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ABSTRACT

A continuous laser beam can be viewed as a stream of photons travelling through space.

Assuming the generation of each photon is a random and independent process, and they

do not interact with each other, they display Poissonian statistics. This leads to random

intensity fluctuations on the beam, often referred to as shot noise; this is a limiting factor

in many light-based measurements, in particular in imaging.

A technique known as squeezing can be used to reduce this intensity noise at the expense

of increasing phase noise, adhering to Heisenberg’s uncertainty principle.

Recently, ways of producing squeezed light have been studied extensively. One method,

four wave mixing (4WM) in an atomic vapour, has been shown to produce twin beams

with a correlated intensity statistics, by acting as a multi-spatial-mode optical parametric

amplifier (MSM OPA). Therefore, the intensity difference between the coupled modes is

squeezed. Squeezing occurs in multiple spatial modes within the beams, so even localised

regions of them are correlated in intensity.

Previously, the focus has been on determining the minimum size of these correlated

regions, the coherence area. However, there have been significant challenges in deducing

this, which is believed to be due to propagation effects between the coupled modes as they

travel through the extended optical parametric amplifier. This leads to the correlated

regions not being in an expected place in each beam. As such, the focus of this thesis

largely concerns the identifying and untangling this phenomena. Further, a new scheme,
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SAI, is proposed that aims to compensate for these propagation effects in a fully optical

way.
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the creation operators â and b̂ respectively. . . . . . . . . . . . . . . . . . 17

1.4 Two electric field phasor diagrams depicting uncertainty on the single

mode Xa,b
1 and Xa,b

2 quadratures of modes a and b. Since these modes

are super-Poissonian their Gaussian Wigner functions have a width larger

than a minimum uncertainty coherent state (C) [33]. . . . . . . . . . . . . 25

viii



LIST OF FIGURES

1.5 Left: A diagram of the geometry of the 4WM within the Rb cell. The dou-

ble ended arrows next to each beam refer to the orthogonal polarisations

of those beams as veiwed on the x-y plane tangental to the propagation

direction of the beam, z. Right: The double lambda transition on the

D1 line of 85Rb. The two detunings labelled ∆1 and δ are called the

one-photon detuning and two-photon detuning respectively. . . . . . . . . 30

1.6 A geometric representation of the phase matching condition. This is shown

for two cases; in the vacuum (left) and in a resonant media (right). The

wave-vectors of the: probe, conjugate and pump beams are represented

by: KPr = nPrkPr, KC = nCkC and KP = nPkP respectively. [43] . . . . 32

1.7 A simplified diagram of he 4WM process. Red arrows represent pump

transitions, while black and white lines symbolize probe and conjugate

transitions. It’s important to note that the position probe and conjugate

transitions can be effectively interchanged. . . . . . . . . . . . . . . . . . . 35

1.8 The Direct and Cross susceptibilities for the lower 4WM resonance, over

the two-photon detuning. In this case, the one-photon detuning is nor-

malised to the line width of the excited state (γ = 2π × 6MHz) and was

80 and the pump intensity was 12MWm−2. . . . . . . . . . . . . . . . . . 41

1.9 The Direct and Cross susceptibilities for the lower 4WM resonance, against

the one-photon detuning. In this case, the two-photon detuning is nor-

malised to the line width of the excited state (γ = 2π × 6MHz) and was

1.39 and the pump intensity was 12MWm−2. . . . . . . . . . . . . . . . . 42

ix



LIST OF FIGURES

1.10 The Direct and Cross susceptibilities for the lower 4WM resonance, over

various pump intensities. In this case, the one-photon detuning is nor-

malised to the line width of the excited state and was 80, and the two-

photon detuning is normalised to the line width of the excited state and

is 1.39. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

1.11 A diagram of the geometry of the localised squeezing in the near field

plane (NF) and the far field plane (FF). x and y are the transverse spatial

positions in the NF, and qx and qy are transverse positions in the FF. z

is the propagation distance of the beams. In the NF (z = 0), photons are

created pairwise in distinct locations, so small regions of the beams will

be correlated. In the FF (z = ∞) the correlated modes have a z-axial

symmetry imposed by the phase-matching condition. . . . . . . . . . . . . 45

1.12 A representation of the cross coupling process, the light regions denote two

spatial modes, M1 and M2, whereas the dark region represents where they

overlap. In the medium, this results in cross coupling between the modes

(overlapping outside the medium is irrelevant, as it does not produce any

interaction). The Rayleigh length is shown just for M1. . . . . . . . . . . . 46

1.13 A diagram of a seeded 4WM process in the frequency domain. The widths

of the emissions about ωPr and ωC are approximately 20MHz (shown in

diagonal hatch). This is the squeezing bandwidth, which is determined by

the range of frequencies that the 4WM process is efficient over. . . . . . . 48

1.14 A representation of the classical (C), quantum (Q), and total (T) noise of

the squeezed state in frequency space. The quantum noise begins at its

minimum below the quantum noise limit (QNL). However, the total noise

is kept above the QNL at low frequencies by the classical noise, which has

a 1
ω dependence. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

x



LIST OF FIGURES

2.1 the predicted noise figure for 4WM with an intrinsic gain G = 3 and

conjugate transmission TC equal to one - Adapted from Jasperse et. al. [66]. 55

2.2 A Diagram of pre-cell beam preparation. . . . . . . . . . . . . . . . . . . . 56

2.3 A diagram of the RF chain from the pump signal generator to the pump

AOM transducer and the RF chain from the probe signal generator to the

probe AOM transducer. The abbreviations AT, LIM, and AMP stand for

attenuation, limiter, and amplifier respectively. . . . . . . . . . . . . . . . 56

2.4 A diagram showing the difference between the unsaturated case, A, and

the saturated case, B, for a generic amplifier. In the unsaturated case, the

variance on the signal leads to significant variance on the output due to

the large gradient in the transmission function, whereas, in the saturated

case it does not, due to the shallow gradient in the transmission function. 58

2.5 Depiction of the vacuum assembly that holds and regulates the tempera-

ture of the Rb cell, typically used (∼ 110◦C). . . . . . . . . . . . . . . . . 59

2.6 A diagram of the typical optical setup after the gain medium. L1, L2, H,

V1, and V2 are imaging lenses used to focus the beams onto a detector

for measurment. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

2.7 A circuit diagram of the BPD internals, the photo currents generated

by the two photodiodes subtract at the junction between them and are

converted to a voltage, Vdiff , by a transimpedance amplifier. Resistors on

either side of the photodiodes convert the small current they produce into

a small voltage drop across them. This is amplified by two instrumentation

amplifiers, I, to produce V1 and V2. . . . . . . . . . . . . . . . . . . . . . . 62

3.1 A diagrammatic representation of 4F imaging. . . . . . . . . . . . . . . . . 68

3.2 A single frame of data captured on the camera CCD. . . . . . . . . . . . . 69

xi



LIST OF FIGURES

3.3 An image of the normalised variances on the pixels produced by the con-

jugate beam, averaged over 42 separate frames. . . . . . . . . . . . . . . . 71

3.4 An image of the normalised variances on the subtracted beams (Pr−C).

Both beams are centred at the centre of the image. . . . . . . . . . . . . . 72

3.5 1D Noise Profile in frequency space. The DC noise has been removed for

scaling. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

3.6 1D Noise Profile against spatial wavelength. The DC noise has been re-

moved for scaling. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

3.7 A progressive series of normalised variance images on the subtracted data

for different kernel sizes generated from our real data. A: The image

generated for a kernel size of 16× 2, with an average normalised variance

of 0.37. B: The image generated for a kernel size of 32 × 4, with an

average normalised variance of 1.15. C: The image generated for a kernel

size of 48× 6, with an average normalised variance of 1.19. D: The image

generated for a kernel size of 64× 8, with an average normalised variance

of 1.27 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

3.8 The squeezing map of frame 1, with a kernel size of 48x6 at y = 18. . . . . 78

3.9 The squeezing map of frame 1, with a kernel size of 16x2 at y = 18. . . . . 78

3.10 The Variance map of the simulated data. . . . . . . . . . . . . . . . . . . . 81

4.1 A diagram of the noise eater set up. In this case, the mixer is used as a

variable current controlled attenuator for the RF driving the AOM. . . . . 85

4.2 A diagram of the input and output modes of a typical AOM, in the far

field of the AOM (momentum picture). A) A perfectly Gaussian input

beam. B) The 0th order output. C) The 1st order output. . . . . . . . . . 88

4.3 The structure of a PIN photodiode. . . . . . . . . . . . . . . . . . . . . . . 91

4.4 A circuit diagram of the photodiode front end circuit. . . . . . . . . . . . 92

xii



LIST OF FIGURES

4.5 A comparison of the saturation powers of each of the photodetectors, the

error on both the voltage and incident power is roughly shown by the size

of the plotted points. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

4.6 A circuit diagram of the TIA based photodiode front end. . . . . . . . . . 94

4.7 A circuit diagram of the capacitance multiplier filter. . . . . . . . . . . . . 96

4.8 A recording of the ripple on the positive and negative branches of the

power supply both before (black) and after (coloured) the capacitance

multiplier filter. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

4.9 PSDs of both detectors, at 0mW and 7.25mW incident intensity. . . . . . 98

4.10 A plot of the input current into the mixer vs. the DC voltage on the

feedback photodiode. The error on both the voltage and the current is

roughly shown by the size of the plotted points. . . . . . . . . . . . . . . . 100

4.11 A simplified diagram of the lock box circuitry. . . . . . . . . . . . . . . . . 100

4.12 A simplified diagram of the optical set-up for measuring the level of noise

reduction by the Noise Eater. The noise eater photodetector (NE p.d.)

was the custom one previously discussed and the unlabelled photodetectors

were Thorlabs PA100A-EC type. . . . . . . . . . . . . . . . . . . . . . . . 102

4.13 PSDs of the output before and after the noise eater as well as the difference

between them. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

5.1 An idealised representation of the 4WM system within the cell. . . . . . . 108

5.2 A nodal representation of the 4WM system within the cell. . . . . . . . . 109

xiii



LIST OF FIGURES

5.3 The result of a simulation produced using a seed value of (0, 1), assuming

negligible conjugate loss. 100 longitudinal steps were taken, where gPr =

gC = 0.06, lPr = 0.95, and lC = 1. The final total probe gain was 15

and the final total conjugate gain was 22. The coloured vertical lines

represent the weighted mean position of the beams. The asymmetry of

the final probe and conjugate profiles comes from the fact that the probe

experiences loss while the conjugate does not. . . . . . . . . . . . . . . . . 110

5.4 The resulting displacements seen in a series of simulations produced using

a seed value of (0, 1) in a lossless scenario. 100 longitudinal steps were

taken, where gPr = gC was swept between 0 and 0.04 in equal increments,

and lPr = lC = 1. The coloured vertical line represents a gain of 1. . . . . 111

5.5 The resulting displacements seen in a series of simulations produced using

a seed value of (0, 1), in a lossy scenario. 100 longitudinal steps were taken,

where gPr = gC was swept between 0 and 0.0525, and lPr = 0.975 and

lC = 1. The coloured vertical line represents a gain of 1. . . . . . . . . . . 111

5.6 The resulting displacements seen in a series of simulations produced using

a seed value of (0, 1). 100 longitudinal steps were taken, where gPr =

gC = 0.011 and lC = 1, and lPr was swept between 0.94 and 1 in equal

increments. The coloured vertical line represents a gain of 1. . . . . . . . . 112

5.7 The resulting displacements seen in a series of simulations produced using

a seed value of (0, 1). 100 longitudinal steps were taken, where gPr =

gC = 0.022 and lC = 1, and lPr was swept between 0.94 and 1 in equal

increments. The coloured vertical line represents a gain of 1. . . . . . . . . 112

xiv



LIST OF FIGURES

5.8 The resulting probe intensity profiles seen in a series of simulations pro-

duced using a χPrPr = 0.15 + 0.0i. 100 steps in χk were taken, over a

range of 0 – 0.17 rad mm−1. Darker plots represent an increasing value of

χ and gain. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

5.9 The resulting conjugate intensity probe profiles seen in a series of simula-

tions produced using a χPrPr = 0.15 + 0.0i. 100 steps in χk were taken,

over a range of 0 – 0.17 rad mm−1. Darker plots represent an increasing

value of χ and gain. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

5.10 The resulting displacements seen in a series of simulations produced where

χPrPr = 0.15 + 0i, so there was no loss on the probe. The gain was

changed by altering χk over a range of 0 – 0.17 rad mm−1, over 100 equal

increments. The red line represents a gain of 1. . . . . . . . . . . . . . . . 115

5.11 The resulting displacements seen in a series of simulations produced where

χPrPr = 0.15+0.05i, such that there was loss on the probe. The gain was

changed by altering χk over a range of 0 – 0.20 rad mm−1, over 100 equal

increments. The red line represents a gain of 1. . . . . . . . . . . . . . . . 115

5.12 The 4F imaging system used in the beam scan experiment. . . . . . . . . 117

5.13 The probe Gain vs. Seed position along the cell. . . . . . . . . . . . . . . 120

5.14 The conjugate Gain vs. Seed position along the cell. . . . . . . . . . . . . 120

5.15 The probe Seed intensity vs. Seed position along the cell. . . . . . . . . . 120

5.16 Horizontal cross-section of the pump beam intensity. . . . . . . . . . . . . 120

5.17 Peak positions of the probe and conjugate vs. Seed position along the cell. 120

5.18 Relative displacement between peak positions of the probe and conjugate

vs. Seed position along the cell. . . . . . . . . . . . . . . . . . . . . . . . . 120

xv



LIST OF FIGURES

5.19 The final setup of the post fibre Seed prep for the elliptical beam exper-

iment. The focal length of the spherical lenses used are; L1 = 100mm,

L2 = 50mm, L3 = 50mm, L4 = 200mm, and L5 = 500mm. The cylin-

drical lenses both have a focal length of C1 = C2 = 25mm . . . . . . . . . 123

5.20 The 2F − 2F ′ imaging system used in the experiment. . . . . . . . . . . . 124

5.21 A representation of the beam profiles at various points in the experiment.

A) Initially, the oppositely polarised pump and probe seed beams combine

at the PBS, shown in figure 5.20. B) After, they are focused to the centre of

the cell where 4WM occurs, producing gain on the probe and generating

the conjugate beam. Hence, all three beams are present in the object

plane. C) The beams are then transported to the Fourier plane by lens

L1. Here, most of the pump has already been removed by the G-TP, but

the rest passes between the split mirrors. The long and short axes of the

probe and conjugate beams are switched due to diffraction effects. D)

Finally, the probe and conjugate are projected onto the imaging plane by

L2 with a magnification factor of 3x. . . . . . . . . . . . . . . . . . . . . . 125

5.22 A diagram showing the process of cutting the beams into vertical sections,

averaging each segment horizontally, and then fitting a Gaussian to each

segment to find its midpoint. The beam depicted with a solid line is the

probe at the exit surface of the cell, and the beam shown in the dashed

line is the undisturbed probe seed beam. The vertical slices are divided

with straight dashed lines and the midpoint vertical position of each beam

is shown with a solid line running through their centres. The displacement

in this diagram is greatly exaggerated for illustrative purposes; in reality,

the displacement of the beam is tiny (∼ 40 µm) as compared to its width

(∼ 250 µm). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

xvi



LIST OF FIGURES

5.23 The full array of subtracted images obtained in the 1-photon detuning

sweep, each increment represents a ∼ 67MHz shift in 1-photon detuning.

The scale represents the intensity of the beam at each pixel in arbitrary

units and the x and y axis are spacial with each pixel in the images rep-

resenting a pixel on the camera. . . . . . . . . . . . . . . . . . . . . . . . . 130

5.24 The profiles of the probe beam obtained in the 1-photon detuning sweep,

each increment represents a ∼ 67MHz shift in 1-photon detuning. The

1-photon detuning was swept from a blue-detuned state towards the 4WM

resonance. The line colour darkens the closer the slice is to the centre of

the beam; hence, each plot represents many regions of differing gain and

loss. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

5.25 The profiles of the conjugate beam obtained in the 1-photon detuning

sweep, each increment represents a ∼ 67MHz shift in 1-photon detuning.

The 1-photon detuning was swept from a blue-detuned state towards the

4WM resonance. The line colour darkens the closer the slice is to the

centre of the beam; hence, each plot represents many regions of differing

gain and loss. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

5.26 The peak position and gain profiles of the beams over the 1 photon detun-

ing sweep. Beam position on the y axis references the position of each slice

laterally across the beams. The peak position on the z axis referrers to

the mean position of the vertical Gaussians fitted to each slice. The actual

positions of each of the peaks are arbitrary, it is the relative positions that

matter here. As such, each of the position graphs have been displaced to

lie around 0. Positions closer to 0 represent the beams closer together at

the cell. Positions shown here are magnification corrected, so represent

the magnitude of the actual displacements at the cell. . . . . . . . . . . . 133

xvii



LIST OF FIGURES

5.27 The distance between probe and conjugate beam slices vs. gain for each

1 photon detuning increment. The origin in the graph is arbitrary, since

the absolute distance between the beams is not known, by the nature of

the experiment. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

5.28 A parametric plot of the distance between the average positions of the 10

probe and conjugate beam slices nearest the centre of the pump profile

vs. gain for each 1 photon detuning increment. The origin in the graph

is arbitrary, since the absolute distance between the beams is not known,

by the nature of the experiment. . . . . . . . . . . . . . . . . . . . . . . . 135

5.29 Total absorption of the seed over the 1Pd range. . . . . . . . . . . . . . . 136

5.30 Spatial absorption of the seed over the 1pd range. The absorption valley

is of a similar width to that of the pump beam diameter (∼ 2000µm). . . 136

5.31 The differential displacement vs. gain for each cell Temperature. . . . . . 138

5.32 Total absorption of the seed over the temperature range. There is no

change over the temperature range, within error. . . . . . . . . . . . . . . 139

5.33 Absorption of the seed over the temperature range. The absorption valley

is of a similar width to that of the pump beam diameter (∼ 2000µm). The

absorption is nearly very similar for each temperature, with the integrated

absorption being the same for each case. . . . . . . . . . . . . . . . . . . . 139

5.34 The differential displacement vs. gain for each overall pump power. . . . . 140

5.35 Total absorption of the seed over the power range. . . . . . . . . . . . . . 141

5.36 A plot of the total absorption of the Seed beam against total pump power.

The absorption valley is of a similar width to that of the pump beam

diameter (∼ 2000µm). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

xviii



LIST OF FIGURES

5.37 The full array of subtracted images obtained in the 2 photon detuning

sweep. The x and y axis are spacial, with each pixel in the images repre-

senting a pixel on the camera. . . . . . . . . . . . . . . . . . . . . . . . . . 142

5.38 The differential displacement Vs. gain for each 2-photon detuning increment.142

6.1 A circuit diagram of the BPD internals, the photo currents generated

by the two photodiodes subtract at the junction between them and are

converted to a voltage, Vdiff , by a transimpedance amplifier. Resistors on

either side of the photodiodes convert the small current they produce into

a small voltage drop across them. This is amplified by two instrumentation

amplifiers, I, to produce V1 and V2. . . . . . . . . . . . . . . . . . . . . . . 147

6.2 Diagram of the near field images of the probe and conjugate beams. The

diagonal shaded regions represent two correlated areas between the probe

and conjugate beams. The area is curved in the probe beam due to the

influence of the varying pump intensity. The lines that extend beyond

the circle represent the boundaries of two slits s1 and s2, that are used to

select small slices of each beam for comparison. . . . . . . . . . . . . . . . 150

6.3 Diagram of the lens arrangement that produced a seed beam of the desired

shape and size focused at the centre of the Rubidium vapour cell. The

focal powers of the spherical lenses were L1 = 100mm, L2 = 50mm,

L3 = 50mm, and L4 = 100mm. The focal powers of the cylindrical lenses

were C1 = 50mm, C2 = 50mm, and C3 = 100mm. . . . . . . . . . . . . . 151

6.4 Diagram of the imaging setup that projects the probe and conjugate beams

to the BPD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

6.5 The squeezing recorded during a complete transit of the conjugate slit

whilst the probe slit was held steady at parameters optimised for full

beam squeezing. A Gaussian fit is also provided. . . . . . . . . . . . . . . 154

xix



LIST OF FIGURES

6.6 The squeezing recorded during a series of complete transits of the conju-

gate slit whilst the probe slit was held steady and the one photon detuning

(1pd) was increased in each transit. A Gaussian fit is also provided for

each of these transits too. . . . . . . . . . . . . . . . . . . . . . . . . . . . 158

6.7 The relative mean position of each of the fits displayed in figure 6.6. Along-

side is a plot of a rubidium transmission spectra, allowing an accurate

frequency estimation for the 1pd at each point. The errors on these points

were produced by first holding all parameters at optimal squeezing, then

transiting the conjugate 10 times. The standard deviation of the mean of

fits made to these transits was then used as an estimate of the error. The

dashed red line represents the position at which the maximum probe gain

was realised. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159

6.8 A parametric plot of the mean displacement of each peak against the gain

on the probe portion. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

6.9 The mean position of each of the fits made as 2pd was swept. . . . . . . . 161

6.10 The mean position of each of the fits made as pump power was swept. . . 161

6.11 A plot of the mean displacement of each peak against the gain on the

probe portion (2pd sweep). . . . . . . . . . . . . . . . . . . . . . . . . . . 161

6.12 A plot of the mean displacement of each peak against the gain on the

probe portion (power sweep). . . . . . . . . . . . . . . . . . . . . . . . . . 161

6.13 The results of the probe transit sweep, The probe gain is shown in red

while the differential displacement shown in dashed black. A linear fit of

two points at the similar gain is shown in solid black. . . . . . . . . . . . . 163

xx



7.1 A general scheme of SAI, where an initial optical amplifier C1 generates

two beams, and a displacement effect between them. This is followed by a

4F system that inverts the k vectors of each of the beams before they enter

into another optical amplifier C2. Any displacement effect in the second

amplifier is in the opposite direction to that seen in the first, so acts to

mitigate the effect of the initial displacements. C2 is displaced from the

focal point of the 4F system by δd, to tune the amplifier. . . . . . . . . . . 166

7.2 A simulation of a SAI amplifier where C1 and C2 are identical. In this case,

each of the cells are 10mm long, χPrPr = 0.15+0i, and χk is swept over a

range of 0 – 0.23 rad mm−1. These parameters are as similar to previous

simulations as possible while producing similar levels of gain. This allows

for a direct comparison between them. In this case δd = 0mm. . . . . . . 167

7.3 A simulation of a SAI amplifier where C1 and C2 are identical. In this case,

each of the cells are 10mm long, χPrPr = 0.15+0i, and χk is swept over a

range of 0 – 0.23 rad mm−1. These parameters are as similar to previous

simulations as possible while producing similar levels of gain. This allows

for a direct comparison between them. In this case δd = 16mm. . . . . . . 167

7.4 The range of displacements seen, over a gain range of 0− 10, against δd. . 168

7.5 The probe intensity profiles after exiting C2, when δd = 16. . . . . . . . . 169

7.6 The conjugate intensity profiles after exiting C2, when δd = 16. . . . . . . 169

A.1 A diagram of the mechanical part of the motorised translation stage; the

various parts are labelled: T, translation stage; M, micrometer; F, flexure;

C, coupling; S, stepper motor. . . . . . . . . . . . . . . . . . . . . . . . . . 176

xxi



List of Tables

2.1 Some of the PIXIS-1024BR eXcelon’s specifications. . . . . . . . . . . . . 63

5.1 The values of each static parameter for each parameter sweep. The blue-

detuning is relative to the point of maximum gain of the 4WM, which

not the 1-photon detuning resonance. In actuality, the absolute 1-photon

detuning is on the order of 1 GHz from the resonance. . . . . . . . . . . . 128

6.1 Calibration parameters for the BPD . . . . . . . . . . . . . . . . . . . . . 148

xxii



LIST OF TABLES

xxiii



LIST OF TABLES

xxiv



LIST OF TABLES

xxv



LIST OF TABLES

xxvi



INTRODUCTION

I T can be argued that light has been our most valuable analysis tool, from prehistory

where it was first relied on for our dominant sense to the modern day when it finds

incredibly diverse applications in producing precision measurements. This is particularly

true since the advent of the laser [1]. Since then, lasers have been used to great effect in

metrology, where their great spatial and temporal coherence allows for the generation of

strong signals when they are used to take measurements.

The signal-to-noise ratio (SNR) of the system involved is what defines the limits on these

measurements, and the quality of a measurement is given by the SNR.

For a coherent state, like that generated by a laser, the noise on the beam is the photonic

shot noise. This shot noise is Poissonian and can be on the intensity and on the phase

of the beam, with both potentially limiting precise measurements.

Often, the SNR can be improved by simply increasing the intensity of the beam, since a

signal derived from that beam will be directly proportional to a laser’s intensity whereas

the quantum noise on the beam will only be proportional to the root of its intensity.

However, this is sometimes not possible, due to constraints on the maximum intensity
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of a system. This can be due to limits on the power practically available or the inten-

sity that is sustainable by the sample involved. A simple example of this is present in

some biological measurements, where intense light sources can damage the sample being

investigated.

In these cases, the only solution is to reduce noise with quantum phenomena. This can

be achieved via a process called squeezing, where the noise on one parameter of a beam

can be reduced below the quantum noise limit. This is at the cost of increasing the noise

on another conjugated parameter. This is such that the uncertainty relation between

those parameters is not violated.

One famous application of squeezing is in ultra-precise interferometers like LIGO, where

the expected detection rate for compact binary mergers has been increased up to 50%

[2].

Squeezing as a process can be realised in a number of ways and it is not exclusive to

just photonic states [3]. Phonon states, ion motional states, and even the spin states of

neutral atoms have been squeezed [4, 5]. When it comes to light, the primary methods

of squeezed state generation rely on non-linear optics. One popular method is the use of

degenerate parametric down-conversion, which exploits the second-order polarisation of

a material to produce squeezed states. In fact, this method has been employed recently

to produce a state at an astounding 15dB below the quantum noise [6].

Some other options involve four-wave-mixing (4WM). This method was the first to ever

produce squeezed states in light [7]. However, it was abandoned in favour of second

order interactions due to excess noise generated by fluorescence and absorption effects

that second order interactions inherently do not suffer from since they occur far from

resonance. Being far from resonance does have the disadvantage that the process has

low gain however and, since a gain of a few units is required for good squeezing, this ne-

cessitates that an optical cavity must be used. This tends to limit the number of spatial
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modes amplified at once and thus squeezed light generated this way has limited capacity

to be used in imaging applications.

Recently, though, renewed interest has been seen in 4WM methods, specifically in em-

ploying a double lambda scheme that mitigates the earlier noise problems [8, 9, 10, 11,

12]. This scheme generates twin correlated beams and is the one used in this thesis. The

benefit of this scheme is that a gain of a few units can be achieved in just a single pass,

without a cavity. As such, the noise reduction tends to occur on many of the spatial

modes of the beams. Such states are referred to as multi-spatial-mode (MSM) squeezed

states.

Many more applications can be found for sources that produce MSM squeezed light, par-

ticularly within the field of quantum imaging [13, 14, 15]. A MSM source would mean

that there will be correlations at the local level - i.e. if small subsections of the source

were measured those would have correlations too. In the twin correlated beam case, this

means that two small regions taken at roughly the same location in each beam will have

correlated photon statistics. In this case, these regions would be squeezed with respect

to the intensity difference between them.

This could be used in imaging, with one beam acting as a reference and another as the

imaging beam. An image could then be generated by detecting the beams separately and

combining them via subtraction electronically. Individual pixels on that image would be

less noisy than those generated with a coherent beam [16, 17]. As a result, optically

thin structures that would usually be so faint as to not be distinguishable from the back-

ground noise would become visible and the overall contrast of the quantum image would

be improved too. One place this approach would be particularly useful is in the optical

imaging of fragile and optically thin matter, such as the imaging of biological cells [18,

19].

