 Preconditioner : 4

Matrix size(s) : 642 Expected rank : 12

Linear constraints : 81674

it obj error cg_iter time/iter

1 4.37357010e+02 3.32e+05 4 0.34

2 4.79694156e+02 7.79e+04 4 0.40

3 4.75844194e+02 8.44e+03 38 0.81

...

9 1.64854663e+00 7.24e+02 45 0.71

10 -4.55049809e+00 1.73e+02 69 0.91

11 -1.14083700e+01 2.25e+01 112 1.23

Switching to preconditioner 1

12 -1.95288379e+01 8.02e+00 14 2.74

13 -2.43383931e+01 4.02e+00 13 2.65

14 -2.97196245e+01 2.32e+00 14 2.70

...

25 -4.17128514e+01 1.71e-03 40 4.61

26 -4.17274123e+01 6.84e-04 58 5.95

27 -4.17345508e+01 2.33e-04 81 7.67

28 -4.17372049e+01 7.21e-05 111 9.71

*** Total CG iterations: 1064

*** Total CPU time: 80.70 seconds

Figure 6.3: Problem SNL-80 solved using the hybrid preconditioner.

93



Chapter Seven

Unconstrained binary quadratic

optimization problems

In this chapter, we test Loraine on unconstrained binary quadratic problems. To do so, we use the

linear SDPs resulting from Lasserre relaxations of these problems. To be able to use Loraine, we

introduce a reformulation of the SDP relaxation of BQP, so it would be consistent with Loraine’s

assumptions. Finally, we test our algorithm on MAXCUT problems, randomly generated BQPs

and BQPGKA library.

7.1 UBQP notation

Unconstrained binary quadratic optimization problems (UBQP) represent a surprisingly wide class

of important optimization problems; see, e.g., the comprehensive overview [39]. The famous

MAXCUT problem is a typical representative of this class. It is thus not surprising that they attract

a great deal of attention among algorithm and software developers. Some of the most efficient

algorithms for finding a global solution of UBQP combine branch-and-bound techniques with

semidefinite programming (SDP) relaxations to obtain good lower bounds. These are represented
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by software like Biq Mac [64], BiqCrunch [43] and BiqBin [26].

The SDP relaxations are typically based on Shor’s relaxation [7] which is equivalent to

the first-order Lasserre relaxation [49]. While higher-order relaxations would deliver much tighter

lower bounds (if not exact solutions), the dimensions of the arising SDP problems are considered

prohibitively large already for medium-sized UBQPs. For this reason, many authors proposed

various techniques to strengthen the first-order relaxations; see, e.g., [27, 23, 15] and the references

therein.

Our goal is to show that (at least) the second-order Lasserre relaxations are solvable by

a specialized SDP software. We will also demonstrate that the second-order relaxations are, in-

deed, superior to the first-order ones and, in many cases, already deliver global solutions of the

UBQP. This may allow one to avoid the branch-and-cut machinery, whose behavior is known to be

sometimes unpredictable and replace it entirely with robust algorithms of known complexity.

Our aim is to solve UBQP

min
x∈Rs

x⊤Qx subject to xi ∈ B , i = 1, . . . , s (7.1)

with a symmetric matrix Q ∈ Rs×s, where B is either the set {0, 1} or the set {−1, 1}. We do

not assume any sparsity in Q, it is a generally dense matrix. In order to find a global optimum,

we use Lasserre hierarchy of SDP problems—relaxations—of growing dimension [49]. The SDP

relaxations have the form

min
y∈Rn

q⊤y (7.2)

subject to M(y) :=
n∑
i=1

yiMi −M0 ⪰ 0 .

Here M is a so-called moment matrix, a (generally) dense matrix of a very specific form. In

particular, if the solution of (7.1) is unique and the order of the relaxation is big enough, then

rankM(y∗) ∈ {1, 2}, where y∗ is a solution of (7.2) (see Section 7.2 below).
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These problems are known to be difficult to solve due to the quickly growing dimension of

the problem with the order of the relaxation; see, e.g., [37]. Since we do not assume any sparsity

in Q, we cannot use sparse techniques, such as those proposed in [78, 79, 80]. Instead, we propose

to use our software Loraine introduced in Chapter 4.

Several authors observed and confirmed by numerical experiments that SDP reformulation

of UBQP (the first-order relaxation) can be efficiently solved by an SDP variant of the ADMM

method, see [82]. We will show that not only can this observation be extended to higher-order

relaxations but that inexact ADMM results can be efficiently used as a warm start for the IP algo-

rithm in Loraine. This is due to the choice of the preconditioner used within the iterative solver in

Loraine. Based on this observation, we will propose a new, hybrid ADMM-Loraine algorithm that,

for a certain class of problems, will be superior to the single algorithms.

In this chapter, we want to use Loraine to solve this class of problems. As mentioned in

Section 4.1, Loraine was developed for a primal SDP (4.1) and its dual (4.2). In UBQPs we just

have one lmi, so here we consider p = 1. For these problems, Loraine is also efficient under

Assumption 4.1.1-4.1.4, but the last Assumption 4.1.5 is not satisfied by problem (7.2) so, in the

next section, we will:

(i) re-write SDP relaxation (7.2) in the primal form (4.1) by introducing auxiliary variables and

additional linear equality constraints;

(ii) treat the new linear equality constraints by ℓ1-penalty approach, in order to replace equalities

by inequalities, as required by the interior-point algorithm;

(iii) show that the matrix associated with the new linear inequality constraints is block diagonal

with blocks of very small size and thus satisfies Assumption 4.1.2;

(iv) show that Assumption 4.1.4 is naturally satisfied for the re-written problem.
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7.2 Forms of SDP relaxations

7.2.1 Lasserre hierarchy of moment problems

Let B = {−1, 1}. By introducing a matrix variable X = xx⊤, problem (7.1) can be equivalently

written as the following SDP problem with a rank constraint:

min
X∈Ss

Q •X (7.3)

subject to Xi,i = 1, i = 1, . . . , s

X ⪰ 0

rankX = 1 .

Remark 7.2.1. For B = {0, 1}, we first use the substitution x̃ = 2x − 1 to get a problem with

objective function x̃⊤Qx̃+2e⊤Qx̃ and constraints x̃i ∈ {−1, 1}. Then we set Q̃ =

 0 e⊤Q

Qe Q

∈
Ss+1 where e is the vector of all ones, introduce a variable X̃ ∈ Ss+1, X̃ =

1

x̃

(1 x̃⊤

)
and

solve problem (7.3) with Q,X replaced by Q̃, X̃ .

In view of the above remark, in the rest of this chapter, we will only consider the case

B = {−1, 1}.

Now, to each unique component of the matrix X = xx⊤ we assign a variable yk. Consid-

ering the constraints Xi,i = 1 and the symmetry of X , we thus have y ∈ Rr with r = s(s− 1)/2.

Replacing the variable X by y, the constraint X ⪰ 0 can then be written as
∑r

i=1Miyi + I ⪰ 0,

where Mi ∈ Ss are suitable matrices; for details, see [49]. Also, for a practical example illustrating

this concept, please refer to Example 7.2.1 in the following of this section.

By ignoring the rank constraint, we can now define the first-order Lasserre relaxation of
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(7.3) as the following moment problem:

min
y∈Rr

q⊤y (7.4)

subject to
r∑
i=1

Miyi + I ⪰ 0 ,

where q ∈ Rr is a restriction of svecQ on off-diagonal elements of Q.

Remark 7.2.2. Formally, we should write the objective function in (7.4) as q⊤y + traceQ. For

convenience, we ignore the constant term traceQ in the following development.

Example 7.2.1. For instance, for s = 3 we use the vector (monomial basis)
(
x1, x2, x3

)⊤

; then

r = 3 and

M1 =


0 1 0

1 0 0

0 0 0

 , M2 =


0 0 1

0 0 0

1 0 0

 , M3 =


0 0 0

0 0 1

0 1 0


and the moment matrix

∑r
i=1Miyi + I is associated with the original variables as

(M(y) =)
r∑
i=1

Miyi + I =


1 y1 y2

y1 1 y3

y2 y3 1

←→

x1

x2

x3



x1

x2

x3


⊤

=


x21 x1x2 x1x3

x1x2 x22 x2x3

x1x3 x2x3 x23

 .

The Lasserre hierarchy consists in adding higher-order monomials in the monomial basis

and, therefore, the higher-order relaxation problems will all be of the form (7.4) only of growing

dimension.

Example 7.2.2. The second-order relaxation in Example 7.2.1 will lead to a (6×6) moment matrix

associated with the dyadic product of the vector of monomials of order up to two

(x1, x2, x3, x
2
1, x

2
2, x

2
3, x1x2, x1x3, x2x3)

⊤ with itself.

As some of the terms in the higher-order moment matrix are repeated and some can be

simplified using the constraint x2i = 1 (e.g., x1x22 is reduced to x1) and thus even more terms are
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repeated, the number of variables in the higher-order relaxations is smaller than the number of the

elements of the upper triangle of the matrix (see also Example 7.2.9 below).

Denote the order of the Lasserre relaxation by ω.

Definition 7.2.3. The Lasserre relaxation of order ω of the problem (7.1) is given by problem (7.4)

with general dimensions n,m, replacing r, s, respectively; i.e., y ∈ Rn andMi ∈ Sm, i = 1, . . . , n.

The dimensions n,m grow quickly with the order of the relaxation. In particular, we have

s4

24
⪅ n ≤ 2s − 1 and m =

ω∑
i=1

(
s

i

)
. (7.5)

(The authors are not aware of any exact formula for n or the lower bound on n; the lower bound in

(7.5) is our estimate based on numerical experiments. Obviously, the higher ω the bigger n until it

reaches the “saturation point” 2s − 1.)

The dimension of the problem makes it very challenging for standard SDP solvers based

on second-order methods, such as interior-point methods; see [37] and the numerical examples in

the last section of this paper.

It was shown by Fawzi et al. [22] and Sakaue et al. [65], and numerically confirmed in [37],

that for these type of problems, the sequence of these approximations is finite and the upper bound

on the order of the relaxation to obtain exact solution of (7.1) is ⌈n/2⌉. Laurent [51] showed that

this is also a lower bound for MAXCUT problems with unweighted complete graphs.

To determine whether a relaxation of order ω is exact, i.e., whether its solution is the solu-

tion of (7.1), we use the rank of the moment matrix; see [49, Thm. 6.19]. In particular, assuming

that (7.1) has p global minimizers, the rank of the moment matrix will be less than or equal to

p. Therefore, if we assume that (7.1) has a unique solution, then the moment matrix of the exact

relaxation will be of rank one.

Remark 7.2.3. Notice that, when B = {−1, 1}, every global minimizer x will have a “symmetric”

99



Unconstrained binary quadratic optimization problems

counterpart −x, as there are only quadratic terms in the problem. In this case, by unique mini-

mizer, we understand “unique up to the multiple by −1” and the rank of the exact relaxation will

be two.

