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Glossary

Dα
i Diffusivity of element i in the α phase.

H PF energy penalty for coexisting phases.

Ji Lattice fixed frame flux of element i.

R molar gas constant.

T temperature in kelvin K.

Vc Maximum crystallisation velocity.

XS
i X

L
i Concentration in the solid and liquid

phases.

ε PF gradient energy term.

ηαi Redistribution potential of element i in

the α phase.

γij Redistribution rate coefficient between el-

ements i and j.

µαi Chemical potential of element i in the α

phase.

∇ Gradient Operator in 1,2 or 3 dimensions..

φS φL Order Parameter or phase fraction.

ψSi ψ
L
i product of phase fraction and compo-

sition of a given phase.

ji Number fixed frame flux of element i.

k Partition Coeffcient, ratio of compositions

on the solid and liquid sides of an in-

terface.

vD Redistributive Velocity from the CGM.

CGM Continuous Growth Model.

FID Finite Interface Dissipation Models.

KKS Kim Kim Suzuki phase field model.

LPBF Laser powder bed fusion.

PF Phase Field Model.
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1 Introduction

1.1 Motivation

In recent years there has been interest in the development of a range of new near net shape

manufacturing techniques, broadly classified as Additive Manufacturing (AM), whereby com-

ponents are built up layer by layer into a 3D geometry. The advantages of these techniques

are that they permit the creation of complex and detailed shapes that would other wise be

difficult or produce via casting, or would result in a lot of waste material if produced by

a subtractive machining process[1]. Additive manufacturing techniques have been applied

to a variety of materials from plastics to ceramics [2] however this thesis will focus on the

modelling challenges associated with the AM of metals. It is of interest for industries as

varied as aerospace and biomedicine. In the aerospace industry AM permits the fabrication

of components from Nickel Super Alloys (Inconel718/625) that are otherwise incredibly diffi-

cult to machine [3][4] whereas in bio-medicine AM is useful for efficiently producing patient

specific custom implants out of durable, and non-bio reactive stainless steels (316L)[5].

The additive manufacturing of alloys such as these is typically performed by either a

Directed Energy Deposition (DED) or Laser Powder Bed Fusion (LPBF) approach [6], both

of which involve the rapid melting and consolidation of a metal powders to form the cross

sectional layers for the desired geometry. These manufacturing techniques come with a need

to be able to predict material properties as a function of material composition and processing

parameters (such as laser power and laser scanning speed). These factors may influence the

frequency and mode of defects that form [7], which may potentially have seriously adverse

effects on a materials important performance metrics such as toughness and fatigue resistance.

6



The appearance of defects in materials during manufacture can be explained and predicted

by considering the micro-structural evolution during the manufacturing process. In this case

it is necessary to predict the microstructure formation during the re-solidification of the

melted metal powder.

The modelling of the LPBF and DED processes overall requires a holistic multi-scale

and multi-physics approach, wherein it is necessary to consider the macroscopic thermal

fields around the molten and solid material, as well as microscopically the structures that

form as the liquid solidifies [8]. This thesis will be primarily concerned with the microscopic

modelling of solute distribution and its effect upon micro structure formation. The formation

of microstructures such as dendrites have been well studied for conventional casting methods,

however the re-solidification conditions for LPBF and DED processes are distinct, with much

faster solidification rates and steeper thermal gradients the process more so resembles the

conditions under a repetitive welding processes[9]. Thus it has been necessary to reconsider

some of the assumptions made in models of microstructure formation (such as phase field

models and cellular automota) when utilizing them under the more extreme thermodynamic

conditions of additive manufacture.

1.2 Model Context

Much of the work on the multi-scale modelling of LPBF resembles closely the the modelling

of weld pools and their heat affected zones [10]. The smallest length scale for relevant

physics is the micrometer scale wherein microstructures can be resolved and distinguished,

however simulating the entire domain (on the order of centimetres ) at this resolution would

be numerically intractable. Instead a simulation of the temperature field at the scale of the
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weld pool is weakly coupled to a micro structure model - often times a phase field model

(PFM)[11]. The models are coupled ”weakly” in the sense that the results of temperature

field model are used to inform the microstructure model, but not vice versa - ultimately

however it is argued that the effect solidification has on the temperature field (for example

by releasing latent heat) is quite negligible compared to the heat deposited by the laser.

Solidification rates R and temperature gradients G from various parts of the weld pool are

thus taken from the temperature field model and applied to the microstructure model, with

the resultant microstructures being mapped to different R and G values. These results can

then be used to generate and predict microstructure maps in terms of process parameters

such as laser scan speed and power.

Due to the speed of solidification, the models used for predicting microstructure have

been re-examined in recent years. In particular the effect of solute trapping on the resultant

microstructures. To better predict the onset and magnitude of solute trapping phenomena,

some of the original assumptions made in phase field modelling, such as the assumption of

immediate relaxation to local equilibrium [12] [13], have been re-examined. This has resulted

in the development of new diffuse interface models, many of which are PFM [14] [15], which

attempt to reproduce the solute trapping dynamics predicted by older sharp interface models

of rapid solidification developed in late 80s and early 90s such as the Continuous Growth

Model [16] and the Local Non-Equilibrium Model [17] as such models have been shown to

characterise the solute trapping phenomena remarkably well [18]. The work of this thesis is

intended to be a contribution to, and extension of, these efforts.
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1.3 Model Development Aims

To summarise the aims of this thesis are to make a model capable of being extended to

2D or 3D that reproduces the behaviour of Rapid Solidification Theory models such as the

Local Non-Equilibrium Model (LNM) or the Continuous Growth Model (CGM). This will

achieved by mapping the 1D sharp interface model (either CGM or LNM) behaviour to a

diffuse interface models behaviour. Phase-Field models appear to be a promising framework

to utilize in pursuit of this goal due to their phenomenological utility and the ease with

which they can be generalised to higher dimensions. The development of this model will

be based on a firm and robust understanding of the atomistic processes and fluxes with

govern the successful sharp interface models of RS, and then attempting to replicate those

processes in the in a Phase Field Model. The scope of work in this thesis will be limited to

1 dimensional phase field simulations to focus on accurately reproducing the kinetics of an

interface and the distribution of solute under rapid solidification conditions. It is essential to

accurately model these effects as the emergence of interface morphologies such as dendrites are

directly dependent upon the composition profile and resultant solutal under cooling around

the interface.
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2 Literature Review

The thermal condition and histories during additive manufacturing are quite complex and

varied. The Laser Powder Bed Fusion process (LPBF) is an additive manufacturing process

that produces near net shape components however the properties, consistency and quality of

the components are often varied and difficult to predict with current modelling techniques

[1]. The LPBF process involves a high powered laser which is used to selectively melt and re-

solidify a small region of metal powder into a continuous solid piece. This is performed over

a 2D cross section of the desired 3D component in a powder bed. In order to build the next

layer of the component a layer of powder is distributed over the build bed and the process is

repeated for the next cross section with the Final component consisting of these bonded 2D

layers [19]. The process parameters of the LPBF process such as Laser Power Output and

Laser Scan speed must be correctly chosen in order to allow complete consolidation of powder

particles and bonding between layers whilst not depositing so much energy in a region that

it causes fusion of powder beyond the intended region [20].

Defects which are found during additive manufacturing may occur across multiple scales.

In Taheri et al. ’Review of Defects in the LPBF processes’[21] a defect was defined as any

property of the microstructure which is differed from a desired isotropic and fully dense solid

of the target alloy. Such defects were porosity, lack of fusion, micro cracks, hot tears, varia-

tions in texture and grain size as well as unwanted variations in composition. Porosity may

occur when a mesh of solidifying material prevents in filling of liquid melt as the material

shrinks during solidification and cooling. It may also occur due to the formation and en-

trapment of gas bubbles [22]. Lack of fusion is usually a result of the laser not depositing
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enough energy to fully melt and resolidify the particle powder into a continuous solid. This

is also another source of porosity. Micro cracks and hot tears occur due the high frequency

of thermal stresses experienced by the material as the laser makes repeated passes over the

material [23]. Steep thermal gradients in the melt pool almost inevitably result in anisotropic

texture[21].

2.1 Microstructure Formation during Additive Manufacture

The scope of this project will primarily be concerned with the microstructure formation on the

scale of dendrites during the rapid re-solidification. In a holistic approach to understanding

the LPBF process the thermal gradients driving this re-solidification may be determined from

FEA analysis of laser heat deposition in the powder and the subsequent convection of the

liquid melt as there exist sophisticated simulations in this regime of the problem such as

those by Saad A. Khairallah et al. [24].

During solidification there are four distinct regimes of solidification behaviour shown in

fig 3. It can be seen that as the solidification rate increases there is a transition from planar

to cellular then to dendritic growth.

During re-solidification in LBPF of 316L it has been experimentally observed that the

resultant phases are fully austenetic. These phases have a microstructure contains elongated

grains of elongated columnar cells. These indicate the solidification progressed by way of

competing colonies of cellular dendritic growth. XRD (X-Ray Diffraction), EBSD (Electron

Back Scatter Diffraction), and TEM (Transmission Electron Microscopy) were utilized in

a recent study by Krakhmalev et al [25] to confirm these results for 316L stainless steel

during LPBF process. There have been contradictory studies that observed delta ferrite and
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martensite[26][27], however there is also a body of evidence corroborating the former[28][7].

Cellular dendrites in the same colony appear to inherit the crystal structure of the sub-

strate the nucleate from as can be seen in the EBSD map in fig 1. The single color regions of

correspond to single crystallographic orientation and these color regions match up with the

dendrite colonies. There is additional confirmation that cells in the same colony have the

same crystallographic orientation as it was found that during the cooling of LPBF processed

martensitic stainless steel the martensitic needles that formed during cooling would grow

through cell boundaries however would stop at colony boundaries (the dashed lines in fig.1).

[29]

In regards to this project this is relevant because it confirms the regime of solidification

in LPBF is relevant for models of dendrite growth. In this case a phase field model. Com-

petitive growth of cellular dendrites will not have to account for different crystal orientations

within colonies because it has been experimentally found that there is little to no misorien-

tation between cells within a colony. Therefore simulation of the growth of a single dendrite

colony will also only need to account for growth anisotropy due to a single imposed arbitrary

crystallographic orientation. Also, due to austenite being the only final phase observed, there

should not be a need to consider a multi phase model at this stage. This sets a manage-

able initial goal for the project whilst still investigating a physically relevant system of 316L

stainless steel. It is acknowledged that although only a single final phase was experimentally

observed this does not rule out that there might be transient meta stable phases forming

during the solidification process. An ultimately accurate description of the microstructure

evolution may need to consider these phases, however it is difficult to find experimental in

situ measurements of microstructure and phase formation during the LPBF process.
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Fig. 1. Scanning electron microscopy micrograph of the etched cross section of the LPBF 316 L.

Seperate colonies are marked by the dashed lines. (b) channeling contrast SEM image of a cross

section of the LPBF 316 L (c) an electron back-scattering diffraction orientation map of the marked

region in (b). Grains 1, 2, and 3 show the epitaxial (layer upon layer) nucleation of colonies from

some nucleation site. Figure taken from [30]
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In fig 1 the grains outside of the dashed region are seen to consist of much smaller and

distinctly non columnar cells. Initially these were thought to cross sections of colonies of

columnar cellular growth which were not growing in the plane of the slice, however after

further reading it is believed that these represent a transition from columnar to equiaxed

grain growth. This effect has been simulated for chill cast of Al-Cu Alloys by H. B. Dong

and P. D. Lee using cellular automaton- finite difference scheme.[31] The results of their

simulation can be seen in fig 2. The thermal under cooling would extend past the region of

columnar dendrite growth due to solute pile up reducing the stabilising the liquid phase just

ahead of the growing cells. This would permit randomly modelled new growth of equiaxed

cells from nuclei in the liquid melt to occur resulting in the equiaxed region. Equiaxed regions

of dendrite colonies are observed in the final microstructures of solidified 316L hence it is

believed a similar mechanism may be taking place.

2.2 Predicting Solidification and Microstructure Formation

The formation of defects such as porosity and hot tears as well as other properties such

as grain size can be predicted by which microstructures form during solidification [21]. It

has been know for some time that the formation of microstructure and solidification modes

are sensitive to the processing and manufacturing conditions that a material undergoes, as

shown in Elmer et al [32] wherein different processing parameters for casting, welding and

rapid solidification yielded up to 5 different microstructure morphologies. The key to making

predictions for which of these morphologies will appear is to understand the relevant physics

that initiates and drives a materials micro-structural evolution during the solidification pro-

cess [33].
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Fig. 2. Result of Cellular Automaton - Finite Difference scheme simulation of cellular dendritic

growth transitioning to an equiaxed growth regime [31]. A heterogeneous nucleation event was a

modelled as a stochastic process with a higher likelihood of occurring during a greater degree of

solute adjusted under cooling. Solute build up ahead of the advancing solid phase region (due to the

lower solubility of Cu in the solid phase) results in a dendritic break down; however the appearance of

heterogeneous nucleation (and thus equiaxed grains) is caused by applying a monotonically increasing

liquidus isotherm velocity.
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The formation of dendritic microstructures can be predicted by the presence of constitu-

tional super cooling in the liquid region just ahead of a solid - liquid interface. Constitutional

super-cooling occurs under the following condition:

G < mc∞

[
1

k
− 1

]
v/D (1)

Where G is the thermal gradient, m is a parameter derived from the systems phase

diagram ( slope of the solidus line ), c∞ is the far field solute composition and k is the

interface partitioning coefficient (cs/cl). This expression was originally derived by Mullins

and Sekerka [34] utilising a linear stability analysis to find conditions under which small

perturbations of the interface would grow. Intuitively this condition results in unstable

perturbations as when a small bump of material projects out into the liquid it will encounter

material that is more under cooled than the material adjacent to the non perturbed surface,

thus the perturbed region will grow faster thus destabilising the planar interface. It should

be noted that the instability condition will always hold if v is sufficiently large, implying that

above a certain interface velocity all planar interfaces ought to break down into a dendritic

growths. This however is not physically the case and it is shown by Kurz and Trivedi in

[35] that some of the assumptions made in Mullins and Sekerkas constitutional super cooling

criterion must be re-examined in the high interface velocity regime. Their adjustments yield

a return to planar stability above a certain interface velocity with the generally observed

pattern of planar growth −→ cellular growth −→ dendritic growth −→ cellular growth −→ planar

growth seen with increasing interface velocities. This is shown schematically in figure 3.

In addition to predicting whether or not the dendritic microstructures form, it is also
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Fig. 3. Solidification Regimes from a Dendritic growth overview by R. Trivedi and W. Kurz [36],

with increasing interface velocity (left to right)

useful to be able to predict the shape of those dendrites as has been done by McFadden and

Browne [37] using Ivantsov dendrite growth model. The approach outlined however is not

entirely predictive as it is necessary to know properties such as dendrite tip velocity in order to

predict a dendrite tips radius or the resultant composition profile around the dendrite. This

is a shortcoming that is also shared by the stability analysis provided by Mullins, Sekerka,

Kurz and Trivedi. When predicting microstructure formation it is not always possible to

know ab priorii what the the solidification velocity is limiting the utility of stability analysis

and Invantsov Solutions to dendrite growth. Nevertheless these models do point towards

the relevant physics and processes that need to be considered in the development of models

that do predict microstructure given the thermal and material conditions alone, namely the

necessity of coupling thermal, solutal and phase fields together.
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2.3 Multi-Scale Modelling of Additive manufacturing

The modelling of additive manufacturing is typically approached as a multi-scale physics

problem with dedicated models for the micrometer and millimeter length scales. On the

micro-meter length scales there are several features of interest that models are used to pre-

dict, such as the nucleation and competitive growth of different grains [38], solute segregation

behaviour in order to predict the formation of inter-metallic phases [39] and general micro

structure morphologies. The modelling of microstructure morphology evolution is is effec-

tively a moving boundary problem wherein equations governing the movement of material

need to solved for each domain ( a solid domain and liquid domain in the case of solidifi-

cation) and the boundary defining the extent of these domains itself evolves according the

movement of material across the boundary. Phase field simulations are a useful numerical

tool for tackling such problems and have been used in the modelling of additive manufac-

turing by groups such as Karayagiz [11] and Radhakrishnan [40] to predict the size, shape

and primary arm spacing of dendrites for the Ni-Nb and Ni-Fe-Nb systems under different

processing conditions. These alloys systems were taken as simplified analogues for the high

performance Nickel Super Alloy Inconel718 of interest for additive manufacture.

The Micro-structure models are typically used in conjunction with a model of the thermal

field from either an analytical solution such as the Rosenthal Equation [41], or a numerical

model of weld pool temperature across the domain of interest. This approach used in much

of the contemporary work on phase field modelling of rapid solidification processes mirrors

the set up of numerical experiments used to make predictions of microstructure formation of

welding processes such as those [10] Farzardi et al, who pioneered this approach to predict the
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microstructure in Al-Cu welds. The Thermal Field model of the weld pool is used to inform

the temperature conditions for a separate micro-structural phase field simulation at a smaller

length scale at various points across the melt pool geometry. It is from these microstructure

models that a prediction of the distribution of microstructure across the weld pool can be

made. The microstructure models use a linear approximation of the thermal field at a given

location as input:

T (x, y, z, t) = T0 +G(z −Rt) (2)

Where T is the temperature field at points in space defined by x, y, z - and G is the

Thermal Gradient at the given location in the melt pool and R is the growth rate, specifically

the component of velocity perpendicular to the temperature Isotherm. This approach is

known at as applying a frozen temperature field and it is important to note that is only

a weak one directional coupling of the mesoscopic phase field model and the macroscopic

thermal field simulation. In reality the solidification response from the meso-scale simulation

would affect the release and the diffusion of latent heat from the interface region, which would

in turn affect evolution of the temperature field which would in turn effect the microstructure

formation etc... Ultimately the frozen temperature field assumption ignores this potential

interplay, however for many alloy systems involving the potential transitions between planar

and dendritic growth the breakdown of planar stability is primarily driven by solutal under-

cooling ahead of the interface instead of the actual temperature profile alone. In these cases

a frozen temperature field assumption is assumed to be fairly accurate as in spite of any

rejected latent heat the thermal profile is presumed to have relaxed to a linear profile due to
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Fig. 4. A schematic representation of the multiscale approach to modelling a the LPBF process.

This figure is taken from Karayagiz et Al [11] paper on the modelling of Ni-Nb as a binary analogue

for Inconel718 during additive manufacture. This figure demonstrates how a temperature field model

is used to determine G and R parameters (growth rates and temperature gradients) at locations

around the weld pool geometry. These thermal conditions are then applied to a phase field simulation

at a smaller length scale to predict microstructure morphologies

the Thermal Diffusivity typically being much higher than the solutal diffusivity.

More recently Karayagiz et al [11] applied this approach when investigating the Ni-Nb

system as a simplified proxy of more complex Nickel Super alloys, with the set up for the

different domains in the numerical experiment shown in figure 4. As with previous work

they apply the frozen temperature field approach to inform the thermal conditions for their

microstructure simulations at various points throughout the weld pool, however they are

noteworthy and relevant to this thesis for being amongst the first to begin applying a class
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of phase field models with a property known as finite interface dissipation (FID). Karaygiz

characterises finite interface dissipation as being able to control the rate of transport of

components across the phase interface, allowing systems to be accurately modelled both near

equilibrium and in strong disequilibrium. The Phase Field model used was itself quite novel

based directly on the work of Steinbach, Zhang and Plapp [15].