One primary issue with using the 4WM generated squeezed twin beams for imaging is
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that this system will only work if the classical noise is not too big. To this end, an active

noise reduction system was implemented and this process is detailed in this thesis.

Another key issue is that, although localised correlations have been seen, the use of an

extended medium introduces propagation effects that cause the correlated regions on

each beam to not be displaced from each other by a constant amount [20]. This could be

a significant barrier to the production of a squeezed image. A detailed view of this effect

is explored in this thesis as well, and suggestions are made on how best to mitigate it.

In chapter 1, the quantum theory of light and squeezed state generation is discussed

both generally and specifically to the system employed here. In chapter 2, the practical

realisation of two-mode squeezed states is detailed and the general experimental design

is discussed.

Chapter 3 covers the initial attempt to produce squeezed images and concludes that the

classical noise was a significant limitation on this. This sets up chapter 4, which details

the implementation of a noise eater, to counter this noise and help to solve the first

primary issue.

Chapter 5 begins the investigations into the propagation effects of the extended medium,

with a focus on how this affects the intensity distribution of the output beams. It also dis-

cusses a theoretical model for the beam propagations and simulations of it too. Chapter

6 follows up on this by extending the search to the quantum correlations and squeezing

itself. It indicates that these are also affected by the propagation effects in much the

same way. Chapter 7 details a potential all optical way to correct for the propagation

effects.

Finally, the discussion is brought to an end and suggestions made for the future in the

closing remarks in chapter 8.
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CHAPTER 1

THEORY

T O understand how squeezed light can be produced, the quantum description of

light must be understood generally. This chapter will deal with such a description.

1.1 The Quantum Theory of Light

1.1.1 The Electromagnetic Field as a Simple Harmonic Oscillator

These next few sections follow Fox M. "Quantum Optics an Introduction" [21]. To see

how the energy of a classical light field can be expressed as a simple harmonic oscillator

(SHO) an x polarised electric field, ξx(z, t), is first defined as

ξx(z, t) = ξ0 sin (kz) sin (ωt+ ϕ), (1.1)
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which represents a standing wave in a cavity. Where, k is the wave-vector of the field, ω

is the angular frequency of it, and ϕ is an arbitrary phase. This is a mode – or a solution

of Maxwell’s equations [22]. Then, using the fourth Maxwell relation, the corresponding

magnetic field By (Appendix A), can be shown to be given by

By(z, t) = B0 cos (kz) cos (ωt+ ϕ), (1.2)

where B0 =
ξ0
c .

Now taking the energy density of the system,

U =
1

2
(ϵ0ξ

2
x +

B2
y

µ0
), (1.3)

and integrating it over the total volume occupied results in a total energy given by [21]

ETot =
1

2
(ε(t)2 + β(t)2). (1.4)

Where ε(t) and β(t) are the original ξ(t) and B(t) coordinates, after they have been

integrated over volume, so that

ε(t) =

√
ϵ0V

2
ξ0 sin (ωt+ ϕ) (1.5)

and [21]

β(t) =

√
V

2µ0
B0 cos (ωt+ ϕ), (1.6)

where V is the physical volume that is integrated over. Notice for equation 1.4 that the

total energy is in a quadratic form similar to that of the classical SHO. Further, ε and

β are conjugate variables in the classical Hamiltonian sense, i.e. they follow Hamilton’s

equations. Hence, the light wave can be expressed as a simple harmonic oscillator [23].
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From this point, we will only be considering the contributions of the electric field to the

system, as all effects wished to be described can be treated as purely electric.

The form of ξx(t), however, is considered unwieldy, so it is more common to account for

the arbitrary phase elsewhere and to also work in a dimensionless regime. This is done

with a new coordinate system X1(t) and X2(t), where [21]

X1(t) =

√
ϵ0V

4h̄ω
ξ0 sin (ωt) (1.7)

and

X2(t) =

√
ϵ0V

4h̄ω
ξ0 cos (ωt). (1.8)

They are called field quadratures, notice that they also vary sinusoidally with a 90 degree

phase mismatch.

These new coordinates can be related to the electric field by:

ξx(z, t) =

√
4h̄ω

ϵ0V
sin (kz)(X1 cosϕ+X2 sinϕ), (1.9)

retaining the original phase information.

Now that this field mode has been revealed as a SHO it can be quantised in the same way.

In the standard number state representation for a quantum simple harmonic oscillator

(QSHO), the field quadratures X̂1 and X̂2 can be represented as the operators

X̂1 =
1

2
(â† + â) (1.10)

and

X̂2 =
1

2
i(â† − â), (1.11)
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where a† and a are the photon creation and annihilation operators respectively [24].

Dipping slightly more into the quantum picture of light, the equations 1.4 and 1.5 can

be used to show that the electric energy of this classical state is

Eclassical =
V

4
ϵ0ξ

2
0 . (1.12)

which can be compared to the amplitude of 1.1 using the equation 1.9 to determine that

Eclassical = h̄ω|A|2, (1.13)

where A is the contribution of X1 cosϕ+X2 sinϕ to the amplitude of εx(z, t).

Finally, equating to the standard QSHO result,

EQuantum = h̄ω(n+
1

2
), (1.14)

and neglecting the 1
2 term, as it is the zero-point energy from the vacuum fluctuation

[25]. It can be seen that

|A| ≈
√
n, (1.15)

where n is the total number of particles in the QSHO.

Hence, the number of photons the light field consists of can be determined from the

magnitude of the electric field, and by extension from the magnitude of the X1 and X2

quadratures.

Of course, this calculation is not rigorous, this approximate method is more to show a

general relationship between these variables. Equation 1.13 should be understood as a

kind of semi-classical approximation, since a state with a well-defined number of photons

does not have a set energy and vice versa.
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1.1.2 Uncertainty and the Electric Field

With the QSHO nature of light established, our understanding can be extended by ap-

plying some quantum mechanics.

First, recall that the variance, and hence the uncertainty of a quantum operator is given

by [26]

(∆Ŷ )2 = ⟨Ŷ 2⟩ − ⟨Ŷ ⟩2 . (1.16)

Using the quantum operators of the field quadratures, the uncertainty relation between

them can be found. This is done with the standard result [27],

(∆Ŷ )2(∆Ẑ)2 ≥ |[Ŷ , Ẑ]|2

4
. (1.17)

Running through the calculation, noting that [X̂1, X̂2] =
1
2 [â, â

†] = 1
2 , gives the uncer-

tainty relation between the quadratures of

∆X̂1∆X̂2 ≥
1

4
, (1.18)

which defines the maximum precision these two quadratures can ever be measured to

simultaneously.

Now we apply this result to a coherent state, which is the closest analogue of a classical

monochromatic wave in quantum mechanics [28]. A coherent state is a minimum uncer-

tainty state with equal uncertainties on each of its quadratures, so it is safe to assume

that [29]

∆X̂1 = ∆X̂2 =
1

2
. (1.19)

Representing this on an electric field phasor diagram (figure 1.1 A)), the uncertainties

produce a symmetric haze around the classical magnitude of the state. In reality, the un-
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X2

X1

ΔΦ
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n
Δ

X2

X1 X1

X2

A) B) C)

Figure 1.1: A) A coherent state, expressed in terms of the X1 and X2 quadratures [21].
In reality, the uncertainty of the state is given by a Gaussian probability density function
(PDF) centred on the tip of the phasor, but for clarity this distribution is represented
by a red circle with a radius equal to 1σ of the PDF. B) A squeezed state, where the
uncertainty on X1 (seen by the projection of the PDF onto the horizontal axis) is reduced
at the expense of increasing the uncertainty on X2 (seen by the projection of the PDF
onto the vertical axis). B) A squeezed state, where the uncertainty on X2 (seen by the
projection of the PDF onto the vertical axis) is reduced at the expense of increasing the
uncertainty on X1 (seen by the projection of the PDF onto the horizontal axis).

certainty of the state is given by a Gaussian probability density function (PDF) centred

on the tip of the phasor, but for clarity this distribution is represented by a red circle with

a radius equal to 1σ of the PDF. Figures 1.1 B) and 1.1 C) show what squeezing the X1

and the X2 quadratures respectively would look like. In these cases, the uncertainty on

one parameter is reduced at the expense of increasing the uncertainty on the other. As

such, the circular haze around the tip of the phasor becomes elliptical, and the projection

of the PDF onto one of the axis shrinks while the projection onto the other grows. The

total area of the ellipse can never decrease below the area of a coherent state, but it may

grow. For a minimum uncertainty state, however, the total area of the shape remains

constant.

The pictorial representation in figure 1.1 A) highlights how the rather abstract uncer-

tainties ∆X̂1 and ∆X̂2 relate to the more familiar uncertainties of photon number, ∆n,

and phase, ∆ϕ.
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B) C)

X2

X1

A)

X2

X1 X1

X2

Figure 1.2: Three electric field phasor diagrams where ϕ is chosen to be 0, hence A = X1.
A) A coherent state. B) An intensity squeezed state. C) a phase squeezed state.

The nature of these uncertainties can be defined by first noting that because n = A2 it

can be shown by differentiation that

∆n = 2A∆A = 2
√
n∆A. (1.20)

Then, setting ϕ = 0, since phase is a relative measurement and the choice of what point

to start measuring it is arbitrary, it can be seen that ∆A = ∆X1 (figure 1.2). Therefore

∆n = 2
√
n
1

2
=

√
n. (1.21)

This demonstrates that for a symmetric minimum uncertainty state like a coherent state,

the minimum possible uncertainty on the photon number (and hence noise on the signal)

is the root of the photon number [21]. The key takeaway here is that the shot noise on the

state comes from the random distribution of the uncorrelated photons within it, hence

the uncertainty rises as the number of photons increases. This distribution is similar to

the often used Poisson distribution.

Then, again setting ϕ = 0 and applying the small angle approximation, it can be seen

13
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that

∆ϕ =
∆X2

X1
. (1.22)

Again, noting that X1 = A =
√
n and that for a coherent state X2 =

1
2 this becomes

∆ϕ =
1

2
√
n

(1.23)

By multiplying these results together a key uncertainty relation for a single beam,

∆n∆ϕ ≥ 1

2
, (1.24)

is demonstrated.

From looking at relation 1.24 it can be seen that, mathematically speaking, the uncer-

tainty on n can be reduced at the expense of increasing the uncertainty on ϕ. It is

possible to produce such states, known as intensity squeezed states. In this case, only

one mode would be involved. There are other forms of squeezing such as quadrature

squeezing, where the uncertainty on the quadratures themselves are squeezed, and two

mode squeezing which is the type employed in this thesis. In this case, the intensity

difference between the beams is squeezed.

Squeezing requires that correlations are developed between photons. These correlations

are induced by some form of interaction. As such, squeezing can be achieved via quantum

mechanical techniques that facilitate photon-photon interactions, resulting in a smooth-

ing of the noise.

14
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1.1.3 The Optical Amplifier

An understanding of how squeezing can be induced can be provided by the study of

the optical amplifier. Further, by studying the differences between single mode and two

mode amplifiers, it can be seen that a two mode amplifier is necessary to amplify light

at all. Further, it can be seen how it produces squeezed states as a consequence of

its amplification. For this, we can rely on the electrical field quantisation for a wave

travelling in the z direction,

Ê(γ) = Ê+(γ) + Ê−(γ) = âe−iγ + â†eiγ , (1.25)

made elegant by the convention that electric field is measured in units of (h̄ω/2ϵ0V )1/2

and where the dependences on z and time, t, are contained within the phase angle

γ = ωt− kz − π

2
. (1.26)

Here, k refers to the wave vector of the field. It is convenient to quantise in this way, as

it separates the field operator into the creation and annihilation operators. Now, a hy-

pothetical structure can be imagined wherein the amplitude of some input field E would

grow proportional to its magnitude. This is represented by

∂E(z)

∂z
= κE(z), (1.27)

where κ is the growth constant. This would constitute a single mode optical amplifier.
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The solution to this equation is just an exponential function

E(z) = Eeκz = E
√
G(z), (1.28)

where G is defined as e2κz. Quantisation amounts to E → Ê+. We are allowed to treat

only Ê+ since Ê+ and Ê− are Hermite conjugates of each other, and they are combined

linearly in Ê. As such, the results will be identical for Ê and Ê+.

We consider

Ê+(z) = Ê+
√
G(z) (1.29)

So, the commutation relation for the input beam is

[ain, a
†
in] = Ê+Ê+† − Ê+†Ê+ = âinâ

†
in − â†inâin = 1 (1.30)

and the output commutation relation is found to be

[âout, â
†
out] = G(Ê+Ê+† − Ê+†Ê+) = G(âinâ

†
in − â†inâin) = G. (1.31)

This represents a problem, since the output commutation highlights that aout is not the

operator that is expected and does not describe a QHO. It turns out, in fact, that at

least two input modes must be considered for a tenable theory of optical amplification.

To construct an example two mode system, another hypothetical structure is imagined,

where two fields, E1 and E2, grow as

∂E1(z)

∂z
= κE∗

2(z);
∂E∗

2(z)

∂z
= κE1(z). (1.32)

The solution to these coupled differential equations comes by the matrix method. First,
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ain aout

bin bout

Figure 1.3: A representation of a two mode optical amplifier acting on two fields with
the creation operators â and b̂ respectively.

the system is expressed in the matrix form,

∂

∂z

E1

E∗
2

 = κ

0 1

1 0


E1

E∗
2

 . (1.33)

Next

E(z) = veλz (1.34)

is taken as the ansatz. Upon substitution to equation 1.33 and cancellation, it becomes

the eigenvalue problem

κAv = λv (1.35)

where A represents the matrix and v the vector of the fields. The characteristic equation

can then be found using the relation

det(κA− λI) = 0. (1.36)

This results in the eigenvalues

λ1 = κ; λ2 = −κ (1.37)
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with corresponding eigenvectors

v1 =

1

1

 ; v2 =

 1

−1

 . (1.38)

Therefore the general solution is

E1

E∗
2

 = c1

1

1

 eκz + c2

 1

−1

 e−κz (1.39)

which can be more neatly expressed as

E1(z) = c1e
κz + c2e

−κz (1.40)

E∗
2(z) = c1e

κz − c2e
−κz. (1.41)

To find the coefficients c1 and c2 the system is considered at z=0, where

E1,0 = c1 + c2 (1.42)

E∗
2,0 = c1 − c2. (1.43)

This begets

c1 =
E1,0 + E∗

2,0

2
(1.44)

c2 =
E1,0 − E∗

2,0

2
, (1.45)

so

E1(z) = E1,0cosh(κz) + E∗
2,0sinh(κz) (1.46)

E∗
2(z) = E1,0sinh(κz) + E∗

2,0cosh(κz). (1.47)
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These can be quantised with equation 1.25 also; once again only the Ê+ part of the

expression is considered, for brevity. This is still valid for the reasons outlined in the

single mode case. As before, the commutation relations for the unamplified fields come

to one. Further, counter to the single mode case, the amplified fields commute as

[Ê1, Ê
∗
1 ] = (Ê1,0c+ Ê∗

2,0s)(Ê
∗
1,0c+ Ê2,0s)− (Ê1,0c+ Ê∗

2,0s)(Ê
∗
1,0c+ Ê2,0s) (1.48)

where c = cosh(κz) and s = sinh(κz). This reduces to

[Ê1, Ê
†
1]c

2 − [Ê2, Ê
†
2]s

2 = [â, â†]c2 − [b̂, b̂†]s2 = c2 − s2 = 1, (1.49)

by the standard hyperbolic identity cosh2(u) − sinh2(u) ≡ 1. A similar analysis on

equation 1.47 renders

[Ê2, Ê
†
2] = 1 (1.50)

too. Thus, the output of this two mode amplifier produces solutions of the QHO, as

expected. Hence, this structure can be readily theoretically understood.

To see how such a construction would result in a squeezed state, consider a single input

mode. In this case, only one mode is populated, and the other is in a vacuum state.

Initially, the only noise on the system are the quantum fluctuations on that populated

input mode, n0. After amplification, with a gain of G, both modes are populated. An

optical amplifier in practice works by exposing the modes to a gain media, which will

undergo stimulated emission to feed the growth of the modes. As such, due to the random

nature of stimulated emission, the populated modes are noisy. However, photons in each

of the modes must be created pairwise and are thus perfectly correlated. If the output

modes were measured with photodetectors and the output signals of those detectors

subtracted from each other, the only noise remaining would be that of the initial input

mode. This is because the shot noise on each of the beams is identicle and is cancelled
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by the subtraction. Yet, the output modes are of a total intensity larger than before.

Overall, the ratio of the actual noise on the subtracted modes against the expected noise

for a coherent state of the same magnitude is

n0

(2G− 1)n0
=

1

2G− 1
(1.51)

hence, the subtracted two-mode state is squeezed.

A more rigorous argument can be made by interrogating the uncertainty of the subtracted

two mode state, before and after amplification, using the standard uncertainty relation

⟨∆Ŝ2⟩ = ⟨Ŝ2⟩ − ⟨Ŝ⟩2 (1.52)

for the subtracted field operator, S, with the initial two-mode coherent state |α, 0⟩.

In the case of the initial beams, this is Sin = â†inâin− b̂†inb̂in. So, the first term in equation

1.52 is given by

⟨Ŝ2
in⟩ = ⟨α, 0| (â†inâin − b̂†inb̂in)(â

†
inâin − b̂†inb̂in) |α, 0⟩ = ⟨α| â†inâinâ

†
inâin |α⟩ . (1.53)

This can be simplified by the standard result

ââ† = 1 + â†â. (1.54)

So ⟨Ŝ2
in⟩ becomes

⟨Ŝ2
in⟩ = ⟨α| â†inâin + â†inâ

†
inâinâin |α⟩ = (|α|2 + |α|4). (1.55)
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The second part of equation 1.52 is simply

⟨Ŝin⟩
2
= ⟨α, 0| â†inâin − b̂†inb̂in |α, 0⟩ = ⟨α| â†inâin |α⟩ = |α|4 (1.56)

with the result that

⟨∆Ŝ2
in⟩ = (|α|2 + |α|4)− |α|4. (1.57)

So

⟨∆Ŝin⟩ = |α| (1.58)

in the pre-amplified case.

In the amplified case the operator becomes

Ŝout = (â†inc+ b̂ins)(âinc+ b̂†ins)− (âins+ b̂†inc)(â
†
ins+ b̂inc), (1.59)

since âout = âinc+ b̂†ins and b̂out = â†ins+ b̂inc as according to equations 1.46 and 1.47.

Applying this to equation 1.52 with the initial state |α, 0⟩ the first part of the expression

becomes

⟨Ŝ2
out⟩ = |α|4 + |α|2, (1.60)

The second part of equation 1.52 becomes

⟨Ŝ2
out⟩ = (c2|α|2 − s2|α|2)2 = |α|4 (1.61)

once again applying the standard identity c2 − s2 ≡ 1 and so the final result is

⟨∆Ŝ2
out⟩ = (|α|2 + |α|4)− |α|4 = |α|2, (1.62)
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or

⟨∆Ŝout⟩ = |α| (1.63)

which is identical to the unamplified case.

As a result, the noise on the subtracted modes remains at the level of the initial seed

despite amplification, and is squeezed. This is lower than the noise that would be present

on subtracted uncorrelated modes of the same magnitudes. This is because the noise on

each mode would depend on the amplitude of those modes and would be added together

when the modes were combined by subtraction, as there would be no correlations to

cancel the noise.

It is worth comparing this to the amplitude of the amplified modes. These can be found

by finding ⟨Nout
a ⟩ and ⟨Nout

b ⟩ where Nout
a = â†outâout and Nout

b = b̂†outb̂out. This gives

⟨Nout
a ⟩ = |α|2c2 + s2 (1.64)

and

⟨Nout
b ⟩ = (|α|2 + 1)s2. (1.65)

This also gives what would be the variance on coherent states of the same magnitudes,

which is be given by their number state amplitudes.

The actual amplitude noise on each individual mode can be found by finding ⟨(∆Nout
a )2⟩

and ⟨(∆Nout
b )2⟩ using the standard uncertainty relation. This results in

⟨(∆Nout
a )2⟩ = |α|2c4 + (|α|2 + 1)c2s2 (1.66)

and

⟨(∆Nout
b )2⟩ = (|α|2 + 1)c2s2. (1.67)
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Since c > 1 and s > 1 is always true, the variance of the number state on each beam

is larger than the variance on coherent states of the same intensities (equations 1.64

and 1.65), in both cases. Therefore, the individual modes are anti-squeezed by the

amplification process.

1.1.4 Two-Mode Squeezing

A more in-depth understanding of the two mode squeezed state can be obtained by

considering the mode squeezing operator [30]. This is given by

Ŝ2(ξ) = e(ξ
∗âb̂−ξâ†b̂†), (1.68)

where

ξ = reiθ, (1.69)

where r is referred to the squeezing parameter, θ is an arbitrary phase and r and θ are

restricted to 0 ≤ r < ∞ and 0 ≤ θ ≤ 2π. θ determines the angle of the quadrature that

is being squeezed and r determines the magnitude of the squeezing.

â, â†, b̂, and b̂† are defined as the annihilation and creation operators of the different

modes respectively [31].

It can be seen from the form of this operator that photons are created and destroyed

pairwise in each beam in this interaction, leading to the aforementioned entanglement.

The Action of these operators on a vacuum state

First, note that the squeezing in this case actually occurs on the superpositions of the

beams. As such, it is convenient to redefine X1 and X2 as the superimposed quadrature
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operators

X̂1 =
1

2
3
2

(â† + â+ b̂† + b̂), (1.70)

and

X̂2 =
1

2
3
2

(â† − â+ b̂† − b̂). (1.71)

The effect that Ŝ2 will produce on the variance of the superimposed quadratures, given

by

⟨∆X̂2
1 ⟩ = ⟨0, 0| Ŝ†

2(ξ)X̂
2
1 Ŝ2(ξ) |0, 0⟩ − ⟨0, 0| Ŝ†

2(ξ)X̂1Ŝ2(ξ) |0, 0⟩2 (1.72)

and

⟨∆X̂2
2 ⟩ = ⟨0, 0| Ŝ†

2(ξ)X
2
2 Ŝ2(ξ) |0, 0⟩ − ⟨0, 0| Ŝ†

2(ξ)X2Ŝ2(ξ) |0, 0⟩2 (1.73)

can be shown to be

⟨∆X̂2
1 ⟩ = ⟨X̂2

1 ⟩ =
1

4
(cosh2 r + sinh2 r + 2 sinh r cosh r cos θ), (1.74)

and

⟨∆X̂2
2 ⟩ = ⟨X̂2

2 ⟩ =
1

4
(cosh2 r + sinh2 r − 2 sinh r cosh r cos θ)[31]. (1.75)

Noting that

⟨0, 0| Ŝ†
2(ξ)X1Ŝ2(ξ) |0, 0⟩2 = ⟨0, 0| Ŝ†

2(ξ)X2Ŝ2(ξ) |0, 0⟩2 = ⟨X̂1⟩ = ⟨X̂2⟩ = 0. (1.76)

Now, taking the case where θ = 0, produces

⟨X̂2
1 ⟩ =

1

4
e−2r (1.77)

and

⟨X̂2
2 ⟩ =

1

4
e2r. (1.78)
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A) B) C)

c

c

Figure 1.4: Two electric field phasor diagrams depicting uncertainty on the single mode
Xa,b

1 and Xa,b
2 quadratures of modes a and b. Since these modes are super-Poissonian

their Gaussian Wigner functions have a width larger than a minimum uncertainty coher-
ent state (C) [33].

By changing the squeezing parameter, it is possible to squeeze one superposition of the

modes and reduce its uncertainty, at the expense of the other.

Hence, a system can be tailored such that subtracted modes will produce sub-Poissonian

number state variance, even if each individual mode is super-Poissonian. As previously

discussed, the individual modes generated are actually noisier than coherent states of

the same amplitudes. In fact, they are thermal-like and anti-squeezed in their individual

quadratures, as depicted in figure 1.4 [32].

1.2 Non-Linear Optics

Following on from the previous section, it seems that if photons could be caused to

interact, and hence entangle and squeeze, the shot noise on measurements made using

them could be reduced. Thus, some way is needed to facilitate the interaction between

photons. This is where non-linear optics comes in. This section will outline how non-

linear media can be used to this effect.
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1.2.1 The Polarisation of a Medium

The polarisation of a medium is usually defined as the electric dipole moment per unit

volume in a material, and is a vector quantity [34, 35]. Many materials can be represented

as dielectrics, which are substances that become polarised when subjected to an electric

field. Typically, this is a feature of non-conductive media, since all dielectric materials are

insulators. However, a good dielectric is also easily polarisable. Assuming the incident

light is of relatively low intensity (linear regime), the polarisation of a dielectric material

can be modelled by

P (t) = ϵ0χ
(1)E(t), (1.79)

where P (t) is the polarisation at any given time, ϵ0 is the electric permittivity of free

space, χ(1) is the first order electric susceptibility and E(t) is the electric field at a given

time [36].

The first order susceptibility is given as a complex scalar, this accounts for the two

physical responses of the media to incident light: refraction and absorption. This complex

susceptibility leads to a complex refractive index, n, given by the relation

n(f) =
√
1 + χ(1)(f) (1.80)

at frequency, f .

For higher intensities, the polarizability of a material can start to saturate, entering a

non-linear regime. This trend can be approximated via a Taylor’s expansion. Thus, a

more complete version of equation 1.79 would be

P (t) = ϵ0

∞∑
n

χ(n)E(t)n, (1.81)
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χ(n) is the nth-order susceptibility tensor [37].

Now consider the wave equation in a nonlinear optical medium, which is given by [38]

∇2E(r, t)− 1

c2
d2E(r, t)

dt2
=

1

ϵ0c2
d2P (r, t)

dt2
. (1.82)

For two fields of different frequencies, ω1 and ω2, interacting in a medium with a sig-

nificant second order susceptibility, χ(2), from equation 1.81 the polarisation is given

by

P (t)(2) = ϵ0χ
(2)(E1e

−iω1t + E2e
−iω2t + c.c)2, (1.83)

where E1 and E2 are the complex amplitudes of the fields in question and c.c. is repre-

sentative of the complex conjugate of the rest of the expression.

This results in a polarisation response given by [30]

P (t)(2) = ϵ0χ
(2)[E2

1e
−2iω1t + E2

2e
−2iω2t + 2E1E2e

−(ω1+ω2)t + 2E1E
∗
2e

−(ω1−ω2)t + c.c.]

+[E1E
∗
1 + E2E

∗
2 ].

(1.84)

When these terms are substituted into equation 1.82, it can be seen that new fields

are generated at the frequencies 2ω1, 2ω2, (ω1 − ω2), and (ω1 + ω2). A non-fluctuating

component given by [E1E
∗
1 + E2E

∗
2 ] is also seen, which is often referred to as optical

rectification [39]. This is simply means that the polarisation has a non-zero average

value.

To take this step further, it can be shown that the full formal way of representing the

polarisation response of a material subjected to a number of monochromatic fields, Ei(ωi),
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can be given by

Pn
i (ωtotal = ωa + ωb + ...) = ϵ0

∑
jk...

∑
(ab...) χ

(n)
ijk...(ωtotal =

ωa + ωb + ...;ωa, ωb, ...)Ej(ωa)Ek(ωb)... ,
(1.85)

where Pi is the polarisation in a given axis (i = x, y, z); ωa,b,... are the incident frequen-

cies; The summation
∑

(ab...) iterates over all the possible combinations of the frequencies

ωa,b,.. and the parentheses indicate that their total sum (ωtotal = ωa + ωb + ...) does not

change; Ej,k,..(ωa,b,..) represents the electric field oscillations, in each of the orthogonal

axes; χ(n)
ijk...(ωa + ωb + ...;ωa, ωb, ...) is a rank n tensor. The summation

∑
jk... sums over

all combinations of j = x, y, z; k = x, y, z; etc. It should also be noted that the time

domain order the frequencies interact in is given by their order in the latter half of χ(n)
ijk....

