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Abstract

Bubbles often appear in non-Newtonian liquids from nature, engineering, to biomed-

ical applications, but their study has been under researched compared to their

Newtonian counterpart. Here we extend the axisymmetric modelling of Lind and

Phillips (Lind and Phillips [2010a,b, 2013]) to three-dimensional modelling. The

approach is based on the boundary integral method coupled with Maxwell’s con-

stitutive equation and Jeffrey’s constitutive equation. The flow is assumed to have

moderate to high Reynolds number and thus is irrotational in the bulk domain.

The viscoelastic effects are incorporated approximately in the normal stress bal-

ance at the bubble surface. The numerical model has excellent agreement with the

corresponding Rayleigh-Plesset equation for spherical bubbles in a non-Newtonian

liquid. Computations are carried out for a bubble near a corner at various angles.

The numerical results agree very well with the experiments for bubbles in a New-

tonian fluid in a corner. For a Maxwell fluid/Jeffrey fluid, as the Deborah number,

De, increases/viscosity ratio, β decreases, the amplitude and period of the bubble

oscillation increase, the bubble migration to the corner enhances, and the bubble

jet is broader, flatter and inclined more to the further boundary. This implies an

improvement to surface cleaning of all surrounding boundaries for ultrasonic cavita-

tion cleaning and results in greater administration of noninvasive therapy and drug

delivery.
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CHAPTER 1

INTRODUCTION

One of the observations of the phenomenon of cavitation is the creation of vapour

and gas bubbles in low pressure fluid fields. Cavitation has been readily observed

for over a century when excessive erosion to ship propellers were noticed (Rayleigh

[1917]). The continuous rotation of the propeller results in constant pressure changes

and cavitation formation, with the constant pressure changes in turn resulting in jet

formation and shock waves. Figure 1.1 shows the damage that can be caused to a

turbine due to the surrounding cavitation cloud.

When the pressure in a fluid substantially decreases, cavities start developing

and expanding until an equilibrium is reached between the internal and external

pressures of the cavitation bubble and surrounding fluid. Expansion inertia contin-

ues the expansion of the bubble until the pressure inside the bubble is lower than the

surrounding fluid and collapse begins. The sudden collapse of the bubble causes jet

formation, shock waves, and high amounts of pressure which damages all surround-

ing boundaries. The shock waves produced at collapse of the cavitation bubbles

slowly erode the blades of the ships turbines. The jet formation and consequential

impact also contributes to the ongoing erosion (Philipp and Lauterborn [1998]).

It is readily established that the creation of a cavitation cloud is one of the

leading causes of damage to pumps, turbines, and propellers on ships (Buckland

et al. [2013], Reisman et al. [1998]). Once eroded, the efficiency of the turbine or
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propeller is drastically reduced. Hence, understanding the mechanisms for cavitation

formation, jetting, and shock wave production are of paramount importance.

The violent collapse of bubbles has also been shown to be responsible for in-

creased damage following an underwater explosions (Holt [1977], Klaseboer et al.

[2005]). The rapid pulsations of underwater bubbles can displace large amounts of

water and produce secondary shock waves which impact all surrounding boundaries.

Hence, understanding the evolution of these bubbles is of paramount importance in

preventing the erosion and reduced inefficiency of water turbines, or optimising dam-

age in such a way that is beneficial. As we will see later, this is most important

when considering ultrasonic cleaning.

1.1 Application background

Bubble mechanics has direct applications in a wide variety of areas. The destructive

power of cavitation on many industrial machinery such as pumps, turbines, and

propellers means that great focus is placed on bubbles near rigid boundaries with

analysis focusing on the pressure and jetting (Blake and Gibson [1987], Lauterborn

and Kurz [2010]). In these studies, the phenomenon of Bjerknes attraction was

discovered, showing that the inclusion of a rigid boundary near the bubble results in

non-spherical behaviour and jetting. Jetting greatly increases the surface velocity of

the bubble and in turn results in higher levels of pressure in the fluid domain (Wang

et al. [2020]).