Above, we spoke about an “exact relaxation” and a “rank of the moment matrix”. When

solving the problem by an interior point method, we can only speak about a numerical rank defined

below.

Definition 7.2.4. ConsiderA ∈ Sm+ with eigenvalues λi(A) and with the largest eigenvalue λmax(A).

Let ε > 0. The numerical rank of A is defined as

rε(A) = |I|, I =

{
i ∈ {1, . . . ,m} | λi(A)

λmax(A)
≥ ε

}
.

Definition 7.2.5. For problems with a unique solution and B = {−1, 1}, the relaxation of order ω

is called exact if the numerical rank of the corresponding moment matrix is less than or equal to

two.

7.2.2 Re-writing the problem

As mentioned in the Introduction, problem (7.4) is in the “wrong” form for our solver Loraine.

While the solution M∗ := M(y∗) of (7.4) has low rank (in particular, rankM∗ = 2 when the

solution of (7.1) is unique), Loraine expects the solution of an SDP problem in the primal form

(4.1) to have low rank. Our next goal is thus to rewrite (7.4) in the dual form; in other words, to

rewrite the dual to (7.4) in the dual form (4.2).

The dual to (7.4) is the problem

max
Z∈Sm

−I • Z

subject to Mi • Z = qi, i = 1, . . . , n

Z ⪰ 0 ,
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and, by vectorizing the matrices as z = svecZ and M = (svecM1, . . . , svecMn)
⊤, M ∈ Rn×ñ, it

can be further written as

min
z∈Rñ

(svec I)⊤z (7.6)

subject to smat(z) ⪰ 0

Mz = q

with ñ = m(m + 1)/2. Now, from the fact that the problem (7.6) is the dual problem to (7.4), we

have the following lemma:

Lemma 7.2.6. The vector y in (7.4) is the Lagrangian multiplier to Mz = q in (7.6).

Problem (7.6) is now almost in the right form for our solver: it is in the primal form and the

dual solution is a low-rank matrix. Notice that, despite Q being possibly a dense matrix, the data

in (7.6) are always very sparse. One obstacle remains—the linear equality constraints in (7.6). We

are addressing it in the next section.

7.2.3 Equality constraints by ℓ1-penalty

As mentioned before in Section 4.3, Interior-point methods have been designed for optimization

problems with inequality constraints and cannot directly handle equality constraints. There are

various ways how to overcome this, starting with writing equality as two inequalities; see [4] for

an overview focused on SDP interior-point algorithms. In our algorithm, we treat the equality

constraints by the following ℓ1-penalty approach.

Introducing ℓ1-penalty described in Section 4.3.2 for the linear equality constraints in (7.6),

we obtain the following problem

min
z∈Rñ

(svec I)⊤z+ µ∥Mz− q∥1 (7.7)

subject to smat(z) ⪰ 0 ,
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with a penalty parameter µ > 0. Recall that this penalty is exact, in the sense that there exists

µ0 > 0 such that the solution of (7.7) with µ ≥ µ0 is equivalent to the solution of (7.6) (see, e.g.,

[19]).

We now introduce two new variables, r ∈ Rn, s ∈ Rn, satisfying

Mz− q = r− s, r ≥ 0, s ≥ 0 .

After substitution, (7.7) reads as

min
z∈Rñ, r∈Rn, s∈Rn

(svec I)⊤z+ µ
n∑
i=1

(ri + si) (7.8)

subject to smat(z) ⪰ 0

Mz− q = r− s

r ≥ 0, s ≥ 0 .

Using the identity r = Mz− q + s to eliminate variable r, we arrive at our final problem

min
z∈Rñ, s∈Rn

(svec I)⊤z+ µ
n∑
i=1

((Mz− q)i + 2si) (7.9)

subject to smat(z) ⪰ 0

Mz− q + s ≥ 0

s ≥ 0 .

Problem (7.9) is now in the dual form (4.2).

By Lemma 7.2.6, we know that y in (7.4) is the Lagrangian multiplier to the equality

constraint in (7.6). The question is how to obtain y from (7.9), the ℓ1-penalty reformulation of

(7.6).

Lemma 7.2.7. A solution y of (7.4) can be obtained from the solution of (7.9) as yi = µ+λi, i =

1, . . . , n, in which µ is the penalty parameter at the solution and λ is the Lagrangian multiplier to

the constraint Mz− q + s ≥ 0.
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Proof. We start with the optimality conditions of the problem (7.9). Using suitable matrices Ei ∈

Sm, we can write smat(z) =
∑ñ

i=1 Eizi. The Lagrangian of (7.9) is then

L1(z, s,Γ, λ, η) =−

(
f(z) + µ

n∑
i=1

((Mz− q)i + 2si)

)
− Γ •

ñ∑
i=1

Eizi

−
n∑
i=1

λi

(
ñ∑
j=1

Mijzj − qi + si

)
−

n∑
i=1

ηisi,

where Γ ⪰ 0 and λ, η ≥ 0 are the corresponding Lagrangian multipliers and f(z) = (svec I)⊤z.

By using the KKT conditions at the solution we have

∇z L1(z
∗, s∗,Γ∗, λ∗, η∗) = 0 :

− (∇f(z∗))j − µ
n∑
i=1

Mij −
n∑
i=1

Mijλ
∗
i − Γ∗ • Ej = 0, j = 1, . . . , ñ

and so

(∇f(z∗))j = −
n∑
i=1

Mij(µ+ λ∗i )− Γ∗ • Ej, j = 1, . . . , ñ . (7.10)

Now, the Lagrangian of the problem (7.6) is

L2(z,Γ, y) = −f(z)− Γ •
ñ∑
i=1

Eizi −
n∑
i=1

yi

(
ñ∑
j=1

Mijzj − qi

)
,

where, as above, Γ ⪰ 0 and y ≥ 0 are the corresponding Lagrangian multipliers. From the KKT

conditions, we have

∇z L2(z
∗, γ∗, y∗) = 0 :

− (∇f(z∗))j − Γ∗ • Ej −
n∑
i=1

Mijy
∗
i = 0, j = 1, . . . , ñ

so

(∇f(z∗))j = −
n∑
i=1

Mijy
∗
i − Γ∗ • Ej, j = 1, . . . , ñ . (7.11)

Thus, from (7.10) and (7.11), y can be written as

yi = µ+ λi, i = 1, . . . , n (7.12)

and we are done.

103



Unconstrained binary quadratic optimization problems

The question remains how to initialize and update the penalty parameter µ in order to get an

exact solution of problem (7.6) using our interior-point solver. There are essentially two options.

(A) For the current value of µ, fully solve the penalized problem (7.9) by Loraine, check the

residuum of the equality constraint in (7.6) for the optimal solution of (7.9) and, if bigger

than a prescribed threshold, increase µ and repeat this process.

(B) Incorporate penalty update within the interior-point solver, following, e.g., [25] and [17].

That is, run the IP algorithm with an initial µ and, as soon as the residual of the equality

constraint (7.6) gets bigger than a value dependent on the IP barrier parameter, increase µ

and continue in IP iterations.

Option (A) is simple and robust but may also be expensive: we may need to solve several SDP

problems to full optimality. Option (B) is more attractive from the efficiency point of view but is

also more sensitive to the choice of parameters. We implemented (B) but had mixed experience

with it so we returned to (A). The good news is that a class of BQP problems usually requires

a single choice of µ in order to guarantee convergence to an optimal point with the norm of the

residuum of the equality constraint smaller than a prescribed value; see the numerical experiments

in the last section. Needless to say that one cannot start with a too big value of µ due to the potential

ill-conditioning of the resulting SDP problem and resulting difficulties of the IP algorithm to solve

the problem at all.

7.2.4 Loraine and problem (7.9)

Recall the definition of the matrix M = (svecM1, . . . , svecMn)
T with matrices Mi introduced at

the beginning of this section. We have the following result.

Lemma 7.2.8. There exists a permutation matrix P ∈ Rñ× ñ such that PM⊤MP⊤ is a block

diagonal matrix with small full blocks. In particular, M⊤M is a sparse chordal matrix.
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Proof. Every matrix Mi localizes the corresponding variables in the moment matrix
n∑
i=1

Miyi + I

in (7.4), whereas the elements of the moment matrix are either ones or the variables yi; see also

Example 7.2.1. As every Mi is associated with exactly one variable yi, the nonzeros in this matrix

are unique to the matrix. Therefore every column of matrix M will either contain all zeros or a

single nonzero number one at the i-th position, i = 1, . . . , n. We can now re-order the columns

of M such that the first columns will only contain zeros, the next columns element 1 at the first

position, the next ones element 1 at the second position, etc. This re-ordering will define the

permutation matrix P . The claims follow.

Example 7.2.9. Consider a problem with s = 3 and relaxation order ω = 2. Utilizing the

constraints x2i = 1, we only consider variables associated with the monomial basis b(x) =

(x1, x2, x3, x1x2, x2x3, x1x3):

X = b(x)b⊤(x) =



x21 x1x2 x1x3 x21x2 x1x2x3 x21x3

x1x2 x22 x2x3 x1x
2
2 x22x3 x1x2x3

x1x3 x2x3 x23 x1x2x3 x2x
2
3 x1x

2
3

x21x2 x1x
2
2 x1x2x3 x21x

2
2 x1x

2
2x3 x21x2x3

x1x2x3 x22x3 x2x
2
3 x1x

2
2x3 x22x

2
3 x1x2x

2
3

x21x3 x1x2x3 x1x
2
3 x21x2x3 x1x2x

2
3 x21x

2
3



=



1 x1x2 x1x3 x2 x1x2x3 x3

x1x2 1 x2x3 x1 x3 x1x2x3

x1x3 x2x3 1 x1x2x3 x2 x1

x2 x1 x1x2x3 1 x1x3 x2x3

x1x2x3 x3 x2 x1x3 1 x1x2

x3 x1x2x3 x1 x2x3 x1x2 1


i.e., variables y ∈ R7 corresponding to (x1, x2, x3, x1x2, x2x3, x1x3, x1x2x3), the unique elements
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of X . The matrices Mi simplify to

M1 =



0 0 0 0 0 0

0 0 0 1 0 0

0 0 0 0 0 1

0 1 0 0 0 0

0 0 0 0 0 0

0 0 1 0 0 0


, M2 =



0 0 0 1 0 0

0 0 0 0 0 0

0 0 0 0 1 0

1 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0


, . . . ,M7 =



0 0 0 0 1 0

0 0 0 0 0 1

0 0 0 1 0 0

0 0 1 0 0 0

1 0 0 0 0 0

0 1 0 0 0 0


and thus

M =



0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0

0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0

0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0

0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 1 0 0 0 0


and

MP⊤ =



0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1


with a suitable permutation matrix P . Then PM⊤MP⊤ is block diagonal with block sizes 2 and 3.