These fields, like those of free space EM waves, can be quantised too. The only difference

in this case is that the interaction terms between the fields must be included too, since

this process operates in a dielectric medium. As a result, positive frequencies would

indicate that photons were being added to a field, whereas negative frequencies would

indicate that photons were being annihilated from a field. This leads to the interpreta-

tion that the negative frequencies correspond to energy being released by the medium

and positive frequencies would indicate energy being absorbed [21, 30].

Therefore, the susceptibility of a material may depend on the direction it is viewed in,

the different frequencies being dealt with, the order in which the interaction occurs, and

that the incident fields may be oscillating in any of the spatial axes.

Usually, the magnitude of the susceptibility tensor elements decreases rapidly at higher

orders [30]. However, in some specific circumstances, like atomic resonances, these ele-

ments can have much larger values, allowing their effects to be competitive with linear

processes [40].

In certain systems, all the even indexed susceptibilities are zero. This is due to the system
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having inversion symmetry, i.e. it can be modelled as a point group where every point, r⃗,

has a corresponding identical point at −r⃗. This is true for system covered in this thesis,

a Rb vapour, since the atoms of the vapour are randomly distributed in the medium -

making it isotropic and homogeneous. We call such systems centrosymmetric [41]. In

these systems, the third order susceptibility reigns, as it is the lowest order non-zero

nonlinear term. Following from equation 1.85, the third order polarisation response to

three input fields can be represented as

Pi(ωa + ωb + ωc) = ϵ0
∑

jkl

∑
(abc) χ

(3)
ijkl(ωa + ωb + ωc;ωa, ωb, ωc)Ej(ωa)Ek(ωb)El(ωc) ,

(1.86)

This equation expands to 210 tensor terms (17,010 individual elements). This is an im-

practically large equation to deal with analytically, but it does show the great range of

effects third order nonlinearity can lead to.

The complexities of equation 1.86 can often be reduced further using certain symmetries.

For example, in an isotropic system, such as the atomic vapour being studied, the sus-

ceptibility tensor will be invariant over any rotation. As a result, equation 1.86 can be

rewritten as

Pi(ωa + ωb + ωc) = ϵ0
∑

jkl

∑
(abc) Tijklχ

(3)(ωa + ωb + ωc;ωa, ωb, ωc)
′Ej(ωa)Ek(ωb)El(ωc),

(1.87)

where χ(3)′ is a complex scalar, that depends solely on the input field frequencies and

their order of interaction, and Tijkl is a fourth order tensor that is invariant to arbitrary

rotation given by

Tijkl = (δijδkl + δikδjl + δilδjk) , (1.88)

as this tensor is identical over all orthogonal transformations [42].

It can now be seen that a large part of the complexity of the system has origins in the
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Figure 1.5: Left: A diagram of the geometry of the 4WM within the Rb cell. The double
ended arrows next to each beam refer to the orthogonal polarisations of those beams as
veiwed on the x-y plane tangental to the propagation direction of the beam, z. Right:
The double lambda transition on the D1 line of 85Rb. The two detunings labelled ∆1

and δ are called the one-photon detuning and two-photon detuning respectively.

number of possible combinations of the input fields (i.e. ωd = ± ωa ± ωb ± ωc), the

order in which they interact and also the polarisation states of the input fields. This still

results in a huge number of possible interactions.

At this point, simplifying this equation further, requires more in-depth knowledge of the

process being interrogated, which is 4WM in a rubidium vapour.

1.2.2 Four Wave Mixing in Rubidium

Figure 1.5 (right) shows a diagram of the 4WM process used to produce the correlated

beams. This is a third order nonlinear process that uses hot Rubidium vapour as the

medium.

The system is limited to three different frequencies, with the pump counting for two of

the four mixed waves. In practice, this is done by stimulating our vapour with a powerful

pump beam and then seeding the process with a weak probe seed beam, injected at an

angle into the cell (figure 1.5 left). This is necessary to ensure that phase mismatch does

30



Chapter 1. Theory

not occur.

1.2.3 The Phase Matching Condition

The issue of phase mismatch can be thought of as an extension of the energy and mo-

mentum conservation of the probe and conjugate beams. 4WM is a parametric process,

which is to say the cycle starts and ends on the same energy level. This is because there

are no other mechanisms acting to ‘recycle’ the atoms involved in the interactions, ne-

glecting those atoms that enter and exit the laser beam during the process. Considering

this, the relations

2npk⃗p = nprk⃗pr + nck⃗c (1.89)

and

2ωp = ωpr + ωc, (1.90)

hold true, where np,pr,c is the refractive index in the medium for each of the beams, kp,pr,c

is the wave vector of each of the beams in a vacuum, and ωp,pr,c is the angular frequency

of each of the beams. Where the P , Pr, and C subscript represents the pump, probe,

and conjugate beams.

Although these can be interpreted as the result of conservation relations, they originate

in the 4WM propagation equations within the nonlinear medium. If these relations are

not fulfilled then quickly oscillating terms in the polarisation prevent the growth of the

probe and conjugate fields [43]. The presence of the ni terms is necessary to account for

the index of refraction within the media.

As shown in figure 1.6, the phase matching in free space (left) can be achieved when all

the beams are parallel to each other. This is because the magnitude of |2kp| is equal to

|kPr+kc|, due to conservation of energy. However, in Rubidium-85, the beams may have
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Figure 1.6: A geometric representation of the phase matching condition. This is shown
for two cases; in the vacuum (left) and in a resonant media (right). The wave-vectors of
the: probe, conjugate and pump beams are represented by: KPr = nPrkPr, KC = nCkC
and KP = nPkP respectively. [43]

a refractive index significantly far from 1. This is because they’re close to the resonant

frequency of an atomic transition. [44, 43]

In this specific system, this is true for the probe beam only, as each beam is at a different

frequency and thus experiences a different n. Here nPr ≈ 1+(5×10−7), so KPr = nPrkPr

is somewhat larger than it otherwise would be. The result of this is that the beams must

now be at an angle to each other, θ (typically 0.7 mrad), to satisfy the phase matching

condition. Further, the angle of both the probe and conjugate beams is almost the same,

due to the conservation of momentum as projected along the transverse direction. This

is shown on the right-hand side of figure 1.6. Additionally, this allows spatial separation

of the beams in practice.
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1.2.4 Polarisation

One method for isolating the probe and conjugate beams from the pump comes from ex-

ploiting the nature of polarisation, and its capacity to affect how momentum is exchanged

between the light fields and the atoms being influenced by them.

Introduction to the Polarisation Vector

In free space the electric field of an EM wave may oscillate in the two orthogonal di-

rections perpendicular to waves direction of travel, x and y. Further, within a medium,

it may oscillate in the direction of travel too, z. At a fixed frequency, these orthogonal

oscillations may be out of phase with each other and have different magnitudes, so the

easiest way to track them is to express each of them as a complex number which forms

a complex amplitude vector (a polarisation vector). For convenience, the basis for this

is typically chosen to be spherical, in accordance with the spin projections of the photon

in our chosen quantisation axis. In this case, x is chosen as the quantisation axis so the

spherical basis is defined as

σ± =
1√
2
(y ± iz), (1.91)

and

π = x. (1.92)

It is important to note that, in this quantization axis, the component of angular momen-

tum along x carried by π, σ+ and σ− light is 0, h̄ and −h̄ respectively. Though, from

this point, we will disregard their units and simply call them 0, +1 and -1.
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Probe and Conjugate Isolation

The probe and conjugate beams are isolated from the pump beam by restricting the

three input fields to one of two orthogonal linear polarisations. In this case, all the fields

are propagating in the positive z direction, and the degenerate pump fields are made to

be linearly polarised in the y direction. Whilst the probe seed field is linearly polarised

in the x direction. We can use equation 1.91 to show that y polarisation of the pump

can be expressed as

y =
1√
2
(σ+ + σ−), (1.93)

from the point of view of the atoms. As such, the π polarised probe will have no impact

on the mf state of the atom it is interacting with; whereas the y polarised pump will

move the electron to a superposition of the m′
f = mf ∓ 1 states. This is according to

standard selection rules that reflect the conservation of angular momentum.

Taking the momentum exchanges allowed, a simplified version of the 4WM process can

be drawn in the x quantization axis. This is shown in figure 1.7. Each level represents an

orthogonal magnetic state that may be made of a superposition of mf levels, where the

standard selection rules still hold. Figure 1.7 highlights how these orthogonal polarised

pump and probe beams lead to a conjugate polarised in the same direction as the probe.

Assuming the electron starts in the middle magnetic state of the lower energy level it

will be excited by the pump field into a superposition of the outer two magnetic states in

the upper energy level. From here, the π polarised probe causes the electron to drop into

a superposition of the outer two magnetic states in the lower energy level. The pump

then excites the electron into the middle magnetic state of the upper energy level. In

order for this process to be both four levelled and parametric, the electron must return

to its initial state, the middle magnetic state of the lower energy level. In doing so, it will

generate a conjugate photon and only a π transition is possible. Hence, the conjugate
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Figure 1.7: A simplified diagram of he 4WM process. Red arrows represent pump tran-
sitions, while black and white lines symbolize probe and conjugate transitions. It’s
important to note that the position probe and conjugate transitions can be effectively
interchanged.

photons are generated π polarised.

The implication of these limited input polarisations on the output field can be further

shown by analysing equation 1.87. If it is assumed that the three input fields are prepared

such that there are two y polarised pumps (P) and one x polarised probe (Pr) that

are perfectly linearly polarised and orthogonal in their polarisation to one another and

assuming that they interact in the order P → −Pr → P to produce a conjugate field. It

can be seen that

Pi(ωC) = ϵ0
∑

jkl Tijklχ
(3)(ωC ;ωP ,−ωPr, ωP )

′Ey(ωP )Ex(−ωPr)Ey(ωP ). (1.94)

The limitations on Tijkl shown in equation 1.88 then reduce this further to

Px(ωC) = ϵ0χ
(3)(ωC ;ωP ,−ωPr, ωP )

′Ey(ωP )Ex(−ωPr)Ey(ωP ) , (1.95)

Py(ωC) = 0 , (1.96)

and

Pz(ωC) = 0. (1.97)
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This indicates that the outgoing conjugate beam will be polarised in the same direction

as the probe. By a similar argument, it can be shown that the reverse process (where the

order of interaction is P → −C → P ) will produce a probe field of the same polarisation

too. Thus, it can be seen that if these two process act alone, they will feed each other,

producing a gain in both the probe and conjugate beams. The fact they share the same

polarisation, that is orthogonal to the pump, allows for their isolation for imaging. This

is usually done using a Glan Taylor polariser.

Another benefit of limiting the polarisations of the input fields and thus output fields is

that it overall reduces the complexity of the system. Despite this, however, a great deal

of complexity still lies in the possible combinations of the input terms.

Some cases, for example ω3P = ωP + ωP + ωP (frequency tripling), are made extremely

unlikely due to the accessible energy levels of the system not accommodating the tran-

sitions necessary. This reduces the number of possible interactions even further. Thus,

usually, only the 4WM interaction present in figure 1.2.2 has a high efficiency.

1.3 A Model of Squeezing in this System

To expand on this and see how the probe and conjugate beams grow and propagate in

a real system, such as the double lambda scheme previously discussed, a semi-classical

model of the beam propagation can be constructed. Further, this motivates the con-

struction of a squeezing operator for this specific 4WM system, explaining how it leads

to squeezed state generation. After, the dynamics of the model are explored to determine

the optimum experimental parameters to form a squeezed state.
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1.3.1 A semi-classical model of 4WM

First, it is assumed that both pump photons in a 4WM cycle come from the same field,

the coupling strengths of the pump to both transitions are equal, and the probe and

conjugate fields are comparatively weak.

Next, we consider the wave equation for a nonlinear optical medium, given previously as

equation 1.82 under the assumption that the beams primarily propagate in the z direction

and x dependence is brought into the envelope by setting Ei(r, t) = εi(x, z). This results

in
∂2εi(x, z)

∂x2
+ 2iki

∂εi(x, z)

∂z
=

1

ϵ0c2
∂2P (r, t)

2
e−ikize−iωit. (1.98)

The y direction is ignored because it is assumed that the beams are only angled in the x

direction and the symmetry in the y direction will preclude any significant effects on the

propagation.

Now we consider, from [45], that the polarisation for the probe and conjugate beams are

PPr(r, t) = (ϵ0χPrPrεPr(x, z)e
ikPrz + ϵ0χPrCε

∗
C(x, z)e

ikPrz)eiωPrt (1.99)

and

PC(r, t) = (ϵ0χCCεC(x, z)e
ikCz + ϵ0χCPrε

∗
Pr(x, z)e

ikCz)eiωCt, (1.100)

when the electric field is expressed as it is in equation 1.98 and 2k0 − kPr = kC has been

used to simplify. χPrPr, χCC , χPrC and χCPr are atomic susceptibilities where χPrPr

and χCC are direct susceptibilities and χPrC and χCPr are cross susceptibilities.

These can be substituted into equation 1.98. This will produce

∂2εPr(x, z)

∂z2
+ 2ikPr

∂εPr(x, z)

∂z
= −k2pχPrPrεPr(x, z)− k2PrχPrCε

∗
C(x, z) (1.101)
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and

∂2ε∗C(x, z)

∂z2
− 2ikC

∂ε∗C(x, z)

∂z
= −k2Cχ

∗
CCε

∗
C(x, z)− k2CχCPrεPr(x, z) (1.102)

These can be solved to find the nature of the probe and conjugate propagation through

the cell, as they are in chapter 5.

The dynamics of solutions to these depend on the values of the susceptibilities at the

chosen tuning. However, the cross terms are generally responsible for the gain and level of

squeezing of the two mode state, while the direct terms are responsible for the absorption

of the fields.

The susceptibility terms are calculated by solving the density matrix for the 4WM process

[45].

1.3.2 Relating this to the experimental system

Inspiration from the semi-classical model can be used to construct a more relevant squeez-

ing operator, rather than relying on a more arbitrary mathematical construction.

This is done by interrogating the Hamiltonian of the 4WM process. This is given by

Ĥ4WM = h̄ωP P̂
†P̂ + h̄ωPrP̂ r

†
P̂ r + h̄ωCĈ

†Ĉ + ih̄χ(3)[P̂ †P̂ rP̂ †Ĉ − P̂ r
†
P̂ Ĉ†P̂ ],

(1.103)

where P̂ †, P̂ r
†

and Ĉ† are the creation operators of the pump, probe, and conjugate

beams respectively, and χ(3) is the third order nonlinear electrical susceptibility of the

system. This Hamiltonian expresses the energy of each of the fields involved in the

interaction, as well as the cross coupling between them, as presented in the semi-classical

model above. As such, the first three terms of this expression come from the energy of

each of the beams, where they are modelled as QSHOs, and the last term is the energy
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due to the conversion of the pump into the probe and conjugate beams.

This expression is simplified by using the low pump depletion approximation, wherein

a large coherent state is assumed to behave like a classical field of constant amplitude.

That is to say that we consider the pump field to have a constant number of photons and

thus its energy is constant and can be disregarded [46, 30]. The pump is also assumed to

be in the coherent state and thus approximate its creation and annihilation operators as

P̂ † = ρ∗eiωP t (1.104)

and

P̂ = ρeiωP t. (1.105)

Where ρ is the classical amplitude of the pump field. This results in a more manageable

expression, given by

Ĥ = EP + h̄ωPrP̂ r
†
P̂ r + h̄ωCĈ

†Ĉ + ih̄χ(3)[P̂ rĈρ∗2e2iωP t − P̂ r
†
Ĉ†ρ2e−2iωP t].

(1.106)

Where EP is the energy of the pump.

Assuming the probe and conjugate frequencies are roughly equal this can now be con-

verted to its interaction picture form, where the hamiltonian is considered in a rotating

frame at this shared frequency. This produces [30, 47]

Ĥ1(t) = ih̄χ(3)[P̂ rĈρ∗2ei(2ωP−ωPr−ωC)t − P̂ r
†
Ĉ†ρ2e−i(2ωP−ωPr−ωC)t]. (1.107)

When 2ωP ̸= ωPr+ωC this expression is time-dependent, due to the oscillating exponen-

tial terms. These terms render the interaction Hamiltonian ineffective at producing twin

photons, as the interaction will oscillate between producing and absorbing the photons.

As such, effective probe and conjugate production occurs only when the exponent is al-
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ways equal to zero. This can be interpreted as the result of the conservation of energy

such that the frequencies are confined to 2ωP = ωPr + ωC . This produces a constant

Hamiltonian given by

Ĥ1 = ih̄χ(3)[P̂ rĈρ∗2 − P̂ r
†
Ĉ†ρ2]. (1.108)

The time evolution of the system can be found, using the standard result for the time-

evolution operator

Û(t) = e−( iĤ
h̄

)t. (1.109)

This produces

Û(t) = ei(η
∗P̂ rĈ−ηP̂ r

†
Ĉ†)t, (1.110)

where η = ρ2χ(3).

Û(t) is of the same form as the two mode squeezing operator shown in equation 1.68,

where ξ = ηt and the general creation operators â† and b̂† are replaced with the more

specific P̂ r
†

and Ĉ†.

Thus, a rigorous mathematical framework has been developed to describe the squeezing

of 4WM.

1.3.3 Optimisation for Squeezing

Using the semi-classical model of 4WM, the susceptibility terms can be explored regard-

ing changing system parameters. From this regions optimal for squeezing can be found.

Ideally, the system would behave as similarly to the two mode optical amplifier as pos-

sible, since this would be the pinnacle of squeezed state generation. As such, the direct

terms (χPrPr and χCC) would ideally be reduced as much as possible, allowing the cross

terms (χPrC and χCPr) to reign.

A series of plots were produced using Python code adapted from that used to produce
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Figure 1.8: The Direct and Cross susceptibilities for the lower 4WM resonance, over the
two-photon detuning. In this case, the one-photon detuning is normalised to the line
width of the excited state (γ = 2π × 6MHz) and was 80 and the pump intensity was
12MWm−2.

the graphs in Turnbull et.al. [45].

The two photon detuning is varied in the experiment by altering the probe frequency.

Each component of the complex susceptibility is plotted in figure 1.8 as a function of the

two photon detuning at typical experimental parameters.

The direct susceptibilities can be interpreted as effective linear susceptibilities for the

probe and conjugate fields, such that the real part acts as a refractive index whilst the

imaginary acts as an absorption term. It can be seen that the imaginary parts of the

direct terms are at their maximum at the 4WM resonance, this is due to Raman ab-

sorption. However it is the largest for χPrPr, which would lead to significant absorption

of the probe beam. Thus, this is not a good place to produce squeezed beams, as the

majority of the effect will be lost.

However, the absorption term of χPrPr falls much faster than the magnitude of χPrC so

there are regions on either side of the resonance that are optimal to observe squeezing.

This is because, at these points, the cross terms are large enough to produce a large

gain in the probe and conjugate fields and strong squeezing between them whilst the

41



Chapter 1. Theory

Figure 1.9: The Direct and Cross susceptibilities for the lower 4WM resonance, against
the one-photon detuning. In this case, the two-photon detuning is normalised to the line
width of the excited state (γ = 2π × 6MHz) and was 1.39 and the pump intensity was
12MWm−2.

imaginary part of the direct term, χPrC , is small enough that little squeezing is lost by

absorption of the probe field. This is where the majority of the experiments in this thesis

are done usually at approximately a 3044MHz detuning, which was an optimal point

found empirically for the specific experimental set up in this thesis.

These considerations do not need to be made for the conjugate beam as it is much further

detuned from resonance from the probe and the absorption can, like the refractive index,

be neglected.

Next, the susceptibilities can be plotted as a function of the one-photon detuning, this is

shown in figure 1.9. There are actually two 4WM resonances for this parameter, but only

the one present at a lower one-photon detuning is pictured here. The lower resonance

is almost exclusively used in experiments as there is a large fluorescence at the one at

larger one-photon detuning which can add excess noise to squeezing experiments.

Here it can be seen that although the cross terms are roughly symmetric about their zero

crossings, with regions of large magnitude on either side, the direct terms are not. In par-

ticular, the χPrPr has a large imaginary (absorption) component on the higher detuned
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Figure 1.10: The Direct and Cross susceptibilities for the lower 4WM resonance, over
various pump intensities. In this case, the one-photon detuning is normalised to the line
width of the excited state and was 80, and the two-photon detuning is normalised to the
line width of the excited state and is 1.39.

side. This is inconveniently overlaps the center of the region of the greatest probe gain

and would greatly diminish squeezing for detuinings in this range. As such, in squeezing

experiments, the detuning is usually placed just below the resonance in order to avoid

the high absorption region whilst still retaining a large probe gain. This also aligns with

an area of minimal conjugate absorption and maximal gain.

Finally, the susceptibilities can be plotted for various pump intensities. This is once again

done for values of the other detunings typical of the experiment and shown in figure 1.10.

Here it can be seen that all the terms rapidly settle to a point where the absorption terms

of χPrPr and χCC are minimal whilst the magnitudes of the cross terms saturate. In

general, the experiment aims to be as close to this saturation point as possible, as it helps

mitigate the effect of any noise inherent to the pump beam. Typically, the pump beam

operates at power 1.5W and a beam waist of 1mm, so the pump on average induces χ

in the linear region with an intensity of ∼ 0.5MWmm−2. However, the Gaussian spatial

profile of the pump means that the intensity is much higher near the centre of the beam
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and the intensity does reach into the saturated region here. As such, the seed beam is

typically focused at the pump centre to take advantage of this fact.

1.4 Multi Mode Squeezing

1.4.1 Multi Spatial Mode Squeezing

Until now, the 4WM process and squeezed state generation have only been considered in

the single spatial mode case, where no attention has been paid to the transverse profile

of the beams involved.

However, many of the applications of squeezed light require a multi spatial mode squeezed

beam. Fields such as quantum enhanced imaging, nonlinear interferometry, and quantum

plasmonic sensing particularly benefit from such light sources. [48, 49, 50, 51, 52]

In fact, strongly squeezed multi spatial mode beams can be generated by the process

investigated in this thesis, 4WM in Rb vapour. This has been demonstrated previously,

via homodyne detection techniques [53]. This is possible because atomic vapours are

such high gain media, they do not require the use of a cavity for sufficient gain. The

use of some types of cavity would preclude multi spatial mode squeezed state generation,

since they would select only certain transverse modes to be amplified [54, 55]. However,

multi spatial mode squeezing has been predicted and shown using confocal cavities, but

at the expense of severely reducing the nonlinear coupling and gain of the system [56,

57].

An intuitive understanding of this in the near field can be found by considering a series

of spatially separated 4WM interactions on a large pump beam, as outlined in the near

field plane (NF) in figure 1.11. In this case, the pump is assumed to be so broad that all

transverse points are exposed to the same pump intensity. It is also assumed that the
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Figure 1.11: A diagram of the geometry of the localised squeezing in the near field plane
(NF) and the far field plane (FF). x and y are the transverse spatial positions in the NF,
and qx and qy are transverse positions in the FF. z is the propagation distance of the
beams. In the NF (z = 0), photons are created pairwise in distinct locations, so small
regions of the beams will be correlated. In the FF (z = ∞) the correlated modes have a
z-axial symmetry imposed by the phase-matching condition.

cell is infinitesimally thin such that all interactions occur on a single transverse plane –

the plane of interaction. At the plane of interaction, which is considered the near field,

the generated photons have no time to propagate. Correlated photons will be generated

pair wise in distinct locations. Therefore, small regions of the near field beams will have

correlated photon statistics and not just the whole beam. Hence, the squeezing is multi

spacial mode. However, this story changes when considering the far field (FF), where

photons now have time to propagate beyond the plane of interaction and their diffraction

must be considered.

In the Fraunhofer diffraction limit, when the beams are propagated infinitely far, the

transverse distribution of the electric fields will be the Fourier transform of the transverse
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Focus

ω0 2ω0
zr

Figure 1.12: A representation of the cross coupling process, the light regions denote two
spatial modes, M1 and M2, whereas the dark region represents where they overlap. In
the medium, this results in cross coupling between the modes (overlapping outside the
medium is irrelevant, as it does not produce any interaction). The Rayleigh length is
shown just for M1.

distribution of the NF electric fields. This property results in the quantum correlations

now being axially symmetric about the pump propagation axis z, instead of being in the

same position in each beam as in the NF case. This is further detailed in Embrey et al.

and shown in the FF plane of figure 1.11 [20].

1.4.2 The Coherence Area

Earlier, it was assumed that all 4WM interactions occur on an infinitely thin plane. In

practise, this is not the case. The squeezing process actually happens longitudinally over

an extended medium, not just a single plane.

The beams will diverge as they travel through the cell. This will lead to the beams in-

creasing in size, but can also lead to overlapping of the squeezed modes within them. The

reasoning of this can be seen by imagining each of the beams to be made of many smaller

Gaussian modes. These small Gaussians will also diffract, producing wider Gaussians
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that will overlap with one another. This is shown for two modes, M1 and M2, of just one

of the beams in figure 1.12. Here it can be seen that, in the centre of the cell (dashed

line), the modes are completely separate, but they overlap elsewhere in the cell. 4WM

interactions will still happen when they are overlapped, resulting in the modes being

cross coupled and effectively expanding the size of the area of the localised squeezing.

The coherence area is defined as the area below which squeezing can no longer be mea-

sured, due to the aforementioned diffraction effects [58]. A general way to estimate this

can be derived by considering the packing of Gaussian modes within the gain medium.

The coherence width can be defined as the size of a mode waist, situated in the centre of

the gain medium, which will expand to be
√
2 times larger at the ends of the medium.

Modes this size and smaller are cross-coupled by the gain medium to the point that they

do not support squeezing. This is the same expansion as seen in the Rayleigh range,

Zr =
πω2

0n
λ where ω0 is the waist of the Gaussian mode and n is the refractive index at

the wavelength λ of the mode. [59] As such, the coherence width, W, can be seen as

the waist size of a Gaussian mode with a Rayleigh range equal to the length of the gain

medium, lc. This results in

W =

√
λlc
πn

. (1.111)

This gives an estimate of the minimum size of the regions where sub shot noise would

be expected, caused by squeezing.

1.4.3 Squeezing Bandwidth

Beyond just spatial considerations, it is important to note the temporally multimode na-

ture of this source too. The two-mode state is squeezed over a range of frequencies and

importantly, a portion of the intensity difference squeezing occurs in a regime accessible

by current electronics, making it useful for many applications.
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Figure 1.13: A diagram of a seeded 4WM process in the frequency domain. The widths of
the emissions about ωPr and ωC are approximately 20MHz (shown in diagonal hatch).
This is the squeezing bandwidth, which is determined by the range of frequencies that
the 4WM process is efficient over.

Figure 1.13 displays the form of a typical emission spectrum for a probe seeded 4WM

amplifier. The initial seed is at a frequency ωPr and is amplified, causing the production

of a strong conjugate at frequency ωC , which is amplified from an initial vacuum state.

However, vacuum modes around these frequencies are also amplified due to the amplifi-

cation of spontaneously emitted probe and conjugate photons, shown as diagonal hatch

in the figure. This is often referred to as 4WM fluorescence. These modes are populated

by a random process and can be seen as the source of noise on the probe and conjugate

beams. Due to the nature of the 4WM process, these distributions are correlated, as de-

noted on the diagram with curved arrows. Notice also that the distribution around the

probe is not the same as the distribution about the conjugate. This is due to absorption

effects on the probe.