2.4 Rapid Solidification Modelling Review

Elements are typically more stable in one phase than another, this is no different for solid

and liquid phases during solidification. During growth there will be a difference between

the rates at which different atomic species are incorporated into the growing phase and an

exchange of solute between phases, as can be seen quite directly in certain molecular dynamics

simulations [42]. The result of this is a partitioning of the solute either side of the interface

towards an equilibrium state, with the degree of partitioning over some region limited by how

long the interface it self is in that region. If the interface spends very little time in a given

location, such as by moving very fast, then there is not much time for partitioning to occur

and there is a smaller difference between the compositions on either side of the interface.

This phenomena is known as solute trapping.

During rapid solidification, it is impossible to ignore the effect solute trapping will ulti-

mately have on the resultant microstructure. As Interfaces begin to move faster, there is less

time for solute to partition along either side of the interface, thus the amount of solute rejected

ahead of the interface can end up being drastically diminished. Given that the mechanism of

dendrite formation is sensitive to the size and shape of the solute pile ahead of the interface

- it is important for an accurate model of rapid solidification to account for solute trapping.
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During very slow solidification it is often sufficient to assume that solid and liquid sides of

the interface are in local equilibrium with each other, however if this same assumption were

to be made under conditions of extremely fast solidification then there would be a double

contradiction wherein if the interface were in a state anywhere near local equilibrium then

the chemical driving force for rapid growth would not exist, and simultaneously there would

simply not be enough time for the processes of redistribution at the interface to segregate

solute into their preferred phases. Consequently the conditions around a rapidly advancing

interface are necessarily far from equilibrium.

Amongst the most influential research quantifying the the effects of interface motion

on the degree of solute trapping is in the experimental and theoretical work of Smith and

Aziz. In their seminal work [16] they introduced a procedure for measuring the degree

of solute trapping in thin samples of various aluminium alloys and presented the highly

influential continuous growth model that could fit their observed trapping quite well. In their

experiments thin 4000 Angstroms aluminium films were ion implanted with either copper, tin,

germanium and indium atoms to a depth distributed about approximately 500 Angstroms,

upon pulse laser melting it was assumed that due to short width of the film and the liquid

hold time of a few millisecond that the solute profiles would likely have relaxed to fairly

uniform state. Because the initial solute profile was uniform, it was possible to infer that any

solute profile in the resultant solidified aluminium film would be the result of solute being

rejected from the advancing solid phase. Due to the fact that solid and liquid aluminium

have different electrical resistances, it was possible to model the films as resistors in parallel

and then infer the solid fraction at given time by measuring the resistance across the film.

Thus it was possible to get a measurement of the interfaces position and velocity at points
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along the short width of the film. The amount of rejected solute combined with the measured

interface velocity could then be used to infer what the rate of partitioning must have been.

Kittl Sanders and Aziz would go on to gather Experimental data for several other binary

alloy systems and demonstrate the efficacy of the continuous growth model in phenomolog-

ically modelling rapid solidification processes [43][44]. Even though the Continuous growth

model has enjoyed widespread application by virtue of its conciseness and simplicity it is

not without its short comings. For example some critics observe that it is impossible for the

model to ever predict the onset of complete solute trapping. Due to the fluxes in the model

arising instantaneously it will always predict at least a small degree of partitioning as the

interface travels irregardless of the speed.

In attempt to remedy this several groups have turned to extended irreversible thermody-

namics (EIT) to produce model that do predict complete solute trapping at a finite velocity,

with one such approach being the Local Non-Equilibrium Model (LNM) proposed by Sobolev

[17]. In the LNM fluxes between disequilibriated systems don’t arise instantly - that there is

some relaxation time over which they appear. Thus if the time scale allowed for some process

is too short, for example if the interface is to passes too quickly over a small region of space

wherein we would expect partitioning to occur, then the effect of the driving force is entirely

suppressed. This permits solute trapping to be complete, ie no solute pile up ahead of the

interface what so ever, at a finite interface velocity. This phenomena is proposed to occur

when the interface moves an order of magnitude faster than the velocity at which atoms

rearrange themselves at the interface [45] - a fast but still finite interface velocity.
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2.5 Phase Field Modelling Review

Phase field models are a class of models that have been successfully applied in modelling the

growth of dendrite structures. They are characterised by modelling the interface between

phases as a diffuse region which simplifies the numerical issues found in sharp interface

models. The classic problem of a pure material solidifying is encapsulated by the three

equations:

∂tu = D∇2u (3)

vn = D(∂nu]− − ∂nu]+) (4)

ui = −d0(θ)κ− β(θ)vn (5)

where u is some normalised temperature field, vn is the velocity of the interface in the

direction of its normal vector, ∂nu]− is the normal derivative of u on the solid side of the

interface, ∂nu]+ is the normal derivative of u on the liquid side of the interface, ui is the

temperature of the interface, κ is the curvature ,d0 is anisotropic capillary length and β

the anisotropic interface coefficient. There have been several attempts to directly solve the

full time dependent free boundary problem stated above with explicit tracking of the sharp

interface such as by using variational algorithms [46] and front tracking on multiple rotated

lattices [47] however these methods are not easily extended into 3 dimensions.

Phase field models on the other hand couple the equations of motion of u and an order

parameter φ which is a single number that takes a constant value in the bulk phases and has
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a smoothly varying intermediate value in the diffuse interface. The equations of motion are

often justified by demonstrating that they reduce to the classical description of the problem

above in the sharp interface condition (the analytical solution when the numerically necessary

width of the interface approaches 0)[48]. Due to the fact that it is not necessary to explicitly

track the interface phase field models are straight forward to implement computationally and

extend into 3 dimensions. The method is not however without its drawbacks. The parameters

that inform the interface thickness will influence the interfaces behaviour. The origin of the

term order parameter can in the context of solidification be seen to reference whether or

not a given phase displays long range order. For example 1 for a solid ordered crystal and

0 for a disordered liquid. Encapsulating all the information about the phases into a single

number results in the information about the crystal structure and resulting preferred growth

directions being lost [49]. Fortunately this is reasonably straightforward to account for such

as by adding a direction dependence on the interfacial energy density as is done in the Kim

Kim Suzuki model [12] or by adding an increased driving force for certain growth direction

as was done by Kobayashis group [50].

The following is a brief overview of origin of the phase field equations main moving parts.

In order to stabalise phase field about two arbitrary values a starting point is the Ginzberg-

Landau Free Energy functional used in the continuum theory of phase transitions [51] which

is of the form:

G =

∫
Ω

L (φ,∇φ)dΩ =

∫
Ω

ε2|∇φ|2 +Hφ2(1− φ)2dΩ (6)

Where ε is a parameter with units of interfacial energy density and H is a factor that
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determines the height of the energy barrier to coexisting phases. These factors have opposite

effects on the stable interface width Kinetics. It has been suggested in some reviews [52]

that atomistic simulations can be used to inform these parameters[53]. Ω is simply the

domain over which system is being considered, this domain could be 1, 2 or 3 dimensional

and defined in whatever coordinate system is most convenient. Suppose that the spatial

distribution of φ(x) were to evolve such that the above functional were locally minimized.

It can be seen that there are two energy penalties imposed on φ(x). There is the double

well potential Hφ2(1 − φ)2 which will discourage a value of φ that is not equal to 1 or 0,

and then there is the ε2(dφ
dx

)2 which adds a significant penalty for too sharp and sudden a

change in φ. Consequently this energy functional would be generally minimized by regions

with a uniform φ value of either 1 or 0, with those regions being separated by thin but

finite transitions, features that would correspond to single phase regions, and the interfaces

between those regions respectively. The above form of the free energy potential is known

commonly as the double well potential however it is not the only potential that has been

used. The double obstacle potential proposed by Steinbach is an alternative with desirable

properties for numerical simulation such as being guaranteed to converge to 0 or 1 within a

finite width[54].

In order to find how to change a local region of φ(x) in order to reduce the contribution

to total free energy G a simple relaxation Ansatz guarenteed to evolve the system towards a

state that minimizes the functional 6 is often proposed:

∂φ

∂t
(x) = −MδL

δφ
(x) (7)
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δL

δφ
=
∂L

∂φ
−∇ · ∂L

∂∇φ

∂φ

∂t
= −ε2∇2φ+Hφ(φ− 1)(φ− 1/2) (8)

This equation of motion is sufficient to describe the behaviour of an interface in a pure

material in absence of any temperature or solute fields. This yields the flattening of curved

interfaces and the shrinking of particles as the only way to reduce the energy of the system is

to reduce the amount of interfacial area. In order to model more complex pattern formation

the relative stability of the phases needs to adjusted by coupling them to other fields such as

temperature or solute. This is generally done by adding terms to the free energy functional

G then ∂φ
∂t

is re derived. In the case of of a solutally controlled system the new function of G

would look like:

G =

∫
Ω

ε2|∇φ|2 +Hφ2(1− φ)2 + g(φ)fchem(φ, c)dΩ (9)

Where g(φ) is necessary in order for the driving force to vanish in the bulk of the material.

This form of the free energy functional was used in the KKS model and by Plapp in [12] and

[55] to get equivalent equations of motion. In Plapps Model the chemical potential field was

coupled to the phase field equation instead of the solute field.

Multiphase field models have also been implemented. There are two main approaches,

either to implement separate order parameters for each phase as was done by Steinbach et

al.[56] where the double obstacle potential is also utilized in order to keep the energy of a

triple point higher than the energy of a regular interface as can be seen in figure 5. The other
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Fig. 5. plot of the double obstacle potential for a 3 phase system where φA + φB + φC = 1
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method involves adding another field which tracks the crystal orientation of each point in

space and uses this information to determine how regions of phase should evolve[57].

In order to better understand the development of phase field models it is useful to re-

view a few specific influential phase field models from the past 30 years. The earliest work

considered here is the Kobayashi Model [50], which demonstrated phase fields modellings

capacity to capture the relevant physics for predicting dendrite formation. Following on the

from Kobayashis work the Wheeler Boettinger McFadden (WBM)[58] and Kim Kim Suzuki

(KKS) models [12] developed shortly thereafter explored how solute and thus solutal un-

der cooling could instigate dendrite formation. More contempory work by groups such as

Steinbach [15] and Galenko [14] have in turn built off the frame work offered by the KKS

model and attempted to develop phase field models for the highly non-equilibrium regimes of

interest in this project. The kobayashi model in its most basic form consists of the following

kinetic equations[50]:

∂φ

∂t
= M(−ε2∇2φ+Hφ(φ− 1)(φ− 1/2 +m(u, θ))) (10)

∂u

∂t
= ∇ · (D(φ)∇u) (11)

in this model the factor m is a function which takes values in the range −1/2 < m < 1/2.

This effectively results in the double well potential being ’tilted’ to make one phase more

stable than the other as can be seen if the expression is integrated with respect to φ as shown

in fig 6. The θ dependence of m allows this driving force to be increased in preferred growth

directions in a straight forward way. This is achieved in many models of 2 dimensional
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Fig. 6. How the parameter m affects the relative stability of either phase. In the case on the right

the solid phase at 1 will be more stable and if this is the case through the domain then solidification

will occur.
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growth with 4 perpendicular preferred growth directions by multiplying m or ε by a factor

of 1 + ηcos(4θ).

u is the aforementioned normalised temperature field whose time evolution is given by

equation 11. In this model it is assumed that the temperature of different phases coexisting

at a point in the diffuse interface region is the same. The phases do not however have the

same enthalpy. Were the problem to be formulated using enthalpy rather than temperature

the same resulting behaviour would occur when the total enthalpy at a point distributes itself

between phases to minimize the Gibbs Free Energy for an imposed Total enthalpy and phase

fraction. This principle is utilised in the KKS model as well when considering how solute

would distribute itself between solid and liquid phases at a point. This is contrary to WBM

early treatments of the problem where it was assumed that solute was distributed evenly

across the solid- liquid mixture which required the addition of extra potential terms[12].

This is effectively a restatement of a result found by Mathis Plapp where a whole class

of phase field models were shown to be congruent when considering a derivation from a

grand canonical potential [55]. Kobayashis results in a 1994 paper of dendrite growth in

3 dimensions gave qualitatively accurate models of temperature controlled solidification an

example of which can be seen in fig 7.

The KKS model has the following equations of motions which are derived from the Free

energy functional in equation 9:

1

M
φt = ∇ · ε2∇φ+ h′(φ)G(cS, cL)− wg′(φ) (12)

ct = ∇
[
D(φ)H(φ, cS, cL)∇ln cL

1− cL

]
(13)
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Fig. 7. Result of Kobayashis Simulation in 3d with anisotropy included

∂Gs

∂cs
=
∂Gl

∂cl
(14)

The second equation is given by the continuity equation of a solute flux driven by chemical

potential gradient. The diffusion coefficient is the weighted average of the present phases.

The final equation is justified by assuming that the free energy of each point in the system

relaxes to the minimum free energy attainable at that point for an imposed φ and c. This

condition is used to fix the final degree of freedom in the model to determine the values of cs

and cl, the concentration of the solid and liquid phases respectively. This is necessary as it is

the concentrations in the respective phases that informs the driving force for phase growth,

and drive diffusion across the interfacial region. This condition can be derived by considering

the conventional free energy G at point x to be function of φ, c, cs and cl. Suppose G(φ,c ,

cs, cl) is defined as the weighted average of the phase free energies:

G = φGs(cs) + (1− φ)Gl(cl) (15)

The total derivative of this expression is:

dG =
∂G

∂φ
dφ+

∂G

∂c
dc+

∂G

∂cs
dcs +

∂G

∂cl
dcl = φ

∂Gs

∂cs
dcs + (1− φ)

∂Gl

∂cl
dcl (16)
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as by definition dφ and dc are 0 because they’re imposed as constants. Noting the constraint:

c = φcs + (1− φ)cl

dc = 0 = φdcs + (1− φ)dcl

If these are substituted back into equation 16 for dG = 0 which should be a minimum

one gets the intended result:

∂Gs

∂cs
=
∂Gl

∂cl
(17)

The above condition is often referred as the ’local equilibrium’ condition. According to

the authors of the paper this local equilibrium condition at points in the interface does not

guarantee that there will be equilibrium solute partitioning by the interface. It was shown

in the original paper that solute partitioning is in agreement with the solute partitioning

and entrapment expected from Aziz[59] analysis of rapidly advancing interfaces [12], at least

for relatively modest interfacial velocities. A partition coefficient of the following form was

expected and derived:

k(v) =
ke + (v/vd)

1 + (v/vd)

where k is the partition coefficient, v is the interface velocity, ke is the equilibrium partition

coefficient (slow interface velocity) and vd is the diffusive speed. The KKS model has been

used by various authors to model binary alloy solidification [13][60]. It has also been extended

to incorporate a temperature field as well in some cases. The multiple fields (phase, solute,

temperature) and requirements for very small time steps in a simple explicit euler method
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have pushed some to optimize the numerical computation by solving the phase field equation

on an adaptive mesh[61].

The manner in which Steinbachs model differs from many contemporary phase field mod-

els such as the KKS model [12] and WBM model [58] is that permits it additional control

over the rate of transport of components across the phase interface - in the other models, in

order to evaluate the solute diffusion gradients and driving forces for growth in the interfa-

cial region, it is typical to assume an effective composition for each of the coexisting phases.

In models that assume local equilibrium, the set of compositions is in turn assumed to be

that which minimizes the Gibbs Free Energy subject to the constraints of the given phase

fractions and overall composition of the phase mixture. Crucially in Steinbachs model it is

this assumption of local equilibrium that is dropped and instead a set of kinetic equations

in introduced to describe how the compositions of the phases at a point redistribute solute

at a finite rate. The key adjustment in Steinbachs model can be seen below in the equation

below:

φαċα = ∇(φαDα∇cα) + Pφαφβ(µβ − µα) + φαφ̇α(cβ − cα) (18)

This equation describes the evolution of the composition field cα in the α phase, its

most crucial feature being the second term on the RHS on the equation which determines

the rate at which solute is effectively redistributed bewteen the phases and in the absence

of a pre-existing concentration difference between the phases is the only term which would

permit solute to build up in one phase relative to the other. The first term is simply a

diffusion equation but limited to single phase, and the third term acts a source term that
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must necessarily occur if there is a change in φ and cβ 6= cα.

Ultimately because concentration gradients do not appear instaneously across the diffuse

interface, due to finite rate at which compositions at points along the phase field model

attempt to relax towards the local equilibrium set of compositions, the transport of solute

across the interface region can be inhibited if the time scale of this relaxation is not much

shorter than the time the time it takes for an interface to pass over some point in space.

Conversely in the case where the interfaces motion is slower, the time scale of relaxation may

be short enough to replicate the behaviour of local equilibrium condition. Whether or not

the time scale is short enough depends entirely on the parameter controlling relaxation speed

- which in the case of Steinbachs work is the parameter P in equation 18, which they refer

to as the interface permeability.

Steinbach’s finite interface dissipation model has been applied by several groups and has

been extended to the multi-component and multi-phase case [62]. It generally appears to be

quite popular with many groups, however it is not the only approach to reproducing highly

non-equilibrium solidification behaviours. In Galenkos work a phase field model is proposed

based on Extended Irreversible Thermodynamics, wherein a second order time dependence

of the the phase and composition fields is introduced by deriving the Governing Equations

from an Entropy Production Rate Maximisation principle [14]. Galenkos model behaviour

is functionally similar to the Finite Interface Dissipation model, however this behaviour

originates from a ”reversed” kinetic assumption. In the FID, the appearance of driving

force to transport solute to opposite ends of the diffuse interface (i.e. solute partitioning) is

delayed due to the finite rate at which composition fields of the phases relax towards a locally

equilibrium configuration. Instead in Galenkos work the driving force is present instantly,
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however the systems reaction to that driving force ramps up over a finite relaxation time,

an effect which appears as a second order time dependence in the equations of motion. This

is in contrast to Steinbachs approach and all other discussed phase field models which have

equations of motion that have a strictly first order time dependence. Ultimately however, the

end result is qualitatively similar. There is an enhanced suppression of partitioning at higher

interface velocities. Galenkos approach does have a certain theoretical robustness, given that

it does not abandon the local equilibrium assumption as Steinbach does, nonetheless it is the

latters work that is paralleled most closely in the development of the models in this thesis.

2.6 Extended Irreversible Thermodynamics

The models discussed so far have all had the feature that so long as two simulations have

the exact same value for every parameter (φ and c) through out the domain at time t,

then any subsequent evolution of the two systems will be identical. The history of the

system will not effect its evolution, it is entirely determined by its current state. Under

rapid solidification conditions this may not be the case. Models which extend the space of

thermodynamic variables to include ∂φ/∂t allow the interfacial velocity to directly influence

partitioning. Phase field models incorporating this have been developed[14].This approach

is based in extended irreversible thermodynamics which is a relatively recent extension of

Non-equilibrium thermodynamics.

An interfaces velocity has been shown to directly affect the partitioning of solute however

the relation stated above, which comes from the Aziz continuous growth model, requires an

infinite growth velocity for partitionless growth. In reality a finite growth speed should be

able to account for this which has been shown the models developed by P Galenko and D
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Jou [63]. In their work partitionless growth occurred once the interface velocity V became

greater than D/δ where δ is the interface width and D is the diffusivity of the solute.