Remark 7.2.4. The size of the blocks in the matrix PM⊤MP⊤ is given by the count of the cor-

responding variables in the upper triangle of the moment matrix. This number grows with the

relaxation order.
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Theorem 7.2.10. Assume that (7.1) has a unique solution and that Lasserre hierarchy is exact for

order ω ≥ 1. Then problem (7.9) corresponding to ω satisfies Assumptions 4.1.1–4.1.5.

Proof. A strictly feasible point for (7.9) can be found, e.g., by choosing z as a unit vector and

s positive, arbitrarily large. Similarly, the moment problem (7.4) is trivially strictly feasible by

choosing y = 0. Hence Assumption 4.1.1 holds. Every matrix Ei contains at most two nonzero

elements, hence Assumption 4.1.2 is trivially satisfied. Assumption 4.1.3 holds by Lemma 7.2.8:

because the matrix M⊤M is chordal and sparse, sparse Cholesky factorization leads to zero fill-in

and is thus very efficient. Assumption 4.1.4 is satisfied by the construction of the problem, as the

number of variables ñ is proportional to the square of the size of the matrix inequality m. Finally,

under the assumption of a unique solution to (7.1) and exact relaxation, the dual variable associated

with the matrix inequality in (7.9) has rank at most two. Hence Assumption 4.1.5 is satisfied.

7.3 ADMM for SDP relaxations

The Alternating Direction Method of Multipliers (ADMM) is a popular alternative to the interior-

point methods for convex optimization problems. Its extension to semidefinite optimization was

introduced in [82]. It proved to be efficient for certain SDP problems, among others many UBQPs

([82, Sec 4.3]). We thus briefly describe this algorithm and offer a numerical comparison with Lo-

raine. Furthermore, we will introduce a new “hybrid" approach combining ADMM with Loraine.

7.3.1 The ADMM-SDP algorithm

The method consists of minimizing the augmented Lagrangian of the problem

Lρ(y, S,X) = −b⊤y +X •

(
n∑
i=1

yiAi + S − C

)
+

1

2ρ

∥∥∥∥∥
n∑
i=1

yiAi + S − C

∥∥∥∥∥
2

F

(7.13)
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alternately, first with respect to y, then with respect to S, and then updating X by

X(k+1) = X(k) +

∑n
i=1 y

(k+1)
i Ai + S(k+1) − C

ρ
.

While the minimization with respect to y leads to an unconstrained problem and the minimum is

obtained by solving the first-order optimality system of (linear) equations, according to the next

Lemma, the minimization of Lρ with respect to S can be formulated as a projection of the matrix

C −
∑n

i=1 yiAi − ρX onto the semidefinite cone Sm+ .

Lemma 7.3.1. Let Lρ be the function (7.13). Then, in this context, optimizing Lρ with respect to

S is equivalent to projecting the matrix C −
∑n

i=1 yiAi − ρX onto the semidefinite cone Sm+ .

Proof. For optimizing the function Lρ with respect to S, we can simply consider the function

without the terms that do not contain S. So, the minimization problem would be written as

min
S
Lρ(y, S,X) ≈ X • S +

1

2ρ

∥∥∥∥∥
n∑
i=1

yiAi + S − C

∥∥∥∥∥
2

F

= X • S +
1

2ρ
(
n∑
i=1

yiAi + S − C) • (
n∑
i=1

yiAi + S − C).

Once again, by focusing on the terms involving S, we obtain

≈ X • S +
1

2ρ

(
2(S •

n∑
i=1

yiAi) + S • S − 2S • C
)
.

Now, we multiply both sides of this function by 2ρ:

= 2ρX • S + 2S •
n∑
i=1

yiAi + S • S − 2S • C

≈ (S − C +
n∑
i=1

yiAi + ρX) • (S − C +
n∑
i=1

yiAi + ρX).

We can rewrite the last equation using the Frobenius norm, and we arrive at the following projection

problem:

min
S

∥∥∥∥∥S − C +
n∑
i=1

yiAi + ρX

∥∥∥∥∥
2

F

.
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ForZ ∈ Sm, letA(Z) be a vector with elementsAi•Z, i = 1, . . . , n and [Z]+ the projection

of Z on the semidefinite cone. With a penalty parameter ρ > 0 and a relaxation parameter σ ∈

(0, 1+
√
5

2
), the update of the primal-dual point (y, S,X) in the k-th iteration of ADMM is defined

in Algorithm 5.

Algorithm 5 ADMM for SDP
Given an initial point (y(0), S(0), X(0)), parameters ρ and σ, and a stopping parameter εADMM.

1: for k = 0, 1, 2, . . . do

2: Update y by y(k+1) = −(AA⊤)−1
(
ρ(A(X(k))− b) +A(S(k) − C)

)
3: Update S by Ŝ = C −

∑n
i=1 y

(k+1)
i Ai − ρX(k), S(k+1) =

[
Ŝ
]
+

4: Update X by X̂ = 1
ρ

(
S(k+1) − Ŝ

)
, X(k+1) = (1− σ)X(k) + σX̂

5: Update ρ

6: Check convergence

7: end for

For details, in particular the choice and update of ρ, see [82]. In the numerical experiments

below, we use our MATLAB implementation1 of the algorithm.

7.3.2 ADMM as a warm start for Loraine

When testing the ADMM algorithm with the MAXCUT problems considered in this thesis, we

have made the following two observations:

(i) The method is more efficient when solving the reformulated (bigger) problem (7.9) than

the smaller one (7.4). Moreover, for problem (7.9), the convergence is very fast in the first

iterations, before it slows down: the algorithm gets quickly a “good" approximation of the

solution, both primal and dual.
1https://github.com/kocvara/ADMM_for_SDP
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(ii) Due to the nature of the ADMM method (projections on the semidefinite cone), the rank of

the approximate solution is always “numerically exact”; in particular, the rank of X(k) is low

when we are close enough to the solution.

The fact that a low-rank approximation of the solution can be obtained relatively quickly, together

with the fact that ADMM is a primal-dual algorithm leads to the following idea: use a low-precision

ADMM solution as a warm start for Loraine. Presuming that the ADMM approximation of X is

already of the expected low rank (or very close to it), the preconditioner Hα will be extremely

efficient during the remaining iterations of Loraine. We, therefore, propose the following hybrid

ADMM-Loraine Algorithm 6.

Algorithm 6 ADMM-Loraine
1: Solve (7.9) by ADMM with stopping tolerance εADMM. Save the primal-dual approximate solu-

tion (y, S,X)ADMM.

2: Solve (7.9) by Loraine with

– initial point (y, S,X)ADMM

– initial value of the stopping criterion for the CG method reduced to 10−6.

Notice that, in order to get a primal-dual approximation of the solution, we have to solve

the same problem formulation by ADMM and Loraine, i.e., formulation (7.9) with the ℓ1-penalty

and the same value of the penalty parameter µ, despite the fact that ADMM could directly handle

the linear equality constraints.

7.4 Numerical experiments

In this section we report the results of our numerical experiments with relaxations of MAXCUT

problems, randomly generated UBQPs and a library of problems called BQPGKA. The presented
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algorithms will be compared with the state-of-the-art SDP solver MOSEK [57] which is relying

on the interior-point method and uses a direct linear solver for the Schur complement equation.

The stopping criterion for our implementations of Loraine and ADMM was based on the

DIMACS errors [56] that measure the (normalized) primal and dual feasibility, duality gap, and

complementary slackness. The algorithms were stopped when all these errors were below 10−6.

MOSEK was used with default settings.

7.4.1 MAXCUT problems

For the first set of numerical experiments, we use MAXCUT problems, the standard test problems

for UBQP algorithms. These problems are well-known optimization problems in which the vertices

of an undirected graph are partitioned into two disjoint sets in such a way that the number of edges

that cross the partition is maximized. In other words, the task is to find a cut of the largest weight,

that is, to partition the set of nodes into two parts, S and S ′ such that the total weight of all arcs

linking S and S ′ is as large as possible.

Let Γ be an undirected n-node graph and let the arcs (i, j) be associated with nonnegative

weights aij . The MAXCUT problem is formulated as the following UBQP:

max
x

{
1

4

n∑
i,j=1

aij(1− xixj) | x2i = 1, i = 1, . . . , n

}
(7.14)

and can be thus solved by the techniques presented above. The solution of the SDP relaxation (7.2)

is of rank two whenever the relaxation is exact and the solution to (7.14) is unique. (Recall that

uniqueness of x means uniqueness up to the multiple by −1.)

Obviously, a complete unweighted graph (with aij ∈ {0, 1}) may have many “symmetric"

solutions. Therefore we generated two sets of problems of increasing size. Firstly, to avoid the non-

uniqueness, we generated undirected, weighted, generally complete graphs with weights randomly
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distributed between 0 and 12 with 20–50 nodes, using the MATLAB command graph. It turned

out that for all these problems the relaxation order two in the Lasserre hierarchy is already high

enough to deliver the optimal solution of the MAXCUT problem (7.14). Secondly, we generated a

set of problems of the same sizes but for unweighted graphs. The dimensions of the corresponding

SDP problems for relaxation order two are shown in Table 7.1.

Table 7.1: Problems MAXCUT-<n>, relaxation order ω = 2: dimensions for formulations (7.4) and (7.9)

problem (7.4) problem (7.9)

problem variables matrix size variables matrix size lin. constr.

MAXCUT-20 6 196 211 28 561 211 12 390

MAXCUT-25 15 275 326 68 576 326 30 550

MAXCUT-30 31 930 466 140 741 466 63 860

MAXCUT-35 59 535 631 258 931 631 119 070

MAXCUT-40 102 090 821 439 521 821 204 180

MAXCUT-45 164 220 1 036 701 386 1 036 328 440

MAXCUT-50 251 175 1 276 1 065 901 1 276 502 350

We first present the results for the weighted problems, see Table 7.2. These problems are

relatively “simple”: the ADMM method is rather efficient (this is well-known from other studies),

and MOSEK converges in a very small number of iterations, six to eight. However, the sheer size

prevents MOSEK with a direct solver to solve larger problems. We present results for ADMM

applied to both problem formulations, the original one (7.4) and the re-written one of larger di-

mension and with ℓ1-penalty (7.9). Perhaps surprisingly, ADMM is more efficient for the latter

problem, despite the bigger dimension. Moreover, unlike for ADMM applied to (7.4), the number

of iterations of ADMM applied to (7.9) is almost independent of the problem size. The last four

columns of Table 7.2 show the results for the hybrid ADMM-Loraine algorithm: we present the

number of iterations of ADMM plus Loraine (‘iter’), the time of ADMM (‘timeA’), time of Lo-

raine (‘timeL’) and the total time of the hybrid method. For these experiments, we have used the
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stopping tolerance of ADMM εADMM = 5 · 10−3 (problems 20–25) and εADMM = 5 · 10−4 (problems

30–50).