To see why this emission distribution results in low frequency high-bandwidth squeezing,

consider that the probe distribution can be expressed as

EPr = E(ωPr) +

∫ ∞

−∞
εPr(ω)dω, (1.112)
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where E(ωPr) = EPr(e
iωPrt + e−iωPrt) is the electric field at the seeded frequency and

ε(ω) = Es(ω)(e
iωt + e−iωt) is the field at all other frequencies (εPr(ω = ωPr) = 0) and

EPr and Es(ω) are the complex amplitudes of the fields in question.

This is squared to determine the intensity of the probe resulting in

IPr = E2(ωPr) + 2

∫ ∞

−∞
E(ωPr)εPr(ω)dω, (1.113)

where what would have been the final term has been neglected since it is minuscule

relative to the others. Thus, it is omitted from equation 1.113.

The result of the multiplication in the second term will be

IPr = EPrEs(ω)(e
i(ωPr−ω)t + ei(ωPr−ω)t + c.c), (1.114)

which represents two noise distributions, one centred at ωPr + ω and another at ωPr −

ω. The former oscillates too quickly for modern electronics to measure and will be

disregarded from hereon. The latter represents a distribution from DC to around 10Mhz.

By the same argument, the conjugate intensity is found to be

IC = E2(ωC) + 2

∫ ∞

−∞
E(ωC)εC(ω)dω (1.115)

and the resulting noise distributions will be similar too. The intensity difference between

the beams is simply

IPr−IC = E2(ωPr)−E2(ωC)+2

∫ ∞

−∞
E(ωPr)εPr(ω)dω−2

∫ ∞

−∞
E(ωC)εC(ω)dω. (1.116)

As iterated, the final terms, which represent the noise on the state, in equation 1.116

will be correlated. Therefore, the intensity noise they represent will be reduced by their

subtraction. Since these are distributed over a range of frequencies close to 0 there is
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QNL

Figure 1.14: A representation of the classical (C), quantum (Q), and total (T) noise of
the squeezed state in frequency space. The quantum noise begins at its minimum below
the quantum noise limit (QNL). However, the total noise is kept above the QNL at low
frequencies by the classical noise, which has a 1

ω dependence.

squeezing over their bandwidth. This is represented as line Q in figure 1.14. The upper

limit on this squeezing bandwidth comes from the frequency range over which the 4WM

process is efficient [20]. Practically, however, the total noise, T, is kept above the quantum

noise limit at low frequencies due to classical noise, C, which has a 1
ω dependence.

1.5 Potential Measurements That Can Be Made With A

Multi-spatial-mode Intensity Difference Squeezed Light

Source

Now a theoretical understanding of this intensity difference squeezed light source has

been developed, some useful applications of these states can be discussed.

Considering intensity difference squeezing between the total beam intensity, the SNR

can be enhanced for a variety of measurements. In fact, the demodulation of a signal on

the probe field amplitude that was of a magnitude lower than the quantum noise limit

has already been realised [60]. Such technology could be employed in many applications,
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with a notable example being the improving of the sensitivity of microcantilever position

measurements in atomic force microscopy, thus increasing the overall sensitivity of the

instrument [61]. Another exciting application is in improving membrane position sensing

for use in other sensors, such as in gravitational wave detectors or micro-electromechanical

systems based force microscopes. One group has achieved a sensitivity of 200am/
√
Hz.

[62]

Further applications can be found that take advantage of the multi-spatial mode nature of

this squeezed light source. Specifically, applications of the near field beams are considered

here, since investigating these are the type employed in this thesis. The pinnacle of

these would be the realisation of quantum imaging using this MSM squeezed state. Here

intensity difference imaging can be achieved by passing the probe beam through a weekly

absorbing sample and projecting it onto an image sensor while the conjugate is projected

onto an image sensor as well. Regions of the beams, larger than the coherence area,

could then be subtracted from each other and an intensity squeezed image would be

formed. Such a development would pave the way to the development of a true ‘quantum

microscope’ allowing the imaging of features that would otherwise be lost in the noise

in other systems. Such a system would be particularly useful in cases where the SNR

cannot be increased by simply increasing the power of the sampling light, such as when

the sample being measured would be damaged by too high of a photon flux. These

conditions are common in the field of biomedical imaging. Taking the first steps to

overcome the barriers in the way of generating these quantum images will be the focus

of the rest of this thesis.
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CHAPTER 2

PRACTICAL REALISATION AND MEASUREMENT OF A

TWO-MODE SQUEEZED STATE

T HE theory of 4WM and how it is used to generate squeezed states has now been

thoroughly covered. This coming chapter deals with the apparatus and engineering

required to practically generate these squeezed states and measure them.

2.1 Experimental Apparatus

The pump and probe seed beams that power the 4WM originally start as a single coherent

beam, generated by an M2 SolsTiS ultra-narrow line width Ti:sapphire laser – with a

typical output power of 3W [63, 64, 65]. This laser generates a beam with an absolute

line-width ≤ 50kHz. Such frequency precision is required as the resonance point for

the 4WM being explored is very narrow, whilst significantly overlapping with a region
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of high probe absorption. Any absorption in the 4WM process will greatly diminish the

squeezing attainable.

To understand this properly, we turn to the model provided by Jasperse et. al. [66]. In

this paper, the loss is modelled as a series of beam splitters with an empty port interleaved

with squeezing gain stages. The splitters’ output state is a combination of the input and

vacuum modes, which couples the vacuum fluctuations onto the transmitted beam. They

provide an equation for the noise figure, NF, or the ratio of the measured noise to the

corresponding shot noise level for equal optical power for subtracted probe and conjugate

beams generated by 4WM. This is

NF = 1− 2Ssinh2ξ

ξcosh(2ξ +Υ)
+
√
TPr

S log2 TPrsinh
4ξ

2ξ3cosh(2ξ +Υ)
, (2.1)

when the detection efficiency of the beams and the transmission of the conjugate are

100% [66]. These are valid approximations in the experiments undertaken in this thesis.

The parameters ξ and Υ are given by ξ = 1
4

√
16S2 + log2 TPr and tanhΥ = log TPr

4ξ

respectively, where TPr is the probe transmission and G = cosh2 S with G being the

intrinsic gain of the 4WM process.

Any loss in a squeezed system can significantly affect the apparent squeezing, as is demon-

strated in figure 2.1 which is a plot of equation 2.1 against TPr at G = 3 and conjugate

transmission, Tc, equal to one. Although a small amount of probe absorption is pre-

dicted to improve the noise reduction slightly, this trend quickly reverses, with greater

absorption quickly leading to significantly reduced squeezing. As such, a region of high

absorption means there is only a very narrow parameter space where 4WM is significant

enough to produce strongly squeezed beams without the probe absorption compromising

them.

Furthermore, it is beneficial that both beams are sourced from the same laser, as any

frequency drift will be identical for both of them. Thus, the detuning of one beam rel-

54



Chapter 2. Practical Realisation and Measurement of a Two-mode Squeezed state

0.2 0.4 0.6 0.8 1.0

–5

–4

–3

–2

–1

N
oi

se
 f

ig
ur

e 
(d

B)

0

Transmission, TPr

TPr<1, TC = 1

Figure 2.1: the predicted noise figure for 4WM with an intrinsic gain G = 3 and conjugate
transmission TC equal to one - Adapted from Jasperse et. al. [66].

ative to the other will remain constant. Classical intensity noise is also the same for

both beams, making it easier to account for with just a single filtering stage [67]. This

is common mode noise suppression.

Figure 2.2 shows that the source first passes through an 80MHz AOM. This component

acts with a system discussed later to form a ‘noise eater’ active filter. This stage has a

transmission efficiency of around 50%. As such, roughly 1.5W of power makes it to the

rest of the system, aside from the 50mW of power used as the feedback signal. This is

represented as the beam exiting at the bottom left of the diagram.

Next, the beams are split by a 50:50 beam splitter and one is passed through another

80MHz AOM then fed directly into the cell. This is the high-powered pump beam. Only

the 1st output order is propagated to the cell, so frequency shift of 80MHz occurs on

the beam. The main function of this stage is to allow easy tuning of the pump power.

The various lenses along the pump beam’s path, absent from figure 2.2, are used to ad-

just the size of the pump appropriately. The lenses before the AOM are used to focus

the beam into the element for optimal efficiency. The lenses after are used to bring the

pump to a wide focus ( 2mm beam waist) in the centre of the Rubidium vapour cell, such
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Figure 2.2: A Diagram of pre-cell beam preparation.

AOMATATLIM AMP AMP

Probe Chain

Signal

(11.5dB) -6dB

+22dB
17.5dBm Max -10dB

+34dB
30dBm Max

ATATAT LIM AMP AOMAMP

Pump Chain

-2dB

Signal

(11.5dB) -3dB
+22dB

17.5dBm Max -18dB
+36dB

30dBm Max

Figure 2.3: A diagram of the RF chain from the pump signal generator to the pump
AOM transducer and the RF chain from the probe signal generator to the probe AOM
transducer. The abbreviations AT, LIM, and AMP stand for attenuation, limiter, and
amplifier respectively.

that it is much bigger than any incident seed beam. As such, the Gaussian profile of the

pump is so wide that, from the perspective of the probe seed, it approximately resembles

a plane wave. The validity of this approximation does not always hold, however.

The pump AOM itself is driven by an 80MHz RF wave, generated by a signal generator,

that passes though the pump RF chain displayed in figure 2.3 before arriving at the AOM

transducer.

The pump chain itself consists of two amplifiers (+22dB and +35dB) that both typically
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act in saturation to bring the output power up to 1W , which will also bring the AOM

to close to its peak transmission. This is of the form

I1
I0

= aPRF sinc
2(aPRF + b)

1
2 , (2.2)

where I1 and I0 represent the diffracted and input light intensity, a and b are constants,

and PRF is the incident RF power on the AOM [68].

Saturation is useful for noise reduction as, when an amplifier operates in saturation, any

variance on the power of the incoming RF wave has a minimal impact on the variance of

the output of the amplifier. This is because the derivative of the amplification function

would be small at this point. This is counter to an unsaturated amplifier, in which vari-

ance on the input would lead to significant variance on the output as the derivative of

the amplification function is large. The difference between the unsaturated case, A, and

the saturated case, B, is demonstrated in figure 2.4 [69].

In the case of the AOM, noise is also reduced. This is because, even though it does not

saturate, the derivative of the transmission function, equation 2.2, is minimised at the

point we operate at, its maximum transmission. This means the variance on the input

leads to little variance on the output, for the same reasons outlined for the amplifiers.

Amplifier saturation is achieved by providing a 13dBm signal from the signal generator

and is done to minimise the noise that is added onto the laser travelling through the

AOM. In some experiments, the power from the signal generator was adjusted to change

the pump intensity in the cell. The limiter is a protective element to prevent damage to

the amplifiers and the dotted line behind it represents the point an RF switch was added

when using the PIXIS camera, as discussed later.

The other beam is the probe seed, which is first sent through a 1.5GHz AOM in a double

pass configuration and then injected into the cell at an angle, to meet the phase matching

condition. This is done using a pair of mirrors before the cell. The frequency of this
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Figure 2.4: A diagram showing the difference between the unsaturated case, A, and
the saturated case, B, for a generic amplifier. In the unsaturated case, the variance on
the signal leads to significant variance on the output due to the large gradient in the
transmission function, whereas, in the saturated case it does not, due to the shallow
gradient in the transmission function.

beam can be adjusted using the AOM, as the 1st order output mode is steered into the

cell. The power of the probe seed is adjusted using a half-wave plate and a polarising

beam splitter.

The 1.5GHz AOM is driven by a HP 8642M signal generator, typically at 1.48GHz to

produce a double pass frequency shift of 2.96GHz. The signal is generated at 20dBm

and passed through the probe RF chain, shown in figure 2.3. The line between the at-

tenuators represents the point an RF switch was added for use with the camera.

After the 1.5GHz AOM, the beam is passed through a polarisation maintaining fibre in

order to clean the beam profile [70]. It then passes through a set of lenses that are used

to shape the beam waist independently in the horizontal and vertical direction during

the experiments.

The squeezed beams are generated inside the rubidium vapour cell via the 4WM process

explained in the previous chapter. The cell itself is held in an assembly, as depicted in

figure 2.5.

The cell assembly consists of an external vacuum chamber that the cell is held in the
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Figure 2.5: Depiction of the vacuum assembly that holds and regulates the temperature
of the Rb cell, typically used (∼ 110◦C).

middle of via the use of nylon spacers. A low vacuum is held to mitigate any beam

disturbances due to air convection, as the cell is continuously heated. The heating itself

is provided by a nichrome coil (not shown) and it is stabilised by a Peltier heater with

a thermistor in a PID feedback loop. A metal gauze is used to conduct heat to or from

a cold spot on the cell and for hosting the thermistor in good thermal contact with the

cell.

The beams are then allowed to propagate out of the cell along with the pump before

entering a Glan-Taylor Polariser. Since the pump beam is at an orthogonal polarisation

to the probe and conjugate it can be removed and dumped on a beam block. However, a

significant amount of fluorescence is generated in the cell at around the pump frequency.

Since it is fluorescence, it is unpolarised and cannot be removed with the G-TP. Instead,

a large portion of it is typically spatially filtered by the imaging system that comes af-

terwards, by a beam block placed in the centre of the focus of L1 shown in figure 2.6.

However, not all of it can be removed, as some of it is emitted in the same direction as

the probe and conjugate beams and indiscernible from them.
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Figure 2.6: A diagram of the typical optical setup after the gain medium. L1, L2, H, V1,
and V2 are imaging lenses used to focus the beams onto a detector for measurment.

2.2 Imaging the Beams

After the G-TP and spatial filtering stage, the apparatus consists of various optical ele-

ments for separating and imaging the correlated beams onto a detector, shown in figure

2.6.

After the beams pass through L1, the probe and conjugate are separated using split mir-

rors placed as close to the focal plane as possible, as the ratio of beam separation over

beam size is maximised at this point. The beams are then imaged by another lens placed

one focal length away (L2) – completing a 4F system. Angling of the split mirrors can

be used to avoid the final beams being superimposed, as they are in the cell. In some

imaging setups, another set of cylindrical lenses is used to further shape and expand the

beams horizontally, H, and vertically, V1 and V2, for optimal imaging.

After this, the beams are separately focused onto the detector required in a given exper-

iment using mirrors.
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2.3 Measuring Squeezing: Instrumentation

After transport, the squeezing on the beams must be measured. This is achieved mainly

by two instruments: the balanced photodetector and the PIXIS camera.

2.3.1 The Balanced Photodetector

The balanced photodetector used in this thesis is a homemade detector. It is constructed

of two photodiodes connected such that the probe and conjugate can be shone onto

them to generate opposing photocurrents. This subtracts the outputs from the two

photodiodes, and the remaining current is amplified and converted to an output voltage

by a transimpedance amplifier circuit [71].

This voltage output can then be connected to an oscilloscope and a spectrum analyser

to evaluate the noise output as compared to two beams of coherent light of the same

intensity.

2.3.2 The PIXIS-1024BR eXcelon Camera

The other way squeezing is measured is via the use of a high speed PIXIS-1024BR eX-

celon Camera, running in kinetic mode. In this way, many images of the correlated beams

can be taken in quick sequence for analysis.

A high rate of image acquisition is required, since low speed acquisition is susceptible to

technical noise [72, 73, 74]. Noiseless digitisation is slow, however, so the CCD itself is

used as a buffer whilst producing a rapid succession of images of the beams [75]. This is

done by defining an imaging ‘slice’ of the CCD (in our case, a region 64x1024 pixels in

size). Between shots, data in the imaging slice is shifted to the slice below it, so that a
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Figure 2.7: A circuit diagram of the BPD internals, the photo currents generated by the
two photodiodes subtract at the junction between them and are converted to a voltage,
Vdiff , by a transimpedance amplifier. Resistors on either side of the photodiodes convert
the small current they produce into a small voltage drop across them. This is amplified
by two instrumentation amplifiers, I, to produce V1 and V2.

new image can be generated without superimposing with the previous one. The results

of this process produce an entire ‘frame’ of data made of a series of sequential ‘slices’.

Digitally, this data is then split halfway along the x-axis, so we can obtain two sets of

slices, one for the probe and one for the conjugate. An important point to note is that

each pixel will be continuously receiving photons and building up charge, even while the

data is being shifted. This would be a problem if the camera were continuously exposed

to the beam, as it would lead to blurred images. This can be mitigated by redirecting the

beams between shots, by pulsing RF power to the pump 80MHz and the probe 1.5GHz

AOM only when taking an image of the beams. This was conveniently done by tying
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both the camera and AOM frequency generator to the same trigger.

Some of the camera’s specifications are included in the table 2.1 for reference. [76]

Table 2.1: Some of the PIXIS-1024BR eXcelon’s specifications.

Imaging area 13.3 x 13.3 mm (optically centred)

CCD format 1024 x 1024 imaging pixels 100% fill

Vertical shift speed 3.2 to 18 µsec/row(programmable)

Dark current @ −70◦C (e-/p/sec) 0.02 (typical), 0.07 (max)

Quantum Efficiency @=795nm 99%

System Read Noise @ 100KHz 3 e- rms (typical, 5 e- rms (max))

System Read Noise @ 2MHz 9 e- rms (typical), 15 e- rms (max)

Most of the features of this camera make it very suitable for low noise imaging appli-

cations, as its exceptional quantum efficiency means very little squeezing is lost in the

imaging process and the rapid maximum shift speed, 3.2µs, allows for an entire frame

of data to be taken in just 3.28ms. This is especially true when it is run in kinetic

mode, which allows sequential imaging at an even faster rate. The system read noise at

100KHz is about 3 electrons per pixel, which means it will be lower than the photon

shot noise as long as more than 10 photons are detected per pixel. The actual readout

frequency is closer to 300KHz but the noise level should be comparable at this point.

However, this method is not without its drawbacks. The main one being that the number

of slices that can be taken is limited by the size of the CCD and the minimum slice size

desired, this is usually around 64 pixels on the y-axis. As such, the maximum number

of 64x1024 slices that can be achieved for is 16. The first 2 and last 2 slices are often

overexposed and have to be removed from the analysis, reducing this to 12 per readout.

63



Chapter 2. Practical Realisation and Measurement of a Two-mode Squeezed state

64



Part II:

Camera Imaging

65





CHAPTER 3

LOCALISED SQUEEZING

M ULTI-spatial mode squeezed states were generated using the methods described

in the previous chapter, and sampled using the PIXIS-1024BR eXcelon camera.

Data obtained in this way was then analysed with a variety of algorithms, with the

hopes of showing the multi-spatial mode character of the squeezing. The results of these

algorithms are the focus of this chapter.

3.1 Set Up

Initially, the parameters of the system were set to the values that produced optimal

squeezing over the power difference of the whole beams. Then, a post cell 4F imaging

system was used to generate an image of the cell. A diagram of a 4F imaging system

is shown in figure 3.1. It consists of two lenses separated by their focal lengths. The

first lens (left) takes the input image from the object plane and forms an intermediate
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Object ImageFourier

f f f f

Figure 3.1: A diagrammatic representation of 4F imaging.

image at the Fourier plane. The Fourier plane represents spatial frequencies from the

input image. The second lens (right) re-images the spatial frequencies from the first focal

plane and forms a new image at the image plane.

The focal point of the 4F system was adjusted by moving the entire 4F system along the

propagation axis and, in this case, placed in the centre of the cell. within the 4F system,

a split mirror was used to separate the probe and conjugate beams.

The beams passed through the first lens, bringing them into the Fourier plane. Here,

they were spatially separated, due to their different k vectors. This led to them having

an approximate point symmetry about the pump axis. Thus, they could be individually

steered using the split mirror. This resulted in them being separated in the imaging

plane. This process is represented in 2.6. This allowed each beam to be individually

imaged.

The beams were then magnified anisotropically, with an 8:1 horizontal to vertical ratio

in the magnification factor, and imaged in the image plane by a PIXIS-1024BR eXcelon

camera running in kinetic mode.

68



Chapter 3. Localised Squeezing

0 200 400 600 800 1000
Horizontal Position (Pixels)

0

200

400

600

800

1000

Ve
rti

ca
l P

os
iti

on
 (P

ixe
ls)

5000

10000

15000

20000

25000

30000

35000

40000

Po
we

r (
A.

U.
)

Figure 3.2: A single frame of data captured on the camera CCD.

3.1.1 Simple Subtraction

An example ‘frame’ of data collected by the camera is shown in figure 3.2. First, the

data was split halfway along the x axis, and then a series of splits were taken on the

y axis. This overall produced a set of 16 probe images and 16 corresponding conjugate

ones too, the image index is given by s.

The corresponding images (same s) were added and subtracted from each other to com-

bine them. In this analysis, the probe and conjugate images were subtracted assuming

that the beams were already at optimum relative position, since their intensity distribu-

tions were most overlapped here. The mean intensity values of each pixel over the s axis,

hence in the time domain, were then taken for both combinations of the beams. From

here, the variance of the subtracted beams, σ2
−, was calculated and divided by the mean
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of the added beams, µ+, producing the final result,

σ2
N =

σ2
−

µ+
. (3.1)

It is normalised in this way to allow a direct comparison with the Poisson noise on the

system which would now have a value of 1 [77, 78]. This is because the variance on

combined uncorrelated coherent beams can be given by µ2
+, since the variance of is given

by the mean intensity [79, 80, 81]. Thus, dividing by the mean of the added beams,

should normalise to the shot noise and allow direct comparisons between regions of the

beam of different intensities.

Intensity difference squeezing would be expected to reduce σ2
N below 1. This can be

shown by considering that if two beams, Pr and C, are combined by subtraction then

the output beam will have a noise corresponding to

σ2
− = σ2

Pr + σ2
C − 2Cov(Pr,C), (3.2)

where σ2
Pr and σ2

C are the variances of the probe and conjugate beams and Cov(Pr,C)

is the covariance between them.

They will have a positive non-zero covariance if they are intensity difference squeezed,

which will reduce the variance below that of the combined uncorrelated beams. Thus,

the normalised value will be below unity.

It is important to note that, in this analysis, the sample size per each frame of data is

statistically small as the number of consecutive images is limited to 16. It can be seen

from [82] that the standard error on the sample variance is given by σ′
σ2 = σ2

√
2

n−1

where σ2 is the sample variance and n is the number of samples. Hence, for 16 images,

the standard percentage error is still around 35%. However, this can be improved by

averaging the results of several frames of data, as is done for some cases.
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Figure 3.3: An image of the normalised variances on the pixels produced by the conjugate
beam, averaged over 42 separate frames.

A plot of the normalised variance of the conjugate, averaged over all 42 slices, was then

produced. This is shown in figure 3.3. The normalised variances are also represented in

a logarithmic scale.

The normalised variances are mostly near 1. However, there is also a region of exception-

ally high variance on the right side of the image. The fact that the high variance region

was not removed by the averaging process indicates that the feature is highly variable in

intensity but consistent in position. The cause of this systematic error has been localised

to the camera’s CCD. It is believed that it may be an artefact of how the CCD is attached

to the frame of the camera. As it always maintains its position, and it produces high

variance areas, it is unlikely to yield false positives in the search for intensity squeezing.

As such, it is noted, but there was no need to explicitly compensate for it in the code or

measurements.

After this baseline was established, the difference of the beams was taken. If the squeezed

regions are in the same place in each beam, a general reduction of the normalised vari-

ance below 1 should be seen, hence, squeezing. Looking at figure 3.4 the results of can

be seen.
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Figure 3.4: An image of the normalised variances on the subtracted beams (Pr − C).
Both beams are centred at the centre of the image.

High variance features make an expected appearance again, the left line being caused

by the probe image and the right one being caused by the conjugate image. The rest of

the picture, however, is where the problem lies. Most of the picture shows normalised

variances around 1. This can, in part, be explained by the fact that there are other

sources of noise in the system keeping us above the shot floor. However, there are no

large patches of intensity difference squeezing at all.

3.1.2 Fourier Analysis

To determine why squeezing was not visible, the data was analysed in the spatial fre-

quency domain. As such, a frame of data was taken and the left side was subtracted

from the right in the same way it was done during the previous section. This generated

a series of potentially intensity squeezed images. A 2D Fourier transform was then taken

from the result and the variance over time (s) for each frequency was calculated. Finally,

the entire image was normalised, by dividing it by the average value of the left side added

to the right side.
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Figure 3.5: 1D Noise Profile in fre-
quency space. The DC noise has been
removed for scaling.

Figure 3.6: 1D Noise Profile against spa-
tial wavelength. The DC noise has been
removed for scaling.

An isotropic noise spectrum would be expected. Since, without any other effects, there

should be no difference in the noise distributions along the horizontal and vertical axes.

As such, the statistics on the measurements of this noise can be improved by averaging

the points that share the same spatial frequency, |k| =
√
k2x + k2y. This is effectively

just averaging the results over a series of ellipses. This produced a 1D plot of noise

versus spatial frequency or spatial wavelength (figures 3.5 and 3.6). The lengths of the

semi-minor and semi-major axes of the ellipses were always in a 1 to 8 ratio to account

for the anisotropy of magnification of the beams.

Looking at figure 3.5 a number of interesting features can be determined. First, a mini-

mal squeezed region is seen at very low spatial frequencies. This is exciting, as it shows

that the current set-up is capable of producing some level of squeezed image. This is

quickly interrupted by a large peak in the noise. This analysis alone is not enough to

determine the cause, however. After, the noise settles at a baseline slightly above shot

noise.

Finally, the noise starts to drop into the sub-shot region. This effect is not caused by

squeezing, though, rather by a ‘pixel bleeding’ effect where some voltage produced in one

element bleeds into those around it. This produces some covariance between them and
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artificially lowers the noise at high spatial frequency. However, the spatial wavelengths

at which this becomes significant are much smaller than the coherence area of the 4WM

process and we would never expect to see squeezing below this size anyway.

Figure 3.6 displays the same information, but against spatial wavelength as opposed to

spatial frequency. Looking at both the noisy peak and the squeezed region, the noisy

peak extends from around 20 to 100 pixels, whereas the squeezed region goes on from

100 to around 350. Beyond this, classical noise takes over, rendering any squeezing at

higher wavelengths invisible. The range of the noise peak is similar to the predicted size

of the coherence area, so it was thought that accounting for the coherence area before

subtracting the beams would help to reveal the multi-spatial-mode squeezing.

3.1.3 Top-hat Subtraction

The simplest way to account for the coherence area would be to average the signals from

neighbouring pixels, to effectively expand their collecting area to that of the coherence

area. This does limit resolution of course, but the size of the coherence area already does

this for the squeezing anyway.

This averaging was done by convolving the image data arrays, Prs,x,y and Cs,x,y, with a

square top hat kernel [83]. This can be represented for the probe or the conjugate as

PrCv
s,x,y, C

Cv
s,x,y =

m
2∑

−m
2

n
2∑

−n
2

Prs,x+m,y+n, Cs,x+m,y+n, (3.3)

where m and n are the horizontal and vertical size of the top hat, in pixels. The method

then proceeds as in section 3.1.1. Applying the method for the top-hat kernel sizes: 16

x 2 pixels, 32 x 4 pixels, 48 x 6, and 64 x 8 pixels is shown in figure 3.7.
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Figure 3.7: A progressive series of normalised variance images on the subtracted data for
different kernel sizes generated from our real data. A: The image generated for a kernel
size of 16 × 2, with an average normalised variance of 0.37. B: The image generated
for a kernel size of 32 × 4, with an average normalised variance of 1.15. C: The image
generated for a kernel size of 48×6, with an average normalised variance of 1.19. D: The
image generated for a kernel size of 64× 8, with an average normalised variance of 1.27

Looking at these images, it is obvious that the method produces a blur on the data. This

blur is more significant for larger kernel sizes, an expected trend. There are no significant

patches of squeezing (sub 0 values) anywhere in the normalised variance images. In fact,

no significant increase in squeezing is seen at all, and the variance increases with larger

kernel size.