The above works have personally spurred interest in how diffusion occurs in the hyperbolic

regime rather than the parametric one (diffusion equations of the form similar to Ficks Second

Law or the Heat Equation). In parametric diffusion the driving force for diffusion is assumed

to instantaneously cause a finite flux however in hyperbolic diffusion the this flux arises

smoothly over some relaxation time. An analogy can be drawn to that of a sky diver. The sky

diver experiences a dissapative force proportional to their velocity much like a flux of atoms

would as they bump past other atoms. Once this force equals the force of gravity (analogous

to some constant chemical potential potential difference) they are in a steady state travelling

at the terminal velocity (which is analogous to the induced flux in parabolic diffusion). This

is similar to the Maxwell Cataneo equation which describes how a temperature field changes

when accounting for the relaxation rates of the heat fluxes[64]:

trelax
∂2θ

∂t2
+
∂θ

∂t
=

k

ρc

∂2θ

∂x2
(19)

Clearly this reduces to the heat equation when the relaxation time trelax is very short. θ

is the normalised temperature in the above equation.
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3 Theory

3.1 Reaction Rate Theory

To make any kind of prediction of the rate of some reaction, be that an explicit chemical

reaction, a change of state reaction or even the movement of atoms between lattice sites, it is

necessary to propose some kind of kinetic model. Transition State Theory (TST) provides a

widely utilised and straight forward frame work to characterise the rates of reactions in terms

of a few physically meaningful constants and thermodynamic driving forces [65]. Although

the models are not wholly predictive and need to be calibrated to observed experimental

results, the models capture phenomologically accurate behaviour of many systems with just

a few constant parameters. Typically these parameters characterise some base line attempt

frequency and base line activation probability of a given reaction.

At its most general, transition state theory posits that the reactants A and products B

represent a pair of meta-stable local equilibria in the overall configuration space of A and

B’s common constituents. These local equilibria are energy minima, wherein order for a

molecule to reach nearby points in the configuration space would require some extra energy.

It is assumed that molecules fluctuate randomly about the local minimas of A and B in the

configuration space due to random thermal interaction with each other, however if a molecule

is sufficiently perturbed in configuration space, it may end up being pushed out of its current

local minima and settling in a different one. This would be observed as the transition of that

molecule from one state to another. In this picture, the rate at which molecules transition

from state A to state B is simply the rate at which molecules in state A accrue enough

energy and are perturbed in the appropriate direction in configuration space to overcome

38



the energetic barriers between A and B. This overall rate can be thought of as the product

of two things: the rate of oscillation about of molecules about the local minima A (known

as an attempt frequency f), and the fraction of those oscillations that have enough energy

to overcome the energy barrier along their trajectory through configuration space between

A and B (This is effectively a probability thus we denote it PA−→B). Both these factors are

highly temperature dependent. Firstly rate of oscillation is, at least in simple solids, almost

a direct proxy for temperature. Secondly from the maxwell-boltzmann distribution of energy

levels, it can be seen that at higher temperatures the molecules are more evenly spread out

across their accessible energy levels, up to the limiting case of an infinite temperature wherein

molecules are equally like to be found across every possible energy level.

pi =
1

Z
e−εi/kT (20)

As a consequence of this more molecules are likely to be found in a higher energy config-

uration necessary for overcoming the energy barrier between the states.

It is often sufficient to bundle the complexity of the potential energy surface across con-

figuration space along a single dimension known as the reaction coordinate [65], with the

likelihood of traversing the potential energy surface between states A and B being dependent

on the difference in energy between the states A and B and some base-line energy barrier

Q0 always present between the states. The rate of atoms moving from A to B, denoted by

kA−→B, in this simplified model can be tractably expressed as:

kA−→B = fXAPA−→B = fXA exp

(
−Q0

kT

)
exp

(
−(EB − EA)

kT

)
(21)
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Where f is the attempt frequency of transtions from A to B, Q0 is a baseline energy barrier,

T is the temperature and EB −EA is the energy difference between states B and A. It must

be noted that transitions between states are generally not one directional, typically there

is a conjugate reverse process occurring simultaneously which eventually yields a dynamic

equilibrium once the forwards and backwards rates cancel out. This is the case for any

system where the equilibrium state can be considered as microscopically time reversible

which holds by definition for any thermodynamic system[66]. Thus in order to get the rate

at which molecules move between states one takes the difference between these forwards and

backwards rates:

kA←→B = kA−→B − kB−→A = f(XAPA−→B −XBPB−→A) (22)

The factor f can be safely assumed to be shared by the states if they are at least in thermal

equilibrium, the factors XA and XB represent the overall number of molecules in the system

that are in state A and B respectively. These prefactors to in the forwards and backwards

rates are necessary because it would not make sense for molecules to transition from a state,

that no atoms are currently in.

Kinetic Equations of this form were originally proposed by Eyring and Polanyi as a means

of characterising the rates of chemical reactions [67], however it was soon after used in the

context of diffusion as well by Rosav and Powe [68]. Their work assumes a vacancy exchange

mechanism to describe how molecules can diffuse throughout a liquid phase, thus it was not

too much of an extension when work by Hilert [69] [70] used a similar treatment for solid

lattices where vacancy exchange is considered the predominant mode by which solute diffuses
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throughout a material. The fundamental conception of diffusion as a thermally activated

process is used in many modern frameworks for diffusion modelling such as the CALPHAD

approach and justified with appeals to transition state theory. Although Transition state

theory approaches to diffusive processes will be considered in this thesis, more important

is the application of TST to processes such solute redistribution across and interface, and

the process of phase change. Solute redistribution is not too far a conceptual stretch from

diffusion, however the states that atoms are transitioning between are between different

phases, rather than within the same phase. Smith and Azizs seminal work on the Continuous

Growth Model (CGM) already utilizes a TST model to inform the rate at which solute

redistributes across the interface between phases [16], and has been a significant and direct

influence on the models developed in this thesis. The growth of phase however is generally

not presented as an atomistic process in the same way that diffusion or solute redistribution

is, instead it is conceptualised as the reorganising of a large number of atoms. Still it does

not seem incongruous to treat the configurational rearrangement of atoms that occurs during

a phase change as any different to the configuration rearrangement of atoms that occurs

during a chemical reaction, or during diffusion. In Molecular dynamics simulations of the

rapid solidification of Silicon, it has been observed that TST yields good fit to experimentally

observed solidification rates [71].

With the aforementioned caveats in mind,the subsequent sections of this chapter, tran-

sition state theory will be utilised to construct thermodynamically driven fluxes describing

the process of:

• a diffusive flux, which causes the phase and composition of adjacent phases to change.
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• a redistributive flux, which reorders the atoms across in the interface in a manner that

does not cause any phase growth. This is enforced by considering a pair wise swapping

mechanism.

• a cooperative growth flux, meant to model the spontaneous ordering or disordering of

atoms either to or from either a solid or liquid state.

These fluxes will subsequently be incorporated into diffuse interface models to widen their

applicability, with TST offering a consistent foundation from which to derive the relative rates

of the processes we wish to incorporate into the model. It is important to be able to control

the relative rates of these processes, as it is their relative rate that determines how much

solute segregation occurs and thus whether or not conditions for dendritic or planar growth

are present.

3.2 Redistribution Potential

In the subsequent sections we make use of a potential introduced by Aziz and Smith [16]

called the redistribution potential. The redistribution potential denoted in this thesis as η is

useful in a kinetic model of fluxes when the configurational component of the driving force for

a reaction is already accounted by some feature of the kinetic model. For example, consider

some general flux of element i acting between the phases α and β:

ki ∝ Xα
i exp

(
−∆G

RT

)
−Xβ

i (23)

This model of ki assumes a principal of mass action, meaning the rate at which i moves

from one phase to the other is proportional to the concentration Xα
i and Xβ

i in each phase,
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with their relative rates being modified by an additional barrier ∆G, seen by the α to β

reaction. For this model, the configurational component of the driving force for a reaction is

accounted for by the compositional factors Xα
i and Xβ

i in the forwards and backwards rates.

When this system is in chemical equilibrium, ie when µαi ( ~Xα) = µβi ( ~Xβ) for every element

in the system, then ki should be 0 for each i.

Xα
i exp

(
−∆G

RT

)
= Xβ

i (24)

naively we might propose that the barrier ∆E is equal to the chemical potential difference

between the states α and β (∆G = µαi − µ
β
i ), however clearly the this would not satisfy the

above equation 24. If however, we substitute in the difference in redistribution potential,

defined as:

ηi = µi −RT lnXi

∆E = ηαi − η
β
i

(25)

We instead now find that equation 24 is satisfied under the condition of thermodynamic

equilibrium. The exact form of a redistribution potential could in principal vary depending

on the kinetic model used, however for models in this thesis the definition above is wholly

applicable and sufficient. Ultimately this is the motivation to introduce the redistribution po-

tential ηi as a concise manner of expressing thermodynamically informed barriers in reaction

rate style models without evaluating redundant logarithmic terms inside the exponential. In

this case it permits ki to be written as:

ki ∝ Xα
i exp

(
−(ηαi − η

β
i )

RT

)
−Xβ

i (26)
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3.3 Fluxes for Characterising Solidification

There are three fluxes which can be used to describe all the processes that occur between the

solid phase and liquid phase during solidification, these being the aforementioned diffusive,

redistributive and cooperative growth fluxes. In this section these fluxes are modelled using

thermodynamically informed reaction rate theory to give us models of the relative rates of

these processes. These fluxes are then used to in the development of the diffuse interface

models in section 4. Ultimately due to the nature of these fluxes this yielded two kinds of

model, one where the redistribution of solute and growth of phase were separated and could

be independently controlled, and another where the of growth phase and redistribution of

solute was mediated by a single process.

The Redistributive Flux and the Cooperative Growth Flux are derived in sections 3.3.1

and 3.3.2. They are effectively multi-element generalisations of the fluxes that Aziz and

Smith utilized when deriving their seminal work on the continuous growth model[16]. The

redistributive flux can be thought of as a direct exchange mechanism between different ele-

ments across the interface, whereas the cooperative growth is imagined as an in-place process

where the atoms in a region adjacent to the growing phase spontaneously re-order themselves

to match the structure of that phase. These fluxes affect the evolution of the system in in-

dependent ways, which makes it easier to control the relative rates of phase growth and

solute redistribution. The Cooperative growth flux alone will not result in any partitioning

behaviour of solute across the interface, whereas the redistribution fluxes will not contribute

to the interfaces actual motion.

The diffusive growth flux, discussed in subsection 3.3.3, is flux that assumes a vacancy
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exchange mechanism and which can cause both solute redistribution and phase growth. The

advantages of a model based purely on the diffusive mechanism is that it has fewer variables

resulting in it being more predictive and, by being both conceptually and numerically simpler,

is more straight forward to implement. However due to the growth of phase during rapid

solidification not being a purely diffusive process ( i.e. not mediated primarily by a net flux

of vacancies across the interface) a model utilising purely this approach is not appropriate in

the context of rapid solidification, though it may find use in modelling situations with slower

phase growth such as during oxidation. For these reasons, although the redistributive flux

is presented and discussed, it is not utilised in the solidification models developed for this

work. Its incorporation though could be the subject of future work to model the growth of

phase with both diffusive and cooperative components.

The fluxes derived in the following sections are meant to be as general as possible, thus

it was interesting to see if they could be applied to situations other than solidification.

Conceptually, if the redistributive flux were to be acting across an imaginary boundary within

a single phase instead of across a boundary between distinct phases, then it ought to produce

an effect identical to that of number fixed frame diffusion. In section 3.4 we compare how

the redistributive flux can be used to model diffusion, and the circumstances under which it

behaves similarly to conventional approaches to number-fixed frame diffusion.

3.3.1 Redistributive Flux

In this section we introduce, generalise and adapt the redistributive flux of the Continuous

Growth Model for use in a diffuse interface model. When deriving the Continuous Growth

Model, Aziz and Smith proposed a model of redistributive flux between the solid liquid phase
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acting at the interface[16]. This flux would dissipate free energy by rearranging atoms either

side of interface whilst keeping the total number of atoms either side of the interface fixed.

For a simple binary system of A and B between a solid S and liquid L phase, the rate at

which A atoms increase on the solid side of the interface and decrease on the liquid side of

the interface is denoted as kSA. This rate is given by :

kSA = kS←→L
B,A − kS←→L

A,B (27)

Where kSA is the total rate at which the number of A atoms in S increases (or conversely

the rate at which the number of A atoms in L increases), and kS←→L
B,A and kS←→L

B,A are the rates

for the forwards and backwards reaction in this binary system. In order to find kSA one needs

to consider two possible scenarios across the interface between the solid and liquid phases.

Either an A atom in the solid is attempting to exchange places with a neighboring B atom

in the liquid, or conversely a B atom in the solid is attempting to exchange with an A atom

in the liquid. The overall rates at which these exchanges successfully occur are denoted by

kS←→L
A,B and kS←→L

B,A respectively and can be expressed as follows:

kS←→L
B,A = fBAX

S
BX

L
AP

S←→L
B,A (28)

In this expression fBA is the attempt frequency of exchanges across per unit area of the

interface, the quantity XS
BX

L
A is the probability that a randomly selected exchange event is

between a B atom in the solid and an A atom in the liquid, and finally the factor P S←→L
B←→A is

a thermodynamically informed probability that a given attempt will succeed in overcoming

the thermodynamic barrier to reaction and succeed in causing the atoms A and B to swap
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places.

In order to generalise the rate equation 28 to the multi-component case, it is helpful to

reframe kS←→L
B,A as the rate at which A atoms in general join S from L kL−→S

A , this quantity is

identical to kS←→L
B,A for the A B binary. For multi-component systems however there will be

a seperate term for each extra element in the system that A could swap with, instead of just

B. For the sake of generality we will relabel our elements to the arbitrarily definable i and

j, and a pair of general phases α and β. The rate at which i leaves α and joins β, kα−→β
i , is

given by:

kα−→β
i = Xα

i

∑
j

fijX
β
j P

α←→β
i,j (29)

This expression is found by summing all the possible pairwise swaps that would result in

an i atom moving from α to β in a manner that is identical to considering the swapping of

separate independent binary cases. It is optional to either include or exclude the contribution

of an i atom swapping with another i atom from kα−→β
i as the contribution of this particular

swap will cancel out when taking the difference of the forwards and backwards rates. For

further details see figure 8. Conversely the rate at which i atoms leave β and join α can be

derived following the exact same logic:

kβ−→α
i = Xβ

i

∑
j

fjiX
α
j P

α←→β
j,i (30)

Analagously to Aziz and Smiths work, the factor fji is again representative of some

attempt frequency, and the term Pα←→β
j,i is the probability that any given exchange attempt

between i and j succeeds. The net rate of change of i between α and β is simply the difference
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Fig. 8. This figure shows a schematic of the pairwise swapping procedure for a pair of elements i and

j. In order to find the overall rate at which i atoms moving from α to β, kα−→β
i , one needs to take the

sum of all kα←→β
i,j over the elements j in phase β. Thus kα−→β

i =
∑

j k
α←→β
i,j =

∑
j X

α
i X

β
j fijP

α←→β
i,j
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of these two rates, for the following order of subtraction this yields the increase in i on β and

the decrease in i on α:

kα←→β
i = kα−→β

i − kβ−→α
i =

[
Xα
i

∑
j

fijX
β
j P

α←→β
i,j

]
−

[
Xβ
i

∑
j

fjiX
α
j P

α←→β
j,i

]
(31)

With the factors factors fij and fji being equal under the assumption of microscopic re-

versibility [66]. Due to the number fixed nature of this flux (i.e. the overall numbers of atoms

in α and β do not change) it is convenient to only evaluate the flux for N-1 elements in an N

element system, with the change in the unevaluated element being inferred from the number

fixed property. Another important property of the number fixed frame, in addition to pre-

serving the number of atoms in each phase, is that the choice of unevaluated element should

not affect the evaluated fluxes. Both these properties of number fixedness can be readily

verified by taking the sum of all kα←→β
i and observing that they sum to 0. Consequently the

redistributive flux derived here will not contribute to the net growth of phase.

The final component to be determined before this rate equation can be used are the values

of the probabilistic factors Pα←→β
j,i and Pα←→β

i,j . In reaction rate theory, these probabilities

are dependent on the height of the Energy barriers between the states in the model. The

choice of barriers is an important one in reaction rate theory and, in the absence of some

firm and rigourous theory of the energy potentials in configuration space, it is common to

utilize the thermodynamic quantity of chemical potential to construct these barriers in order

to ensure that they evolve the system retains some phenomologically correct behaviours [16].

These include and conformance with experimentally observed low driving force behaviours

and equilibrium conditions, as well as some desirable high driving force behaviours - such
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Fig. 9. This construction is identical to the one proposed by Aziz and Smith in their seminal

work [16]. It is only valid if ηαi + ηβj < ηαj + ηβi , otherwise the barrier between the two states might

disappear - thus implying they would not exist as distinct local equilibria.

as the total rate of a reaction not exceeding the physical parameters fij. After all it would

not make physical sense for the successful exchange attempt frequency to exceed the overall

attempt frequency.

In the CGM paper the probabilistic factors for the forwards and backwards reactions were

derived by considering a barrier construction much like that in figure 9. In this construction,

the thermodynamically less stable state (the configuration at a high redistribution potential

η) sees a base-line energy barrier of Q0, whereas the more stable state sees a larger barrier

of Q0 + |∆η|. The larger energy barrier suppresses the rate of reaction in one direction,

moreso than the other, resulting in a net rate of change between the states. The resultant

probabilistic factors P S↔L
B,A and P S↔L

A,B are:
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P S↔L
B,A = exp

(
−(Q0 + (ηSA + ηLB)− (ηSB + ηLA))

RT

)
P S↔L
A,B = exp

(
−Q0

RT

) (32)

These probabilities are appropriate for the binary alloys where the B,A state is more

thermodynamically stable (in terms of redistribution potential) than the A,B state, if the

reverse were true however, then one of these probabilities would be greater than one and

therefore completely unphysical. Additionally it cannot be guaranteed (for non-ideal solu-

tions) that one configuration will be more stable across the whole composition space, thus

the above equation cannot be said to be generally valid across a wide range of compositions

and temperatures. It is straightforward however to apply a few numerical tricks to create an

expression that represents the intended construction of both states seeing a positive barrier.

To this end it is helpful to split the probability into two parts, one for each element:

Pα←→β
i,j = Pα−→β

i P β−→α
j (33)

with each part defined as follows:

Pα−→β
i = exp

(
−Qi + ((ηαi − η

β
i )− |(ηαi − η

β
i )|)

2RT

)

= exp

(
−Qi + (∆ηi − |∆ηi|)

2RT

) (34)

P β−→α
i = exp

(
−Qi − ((ηαi − η

β
i ) + |(ηαi − η

β
i )|)

2RT

)

= exp

(
−Qi − (∆ηi + |∆ηi|)

2RT

) (35)

This construction will result in perfectly valid probabilities for any combinations of ηαi

and ηβi , and reproduces probabilities in equation 32 - when it would be physically appropriate
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to do so. This can be seen as the η terms completely cancel out whenever the element i is in

the state that it is less stable in, and the barriers value is increased by |∆|η if i is in a state

that it is more stable in. The expression also reproduces the linear phenomenological law in

the low driving force limit and converges to the highest physically possible flux in the limit

that |∆η| −→ ∞.

Given that the redistributive flux in this work is composed solely of binary pairwise

contributions, the probabilities evaluated in this way for each pair of elements in the system

are sufficient to complete our model. Thus the resultant equations of the redistribution rate

are:

γij = f exp

(
−Qij

RT

)
(36)

kα←→β
i = Xα

i exp

(
∆ηi − |∆ηi|

2RT

)
·
∑
j

γijX
β
j exp

(
−∆ηj − |∆ηj|

2RT

)

−Xβ
i exp

(
−∆ηi − |∆ηi|

2RT

)
·
∑
j

γijX
α
j exp

(
∆ηj − |ηj|

2RT

) (37)

As a review of the definitions, this expression yields the signed net movement of atoms

from α to β. The factor γij is a kinetic factor for each pair of elements in the system - it

defines the maximum frequency at which a given pair of elements can exchange places. Xα
i

and Xβ
i are the molar fraction of element i in the α and β phases, ∆ηi is the redistribution

potential difference between the phases for element i (∆η = ηα − ηβ), and R and T are the

molar gas constant and system temperature respectively.