However, under certain conditions, the collapse of cavitation bubbles can be

very beneficial to the surrounding boundaries. One such application is ultrasonic

cleaning. Ultrasonic cleaning is known to be one of the most effective tools for

the cleaning of electrical and medical machinery on a microscopic scale, where the

pressure and shock wave created by the collapsing bubble cleans the surrounding

surfaces (Song et al. [2004a], Ohl et al. [2006a], Lauterborn and Kurz [2010]). This
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Figure 1.1: A turbine highlighting the significant erosion caused by the continuous
formation of cavitation clouds, bubble jetting and shock wave creation (Fomitchev-
Zamilov [2012]).

is particularly effective for complex geometries which are difficult to navigate and

for delicate machinery which can not be classically cleaned with a brittle tool, This

technique is becoming a very beneficial procedure in dentistry for such reasons (Bulat

[1974], Song et al. [2004b]). If the cavitation is controlled precisely, the bubble can

undergo shape mode oscillations and large bubble migration. The shock waves

emitted by these oscillation shape modes, the subsequent migration of the bubble,

and jetting have been shown to efficiently remove contamination from surrounding

boundaries (Chahine et al. [2016]). One such tool for controlling the evolution and

migration of a cavitation bubble, is the subjection of a high energy acoustic wave.

With the inclusion of an acoustic wave, cavitation bubbles become applicable to

a wider range of medical applications. One such application is known as extracor-

poreal shock wave lithotripsy (Fong et al. [2008]), for the treatment of kidney stones

(Pishchalnikov et al. [2003]). Here, cavitation bubbles absorb a significant amount

of energy from the incoming acoustic wave resulting in violent oscillations, collapse,

jetting. The subsequent shock waves which are produced then aid in destroying the

surfaces of the kidney stones. Coated microbubbles are also used for nondestructive
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medical imaging (van der Meer et al. [2007]), where bubble clouds are injected into

the bloodstream and can travel to all bodily organs due to their small radius. The

scattering of ultrasonic waves on the surrounding blood and tissues and the contrast

between the two has generated interest in this method for medical imaging. However,

medical procedures using cavitation bubbles and ultrasonic waves still have certain

obstacles. Such complications include bubble-bubble and bubble-wall interactions

causing vascular injuries such as kidney edemas, haemorrhages, and haematomas

(Lugli and Zerbetto [2007], Sreedhar et al. [2017]). Therefore, analysing the effect

of such interactions requires much care and attention.

One application at the forefront of modern day bubble dynamics is noninvasive

therapy and drug delivery (Coussios and Roy [2008]). Microbubbles containing the

desired drug are placed inside the body and allowed to travel to the targeted area

(Carson et al. [2011], Kaul [2004], Kooiman et al. [2009]). The violent collapse of the

bubble due to ultrasound releases the contained drug and causes perforation of the

surrounding cell membranes, which is known as sonoporation (Ohl et al. [2006b,a]).

The non-Newtonian properties of the fluid are important due to the rheological

properties of the blood and other bodily fluids (Brujan et al. [2008], Chmiel and

Walitza [1980]). For example, blood is made up of cells of plasma where the total

plasma volume is roughly 55% of the total blood volume. However, this method

still faces many problems, for example the heating of localised tissue (Kennedy

[2005], Leslie and Kennedy [2007], ter Haar and Coussios [2007]), and the influence

of polymer additives on cavitation and tissue damage (Roberts et al. [2006]) is not

yet fully understood.

1.2 Research review

To effectively implement microbubbles, it is important to fully understand the inter-

action between a bubble and the surrounding rigid boundaries in various Newtonian
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and non-Newtonian fluids. Historically, the majority of research has been conducted

on the computationally easier Newtonian fluids which we will discuss first.

1.2.1 Newtonian fluids

An important parameter to analyse the rheological properties of a fluid is it’s viscos-

ity, µ. The viscosity of a fluid relates the local stress in a moving fluid to the rate of

deformation, and can be physically represented by the ‘thickness’ of a fluid. When

a fluid is strained, it’s rate of deformation is inversely proportional to viscosity. A

fluid is said to be Newtonian if the viscosity of the fluid does not change with

the rate of deformation, that is, there is a linear relationship between the shear rate

and the shear stress. When the deviatoric stress is identically zero, the fluid is said

to be inviscid. Classically, the shear rate of a fluid is determined by placing the

fluid between two horizontal parallel plates with the bottom plate being stationary

and the top plate being moved horizontally at some constant speed, U . Assuming

a no-slip boundary condition, the shear stress acting parallel to the plates results

in a decrease in the velocity of the fluid closer to the bottom plate. The velocity

profile of the fluid then provides a description of the rate of shear. The most com-

mon Newtonian fluids are water and air, the former being the fluid for which the

majority of bubble mechanics have been studied.