Table 7.2: Loraine, MOSEK, ADMM and ADMM-Loraine in weighted MAXCUT-<n> problems, relaxation

order ω = 2

MAXCUT Loraine for (7.9) MOSEK (7.4) ADMM for (7.4) ADMM for (7.9) ADMM-Loraine for (7.9)

problem iter CG it time time iter time iter time iter timeA timeL time

20 18 559 3.8 9 3615 10 3042 13 628+4 3.9 0.8 4.7

25 20 728 11 78 4732 33 2735 28 181+5 2.5 2.9 5.4

30 21 1032 28 607 6770 99 3537 80 795+5 20 5.8 26

35 23 2183 96 2911 5255 164 3030 126 863+4 42 11 53

40 27 2275 186 mem 9611 500 1280 92 914+7 73 132 205

45 25 2521 335 16901 1400 2639 358 755+4 104 33 137

50 24 2540 528 19521 2951 3296 745 727+5 162 58 220

To better demonstrate the behavior of the hybrid method, in Figure 7.1 we show the output

of both codes. We can see that the ADMM method, indeed, gets very quickly a good approximation

of objective value, while Loraine uses the warm start very efficiently.

Next, we will try to solve the unweighted MAXCUT problems. Recall that these problems

often have nonunique solutions, in particular problems with almost dense graphs. Moreover, relax-

ation order ω = 2 may not be high enough to obtain an exact solution. We thus cannot expect the

preconditioner to be efficient in those cases. This is, indeed, demonstrated in Table 7.3. This table,

in addition to columns identical to Table 7.2, shows also the rank of the solution of the order-2

relaxation. As expected, Loraine is less efficient for problems with higher solution rank, in partic-

ular problems MAXCUT-30 and MAXCUT-50. Still, it can solve these problems reliably. Again,

the hybrid method is superior for these problems. The convergence behavior of the algorithms and

their estimated complexity is further illustrated in Figure 7.2.

113



Unconstrained binary quadratic optimization problems

================================= A D M M for S D P ==================

Number of LMI Constraints: 1

Number of Variables: 1065901

Maximal Constraint Size: 1276

------------------------------------------------------------------------

iter p-infeas d-infeas d-gap error objective

------------------------------------------------------------------------

100 0.00058292 0.08603023 0.00093126 0.086030 1981.22444814

200 0.00018776 0.02554937 0.00034476 0.025549 2028.80448106

300 0.00018959 0.01054250 0.00063882 0.010542 2037.35317708

400 0.00010212 0.00991976 0.00025128 0.009920 2025.69453823

500 0.00005383 0.00972192 0.00013810 0.009722 2038.21968191

600 0.00002508 0.00891292 0.00001945 0.008913 2026.90960413

700 0.00002609 0.00281354 0.00010411 0.002814 2037.33886004

727 0.00002899 0.00047182 0.00012837 0.000472 2039.90970508

------------------------------------------------------------------------

Total ADMM iterations: 727; Final precision: 4.72e-04; CPU Time 162.59s

========================================================================

*** Loraine v0.1 ***

Number of variables: 1065901

Matrix size(s) : 1276

Linear constraints : 502350

*** IP STARTS

it objective error cg_iter CPU/it

1 2.03994277e+03 3.77e-03 36 9.39

2 2.03999424e+03 2.32e-03 33 9.55

3 2.03999941e+03 2.50e-04 20 7.71

4 2.03999992e+03 3.84e-05 9 5.80

5 2.03999999e+03 5.96e-06 8 5.54

*** Total CG iterations: 106

*** Total CPU time: 58.24 seconds

Figure 7.1: The printout of low-precision ADMM and warm-started Loraine for the weighted MAXCUT-50.
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Table 7.3: Loraine, MOSEK, ADMM and ADMM-Loraine in unweighted MAXCUT-<n> problems, relax-

ation order ω = 2

MAXCUT Loraine for (7.9) MOSEK (7.4) ADMM for (7.9) ADMM-Loraine for (7.9)

problem iter CG it time time iter time iter timeA timeL time rank

20 17 735 4.3 9 1981 8 738+7 3.4 1.5 4.9 2

25 18 858 14 82 805 9 328+4 3.5 2.8 6.3 4

30 23 6482 145 635 2218 53 566+8 13 135 148 57

35 21 2604 128 3357 5251 229 1222+8 48 15 63 2

40 22 3538 305 mem 7137 575 1855+7 142 35 177 2

45 22 3225 536 6794 845 1081+4 139 49 188 4

50 25 12599 2593 5723 1162 1677+5 361 365 726 13

Figure 7.2: CPU times in log-log scale for weighted (left) and unweighted (right) MAXCUT problems.

Loraine (blue), MOSEK (brown), ADMM (green) and hybrid ADMM-Loraine (red).
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7.4.2 Randomly generated problems

We further conducted numerical experiments with matrices Q randomly generated. We are aware

of the fact that problems with random data may not always be representative and may sometimes

lead to false conclusions regarding algorithm behavior. However, we believe that these results still

well demonstrate the efficiency of our approach.

It has been observed in [37] that problems with rank-one matrix Q may require relaxation

order of up to ω = ⌈s/2⌉ to reach the exact solution; a typical example is Q = ee⊤. On the other

hand, for problems with matrixQ of rank 3, ω = 2 was always sufficient in experiments performed

in ([37, Fig.4]). We have thus considered two main classes of problems:

(A) problems with B = {−1, 1} and with rankQ = 1 generated by the following MATLAB
code

rng(0); q = randn(s,1); Q = q*q’;

(B) problems with B = {−1, 1} and with a full-rank indefinite Q generated by the following
MATLAB code

rng(0); q = randn(s,1); Q = q*q’;

for k=1:s-1

if ceil(k/2)*2 == k

q = randn(s,1); Q = Q - q*q’;

else

q = randn(s,1); Q = Q + q*q’;

end

end

Apart from random numbers generated with normal distribution, we also performed tests with

uniform distribution (function rand) and lognormal distribution (function logncdf); in both

cases the results and conclusions were rather similar to the above choice and are thus not reported

here.
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The exactness of the relaxation was measured by the numerical rank of the dual solution to

the matrix inequality in problem (7.9)—when the rank was equal to 1 or 2 (depending on the set

B) the relaxation order was considered sufficient; see (7.2.5).

Remark 7.4.1. For Q constructed as in (B), relaxation order ω = 2 was sufficient to get an exact

solution of (7.1). This observation, though, cannot be extended to any full-rank matrix Q. For

instance, for Q = ee⊤ + Diag(d), d ∈ Rs, where Diag(d) is a diagonal matrix by placing vector

d along the main diagonal, the lowest relaxation order will be ω = ⌈s/2⌉. This is because x2i = 1

and thus the diagonal elements of Q will be irrelevant in the optimization process and the resulting

problem will be equivalent to that with a rank-one matrix Q = ee⊤.

Full-rank Q and relaxation order ω = 2

Using the MATLAB code from point (B) above, we generated problems of growing dimension

s = 10 . . . 50 and solved the corresponding SDP relaxations for order ω = 2. The dimensions of

the generated problems are reported in Table 7.4; the table shows problem sizes for the original

SDP relaxation (7.4) and for the re-written problem (7.9). The computational results are presented

in Table 7.5 and clearly demonstrate the efficiency of Loraine. The computational complexity

of Loraine (applied to (7.9)) and MOSEK and ADMM (applied to (7.4)) is further illustrated in

Figure 7.3. We do not report on the hybrid ADMM-Loraine algorithm. That is because ADMM

applied to problem (7.9) (as required by the hybrid method) appears to be much less efficient than

for the MAXCUT problems and so the hybrid algorithm is not even competitive to ADMM applied

to (7.4).

117



Unconstrained binary quadratic optimization problems

Table 7.4: Randomly generated UBQP problems, relaxation order ω = 2: dimensions for formulations (7.4)

and (7.9)

problem (7.4) problem (7.9)

UBQP size variables matrix size variables matrix size lin. constraints

10 385 56 1596 56 770

15 1 940 121 7 381 121 3 880

20 6 195 211 22 366 211 12 390

25 15 275 326 53 301 326 30 550

30 31 930 466 108 811 466 63 860

35 59 535 631 199 369 631 119 070

40 102 090 821 337 431 821 204 180

45 164 220 1 036 537 166 1 036 328 440

50 251 175 1 276 814 726 1 276 502 350

Table 7.5: Randomly generated UBQP problems, relaxation order ω = 2: Loraine, MOSEK and ADMM

Loraine for (7.9) MOSEK for (7.4) ADMM for (7.4)

UBQP size iter CG iter time iter time iter time

10 10 256 0.1 6 0.2 1006 0.4

15 10 725 1.3 5 1.1 1928 2.2

20 11 423 2.4 6 9.3 2888 9.7

25 13 294 5.5 7 81 5622 48

30 13 326 14 7 496 8498 147

35 15 530 43 memory 11672 396

40 14 730 106 14362 880

45 16 896 230 14320 1369

50 16 1114 431 21701 3251
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Figure 7.3: CPU times in log-log scale for random BQP problems. Loraine (blue), MOSEK (brown) and

ADMM (green).

Rank-one Q and higher relaxation order

Let us recall from (7.5) the dependence of problem sizes on the relaxation order: for the original

moment problem (7.4), we have

s4

24
⪅ n ≤ 2s − 1 and m =

ω∑
i=1

(
s

i

)
.

On the other hand, in the re-written problem (7.9) with ℓ1-penalty term, we have ñ+n variables

with ñ = m2, LMI of size m and 2n linear inequality constraints; see Table 7.6. This table, in

Table 7.6: Problem dimensions for formulations (7.4) and (7.9) as functions of the relaxation order; here s

is the number of variables in BQP (7.1) and ω the relaxation order and
s4

24
⪅ n ≤ 2s − 1

problem (7.4) problem (7.9)

variables matrix size variables matrix size lin. constraints

n

ω∑
i=1

(
s

i

) (
ω∑

i=1

(
s

i

))2
+ n

ω∑
i=1

(
s

i

)
2n

particular, shows that the number of variables grows much more quickly for problem (7.9) than for

the original problem (7.4) where it, eventually, reaches the finite limit 2s− 1. Therefore we cannot

expect Loraine with iterative solver applied to (7.9) to be as efficient for higher-order relaxations
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as it is for ω = 2. This is clearly demonstrated in Table 7.7 comparing Loraine with a direct solver

applied to problem (7.4) (this code was slightly faster than MOSEK for these problems, due to

direct handling of the rank-one data matrices) with Loraine with the iterative solver applied to

problem (7.9).

Table 7.7: Randomly generated UBQP problem, n = 9, relaxation order ω = 2, . . . , 5: problem dimensions

and CPU times for Loraine-direct and Loraine-iterative

Loraine-direct for (7.4) Loraine-iterative for (7.9)

ω vars matrix size time vars matrix size lin constr CG iter time

2 255 46 0.09 1081 46 510 99 0.08

3 465 130 0.77 8515 130 930 203 0.97

4 510 256 2.87 32896 256 1020 302 15.7

5 511 382 7.04 73153 382 1022 701 129

7.4.3 BQPGKA problems

Finally, we consider test problems from the literature. The next Table 7.8 presents results for

binary problems with B = {0, 1} and randomly generated integer matrices Q, as provided by

[60]; in the literature these problems are often in the literature called BQPGKA by [24]. We only

selected problems with fully occupied matrices Q and those for which second-order relaxations

are solvable by our software; i.e., problems 1b–4b, in the notation of [60]. Dimensions of the SDP

problems are the same as in Table 7.4. From the results, we can again see the clear advantage of

the iterative solver and the linear growth of CPU time per one CG iteration with the number of

(SDP) variables.