Thus, this simple solution is not fully correct, as there is no evidence of the intensity
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squeezing that has previously been demonstrated. Clearly there is something more intri-

cate going on here that is leading to the squeezed regions in each beam not being aligned

as expected. Thusly, their subtraction does not lead to a multi spatial mode squeezed

state.

One explanation is that there could be other effects that are influencing the beams as

they travel through the cell, distorting them. This would explain the peak shown in

figures 3.5 and 3.6, since a translation somewhere in the 20 to 100 pixel range would

produce a sharp rise in noise in that spatial wavelength range.

3.2 Top Hat Searching

To attempt to map the distortion on the squeezing between the beams a correlation

function was produced from the data. This was done by scanning the beams past each

other digitally, while the squeezing between them was computed.

Firstly, the Top-hat convolution kernel was applied to the data to account for the co-

herence area. From here, fourth order ‘scanning’ arrays were constructed by adding, P ,

or subtracting, N , each of the beams from each other for every possible x displacement

between the beams. These are given by

Ps,x,x′,y = PrCv
s,x,y + CCv

s,x′,y, (3.4)

and

Ns,x,x′,y = PrCv
s,x,y − CCv

s,x′,y, (3.5)

where x and x′ are two independently varying values that extract the x index of the

PrCv
s,x,y and CCv

s,x,y arrays.

It was decided to scan the x-axis only. This is where the displacement effect is expected
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to be, by virtue of the fact that the beam is only angled in this axis; it also saves

on processing time. The rest of the method then continues as it does in the simple

subtraction method, only that now the normalised variance array is three-dimensional

(V N
x,x′,y). Thus, the produced data is four-dimensional. This is something of a problem

for representing the data graphically, as it would be impossible to render all of it at

once. Thus, a single y value is chosen for which the normalised variance in intensity is

represented as a heat map on the x and x′ axis. This single value still contains information

from a chunk of y values in the original images, however, by virtue of the convolution

process.

3.2.1 Results and Discussion

Now, the process is applied to real data. This time, the kernel size is set to be 48x6,

as this is larger than the predicted coherence area for the system. Also note, this time

normalised variances are plotted at y = 18, which is where the clearest squeezing has

been found.

To see any detailed patterns, frames with a good coverage of the visible squeezing over

the entire x domain were needed. These were found by plotting the data at y = 18 for all

42 frames then visually inspecting them, to determine the general quality of the squeezing

present. Later, it was determined that these frames were the ones with the lowest spatial

DC noise from the data set. Such post selection was acceptable, as this data is intended

to guide future experimentation rather than to be used as proof of an underlying effect.

At this point, the main focus was to use frames that show good coverage of squeezing.

An example of a high-quality frame is shown in figure 3.8. This image shows a reasonably

comprehensive view of the squeezing over a large proportion of the x-axis.

Inspecting figure 3.8, the beginnings of a pattern do seem to be emerging, that is not
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Figure 3.8: The squeezing map of frame 1,
with a kernel size of 48x6 at y = 18.
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Figure 3.9: The squeezing map of frame 1,
with a kernel size of 16x2 at y = 18.

on the x′=x line as may be naively expected. However, this pattern would have to be

consistently displayed on multiple frames for such a conclusion to be made. Although

there is a distinct decrease in the normalised variance along the x′ = x line, there is also

a similar decrease in the x′ = 512 − x line. Never below 0, however. This hints at the

presence of some classical effect that is causing this. Further evidence for this can be

seen by taking this same image, but setting the kernel size to be 16x2, which is smaller

than the predicted coherence area. If this effect were due to some squeezing process, it

would now be expected to vanish. However, as seen in figure 3.9, neither of the lines

disappear despite there being no squeezing present in the image.

One possible explanation would be some sort of classical noise on the power of the laser

that produces the pump and probe beams. This would result in the same noise being

imparted on the conjugate beam, which would cause some covariance between them. To

determine how exactly this would affect the variance profile of our subtracted beams,

each beam can be modelled as a position dependent random variable. These are then

multiplied by another random variable, A, to simulate a shared classical white noise.
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Thus, the subtracted variance of the two beams can be given as

σ2
− = V ar(APr(x, y)−AC(x′, y′)), (3.6)

where Pr(x,y) and C(x’,y’) are the idealised beams. Pr(x,y) and C(x’,y’) have a variance

given by σ2
Pr(x, y) and σ2

C(x
′, y′) and A is defined to have a variance given by σ2

A and

expectation given as µA.

This can now be expanded using equation 3.6 to give the three term expression,

σ2
− = V ar(APr(x, y)) + V ar(AC(x′, y′))− 2Cov(APr(x, y), AC(x′, y′)). (3.7)

The first two terms can be further reduced by using the standard formula for the variance

of the product of two random variables [84]. The final term may be expanded using the

definitions of covariance and variance, like so

−2Cov(APr,AC) = −2(A2PrC −APr AC), (3.8)

where the dependency of Pr and C on position has been left out, for clarity, and the

overline represents the mean of the combined variables. This then becomes

−2Cov(APr,AC) = −2(A2 PrC − (A)2 Pr C). (3.9)

Then, using the definition of covariance, we arrive at

−2Cov(APr,AC) = −2(A2Cov(Pr,C)). (3.10)
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Finally, using the definition of variance, we result in the full expression for the subtracted

variance, given by

σ2
− = σ2

A(µ
2
Pr(x, y) + µ2

C(x
′, y′)− 2µPr(x, y)µC(x

′, y′))

+(µ2
A + σ2

A)(σ
2
Pr(x, y) + σ2

C(x
′, y′))

−2(µ2
A + σ2

A)Cov(P (x, y), C(x′, y′)),

(3.11)

where the position dependency of the terms has now been reinserted.

What is immediately obvious is that this is a three part expression, governed by different

aspects of the system.

The first term only exists for systems where there is excess shared classical noise on the

beams, hence σ2
A > 0. This is what seems to generate the cross shaped interference seen

in the real data. This can be made clearer in a plot. This is done by first dividing this

expression by µA(µPr(x, y) + µC(x
′, y′)) (our normalisation process). Then y is set to

y = y′ and the covariance due to squeezing is assumed to be 0. After this Pr(x, y) and

C(x′, y′) can be approximated to be 2D Gaussian functions centred on x = 256 y = 32,

with Poissonian noise and FWHMs of 256. Finally, the normalised variance is plotted in

terms of x and x’. The result is shown in figure 3.10.

Where σ2
A is set to 1 and the magnitude of µA can also be taken as 1, by definition. The

maxima of Pr(x,y) and C(x’,y’) are arbitrarily set to 100. It is immediately obvious that

the shape of this plot is very similar to the cross pattern seen in figure 3.8 lending this

explanation some credence, although the cross seen in the real data is somewhat offset

by the beams not being perfectly centred and striated by the prior top hat convolution.

For any system with excess classical noise, outside the small region about the x′ = x

and x′ = 512 − x lines, the normalised variance will rise rapidly. This could have a sig-
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Figure 3.10: The Variance map of the simulated data.

nificant impact on the visibility of squeezing outside these small regions, rendering large

displacements in the pattern invisible. This would mean that it would be impossible to

build an intensity squeezed image if the squeezed regions in the beams were displaced

from each other in a non linear way, even if image registration was used to correct for

those displacements.

The second term of the expression will always be present, as it represents the combined

shot noise of the system. Assuming the beams are shot noise limited, this should nor-

malise to 1 and any fluctuations below this can confidently be seen as squeezing.

However, another problem arises for systems with σ2
A > 0, as this will produce an arti-

ficially larger term, that will normalise to a value higher than 1. The issue here is that

the sensitivity to squeezing will be reduced over the entire image.

The third term concerns the extra covariance between the beams caused by the squeezing

between them. It depends on both the mean and variance of the classical noise on the

system. As the distribution of squeezing is the current focus, the σ2
A dependence is not

a problem, but it may be beneficial to reduce it for other applications.

Largely, all of these issues can be removed by making the excess classical noise, and hence

σ2
A, sufficiently small. Fortunately, a solution to this could be implemented in the form
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of the noise eater, a optomechanical device for reducing classical noise on the intensity

of a laser beam. The efficacy of which is investigated in chapter 4.
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CHAPTER 4

THE NOISE EATER

A S touched on in chapter 3, a noise eater was added to the apparatus to diminish

the power noise on the main laser beam. The hope was that this would reduce the

temporal noise on the beam such that squeezing would be less obscured by the classical

noise ‘X’ effect seen in chapter 3 and could be seen on the camera. This is a significant

effect when points of differing intensity on each beam are subtracted from each other, as

the classical noise is not fully removed. Further, any loss on the probe beam would lead

to imperfect classical noise cancellation. This would impact the whole beam and not just

‘mismatched’ regions.

A target noise suppression bandwidth of 100 KHz was decided upon, as this is significantly

faster than the operation of the camera so should cover all the interfering frequencies.

Additionally, if the bandwidth was found to be too high, it would have been simple to

limit it with a standard RC filter.
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4.1 General Principles

The function of a noise eater is to use electro-optical control elements and a feedback

signal from a laser’s output to compensate for any classical noise on the beam. The

quantum noise cannot be reduced in this way since it will not be common to the main

beam and the pick-off used for the feedback system [85, 86, 87]. For a similar reason,

the greater the proportion of the beam that is taken in the pick-off the less detrimental

the quantum noise will be to the feedback. This can be seen by noting that the pick-off

signal will need to be multiplied by a constant, g, proportional to

g =
Plaser

Ppick−off
(4.1)

where Plaser is the power of the main beam and Ppick−off is the power of the pick-off, to

properly compensate for the classical noise when it is applied to the final control element.

The pick off will necessarily mix uncorrelated noise onto both the main beam and the

pick off, which can be viewed as noise coupling from the vacuum port of the pick-off

beam splitter. As such, this (non-common) noise will also be multiplied by g and applied

to the main beam. This will limit the performance of the noise eater. It can be shown

that in the best case the noise can be brought to shot noise, when the reference beam is

much at a higher power than the main beam.

The frequency response of this system is limited by the bandwidth of the electrical com-

ponents used in the noise eater, which is typically much lower than optical frequencies.

However, since the classical intensity noise on a laser generally follows a ‘pink’ distribu-

tion, the majority of the noise it was required to remove falls below this bandwidth [88].

A diagram of the system used in the experiment shown in figure 4.1.

In this case, the feedback signal is provided by a fast photodiode, the details of which are
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0th Order

1st Order

Laser AOM

Mixer

RF Amplifier PDfast 

Signal Generator

Vacuum Mode

Rest of System

Figure 4.1: A diagram of the noise eater set up. In this case, the mixer is used as a
variable current controlled attenuator for the RF driving the AOM.

discussed in the next section. This signal is transmitted through a PID (proportional,

integral, differential) electronic control circuit and is used to modulate the intensity of

the RF signal generated by the signal generator that is sent to the pre-AOM amplifier.

The maximum power of the RF signal is set by adjusting the power of output of the

signal generator. The AOM acts as a control element to modulate the laser power that

is output to the rest of the system. This is because only the 1st order mode is allowed

to pass, with the other modes being blocked with an aperture.

A power spectral density is a measure of how the power of a signal is distributed across

different frequencies. It is typically defined for a real sationary signal, x(t), as

Sx(f) =

∫ ∞

−∞
Rx(τ)e

−2ifτdτ, (4.2)

where Rx(t) is the auto correlation of x(t) and τ is the time lag in the autocorrelation

function.
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The noise power spectral density, normalised such that 1 is the shot noise level of a

coherent beam, achievable in this system can be found to be

Sf (ω) =
1 + ηf ϵfS0(ω)

|1 + h̃(ω)|2
, (4.3)

for the beam intensity in the feedback path, and

Sn(ω) = 1 +
ηnϵn
ηf ϵf

ηf ϵfS0(ω) + |h̃(ω)|2

|1 + h̃(ω)|2
(4.4)

for the output beam. Where: S0(ω) is the power spectral density of the original beam;

ϵ is the fraction of light diverted to each beam; η is the quantum efficiency of each

detector; and h̃(ω) is the Fourier transform of h(t), a time-domain convolution function

that accounts for any filtering effects of the electronics, of the gain of the amplifier, and

of any time delay in the electronics - the transfer function [89].

Interestingly, the noise on the feedback signal can be squeezed to an arbitrarily high level

in this system. However, it would be impossible to use this beam practically, as it would

mean taking it out of the feedback loop.

Looking at equation 4.4, it can be seen in the high gain limit, where this circuit tends to

operate, Sn(ω) can be reduced to

Sn(ω)∞ = 1 +
In
If

, (4.5)

where In and If are the powers of the output beam and the feedback beam. Since the

pump and seed beams both derive from the noise eater output beam they both have

their intensity noise reduced. However, the pump beam, which is roughly 100 times

more intense than the feedback beam, will only have its noise suppressed minimally,

whereas the seed beam noise will be significantly suppressed, since it is typically at tens
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of microwatts and the feedback signal is at tens of milliwatts.

Further, in the cell the pump beam typically operates near saturation for the 4WM

process, which prevents much of the noise from being imprinted on the final probe and

conjugate beams. This leaves the seed beam as the dominant and most suppressed noise

source. As such, the probe and conjugate beams will have a greatly reduced noise profile.

4.2 AOM considerations

It would be reasonable to consider using the 0th order output of the AOM instead of

the 1st order, since less of the input beam would be lost before it passes to the rest of

the system [90] and is used to generate the seed and pump beams. This is because the

0th order output only fundamentally limited by the insertion loss of the AOM. This is

opposed to the 1st order output that has a limited diffraction efficiency, typically around

50% at saturation. Practically, this has to be even lower in a noise eater system, as the

electro-optical control element ideally operates in a linear regime. This limits the total

power that can be used to generate the pump beam, which in turn limits the maximum

beam waist the pump can be focused to whilst still saturating the 4WM interaction in

the Rb cell.

However, the nature of 0th order transmission through an AOM would make this topology

unviable for the target bandwidth of the noise eater. Since the acoustic wave inside the

AOM crystal takes time to propagate across the beam cross-section, there is a inherent

delay on any signal’s action on the beam. This delay limits the attainable bandwidth of

the system. However, in this case, it is minimised by focusing the beam into the AOM

which reduces the beam cross-section and thus reduces the inherent delay, allowing us to

hit our target bandwidth. However, this comes with the compromise that the beam at

its focus will is composed of a spectrum k-vectors that will each interact with the AOM
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A B C
Figure 4.2: A diagram of the input and output modes of a typical AOM, in the far field
of the AOM (momentum picture). A) A perfectly Gaussian input beam. B) The 0th
order output. C) The 1st order output.

differently. The effect of this is made clearer by the diagram in figure 4.2 which shows

the cross-section of some output modes of a typical AOM in the far field, given a focused

Gaussian input.

It is important to note that while the input and non-zero output modes (A & C) are

Gaussian the 0th order output typically is not. This is because, in standard operation,

an AOM operates under the Bragg condition, given by

θB =
λF

2ν
. (4.6)

Where λ = λ0/n is the wavelength in the crystal, ν is the acoustic velocity and F is the

input RF frequency.

As such, light that is incident at this angle will be efficiently diffracted into higher modes,

while any movement from this optimum will rapidly decrease in diffraction efficiency. This

means that a focussed beam that is aligned such that its average k-vector is at the Bragg

angle will have its more aligned parts diffracted, whilst its more divergent parts are not.

This leads to the far field intensity profile shown in B.

This highlights one reason the 0th mode is not used – poor output beam quality. On top

of this, this control element would only be acting on the middle of the beam. So, while
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the noise on the entire beam was suppressed, any noise corrections attempted would be

imprinted from the periphery onto the central region of the beam, actually increasing

the noise locally. This means some high spatial mode noise would be introduced to the

system that was not there at the beginning. The result would be a beam that overall

has a reduced classical noise profile, but locally has a much higher one. This could be

useful in some applications, but is completely unacceptable for imaging applications like

in our experiment. It was also not an option to fully clean the output beam using a fibre

optic, since an especially large amount of power is needed that is far above the damage

threshold for almost all readily available fibres not to mention that the coupling efficiency

into the fibre would likely be no better than the efficiency through the AOM.

As such, the 1st order mode is a much superior option for this system, despite this coming

at the cost of wasted power.

4.3 A High Power, Low Noise, and High Bandwidth Pho-

todiode Front End

This section overviews the component selection and design process of the photodiode

front end. The most relevant frequency response range for this device was defined by

the PIXIS camera. When running in kinetic fast mode, an entire series of images, or

a frame of data, can be collected in ∼ 3ms. This puts the minimum frequency that

classical noise will be imprinted on the data in the 100Hz regime. The upper frequency

of noise imprinting is defined by the shift speed of a single row of pixels in the camera.

This occurs in ∼ 3µs, which begets a characteristic frequency of ∼ 100KHz. As such,

the main design goals of this project were set as a bandwidth of at least 0− 100kHz, as

high of a maximum optical input power as possible, and an electronic noise floor below
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the photonic shot noise incident on the detector.

4.3.1 Photodiode Theory

The first component to be selected in this photodetector design was the photodiode itself,

since its characteristics defined the ultimate limitations of the device. There are many

things to consider when picking a photodiode, which can be better understood when

considering the physics of such a device.

Typically, for high bandwidth and high input power systems, a PIN photodiode is used,

rather than a standard PN diode [91]. The primary advantages a PIN diode has over a

PN diode are that the quantum efficiency is better, the saturation power is higher, and

the capacitance is lower. The difference being that the PIN diode has a thick undoped

intrinsic region sandwiched between the P and N regions, as shown in figure 4.3 [92]. In

a PIN diode, most of the depletion region is within the intrinsic region and this depletion

region is larger than in a PN diode.

This leads to the quantum efficiency of the device being superior, since the electron-

hole pairs generated by photon absorption in the PIN depletion region are much more

likely to contribute to output current than those generated in the P or N regions. This is

because the electric field across the depletion region quickly sweeps the charges in opposite

directions, preventing their recombination. Electron hole pairs generated in the P and N

regions usually recombine, unless they diffuse apart quickly enough. Since the depletion

region is much larger in a PIN diode, more of the incoming photons are converted. This

larger volume of photon conversion also allows for a higher saturation power for PIN

diodes, making them suitable for high-power applications. Another significant advantage

of this system is that the capacitance of the PIN photodiode smaller. This is important

for high bandwidth applications, as this capacitance will form a low pass filter with the
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Figure 4.3: The structure of a PIN photodiode.

load resistance.

Reverse Bias

A PIN photodiode is often reverse biased by driving its cathode positive relative to its

anode. This will cause its depletion region to grow, at the expense of the other regions.

This grows the volume of effective photon conversion, which results in the saturation

power of the diode increasing. The capacitance will also decrease, due to the increased

distance between the charged regions in the diode. This decrease is given by

CB =
C0√
1 + VB

ϕ

, (4.7)

where: C0 is the initial junction capacitance of the diode, VB is the bias voltage, ϕ is a

constant and equal to 0.6 V, and CB is the biased junction capacitance. [93]
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Signal
PD

50 Ω

Vbias

Figure 4.4: A circuit diagram of the photodiode front end circuit.

4.3.2 Front End Design

It was decided that an operational amplifier based trans-impedance amplifier circuit

(TIA) was the best design for the photodiode front end. Using a TIA allows for a much

lower load impedance, which reduces the low pass filtering effect of the photodiode and

increases the signal bandwidth. This design also allows other noise reducing features to

be added, which will be discussed later.

The Hamamatsu S1223-01 PIN photodiode was chosen as the photodiode in this device,

since it has a relatively low junction capacitance of 20pF for its detection area, 13mm−2

and thermal dissipation (100mW ) [94].

However, before committing to an exact design, the saturation characteristics of the

chosen photodiode at different voltages were evaluated, since this information was not

readily available on the data-sheet. They were also compared to a Thorlabs PA100A-EC

photodetector already available in the lab for reference [95]. This was done using the

test circuit in figure 4.4.

The test circuit and the Thorlabs detector were compared by directing a 780nm laser

with a spot size of 1520± 10µm onto each of the detectors and varying its intensity. The

output voltage of each of the detectors was then plotted. The result of this is shown in

figure 4.5.
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Figure 4.5: A comparison of the saturation powers of each of the photodetectors, the
error on both the voltage and incident power is roughly shown by the size of the plotted
points.

It is clear to see that even at the relatively modest bias of 15V the S1223-01 almost

doubles the saturation power of the PA100A-EC photodetector. This advantage can be

pressed far further, up to almost 30V , but 15V was decided as a good starting bias to

prevent any possibility of damage to the PID circuitry in the event of a short.

Based on this, a TIA photodiode front end was designed. A circuit diagram of this device

is shown in figure 4.6.

The positive bias voltage for the photodiode is provided by a LM7815 voltage regulator

that converts a supply voltage of +18V to +15V . This provides the added benefit of

filtering the noise from the power supply more than a simple low pass filter could.

The next stage was the TIA itself, constructed from a THS4631 op-amp, a resistor, and

a capacitor. They also generally produce a more linear output than a simple resistor

would. To minimise noise, the power rails on the op-amp were supplied via LM7915

and LM7815 voltage regulators, extra noise filtering was also implemented with a pair of
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Rf

50 Ω

0.1 μf
Op amp

SignalPD
+15 V

6.8 μf

Cf

0.1 μf

6.8 μf

Figure 4.6: A circuit diagram of the TIA based photodiode front end.

ceramic capacitors on each rail (0.1µF and 6.8µF ).

The THS4631 was chosen specifically because it has a high bandwidth whilst still being a

FET input device. The advantage of a FET input is the extremely high input impedance

at low frequencies, which helps to avoid variation in output offset voltage with input

signal swing. As such, the accuracy of current to voltage conversion is maximised.

The final bandwidth of the detector can be calculated as

F−3dB =
√
GBP f0 (4.8)

Where GBP is the gain bandwidth product of the op amp (210MHz) and

f0 =
1

2πRf (Ci + Cf )
, (4.9)

with Rf being the feedback resistor and Cf the feedback capacitor. Ci is a combination of

the capacitance of the photodiode and op amp. [96] This was found to be approximately

30pF from data sheets. The feedback resistor was chosen to be 700Ω so that the maximum
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feedback current was around 20mA, the expected maximum output current from the

photodiode. The feedback capacitor was chosen to be 9pF , using a formula in the data

sheet recommended for this purpose.

Putting this all together, the final bandwidth of the system was calculated to be roughly

40MHz. However, this is more of an upper limit as, in practice, things like parasitic

capacitance in the detector PCB reduce this bandwidth substantially.

Supply Ripple Rejection

After some preliminary testing of the custom detector, it was noticed that the signal it

produced had a significant low frequency electrical noise imprinted on it. Since this noise

was also present when there was no incident light on the detector, it was quickly traced

to the circuit’s power supply. Although the voltage regulators had a particularly high

noise rejection, it was found that they were not efficient at removing mains ripple.

As such, an extra filtering stage was added just before the voltage input of the device.

This consisted of a capacitance multiplier circuit, the design of which is shown in figure

4.7 [97].

This filter is, in essence, a simple low pass RC filter with amplification due to the tran-

sistor part of the circuit. The elements on the positive and negative rails are mirrors

of each other, with the obvious exception that the negative rail uses a PNP transistor

whilst the positive rail requires an NPN one.

The circuit functions as a typical RC filter, with a cut-off frequency

f−3dB =
1

2πRC
, (4.10)

where R is the resistance of the resistor and C is the capacitance of the capacitor. With

a resistance of 220 kΩ and a capacitance of 10 µF this provides a cut-off of 0.07 Hz, far

95



Chapter 4. The Noise Eater

220 kΩ

220 kΩ

10 μf

-Ve in

+Ve in +Ve out

-Ve out

PNP

NPN

10 μf

Figure 4.7: A circuit diagram of the capacitance multiplier filter.
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Figure 4.8: A recording of the ripple on the positive and negative branches of the power
supply both before (black) and after (coloured) the capacitance multiplier filter.
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below the 50 Hz mains ripple that was targeted.

As in a typical RC filter, the resistor provides the charging current for the capacitor.

In the capacitance multiplier circuit it also provides the base current for the transis-

tor. Without the transistor, any fluctuations in current demand from the circuit down

stream would have to be met by a capacitor. As such, it would need a large capacitance to

smooth effectively. However, with the transistor in place, the current demand is reduced

by a factor, β, which is the gain of the transistor. As such, the system can supply much

more current than just the capacitor alone so in this way acts as a much larger capacitor,

hence the capacitance multiplier moniker. As such, much more smoothed current can be

supplied and ripple reduction is multiplied by β.

Due to the presence of a transistor an extra voltage drop of approximately 0.65V was

produced across the filter. This was not a problem, as it could be compensated for by

increasing the input voltage from the power supply. Furthermore, the low current re-

quirements of the custom photodetector meant that thermal dissipation was not an issue.

The resistors used in this circuit were typical thick film through hole type, as resistance

accuracy was not a performance critical attribute. The capacitors, however, were specif-

ically chosen to be film type, as to avoid the microphonics associated with other types

of capacitors [98]. These can couple ambient acoustics into the circuit and contribute

to noise. The BC559 and BC549 transistors used in this circuit were chosen mainly for

availability, but they are capable of direct current gains far exceeding 100x [99, 100].

The a comparison of the power supply ripple is shown before (black) and after (coloured)

this filter in figure 4.8. This plot was produced using an oscilloscope in AC mode.

The signal-to-noise ratio (SNR) of the custom detector was then compared to the PDA100A-

EC, to validate the design. This was done by taking an oscilloscope trace of the output of

the two detectors in the cases where they were illuminated with 0 and 7.25 mW of laser
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Figure 4.9: PSDs of both detectors, at 0mW and 7.25mW incident intensity.

light. These readings were then converted to a power spectral density. This is shown in

figure 4.9.

As can be seen, the response of the two detectors is near identical over the 1KHz range

shown here, with them both showing a distinct peak of the ratio at approximately 300Hz.

More intriguing, however, is the presence of sharp peaks spaced approximately 150Hz

apart. These are harmonics of some large low frequency classical noise on the main laser,

which it was hoped the noise eater will act to reduce.

These measurements also allowed a comparison of the transimpedance gain of the two

detectors and it was found that the Custom detector to PDA100A-EC gain ratio was

approximately 0.6.
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4.4 The AOM, Amplifier, Mixer, and RF Chain

The next section of the system optimised was the electro-optical control element. This

consists of a low noise 72-14122 RF generator that is fed through a ZP-5-S+ mixer, then

an RF amplifier and finally an AOM. The initial AOM driving signal is produced by a

signal generator at a power of 12 dBm. It is then passed through an 11 dBm limiter and

reduced to 0 dBm by an 11 dBm attenuator. The goal was to saturate the limiter to

reduce the noise on the RF signal. This works as, when saturated, a slight change in the

input power will have an insignificant impact on the output power of the limiter. This

is similar to the saturation attained in section 2.1 and works for the same reason. The

AOM itself, however, cannot be saturated as it needs to be in a relatively linear region

to effectively act as an electro-optical control element.

The mixer itself is used in an unusual configuration where the signal is input onto the

input terminal of the mixer and the output is taken from the local oscillator terminal of

the mixer which is then sent to the pre AOM amplifier. The output of the lock box is

put into what would usually be the output terminal of the mixer. In this configuration,

the output current of the lock box can control how much of the signal can pass into

the amplifier and it acts as a variable attenuator. Ultimately, this allows control of the

final amount of light that passes into the 1st mode of the AOM and into the rest of the

experiment.

Due to this atypical setup, the saturation current into the mixer needed to be determined,

as it was not quoted on the mixer’s data sheet. This was so the output resistor, that

defined the output current range, on the lock box could be set appropriately. This

was done by simply recording the efficiency of the AOM transmission at different input

currents, provided by a power supply. The result of this is shown in figure 4.10.