As previously mentioned, one of the first theoretical studies of cavitation was

performed by Lord Rayleigh to discover the reasoning behind propeller damage on

ships (Rayleigh [1917]). The research considered a spherical bubble in an infinite

body of fluid in the absence of surface tension and viscosity. Rayleigh concluded

that the collapse of cavitation bubbles leads to high levels of pressure which results

in significant surface damage and was the underlying principle behind propeller

erosion. However, the bubbles were thought to remain spherical, and the concept

of jetting was not discovered for quite some time. The non-spherical properties of

cavitation were not truly considered for another 50 years when experimental research
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Figure 1.2: An image of the original bubble experiment conducted by T. B. Benjamin
first discovering the non-spherical behaviour of a bubble near a rigid boundary
(Benjamin and Ellis [1966]).

was conducted on the formation of jets near a solid boundary and the subsequent

change to a toroidal bubble (Benjamin and Ellis [1966]). Images of this original

bubble experiment can be found in Figure 1.2. This phenomenon has since been

widely experimentally studied with numerous numerical techniques being developed

to simulate the non-spherical evolution of a cavitation bubble.

Cavitation experiments provide wide insight into the non-spherical behaviours

of cavitation bubbles in different geometric situations. Since T. B. Benjamin, many

such experiments have been conducted. For example, the work on experimental bub-

bles near a rigid wall was extended to provide quantitative confirmation of numerical

studies, with emphasis on measuring jet velocities and introducing the concept of

laser induced cavitation (Lauterborn and Bolle [1975]) and further expanded to anal-
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yse the pressure contours and velocity vectors in the surrounding fluid (Brujan et al.

[2002]). More sophisticated experiments have been developed to show the evolution

of a bubble in more complex geometries, such as a free surface (Zhang et al. [2013]),

near a corner (Brujan et al. [2018]), or rising in a tube (Wu and Gharib [2002]).

Many techniques have been developed to experimentally implement these various

types of bubbles, such as TNT charges being used to generate underwater explosion

bubbles (Hung and Hwangfu [2010]). Cavitation bubbles have been generated using

sparks (Ohl et al. [2015]), or high intensity focused laser beam (Brujan et al. [2018],

Lindau and Lauterborn [2003]). With the improvement of cavitation experiments,

the development of numerical methods to simulate bubble evolution also improved.

Numerous three-dimensional, computational models have been developed to eval-

uate the evolution of a cavitation bubble in a Newtonian fluid, situated in different

geometries, such as near a rigid inclined wall (Wang [1998]). As with the experimen-

tal investigations, the numerical simulations shown the jetting formation due to the

surrounding boundary. Furthermore, buoyancy plays a key role on the evolution of

the bubble with bubble migration being particularly influenced. When the bubble

rises due to buoyancy, cusps can form on the bottom of the bubble due to Bjerknes

force and the uplift on the rest of the bubble from the fluid. However, buoyancy

becomes dominant for large Reynolds number flows, where the Reynolds number is

a measure of inertia forces compared to viscous forces. So for such simulations, the

viscous and viscoelastic effects are negligible. As such, there is no damping effects

or energy dissipation throughout the fluid. Furthermore, the influence of surface

tension also become negligible as the corresponding Weber number for the bubble,

a dimensionless measure of the important of inertia compared to surface tension, is

high. Throughout this current work, we assume the buoyancy effects are negligible

so that the viscous and viscoelastic effects dominate.

Computational simulations have also been conducted for a bubble near a free

surface (Supponen et al. [2015], Li et al. [2012a]), or in a narrow gap (Gonzalez-
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Avila et al. [2020]). Such boundaries result in jetting of the bubble surface and the

creation of a toroidal bubble (Liu et al. [2016]), a phenomenon also created as a

result of a bubble being subjected to an acoustic wave (Wang and Manmi [2014],

Manmi and Wang [2017]). The inclusion of acoustic waves results in jetting without

the need for a rigid boundary. The intensity of the jetting and the jet velocities

depends on the frequency and the pressure amplitude of the acoustic wave with a

maximum energy transfer occurring at natural resonance (Wang [2017]). In these

simulations, the bubble is of microscopic size meaning the viscous effects become

dominant and the energy absorbed from the acoustic wave is dissipated throughout

the fluid.

Furthermore, extensive research has been done both computationally and exper-

imentally on the more complicated geometry of a corner (Wang et al. [2020], Cui

et al. [2020]). It is readily established that the inclusion of a boundary results in jet

formation provided the stand-off distance is small enough. The stand-off distance

plays a crucial part on the intensity of the wall effects and directly changes the

magnitude of the bubble migration, jet velocity, Kelvin impulse and jetting angle

amongst other things. However, with the inclusion of a second boundary, jetting

angles and bubble migration become harder to predict.

One such computational model used to simulate the three-dimensional evolution

of a bubble near a boundary is the boundary integral method (Blake et al. [1999]).