Just as with the randomly generated problems with full-rank matrix above, relaxation order

ω = 2 was always sufficient to reach solution with a moment matrix of rank one and with optimal
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objective value equal to that in [24].

Table 7.8: BQPGKA problems, relaxation order ω = 2: Mosek and Loraine

Mosek Loraine

size CPU iter CG iter CPU cpu/CG iter

20 11 20 666 3 0.0045

30 629 15 835 24 0.0287

40 mem 14 769 82 0.1066

50 14 862 270 0.3132
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Chapter Eight

Geometric modeling problems

In this chapter, we review applications of Polynomial Optimization techniques to Geometric Mod-

eling problems. We present examples of topical problems in Geometric Modeling, illustrate their

solution using Polynomial Optimization Tools, report some experimental results and analyse the

behavior of the methods, showing what are their strengths and their limitations. Our new approach

addresses the Minimal Enclosing Ellipsoids problem, which involves finding the ellipsoid with

the smallest volume that fully contains a given polynomial patch. While existing research has fo-

cused on determining this ellipsoid when the center point is predefined (centered at the origin), our

main contribution involves modeling the ellipsoid when the center point is not predefined, and it is

treated as a free variable.

8.1 Geometric Modeling and Polynomials

Geometric modeling aims at describing shapes of the real world by digital models. These digital

models are used in many domains: visualization in scientific computing, rendering and animation,

design and conception, manufacturing, numerical simulation, analysis of physics phenomena, me-

chanics, performance optimization . . .
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Most of the digital models used nowadays in Computer Aided Design (CAD) involve mod-

els based on spline representations, which are piecewise polynomial functions with global regu-

larity properties [21]. Among them, the representation or approximation of shapes by meshes is

certainly the most popular and corresponds to piecewise linear splines. Higher order splines allow

to increase the accuracy of the representation and the efficiency to describe complex shapes. By

increasing the degree of the polynomials of the representation, one needs less pieces and thus less

data for the same level of approximation. The “unreasonable" power of polynomial approximation

makes piecewise polynomial representations ubiquitous in Geometric Modeling. Standard digital

representations of shapes correspond to the image of simple domains like triangles, squares, cubes

by piecewise polynomial maps, which define so called patches. These patches are trimmed and

assembled together to define the boundary surface or the volume of an object.

Although piecewise polynomial models are very effective in representing complex shapes,

they also require advanced methods and tools in practice. Many operations on shapes, such as

patch intersections, distance computation, boundary volumes, etc., involve solving nonlinear and

difficult problems [20]. In what follows, we illustrate how polynomial optimization methods can

help solve these issues and discuss their practical performance. See also [55] for other examples

of applications of polynomial optimization in geometric modeling.

8.2 Polynomial Optimization Problems and Convex Relaxations

As mentioned in Chapter 3, polynomial optimization problems are problems (3.2). Throughout this

chapter, we consider the feasible semi-algebraic set (3.21) Containing both equality and inequality

constraints which is

S = {x ∈ Rn s.t. gj(x) ≥ 0, j = 1, . . . ,m1, hl(x) = 0, l = 1, . . . ,m2}
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defined by the sign constraints g = (g1, . . . , gm1) and the equality constraints h = (h1, . . . , hm2),

for polynomial functions f, gj, hl : Rn → R, j = 1, . . . ,m1, l = 1, . . . ,m2. From now on to

avoid confusion, we show this general set by S.

We also described SOS and moment relaxations in Chapter 3. In the following sections, we

recall these problems for this general S, and we present examples of the construction of these relax-

ations and computing the minimizers using Julia packages MomentTools1 and DynamicPolynomials.

8.2.1 Sum of Squares Relaxations

The SOS relaxation uses the following truncated quadratic module to approximate the solution of

(3.2) on the set S:

Q(g)d :=
{ m1∑

j=0

σjgj +

m2∑
l=1

ψlhl : σj ∈ Σ[x]2d−vj , ψl ∈ R[x]2d−τl , j = 0, . . . ,m1, l = 1, . . . ,m2

}
,

in which gj are the non-negativity polynomials of degree vj and hk are the equality polynomials of

degree τl. Also, we take g0 = 1 and v0 = 0 for notation convenience.

In this relaxation, the solution of (3.2) will be approximated by the solution of the following

convex optimization problem:

fSOS,d = sup
λ,x∈S

λ

s.t. λ ∈ R (8.1)

f(x)− λ ∈ Q(g)d .

Let vd(x)j denote a basis of R[x] 2d−vj
2

and wl a basis of R[x]2d−τl of dimension Nl. Then, by using

the definition of the truncated quadratic module and Proposition 3.2.3, (8.1) can be written as a

1https://gitlab.inria.fr/AlgebraicGeometricModeling/MomentTools.jl
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semidefinite program of the form

fSOS,d = sup λ

s.t. λ ∈ R, Aj ≽ 0, , Bl ∈ RNl

f(x)− λ−
m1∑
j=1

gj(x)vd(x)Tj Ajvd(x)j −
m2∑
l=1

hl(x)w
T
l Bl = 0 ,

whereAj ∈ Rs(d−
vj
2
)×s(d−

vj
2
) is positive semidefinite. The last polynomial constraint can be written

as ∑
α∈Nn

2d

cα(λ,A1, . . . , Am1 , B1, . . . , Bm2)x
α = 0

where as mentioned before (xα)α∈Nn
2d

is the monomial basis of R[x]d.

Example 8.2.1. Example of a Sum-of-Squares relaxation

We consider the semi-algebraic set S defined by

g = {1− x, x− y2}

h = {}

corresponding to the blue domain on the adjacent figure. The objective function is f = x, corre-

sponding to the vertical red line.

We construct a SoS relaxation at order d = 2. Here is how it can be constructed with the Julia

packages MomentTools and DynamicPolynomials.

> using MomentTools, DynamicPolynomials

> X = @polyvar x y

> M = SOS.Model(:inf, x, [], [1-x, x-y^2], X, 2)
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This gives a semidefinite program with three matrix variables A0 ∈ R6×6 for s0 ∈ Σ[x]4,

A1 ∈ R3×3 for s1 ∈ Σ[x]2, A2 ∈ R3×3 for s2 ∈ Σ[x]1 and no Bl since h = {}. There are 15 linear

constraints corresponding to the coefficients of the 15 monomials of degree ≤ 4 in the variables

x, y.

8.2.2 Moment Relaxations

The moment relaxation of problem (3.2) on the feasible set S is the following SDP:

ρmom
d = inf

y
Ly(f) (8.2)

s.t. Md(y) ⪰ 0

Md−vj(gjy) ⪰ 0, j = 1, . . . ,m1

Md−τl(hly) = 0, j = 1, . . . ,m2

y0 = 1

where as mentioned before, Md(y) and Md−vj(gjy) are the moment matrix and localizing ma-

trix, respectively, associated with y and the polynomial gj , and Ly is the Riesz linear functional

represented in the basis xα of R[x]2d as described in Definition 3.2.9.

Example 8.2.2. Example of a Moment Relaxation

The moment relaxation at order d = 2 for the previous example where S = {(x, y) ∈ R2 | 1−x ≥

0, x− y2 ≥ 0} and the objective function is f = x is built as follows:

> using MomentTools, DynamicPolynomials

> X = @polyvar x y

> M = MOM.Model(:inf, x, [], [1-x, x-y^2], X, 2)

It is a convex optimization program on the moment sequence Ly ∈ R15 with a linear objective func-

tionLy(f) (as a function ofLy) and with SDP constraints on moment matrices in R6×6,R3×3,R3×3.
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8.2.3 Computing the minimizers

This approach is explained in Section 3.2.3 to extract the global minimizers of (3.2), and the

behavior of it on different geometric problems is illustrated using the package MomentTools as

we can see in the next example.

Example 8.2.3. Example of minimizer computation

We continue with the previous example, and solve the moment relaxation at order d = 2, using

convex optimization tools from the Mosek2 library,

> using MomentTools, DynamicPolynomials, MosekTools

> X = @polyvar x y

> v, M = minimize(x, [], [1-x, x-y^2], X, 2, Mosek.Optimizer)

This minimizer computation can be done directly as follows:

w, Xi = get_measure(M)

which yields the following weight ω and point Ξ for the approximation of L∗y as a weighted sum of

Dirac measures:

ω =

[
1.0

]
, Ξ =

 0.0

−0.0

 ,

where L∗y = (L∗yα) and is the optimal sequence of pseudo-moments obtained from solving the convex opti-

mization problem (3.22).

In the following, we consider Example 3.2.20 and we show that the results of solving this

problem by using Julia packages are the same as the ones reached by using Algorithm 3.

Example 8.2.4. We solve the moment relaxation of the problem in Example 3.2.20 at order d = 2,

using convex optimisation tools from the Mosek library where f = −(x−1)2−(x−y)2−(y−3)2

2https://github.com/MOSEK/Mosek.jl
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and S = {(x, y) ∈ R2 | 1− (x− 1)2 ≥ 0, 1− (x− y)2 ≥ 0, 1− (y− 3)2} which includes h = {}

and g = {1− (x− 1)2, 1− (x− y)2, 1− (y − 3)2}.

> using MomentTools, DynamicPolynomials, MosekTools

> X = @polyvar x y

> f = -(x-1)^2-(x-y)^2-(y-3)^2

> g = [1-(x-1)^2, 1-(x-y)^2,1-(y-3)^2]

> v, M = minimize(f, [], g, X, 2, Mosek.Optimizer)

This minimizer computation follows:

w, Xi = get_measure(M)

which yields the following weight ω and point Ξ which are explained before

ω =


0.6299901086515592

0.2662556048855402

0.10375428631094992

 , Ξ =

 1.0 2.0 2.0

2.0 2.0 3.0

 .

Here each columns of Ξ indicate one of the global solutions.

Solution of linear semidefinite optimization problems resulting from SoS or Moment relax-

ations is often the bottleneck of the approach. With increasing order of the relaxation, the size of the

SDP problem grows very quickly. While the “small" problems can be solved by general-purpose

SDP solvers such as Mosek, larger problems are beyond their reach. It is therefore necessary to

use an algorithm and software exploiting the particular structure of SoS relaxations. One of the

features of these SDP problems is the very low rank of the solution (moment matrix). This fea-

ture makes our SDP solver Loraine, explained in Chapter 4, a good candidate for solving these

problems if all the assumptions are satisfied.
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8.3 Minimal enclosing ellipsoids of semi-algebraic sets

In this section, we consider another type of optimization problem, which appears in geometric

modeling, namely computing the minimal ellipsoid enclosing a semi-algebraic set. Let S be a

semi-algebraic set defined as in Section 8.2:

S = {x ∈ Rn s.t. gj(x) ≥ 0, j = 1, . . . ,m1, hl(x) = 0, l = 1, . . . ,m2} .