To apply this redistributive flux in a 2D or 3D context it is necessary to consider how the

shape of the interface might affect the flux. A strongly curved interface, such as might be
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found at the growing tip of a dendrite, can have the effect of shifting the relative position of

the free energy curves of a pair of phases. This would in turn affect driving forces for growth

and redistribution between those two phases, as the redistribution and chemical potentials are

derived from the relative difference between those curves. In order to apply this redistributive

flux to 2D or 3D simulations, the effect of this curvature should be accounted for. This can be

done quite straight forwardly by simply adding ∆µC to the redistribution potential difference,

∆ηi. Simply making the substitution ∆ηi −→ ∆ηi+ ∆µC . In this case the curvature potential

difference for a uniformly curved (or 2d) surface is defined as:

∆µC =
2σ

R
(38)

or in the case of a 3 dimension surface:

∆µC =
2σ

R1 +R2

(39)

3.3.2 Cooperative Growth Flux

Phase growth occurs when more atoms adsorb onto a growing phase than disassociate from it.

At an atomistic scale the growth of a phase α would be observed as the successful adsorption

and incorporation of atoms or groups of atoms from the adjacent β phases structure (or

lack there of) onto the α phase, with the composition of the newly extending α phase being

dependent on the relative rates at which different atomic species associate and disassociate

with the growing α phase. This process does not occur independently for atoms either side of

the interface for example certain complexes of atoms may more readily adsorb onto a growing

phase, or if an atoms immediate neighbors are adsorbed onto the interface, then it will be
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more likely to be adsorbed as well.

In this work it is assumed this process can be approximated by combining a pair of

mechanisms - the redistributive flux and the cooperative growth flux. The cooperative growth

flux imagines that the atoms adjacent to the growing interface are leashed to some imaginary

potential lattice site for the growing phase, thus there is no competition between rates of

association and disassociation of different elements. This is elaborated in figure 10 in which

new layers of the growing α would form at the previously existing β phases composition.

The effect of competing association and disassociation is intended to be accounted for by the

redistributive flux described in section 3.3.1.

A cooperative growth flux of this form is proposed as it does not result in any solute

being pushed ahead of the interface thus does not contribute to the redistribution of solute

between the phases. This is useful in our model as it isolates the redistributive flux as being

the only process which can initiate a composition change between phases. It should be noted

that this mechanism may appear to contradict the claim that cooperative growth does not

contribute to redistribution given that the composition of the growing phase will change as

a layer of material at a different composition is incorporated, this effect however is restricted

purely to the growing phase. For completeness the magnitude of this effect for a 2 phase

system with phase fractions φα and φβ, if the α phase cooperatively grows into the β phase

by an amount δφα, then the new composition in the α phase, (Xα)′, will be:

(Xα)′ =
φαXα + δφXβ

φα + δφ
(40)

Given a clear definition of how this flux should affect the system, it is then necessary to
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Fig. 10. Illustration of Cooperative Growth Mechanism, a layer of β phase adsorbs onto the existing

α phase. As a result the overall composition of the β phase remains unchanged, however the α phase

composition is adjusted slightly due to the newly incorporated β phase.
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find an expression for the rate at which this flux should occur given some driving force. It may

be tempting to reapply the concepts used when deriving the redistributive flux, imagining a

forwards rate for parts of a layer freezing - and a backwards rate for parts of a layer melting,

with the net motion of interface being a difference between the two. There is a problem

however introducing a concurrent freezing and melting process, as according to equation 40

this would result in the redistribution of solute between the solid and liquid phases, which is an

effect that is intended to be controlled solely by the redistributive flux. Instead it is assumed

that either the freezing mode, or the melting mode of cooperative growth acts exclusively

over some local area of the interface, at rate determined by a common phenomenological

model for the growth rate of crystalline solids. To this end the following equation is utilised

[72], where K is the attachment rate of atoms to a solidifying crystal phase:

K = α

[
1− exp

(
∆G

RT

)]
(41)

Where ∆G is thermodynamic the driving force for this process, R and T are molar

gas constant respectively, and α is defined as the maximum attachment rate at a negative

infinite driving force. To ensure that our system evolves in the correct direction and with

the appropriate magnitude, ∆G is the free energy released by the change in phase. For the

cooperative growth flux, given the before and after scenarios in 10, this value for ∆G should

be
∑N

i X
L
i (µSi − µLi ), which is the free energy released XL

i i atoms rearrange into a solid

state, at the solid - liquid interface. This expression is only physically meaningful so long as

∆G < 0, as it is only phenomologically valid for solidification - ie positive values of K. For

this reason, a more complete expression for K which would be physically meaningful both
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when there is a driving force for melting or a driving force for freezing would be:

K =


α
[
1− exp

(
∆GF/RT

)]
if ∆GF < ∆GM

α
[
exp

(
∆GM/RT

)
− 1
]

if ∆GM < ∆GF

(42)

The driving forces for melting ∆GM , and driving forces for freezing ∆GF apply to a pair

of mutually exclusive and asymmetric processes. The freezing process occurs when liquid

layers are adsorbed onto the solid phase (at the liquid phases composition) thus its driving

force according to a consideration of the overall free energy before and after the reaction is:

∆GF =
N∑
i

XL
i (µLi − µSi ) (43)

whereas in the case of melting, a layer of solid material is assumed to disassociate and

join the liquid phase (at the previously solid phases composition). Consequently the free

energy released by this process is:

∆GM =
N∑
i

XS
i (µSi − µLi ) (44)

The effect of curvature on growth can be included as well by adding either a curvature

potential term ∆µC to GF and (with an opposite sign) to GM however when incorporated into

a phase field style model as done in section 4.1.1, it is unnecessary as the phase field terms

them selves naturally yield an apparent driving force to reduce interfacial area. Applying a

curvature potential adjustment to the interface driving force would in that case result in the

effect of curvature being double counted when simulating the evolution of curved interfaces.
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3.3.3 Diffusive Growth Flux

Although the diffusive flux was not ultimately utilised in the rapid solidification models in

this work, it is still important to acknowledge it here as a sensible and physical pathway

by which phase growth and redistribution can occur. The diffusive growth fluxes are meant

to model a process whereby an atom in one phase exchanges places with a vacancy in a

neighboring phase. The net result of this exchange would naturally be the growth of one

phase at the expense of the other, and a change in composition of two phases if there are

multiple different elements involved. The diffusive flux can be represented as a special case

of the Redistributive flux 37, however with an extra ”element” labelled v being introduced

to represent the vacancies, and all the cross term kinetic factors γij being 0 for non-vacancy

interactions. This effectively results in the redistributive flux only allowing pairwise swaps

between an atom and a vacancy across the adjacent phases. With these changes the resultant

equation of for the net flux of i atoms between a pair phases α and β is:

kα←→β
i = Xα

i exp

(
∆ηi − |∆ηi|

2RT

)
· γivXβ

v exp

(
−∆ηv − |∆ηv|

2RT

)
−Xβ

i exp

(
−∆ηi − |∆ηi|

2RT

)
· γivXα

v exp

(
∆ηv − |ηv|

2RT

) (45)

If it is assumed that the vacancy species reaches equilibrium much faster than the material

elements in the systems, then it can be assumed that ∆µv = 0. This allows the above equation

to be somewhat simplified:

kα←→β
i = γivXv

[
Xα
i exp

(
∆ηi − |∆ηi|

2RT

)
−Xβ

i exp

(
−∆ηi − |∆ηi|

2RT

)]
(46)
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Xv =


Xα
v if ∆ηv > 0

Xβ
v if ∆ηv < 0

(47)

Where in these expressions, the γivXv may simply be absorbed into some general Mobility

Constant Mi. It may seem that this ”Constant” could change due the condition in equation

47, this would only be the case for systems that very strongly non-ideal with respect to

their vacancy thermodynamics. So long as |Gα
v,0 − G

β
v,0| is generally much greater than any

RK Polynomial/ enthalpy of mixing terms in the free energy function difference, then Mi is

guaranteed to be constant. This rate was derived through a procedure that is conceptually

identical to that proposed by Larsson et al in [73], however due to a difference in the choice

of barrier construction, they arrive at a slightly different flux equation:

Ji =
MiRT

Vm∆z

√
Xα
i X

β
i X

α
vX

β
v 2 sinh

∆µi
2RT

(48)

In their barrier construction, instead of only the more η Stable state seeing a larger

energy barrier (as seen in figure 9), both the iα ←→ vaβ exchange process and the reverse

iβ ←→ vaα exchange process see a modified barrier of a half the magnitude for each reaction

(as shown in figure 11). This construction of barriers however can potentially introduce an

unphysical scenario if |(nβ − nα)/2| > Q0, as in this situation one of the states would be

seeing negative energy barrier, resulting in a likelihood of overcoming the barrier in excess

of 1. It is this incongruity that permits equation 48 to produce fluxes in excesses of what

the maximum attempt frequency f could physically permit- albeit perhaps only at extremely

large driving forces. The barrier construction in 9 avoids this pitfall hence the equation

46 has the advantage of remaining physically coherent at arbitrarily large driving forces.
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Fig. 11. A thermodynamic barrier construction based off the assumptions used by Larsson and

Hillert [70] [73] in reaction rate treatments of diffusion by a vacancy exchange mechanism. In this

construction the barrier height decreases from the perspective of the higher energy state and increases

from the perspective of the lower energy state.

Given that this thesis is attempting to model highly non-equilibrium solidification processes,

the property of remaining physically coherent at large driving forces is what motivated the

decision to primarily utilize Aziz and Smiths construction over other thermodynamic barrier

constructions common in the literature [70].

During solidification the growth of phase is not a purely atomistic process that can be

modelled at the scale of individual exchanges of particles across the interface instead, as can

be seen in recent molecular dynamics simulations [74], it is an in place re ordering of many

particles into a new stable configuration. This is especially the case for rapidly solidifying

melts. To address this shortcoming Larsson and Borgenstam extended their model to combine
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the diffusive flux with a cooperative growth flux [75], however the approach makes it difficult

to disentangle the contribution to the growth rate of the competing processes. There ought

to be some theoretical maximum rate at which the interface grows, and an approach which

combines two processes that lead to phase growth would need to contrive some limit to

prevent that maximum being exceeded. For these reasons in this work it was decided to

further develop models using fluxes that affected the system in relatively independent ways

(ie. the cooperative growth flux and the redistributive flux).

3.4 Bulk Diffusion as a Redistributive Flux

The most widely adopted approaches for modelling number or volume fixed diffusion fluxes

are based on Anderson and Agrens proposed methods for Numerical simulation of diffusion

fluxes [76] which forms the basis for the CALPHAD approach to modelling diffusion in alloys

[77]. The number fixed fluxes (denoted as NFF) are useful because it is convenient in most

numerical models for each discrete point in the model to represent a fixed number or volume

of material. Not doing so would necessitate the expansion or distortion of the discrete control

volumes used to approximate the system as each control volume could represent a differing

volume or number of atoms. An approach that could prove cumbersome in a single dimension

and would be very difficult to account for in 2 or 3 dimensions. Formally the NFF is defined

as a set of fluxes ji that satisfies:

∑
i

ji = 0 (49)

NFF are typically derived by transforming the Lattice Fixed Fluxes, which are propor-

61



tional the chemical potential gradient and generally neither volume or number fixed, using a

moving frame of reference where the movement is relative to the Lattice Fixed Frame. The

moving reference frame introduces a flux proportional to the velocity of the reference frame

that can be straight forwardly selected to cancel out the non-zero net flux that is apparent

in the Lattice Fixed Frame.

The Redistribution Flux that describes the rearrangement of solute at an interface be-

tween phases is also necessarily number fixed. Although these two approaches to a NFF

have been derived in separate contexts and for distinct purposes (as illustrated in figure 12),

it appears that the redistributive process ought to be applicable to both diffusion within

and between phases. This is because even though the redistributive flux was originally pro-

posed as acting across a real interface between thermodynamically distinct phases, there

is no reason it could not be imagined to occur across a ”psuedo interface” within a single

phase, thus behaving like a diffusion flux. Consequently the redistributive flux could offer

a unified approach to treat NFF diffusion across a domain with phase boundaries present.

However, in order to use widely available kinetic coefficients, such as CALPHAD Mobilities,

in the redistributive flux - some regime of equivalence between pairwise swapping procedure

and conventional approach would have to be demonstrated for diffusion throughout a single

phases.

This regime of equivalence can be found by applying the redistributive flux to operate

between two nearby spatial regions at z and z + δz within the same phase, and taking low

driving force limits to examine how the resultant equation relates to the the conventional

approach based on a moving frame of reference. The redistributive flux derived in section

3.3.1 is:
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Fig. 12. Pair of distinct contexts in which a number fixed flux can be derived.

kα←→β
i = Xα

i exp

(
∆ηi − |∆ηi|

2RT

)
·
∑
j

γijX
β
j exp

(
−∆ηj − |∆ηj|

2RT

)

−Xβ
i exp

(
−∆ηi − |∆ηi|

2RT

)
·
∑
j

γijX
α
j exp

(
∆ηj − |ηj|

2RT

) (50)

This net rate of i atoms moving between α and β, kα←→β
i can be converted to flux through

a single phase quite straight forwardly. To apply this through a single phase, we imagine

that α is some region of phase at location z, and β is some nearby location z + δz. As a

further simplification for sake of this derivation, it will also be assumed that ∆ηi is always

negative. This results in the flux between z and z + δz being:
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ji/δ = Xi(z) exp

(
−δ∇ηi
RT

)
·
∑
j

γijXj(z + δz)

−Xi(z + δz) ·
∑
j

γijXj(z) exp

(
−δ∇ηj
RT

) (51)

And then taking the low driving force limit where δ∆ηi is quite small and substituting

in Chemical potential µi instead of ηi the following expression is found (Full derivation in

appendix B):

ji/δ = Xi

[
−δ∇µi
RT

]
·
∑
j

γijXj −Xi ·
∑
j

γijXj

[
−δ∇µj

RT

]
(52)

For comparison the number fixed flux derived by considering a moving reference is:

ji = Ji −Xi

∑
j

Jj

= −MiXi
∇µi
RT

+Xi

∑
j

[
−MjXj

∇µj
RT

] (53)

From these expressions it can be seen that the two fluxes are certainly not generally

equivalent. As much was to be expected given that the description of diffusion given by

equation 53 has N independently variable kinetic coefficients (one for eachMi) in an N element

system, whereas the flux derived from the swapping procedure in equation 52 has N(N-1)/2

independent kinetic coefficients ( one for each symetric pair of γij and γji). Nonetheless

there is at least one scenario under which variables can be selected to make the equations

equivalent, that is when Mi = Mj for all elements in the system. It can be readily verified

that both equation 53 and 52 are equivalent when the following substitution is made:

γijδ
2 = M = Mi = Mj (54)
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It is interesting to note that it is only under these conditions that the conventional NFF

behaves as a valid redistribution flux. By valid we mean that if the flux were permitted to

operate between two distinct phases held at fixed phase fractions, then the system would

eventually relax to a pair of compositions with parallel (though not necessarily common)

free energy curve tangents. Such a property of a redistributive flux is generally considered

physically desirable as the parallel tangent composition minimizes a systems Gibbs Free

Energy when phase fraction and overall composition are fixed. This introduces the possibility

to derive a redistributive flux between phases by considering a lattice fixed fluxes boosted to

a moving frame of reference fixed on the interface. Such an approach would not be entirely

unprecedented as Larsson et al [73] [70] applied fluxes very similar to lattice fixed frame

fluxes to describe the growth of phases, however a transformation of those fluxes to a number

fixed frame via a velocity boost would not generally yield redistributive fluxes that relax a

system to a composition satisfying the parallel tangents condition.

In conclusion it does not to seem to be generally possible to relate kinetic coefficients

between the conventional models of number fixed frame diffusion and the suggested model

based on a swapping procedure as they are describing fundamentally different behaviours in

their common domain of diffusion through a bulk phase. Therefore although the swapping

scheme presented here may be a conceptually and thermodynamically consistent scheme for

describing the redistribution of components over an interface between phases, it is difficult

to apply to the context of diffusion through a bulk phase as it has only been found to be

reconcilable with the CALPHAD approach to diffusion [77] under the specific condition of

equal mobility across all elements shown in equation 54.
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4 Models

4.1 Diffuse Interface Model Utilising Cooperative Growth and Re-

distributive Flux

In this chapter we incorporate the redistributive flux and cooperative growth flux into a dif-

fuse interface model in order to produce a model that can behave like (and thus be informed

by) a continuous growth model (CGM), whilst sidestepping the awkward numerical challenge

of a moving boundary problem. The present model is based on work done by N Warnken on

a phase field model for non-local equilibrium phase transformations. The model separates

contributions from curvature and thermodynamic driving forces. Phase changes are calcu-

lated from reaction rate consideration as outlined by Larsson, Strandlund and Hillert [73], in

the low driving force regime [78] [79]. Phase field models were chosen as the diffuse interface

model of choice onto which to map the sharp interface behaviour as their behaviour and ki-

netics is well studied, additionally their numerical implementation can be straight forwardly

extended to 2 and 3 dimensional cases. The redistributive and cooperative fluxes (from sec-

tions 3.3.2 and 3.3.1) are incorporated into the phase field model by considering how the flux

would affect a sharp interface model, and then replicating that effect in the diffuse interface

model. Ultimately there are several Key features of the model that should be inherited from

the redistributive and cooperative growth fluxes:

• Fluxes that contribute to redistribution should not contribute to growth of phase - i.e.

they should not increase or decrease the phase fraction φ.

• The amount of solute partitioning should monotonically decrease with increasing inter-
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face velocity (ideally following the same relationship as the CGM).

• Phase Field models behaviour interface velocity should correlate with some measure of

the average driving force for cooperative growth across the interface.

The phase field model used is conceptually similar to the KKS and FID (finite interface

dissipation) phase field models in regards to the domain of the simulation. This domain

consists of a pair of phases, representing a solid phase S and liquid phase L with the presence

of either phase being tied to a phase field variable φ, and a separate composition field for

each element, in each phase in the system. Regions where φ is close to either 1 or 0 are

thermodynamically and kinetically treated as unambiguously single phase - whereas a value

of φ between 0 and 1 is thermodynamically modelled as a mixture of phases, with the rate of

interaction between phases (i.e. growth and redistribution of solute between phases) being

scaled by a factor φ(1 − φ). Overall this results in one field φ for the phase field and two

composition fields for each element in the system. A novel feature of this work however

is that instead of representing the system in terms of phase fractions φS, φL, and phase

compositions XS and XL, the domain is instead expressed in terms of molar fraction of each

element in a given phase, which is denoted by the quantity ψ. The conversion between these

two representations of the domain is quite straight forward:

ψSi = φSXS
i

ψLi = φLXL
i

(55)

The decision to represent the domain with these quantities was made to aid in the con-

ciseness of the resultant equations describing the evolution of the domain. This evolution is
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described in terms of 2N first order differential equations w.r.t time for an N element system,

with it being possible to split the rates of change for ψSi and ψLi in two parts:

ψ̇Si = ψ̇S,diffi + ψ̇S←→L
i

ψ̇Li = ψ̇L,diffi − ψ̇S←→L
i

(56)

with ψ̇S,diffi and ψ̇L,diffi representing the independent process of diffusion throughout each

phase, and ψ̇S←→L
i describing the exchange processes (redistribution and growth) occurring

between phases in the mixture that’s modelled to exist at points in the diffuse interface.