The boundary integral method (BIM), built upon potential flow theory, uses Green’s

second identity to evaluate the potential on the bubble surface and surrounding

boundaries. This method is grid free in the flow domain and requires only that the

potential is calculated at each node on the mesh. The boundary integral method

reduces the spatial dimension of the model through discretisation. In doing so, the

size of all linear systems are decreased resulting in a lower CPU time and memory

requirement (Lee et al. [2007]).

There are many advantages to using the boundary integral method. Not only
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does the method require lower CPU time, with the inclusion of initial and boundary

conditions, the solutions to the integral equations are unique with less data being

required to get efficient results. Furthermore, the mesh generation is simpler than

other three-dimensional numerical methods. Since the BIM only requires finding

the solution of the boundary integral equations on the surface nodes, it is an easy

method to implement the simpler non-Newtonian constituitive equations which only

appear through the normal stress tensor at the boundary.

However, there are some disadvantages to using the boundary integral method.

Since the method requires the calculation of the velocity potential on the bubble

surface, the flow is assumed to be irrotational and so rotational flows can not be sim-

ulated. Furthermore, as there is no flow domain, fluid velocities and pressure fields

are very rarely analysed. When considering aspects of the flow domain, other nu-

merical methods such as OpenFOAM or finite element method can be used instead.

Compressible effects are mostly always consider negligible and so the resulting shock

waves from collapse are very rarely simulated apart from very simple axisymmetric

models. Finally, the matrices derived in the BIM are asymmetric and very compu-

tationally expensive to solve, meaning that the majority of ‘run time’ is taken by

solving these equations.

1.2.2 Non-Newtonian fluids

As stated, the majority of bubble dynamics research has focused on a bubble situ-

ated in a Newtonian fluid. However, the applications of cavitation rarely require a

Newtonian liquid and instead require liquids with suspended internal polymers such

as most bodily fluids or surfactants used in ultrasonic cleaning. Recent cavitation

research has focused on the effects of viscoelastic properties of the fluid on bubble

evolution.

A non-Newtonian fluid is one who’s stress is non-linearly proportional to

it’s shear rate. Such examples are fluids which are either shear-thickening whose
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viscosity increases with the rate of shear strain, such as cornstarch mixed with

water, or are shear-thinning whose viscosity decreases with the rate of shear strain,

such as blood or paint. Typical non-Newtonian fluids have either partial or full

polymer contribution. Viscoelastic fluids are fluids which both have a viscosity

and elasticity associated with it. Such fluids have a level of strain energy internally

stored and therefore perform partial elastic recovery once the deforming stress is

removed. The time for the fluid to return to it’s pre-deformed state is known as

the ‘relaxation time’ of the fluid. An instantaneous relaxation time applies to an

ideal Newtonian fluid such as water, whereas an infinitely large relaxation time

corresponds to a perfect Hookean solid.

The behaviour of viscoelastic fluids is characterised by performing experiments

in the laboratory using a rheometer. Examples of simple flows that are studied

include simple shear flow, extensional flow and oscillatory shear flow. The latter is

used to determine the relaxation times of the fluid, a key measure of the viscoelastic

nature of the fluid. There are two classes of fluids that often display Maxwell-like be-

haviour in the normal measuring range (10−2− 102 Hz) with the expected shapes of

the curves for the storage and loss moduli and a single relaxation time. These are as-

sociative thickener-type polymers (e.g. hydrophobic ethoxylated urethane (HEUR))

(Annable et al. [1994]) and worm-like surfactant micellar systems (e.g. aqueous

surfactant solutions containing thread-like micelles) (Fischer and Rehage [1997], Ali

and Makhloufi [1997], Cates [1996]). Fluids in the latter class are sometimes called

‘living polymers’ because if they break under large stresses, they can reconstitute

under conditions of rest or low stress.

The bubble behaviours in non-Newtonian fluids are widely encountered in vari-

ous domains such as decompression sickness, volcanic eruption, glass manufacture,

materials, petrochemicals, metallurgy and different dispersed systems (Frank et al.

[2013]). It has been shown that the addition of a small amount of water-soluble poly-

mer to a liquid can reduce the chance of cavitation occurring (Ellis [1967]). Certain
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additions of polymers have been reported to affect cavitation damage (Shima et al.

[1985], Tsujino et al. [1986]), and noise (Tsujino [1987]). The collapse of a cavitation

bubble in such fluids can lead to an immense amount of damage to its surrounding

boundaries.

Extensive research has been done both numerically and experimentally on the

non-spherical evolution of an axisymmetric bubble in a non-Newtonian fluid. The

boundary element method has been implemented along with Maxwell’s constitutive

equation to study the effects of a viscoelastic fluid on a rising bubble (Lind and

Phillips [2010a]), with research also being conducted experimentally (Wagner et al.