Let ξi(x), i = 1, . . . , ν, be given polynomial functions. Define the set

Ŝ = {η ∈ Rν s.t. ηi = ξi(x), i = 1, . . . , ν, x ∈ S} .

This set typically represents a parametric subset of Rn described by parameters x; see the next

section.

Assume that Ŝ is bounded in Rν . We are looking for a smallest-volume (“minimal")

ellipsoid E that is enclosing the set Ŝ, i.e., all feasible positions of the ν-dimensional point

ξ(x) = (ξ1(x), . . . , ξν(x)).

It is well known that finding a minimal enclosing ellipsoid of a set of points SP = {x(1), . . . ,x(m)} ⊂

Rν amounts to solving a semidefinite optimization problem; see, e.g., [8, 73]. Let us first recall

this formulation.

Assume that the convex hull of SP has a nonempty interior. We consider an n−dimensional

ellipsoid represented by a strictly convex quadratic inequality with D ∈ Sν , D ≻ 0:

E = {y ∈ Rν | (y − c)TD(y − c) ≤ 1} .

The volume of such an ellipsoid is

Vol(E) = (det(D))−
1
2 ,

so minimizing it amounts to maximizing det(D) and, further, to maximizing log det(D), as D is

assumed to be positive definite.
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The minimal ellipsoid enclosing the set SP can be computed from the solution of the fol-

lowing convex semidefinite optimization problem

sup
Z∈Sν , z∈Rν , γ∈R

log det(Z) (8.3)

s.t. 1− (x(i))TZx(i) + 2zTx(i) − γ ≥ 0, i = 1, . . . ,m ,γ zT

z Z

 ≽ 0 .

where γ = cTDc. Let (Z∗, z∗, γ∗) be the solution of the above problem, then the minimal ellipsoid

containing SP is given by

E = {y ∈ Rn | (y − c)TD(y − c) ≤ 1}

where D = Z∗ and c = D−1z∗ (see, e.g., [8, Prop. 4.9.2]).

For completeness, we derive the dual to SDP (8.3) (see also [77]).

Lemma 8.3.1. The dual problem to (8.3) reads as

min
Y ∈Sν ,λ∈Rm

m∑
i=1

λi − log det(Y )− ν (8.4)

s.t.


m∑
i=1

λi

m∑
i=1

λi(x
(i))T

m∑
i=1

λix
(i) Y −

m∑
i=1

λix
(i)(x(i))T

 ≽ 0 ,

Y ≽ 0, λ ≥ 0 .

Proof. The Lagrangian function for (8.3) can be written as

L(Z, z, γ;λ,Λ) = log det(Z) +
m∑
i=1

λi
(
1− (x(i))TZx(i) + 2zTx(i) − γ

)
+

〈
Λ,

γ zT

z Z

〉
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with λ ∈ Rm, λ ≥ 0 and Λ ∈ Sν+1, Λ ≽ 0, leading to the following system of optimality

conditions

Z−1 −
m∑
i=1

λi
(
x(i)(x(i))T

)
+ Λ2:ν+1,2:ν+1 = 0 (8.5)

m∑
i=1

λix
(i) + Λ2:ν+1,1 = 0 (8.6)

m∑
i=1

λi − Λ1,1 = 0 (8.7)

1− (x(i))TZx(i) + 2zTx(i) − γ ≥ 0 , i = 1, . . . ,mγ zT

z Z

 ≽ 0, λ ≥ 0, Λ ≽ 0

m∑
i=1

λi
(
1− (x(i))TZx(i) + 2zTx(i) − γ

)
= 0,

〈
Λ,

γ zT

z Z

〉 = 0 .

Lagrangian dual to (8.3) reads as

inf
λ,Λ

sup
Z,z,γ
L(Z, z, γ;λ,Λ)

and using (8.5)–(8.7), we get

sup
Z,z,γ
L(Z, z, γ;λ,Λ) = log det(Z) +

m∑
i=1

λi −
m∑
i=1

λi(x
(i))TZx(i) + ⟨Λ2:ν+1,2:ν+1 , Z⟩

= log det(Z) +
m∑
i=1

λi −

〈
m∑
i=1

λix
(i)(x(i))T − Λ2:ν+1,2:ν+1 , Z

〉

= log det(Z) +
m∑
i=1

λi − ν .

Setting Y := Z−1 = Λ2:ν+1,2:ν+1 +
∑m

i=1 λix
(i)(x(i))T , we arrive at the objective function of the

dual problem. The condition Λ ≽ 0, together with the equalities (8.5)–(8.7), then leads to the

constraints in the dual problem (8.4).

Now, to find the minimal enclosing ellipsoid of the semi-algebraic set Ŝ, we generalize the
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above problem and solve, to global optimality, the following polynomial SDP problem

sup
Z∈Sν , z∈Rν , γ∈R,x∈Rn

log det(Z) (8.8)

s.t. 1− ξ(x)TZξ(x) + 2zTξ(x)− γ ≥ 0 ,γ zT

z Z

 ≽ 0 ,

gj(x) ≥ 0, j = 1, . . . ,m1 ,

hl(x) = 0, l = 1, . . . ,m2 .

The relaxation of order d reads as

sup
Z∈Sν , z∈Rν , γ∈R

{σj}, {ψl}

log det(Z) (8.9)

s.t. 1− ξ(x)TZξ(x) + 2zTξ(x)− γ

−
m1∑
j=1

σj(x)gj(x)−
m2∑
l=1

ψl(x)hl(x) ∈ Σ[x]d ,γ zT

z Z

 ≽ 0 ,

σj ∈ Σ[x] d−vj
2

, j = 1, . . . ,m1 ,

ψl ∈ R[x]d−τl , l = 1, . . . ,m2

To implement this convex program, we replace the objective function log det(Z) by t for a

point (t, 1, Z) in the log-det cone:

K = {(t, s, Z) ∈ R× R× Rν×ν | s log det(Z/s) ≥ t, Z ≽ 0, s > 0}.

Using the fact that every SoS polynomial can be represented by a positive semidefinite
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matrix, we can rewrite (8.9) as the following convex SDP with linear matrix inequalities:

max
Z∈Sν , z∈Rν , γ∈R

Xj∈S
s

(
d−vj

2

)
+ , Yl∈Ss(d−τl)

log det(Z) (8.10)

s.t. 1−
(
ξ(x)TZξ(x)

)
α
+ 2

(
zTξ(x)

)
α
− γ

=

m1∑
j=0

〈
Xj, C

j
α

〉
+

m2∑
k=1

〈
Yl, D

l
α

〉
, for α = 0 ,

−
(
ξ(x)TZξ(x)

)
α
+ 2

(
zTξ(x)

)
α

=

m1∑
j=0

〈
Xj, C

j
α

〉
+

m2∑
l=1

〈
Yl, D

l
α

〉
, for |α| ≤ d, α ̸= 0 ,γ zT

z Z

 ≽ 0 ,

Xj ≽ 0, j = 0, . . . ,m1 ,

where (ξ(x))α is the α coefficient of the polynomial ξ(x), ⟨A,B⟩ = trace(ATB) for any matrices

A,B ∈ Rs×s,Cj
α andDl

α are matrices associated, respectively, with polynomials gj(x) (g0(x) = 1)

and hl(x) via, gj(x)vd(x)vd(x)T =
∑

αC
j
αx

α and hl(x)vd(x)vd(x)T =
∑

αD
l
αx

α for some basis

vd of R[x]d, of size s(d) =

n+ d

n

.

Denote by ξα ∈ Rν , α : |α| ≤ d, vectors containing α−coefficients of polynomials ξi(x),

i = 1, . . . , ν. Then (ξ(x)ξ(x)T )α =
∑

β+γ=α

ξβξ
T
γ .
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Lemma 8.3.2. The dual problem to (8.10) reads as

inf
Ψ∈Sν ,λ∈Rs(d)

λ0 − log det(Ψ)− ν (8.11)

s.t.


λ0

∑
α:|α|≤2 d

λαξ
T
α

∑
α:|α|≤2 d

λαξα Ψ−
∑

α:|α|≤2 d

λα

( ∑
β+γ=α

ξβξ
T
γ

)

≽ 0 ,

Ψ ≽ 0 ,∑
α:|α|≤2 d

λαC
j
α ≽ 0, j = 0, . . . ,m1 ,

∑
α:|α|≤2 d

λαD
l
α = 0, l = 1, . . . ,m2 .

Proof. The Lagrangian function for (8.10) can be written as

L(Z, z, γ,X, Y ;λ,Ξ,Θ) = log det(Z)

+
∑

α:|α|≤2 d

λα

(
1|α=0 − (ξTZξ)α + 2(zTξ)α − γ|α=0 −

m1∑
j=0

〈
Xj, C

j
α

〉
−
m2∑
l=1

〈
Yl, D

l
α

〉)

+

〈
Ξ,

γ zT

z Z

〉+

m1∑
j=1

⟨Θj, Xj⟩

with λ ∈ Rd[ℓ], Ξ ∈ Sν+1, Ξ ≽ 0 and Θ ∈ Sν , Θj ≽ 0, leading to the following system of
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optimality conditions:

Z−1 −
∑

α:|α|≤2 d

λα

( ∑
β+γ=α

ξβξ
T
γ

)
+ Ξ2:ν+1,2:ν+1 = 0 (8.12)

∑
α:|α|≤2 d

λαξα + Ξ2:ν+1,1 = 0

λ0 − Ξ1,1 = 0∑
α:|α|≤2 d

λαC
j
α −Θj = 0, j = 0, . . . ,m1

∑
α:|α|≤2 d

λαD
l
α = 0, l = 1, . . . ,m2 .

The Lagrangian dual to (8.10) reads as

inf
λ,Ξ,Θ

sup
Z,z,γ,X,Y

L(Z, z, γ,X, Y ;λ,Ξ,Θ)

and, using (8.12), we get

sup
Z,z,γ
L(Z, z, γ,X, Y ;λ,Ξ,Θ) = log det(Z)

+ λ0 −
∑

α:|α|≤2 d

λα

〈
Z,

∑
β+γ=α

ξβξ
T
γ

〉
−
∑

α:|α|≤2 d

λα

(
m1∑
j=0

〈
Xj, C

j
α

〉
+

m2∑
l=1

〈
Yl, D

l
α

〉)

+ ⟨Ξ2:ν+1,s:ν+1, Z⟩+
m1∑
j=1

⟨Θj, Xj⟩

= log det(Z) + λ0 −

〈 ∑
α:|α|≤2 d

λα

( ∑
β+γ=α

ξβξ
T
γ

)
− Ξ2:ν+1,2:ν+1 , Z

〉

= log det(Z) + λ0 −
〈
Z−1, Z

〉
= log det(Z) + λ0 − ν .