Diffusion throughout a phase should not contribute directly to the phase growth or shrinkage.

This yields the conditions:

∑
i

ψ̇S,diffi = 0

∑
i

ψ̇L,diffi = 0

(57)

Which essentially just dictates that diffusion ought to be number fixed mechanism oper-

ating between control volumes / simulation points. As a slight simplification, it is assumed

that ψ̇S,diffi = 0 given that the diffusivity of elements in the solid phase is often orders of

magnitude smaller than the diffusivity in the liquid phases. Together these equations describe

the transition of material between solid and liquid states in the interfacial region, and the

transport of material spatially by diffusion of solute across the interfacial and bulk regions

(for the liquid phase) - however material transport due to convective effects is not included

at it was deemed beyond the scope of this work.
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4.1.1 Cooperative Growth Flux in Diffuse Interface Model

When mapping the cooperative growth flux onto the phase field model, there are several

properties that must to preserved in both representations of the physical system. Firstly the

interfaces motion in response to some driving force should be the same in both cases. This

introduces the complication of how to correspond the range of compositions that exist across

a phase field models interfacial region, with the pair of distinct compositions either side of

sharp interface - and the associated driving force in each model. This complication diminishes

however if the composition in each phase is roughly uniform across the the interface, as this

would result in a constant thermodynamic driving force across the phase field model - making

it easier to predict the resultant phase field models interface velocity and draw correspondence

with a sharp interface model. Stated formally, a point on the solid side of the interface at

zφ−→1 should have approximately the same solid and liquid composition as another point on

the liquid side at zφ−→0. In terms of ψ this condition is:

ψSi (zφ−→0)∑
j ψ

S
j (zφ−→0)

≈ ψSi (zφ−→1)∑
j ψ

S
j (zφ−→1)

ψLi (zφ−→0)∑
j ψ

L
j (zφ−→0)

≈ ψLi (zφ−→1)∑
j ψ

L
j (zφ−→1)

(58)

The addition of an accelerated interfacial diffusion (discussed further in section 4.1.3),

meant to smooth out the composition profile through the interfacial region, makes this as-

sumption valid over a wider range of interface velocities. However as the interface transitions

from a diffusion controlled growth mode to a temperature controlled growth mode the as-

sumption of a uniform concentration profile will become invalid, consequently the assumed

driving force would instead have to be inferred from the interfaces actual resultant motion
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under those circumstances.

In addition to reproducing the predicted interface velocity, the phase field implementation

of the cooperative growth mechanism should not, by it self, result in a composition change

in either the solid, or the liquid phase field (assuming both phases start at the same com-

position). Any redistribution of solute between the phases is instead intended to be wholly

controlled and initiated by the redistributive fluxes proposed in section 3.3.1. The separation

of the phase field domain itself into distinct phases and the growth of the more thermo-

dynamically stable phase is guaranteed by monotonically decreasing the following energy

functional:

F =

∫
Ω

dΩ

[
ε2

2
|∇φ|2 +Hφ2(1− φ)2 +

√
H

ε
√

2

P

S
(XS, XL)φ2(1− 2

3
φ)

]
(59)

The rate of change of φ for the phase field model is derived by a fairly typical procedure,

taking the variational derivative of the energy functional in equation 59 with respect to φ

and proposing a relaxation Ansatz that would be guaranteed to reduce the energy functional

on each time-step. A driving force is added to this model by the addition of the φ3 terms

in the functional which act to tilt the double well potential effectively rendering one of the

phases energetically more favourable than the other. The composition dependent factor P

may vary from 1 to -1 corresponding to maximally tilted configuration of the double well

potential. This tilt however was suppressed by a factor S as otherwise a large enough variation

of P across the interface could result in the formation of a spurious stable phases. Values

of kinetic coefficients in the phase field model are then selected such that these extremum

of tilted double well configurations correspond the maximum allowed freezing and melting
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Fig. 13. One condition for a proper mapping of a phase field model (left) to a sharp interface model

(right), would be for the total area difference under the blue and red curves to be equivalent when

the driving forces are same. An equivalent area difference would represent an equivalent amount of

material Incorporated into the growing phase.

velocity. The resulting phase field equation characterising the overall rate of change of φ is

found to be:

∂φ

∂t
= VcS

(
−δFint

δφ

)
= VcS((−ε2∇2φ+ 2Hφ(1− φ)(1− 2φ)) + 2

√
H

ε
√

2

P

S
φ(1− φ))

(60)

This particular phase field energy functional and driving force term was chosen as the

widely known 1-D travelling wave solutions to phase-field equations of this form make it rela-

tively straight forward to verify that its behaviour can be made analogous to the cooperative

growth fluxes proposed in section 3.3.2. This is done by taking direct inspiration from those

fluxes, and setting the factor P to be equal to:

P =



[
1− exp

(
∆GF/RT

)]
if ∆GF < ∆GM

[
exp

(
∆GM/RT

)
− 1
]

if ∆GM < ∆GF

(61)
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Where ∆GF and ∆GM are the driving forces for freezing and melting respectively as

defined in section 3.3.2. For a given driving force across the interface ∆G we should expect

the same interface velocity in both a sharp interface and diffuse interface representations

of a given interface. As illustrated in figure 13 the rate at which material is incorporated

into a given phase in a diffuse interface model should be equal to the rate at which atoms

are incorporated into that same phase in the sharp interface model. Thus we demand the

following equality should hold:

∆x = Jcoop · δ ·∆t =

∫ ∞
−∞

∂φ

∂t
·∆t · dx (62)

In this expression ∆x is the distance that the 1-D interface should progress over a short

time interval ∆t. This is equivalent to:

VcP

δ
=

∫ ∞
−∞

∂φ

∂t
dx (63)

Where VC is the maximum crystallisation velocity, δ is the inter atomic spacing, and P is

the driving force factor from equation 61. It is straight forward to show that by comparison

of the 1-D travelling wave solution to equation to the 1-D sharp interface that this condition

holds if and only if both interfaces move at the same velocity v for a given driving force ∆G.

The interface velocity given by the cooperative growth mechanism acting on a sharp interface

is simply:

v = VcP (64)

whereas the interface velocity of the phase field model can be found by utilising the
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travelling wave solution, as is done in the KKS model [12]).

φ(x, t) =
1

2

(
1− tanh

(√
H

ε
√

2
(x− v · t)

))
(65)

By substituting equation 65 into equation 60, this yields:

2v

√
H

ε
√

2
φ(1− φ) = Vc2

√
H

ε
√

2
Pφ(1− φ)

v = VcP

(66)

Therefore demonstrating that for some driving force, this phase field model will respond

identically to a sharp interface model governed by the cooperative growth mechanism.

Typically in phase field models the state of the system is defined in terms of an order

parameter φ and the composition fields XS and XL. In this work however the evolution of

the phase and composition fields in this model are found by instead evolving the ψSi and ψLi

fields. These fields are equivalent to as φXS
i and (1− φ)XL

i respectively and can be thought

of as the molar fraction of atoms in some control volume that are element i and in a given

phase. It is therefore necessary to convert ∂φ
∂t

to a set of ∂ψi
∂t

for each element.

The properties of the cooperative growth flux can be preserved across points in the in-

terfacial region by considering how much ψLi should become ψSi , or vice versa. In the case of

freezing the change in φ, ∆φ, at some point in the interface will be positive and should cor-

respond to ∆φ amount of liquid being incorporated into the solid phase. The fraction of this

incorporated liquid that is of element i is of course simply XL
i . Therefore ∆ψSi = ∆φXL

i . As

a result the composition of the solid phase fraction XS
i may change, however because every

element is incorporated proportionally to their concentration in the liquid phase fraction, the

overall composition of the liquid phase XL
i will remain unchanged for all i. This preserves the
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desired properties of cooperative growth flux outlined in section 3.3.2. A near identical line

of reasoning can be applied when considering the process of melting (ie. when φ is negative).

In each case the rate of change of ψi from liquid to solid is simply therefore:

∂ψCi
∂t

=



∂φ
∂t
XL
i if ∂φ

∂t
> 0

∂φ
∂t
XS
i if ∂φ

∂t
< 0

(67)

4.1.2 Redistributive Flux in Diffuse Interface Model

In order to apply a redistributive flux to the diffuse interface phase field model produced in

section 4.1.1 it is important to acknowledge some important conceptual differences between

the diffuse and sharp interface models. In a sharp interface model there is clear delineation

between the phases and which fields are relevant to solving the systems evolution for a given

point in space, however for the diffuse interface model there is a region of space between

φ = 1 and φ = 0 where this delineation becomes quite ambiguous. Instead of a sharp

delineation between the phases it is instead common to allow the fields associated with each

phase to overlap in this region of space. Points in this region are then thermodynamically

and kinetically treated as a mixture of the two phases which are capable of exchanging solute

between each other.

For a sharp interface model the redistributive fluxes directly act to partition solute by

transferring solute spatially between the adjacent phases. In this diffuse interface phase

field model however, the overall redistributive process is effectively occurring via two tightly

coupled processes as shown in figure 14. The diffusion of solute from one ”side” of the diffuse
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interface to the other (from where φ = 0 to where φ = 1) denoted as jDi , and the exchange

of solute between the ”mixture” of phases coexisting at each point labelled jRi . As solute is

re-partitioned between the mixtures of phases at each point in the interface region by jRi , a

concentration gradient will emerge within each phase which gives rise to jDi that describes the

diffusion of solute across the interfacial region. Clearly both of these processes are necessary

in order to observe any kind of partitioning behaviour and the overall solute redistribution

will be limited by each process.

An absolutely rigorous mapping of the diffuse interface solute redistribution to sharp

interface solute redistribution would need to consider both of these effects however in this

work we simplify our attempt to recover sharp interface behaviour by making jRi the rate

controlling step for overall redistribution, rather than the diffusion of solute through the

interface region jDi . This is achieved by utilizing diffusivity acceleration (elaborated in section

4.1.3) in the interfacial region. The accelerated diffusion has the additional property of

flattening the composition fields in the interfacial region by allowing diffusion to act through

them faster, which makes the assumptions used to predict the overall rate of redistribution

in the diffuse interface model (shown in equation 68 - an assumption of uniform composition)

more accurate.

In order to make a direct comparison of diffuse interface redistribution to sharp interface

redistribution we consider the scenario where the composition fields, XS(x) and XL(x), across

the diffuse interface are constant. Under these conditions the overall rate at which solute

is redistributed across the entire diffuse interface should be equivalent to the rate at which

solute is redistributed across the sharp interface kα←→β
i , this can be expressed across a one

dimension domain as:
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Fig. 14. A schematic representation of the difference between redistribution across a sharp, discon-

tinuous interface (right), and a diffuse interface (left). Redistribution across a sharp interface can

be expressed by the single flux jRi , whereas in order for solute to move across the diffuse interface

it must first be exchanged from α to β by jRi (represented by the vertical arrow at a point in the

interface), then be transported across the interfacial region by jDi . If either of jRi or jDi is completely

suppressed, then growth will be completely partitionless

kα←→β
i (XS, XL) =

∫ ∞
−∞

∂ψα←→β
i

∂t
dx (68)

By kinetically and thermodynamically treating interfacial regions of the phase field model

as mixture of the α and β phases, it is assumed that the redistributive process from section

3.3.1 kα←→β
i is acting between the coexisting phases at that point. The rate however is

modified by a factor of Aφ(1− φ) which is imagined to represent how much ”area” there is

between the coexisting phases for kα←→β
i to act over. In this expression A is a normalisation

factor dependent upon the phase field model parameters. A modification of this sort is also

simply practically necessary to localise the redistribution process to only the interfacial region

and prevent the redistribution of solute between phases in areas where there is only one phase

present. These assumptions yield the expression:
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∂ψα←→β
i

∂t
= Aφ(1− φ)kα←→β

i (69)

which can be directly substituted into equation 68 to get:

kα←→β
i (XS, XL) =

∫ ∞
−∞

Aφ(1− φ)kα←→β
i (XS, XL)dx (70)

Given that the factor kα←→β
i (XS, XL) is considered to be uniform across space (due to

the assumption of an approximately uniform composition through the interfacial region), it

can be extracted from the integral and canceled out, meaning this equation has only a single

unknown A that can be straight forwardly solved for by substituting in the steady state

1-D travelling wave solution. This substitution is worked through in appendix section 8.3

yielding:

A = 2

√
H

ε
√

2
(71)

which can be substitued back into the original expression for
∂ψα←→β

i

∂t
.

∂ψα←→β
i

∂t
= 2

√
H

ε
√

2
φ(1− φ)kα←→β

i (72)

The φ terms can be multiplited by the XS
i and XL

i terms in kα←→β
i (according to ψSi =

φSXS
i and ψLi = φLXL

i ) to yield the diffuse interface redistribution equation that is used in

this model:

∂ψα←→β
i

∂t
= 2

√
H

ε
√

2

[
ψαi ·

∑
j

γijψ
β
j p

α←→β
i,j − ψβi ·

∑
j

γijψ
α
j p

α←→β
j,i

]
(73)
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In this equation the all terms retain their previous meaning, where the pα←→β
i,j is a factor

between 0 and 1 proportional to the likelihood that an i atom in the α phase would successfully

swap places with an adjacent j atom in the β phase, and pα←→β
j,i is proportional to the

likelihood of the inverse process succeeding. The γij here again represents a factor combining

the baseline probability of the i and j atoms swapping with an attempt frequency of the

exchange process for those elements. If we assume that this redistribution process would be

microscopically reversible under equilibrium conditions then, according to Onsager[66], we

can then also insist that γij = γji. The product of γij and pα←→β
i,j is essentially the same as

Pα←→β
i,j from section 3.3.1.

For ideal solutions it is straightforward to demonstrate that these factors are constant as

a consequence of the redistribution potential itself also being a constant, however for many

thermodynamic systems such as the Al-Sn system investigated in this thesis this is a poor

assumption to make. Generally, for non-ideal solutions, the pα←→β
j,i and pα←→β

i,j terms will have

a composition dependence.

In pursuit of generalizing to 2 or 3 dimensional simulations, the effect of interface curva-

ture would need to be incorporated into the redistributive process as this would modify the

equilibrium state of the interface for a given curvature. The macroscopic curvature of the

interface can be incorporated in the model by addition of the curvature potential mentioned

in section 3.3.1. As is shown in Appendix section 8.2 the effective curvature potential for

phase field model 60 derived from the free energy functional given by 59 is:

∆µC =
ε√
2H

RT

φ(1− φ)

δFint
δφ

(74)
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Where δFint
δφ

denotes a partial derivative with respect to only the interfacial terms of

the Free energy functional (the first two terms in equation 59). This concept of a curvature

potential is borrowed from the work of N Warnkenn [79] where curvature and thermodynamic

driving forces are separated. It is possible to incorporate this contribution into the calculation

of pα←→β
i,j and pα←→β

j,i , however it is numerically more convenient to take the low curvature

limit to extract this term from the exponential part of the equation. Not doing so would

require the curvature potential ∆µC to be evaluated in regions where it approaches becoming

undefined as φ −→ 1 or 0. Ultimately we arrive at the following equation of motion:

∂ψα←→β
i

∂t
= 2

√
H

ε
√

2

[
ψαi ·

∑
j

γijψ
β
j p

α←→β
i,j − ψβi ·

∑
j

γijψ
α
j p

α←→β
j,i

]

+ 2

√
H

ε
√

2

[
XL
i p

α←→β
i,j +XS

i p
α←→β
j,i

]
φ(1− φ)

∆µC

RT

(75)

Which is made numerically tractable everywhere when we substitute equation 74 to get:

∂ψα←→β
i

∂t
= 2

√
H

ε
√

2

[
ψαi ·

∑
j

γijψ
β
j p

α←→β
i,j − ψβi ·

∑
j

γijψ
α
j p

α←→β
j,i

]

−
[
XL
i p

α←→β
i,j +XS

i p
α←→β
j,i

] δFint
δφ

(76)

4.1.3 Diffusion in Liquid and Interfacial Region with diffusivity acceleration

Due to the findings in section 3.4, it was deemed impractical to try and treat diffusion as a

redistributive process. Instead diffusion is modelled in the conventional way for phase field

models with separate composition fields for each phase [12] [15]:

∂ψdiffi

∂t
= −∇ · φLjDi (77)

In this expression, the rate of change of ψi in the liquid phase is derived from the continuity
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equation (appropriately in the absence of any source terms) on the diffusion fluxes jDi . The

fluxes jDi are Fickian and driven purely by the concentration gradient in XL
i however they are

suppressed by the amount of φL actually present as caused by the factor φL. It would have

been more physically accurate to use the chemical potential gradients as the driving force for

diffusion, however for numeric simplicity and performance reasons the fickian approximation

was used instead. This suppression both localises the liquid diffusion to the liquid phase,

and for our choice of variables in terms of ψ it also appropriately scales down the flux. DL
i is

simply the diffusivity of element i in the liquid. Given the higher diffusivity of solute in the

liquid, diffusion in the solid is completely ignored in this model.

In addition to simulating diffusion in the liquid however, an enhanced mode of diffusion is

permitted in the interface region in order to permit the redistributive flux to be rate control-

ling for the partitioning of solute across the interface. This has the effect of levelling off the

composition fields in the interfacial region making the assumption of a uniform concentration

field more valid. This acceleration is achieved by the addition of an acceleration factor α

which is incorporated into like so:

∂ψdiffi

∂t
= −∇ · (αφLjDi )

α = (1 + α0φ(1− φ))

jDi = JDi −XL
i

N∑
j

JDj

JDi = −Di∇XL
i

(78)

Under this expression, the φ(1 − φ) is largest in the centre of diffuse interface allowing

material to diffuse across this region faster and bring the compositions either side of the
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interface closer together than they would have otherwise been. In our experiments the factor

of A was typically given a value of 10 as a trade off between achieving the desired composition

field flattening, but also not having to reduce the time step of the simulation due to the

diffusion fluxes being an order of magnitude larger than the would otherwise have been.

4.2 Modelling the Thermodynamics

Throughout several chapters in this thesis chemical and redistribution potentials are used in

order to inform the direction and magnitude of redistribution and growth fluxes. To evaluate

the chemical and redistribution potentials at a reasonable speed requires either an efficient

means of looking up chemical potential with some third party piece of software, storing

and interpolating a domain of relevant chemical potential values, or simply evaluating an

explicit analytical expression of the chemical potentials. It was this latter approach that was

chosen in this work. Approximate Free Energy curves were found for the relevant phases

and elements in a given alloy by fitting over a small region of compositions space relevant

to the simulation against the output of the more sophisticated models used by Thermo-Calc

[80]. The limited scope of the fit was necessary as the simplified free energy models used

were simply not detailed enough to fully reproduce the output of the more sophisticated free

energy models over the whole composition space.