From this graph, the saturation power was approximated to be just over 5mA, so the
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Figure 4.10: A plot of the input current into the mixer vs. the DC voltage on the feedback
photodiode. The error on both the voltage and the current is roughly shown by the size
of the plotted points.
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Figure 4.11: A simplified diagram of the lock box circuitry.

output resistor value on the lock box was chosen to be 1kΩ. This limited the absolute

maximum output current of the system to 15mA. From there, the lock box parameters

could easily be adjusted to produce an output at the ideal range.

4.5 PID Lock Box

A simplified schematic of the circuit is shown in figure 4.11.

The lock box itself consists of two separate parts, that can be switched between during
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operation. The first is a triangle wave generator (jagged line) that is used to ensure the

system is working at as close to saturation as possible, hence operating at the highest

possible transmission efficiency. The frequency, amplitude, and output bias can be altered

using potentiometers built into the PCB.

The second section is the PID stream itself (top) [101]. This takes the input and passes it

through an instrumentation amplifier (leftmost) of variable gain, G. After, an input bias

is introduced via an op amp adder circuit. This allows the target position of the PID loop

to be set. Then the signal is then split and passes through a unity gain amplifier, an op

amp integrator, and an op amp differentiator (PID). The signal is then recombined with

an adder and the contribution of each of these terms is set with potentiometers. Next,

the signal can be optionally inverted with an inverter x(±1) before passing through the

output adder and out of the device.

4.6 Final System Testing

All the elements discussed previously were connected to form the final system, which was

expected to reduce the classical noise greatly on the beams. However, to actually mea-

sure if there was any noise reduction caused by the system, additional optical elements

had to be added to the setup. These facilitated the measuring of the noise on the beam

before and after the noise eater, allowing the noise reduction to be measured. They also

added flexibility on the power allowed to shine on each of the detectors. These additions

are shown in figure 4.12.

The input beam is polarised in the vertical direction. The active elements in the setup

are the AOM and the NE p.d., which are directly involved in the noise eating loop. Aside

from this, there is also a pick-off from before the AOM that allows control of the power

input into the system. Another pick-off is present just to the left of it, controlling the
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Figure 4.12: A simplified diagram of the optical set-up for measuring the level of noise
reduction by the Noise Eater. The noise eater photodetector (NE p.d.) was the custom
one previously discussed and the unlabelled photodetectors were Thorlabs PA100A-EC
type.

power incident on one of two Thorlabs PDA100A-EC photodetectors. After the AOM,

a beam block prevents the 0th mode from passing into the rest of the system, while

allowing the +1st mode to pass uninterrupted. After this, 95% of the beam continues

on to the rest of the experiment, while 5% is shared between the NE p.d. and the other

Thorlabs photodetector. All the pick-offs consist of a half-wave plate (HWP) and a po-

larising beam cube (PBS) to allow easy control of the pick-off proportions. The output

of the detectors was connected to a DSO-X 3014A Oscilloscope, to measure noise power

from DC to 100KHz.

Before testing, the pick-offs were adjusted to ensure the power on each detector was as

close to identical as possible, so that the noise readings on the instruments could be

directly compared to each other.
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Figure 4.13: PSDs of the output before and after the noise eater as well as the difference
between them.

The custom detector was used as the NE p.d., as shown in figure 4.12, thus was connected

to the lock box input. The PID values of the lock box were then optimised for reduced

noise. The power of each of the monitoring detectors was then set to (7.5 ± 0.01) mW

and the power on the NE p.d. was measured as 25 mW. The laser power exiting the

system was 1.045 W, which corresponded to an AOM transmission efficiency of 40.4%.

The noise power before and after the NE was measured using the oscilloscope, with a

time step of 10 ms. Power spectral densities (PSDs) were taken of this data and the

results of this are shown in figure 4.13.

As can be seen, the system works! A clear improvement can be seen over the 200−600Hz

band. Over this band, a broad peak with a magnitude of is present before the NE, but

not after. There is an especially narrow peak at ∼ 300Hz with a magnitude which is

removed too. By looking at the difference between the the before and after PSDs it can

be seen that the peak noise reduction is around 30 dB (or 1000 times).
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4.7 Conclusion

In this section, the construction and successful implementation of a low frequency laser

intensity noise eater has been demonstrated. A final peak noise reduction of 30 dB was

recorded on beams at ∼ 7.5mW . This was achieved using a custom detector that allowed

the use of an intense feedback beam.

The hope is that such a noise reduction will help to remove the classical noise that has

thus far interrupted efforts to detect the displacement of squeezed regions, particularly

when using the high speed PIXIS camera. This is encouraged by the fact that the ma-

jority of the removed noise was in the 200− 600Hz band, which roughly corresponds to

the frequency of slice taking within a frame. This should stabilise the power between

slices of the same frame.

Further refinements could potentially be made by updating the PID circuitry with mod-

ern lower noise components. Of course, more feedback power would also increase the

noise suppression, and this could be achieved by stringing multiple custom detectors to-

gether. Overall, the system has been demonstrated to work and there is more room for

improvement should more noise reduction become necessary.
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Propagation Effects in an

Extended Optical Amplifier
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CHAPTER 5

LATERAL DISPLACEMENT OF BRIGHT PROBE AND

CONJUGATE BEAMS

I T has been discussed that the finite length of the gain medium limits the minimum

size of the correlated region. This is referred to as the coherence area. A possible

additional displacement effect was also discussed, which would explain the excess noise

at intermediate spatial frequencies.

It is then postulated that the small angle between the probe and conjugate could be

responsible for this shift. In the optical amplifier equations, it can be seen that the probe

and conjugate beams stimulate each other’s growth. This leads to correlations at the

quantum level. However, the finite angle between them because of the phase matching

condition, tends to pull these correlations in the transverse direction. This effect is

possibly inhomogeneous across the pump beam.

This chapter produces a working theory of this effect, as well as two numerical simulations

that allowed the prediction of some of its characteristics. Further, this chapter quantifies
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PrC

S

Figure 5.1: An idealised representation of the 4WM system within the cell.

and measures this effect with experiment, demonstrating that it behaves as predicted by

the models.

5.1 A Potential Mechanism of Action

Picture an idealised 4WM setup. One where the pump beam is perfectly planar, and the

seed is infinitesimal in width and incident at a shallow angle as it enters the cell. Such a

system is represented in figure 5.1. As the seed travels it stimulates 4WM interactions,

producing both probe and conjugate photons. This causes gain on the seed, which

becomes the probe. At the same time, the conjugate beam starts to form. The conjugate

beam also stimulates 4WM interactions and thusly gains, whilst causing more gain on

the probe too. From looking at the diagram, it might seem obvious that where there is

more overlap on the beams there will be more interactions back and forth and more gain.

Therefore, the beams would tend to ‘lobe’ towards the centre point between them, the

displacement between them perhaps reducing as the overall gain of the 4WM medium

increases.

The effects of loss on the system are harder to imagine, but it would likely lead to
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Figure 5.2: A nodal representation of the 4WM system within the cell.

some change in the differential displacement too. To more thoroughly explore this, a

mathematical model and simulation was produced.

First, the cell itself was discretized into a diagonal grid and interactions were assumed

to occur only on the intersections of said grid. This produces an arrangement similar to

the black squares on a chessboard, another representation is shown in figure 5.2. Having

an inherent diagonality in this model is convenient, as it builds in the (nearly) horizontal

reflection in the propagation vectors of the probe and conjugate beams. The grid angle

is set such that it matches the propagation angles of the probe and conjugate beams.

At each intersection, (i, j), a vector can be defined

Pri,j

Ci,j

 =

gPrCi−1,j−1 + lPrPri−1,j−1

gCPri−1,j+1 + lCCi−1,j+1

 , (5.1)

where Pri,j and Ci,j are the probe and conjugate powers. Equation 5.1 also includes the

rules for propagating these powers forwards while considering the effects of the gain and
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Figure 5.3: The result of a simulation produced using a seed value of (0, 1), assuming
negligible conjugate loss. 100 longitudinal steps were taken, where gPr = gC = 0.06,
lPr = 0.95, and lC = 1. The final total probe gain was 15 and the final total conjugate
gain was 22. The coloured vertical lines represent the weighted mean position of the
beams. The asymmetry of the final probe and conjugate profiles comes from the fact
that the probe experiences loss while the conjugate does not.

loss on the beams at each point, gPr,C and lPr,C .

A seed power can be introduced at point (0, 0) and the simulation allowed to tick forward

a number of steps, dictated by the longitudinal precision required. A result of one of

these simulations is shown in figure 5.3, for a virtual cell length of 20mm.

It can be readily seen that, despite the initial ‘infinitesimally’ sized seed, the final probe

and conjugate beams become significantly broadened by the time they leave the cell.

They are also clearly in different positions. Without any background, since this is a

simulation, the weighted mean position of the beams was taken and compared. In this

case, a displacement of 22µm is reported, well within range of those seen in the previous

experiment.

Further, many of these simulations were run while changing only the gain parameter.

This almost perfectly simulates changing the temperature of the cell, since this tends to

only change the number density hence the gain per unit length of the cell. To a lesser
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Figure 5.4: The resulting displacements
seen in a series of simulations produced
using a seed value of (0, 1) in a lossless
scenario. 100 longitudinal steps were
taken, where gPr = gC was swept be-
tween 0 and 0.04 in equal increments,
and lPr = lC = 1. The coloured vertical
line represents a gain of 1.
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Figure 5.5: The resulting displacements
seen in a series of simulations produced
using a seed value of (0, 1), in a lossy
scenario. 100 longitudinal steps were
taken, where gPr = gC was swept be-
tween 0 and 0.0525, and lPr = 0.975
and lC = 1. The coloured vertical line
represents a gain of 1.

extent, this can represent changing the pump power, so long as the light shift is minimal;

otherwise this will impact the gain and loss terms simultaneously as 4WM resonance

frequencies change. Two examples of this simulation are shown in figures 5.4 and 5.5.

Figure 5.4 shows a simulation that does not consider loss at all. Despite this, a significant

displacement is seen as the probe gain increases. It also plateaus similarly to that seen

experimentally, in the case where the gain change is caused by changing pump intensity

across the cell. This is shown later in this chapter. It is as though the probe and conjugate

segments are ‘locked’ together at higher gains. This is very similar to a phenomenon noted

in the time domain studied previously. [102]

Figure 5.5 displays a similar scenario with some constant loss considered too. In this

instance, the plateau is even more strikingly similar to that seen experimentally in the

following sections. More so, the range of relative displacements is 30um - very close to

the experimental values.

Interestingly, other more complicated effects can be produced too. For instance, figures
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Figure 5.6: The resulting displacements
seen in a series of simulations produced
using a seed value of (0, 1). 100 longi-
tudinal steps were taken, where gPr =
gC = 0.011 and lC = 1, and lPr was
swept between 0.94 and 1 in equal incre-
ments. The coloured vertical line repre-
sents a gain of 1.
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Figure 5.7: The resulting displacements
seen in a series of simulations produced
using a seed value of (0, 1). 100 longi-
tudinal steps were taken, where gPr =
gC = 0.022 and lC = 1, and lPr was
swept between 0.94 and 1 in equal incre-
ments. The coloured vertical line repre-
sents a gain of 1.

5.6 and 5.7 show an inflection point in the dynamics. These sweeps are produced by

holding the gain constant and sweeping the loss. This indicates that the loss on the

system can both enlarge and reduce the differential displacement in a complex way, that

depends on the gain too.

5.2 A More Refined Model

Further, developing this model and bringing it closer to reality, more aspects can be

included from the 4WM process. For this model, we rely on the propagation equations

defined in the semi-classical model in section , equations 1.101 and 1.102.

Initially, we transform to Fourier space as a way of dealing with the x derivative in these

equations, which is the rate of change of the beam profile transverse to the propagation
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direction. For the probe this is given as

εPr(x, z) =

∫ ∞

−∞
ε̃Pr(kx, z)e

ikxxdkx. (5.2)

In the case of the conjugate term, the complex conjugate of the Fourier transform must

be taken instead, this is used in equation 1.102. This is

εC(x, z) =

∫ ∞

−∞
ε̃∗C(−kx, z)e

ikxxdkx. (5.3)

These cause equations 1.101 and 1.102 to become

−k2xε̃Pr(kx, z) + 2ikPr
∂ε̃Pr(kx, z)

∂z
= −k2PrχPrPrε̃Pr(kx, z)− k2PrχPrCε̃∗Pr(−kx, z)

(5.4)

and

−k2xε̃
∗
C(kx, z)− 2ikC

∂ε̃∗C(−kx, z)

∂z
= −k2CχCC∗ε̃∗C(−kx, z)− k2CχCPrε̃C(kx, z). (5.5)

These are first order coupled differential equations, of the same form as those seen in

section 1.1.3 and can be solved by the matrix method in much the same way. This

produces

ε̃∗C(kx, z) = −ε̃s(−kx)e
δaz aCPr

ξ
sinh(ξz) (5.6)

and

ε̃Pr(kx, z) = ε̃s(kx)e
δa(cosh(ξz) +

a

ξ
sinh(ξz)). (5.7)

Which are the propagation equations for probe and conjugate plane waves in k-space,

given an initial probe seed wave ε̃s(kx), where δa = 1
2(aPrPr−aCC), ξ = (a2−aCPraPrc)

1
2 ,

a = 1
2(aCC + aPrPr) − ∆k, ∆k = ik2x

2kPr
= ik2

2kC
, aPrPr = ikPr

2 χPrPr, aPrC = ikPr
2 χPrC ,

aCPr =
ikC
2 χ∗

CPr, and aCC = ikC
2 χ∗

CC .
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Figure 5.8: The resulting probe inten-
sity profiles seen in a series of simulations
produced using a χPrPr = 0.15 + 0.0i.
100 steps in χk were taken, over a range
of 0 – 0.17 rad mm−1. Darker plots rep-
resent an increasing value of χ and gain.
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Figure 5.9: The resulting conjugate in-
tensity probe profiles seen in a series of
simulations produced using a χPrPr =
0.15 + 0.0i. 100 steps in χk were taken,
over a range of 0 – 0.17 rad mm−1.
Darker plots represent an increasing
value of χ and gain.

Using these equations, an initial seed can be converted to the Fourier domain and prop-

agated here by some distance, z. After, the profiles of the probe and conjugate in real

space can be found by taking the inverse Fourier transform. Propagating the beams in

k-space in this way is especially useful, as it allows us to account for how different Fourier

components of the beams experience different phase matching conditions.

This was done numerically using python code written by the group previously, and the re-

sults of this for a seed beam with a waist of 0.36mm over a sweep of χk = χPrCk = χCPrk

are shown in figures 5.8 and 5.9. χPrC and χCPr were set to be both entirely imaginary

and equal, as this is what is expected for these parameters in most cases where squeezing

is observed. These simulations were run with χCC = 0 and χPr = 0.15, indicating 0

absorption for both terms and a refractive index on the probe. Again, this is what is

expected in situ for χCC however there are some cases where probe absorption is signifi-

cant. This is investigated later.

It is immediately clear from the figures that while the conjugate beam grows uniformly
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Figure 5.10: The resulting displacements
seen in a series of simulations produced
where χPrPr = 0.15 + 0i, so there was
no loss on the probe. The gain was
changed by altering χk over a range of
0 – 0.17 rad mm−1, over 100 equal incre-
ments. The red line represents a gain of
1.
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Figure 5.11: The resulting displacements
seen in a series of simulations produced
where χPrPr = 0.15 + 0.05i, such that
there was loss on the probe. The gain
was changed by altering χk over a range
of 0 – 0.20 rad mm−1, over 100 equal in-
crements. The red line represents a gain
of 1.

and maintains its position with changing gain, the probe beam grows in a much more

asymmetric way. Specifically, it lobes on the side towards the conjugate beam as the

gain increases.

This is reflected in plot 5.10, which represents the distance between the mean positions

of the probe and conjugate beams at each probe gain. It is clear to see that the beams

start fairly separated at low gains. This is because of the geometric propagation in the

cell, as the transversely opposite k vectors of each of the beams causes them to propagate

away from each other. However, as the gain increases, the probe beam is drawn towards

the conjugate. This trend starts to plateau at higher gains, ‘locking’ the positions of

the beams together. Further, this trend is seen even more strongly when some loss is

introduced to the system, as seen in figure 5.11. Both a larger magnitude is seen in the

effect and the plateau is stronger too.

All of these features are consistent with what is seen in the previous model in figures 5.4

and 5.5, as well as the magnitudes of the effect in both cases and the general form of the
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curves produced. This evidences that the dominant cause of the displacement effect is

the gain and loss on the system, as this was the only aspect considered in the previous

model.

Overall, these simulations do offer compelling evidence that this theory could be the

mechanism of action for a displacement effect. What remains to be seen is whether,

in a MSM squeezed imaging system, it would be easier to simulate these displacements

before imagining and account for them that way, to simply measure the displacements in

situ before imaging and correcting using that, or even to account for and mitigate them

optically – before imaging.

5.3 Beam Scan Investigation

The first of the experiments seeking to validate the previous simulations was the beam

scan experiment.

In this study, the positions of the probe and conjugate beam positions were measured

as the position of the input seed beam was changed relative to the pump within the

gain medium so that it assumes all possible horizontal positions of the pump. In this

way, the seed was scanned across the pump, hence the name ‘beam scan’ experiment.

The aim was to prove that the inhomogeneity of the pump profile was a component of

the differential displacement in the correlated regions of the probe and conjugate beams

that was potentially preventing the acquisition of high-quality MSM squeezed images.

Given that this was the case, this would pave the way to future experiments aiming to

more precisely map the differential displacement of the beams and extract a function

that could be used to rectify the images taken by the camera.
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Figure 5.12: The 4F imaging system used in the beam scan experiment.

5.3.1 Method

The general idea was to measure the relative position of the output beams, as a function

of the seed’s position within the pump. This was done in the case of beams much

smaller than those usually used for multimode squeezing when focused to the centre of

the cell. Thus, the diameter of the beam waist of the Seed beam was altered to be

approximately 240µm. The goal was to make the displacement comparable to the size of

the coherence area. For this, ideally, we would use the smallest beam possible, one that

has a Rayleigh range comparable to the cell length. This would make the beam size equal

to the coherence area. However, the Rayleigh range of this beam is closer to 0.2m. This

had to be the case, as otherwise the twin beams would diverge too much upon exiting

the cell and overlap with the pump before they could be picked off for measurement.

Rather than displacing transversely the probe, we chose to shift the pump beam sideways

instead, for practical reasons.

Firstly, the input Seed and Pump beams were combined at a small angle with a PBS

and injected into a 20mm cell. Here, four wave mixing occurs, and a conjugate beam

was generated. All system parameters were the tuned to those optimal for squeezed

state generation. A 20mm length cell was used here instead of the typical 12.5mm one
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to increase the path length the beams gain over and thereby maximise any propagation

effects. After this, two lenses are positioned in a 4F arrangement, such that the EM

field at the surface of the cell is exactly replicated in the second near field with a 3x

magnification. Here, a Thorlabs BC106N-VIS(/M) beam profiler captures an image of

the beams. This is shown in figure 5.12.

To separate the beams, so both can be independently seen on the beam profiler, a split

mirror is placed in the Fourier plane. Its two elements were angled such that the probe

and conjugate travelled slightly different paths through the system and landed separately

on the beam profiler CCD, despite them being in the imaging plane.

The pump was mostly removed using a Glan-Thompson Polariser, and spatial filtering in

the imaging system (a beam block in the Fourier plane). To further reduce pump impact,

subtraction imaging was also implemented; so two images were taken at each position,

one with the probe seed blocked before the cell and one where it is not blocked. This

allowed the pump remnant to be isolated and subtracted from the combined image.

The beam positions were determined from the subtracted images by curve fitting, with a

Gaussian function. Previous testing, with a resolution target, determined the resolution

of the imaging system was around (12±2) µm. This is much smaller than the shifts seen

in the results, so this precision is deemed appropriate. Errors were also considered to be

much lower than this, as peaks can typically be located much more precisely than the

resolution of a system would indicate [103].

The PBS before the cell, as shown in figure 2.2, was moved side to side using a micrometer-

driven displacement stage, changing the position of the pump beam in the cell with a

∼ 10µm accuracy.

Gain was calculated by dividing the total beam power seen on the beam profiler by the

seed power before the cell. It was important to measure this, as the gain at each position

can be seen as a proxy for the pump intensity. Since only this aspect of the system is
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changing at each point. So if the displacements are related to gain in this case, it can be

said that the local pump intensity is responsible for them. The seed power was calculated

from the reading given by the photodetector, as the PBS used to pick off the beam here

divides its intensity by a known fraction determined at the start of the experiment. It

was then assumed to remain constant throughout. In both cases, the readings were taken

over a 10-second measurement period and averaged.

5.3.2 Results and Discussion

Initially, the gain of the probe and conjugate beams were plotted against the pump po-

sition as it was moved across the cell, shown in figures 5.13 and 5.14. This produced the

expected result that the gain of each beam varies with the pump power.

The reliability of these results was measured by plotting the seed beam power as the

experiment progressed. The RMS of this was then taken and divided by the mean of the

seed power to show a relative fluctuation estimate of 2.56× 10−3 for a single point. This

error was propagated to the gain in each graph, to produce error bars that account for

the uncertainty introduced by a fluctuating probe seed beam. These were so small as to

be considered insignificant. However, it has previously been determined that frequency

drift in the initial beam can be a significant source of error, producing a drift in gain of

approximately 0.1. As such, this was also considered in the calculation of the error.

Finally, the peak positions of each beam were plotted against pump displacement. This

is shown in figure 5.17.

The most striking feature of this graph is the disparity between the conjugate beam,

which seems to move very little, and the probe, which displaces by almost 50µm at its

maximum.

By subtracting the relative positions of each of these beams (figure 5.18) a relative dis-
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Figure 5.13: The probe Gain vs. Seed
position along the cell.

Figure 5.14: The conjugate Gain vs.
Seed position along the cell.

Figure 5.15: The probe Seed intensity vs.
Seed position along the cell.

Figure 5.16: Horizontal cross-section of
the pump beam intensity.

Figure 5.17: Peak positions of the probe
and conjugate vs. Seed position along
the cell.

Figure 5.18: Relative displacement be-
tween peak positions of the probe and
conjugate vs. Seed position along the
cell.
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placement map can be produced.

5.4 Elliptical Beam Investigation

To complement the previous investigation, it was decided that the displacement effect

needed to be explored over the full parameter range of the 4WM resonance. It was also

desired that the full range of the pump intensities that the probe and conjugate beams

would be exposed to was explored simultaneously. This offered the benefit that any

measurements of the displacements made would not be susceptible to fluctuations on the

pump beam over time.

To achieve this, the seed beam was modified to be much wider in the axis perpendicular

to the angle between the pump and seed beams. The idea here being that it was made

wide enough that the seed extended from outside the influence of the pump, directly

through the centre of it, and then back out of its influence on the other side. Having

regions of the seed outside the pump also provided an absolute reference for the seed

position, unperturbed by the effects of the pump. Slices of equal pump intensity of the

resulting beams were then taken, and the position of each slice was compared to the

reference positions to determine the magnitude of any displacement seen.

It was important that each slice only sampled a very narrow range of pump intensity, so

it could be assumed that the pump was constant. For this reason, the slices had to be

very thin. Its relatively small extent in the vertical axis also made it easy to measure

the translation of the beam caused by the 4WM process.
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5.5 Experimental Preparations

5.5.1 Producing an Elliptical Seed and Taking Real-Time Seed Power

Measurements.

As detailed in figure 5.19, the Seed beam was shaped and steered with an arrangement

of lenses and mirrors to ensure its focus was placed exactly in the centre of the cell

with a beam waist of 250µm in the vertical direction. Cylindrical lenses were added to

expand the beam in the horizontal direction. The setup remained functionally identical

in the vertical axis to that shown in section 5.3, but two f = 25mm cylindrical lenses

were inserted in the horizontal direction. This was done because the cylindrical lenses

were easier to mount in this orientation. This resulted in the beam being very slightly

converging 0.5mrad and approximately 1500µm wide at the cell centre.

We were interested in measuring the gain of all the slices at all positions in the pump

beam, so this could be plotted alongside the probe and conjugate displacements as a

way to validate our proposed model. For this, the power of the beams before and after

the cell had to be measured. Real-time measurements of the seed power were required

to compensate for any fluctuations in the overall beam power fed into the experiment.

Measuring the power of the seed beam was achieved by adding a 50 : 50 beam splitter

between mirrors M3 and M4 and focusing the deflected output on a photo detector. After

the system was calibrated using a trusted power-meter. Imaging and measurement of

the beams after the cell is discussed in section 5.5.3.

The final system is shown in figure 5.19.
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Figure 5.19: The final setup of the post fibre Seed prep for the elliptical beam experiment.
The focal length of the spherical lenses used are; L1 = 100mm, L2 = 50mm, L3 = 50mm,
L4 = 200mm, and L5 = 500mm. The cylindrical lenses both have a focal length of
C1 = C2 = 25mm

5.5.2 Achieving 4WM and Measuring the Angle of Incidence Between

the Pump and Probe Beams

Due to the seed being expanded in the horizontal direction, the seed needed to be injected

into the cell at an angle along the vertical plane, instead of the usual horizontal plane.

However, this should not have produced any difference in the results, since the vapour

density in the cell was isotropic. The obvious generation of two beams (probe and

conjugate) was enough to confirm that 4WM was occurring, and the Seed had been

sufficiently aligned to the phase matching condition.

After this, the probe and pump beams were allowed to propagate from the unheated

cell by a known distance to a screen. The distance between the two beams was then

measured and the angle between them calculated to be (6.9± 0.2) mrad.
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Figure 5.20: The 2F − 2F ′ imaging system used in the experiment.

5.5.3 The 2F − 2F ′ Imaging System

To image the beams on the output surface of the cell, the intensity distribution had to be

replicated exactly (aside from magnification) on the detector used to measure it. In this

case, it was a Thorlabs BC106N-VIS(/M) beam profiler. This transfer was achieved using

a simple 2F − 2F ′ imaging system similar to the one used in the previous experiment,

shown in figure 5.20. This produced a 3x magnified image at the imaging plane.

It can be seen that the system consisted of two lenses separated from each other by the

sum of their focal lengths. The first lens, L1, was one focal length from the cell, as the

beam profiler was one focal length from L2. The focal lengths of L1 and L2, are 250mm

and 750mm respectively.

Between L1 and L2 at the focus of both lenses a pair of split mirrors were placed (one on

top of the other), which allowed the steering of the probe and conjugate independently,

so each could be separated and imaged on the detector at the same time. Otherwise,

they would be on top of each other in the imaging plane.

To ensure accurate calibration of the recorded magnification of the final images, the
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Figure 5.21: A representation of the beam profiles at various points in the experiment.
A) Initially, the oppositely polarised pump and probe seed beams combine at the PBS,
shown in figure 5.20. B) After, they are focused to the centre of the cell where 4WM
occurs, producing gain on the probe and generating the conjugate beam. Hence, all
three beams are present in the object plane. C) The beams are then transported to the
Fourier plane by lens L1. Here, most of the pump has already been removed by the
G-TP, but the rest passes between the split mirrors. The long and short axes of the
probe and conjugate beams are switched due to diffraction effects. D) Finally, the probe
and conjugate are projected onto the imaging plane by L2 with a magnification factor of
3x.

magnification of the system was determined by illuminating a resolution target of known

size (1951 USAF resolution test chart) with the pump beam and capturing an image of

it. The target was placed at the point that the cell surface would occupy in the final

experiments, and the correct scaling factor was thusly calculated.