Setting Ψ := Z−1 =
∑

α:|α|≤2 d

λα

( ∑
β+γ=α

ξβξ
T
γ

)
− Ξ2:ν+1,2:ν+1, we arrive at the objective function

of the dual problem. The condition Ξ ≽ 0, together with the equalities (8.12), then leads to the

constraints in the dual problem (8.11).

135



Geometric modeling problems

The SDP formulation (8.11) corresponds to the following moment problem:

inf
Ψ∈Sν ,Λ∈R[x]∗d

Λ0 − log det(Ψ)− ν (8.13)

s.t.


Λ0 Λ(ξ)T

Λ(ξ) Ψ− Λ(ξξT )

 ≽ 0

Ψ ≽ 0 ,

Hgj(Λ) ≽ 0, j = 0, . . . ,m1,

Λ(xαhl) = 0, |α| ≤ 2 d− τl, l = 1, . . . ,m2

where Λ(ξ) = [Λ(ξ1(x)), . . . ,Λ(ξν(x))], Λ(ξξT ) = (Λ(ξi(x)ξj(x)))1≤i,j≤ν , g0 = 1, v0 = 0 and

Hgj(Λ) = (Λ(gjx
α+β))

|α|,|β|≤
2 d−vj

2

, and R[x]∗d denote the dual to R[x]d.

8.4 Parameterized surfaces

Most of the representations of shapes used in CAD are based on piecewise polynomial or rational

parametrizations, namely the image of functions of the form σ : u ∈ D 7→ (p1(u), p2(u), p3(u)) ∈

R3, where D is typically an interval, the unit box in R2 or the unit cube in R3 and pi are spline

or piecewise polynomial functions or a ratio of two spline functions. For the sake of simplicity,

hereafter the functions pi will be polynomial functions. We illustrate the use of optimization tools

on two types of problems involving surfaces parameterized by polynomials over the domain D =

[0, 1]2. These examples generalize easily to parametric volumes.
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Figure 8.1: A teapot model composed on 20 patches of bicubic polynomial parametrisations.

8.4.1 Closest point and surface-surface intersection

Given a point A = (a1, a2, a3) ∈ R3, finding the closest point to A on a parameterized surface

σ : (u1, u2) ∈ D = [0, 1]2 7→ (p1(u1, u2), . . . , p3(u1, u2)) can easily be stated as a minimisation

problem. This minimisation problem is the problem (3.2) with

f =
3∑
i=1

(ai − xi)
2,

g = {uj, 1− uj, j = 1, 2} , (8.14)

h = {xi − pi(u1, u2), i = 1, 2, 3} .

The objective function is a polynomial of degree 2. We have 3 equality constraints xi−pi(u1, u2) =

0, i = 1, . . . , 3 and 4 sign constraints 0 ≤ uj ≤ 1. This usually gives a single closest point, except

for points on the medial axis of the surface as illustrated in Figure 8.2.

To detect if two surfaces given by the parametrizations σ1 : u1 ∈ D 7→ (p1,1(u1), . . . , p1,3(u1)) ∈

R3, σ2 : u2 ∈ D 7→ (p2,1(u2), . . . , p2,3(u2)) ∈ R3 intersect, we use a slightly different formulation

in order to get generically a single minimizer: We solve the optimisation problem (3.2) with

f =∥u1 − u2∥2, (8.15)

g = {uk,j, 1− uk,j, j = 1, 2, k = 1, 2} ,

h = {p1,i(u1)− p2,i(u2), i = 1, 2, 3} .
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Example 8.4.1. Example of closest point and intersection point computation

We illustrate in Figure 8.2 the computation of the closest point based on the moment formulation

(8.2) for the polynomial objective and constraints (8.14) (the two yellow points, which are the

closest to the red point on the pink patch) for patches of degree 3 in u1 and 3 in u2 (called bi-

cubic patches). We also show an intersection point (the green point on the intersection of the pink

and blue patches) corresponding to the solution of (8.15). The orders of relaxation used for these

computations are respectively d = 3 and d = 4.

Figure 8.2: Closest points and intersection point for bicubic parametric surfaces.

8.4.2 Bounding box and enclosing ellipsoid of parametric surfaces

Computing simple minimal enclosing solids of a given shape is an important problem with many

applications in animation, collision detection, simulation, robotics, etc.

For minimal enclosing axis-aligned bounding boxes of parametric surfaces, this reduces to

solving problems of the form (8.14), where the objective function is replaced by ±xi.

For minimal enclosing ellipsoids, we need to solve the polynomial SDP (8.8) using SoS

relaxations (8.10). Notice that (8.10) is not a standard (linear) SDP, due to the determinant function.

It can be solved, for instance, by software Hypatia3 or Mosek using so called LogDetTriangular

3https://github.com/chriscoey/Hypatia.jl
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cones.

Example 8.4.2. Example of minimal enclosing ellipsoid computation

In Figure 8.3, we present an example of a minimal enclosing ellipsoid for p1(u, v) = u+v, p2(u, v) =

2u+ u2− uv+ v2, p3(u, v) = v+ 1
2
u3 + 1

2
v3 solved by MomentTools at relaxation level d = 2,

with Mosek convex optimizer:

> s = [u+v, 2*u+u^2-u*v+v^2, v+1/2*u^3+ 1/2*v^3]

> H = [x1-s[1], x2-s[2], x2-s[3]]

> G = [u-u^2, v-v^2]

> P = [x1, x2, x3]

> c, U, M = min_ellipsoid(P, H, G, X, 2, Mosek.Optimizer)

It returns the center c and the matrix U, which columns are the principal axes of the ellipsoid.

Figure 8.3: Closest points, intersection point and minimal enclosing ellipsoid for bicubic parametric sur-

faces.

8.5 Robots and mechanisms

A parallel robot is defined by a fixed platform

A = [A1, . . . , A6] ⊂ R3×6,
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Figure 8.4: Parallel robots with a fixed platform (red platform), moving platform (blue platform) and exten-

sible arms (yellow arms).

and a moving platform with the initial position

B = [B1, . . . , B6] ⊂ R3×6,

connected by extensible arms Ai–Bi. Figure 8.4 shows two examples of parallel robots. The robot

on the right is known as the Stewart platform, and it is the geometry that we are considering in our

numerical experiments.

We represent the displacement of the moving platform by a rotation R of the orthogonal

group O(R3) and a translation T ∈ R3 so that the position of the points of the moving platform is

B̂i = RBi + T, i = 1, . . . , 6

with the length of the arms

di = ∥RBi + T − Ai∥2, i = 1, . . . , 6.

The problem consists of analyzing the position of the moving platform under the constraints

that the lengths of the arms are within some intervals:

mi ≤ di ≤Mi, i = 1, . . . , 6 .
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Here is the parameterization of the rotation by unit quaternion [85]:

R =


u21 + u22 − u23 − u24 −2u1u4 + 2u2u3 2u1u3 + 2u2u4

2u1u4 + 2u2u3 u21 − u22 + u23 − u24 −2u1u2 + 2u3u4

−2u1u3 + 2u2u4 2u1u2 + 2u3u4 u21 − u22 − u23 + u24

 (8.16)

with u21 + u22 + u23 + u24 = 1 and the translation T = [x, y, z]. Then

δi(u1, u2, u3, u4, x, y, z) = d2i = ∥Bi∥2+ ∥Ai∥2+ ∥T∥2+2RBi ·T − 2RBi ·Ai− 2T ·Ai (8.17)

is a polynomial function of u = (u1, . . . , u4) and x, y, z of degree 2 in u and total degree 3 (here

v ·w stands for the standard inner product of vectors v,w ∈ Rp).

8.5.1 Direct kinematic problem

The direct kinematic problem consists of finding the position of the moving platform such that a

point C attached to the platform is at a given point X0 in the space. To solve this problem, we

search for a position of the platform, that minimizes the norm of the translation T , solving the

optimization problem (3.2) with

f = ∥T∥2, (8.18)

g =
{
δi −m2

i ,M
2
i − δi, i = 1, . . . , 6

}
,

h = {(X0)j − (RC + T )j, j = 1, . . . , 3 ,

∥u∥2 − 1
}
.

This is when we know the problem is feasible. If we are uncertain about the existence of a feasible

solution, we reformulate the objective functions and the constraints to

f = ∥T∥2 + ρ∥X0 − (RC + T )∥2, (8.19)

g =
{
δi −m2

i ,M
2
i − δi, i = 1, . . . , 6

}
,

h =
{
∥u∥2 − 1

}
,
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where ρ is a penalty parameter (we choose ρ = 1000 in our experiments). The minimizer of this

problem yields the translation(s) T new and rotation(s) Rnew required to locate the new position of

the platform. This position is calculated by Bnew
i = RnewBi + T new for i = 1, . . . , 6.

Example 8.5.1. Example of a direct kinematic problem

In Figure 8.5, we illustrate the computational result of solving problem (3.2) for finding the new

position of a Stewart platform. The values of the fixed platform A0 and the initial position of the

moving platform B0 of this geometry are produced in Julia by

> function pl(x,r) [r * cos(x), r * sin(x), 0] end

> A0 = [pl(0,1), pl(pi/12,1),pl(2pi/3,1), pl(2pi/3+pi/12,1),

pl(4pi/3,1), pl(4pi/3+pi/12,1)]

> B0pre = [pl(5pi/3+pi/12,1/2), pl(pi,1/2), pl(pi/12+pi/3,1/2),

pl(pi/3,1/2), pl(pi+pi/12,1/2), pl(5pi/3,1/2)]

> Xi0 = [1, 0, 0, 0, 0, 0, 1]

> R0 = Rotation(Xi0[1:4]...); T0 = Xi0[5:7]

> B0 = [R0*a + T0 for a in B0pre]

where the function Rotation is the quaternion parametrization of rotations given in (8.16). In

this numerical experiment, we consider the point C to be the center of the moving platform and the

point X0 reached by the moving platform (shown in green in Figure 8.5), to be

> C = sum(b for b in B0)/length(B0)

> X0 = [0.6,0.4,1]

In addition, the upper bound and lower bound on the lengths are

> D0 = norm.(B0-A0)

> ub = D0 .+ 2.5
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> lb = D0 .- 2.5

where D0 is the vector of the lengths of the robot arms in the initial position. We consider the

objective function and constraints to be

> f = nrm2(T)

> g = []; for i in 1:6 g = [g; D1[i] - lb[i]^2; ub[i]^2 - D1[i]] end

> h = [u1^2+u2^2+u3^2+u4^2-1]

> h = [h; X0-(R*C+T)]

We solve the moment relaxation of order d = 3 by using Mosek convex optimizer:

> using MomentTools, DynamicPolynomials, MosekTools

> X = @polyvar u1 u2 u3 u4 x y z

> v, M = minimize(f, h, g, X, 3, Mosek.Optimizer)

> w, Xi = get_measure(M)

By selecting the minimizers Xi[:,i] with a big enough weight w[i], we obtain T new and

Rnew needed to find the platform’s new position:

> Sol = []

> for i in 1:length(w)

if abs(w[i]) > 0.1 push!(Sol,Xi[:,i]) end

end

> R_new = Rotation(Sol[1][1:4]...)