The free energy models of phases in this project were based off the highly general CAL-

PHAD approach to thermodynamic modelling [81]. The Free Energy function used for both

liquid and solid phase consisted of an Ideal Gibbs Free Energy term in addition to an Ex-

cess Free Energy Terms up to order 3 in Xi RK polynomial terms which were deemed a

necessary level of accuracy because this allows the Free Energy Function to produce a mis-
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cibility gap, and control its location in composition space. Although the most state of the

art thermodynamic models may have excess free energy terms up to a much higher power, or

may utilize a more physically representative thermodynamic model (such as the compound

energy formalism utilizing sub-lattice models for ordered solid phases [82]), for this work a

relatively simple thermodynamic model was sufficient to accurately capture the shape of the

free energy landscape around the relatively small composition space of interest. Additionally

it was much simpler and more efficient to implement and run the simplified thermodynamic

models. The Free energy functions took the form:

G( ~X, T ) =
N∑
i

[
G0
i (T )Xi +RTXi log (Xi)

]
+1/2

∑
i

∑
j

L0
ij(T )XiXj + L1

ij(T )XiXj(Xi −Xj)

(79)

Where G( ~X, T ) is the Free energy density of the system at a given set of compositions

~X and temperature T , G0
i (T ) is the Gibbs Free Energy of pure element i in the given phase,

Xi is the molar fraction of element i, R is the universal gas constant, and L0
ij and L1ij are

the second and third order interaction terms between pairs of elements in the system. When

implementing these models it is important to note at L0
ij terms are symmetric whilst the L1

ij

terms are anti symmetric, thus L0
ij = L0

ji whereas L1
ij = −L1

ji and Lii terms will always self

cancel to can be considered to 0 or be ignored. Ultimately the models in this project utilize

the chemical potential as a driving force, this can be derived in a relatively straight forward

manner from the above model of Free Energy and is found to be:
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µi = G0
i (T ) +RT log(Xi) (80)

− 1

2

N∑
j

N∑
k

L0
jkXjXk −

3

2

N∑
i

L1
jkXjXk(Xj −Xk) (81)

+
N∑
j

L0
ijXi (82)

+
N∑
j

(L1
ijX

2
i ) + 2

N∑
j

N∑
k

L1
jkXjXk (83)

This expression was derived from equation 79 by considering the pure element points on

the tangent plane to the free energy surface as illustrated from the construction in figure 15.

In order to get chemical potential functions that could be used at a range of temperatures

it was necessary to define temperature dependent functions for G0
i (T ), L0

ij and L1
ij. It should

be noted that any potential ternary interaction between elements i,j and k has been neglected

in this model. These functions were the following:

G0
i = ai + biT + ciT log(T ) (84)

L0
ij = α0

ij + β0
ijT (85)

L1
ij = α1

ij + β1
ijT (86)

The fitting procedure was ultimately used to determine what the values of ai, bi, ci should

be for each element in the system, and what α0
ij, β

0
ij, α

1
ij and β1

ij should be for each unique

pair of elements i and j in the phase. These values were found by fitting the above model
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Fig. 15. Given that chemical potential is defined by the G =
∑
µiXi, defining µi as the end points

for each element on the tangent plane (where it intersects the pure element points in composition

space on the y-axis) will satisfy the definition. This is illustrated in the figure above, as the the

tangent plane has the equation: G(X1, X2) = µ3 + (µ1 − µ3)X1 + (µ2 − µ3)X2

, which can be rearranged to G(X1, X2) = µ1X1 + µ2X2 + µ3(1−X1 −X2), which is simply

G =
∑
µiXi evaluated for 3 elements.
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to Free Energies extracted from the open source SSOL2 database via Thermo-Calc across a

representative trajectory of compositions between the solidus and liquidus compositions. The

solidus and liquidus were chosen as end points for a composition trajectory as it would be

unusual for the compositions inside the interface to exceed those bounds during any solutally

controlled growth process. A simple python script was written utilizing the Scipy curvefit

library to find best fit parameters for the above functions along that trajectory.

4.2.1 Alloy System Parameters

The methodology was applied to Al-Cu-Sn and its Al-Cu and Al-Sn subsystems to find the

free energy descriptions of an amorphous Liquid and Al dominant FCC A1 phase. For refer-

ence the values found for the G0 and RK- polynomial mixing term parameters are outlined

in the tables below for each system:

Table 1: G0 in the Al-Cu Binary System, values are given to 3 significant figures

or the nearest whole number

Phase Element ai bi ci

FCC A1 Al -12387 201 -33.3

FCC A1 Cu -9349 158 -28.2

LIQUID Al -490 174 -31.4

LIQUID Cu -3506 149 -28.3
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Fig. 16. Plot of the Al Cu phase diagram over the temperature and composition range relevant to

the numerical simulations in this paper

Table 2: Mixing Terms in the Al-Cu Binary System

Phase
Element

Pair
α0
ij α1

ij β0
ij β1

ij

FCC A1 Al-Cu -52158 37505 2.00 -2.00

LIQUID Al-Cu -66556 30500 8.00 -7.40
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Table 3: G0 in the Al-Sn Binary System, values are given to 3 significant figures

or the nearest whole number

Phase Element ai bi ci

FCC A1 Al -12386 196 -32.7

FCC A1 Sn -4110 134 -28.5

LIQUID Al -175 172 -31.1

LIQUID Sn -1286 125 -28.5

Table 4: Mixing Terms in the Al-Sn Binary System

Phase
Element

Pair
α0
ij α1

ij β0
ij β1

ij

FCC A1 Al-Sn 70280 -20781 -44.1 45.1

LIQUID Al-Sn 23249 434 -52.3 47.2
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Table 5: G0 in the Al-Cu-Sn Ternary System

Phase Element ai bi ci

FCC A1 Al -12387 196 -32.7

FCC A1 Cu -9253 157 -28.1

FCC A1 Sn -4111 134 -28.5

LIQUID Al -175 172 -31.1

LIQUID Cu 3624 148 -28.2

LIQUID Sn -1286 125 -28.5

Table 6: Mixing Terms in the Al-Cu-Sn Ternary System

Phase
Element

Pair
α0
ij α1

ij β0
ij β1

ij

FCC A1 Al-Cu -51368 36678 1.69 -1.69

FCC A1 Cu-Sn -240 -266 -0.01 0.008

FCC A1 Sn-Al 50844 935 -0.797 -0.86

LIQUID Al-Cu -66120 29271 7.75 -7.14

LIQUID Cu-Sn -62.6 -69.1 0.024 0.045

LIQUID Sn-Al 12998 -10899 -6.04 0.103
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4.3 Non Phase Field Diffuse Interface

In this work the phase field model is used as numerically convenient stage on which the

physical processes are playing out on. The redistribution and growth processes themselves

are informed by the relative thermodynamics of the neighbouring phases and their interfacial

properties, however the phase field terms in model simply react to what the other terms

are doing to maintain a smooth monotonic interfacial region, a process which conveniently

results in interface motion and growth under the desired circumstances.

An attempt was made to develop an explicitly discrete and physical model of the interfa-

cial region compatible with the fundamentally discrete redistribution and cooperative growth

mechanisms presented in sections 3.3.2 and 3.3.1. However this approach was not pursued

further due to time constraints. Additionally the novelty of the approach would have made it

difficult to validate the response of the diffuse interface to the composition field throughout

it. It was simply much easier to utilise the phase field models whose behaviour was well

known and could be corroborated across multiple sources.

Atomic planes are prescribed some measure of order φ, with φ = 1 representing a com-

pletely coherent lattice plane and φ = 0 representing a disordered plane of atoms. Values of

φ between 0 and 1 represent planes which have ordered and disordered areas across them.

For simplicity we will assume that φ is the area fraction of a lattice plane that is ordered.

If an ordered region of the lattice plane is stacked onto another ordered region, the ordered

planes stabilize each other and the φ values of the planes do not change. If a disordered plane

region is stacked upon another disordered plane region, then there is no atomic ordering

present for atoms to adsorb onto thus once again the φ values of the planes do not change.
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However, if a disordered plane region is stacked upon an ordered plane region, or vice versa,

then it is possible that atoms from the disordered plane may arrange themselves onto the

ordered substrate or alternatively atoms may disassociate from the ordered plane region as

there is no additional plane of ordered atoms locking them in place. Additionally we consider

what happens when disordered region is sandwiched between two ordered regions, and the

opposite when an ordered region is sandwiched between two disordered planes. In total this

gives us 6 possible scenarios that would appear locally, as shown in figure 17

Take two adjacent atomic planes labelled 1 and 2 of area A. From simple statistical

considerations, the area A1
2 of ordered plane on 1 stacked upon disordered plane on 2 is

simply:

A1
2 = Aφ1 (1− φ2) (87)

conversely the area A2
1 of disordered plane 1 stacked upon ordered area of plane 2 is:

A2
1 = Aφ2 (1− φ1) (88)

in this notation, the plane from which the ordered area is being considered is placed in

super script whilst the plane from which the disordered area is being considered is placed

in subscript. The rate at which atoms in an ordered region of plane 1 disassociate due to

disordered regions of plane 2 can be expressed as:

κ1
2 = fρAφ1 (1− φ2)PD(φ1) (89)

Whilst the rate at which atoms in a disordered region of plane 1 adsorb onto ordered

regions of plane 2 can be expressed as:
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Fig. 17. Diagram of 3 planes of atoms with disordered (blue) and ordered (red) regions denoted as

ΩS and ΩL shown at the top. Locally small regions of these 3 stacked planes would appear as one of

the six possible scenarios shown beneath, from which sensible assumptions can be made about what

would happen to the plane p1 sandwiched between p0 and p2.
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κ2
1 = fρAφ2 (1− φ1)PI(φ1) (90)

where f is the attempt frequency per atom, ρ is the atomic density over area, PD(φ1) is the

probability that an attempt at atomic disassociation succeeds and PI(φ1) is the probability

that an attempt at incorporation into an ordered structure succeeds. The rate of change of

φ1 due to plane 2 is therefore:

[
∂φ1

∂t

]
1,2

=
κ2

1 − κ1
2

Aρ
= f (φ2 (1− φ1)PI(φ1)− φ1 (1− φ2)PD(φ1)) (91)

Any given plane is always sandwiched between two others, therefore in order to evaluate

the entire rate of change of φ1 it is necessary to consider the plane sandwiching plane 1 with

plane 2. This plane will be labelled as plane 0. We find κ1
0 and κ0

1 through the exact same

procedure as for κ1
2 and κ2

1. This yields:

[
∂φ1

∂t

]
1,0

=
κ0

1 − κ1
0

Aρ
= f (φ0 (1− φ1)PI(φ1)− φ1 (1− φ0)PD(φ1)) (92)

Thus the total rate of change of φ1 can be evaluated:

∂φ1

∂t
=

[
∂φ1

∂t

]
1,0

+

[
∂φ1

∂t

]
1,2

= f ((φ0 + φ2) (1− φ1)PI(φ1)− φ1 (2− φ0 − φ2)PD(φ1)) (93)

Rate of change of φ for atomic plane n as function of itself and the surrounding n−1 and

n+ 1 planes.

∂φn
∂t

= f ((φn−1 + φn+1) (1− φn) βI [(1− α) + αφn]− φn (2− φn−1 − φn+1) βD [1− αφn])

(94)

92



5 Numerical Experiments and Implementation

This chapter covers details of how the phase field model outlined in chapter 4.1 was imple-

mented and the numerical approximations used to do so. Additionally the set up and purpose

of the numerical experiments that were performed with the resultant numerical model are

also presented, with the results of those experiments discussed in chapter 6.

5.1 Implementation of Diffuse Interface Model with Redistribu-

tive and Cooperative Growth Fluxes

In this section we summarise and overview the governing equations used in this model, in

addition to providing a few caveats that proved helpful during the numerical implementation.

As has been noted already, this model differs from many other approaches to phase field

modelling in its choice to model ψSi and ψLi fields as opposed to to the conventional φ,

XS
i and XL

i fields. This choice of variables was used because any change in ψSi results

in an equal and opposite change in ψLi , which makes implementing the redistributive flux

and cooperative growth fluxes very straight forward. For these mechanisms, this choice of

variables is seemingly the most natural way to characterise the system.

The differential equations governing the evolution of the system were approximated using

a simple explicit forward euler time step on a uniform square grid. The new ψSi and ψLi for

each discrete point in the domain is evaluated after each time step ∆t by the expression:

ψSi (t+ ∆t) = ψSi (t) + ∆ψSi (t)

ψLi (t+ ∆t) = ψLi (t) + ∆ψLi (t)

(95)
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The overall ∆ψSi for a given time step being given by:

∆ψSi =

[
∂ψCi
∂t

+
∂ψS←→L

i

∂t

]
∆t (96)

Whereas the overall change in ψLi for the same time step can be partly determined from

∆ψSi according to:

∆ψLi = −∆ψSi + ∆ψdiffi (97)

in these expressions
∂ψCi
∂t

is the rate of change of ψSi due to the cooperative growth mech-

anism and
∂ψS←→L

i

∂t
is the rate of change of ψSi due to the redistributive mechanism. The

redistribution mechanism actually only needs to be solved for N-1 of the elements in the

system, with the change in the final element being inferred from how the rest change. This

is due to the number fixed nature of that mechanism, in fact it is often numerically more

reliable to do so as this prevents the accumulation of numerical errors. The full expressions

needed needed to evaluate
∂ψCi
∂t

are:

∂ψCi
∂t

=



∂φ
∂t
XL
i if ∂φ

∂t
> 0

∂φ
∂t
XS
i if ∂φ

∂t
< 0

(98)

∂φ

∂t
= Vc(−ε2∇2φ+ 2Hφ(1− φ)(1− 2φ) + 2

√
H

ε
√

2
Pφ(1− φ)) (99)

P =



[
1− exp

(∑N
i X

L
i (µLi − µSi )/RT

)]
if
∑N

i X
L
i (µLi − µSi ) <

∑N
i X

S
i (µSi − µLi )

[
exp

(∑N
i X

S
i (µSi − µLi )/RT

)
− 1
]

if
∑N

i X
S
i (µSi − µLi ) <

∑N
i X

L
i (µLi − µSi )

(100)
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whereas the expressions needed to evaluate
∂ψS←→L

i

∂t
are:

∂ψS←→L
i

∂t
= 2

√
H

ε
√

2

[
ψαi ·

∑
j

γijψ
β
j p

α←→β
i,j − ψβi ·

∑
j

γijψ
α
j p

α←→β
j,i

]

−
[
XL
i p

α←→β
i,j +XS

i p
α←→β
j,i

] δFint
δφ

(101)

pα←→β
i,j = exp

(
−(∆ηi + |∆ηi|)

2RT

)
exp

(
(∆ηi − |∆ηi|)

2RT

)
(102)

The numerically expensive parts of these expressions to evaluate are those terms with an

explicit composition dependence, however it is only necessary to evaluate those terms within

the interfacial region. It would not make sense to evaluate the redistributive mechanism,

or the chemically driven parts of the cooperative growth mechanism in regions where φ

approaches either 1 or 0 as these parts of the domain are physically meant to represent a

single phase region that is not interacting with the other phase. What constitutes part of the

interfacial region is ultimately an arbitrary distinction for a diffuse interface model, however

in this work we found that the definition of an interfacial point as one where φ has a value

between 0.05 and 0.95 was sufficient to not significantly alter the model behaviour whilst also

providing a significant reduction in computation time. To be explicit in what this practically

entailed, the quantities P and
∂ψS←→L

i

∂t
were not calculated and assumed to be 0 whenever

0.05 > φ > 0.95.

The only part of equations 98 and 101 that cannot be evaluated solely from the informa-

tion at a single point in the model is the ∇2φ term, representing the second order spatial

derivative of φ, which is used to evaluate ∂φ
∂t

. This expression requires consideration of the

φ value of the local neighborhood around a given point in the model and on discrete evenly

spaced grids is commonly approximated as:
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∇2φ(z) ≈ φ(z + ∆z) + φ(z −∆z)− 2φ(z)

2∆z
(103)

Where z denotes the spatial location of some point and ∆z is the distance between grid

points, in the case of a two dimensional grid with spatial dimensions y and z, the expression

is instead:

∇2φ(y, z) ≈ φ(y, z + ∆z) + φ(y, z −∆z) + φ(y + ∆y, z) + φ(y −∆y, z)− 4φ(y, z)

4∆z
(104)

Although much of the change in ∆ψLi is accounted for by −∆ψSi , it also has a diffusion

component ∆ψdiffi that needs to be evaluated. This quantity represents the molar fraction

change of element i in the liquid phase that occurs solely due to diffusion through the liquid

phase over a time step ∆t. In this model diffusion is simulated to occur between contiguous

slabs of a single phase, with diffusion through the solid being entirely ignored as the diffusion

coefficient in the liquid is orders of magnitude higher than that of the solid. As discussed in

section 4.1.3, the rate of change of ψLi due to interfacially accelerated diffusion is:

∂ψdiffi

∂t
= −∇ · (αjDi )

α = (1 + Aφ(1− φ))

jDi = JDi −XL
i

N∑
j

JDj

JDi = −Diφ
L∇XL

i

(105)

Where Di is the diffusivity of element i in the liquid phase. The fluxes JDi are lattice fixed

frame fluxes based on Fickian diffusion and numerically evaluated at the mid point between

two model points. The discrete approximation of JDi from z to z + ∆z is:
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JDi (z + ∆z/2) = −Dmin(φL(z), φL(z + ∆z))
XL
i (z + ∆z)−XL

i (z)

∆z
(106)

This is an approximation of the lattice fixed frame flux outgoing from the model point

at z and incoming to the model point at z + ∆z. The decision to implement the φL factor

as the minimum of φL(z) and φL(z + ∆z) instead of an interpolated φL(z + ∆z/2) was

taken in order to suppress any spurious solute from regions where φL −→ 0. However when

transforming to the number fixed frame to calculate jDi between two model points, the value

of XL
i is interpolated to a mid point value as any spurious solute diffusion would have already

been suppressed by taking the minimum of the φL values of adjacent model points. The α

term is likewise evaluated at an interpolated midpoint:

α(z + ∆z/2)jDi (z + ∆z/2) = JDi (z + ∆z/2)−
N∑
i

XL
i (z + ∆z/2)JDi (z + ∆z/2) (107)

Where the summation is over all N elements in the system. Given that each jDi is evaluated

at a mid-point between points in the model, they are thought of as operating between adjacent

model points. Thus each jDi value calculated in between a pair of points is an outgoing flux

for one model point at z, and an oppositely signed incoming flux for its neighbor as z + ∆z.

By framing the discretely evaluated fluxes jDi (z + ∆z/2) as incoming and outgoing fluxes,

the definition of the divergence (the net difference of fluxes across some boundary) can be

leveraged to evaluate −∇ · (αjDi ). This is done simply by adding the incoming jDi , and

subtracting the outgoing jDi :
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∂ψdiffi

∂t
(z) = −∇ · (αjDi (z))

≈ α(z −∆z/2)jDi (z −∆z/2)− α(z + ∆z/2)jDi (z + ∆z/2)

yielding the implemented numerical approximation of the set of equations in 105. To

evolve the system in an accurate and numerically stable manner between time steps it is

necessary for an appropriately sized time step ∆t to be selected. Unlike implicit time step

numerical schemes, the simple explicit forward time step scheme has no guarantee of numer-

ical stability for arbitrarily an large time step [83], so instead an optimistic adaptive time

stepping scheme was implemented to try to optimise for both stability and performance.

The adaptive time step was implemented by simply scaling down a default time step of

∆t = 6 × 10−11 seconds to a ∆t′ such that it satisfies ∆t′|ψ̇| < 0.01 for all fields and points

in the model. This constraint effectively limits the model to a ∆ψi of 0.01 or lower which is

a convenient way to reduce the time step in the early stages of the simulation as the model

relaxes to a diffuse interface and the initial highly non-equilibrium solute partitioning occurs.

Putting all of these steps together the fields in the model were updated each time step

by the following procedure:

1. Use the current values of the fields ψSi ,ψLi and temperature T of the system to calculate

∆ψSi for N-1 elements in N element system.