A diagram of the beams as they pass through the system is shown in figure 5.21

5.5.4 Measuring Pump Beam Stability

To ensure it would not be a significant source of error for the calculation of local gain,

the stability of the pump beam was measured over the course of 100 minutes. This was

done by blocking the seed and slightly tilting mirror M1 such that the pump fell onto

one of the split mirrors. This allowed it to be imaged by the 4F system and seen by the
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beam profiler. After, an image of the pump was taken every 10 minutes. Then, each of

the images were fitted to 2D Gaussian functions and the amplitude, mean positions, and

beam diameters of these fitted Gaussians were plotted over time.

As a result of this analysis we saw that the pump’s intensity varies very little over the

allotted time, having a relative error of less than 0.2%. Thus, it is not considered to be

a large source of error in the results.

Further it was seen that the position in both the x and y-axis varied very little over the

100 minute period, resulting in a standard error on the pump position of 3.25µm and

1.28µm in the x and y directions respectively.

The variation in the beam diameter was considered insignificantly small also, being less

than 1µm in each case. This could have easily been caused by noise on the beam profiler

itself interfering with the Gaussian fitting process. The average beam diameter was found

to be 1661µm and 1708µm in the x and y axes.

5.5.5 Calculating an Accurate Gain for Vertical Slices of the probe and

conjugate Beams

The image data of the probe and conjugate beams was analysed by first slicing it into

100 thin vertical segments.

To calculate a gain for each part of the resultant probe and conjugate beams an image of

the probe seed beam was taken when far from the 4WM resonance to produce a known

profile of the seed. This was sliced into 100 even segments. Then, the power of the

overall seed beam was measured using P.D.2 (shown in figure 5.20) and each slice was

assigned a portion of this power in accordance with the relative intensity of the slices on

the original image.

To calculate the gains from the final experimental data, the power of the probe and
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conjugate beams was calculated for each slice of the images and they were divided by

the previously calculated seed slice powers.

5.5.6 Determining the Increments of 1-Photon Detuning Used

The 1-photon detuning was controlled by adjusting a reference cavity attached to the

SolsTiS Ti:Sapphire laser. This was done using a piezoelectric crystal. To produce an

accurate measurement of the step size used in the experimental sweeps, the wavelength of

the seed beam was measured using a Moglabs Economical Wave meter over 35 increments.

A linear line was fitted to the results, which determined the step size to be 1.42×10−4nm.

Residuals on this fit were so low that any error on this was deemed insignificant. This

step size corresponds to ∼ 67MHz as a frequency, in the regime we are working in.

5.5.7 Method

To fully explore the parameter range of the 4WM, four key aspects needed to be swept

over 1-photon detuning, cell temperature, total pump power, and 2-photon detuning.

Sweeping the 1-photon detuning was accomplished using the cavity described earlier,

and the cell temperature was swept by simply turning off the cell heater and taking

measurements as it cooled. The total pump power was adjusted using the pump AOM.

The 2-photon detuning was adjusted with the 1.5GHz probe AOM running in double

pass configuration, by altering the frequency of the incoming RF signal.

First, the probe beam was aligned such that its centre intersected with the peak of the

pump beam, whilst some portion of it on either side was entirely clear of the pump. Then

the parameters not being swept were set or recorded to be the values in table 5.1.

The blue-detuning referenced in table 5.1 is the frequency of the 1-photon detuning rela-
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Table 5.1: The values of each static parameter for each parameter sweep. The blue-
detuning is relative to the point of maximum gain of the 4WM, which not the 1-photon
detuning resonance. In actuality, the absolute 1-photon detuning is on the order of 1
GHz from the resonance.

Scan 1P.D.(MHz) Temp.(C) P.P.(W) 2P.D.(MHz) Seed P.(V)
1 P.D. NA 106 1.2 8 3.3
Temp. 250 → blue-detuned NA 1.2 8 3.5

Pump Power 250 → blue-detuned 106.3 NA 8 3.26
2 P. D. 250 → blue-detuned 105.8 1.2 NA 4.0

tive to its value at the maximum 4WM gain. This not the 1-photon detuning resonance.

In actuality, the absolute 1-photon detuning is on the order of 1 GHz from the resonance.

First the probe gain is optimised to its maximum value and then the 1-photon detuning

is stepped 250 MHz blue-detuned.

For each sweep, at each increment, an image of the two beams was captured, using a

CCD beam profiler like in the beam transit experiment. Another image was also cap-

tured with the seed beam blocked before the cell. This provided a profile of the pump

remnant, that made it through the various filtering methods in the system. This profile

was then subtracted from the original image to reduce the error from this effect, as well

as the influence of the background noise. This produced a series of noise reduced images

ready for further analysis.

After this, the images were sliced into 100 even segments in the vertical direction. The

segments were then averaged in the horizontal direction to produce 100 1D strips, all at

different points along the beams. A Gaussian function was then fit to these data. The

mean positions of each of these Gaussians were then plotted as a function of the pump

beam at each point. This information was used to see how the probe beam moved as

compared to its initial undisturbed position, as well as the differential displacement be-

tween probe and conjugate segments. A diagram of this process is outlined in figure 5.22.
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Initial

Final

Figure 5.22: A diagram showing the process of cutting the beams into vertical sections,
averaging each segment horizontally, and then fitting a Gaussian to each segment to find
its midpoint. The beam depicted with a solid line is the probe at the exit surface of the
cell, and the beam shown in the dashed line is the undisturbed probe seed beam. The
vertical slices are divided with straight dashed lines and the midpoint vertical position of
each beam is shown with a solid line running through their centres. The displacement in
this diagram is greatly exaggerated for illustrative purposes; in reality, the displacement
of the beam is tiny (∼ 40 µm) as compared to its width (∼ 250 µm).

5.6 Results and Discussion

5.6.1 1 Photon Detuning Sweep

The raw results of this sweep are shown in figure 5.23. It can be seen that generally

the noise reduction methods outlined above were successful in obtaining clear images of

the beams. However, the final few images appear to have a lower SNR, due to the low

intensity of the probe and conjugate relative to the background and other noise sources.

Beyond this, it is clear in the final 3 images that both the probe and conjugate beams

start to split into two. The reason for this is not fully understood, but may be related to

the changing absorption and gain parameters of the system as the 1-photon detuning is

swept. As a result of this, plotting a well defined beam position becomes very difficult,

so these last two images are neglected in the final analysis.

Splitting the images into a hundred vertical slices, the profiles of the probe and conjugate
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Figure 5.23: The full array of subtracted images obtained in the 1-photon detuning sweep,
each increment represents a ∼ 67MHz shift in 1-photon detuning. The scale represents
the intensity of the beam at each pixel in arbitrary units and the x and y axis are spacial
with each pixel in the images representing a pixel on the camera.

can be plotted, the results of this are shown in figures 5.24 and 5.25.
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Figure 5.24: The profiles of the probe beam obtained in the 1-photon detuning sweep,
each increment represents a ∼ 67MHz shift in 1-photon detuning. The 1-photon detun-
ing was swept from a blue-detuned state towards the 4WM resonance. The line colour
darkens the closer the slice is to the centre of the beam; hence, each plot represents many
regions of differing gain and loss.
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Figure 5.25: The profiles of the conjugate beam obtained in the 1-photon detuning
sweep, each increment represents a ∼ 67MHz shift in 1-photon detuning. The 1-photon
detuning was swept from a blue-detuned state towards the 4WM resonance. The line
colour darkens the closer the slice is to the centre of the beam; hence, each plot represents
many regions of differing gain and loss.

Looking at the probe profiles, a slight displacement in the position of the profiles closer to

the centre of the pump beam can be seen (darker profiles). It can also be seen that they

develop a tail on one side. This tail grows as the amplitude of the beam slices increase.

Towards the end of the sweep, the probe fragments into two peaks before shrinking and

disappearing. However, the secondary peak is much smaller than the primary.

Conversely, conjugate profiles do not seem to shift at all as their amplitude increases.

They also do not grow tails as the probe profiles do. However, they fragment much more

dramatically. This is obvious in the last image, where the beam splits into two equally

intense fragments.
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A more enlightening way to look at the data is to map the displacement of each of the

beams by fitting a Gaussian to each slice and seeing how their peak positions vary re-

garding each other. The results of this process applied to the probe and conjugate beams,

as well as the difference between the two, is shown in figure 5.26. The right side also

displays the gain profiles of the beams, for comparison.

Although the gain graphs could be calculated for the full range of the 1 photon detun-

ing sweep, the fragmentation of the beams meant that peak fitting was not an accurate

method for determining the beam translation beyond 600MHz. As such, the position

graphs are clipped at this point. Note that the gain peaks for the probe and conjugate

beams were not symmetric along the 1-photon detuning axis. There was a ‘slow side’

where the gain changes slowly with 1-photon detuning (at the smaller relative detunings)

and a ‘fast side’ where the gain changes quickly with 1-photon detuning (at the larger

relative detunings).

What is immediately obvious is that the probe slices move considerably, whilst the con-

jugate slices remain relatively flat in their peak positions. This is reassuring, since this

is a feature that is predicted by the theory used to model this process. Further, the

displacements seen on the probe slices increase with their gains, which are in turn influ-

enced by the local intensity of the pump beam. A high pump intensity leads to a high

gain, which leads to a more significant probe position displacement. This displacement

is in the positive direction when the beams are being drawn towards the pump axis, so

the probe and conjugate beams get closer as gain increases.

However, one striking feature on the probe position plot is the dip in position apparent

between 400MHz and 600MHz. This is also the point where the apparent gain decreases

on the probe gain graph, despite the 1-photon detuning getting closer to the 4WM res-

onance. In this case, the distance between the beams increases. This is reasoned to be

caused by some absorption effect that leads to loss on the probe beam. This draws the
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Figure 5.26: The peak position and gain profiles of the beams over the 1 photon detuning
sweep. Beam position on the y axis references the position of each slice laterally across
the beams. The peak position on the z axis referrers to the mean position of the vertical
Gaussians fitted to each slice. The actual positions of each of the peaks are arbitrary, it
is the relative positions that matter here. As such, each of the position graphs have been
displaced to lie around 0. Positions closer to 0 represent the beams closer together at
the cell. Positions shown here are magnification corrected, so represent the magnitude
of the actual displacements at the cell.

beam downwards, potentially leading to the beam splitting that was seen earlier. This

did not occur on the edges of the beam, which were not pump exposed, so was unlikely

to be caused by beam drift. This is further supported by the fact this occurred on the
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red-detuned side of the gain profile, which is closer to the 4WM resonance and has been

shown already to be a highly absorbing region. [43]

The conjugate beam itself seems very flat, effectively having no translation when exposed

to different pump powers (along the beam position side of the graph). However, it does

move away from the pump centre as a whole as the 1 photon detuning is moved further

from resonance, on the ‘slow side’ of the gain profile. The edges of this graph had to be

clipped in the beam position axis as the conjugate was so weak on the edges there were

giant errors on the fitted peak position.

The combined effects on the probe and conjugate beams leads to a significant change in

the distance between them when they emerge from the cell. This is almost entirely due

to changes in the position of the probe over a range of around 50µm. This is on the ‘slow

side’ of the gain peak, where it is expected that losses play only a minor role. These

trends are very similar to those seen in the simulation in figures 5.4 and 5.5. They are

also of a very similar magnitude, which helps to validate this model further.

To further investigate the role of the gain on the distance between the probe and conju-

gate beams, it is better to plot the differential peak positions regarding probe gain. This

is done in figure 5.27.

It can be seen that in all cases that the distance between the probe and conjugate slices

decreases as probe gain does, above the 1 gain point (red line on the graph). However,

below this point the differential peak position also increased. For a gain less than 1 there

must be some absorption involved, this could have had a significant effect. Further, this

trend is very similar to the effect seen when varying the probe absorption in the simula-

tion, shown in figures 5.6 and 5.6, which further supports this idea. Above a gain of 1,

plots themselves are clearly offset from one another.

Plotting just the outline of these displacements, as is done in figure 5.28, reveals that

the displacement with gain remains ‘locked’ in place as gain changes on the ‘slow side’
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Figure 5.27: The distance between probe and conjugate beam slices vs. gain for each
1 photon detuning increment. The origin in the graph is arbitrary, since the absolute
distance between the beams is not known, by the nature of the experiment.
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Figure 5.28: A parametric plot of the distance between the average positions of the 10
probe and conjugate beam slices nearest the centre of the pump profile vs. gain for each
1 photon detuning increment. The origin in the graph is arbitrary, since the absolute
distance between the beams is not known, by the nature of the experiment.

of the 1-photon detunings. However, on the ‘fast side’ there is a noticeable dip away, as

the plot doubles back on itself. This could be due to the higher probe absorption on this

side of the gain peak.
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Figure 5.29: Total absorption of the seed
over the 1Pd range.
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Figure 5.30: Spatial absorption of the
seed over the 1pd range. The absorption
valley is of a similar width to that of the
pump beam diameter (∼ 2000µm).

It has also been seen from simulation that the displacement of the beams can be af-

fected by loss as well as gain. To further investigate this, the seed absorption for each

point in this range was determined, by two methods. The first was by simply integrating

the probe, conjugate and seed beam images into three optical powers and calculating the

difference between the probe and conjugate contributions as a percentage of the original

seed beam power and subtracting this from 100. When there are no losses, the difference

in power between the probe and conjugate should be the seed power, so the absorption

should be 0%. The result of this is shown in figure 5.29. The error for this graph was

calculated by propagating the approximate error on the measurement of each of the in-

dividual beam powers (±1µW ).

The other method was to first fit a Gaussian, in the horizontal direction, to each of the

beam images, after they have been summed over the vertical direction. The difference

between the probe and conjugate Gaussians as a proportion of the seed Gaussian was

then calculated, subtracted from 100, and plotted in figure 5.30.

In the case of figure 5.29, it is clear that the peak in the transmittance is around the

400MHz point. This shows that could be a correspondence between the transmission (or

absorption) on the Probe beam and the differential displacement of the squeezed regions.
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This is because the pure gain and loss at each point may be position dependent, due

to the light shift caused by the local pump intensity. This would significantly alter the

susceptibilities in each region, which are responsible for the gain and loss in the 4WM

system. The right side of the peak also decreases rapidly to extremely low seed transmis-

sions, around 10% at its lowest point; this hints that there may be a relationship between

this higher absorption and the beam splitting seen in the final images of figure 5.23.

5.6.2 Temperature Sweep

Next, a sweep of the cell temperature was undertaken over the typical ranges seen dur-

ing a squeezing experiment (from 110◦C to 100◦C). This was done by turning off the

cell heater and allowing the temperature to drop as images of the probe and conjugate

beams were taken. This parameter is especially important to investigate as it fluctuates

the most from day to day, as it is dependent on the ambient room temperature in the

lab.

It was thought this may have some considerable impact on displacement, as it affects the

number density of Rubidium atoms in the cell. This in turn affects the 4WM efficiency

and coherence time of the 4WM interaction. These both affect the susceptibilities in-

volved in the interaction.

The same Gaussian fitting and peak plotting process used before was employed here.

The results of this are shown in figure 5.31, where the differential displacement for each

temperature is plotted against probe gain. This results in a familiarly curved differential

peak position as gain increases, for each cell temperature. As before, the maximum gain

of both the probe and conjugate beams deceases with falling temperature, likely a result

of the falling number density of rubidium atoms leading to fewer 4WM interactions. The

temperature itself does not seem to appreciably change how the differential displacement
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Figure 5.31: The differential displacement vs. gain for each cell Temperature.

depends on gain.

It looks very convincingly like the displacement at each temperature depends on probe

gain the same way, as they all lie along the same curve in figure 5.31. Furthermore, when

investigating the absorption of the beams during the temperature sweep, it can be seen

that the total absorption of the seed beam is very consistent and all points are within

error of each other. This is shown in figure 5.32.

When looking at things more granularly (figure 5.33) it can be seen that the absorp-

tion is very consistent between different temperatures. Further, it can be seen that the

absorption once again flattens about the centre of the beams and that this flatness is

consistent too. It is thought that this consistence may be related to why squeezing can be

easily acquired over this temperature range, and is an encouraging sign that the relative

displacement between squeezed regions should not change over this temperature range.

As such, the exact temperature of the cell is unlikely to be a particularly important factor

when trying to predict the relative displacement of squeezed regions, during a real world

measurement.
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Figure 5.32: Total absorption of the seed
over the temperature range. There is
no change over the temperature range,
within error.
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Figure 5.33: Absorption of the seed over
the temperature range. The absorption
valley is of a similar width to that of the
pump beam diameter (∼ 2000µm). The
absorption is nearly very similar for each
temperature, with the integrated absorp-
tion being the same for each case.

5.6.3 Pump Power Sweep

Afterwards, a similar sweep was performed as the overall power of the pump beam was

altered, instead of the 1 photon detuning. This experiment was performed as a sanity

check to ensure that varying the overall pump power was equivalent to power being varied

over the pump envelope, as there were a couple of effects that could have made this not

quite so. In this instance, the 1 photon detuning was set to 270MHz away from the

probe gain peak, in the ‘slow side’ direction. This was because this was the point where

maximal displacement had been seen previously. The same peak finding and plotting

process used previously was applied, and the displacement was be plotted against gain

for each of the pump powers. This is shown in Figure 5.34.

As expected, the differential displacement for each overall pump power seems to depend

on probe gain in approximately the same way, each plot seemingly having the same

curvature and offset. Another key point to make here, is that this also indicates that
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Figure 5.34: The differential displacement vs. gain for each overall pump power.

there is not a significant difference in the displacement effect on either side of the beam

(where the k vector of the seed is either pointing towards the pump centre or away from

it). Previously, there had been some concern that this could be a contributing factor.

Another potentially disruptive effect would be that the intensity gradient of the pump

beam varied across the cell, due to the Gaussian envelope of the pump. Due to the

horizontal motion of the beams, as they propagated through the cell, they were exposed

to a narrow range of pump powers. There was a concern that this could have created an

inhomogeneous growth for the beam profiles. However, this effect was not seen on the

data. So, it can be said that the average local intensity across the beam path is all that

matters, for these purposes.

Encouragingly, as can be seen in figure 5.36, the seed transmission is similar to that

recorded in the 1pd sweep, with only a 10% difference between the recorded results.

Finally, since the pump intensity can be well controlled and the change in the differential

displacement of the squeezed beams is small with small changes of the pump power, it

is unlikely that this parameter will drift enough to cause issues whilst attempting to use

the beams to take squeezed images, once a map of the displacements has been produced.
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Figure 5.35: Total absorption of the seed
over the power range.
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Figure 5.36: A plot of the total absorp-
tion of the Seed beam against total pump
power. The absorption valley is of a sim-
ilar width to that of the pump beam di-
ameter (∼ 2000µm).

5.6.4 2 Photon Detuning Sweep

The final sweep was of the 2 photon detuning, over a range of −2MHz to 8Mhz. The

resultant images from this sweep are shown in figure 5.37.

One interesting aspect of these images is that the sides of the beams seem to get more

strongly clipped, as the detuning is decreased. One potential explanation for this could

be that as the gain of the system increases to such high levels (up to 50 in the first

image) the pump beam perhaps cannot be considered to be a constant field and starts to

be depleted. Near the edge of the beam, where the pump power is already lower, it may

be depleted enough to significantly affect the gain of the probe and conjugate. Hence, the

shared displacement on the edges of the beams. These images were once again split and

the peak positions were plotted against the gain of each of the slices. This is displayed in

figure 5.38. Once again, the differential position, at least for this range of two-photon de-

tunings, depends only on gain. However, the maximum gain achieved depended strongly

on the exact two photon detuning used.
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Figure 5.37: The full array of subtracted images obtained in the 2 photon detuning
sweep. The x and y axis are spacial, with each pixel in the images representing a pixel
on the camera.
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Figure 5.38: The differential displacement Vs. gain for each 2-photon detuning increment.
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5.7 Conclusion

In this chapter, two simple models were proposed for a displacement effect between the

probe and conjugate beams that caused them to move towards each other. Similar effects

were seen in the simple model and the more physical one, validating that the dominant

forces in this process are gain and loss of the system and not other potential aspects,

such as refraction.

The effect was then seen, as produced by the varying intensity of the pump profile,

through a beam transit investigation. The effects of other system parameters on the

displacements were also measured and yielded gain curves of similar form and magnitude

to those produced by simulation, validating them.

Overall, the effect of changing cell temperature in the 100◦C to 110◦C range was minimal,

so mild instability in this should not impact future attempts to attain squeezed images.

The role of pump power across the cell was shown to be equivalent to simply shifting

the pump power locally, so future experiments could exploit this fact for ease of testing.

Varying the 2-photon detuning over the −2MHz to 8MHz range had a significant impact

on beam gain and differential displacement, but all points conformed to the same curve,

indicating that gain was the only important parameter in this case. In this region, loss

is consistent, so is unlikely to have caused a significant impact. Finally, the 1-photon

detuning was investigated over a 600MHz range and shown to have the most variability

in its impact on the differential displacements. This is likely due to significant absorption

on the ‘fast side’ of the gain curve, as on the ‘slow side’ the displacement curves are more

similar in nature.

The general range of the effect was around 50µm. This is large enough that it could

be interrupting the formation of squeezed images, so this is consistent with previous

postulates. This work builds the foundation for a second investigation that focuses on how
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the squeezing itself is displaced and if it follows how the classical intensity distributions

behave.
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CHAPTER 6

PROPAGATION EFFECTS ON THE SPATIAL DISTRIBUTION

OF THE SQUEEZING

A S demonstrated in chapter 5, the intensity profiles of narrow beams generated by

the 4WM process can be displaced relative to each other by different amounts

as according to different 4WM parameters. It was conjectured that this displacement

is not just limited to the classical case, but might also cause a displacement of the

quantumly correlated regions within the beams – a mode mismatch. This could represent

a significant barrier to the production of squeezed images. Such a mode mismatch in a

multi-spatial mode system would not just cause the misalignment of the correlated regions

but would mean that light above the shot noise would be paired together, effectively anti-

squeezing the system. This is because the intensity fluctuations on the beams as a whole

are actually above the shot noise as discussed in section 1.1.4. As such, when any two

sub-regions are subtracted from each other they will produce an anti-squeezed output,

unless they are the sub-regions that are specifically correlated with each other.
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In this chapter, investigations proving this to be the case are undertaken. Initially,

a balanced photodetector was used to demonstrate squeezing between the entirety of

probe and conjugate beams generated by the 4WM process. After this, a search was

conducted, using physical slits, to find the relative location of the correlated regions

within each of the beams. It was shown that the distance between these correlated areas

varied according to the parameters of the 4WM similarly to how it does in the classical

case, as was expected.

6.1 Measuring the Squeezing

To see displacements between the correlated sub-regions of the beams, it was necessary to

be able to measure the level of squeezing between those sub-regions. The squeezing was

two mode intensity difference type, as discussed in chapter 1. As such, measuring the level

of squeezing was done using a custom-built Balanced Photo-Detector (BPD). Segments

of the squeezed beams were separately focused by lenses onto the photo-detectors of

the BPD. Internally, the signals they generate were subtracted from each other by the

detector and the result was output to an oscilloscope and a spectrum analyser. From

this, the power of the beams was measured and the noise at a 2.25 MHz was too. This

was compared to a what would be expected from a shot noise limited beam, which was

determined from a previous calibration measurement. As such, the level of squeezing

between the beams was deduced.

The BPD itself consisted of two photodiodes leading into a trans-impedance amplifier. By

the construction of the circuit (shown in figure 6.1), the currents of the two diodes operate

in opposition to each other and naturally subtract and are amplified to produce Vdiff .

The BPD also has instrumentation amplifier buffered outputs at each of the photodiodes,

V1 and V2. This allowed the power of each beam to be determined independently, allowing
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Figure 6.1: A circuit diagram of the BPD internals, the photo currents generated by the
two photodiodes subtract at the junction between them and are converted to a voltage,
Vdiff , by a transimpedance amplifier. Resistors on either side of the photodiodes convert
the small current they produce into a small voltage drop across them. This is amplified
by two instrumentation amplifiers, I, to produce V1 and V2.

automation of the squeezing measurements.

6.2 Detector Calibration

Before meaningful results could be obtained from the BPD, its response at shot noise was

evaluated such that it could be calibrated. Ideally, a measurement of the shot noise would

be generated using a coherent state on each input of the BPD. However, in practise, it

was equivalent to just splitting a (possibly noisy) beam 50 : 50 and projecting each part

onto each of the photo-detectors in the BPD. A noise measurement could then be taken,

147



Chapter 6. Propagation Effects on the Spatial Distribution of the Squeezing

Table 6.1: Calibration parameters for the BPD
Parameter 1V/ 500mV/ 200mV/ 100mV/

α0 3.24× 10−9 3.09× 10−9 3.10× 10−9 3.19× 10−9

N0 4.62× 10−10 6.21× 10−10 6.16× 10−10 6.16× 10−10

Channels CH3, CH4 CH3, CH4 CH3, CH4 CH3, CH4
Offsets (mV ) −118, −77.9 −77.9, −77.9 −10.5, −4.33 −7.79, −4.27

for a given total beam power. It was important that the intensities were as close to 50 : 50

as possible, as this helped mitigate any common mode classical noise on the beams that

would else wise have caused error in the calibration.

The total power of the beam was varied and the noise detected at 2.25MHz was recorded

as well as the voltage recorded by the oscilloscope when only one of the two beams was

shone into their corresponding photo-detectors, v1 and v2. The squeezing was measured

at this frequency as it was at its maximum here, since above this frequency the squeezing

begins to reach the limits of its bandwidth and below this frequency classical noise begins

to dominate.

It was known that the conversion from incident power to output voltage on the BPD

was linear for the powers measured. As such, any noise measurements taken of the 4WM

generated beams could be easily compared to the expected noise power from equivalently

intense coherent beams, using

Ne = αV +N0, (6.1)

where Ne is the expected noise power, V = |v1| + |v2| is the combined voltage outputs

from each of the photo-detectors when they are exposed to the beams, and α and N0

were constants determined from the calibration process.

The calibration of a and N0 was performed by taking measurements of the electronic

noise on the BPD at 2.25 MHz when balanced beams of 15 incremented powers were

incident on it. Equation 6.1 was then fit to the results and the constants determined.

This was done for four different oscilloscope voltage divisions and the results are shown
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in table 6.1.

From this, the squeezing level for any arbitrary input beams could be calculated simply

by measuring their noise, Nm, and V . Then the expected noise could be calculated

using equation 6.1 and the values compared logarithmically to produce squeezing value,

s. Where

s = 10 log10
Nm −N0

Ne −N0
. (6.2)

6.3 Searching for squeezed regions

To physically search for squeezed regions it was not enough to simply look at the inten-

sity distribution of the beams, as was done in the classical experiment. Instead, small

portions of each of the beams were picked off in the near field and their power fluctuations

compared with the BPD. This was a simple matter of using a physical slit to block all

but small vertical slices of each of the beams. A diagram of this is shown in figure 6.2,

where the dashed lines represent the edges of the slits s1 and s2.

One slit was held static whilst the other was moved across the beam and the squeezing

recorded at each point. The point of maximal squeezing can be understood to be when

slit s2 overlaps most with the region of beam 2 correlated with the region of beam 1

selected by slit s1 (diagonal shading).

Various parameters of the system were altered and their effect on the relative position

of these regions, ∆X, was determined. In these experiments, the parameters that were

expected to have the biggest effect were the same as those in the classical ones: one

photon detuning, two photon detuning, pump power, and temperature. Only the first

three were investigated, as the temperature of the cell could only be changed by either

altering the set point of the PID loop controlling it or by turning off the heating element

and allowing it to ‘free fall’. In the former case, this took too long to stabilise for an
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Figure 6.2: Diagram of the near field images of the probe and conjugate beams. The
diagonal shaded regions represent two correlated areas between the probe and conjugate
beams. The area is curved in the probe beam due to the influence of the varying pump
intensity. The lines that extend beyond the circle represent the boundaries of two slits
s1 and s2, that are used to select small slices of each beam for comparison.

experiment to be undertaken without sizeable error on the results. In the latter, the

temperature changed too quickly for a single data set to be taken.