> T_new = Sol[1][5:7]

and the new platform will be

> B_new = [R_new *a + T_new for a in B0]
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Figure 8.5: The new position of the platform is shown in violet such that the middle of the blue platform is

at a given point in the space (the green point).

which is demonstrated in violet in Figure 8.5.

8.5.2 Bounding box of robot workspace

Let C be a point attached to the moving platform B; in our numerical experiments it is the center

of the platform but it can be any other point. We will be looking for the axis-aligned bounding box

problem of this point after all possible rotations and translations, i.e., of the point Ĉ = RC + T .

The bounds can be obtained by solving the optimization problem (3.2) with

f =± Ĉk = (RC + T )k, k = 1, 2, 3, (8.20)

g =
{
δi −m2

i , M
2
i − δi, i = 1, . . . , 6

}
,

h =
{
∥u∥2 − 1

}
.

One needs to solve six optimization problems, three with objective Ĉk and three with −Ĉk, k =

1, 2, 3, to find an interval for each coordinate of Ĉ. By using these values, we obtain the extreme

positions for different faces of the intended bounding box.

Example 8.5.2. Example for computing the bounding box

In Figure 8.6–left, we present the computational result of solving problem (3.2) to find the bounding
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box of a Stewart platform. The coordinates of the platform points for this robot are as mentioned

in the previous example. We choose the upper bound and lower bound of the lengths to be

> ub = D0 .+ 0.2

> lb = D0 .- 0.2

The constraints of this problem are

> g = []; for i in 1:6 g = [g; D1[i]-lb[i]^2; ub[i]^2-D1[i]; B1[i][3]] end

> h = [u1^2+u2^2+u3^2+u4^2-1]

where

> B1 = [R*a+T for a in B0]

As we mentioned, to find the bounding box, we need to solve six optimization problems. If we

consider

> C_hat = R*C+T

where C is the centre of the moving platform, the objective functions of these problems for i =

1, . . . , 3 will be

> f[i] = C_hat[i]

We solve six moment relaxations by using Mosek software

> for i in 1:3

b[i], Mb[i] = minimize(f[i],h,g,X,l,opt)

B[i], MB[i] = maximize(f[i],h,g,X,l,opt)

end
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from which we deduce the bounding box shown in Figure 8.6–left. These moment relaxations are

of order d = 3. Only to find b[3], we needed a higher order relaxation and we considered d = 4.

In order to find out if the order of relaxation is sufficient, we check whether u21 + u22 + u23 + u24

is close enough to one at the solutions. In our numerical experiments to compute the minimum

b[3] of z-coordinate, with the relaxation order d = 3, we find 4 approximate minimizers with the

following norm for u:

> norm sol u: 0.9345868913061018

> norm sol u: 0.9796236439932896

> norm sol u: 0.6612425286297167

> norm sol u: 0.8916846004102044

Since these values are not close enough to 1, we increase the order of the relaxation and for d = 4,

we obtain 4 approximate minimizers with

> norm sol u: 0.9973888649655355

> norm sol u: 0.9968397474090084

> norm sol u: 0.9971812563313878

> norm sol u: 0.9985517657681842

The relaxation at order d = 4 gives a good enough approximation of the minimizers and of the

minimum of z.

8.5.3 Enclosing ellipsoid of robot workspace

The minimal enclosing ellipsoid for all positions of point C from the above section can now be

found by the same technique as in Section 8.4.2. The points ξ(x) in (8.8) will now be replaced

by the point Ĉ, as a function of u1, u2, u3, u4, x, y, z as in problem (8.20). Figure 8.6–left presents
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a comparison of the bounding box and the minimal ellipsoid for the center point of the moving

platform. The order of relaxation for computing the minimal ellipsoid is d = 4 in this example.

Figure 8.6: On the left, we show a comparison of the minimal enclosing ellipsoid and bounding box. The

initial position and extreme position of the platform minimizing y are presented on the right.

8.5.4 Trajectories of a parallel robot

In this section, we analyze the trajectory of the point C attached to the platform B, first when

the first interval constraint is satisfied and the other five lengths have a fixed value in their length

interval; secondly when the first two interval constraints are satisfied and the other four lengths

have a fixed value.

Case 1: Five fixed values In this case, the trajectory of the point C is the curve consisting of

the possible positions of the C in the space. To obtain different positions of the platform under

these constraints, we minimize and maximize Ĉ1, so we will have an interval for extreme positions

corresponding to the first coordinate. This means that we need to solve the problem (8.20) with

objective ±Ĉ1 and the additional constraints

δi = δ0i , i = 2, . . . , 6 ,
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in which δ0 = (d0)2 = ∥B0 − A0∥. Next, we sample the interval between these extreme values

at intermediate values µk, k = 1, . . . ,m and solve feasibility problems with an additional equality

constraint Ĉ1−µk = 0 for k = 1, . . . ,m. This minimization is done by solving problem (3.2) with

f = 1 , (8.21)

g =
{
δ1 −m2

1, M
2
1 − δ1

}
,

h =
{
Ĉ1 − µk, k = 1, . . . ,m ,

δi − δ0i , i = 2, . . . , 6 ,

∥u∥2 − 1
}
.

The minimizers of these problems yield the displacements (R, T ) and the positions of C in the

space. The same computation is repeated for the other coordinates Ĉ2, Ĉ3 to get a better sampling

of the trajectory.

Case 2: Four fixed values We compute positions of C attached to the platform when the first

two interval constraints are satisfied and the other four lengths have a fixed value. This traces out

a surface of the positions of the point C. The problem is analogous to Case 1; only, we need to

compute the interval for extreme positions corresponding to the first and second coordinates. Thus,

we need to solve problem (3.2) with

f =± Ĉk, k = 1, 2 , (8.22)

g =
{
δi −m2

i , M
2
i − δi, i = 1, 2

}
,

h =
{
δi − δ0i , i = 3, . . . , 6 ,

∥u∥2 − 1
}
.

If we consider µ and γ to be the values in the intervals obtained for the coordinates Ĉ1 and Ĉ2,

respectively, the final feasibility problem to solve should satisfy all the previous constraints and
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the additional constraints Ĉ1 = µ, Ĉ2 = γ. The final problem to solve is problem (3.2) with

f = 1 , (8.23)

g =
{
δi −m2

i , M
2
i − δi, i = 1, 2

}
,

h =
{
Ĉ1 − µ, Ĉ2 − γ, ∥u∥2 − 1 ,

δi − δ0i , i = 2, . . . , 6
}
.

As a result, we will have a set of points approximating a surface. We obtain these points by

changing the constraints, choosing different values for Ĉ1 and Ĉ2 and solving the corresponding

optimization problem.

Figure 8.7 shows the computational result of solving problem (3.2) to find the trajectories

of a Stewart platform for these two cases. The order of relaxation for these problems is d = 3.

Figure 8.7: On the left, the trajectory of the center of the platform with 5 arm lengths fixed is shown. The

trajectory of the center of the platform with 4 arm lengths fixed is shown on the right.
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Chapter Nine

Conclusions

This thesis’s research has mainly focused on solving semidefinite optimization problems coming

from convex relaxations of polynomial optimizations. We have introduced new software Loraine

for linear semidefinite optimization, particularly—but not exclusively—focused on problems with

either low-rank solutions or low-rank data (or both). Loraine uses a preconditioner for the con-

jugate gradient method within an interior-point algorithm for large and sparse linear SDPs. The

preconditioner utilizes the low rank of the SDP solutions. We have demonstrated Loraine’s effi-

ciency in solving three classes of well-known SDP problems; truss topology optimization, sensor

network localization with noisy data, and unconstrained binary quadratic optimization problems.

While our primary emphasis in these tests was on problems with low-rank solutions, we have

also shown that the solely Matlab version of Loraine is competitive and may even outperform the

recently most efficient SDP solvers when solving problems with low-rank data. The software is

distributed as open source and is written in standard Matlab or Julia, allowing users to easily adapt

it to their specific needs.

Our numerical experiments demonstrate the ability of Loraine to solve higher-order Lasserre

relaxations of UBQP. The approach is particularly efficient for relaxation order two which, for most

of the tested problems, was high enough to deliver either the exact solution of the UBQP or a good
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approximation of it. We have also introduced a new, hybrid algorithm that uses an approximate

solution obtained by ADMM as a warm start for the used interior point method. This algorithm is

rather efficient for problems for which ADMM itself is relatively efficient, such as the MAXCUT

problems. On the other hand, it may be inefficient once ADMM fails to converge quickly to an

approximate solution.

While we tested our software for other problems from standard libraries, we do not report

it here for one of the following reasons:

1. The available collections, such as SDPLIB [12], are not representative enough in the sense

that they do not include enough problems of the same type. We did not want to pick up

single problems.

2. Loraine mainly benefits from the use of an iterative solver for the linear system using a spe-

cific preconditioner targeted to problems with low-rank solutions. For many such problems,

however, no preconditioner is needed for the convergence of the iterative method; these

“easy" problems were not included in our testing. This is the case of matrix completion

problems [6, 86] or some problems arising in the relaxation of combinatorial optimization.

It is not the case of problems from the numerical experiments sections in Chapters 5-7; for

those, the preconditioner is essential for convergence.

3. The problems do not satisfy our dimensional assumption n ≫ m. For these problems, the

preconditioner is still very efficient (assuming low-rank solutions) but the use of iterative

methods does not bring any significant advantage to direct solvers. This is the case of many

problems found in SDPLIB.

Besides this research, we have demonstrated how techniques of polynomial optimization can be

used in the important area of geometric modeling. We focused on practical examples such as find-

ing the bounding box or minimum enclosing ellipsoid for parametric surfaces or for a workspace
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of parallel robots. The limitations of our approach are typical for polynomial optimization, in par-

ticular, the reliability of the numerical solutions of the resulting SDP problems and, sometimes, the

necessity for higher order relaxations resulting in very large SDPs. The latter is, however, not too

restrictive, given the small dimensions of the respective polynomial optimization problems. We

thus believe that this technique will find further use, in particular, in robotics.

The studies and research conducted in this thesis have resulted in two papers. The first paper

is titled ‘Loraine—an interior-point solver for low-rank semidefinite programming’ [30], and the

second paper is titled ‘Solving Lasserre relaxations of unconstrained binary quadratic optimization

problems by an interior-point method’ [31]. Additionally, a chapter titled ‘Polynomial Optimiza-

tion in Geometric Modeling’ in the book ‘Polynomial Optimisation, Moments, and Applications,’

is published by Springer [29].
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