2. Use current ψLi to calculate ∆ψdiffi .

3. If the largest ∆ψSi is > 0.01, scale down ∆t. Increment time by ∆t.

4. Update ψSi −→ ψSi + ∆ψSi .
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5. Update ψLi −→ ψLi −∆ψSi + ∆ψdiffi .

6. Update time dependent temperature field T to new values.

7. If time t > maximum time t or iterations > max iterations, finish.

8. Return to step 1.

5.2 Evolution of a Simple System

As a preliminary test to confirm that the redistributive and cooperative growth mechanisms

are sufficient to evolve some system to equilibrium, the evolution of a simple two phase

system with realistic thermodynamics was modelled. In this simplified model there is no

spatial domain or diffusion, it consists of a single point with two phases φS and φL which can

exchange solute by equation 75 and grow according to equation 60. The interfacial terms

from equation 60 are 0 and can be ignored because the domain consists of a single point.

This simplified model is effectively behaving like a point in the diffuse interface region, albeit

with its phase fraction being allowed to change independent of its neighbors and the overall

composition of the mixture being fixed.

The system being considered in this test was the Ternary Al-Cu-Sn at 878K, for which

the parameters describing the thermodynamics can be found in tables 5 and 6. In each

simulation, a system was initialised with a 50:50 mixture of the solid and liquid with the same

composition. This was set up for a series of initial overall compositions and the compositions

of each phase were tracked over time. The result of this simulation can be seen in figure 18.

As expected and guaranteed by mass balance, the solidus, liquidus and initial composition

all fall along a straight line- however interestingly the trajectory of the system towards this
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equilibrium state does not stay along this line, but instead veer off into an S shaped trajectory.

In principle there isn’t anything prevent this from happening, nonetheless it is interesting

to observe. The demonstration that the system ultimately relaxes to a valid pair of points

along the solidus and liquidus demonstrates that the implementation of redistributive flux

and cooperative growth fluxes in this work are at least thermodynamically consistent.

5.3 Partitioning vs Interface Velocity Numerical Experiments

In section 4 it was noted that a phase field model derived with reference to the fluxes in

sections 3.3.2 and 3.3.1 ought to reproduce some of the expected behaviour of sharp interface

models based on those fluxes. The most famous and widely applied of those sharp interface

models being the Continuous Growth Model (CGM) developed by Aziz and Smith [16]. Their

work yielded a ubiquitous and useful expression relating the amount of partitioning expected

as a function of an interface velocity that has been widely utilized to phenomologically

characterise partitioning during rapid solidification. The expression that was derived for a

dilute alloy was:

k(v) =
ke(T ) + v/vD

1 + v/vD
(108)

where k(v) is the velocity dependent solute partitioning, v is the interfaces velocity, vD

is the redistributive velocity of solute and ke(T ) is the temperature dependent equilibrium

partition coefficient.

The numerical experiments outlined here were meant to test whether or not the phase

field model preserves this relation between interface velocity and partition coefficient - which
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Fig. 18. This phase diagram for the Al-Cu-Sn system was generated using the redistributive and

cooperative growth fluxes. The black dots represent the initial condition of 50 : 50 phase mixture

at varying compositions and the grey dashed lines map those initial conditions to a pair of liquidus

and solidus compositions. The blue and red lines demonstrate a typical trajectory of the system

as it evolves towards the solidus and liquidus compositions under the redistributive and cooperative

growth mechanisms. The validity of the phase diagram was verified by checking that ∆µ = 0 for all

elements.
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could potentially allow these types of phase field models to straight forwardly incorporate

the kinetics derived from rapid solidification experiments that utilize the CGM. The kinetics

of the CGM can be straight forwardly incorporated as γij in equation 101 can be directly

substituted for vD from a CGM.

Additionally, due to the extension and generalisation of the redistributive fluxes pro-

vided in section 3.3.1 it is possible to make predictions of the partitioning behaviour systems

with 3 or more elements by combining the partitioning behaviour of its constituent binary

subsystems. If the γij, γjk and γki can be determined from some set of binary partition-

ing experiments, then predictions for a system containing those pairs of elements can be

made by simply substituting in the γij values found for the binary subsystems into overall

multi-component system. An obvious limitation of this approach would be that the binary

redistribution coefficients may be highly unrepresentative of the elements behaviour in a sys-

tem with three or more elements. If an i-j binary alloy undergoes solidification at a markedly

different temperature range than a i-k alloy system and given the temperature dependence

of the γij factors, it may be inappropriate to use the same γ factors at temperatures different

from which they were derived at. As well as the differences in temperature, different pairs of

elements may form into distinct thermodynamic phases during solidification. For example if

an i-j system forms into an FCC phase at temperature T, however an i-k system forms a BCC

phase at the same temperature T, then the phase that the i-j-k system forms at temperature

T will render one of the γ factors for either the i-j or i-k system unrepresentative of the

situation at the interface. This is assuming that redistribution between a BCC phase and

a liquid phase is kinetically different to redistribution between an FCC phase and a liquid

phase.
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For a ternary system these concerns can be addressed by limiting the application of

predictions to dilute alloys composed mainly of a single element, for which its subsystems

form the same structured phases at a similar temperature range. Under these conditions

it is safer to assume that processes mediating redistribution are well approximated by the

redistribution that occurs for its binary system. In an (i,j,k) system which is predominantly

i, it is only necessary that the i-j and i-k sub system form the same phase at a similar

temperature range, simply because the number of j-k interactions will be much less than the

number of i-j or i-k interactions. The j-k interaction can be neglected, without effecting too

greatly the resultant partitioning behaviour of the system, provided the system is sufficiently

dilute.

Ultimately the Al-Sn-Cu ternary system was selected as an appropriate candidate for

prediction of partitioning behaviour as it satisfies the conditions outlined above. The Al-Sn

and Al-Cu subsystems both form an FCC phase at around 900K, conditions under which

there exist experiments characterising the rapid solidification of Al-Cu and Al-Sn with a

CGM [59]. Thus it is possible to extract reasonable approximations of the γAl,Sn and γAlCu

parameters and utilize them in a prediction for the Al-Sn-Cu systems partitioning. This is

assuming that the Al-Sn-Cu system is Aluminium rich and that the Sn-Cu interaction can

be ignored by virtue of Sn and Cu both being very dilute.

As a further demonstration of the models generality and capability, a test run for a full

Inconel718 simulation was run. This system contained 10 elements (Ni, Cr, Co, Mo, Nb, Ti,

Al, C and Fe) and previous phase field modelling of it typically uses a representative binary

system (such as Ni and Nb) instead of considering the whole alloy system [11]. Unfortunately

there was a severe dearth of partitioning data for this system (or its binary sub-systems) thus
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it was not possible to make an informed prediction of the partitioning behaviour, as could

be done for the Al-Cu-Sn ternary.

5.3.1 Simulation Setup

The set up for these simulations consisted of an isothermal 1 dimensional domain with a seed

region of solid on the left hand side of the simulation space and a liquid region extending

indefinitely to the right. A snap shot of a typical simulation output after the system has

been given some time to evolve can be seen in figure 19. For a given alloy and temperature,

different solutal undercoolings are applied by having the domain start at different uniform

compositions. The decision to apply a solutal under cooling in this way, rather than by

lowering the isothermal temperature or applying a moving thermal gradient, was to make it

easier to compare the partitioning behaviour of this model to the predicted solute trapping

behaviour of the continuous growth model. By using an isothermal set up for the experiment

we can compare our model behaviour to the simplest version equation 108 where ke is a

constant.

The simulations were typically run until the interface reached a steady state, however for

certain initial conditions a true steady state could not be reached. By a true steady state

we mean a condition where the interfaces solid phase is forming with the same composition

C0 as the far field liquid composition as explained by Tiller et al [84]. This inability to

reach a steady state for for partition coefficients close to ke is hypothesised to occur for two

reasons, firstly it is assumed to be a result of the finite spatial domain and the choice of

boundary conditions on that domain. For practical reasons, the simulation domain was only

200nm however to accommodate steady states that would take a longer time and distance
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Fig. 19. Snap shot of Phase Field simulation of an Al-Cu alloy (0.94 molar fraction Al) at 878K

after 200000 iterations (3 microseconds simulated time). This particular under cooling results in

slow solutally controlled growth, with a partition coefficient k(v) quite close to ke.
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to achieve the simulation domain was spatially shifted rightwards whenever the total phase

fraction of solid across the domain exceeded an arbitrary threshold of 30% solid. This was

done by removing the leftmost point from the simulation and adding a point with phase and

composition matching the boundary conditions at the right hand side of the domain. This

shifting domain and fixed composition of the far boundary effectively acts like a solute sink,

which permits the formation of a nonphysical steady state. The 200nm length scale was

chosen as it is of the same order of magnitude as the Al-Cu and Al-Sn rapid solidification

experiments performed by Aziz and Smith [18] who studied the partitioning for a 300 nm Al

film.

Secondly a steady state solution with a partition coefficient approaching ke doesn’t appear

thermodynamically possible. Such an interface would need to have solid side composition of

c0 and a liquid side composition approaching c0/ke. If we take c0 values between cse and cle

(as compositions below cse will solidify very rapidly and composition whereas compositions

above cle will certainly not solidify at all) and plot the driving forces for freezing and melting

equations 43 and 44 as shown in figure 20, we see this always results in net driving force

for melting so we won’t observe even a slow rate of solidification with compositions of c0

and c0/ke either side of the interface. Steady state behaviour with an equilibrium partition

coefficient seems to necessitate an extra dimension into which inter dendritic solute rejection

can occur, or some other kind of solute sink to allow the solid to grow at a composition

different to the far field composition.
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Fig. 20. Plot of the driving forces for solidification and melting for the Al-Cu system at 878K for

a solid side composition cs a liquid side composition of cs/ke. From this plot we see that there is

always a greater driving force for melting if we assume the partition coefficient at the interface is

ke. Thus this composition range (between cse and cle) will never be able to produce steady state 1-D

solidification with a partition coefficient of ke.
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5.3.2 Quantifying Partition Coefficient for Diffuse Interfaces

In a sharp interface model, the definition of the partition coefficient k is unambiguously simply

the ratio of the composition on the solid side of the interface cs divided by the composition of

the liquid side of the interface cl. In a diffuse interface model however, the partition coefficient

is not so neatly defined due to a range of compositions existing across the interface. In this

project the following definition of partition coefficient was proposed:

ki =

∫∞
−∞ φ(1− φ)XS

i )dx∫∞
−∞ φ(1− φ)XL

i dx
(109)

Some have suggested to instead take the partition coefficient of the diffuse interface as the

composition of the growing solid phase divided by the maximum of the solute concentration

in the liquid phase [15] typically located somewhere within the interfacial region, or by simply

taking the partition coefficient via extrapolated composition fields at φ = 0.5 [12].

It was decided however that measuring the partition coefficient in a weighted manner

across the interface would yield a more reliable number as this would not be affected by the

numerical tricks necessary to keep the concentration fields well defined across the domain.

For example the concentration of solute in the liquid becomes an increasingly ill defined

concept as one approaches the solid side of the interface - φ approaches 1. A negligible

amount of liquid phase at a fixed composition is modelled as existing throughout space to

keep the liquid composition fields well defined (without meaningfully affecting the models

behaviour), however the size of this numerically necessary addition may affect the size and

position of the liquid concentration peak. Additionally, parts of the diffuse interface where

more partitioning takes place (the middle regions of the interface) contribute more to the
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overall measured partition coefficient by this measure.
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6 Results

6.1 Binary Alloys

The results for the partitioning behaviour of Al-Sn and the Al-Cu binary alloy systems

can be seen in figures 22 and 23 respectively. Typically simulations were run for 200000

iterations (corresponding to approximately 3 microsecond of simulated time) to yield an

approximately steady state solution, however partitioning was also measured during shorter

intervals as an imperfect method to sample the partitioning behaviour for velocities between

this range. It was necessary to sample velocities during earlier iterations as otherwise there

was consistent clustering of the resultant interface velocities between the diffusion controlled

and non diffusion controlled solidification modes illustrated in figure 21.

After initial results were gathered, it was found that multiplying the Redistributive Ve-

locity vD by a factor of 0.5 in the phase field model yielded a much better fit with a CGM

model using the same unaltered vD. For all the results gathered in this section and the

next this extra factor of 0.5 was used to effectively suppress the redistribution mechanism in

the phase-field model. A theoretical justification for this extra suppression factor cannot be

provided at the current time.

In figures 22, 23 and 25 the results of these simulations are denoted by either crosses or

dots, whereas a dashed line represents the partitioning predicted by the continuous growth

model whose behaviour the phase field models were expected to replicate. The constants in

these continuous growth models were taken from Smith and Azizs early rapid solidification

experiments with thin films of pulse laser melted dilute Aluminum alloys [18]. The constants

used can be found in table 7, however it should be noted that the equilibrium factors ke have
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Fig. 21. A snapshot comparing a high partitioning scenario (left) with a k(v) close to ke, to a

low partitioning scenario where k(v) is close to unity. It can be seen in the right hand image that

the assumption of a uniform concentration across the interface, made during derivations in sections

4.1.1 and 4.1.2, does not hold so well. This uneven composition field may contribute to the over

estimation of partitioning seen in figures 22 and 23

been recalculated for the bespoke thermodynamic models discussed in section 4.2.

alloy system DL/cm2s−1 ke vD/cm2s−1 composition range/ Mol Frac

Al-Cu 4.4× 10−5 0.11 6.7 0.0024 - 0.06 Cu

Al-Sn 4.9× 10−5 3.86× 10−3 36 0.0038 - 0.02 Sn

Table 7: This table contains the unique coefficients used for the Al-Cu and Al-Sn system

simulations and continuous growth models. The equilibrium partition coefficient ke is defined

as the solid concentration divided by the liquid concentration of the non-Al element. Both

simulations were performed at 878K.

For both the Al-Cu and Al-Sn systems the phase field model generally replicates the trend

of the continuous growth model, however there is a notable under estimate of the partitioning

at low interface velocities, and conversely an over estimate of the degree of partitioning at
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higher interface velocities.

6.2 Extension to Ternary Case Al-Sn-Cu

Given that the phase field model was able to reproduce the CGM-like behaviour in the

binary cases, this permitted the concept to be extended to the Ternary case. After all the

Ternary case is simply composed of 3 pair wise interactions (Al-Sn, Al-Cu and Cu-Sn) for

which the redistribution fluxes can be independently calculated. The contribution of the

Cu-Sn interaction is however in this case effectively ignored by setting the redistribution flux

interaction parameter between Cu and Sn - γCu,Sn - to zero. This was done because the

strength of the Cu-Sn pairwise swapping interaction is essentially unknown at 878K between

a Liquid and FCC A1 phase. Given that these phases do not coexist at this temperature it

is unsurprising that there haven’t been any rapid solidification experiments that can be used

to inform the value of γCu,Sn at 878K between FCC A1 and Liquid phases. It is theorised

that ignoring this contribution should not affect the overall result much, unless the pairwise

interaction between Cu and Sn is order of magnitude greater than the interaction with Al.

This is because for the numerical experiment both Sn and Cu are dilute - at less than 0.02

mol fraction combined. This would ultimately greatly reduce the contribution of Sn-Cu

trans interface swaps to the overall redistribution compared to swaps with the much more

abundant Al. It should be noted that if it were the case that Cu and Sn were to become

enriched in opposite phases (i.e the liquid became Cu enriched, whilst the solid became Sn

enriched) this could result in a non-negligible amount of Cu-Sn neighboring each other across

the interface and that it would be unrealistic to set their pairwise swapping interaction to

zero. Fortunately in this case however both Cu and Sn are depleted in the growing solid
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Fig. 22. Plot of partition coefficent k(v) against interface velocity for the Al Sn Binary at 878K.

The dashed line is not fitted to the points in any way, instead both the Phase Field model and CGM

are utilizing the parameters in table 7 and demonstrating agreement with each other both at a high

(upper graph) and low (lower graph) interface velocity.
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Fig. 23. Plot of partition coefficent k(v) against interface velocity for the Al Cu Binary, also

at 878K. The Phase Field simulation results do not quite match the CGM as well for this system

compared to Al-Sn, though the match is still good. Once again, an underestimation of partitioning

at low velocities and an overestimation at high velocities is observed.
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Fig. 24. A snap shot once again comparing a high partitioning scenario (left) with a low partitioning

scenario (right) however for the Al-Sn-Cu Ternary System. For this particular initial condition the

concentration fields of Sn (green) and Cu (orange) appear to almost overlap across most the domain

- however it can be observed in the small solidified region that has formed, that much more Cu has

been incorporated than Sn. Hence their partition coefficients for each element are markedly different.

phase.

Finding something to compare the results of the phase-field simulation with in the Ternary

case is ultimately a bit more challenging than the binary case, that is because as far as the

authors are aware the CGM has not been used to characterise the partitioning in rapid

solidification experiments involving more than two elements. Appealing once again to the

diluteness of the solution, it is postulated that the partitioning behaviour of the Cu and

Sn elements would be approximately the same as the partitioning behaviour expected in a

binary, but utilising the partition coefficients derived from the ternary phase diagram for

the Al - Sn - Cu system. With these caveats in mind the match seen between the CGM

and phase field models is once again quite close as shown in figure 25. In contrast to the

binary cases we instead observe that the partitioning of the Al-Cu subsystem is consistently

underestimated. This underestimation however may be a necessary result of overestimating
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the partitioning in the Al - Sn subsystem in the low interface velocity regime, between 0 and

1 ms.

6.3 Discussion of Partitioning Results

The numerical experiments in this paper have demonstrated that CGM like behaviour can be

produced across a wide range of interface velocities for a diffuse interface phase field model,

when explicitly considering averaged concentration of solute either side of the interface. Com-

pared to the approach by Reuther and Steinbach in a recent application of the Finite Interface

Dissipation Model to the Al-Cu system [85], our model manages to fit the experimental k -

v relation from Aziz and Smith [18] much better. In the finite interface dissipation model,

different interface permeabilities (analogous to the γij factors in this work) had to be used in

order to better capture the partitioning at high and low interface velocities as show in figure

26. It should be noted however, that some of this may be down to differences in how the

partition coefficient was defined in each piece of work.

Qualitatively the PFM also behaved similarly to the Al-Cu rapid solidification experiment

with two distinct modes of solidification, one where growth was controlled and inhibited by

a solute pile up, and another where there was little to no pile up and the interface grew

at a much faster rate. A clear distinction between these modes can be seen in figure 21,

with the stratification of interface velocities being most clear for the Al-Sn system show

by the distinct gap between the cluster of simulations resulting in low velocity interfaces

(solutally controlled), and simulations resulting in much higher velocities (non-solutally con-

trolled). Although a clustering of velocities was observed, the clustering of velocities seen in

our numerical experiments did not match the clustering seen in the actual rapid solidifica-
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Fig. 25. Plot of the partition velocity versus solute partitioning in an Al-Cu-Sn Ternary Alloy. This

graph was produced by taking compositions along the tie line between solidus composition 0.0044 mol

frac Cu, 0.000229 mol frac Sn and liquidus composition Cu-0.0044 Sn-0.0474. These compositions

correspond to the the tie line for which a system evolution trajectory is plotted in figure 18. Once

again the simulation was performed at 878K utilising the parameters in table 7
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tion experiment by Aziz and Smith [18]. In our simulations most solute controlled growth

happened around 0.1 - 1 m/s whereas non-solutally controlled growth modes would have in-

terface velocities beyond 10 m/s, unlike the experimentally observed clusters which appeared

at around 1.5 and 5 m/s respectively. This would indicate the interfaces response to driving

forces (specifically VC in the cooperative growth phase field terms) would need some further

tuning in order to better reflect reality. In this comparison however the interfaces actual

response to a driving force is unimportant as it was only necessary to generate interfaces

moving at different velocities in order to see if the k-v relationship matched the CGM. For

these purposes the interface velocity might as well have been arbitrarily imposed.