There was another complication in that the pump power varied in both the horizontal

and vertical direction. If the pump power did have a significant effect, it would seem

that any displacement effect would have varied in magnitude as the pump did. As such,

a straight region in one of the beams would actually most correlate with a curved one

in the other, as shown in the diagram. Since only straight sided slits were used in this
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Figure 6.3: Diagram of the lens arrangement that produced a seed beam of the desired
shape and size focused at the centre of the Rubidium vapour cell. The focal powers of the
spherical lenses were L1 = 100mm, L2 = 50mm, L3 = 50mm, and L4 = 100mm. The
focal powers of the cylindrical lenses were C1 = 50mm, C2 = 50mm, and C3 = 100mm.

experiment, it was key to mitigate this effect as much as possible.

This was done by shaping the seed beam such that it was very thin on the vertical axis

and broad in the horizontal, as well as ensuring it was centred on the pump beam. This

minimised any bending, as the peak of the Gaussian pump varied very little over the

small diameter of the seed. The wide horizontal aspect of the Seed was useful as it al-

lowed the pump power parameter to be varied both by changing the overall pump power

and by simply transiting the other slit an increment between each sweep.

6.4 Seed Beam Shaping

As stated, before the cell, the seed beam needed to be shaped such that it had a high

aspect ratio; ideally such that it was confined to a narrow region of the pump on the

vertical axis whilst extending on the horizontal axis through a significant region of the

pump intensity profile.
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Figure 6.4: Diagram of the imaging setup that projects the probe and conjugate beams
to the BPD

This was achieved with the system described in figure 6.3. It effectively consisted of

two parts. The first, constructed entirely of spherical lenses (L1−L4), served to focus a

narrow beam into the centre of the cell both transversely and longitudinally. The second,

formed of the slit and cylindrical lenses C1 − C3, expanded the beam in the horizontal

direction. Part one of the system ensured that the beam waist was focused at the centre

of the cell and was 200µm in the vertical direction. Part two of the system expanded

this in the horizontal direction to 850µm, resulting in an aspect ratio of 4.25 : 1.

This portion of the system also allowed the beam to be positioned and angled transversely

to the pump to optimise squeezing. In these experiments, the beam was centred on

the pump and impinged at an angle of roughly 0.07mrad in the horizontal direction,

corresponding to the phase-matching condition for typical 4WM parameters.

6.5 Imaging Setup

A detailed view of the imaging system used to capture the probe and conjugate beams

is displayed in figure 6.4. After the cell, the probe and conjugate beams were separated

and isolated from the pump beam. This was done by first passing the beams through
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a Glan-Taylor polariser. Since the input pump beam was polarised orthogonally to the

input probe seed, the output pump was mostly orthogonal too. Thus, most of it was

deflected and removed. Some of it, however, made it through, as it was unpolarised light

generated by florescence in the cell. Then the three beams entered the 4F imaging system

formed by lenses L1 and L2. All of this was identical to how it was done previously.

The probe and conjugate beams were intercepted by a pair of split mirrors at the focal

point of L1 whilst the pump remnant was allowed to pass between them. It was easiest

to separate the beams here, as the ratio of beam separation vs beam size was maximised

at this point. The split mirrors were angled such that the beams took separated paths

that were equal in length through the rest of the system. The beams were then returned

to their original state by another lens placed one focal length away, L2. Here, the

arrangement of the split mirrors was different from in the previous investigation, being

horizontal rather than vertical. This is because the beams were angled in the horizontal

plane this time, and we were looking for horizontal displacements.

After this, the beams passed through a new anisotropic imaging system formed of three

cylindrical lenses; one oriented horizontally, h, and the others vertically, V 1 and V 2.

This system further stretched the beams by a horizontal magnification of around 8x

at the imaging plane. It was at this plane that slits were placed to physically block

all but a sliver of the beams, so the squeezing between those smaller sections could be

measured. Such a large magnification was useful as it also magnified any displacements

in the squeezing too and made them easier to measure.

Finally, the unblocked parts of the beams were focused onto the photodiodes of the BPD

so that said squeezing measurements could be taken.
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Figure 6.5: The squeezing recorded during a complete transit of the conjugate slit whilst
the probe slit was held steady at parameters optimised for full beam squeezing. A
Gaussian fit is also provided.

6.6 Motorised Translation Stage

To take reliable data, a method of quickly and accurately scanning the slits across regions

of interest needed to be developed. Addressing this issue, an existing Thorlabs Linear

Translation Stage was modified with the addition of a driving motor. The result was

a Wi-Fi controlled motorised stage with a positional accuracy of smaller than 1µm.

Comparing multiple test runs determined that the measurable precision of the system

was limited by the reading on the micrometer.
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6.7 A Demonstration of Multi-Spatial Mode Squeezing

As discussed previously, the MSM nature of the squeezed light source was such that it

allowed for quantum correlations between spatially matched regions of the twin beams

[104, 105, 106]. To prove that this experimental system was capable of detecting such a

squeezed state, a simple experiment was enacted.

First, the free parameters of the system were adjusted to maximise the squeezing on

the entire beams, which was verified by the BPD to be −1.81dB. This was lower than

typically seen as the shape of the beams was optimised for imaging local squeezing rather

than for squeezing over the whole beam.

Next, a 1mm slit was placed in the imaging plane of the probe beam and transversely

at the point of highest gain (this is the point of most intense pump within the cell).

Another, 1mm, slit was attached to the motorised translation stage, at the conjugate’s

imaging plane. This was done such that it could be swept across the entire conjugate

image, along the long horizontal dimension. As a result, this experiment functioned as a

physical version of the process in chapter 3.

The conjugate slit was then moved across the beam, stopping at regular intervals. At

each stop, a measure of the squeezing between the selected regions was taken using the

BPD. This produced a Gaussian dip similar to that seen in figure 6.5. This was used to

determine a variable step size for a follow up sweep that became smaller near the peak

such that there was a higher density of readings here. This follow up sweep was used as

the final data for each measurement. This increased the accuracy of fits made to said

peak.

That next sweep was then produced and the results are shown in figure 6.5, and it is

immediately clear that the squeezing was spatially localised. This is highlighted by the

inverted Gaussian seen in the noise data. Furthermore, encouragingly, the localised noise
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reduction did dip below the quantum noise limit at its peak, so this noise reduction was

definitely caused by squeezing rather than, for example, some common mode classical

noise cancellation. However, at 2.25MHz the classical noise is negligible and the system

is effectively at shot noise anyway.

The form of the peak can be understood by considering that only the intensity difference

between the beams is squeezed and, further, that squeezing is only between small regions

of the beams. Outside of these small regions, the photon statistics between the beams

are not correlated. In actuality, when the beams are considered in isolation, the beams

are anti-squeezed and have noise higher than the photonic shot noise of a coherent state.

So, when uncorrelated regions are subtracted from each other, their noise adds together

and the resulting measurement has a noise much larger than 0 dBm, as seen in figure 6.5.

This anti-squeezing is what defines the magnitude of the upper bound of the squeezing

values.

6.8 Demonstration of Displaced Squeezing

Previously, it was established that this setup was capable of producing MSM squeezed

states. Next, the relative displacement of these correlated regions was demonstrated

over a range of 4WM parameters. As such, a compelling explanation as to why MSM

squeezing has been previously hindered has been provided.

In order for this to be done, a similar setup as seen before was used. Only this time,

many sweeps of the conjugate slit were taken whilst another key system parameter was

changed between each.

The parameters most relevant and practical to explore were the 1-photon detuning (1pd),

2-photon detuning (2pd), and the pump power. The results of these experiments are

covered in order below.
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6.8.1 One Photon Detuning Sweep

In this sweep, all parameters were held static aside from the 1pd. In this case, the 2pd

was 8MHz, pump power was 1.3W , and the temperature was ∼ 100◦C.

The 1pd was altered by changing the frequency of the TI:Sapphire laser. Practically, this

was done via a control over IP interface and automated using Selenium WebDriver – a

program typically used for web scraping.

Initially, all parameters were optimised for maximal squeezing over the entirety of the

beams. After this, an initial optimisation sweep of the conjugate position was completed,

with the conjugate slit position being incremented 1mm at a time and the squeezing at

each point being measured via the method described in sections 6.1 and 6.2. This allowed

the point of peak squeezing to be deduced so that the increments used in subsequent

sweeps could be reduced to ensure a high density of samples near the squeezing peak.

By this method, the points in figure 6.6 were produced. These were used to create fits

of the equation

G(x,A, x̄, σ, c) = −|A|e
−(x−x̄)2

2σ2 + c. (6.3)

All parameters were left unconstrained.

These fits are also shown in figure 6.6. Next, to determine a relative displacement of the

squeezed regions, over the 1pd sweep, the mean positions, x̄, were plotted in figure 6.7.

Here it can be seen that when blue detuned from the gain peak, in the low loss region of

the 1-photon detuning, the distance between the probe and conjugate squeezed regions

was static and ‘locked’ together. This is the same as seen classically. As the 1pd moves

towards the absorption peak, the relative displacement of the squeezed regions increases

rapidly. This corresponds well with the movements seen classically. This region of rapidly

changing displacement is also on the ‘fast side’ of the gain curve of the 4WM resonance.

This is to say that although there was a strong gain in the probe and conjugate beams

157



Chapter 6. Propagation Effects on the Spatial Distribution of the Squeezing

1237 Mhz

1304 Mhz

1371 Mhz

1438 Mhz
1505 Mhz

1572 Mhz

1639 Mhz
1706 Mhz

1773 Mhz

1840 Mhz

1907 Mhz

1974 Mhz

2041Mhz

1170 Mhz

1103 Mhz

1036 Mhz

969 Mhz

902 Mhz

835 Mhz

768 Mhz

701 Mhz

567 Mhz

634 Mhz

500 Mhz

Differential Displacement (mm)

S
q
u
ee

zi
n
g
 v

al
u
e,

 S
 (

d
B
)

8

6

4

2

0

0 1 2 3 4 5 6

Figure 6.6: The squeezing recorded during a series of complete transits of the conjugate
slit whilst the probe slit was held steady and the one photon detuning (1pd) was increased
in each transit. A Gaussian fit is also provided for each of these transits too.

due to 4WM, there was also significant loss due to absorption of the beams by the atomic

medium.

The effect of absorption on displacement does seem to be intimately linked to the rapid

movement and degradation of the squeezing dips. This is seen in the final peaks of fig-

ure 6.6. It has also been shown, in simulation, to allow a differential displacement that

increases away from the optical axis, as was seen here. In order to more accurately track

the 1pd frequency as it was swept, a simple transmission spectroscopy produced alongside

the other experimental measurements. This was done using a beam pick-off just before

the noise eater AOM, passing a 100µW beam through a natural Rubidium vapour cell.

The output was then recorded using a photodetector. The pick-off was roughly as the

frequency of the pump, after subtracting 160MHz due to the effect of the noise eater

and pump AOMs.
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Figure 6.7: The relative mean position of each of the fits displayed in figure 6.6. Alongside
is a plot of a rubidium transmission spectra, allowing an accurate frequency estimation
for the 1pd at each point. The errors on these points were produced by first holding all
parameters at optimal squeezing, then transiting the conjugate 10 times. The standard
deviation of the mean of fits made to these transits was then used as an estimate of the
error. The dashed red line represents the position at which the maximum probe gain was
realised.

The tacit assumption here was that the overall intensity of the laser was stable, so a

reference beam was not needed. In practice, this was mostly true. The results of this are

plotted alongside the displacements in figure 6.7.

Another perspective on these results can be seen by instead plotting differential displace-

ment as a function of probe gain, as is shown in figure 6.8.

Here it is clear that the differential displacement was very flat as gain increases, along the

‘slow side’ of the 4WM peak. This indicates that the probe and conjugate segments are

already well locked together at this point. From this point on, the 4WM resonance only

got stronger, so it would have been expected that this locking got stronger too. How-

ever, the absorption term on the probe grew especially rapidly towards the ‘fast side’

of the resonance, and this is where we see both the gain decreasing and the differential

displacement increasing away from the pump axis. Similar behaviour has been seen in
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Figure 6.8: A parametric plot of the mean displacement of each peak against the gain
on the probe portion.

the classical case and simulations too, specifically in figure 5.28.

6.8.2 Two-Photon Detuning and Power Sweeps

The 2-photon detuning and power sweeps were performed next and their results are dis-

played in figures 6.9 and 6.10.

The movements of the differential displacement as a result of the 2-photon detuning

sweep are somewhat complicated. This is suspected, mostly, to be due to the interplay

between gain and loss effects as this parameter was changed. Looking at figure 6.11 and

above a gain of 2 a simple correspondence can be seen, where more gain linearly relates

to movement towards the pump axis. This is the same trend, direction, and of roughly

the same magnitude was seen on the classical data too. Of course, the magnitude of the

effect is hard to compare directly, as the cell used in these experiments was 12.5 mm long

rather than 20 mm, like that in the classical experiments. However, looking below a gain
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Figure 6.9: The mean position of each of
the fits made as 2pd was swept.
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Figure 6.10: The mean position of each of
the fits made as pump power was swept.
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Figure 6.11: A plot of the mean displace-
ment of each peak against the gain on the
probe portion (2pd sweep).
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Figure 6.12: A plot of the mean displace-
ment of each peak against the gain on the
probe portion (power sweep).

of 2, a situation wherein the differential displacement doubled back on itself developed.

It is thought that this was due to the effect of significant probe loss beyond this point.

Conversely, the pump power sweep has simple behaviour. The differential displacement

begins positive (away from the pump axis) and, as the power is increased, the displace-

ment reduces linearly. It then plateaus, or saturates, past a certain point in much the

same way as has been seen in the classical results and simulations. Looking at figure

6.12 shows us effectively the same trend, leading to the interpretation that this change

of differential displacement (moving towards and locking to the pump axis) was almost

entirely caused by changing gain. This was the same trend, direction, and of roughly
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the same magnitude seen on the classical data too. It also seems there was little impact

from absorption effects. This makes sense, since the other parameters in the system were

optimised to a high level of squeezing, inherently limiting the absorption on the system.

6.9 Double sweep

Finally, these results were related to the situation when generating full-sized beams, with

a probe transit experiment. In this case, the incremented parameter was the position of

the probe slit, between each transit of the conjugate. In effect, this sampled different

pump powers, due to the Gaussian envelope of the pump. The results are shown in figure

6.13.

It is immediately recognisable that the points trend linearly upwards with probe posi-

tion, which does not correspond with the probe gain. However, this is explainable by

a difference in magnification between the probe and conjugate beams, which is a well

documented effect caused by probe lensing in the cell. The approximate difference in

magnification can be calculated by fitting a linear line to two displacement points of

similar gain and taking its gradient. Points of a similar gain are used to mitigate any

differential displacement effects not caused by magnification. This gradient corresponds

to a roughly 2.6% difference in magnification.

Focusing on the difference between the data and the trend line, a distinct movement

away from the pump axis can be seen as gain decreases below 3. Despite this, generally a

very minimal effect is seen, with the differential displacement being mostly flat at higher

gains. This is expected since this experiment was performed in the high gain ‘saturated’

region of the pump power.

With this in mind, it is likely that a larger displacement would be seen if a larger range

of probe gains was explored, then this effect would be more significant. This could be
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Figure 6.13: The results of the probe transit sweep, The probe gain is shown in red while
the differential displacement shown in dashed black. A linear fit of two points at the
similar gain is shown in solid black.

achieved by widening the probe seed beam further such that it samples more of the pump

beam envelope. Centring this on the pump beam would also allow the effect to be seen on

either side of the pump beam, presenting as a dip in the displacements. This would allow

conformation of the effect despite any interference from differential beam magnification.
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CHAPTER 7

A SCHEME FOR ALL OPTICAL CORRECTION OF THE

PROPAGATION EFFECTS

T HE nature of the propagation effects in a two mode optical amplifier has now been

thoroughly explored, both in simulation and experimentally, through exploring a

4WM interaction in a Rubidium vapour. More precisely, a large displacement effect has

been seen in both cases. It has been discussed how this effect may represent a significant

barrier to the formation of squeezed images. Now let us discuss how we may overcome

it in the future.

7.0.1 Split Amplification with Intermediary backpropagation

Split Amplification with Intermediary backpropagation (SAI) is a proposed technique

that aims to reduce the displacement effect in extended two mode optical amplifiers

through optical design such that it is small enough that electronic corrections are not
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Figure 7.1: A general scheme of SAI, where an initial optical amplifier C1 generates two
beams, and a displacement effect between them. This is followed by a 4F system that
inverts the k vectors of each of the beams before they enter into another optical amplifier
C2. Any displacement effect in the second amplifier is in the opposite direction to that
seen in the first, so acts to mitigate the effect of the initial displacements. C2 is displaced
from the focal point of the 4F system by δd, to tune the amplifier.

required at the imaging stage.

It works by splitting the amplifier into two sections, C1 and C2, that are separated by

a 4F system. A seed is introduced into C1 at an angle as usual and this results in

the generation of twin output beams, that will experience a displacement effect between

them. After, the 4F system serves to refocus the twin beams into C2. However, the

front face of C2 is placed before the focal point of the second lens in the 4F system.

This is effectively the same thing as back propagating the probe and conjugate beams

by δd in free space before they propagate into the second cell. When δd is large enough,

this switches the positions and momenta of the two beams so that when they propagate

through C2 the displacement effect acts in the opposite direction to what occurred in C1.

Figure 7.1 gives a more accurate picture of this scheme. Here it can be seen that the

focal point, or object plane, of the 4F system is positioned at the output surface C1.

The exact position of C2 can be moved, regarding the imaging plane of the 4F system.

It can be moved from 0mm where the input surface of C2 lies on the imaging plane, to
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Figure 7.2: A simulation of a SAI ampli-
fier where C1 and C2 are identical. In
this case, each of the cells are 10mm long,
χPrPr = 0.15 + 0i, and χk is swept over a
range of 0 – 0.23 rad mm−1. These param-
eters are as similar to previous simulations
as possible while producing similar levels of
gain. This allows for a direct comparison
between them. In this case δd = 0mm.
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Figure 7.3: A simulation of a SAI ampli-
fier where C1 and C2 are identical. In
this case, each of the cells are 10mm long,
χPrPr = 0.15 + 0i, and χk is swept over a
range of 0 – 0.23 rad mm−1. These param-
eters are as similar to previous simulations
as possible while producing similar levels of
gain. This allows for a direct comparison
between them. In this case δd = 16mm.

any displacement back towards the imaging optics. By positioning C2, the field received

at C2 can be altered. The goal of this is to ‘flip’ the input position and propagation

directions of the beams so that the displacement effect of C1 can be undone by C2.

Of course, the effect is not entirely cancelled, as the situations at C1 and C2 are subtly

asymmetric. This is because the system is only seeded on one beam for C1 whilst it is

seeded on both beams for C2. The overall powers and shapes of the seeds also differ due

to the initial gain from C1.

This scheme was demonstrated in simulation, using the same initial seed and parameters

as used in figure 5.10. The only significant difference was that, instead of a single 20mm

gain region, the gain region was split into two 10mm sections with a back propogation

stage between them. The results of this are shown in figures 7.2 and 7.3.

In this case, two situations were simulated. Figure 7.2 shows the case where δd = 0mm.

This is equivalent to there being no back propagation at all, so can be used as a benchmark
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Figure 7.4: The range of displacements seen, over a gain range of 0− 10, against δd.

that figure 7.3 can be compared to. In this case δd = 16mm. In both cases, the form

of the displacement is upside-down as compared to what is seen elsewhere in this thesis.

This is because the 4F system also imparts a −1x magnification on the beams. Still,

the magnitude of the displacement and overall gain seen in the first case is essentially

the same as seen in previous simulations. Focusing in on a smaller region, a range in

differential displacement of ∼ 60um was seen over a gain range of 0− 10.

In the second case, it can be seen that the amplifier produces a displacement effect with

a range of only ∼ 5% of that seen in the previous case, for a gain range of 0 − 10.

This represents a significant improvement for such a simple geometry. Further, this is

significantly smaller than the coherence area for a 10mm long cell (∼ 50um). Therefore,

it has been diminished to the point where it is no longer likely to be a significant barrier

to squeezed image generation.

It can be seen that δd = 16mm is near optimal by looking at figure 7.4, where the range

of differential displacements has been plotted against δd. Here it can be seen that the

differential displacement trends down until this point before beginning to ascend again.

Such a minimal displacement shows up very obviously when the probe and conjugate

intensity profiles are plotted as they exit the C2. This is shown in figures 7.5 and 7.6.

Another thing of note is that the curve in figure 7.3 starts increasing in the positive
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Figure 7.5: The probe intensity profiles
after exiting C2, when δd = 16.
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Figure 7.6: The conjugate intensity pro-
files after exiting C2, when δd = 16.

direction and then begins to fold back on itself just after the gain of 2 mark. This is

likely because the contribution of C1 is the dominant aspect at lower overall gains and C2

begins to dominate at higher gains, dragging the differential displacement in the negative

direction. It is likely that cleverly adjusting the relative lengths of C1 and C2 or even

adding further SAI stages would allow for tailoring of the displacement curve to minimise

its range and flatten its response. However, this is would not be worthwhile while the

magnitude of the effect is smaller than the coherence area. It may still be worth adding

further stages, though, to form a SAI stack. This is because, in the case where the beams

are continually refocused into multiple cells, the coherence area depends solely on the

length of the longest cell. As such, multiple cells can be used to produce arbitrarily

high gains, without the usual limitation of increasing the coherence area as well. This is

effectively coherence area shrinking.

Overall, this technique represents a pathway to compensate for the displacement effect

entirely optically. This comes with the advantage that when generating squeezed images,

it would not require any extra calibration or processing steps, at the expense of adding

slight optical complexity. Further, the SAI stack structure could represent a way to push

past the coherence area, which has been considered a much more fundamental limit of
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such optical amplifiers.
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CHAPTER 8

CLOSING REMARKS

N OW, we come to the end of my writing, so let’s take the opportunity to look at

some highlights from my time here.

One significant milestone in these investigations has been in the identification and for-

mal expressing of the ‘x’ effect, that has plagued previous attempts to form squeezed

images at low temporal frequencies. Specifically, understanding the impact of even small

amounts of shared classical noise on the beams led to an emphasis on developing a ‘noise

eater’ system. This was shown to reduce classical noise significantly at the frequencies

it mattered most (centred around the PIXIS camera operating frequency). As such, the

experiment is primed for another camera-based investigation, that will hopefully yield

much clearer results.

Generally, however, classical noise will likely always represent a problem when attempt-

ing to produce images with CCD cameras. This is because, even when running in kinetic

mode, CCDs are relatively slow integrating devices, as compared to other measurement

tools such as photodiodes. As a result, the images they acquire will only be able taken
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at a relatively slow rate, where classical noise is large. Alternatively, this could be solved

with one development – an image sensor that can sample in the low MHz range. It

seems simple, but then it must be considered that this sensor needs to contain on the

order of 1MPs, have a quantum efficiency in the high 90%s, and an exceptionally low

electronic noise.

One option would be a microlens array spaced in front of a precision photodiode array.

Photodiodes would allow for much faster acquisition times than a CCD, since they are

continuous in their output. If this technology is developed, then a squeezed imaging

platform could be operated in the high frequency regime, where the ‘x’ effect holds no

power. To prevent unnecessary power being dumped into the sample, the probe beam

could be microsecond pulsed by pulsing the seed beam appropriately, too.

Another area of significant development was in discovering and charting of the differen-

tial displacement due to the propagation effects in the 4WM gain media, as well as the

development of a simple model to explain its action. This persists even into the high

temporal frequency domain. Despite this effect being small spatially, it could have a sig-

nificant impact on the quality of the local squeezing. This is because outside a localised

correlated regions the beams are anti-squeezed. As such, the noise rapidly increases when

the regions are ever slightly mismatched.

Fortunately, since the spatial displacement is so small, it is an option to correct for it

digitally via image registration. When this is solved, any stray displacement in the corre-

lated regions could be calibrated for in situ. A blank image could be taken and software

algorithms can be run to find the best mapping of correlated regions from one beam to

another. Then, when samples are imaged, this mapping can be used to correctly subtract

the beams from each other and extract a squeezed image.

It has also been shown, via simulation, that this effect could be corrected for optically, by

running the optical amplifier as a SAI system. This would have the advantage of remov-
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ing the need for digital correction and calibration being required, since the displacement

would be automatically corrected for even as system parameters changed.

In short, quantum imaging is on the horizon and there are bright things ahead for this

technology.
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APPENDIX A

FURTHER DETAILS

A.1 Derivations and calculations

A.1.1 Magnetic Field Derivation

Taking

ξx(z, t) = ξ0 sin(kz) sin(ωt) (A.1)

and given that

−∂By

∂z
= ϵ0µ0

∂ξx
∂t

, (A.2)

we see that

By = −
∫

ϵ0µ0
∂ξx
∂t

δz. (A.3)
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Figure A.1: A diagram of the mechanical part of the motorised translation stage; the
various parts are labelled: T, translation stage; M, micrometer; F, flexure; C, coupling;
S, stepper motor.

Via differentiation, we see:

By = −
∫

ϵ0µ0ωξ0 sin(kz) cos(ωt)δz. (A.4)

Therefore:

By =
ϵ0µ0ωξ0

k
cos(kz) cos(ωt). (A.5)

Which finally brings us to:

By = B0 cos(kz) cos(ωt). (A.6)

A.2 Technical Details

A.2.1 Motorised Translation Stage System Design

The system consisted of two subsystems, electronic and mechanical. The electronic part

consisted of a Pi Pico W, an RP2040 based microcontroller board, and a driver board to

control the stepper motor used in the system. Together, these provided a flexible way to
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power and control the board.

Control of the device was via a website hosted on the Pi Pico W itself; the Pico was

configured as a network access point such that it acted as a Wi-Fi router that any capable

device could connect to. From here, the device could be controlled via a Graphics User

Interface (GUI) by connecting to the Pico using a browser. Alternatively, it could be

code interfaced via URL requests.

The mechanical aspect of the system is represented in figure A.1. It consisted of a

Thorlabs Linear Translation Stage, T, connected to a 28BY-J-16 stepper motor, S. The

stage itself was driven by a micrometer, M, such that each full rotation of the micrometer

produced a translation of 0.5mm on the sliding top of the stage.

The stepper motor was coupled to the micrometer via a plastic coupling, C, and flexure

join, M. The flexure allowed for the rotational motion of the motor to be translated to

the micrometer despite an offset between each of their axes of rotation – allowing greater

flexibility in the positioning of the motor relative to the micrometer.

The stepper motor stepped 16 times per full rotation and contained an internal gearbox

with a reduction of 16 : 1. As a result, each rotation of the micrometer took 512 steps,

allowing an angular control of 0.7◦. This translated to 0.976µm of linear motion at the

stage.

Ramp Up and Ramp Down

One key source of inaccuracy in stepper motors is missed steps during accelerations of

the driven load. Since the load has its mass and inertia, it could only be accelerated so

quickly by the limited torque of the motor.

If a faster acceleration were attempted then steps would be missed such that the maxi-

mum torque of the motor was not exceeded. This resulted in a system where the requested
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number of steps did not match the actual number of steps taken and positional accuracy

is lost. One solution was to set a constant time between each step, T , so large that the

system never attempted to accelerate beyond its capacity. This worked, but severely

impacts the maximum angular velocity achievable.

The superior solution was to start T at a relatively large value and linearly decrease this

value at a constant rate until a set minimum is reached. This process was then reversed

when the motor was slowed, which helped to avoid the inertia of the system causing step

overshoot as well as allowing a smooth change in motor direction. This process is called

ramping and was implemented in the control code for the device [107].
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