It was reasonable to predict that the PFM would reproduce the behaviour of the CGM

given that the evolution of the diffuse interface was designed to mirror the fluxes proposed

in the original derivation of the CGM [16]. As the interface moves faster, the redistributive

flux has less time to partition solute between the solid and liquid phases at points within the

diffuse interface, thus a suppression of the overall partitioning being observed as the interface

velocity increases was to be expected. This gave confidence that fluxes of the form derived in

equation 73 could be used to predict partitioning in systems with 3 or even more elements,

and could offer an approach to creating 2 or 3 dimensional phase-field models with accurate

multi element partitioning.

The redistribution fluxes in the phase field model derived in section 4.1.2 were ultimately

found to significantly over predict the amount of partitioning observed, thus in order to

produce a more accurate partitioning the redistributive fluxes were multiplied by a factor

of 0.5 effectively suppressing them. There may well be a conceptual reason that has been

missed in the derivation that ought to justify including this factor of a half - given that a
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Fig. 26. Comparison of the solute partitioning observed in Smith and Azizs Experiments with

rapidly solidifying Al-Cu [18](top) with the finite interface dissipation models attempt to match those

results (bottom) [85]. It can be seen that the finite interface dissipation model required different P

(interface permeability) values in order to get an accurate k - v relationship for high and low interface

velocities.
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half is quite a nice round factor that yields a very good fit to CGM model. Alternatively

the measure of partition coefficient itself may have been inappropriate, and that instead the

explicit amount of material that was redistributed ought to have been tracked and compared

to the continuous growth model. Such a measure ought to consider the amount of solute

redistributed over a given distance, as opposed to over a given time interval. This would be

an interesting avenue for further work, to see if more appropriate or robust definitions of the

partition coefficient still result in good fits between the CGM and the phase field model.

Ultimately the primary limitation to using this model to predict partitioning in systems

with many elements is simply the fact that there is a dearth of binary partitioning experiments

to draw redistribution velocities from for pairs of elements in the alloy. Given that many

alloys of interest under rapid solidification conditions contain many elements, such as Inconel

718 with its 9 constituent elements, there are likely to be pairs of elements in the alloy

which do not form a solidifying phase at the temperature of interest and thus it would be a

challenge to characterise their redistribution rate at that temperature. This problem can be

mitigated somewhat by assuming that the only swapping procedure that it is meaningful to

model accurately would be swaps involving only the major element in a system - as could

potentially be done with 316L stainless steel, though in the case of Inconel 718 this may be

a poor assumption to make as its single most common constituent Nickel only constitutes

50% of the weight. Furthermore the assumption that the redistribution of solute in systems

containing three or more elements can be adequately modelled by effectively independent

binary redistribution reactions may ultimately prove to be inadequate. It may instead be

necessary to consider the higher order interactions between triples or even quadruples of

elements.
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Fig. 27. Partitioning observed in full Inconel system demonstrating the generality of the model.

6.4 Inconel System Demonstration

Despite some of difficulties outlined above with extending the phase field model to make

predictions for higher order systems, it was still deemed worthwhile to at least demonstrate

the phase field model could in principle be applied to the Inconel system. Parameters for this

demonstration were taken from Karayagiz et als simulation of a Ni-Nb system [11], meant as

a representative analogue for Nickel super alloys. The results for a preliminary simulation of

the Inconel718 system can be seen in figure 27 where it was demonstrated that it would be

possible to extend the phase field model to this system.
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The simulation was performed for 250000 iterations at 1520K for a system composed

of 50% Nickel, 17% Chromium, 0.25% Cobalt, 2.8% Molybdenum, 4.75 % Niobium, 0.65%

Titanium, 0.2% Aluminium, 0.04% Carbon with the remainder being Iron (Percentages are

given in weight % rather than molar percentage). However without verifiably accurate ther-

modynamics, and reasonable assumptions for redistribution rates - it was deemed that it

was not currently possible to make an informed prediction of the partitioning for the Inconel

system.
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7 Conclusions

The conclusions of this thesis are presented here. In the overview section the motivations for

this work are reviewed to explain what was investigated and why, then the main achievements

and core thrust of the project are summarised. Some findings deviated slightly from the core

thrust of this project however they were still deemed interesting and important enough to

highlight and are covered in the Other Findings section. Finally, The Potential Future Work

section outlines the most immediately promising lines of enquiry that are still left to explore.

7.1 Overview

7.1.1 Motivation

It is generally useful to be able to predict which microstructures form during manufacturing

processes, as these microstructures can be correlated with presence of defects detrimental to

the performance of a material [21]. In many modern manufacturing processes such as Laser

Powder Bed Fusion the thermal conditions and resultant solidification rates are much more

extreme than conventional casting processes [19] [20], as a result many of the assumptions

and models developed for predicting microstructure morphologies needed to be re-evaluated.

To this end, the motivation for this work was to develop a phase-field model capable

of studying morphologies and microstructures that form over a wide range of solidification

rates. Such a model would be useful for modelling the LPBF process as it would contribute

to the general multi-scale modelling approaches [11] [24] [41] which weakly couple meso-

scale models of temperature fields and fluid flows with micro-scale models of microstructure

formation such as dendrite formation and morphology. Additionally the kinetic parameters in
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the model developed in this thesis could also be informed by Molecular Dynamics simulations

as previously demonstrated in [74].

7.1.2 Model Development

A necessary feature for an accurate model of microstructure formation, and as a result a core

component of the work in this thesis, is to reproduce physically correct solute partitioning

and segregation at the interface between a solid and liquid phase. It is extremely important

to get this solute partitioning right as the size and shape of the solute concentration profile

around the interface directly determines which morphologies will develop during solidification

[34]. Thus the focus of this thesis was on developing a model that could accurately capture

the relationship between an interfaces velocity and the amount of solute partitioning that

occurs.

Solidification models such as the Continuous Growth Model (CGM) [16] and Local Non-

Equilibrium Model (LNM) [17] are generally considered premier models of solute partitioning,

however unlike phase-field models they are not straight forwardly applicable to 2D or 3D

simulation of microstructure. It is currently an active area of research to develop phase field

models that are capable of reproducing the behaviour of the CGM and LNM [86] [14] [15],

and it was decided early on to develop a novel phase field model to contribute to these efforts.

The resultant model was based on work done by N Warnken on a phase field model for

non-local equilibrium phase transformations [78] [79], and conceptually mirrored the approach

of Steinbach, Zhang and Plapp in their finite interface dissipation model [15] [85] however

with the ”dissipation” process being informed directly by the atomistic processes and fluxes

at the interface. These atomistic processes were the cooperative growth mechanism, and
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the redistributive flux each described in sections 3.3.1 and 3.3.2, which are generalisations of

the atomistic processes that are assumed in the CGM. The manner in which these processes

could be represented and incorporated into a phase-field model were then detailed in sections

4.1.1 and 4.1.2. The explicit consideration of the atomistic process was itself reminiscent of

and inspired by the work Larsson and Borgstam [73] [75] simulating how cooperative and

diffusive growth fluxes would evolve a system.

Overall this approach to developing a rapid solidification model yielded three important

advantages:

• Can easily apply the kinetic parameters found in CGM models to a phase field model.

• The Generalised redistribution fluxes that the model is based on allow predictions to

be made for partitioning behaviour of Ternary or potentially even higher order systems.

• By virtue of being a phase field model it would be conceptually straight forward to im-

plement in 2D or 3D allowing predictions of microstructure morphologies to incorporate

solute partitioning dynamics from the CGM.

7.1.3 Notable Results

It was demonstrated in section 6.1 that the model could straight forwardly utilise kinetic

parameters from a CGM to reproduce the CGM solute partitioning behaviour across a wide

range of interface velocities (from 0.01 - 40 m/s). This was performed for the Al-Sn and the

Al-Cu systems, as those systems had robust experimental observations (courtesy once again

of Aziz and Smith) and other models (such as the finite interface dissipation model [85] ) had

also been used to attempt to characterise the observed partitioning behaviour. Ultimately
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the model presented in this thesis provided a simple and successful incorporation of CGM

kinetics.

The redistribution fluxes originally proposed in the CGM were for a binary alloy, however

their generalisation in chapter 3.3.1 permitted the new PFM to make predictions for parti-

tioning in a ternary system - given the kinetic parameters describing its binary-subsystems.

Predictions were made for the Al-Cu-Sn ternary system utilising the kinetic parameters from

the Al-Sn and Al-Cu simulations, subject to a few assumptions outlined in chapter 5.3. It

would be interesting to see whether or not this prediction can be validated by actual ex-

periments, unfortunately to date there do not appear to be any ternary rapid solidification

experiments utilizing the same thin film pulsed laser melting technique used to gather the

rapid solidification solute partitioning data for the Al-Cu and Al-Sn binaries [59].

In section 6.4 it was shown that the model could in principle be used to model the

full chemical system for Inconel718, a popular Nickel Super Alloy of interest for LPBF,

demonstrating the scalability of the model. However, due to lack of data on partitioning

rates for elements in the system at such extreme temperatures (1520K), it was not possible

to make informed predictions of partitioning for that particular system.

7.2 Other Findings

7.2.1 Redistributive Flux as a description of Diffusion

The redistributive flux derived in section 3.3.1 had several properties that made it potentially

useful for modelling the diffusion of solute throughout a material as opposed to exclusively

across an interface. The most important property being the number fixed nature of the
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flux, ie. the sum over all the redistributive fluxes for all species crossing some boundary is

0. It shares this property with the conventional descriptions of number fixed frame (NFF)

diffusion (based on considering lattice fixed frame fluxes in a different velocity frame) utilized

by CALPHAD models of diffusivity and is useful for numerical simulation [69]. In section 3.4

the properties of diffusion described by a conventional NFF flux were compared to diffusion

modelled with a redistributive flux, however the only scenario under which it was found that

the two processes were equivalent was when the Mobilities for diffusion across all elements

in the system were the same. There may have been other equivalent scenarios, however

this was the only one found in this work. Although this does not completely invalidate the

idea of utilizing a redistributive flux to describe diffusion through the bulk of a material, it

does make it much more difficult to relate the kinetic parameters in the redistributive flux

to kinetic parameters (such as Diffusivity and Mobility) used by NFF models, which have

already enjoyed widespread success in modelling diffusion.

7.2.2 Curvature Potential in Diffuse Interfaces

When incorporating the redistributive flux into a phase field model in section 4.1.2 it was

necessary to modify the thermodynamic description of the mixture of phases at point in the

diffuse interface in order to reflect any curvature of the interface between the phases. Though

it was not necessary for the 1-D simulations in this work, it would be necessary for 2D and

3D simulations as curvature would effect the local equilibrium compositions that points in

the diffuse interface should evolve towards. This quantity, denoted as curvature potential

∆µC , would need to be uniform across the direction normal to the diffuse interface (ie along

the vector ∇φ), and it would be convenient to be able to determine it locally. By considering
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standard travelling wave solutions to a phase field equation for a uniformly curved particle-

and the driving force necessary to stabalise such a particle, such a quantity was found, with

the full derivation given in the appendix:

∆µC = − ε√
2H

RT

φ(1− φ)

δFint
δφ

(110)

7.2.3 Non-Phase Field Diffuse Interface

The general approach model development in this thesis has been to try to model the effect of

discrete atomistic processes, such the redistributive flux and the cooperative growth mech-

anism, as explicitly and directly as possible. The Phase Field Model however is simply a

useful phenomenological tool onto which these processes were projected. An attempt was

made to instead derive a diffuse interface model from first principles, based on atomistic

processes and is presented in section 4.3. Although the model produced a stable diffuse

interface, characterising its behaviour and incorporating redistributive flux and cooperative

growth mechanism was deemed beyond the scope of this project, and would have delayed the

gathering of useful results.

7.3 Potential Future Work

7.3.1 Solute Partitioning Predictions

One of the advantages and goals of the model in this project was to be able to predict

the solute partitioning behaviour for multi-component systems. In future work it would be

interesting to verify whether or not the model is capable of doing so for more complex systems.
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To this end it would invaluable to gather experimentally results for solute partitioning for

the Al-Cu-Sn system to see whether or not the assumptions regarding predictions for dilute

alloys still held for multi-component systems. Admittedly however, it may turn out to be

difficult to adapt the experiments on binary partitioning to consider a ternary alloy. Currently

the simulations for Al-Cu-Sn could only be compared to a rudimentary CGM that assumed

independent binary redistribution processes.

In order to apply system to non-dilute alloys with many components the challenges ad-

dressed in chapter 5.3 (the chapter where the concern about whether or not binary can be

used to predict ternary system is most important) would also need to be addressed. In aid

of this the Generalised redistribution fluxes proposed in section 3.3.1 offer a frame work

for characterising the rates of solute redistribution in multi-component systems. This could

be utilised similarly to how thermodynamic modelling approaches such as CALPHAD pre-

dict and interpolate the equilibrium compositions for coexisting phases. By building up a

database of the redistribution velocities between many pairs of elements for many phases it

would be possible to construct redistributive flux models for multi-component systems - if it

is the case that multi component system can be accurately modelled as a many independent

pairwise redistribution processes. Even if not it may in principle be possible to extend the

swapping procedure to consider 3 element interactions instead of just pair wise interactions.

7.3.2 Prediction of Microstructure Morphology

In order to begin using this model in 2 or 3D simulations for predicting which microstructures

form, there are couple of questions that would need to be addressed. The sensitivity of results

to different definitions of the partition coefficient as discussed in chapter 6.3 would have to
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be addressed, and an appropriate definition of the partition coefficient ought to be verified.

Additionally even though the γij factors appear to produce the correct partitioning for a given

velocity, it would need to be verified that the VC (max crystallisation velocity) used in this

model produces the correct interface velocity for a given interface condition. The interface

condition is it self still ambiguous for this diffuse interface, it should relate the composition

profile across the interface to the compositions of the solid and liquid phase either side of a

sharp interface. Solving the ambiguity in what the appropriate partition coefficient should be

however, would immediately solve the problem of determining what the interface condition

it self is.

Once these issues are addressed there would be the scaling issues that may need to be

tackled either by improving compute resources (GPU parallelism) or by an adaptive meshing

approach such as (P4est Amrex). For this model in particular it may be especially necessary

for multi-component systems given how the number of swap interactions that need to be

considered for the redistribution flux scales as n(n-1)/2 where n is number of elements in the

system.
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8 APPENDIX

8.1 Low Driving force limit of Pair Wise Swapping Scheme

Starting from a flux derived from a simple reaction rate model of diffusion and as a simplifi-

cation assuming that ∆ηi < 0 for all i:

ji/δ = Xi(z) exp

(
ηi(z)− ηi(z + δz)

RT

)
·
∑
j

γijXj(z + δz)

−Xi(z + δz) ·
∑
j

γijXj(z) exp

(
ηj(z)− ηj(z + δz)

RT

) (111)

we make substitutions of the following form in order to derive a flux within a bulk phase

in the continuum limit:

Xi(z + δz) = Xi + δ∇Xi

ηi(z + δz) = ηi + δ∇η
(112)

these substitutions yield:

ji/δ = Xi exp

(
−δ∇ηi
RT

)
·
∑
j

γij(Xj + δ∇Xj)

− (Xi + δ∇Xi) ·
∑
j

γijXj exp

(
−δ∇ηj
RT

) (113)

For a low thermodynamic driving force, i.e when −δ∇ηj is small the following approxi-

mation can be made:

exp

(
−δ∇ηi
RT

)
≈ 1− δ∇ηi

RT
(114)

substituting this back into the expression for ji yields:
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ji/δ = Xi

[
1− δ∇ηi

RT

]
·
∑
j

γij(Xj + δ∇Xj)

−(Xi + δ∇Xi) ·
∑
j

γijXj

[
1− δ∇ηj

RT

] (115)

utilising the identities: ∑
j

∇Xj = 0

∇ηi = ∇µi −RT
∇Xi

Xi

(116)

These are substituted into ji to give:

ji/δ = Xi

[
1− δ∇µi

RT
+ δ∇Xi/Xi

]
·
∑
j

γij(Xj + δ∇Xj)

−(Xi + δ∇Xi) ·
∑
j

γijXj

[
1− δ∇µj

RT
+ δ∇Xi/Xi

] (117)

it will be assumed that Xi ≈ Xi + δ∇Xi given that δ is quite small. Thus the following

form for a flux ji is arrived that, which can be related to the conventional number fixed frame

transformation under certain circumstances.

ji/δ = Xi

[
1− δ∇µi

RT

]
·
∑
j

γijXj −Xi ·
∑
j

γijXj

[
1− δ∇µj

RT

]
(118)

now just do a bit of rearrangement to yield:

ji/δ = Xi

[
−δ∇µi
RT

]
·
∑
j

γijXj −Xi ·
∑
j

γijXj

[
−δ∇µj

RT

]
(119)

8.2 Derivation of Curvature Potential

An expression for the curvature potential for phase field model 60 and energy function 59. The

concept of curvature potential was introduced by N Warnkenn in [79] as a locally evaluatable
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potential that simultaneously accounts for diffuse interface stabilisation and macroscopic

particle curvature. The curvature potential is ultimately something that is phase field model

and Energy Functional specific, so would need to be rederived if a different phase field model

was being used as a substrate from which to build a model of the style presented in this work.

Fint =

∫
Ω

dΩ

[
ε2

2
|∇φ|2 +Hφ2(1− φ)2

]
(120)

for a particle with radius R, we can take the variational derivative of the above expression

in the interfacial region and it will evaluate to:

δFint
δφ

= −ε2 1

r

∂

∂r
φ(r) ≈ −ε2 1

R

∂

∂r
φ(r) (121)

as this will be the residual term assuming a fully relaxed diffuse interface profile.

δFint
δφ

= − ε
R

√
2Hφ(1− φ) (122)

gathering the constant terms onto one side we know that for an interface of given curvature

R, you have the following:

δFint
δφ
· 1

φ(1− φ)
= − ε

R

√
2H (123)

This will be useful in a moment. Now we consider an equation of motion like equation

60.

∂φ

∂t
= −VC

[
δFint
δφ

+

√
2H

ε
φ(1− φ)P

]
(124)
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Let us consider what driving force would need to added to P in order for this for a curved

particle of radius R to be balance in equilibrium. This driving force is the curvature potential,

∆µC .

P = 1− exp

(
−∆µC

RT

)
≈ ∆µC

RT
(125)

if this ∆µC is in equilibrium with the curvature of the particle then using equations 123

and 124 we know that:

ε2

R
=

∆µC

RT
(126)

comparing this back to equation 123 then yields an expression for curvature potential

that can be evaluated locally across a diffuse interface:

∆µC = − ε√
2H

RT

φ(1− φ)

δFint
δφ

(127)

8.3 anti derivative of φ(1−φ) for standard travelling wave solution

for the travelling wave solutions of the form:

φ(x, t) =
1

2

(
1− tanh

(√
W

ε
√

2
(x− v · t)

))
(128)

these can be differentiated with respect to x in order to yield:

∂φ

∂x
= 2

√
H

ε
√

2
φ(1− φ) (129)

134



which is a result we can use to straight forwardly calculated what the integral of φ(1−φ)

is:

∫ ∞
−∞

2

√
H

ε
√

2
φ(1− φ)dx =

∫ ∞
−∞

∂φ

∂x
dx

=

∫ 1

0

dφ = 1

(130)

therefore:

∫ ∞
−∞

φ(1− φ)dx =
ε√
2H

(131)
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