[1999]). Furthermore, results have been established on a bubble near a free surface

(Lind and Phillips [2013]), and equally spaced bubbles rising in a viscoelastic fluid

(Liu et al. [2013], Pillapakkam et al. [2007], Fraggedakis et al. [2016]) and experi-

mentally on shock wave emissions (Brujan [2019]). A figure depicting the evolution

of an experimental bubble in a viscoelastic fluid is shown in Figure 1.3. The experi-

ments and numerical simulations highlighted the negative wake created by the rising

bubbles and a large tail-like cusp. However, as the simulations involve rising bub-

bles, the radius of the bubbles is large to include buoyancy effects, meaning viscous

and viscoelastic effects are not as dominant. Furthermore, the three-dimensional

effects of the surrounding boundaries are not considered as most numerical and

experimental results only consider axisymmetric cases.

Spherical bubble dynamics have also be analysed (Lind and Phillips [2010b]),

with a theoretical Rayleigh-Plesset equation for a viscoelastic fluid, which models

the evolution of a bubbles radius, being readily established (Gaudron et al. [2015]).

For spherical bubbles, it has been shown that a critical value exists for the product of

the Reynolds number and the Deborah number, for which complete bubble collapse

instead of oscillatory behaviour occurs. However, little research has been performed

on a three-dimensional bubble in a viscoelastic fluid.

Simple linear viscoelastic models can only provide meaningful predictions in the
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Figure 1.3: The evolution of a spherical experimental bubble in a 0.5% polyacry-
lamide viscoelastic fluid with the resulting pressure shock wave being separately
measured (Brujan [2019]).

limit of small fluid deformations. In general, for a viscoelastic model to satisfy a

Bernoulli style equation, that is, an irrotational flow field, we need the extra stress

tensor, T , used to model the viscoelastic properties of the fluid, to satisfy∇·T = ∇ψ

where ψ is some scalar function, ∇· is the divergence, and ∇ is the grad function.

However, under the assumptions described above, the admissibility condition can

be satisfied in an approximate sense for moderate to large Reynolds numbers since

∇ · T becomes small compared to inertial terms in the momentum equation in the

bulk of the flow (Lind and Phillips [2010b]). Therefore, for simple linear models

such as the linear Maxwell model and the Jeffrey model, such a scalar function, ψ,

can be found to satisfy a Bernoulli style equation. However, more general models,

such as the material Maxwell model, can be employed that provide a more accurate

description of viscoelastic effects and also satisfy frame invariance. The restriction

to moderate and high Reynolds number flows limits the method to modelling dilute

polymer solutions.

1.3 Thesis overview

In this thesis, potential flow theory is implemented using a three-dimensional bound-

ary integral method (BIM) to simulate the evolution of microbubbles near rigid
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boundaries in various viscoelastic fluids. The present work is organised into 6 main

chapters:

In Chapter 1, we introduced the concept of a cavitation bubble, it’s appearance in

natural phenomenon, and it’s applications in modern day science and engineering.

An overview of the development of bubble dynamics with a brief history of both

Newtonian and non-Newtonian models are discussed along with a description of

viscoelastic fluids and their influence on bubble evolution. Finally, an overview of

the boundary integral method is presented.

In Chapter 2, the basic underlying mathematical concepts and physical modelling

of a bubble near rigid boundaries are introduced. Under specific fluid conditions,

Green’s second identity and Green’s functions are given to simulate a bubble in

infinite fluids, near a flat rigid boundary, and near a corner of various angles. A dy-

namic boundary condition is derived from Bernoulli’s equation to provide a solution

for the velocity potential with a kinematic boundary condition providing a descrip-

tion of the bubble surface. The readily established three-dimensional Newtonian

viscous model is discussed and the viscoelastic properties of the fluid are introduced

via various constitutive equations which appear only through the normal compo-

nent of the stress tensor under the assumption that the flow has moderate to high

Reynolds number. A parametric study is accomplished based on the relaxation time

and polymeric viscous contribution of the fluid via nondimensionalisation.

Chapter 3 develops the numerical method to simulate the physical model intro-

duced in Chapter 2. A surface mesh is considered to implement the boundary in-

tegral method and a moving least squares method provides a solution for the mean

local curvature and tangential velocity. Using Lagrangian integration and fourth

order Runge-Kutte method, the bubble surface, velocity potential, and normal com-

ponent of the stress tensor are updated at each time-step. Finally, a description of

the mesh smoothing techniques are provided, with the two main techniques being

the elastic mesh technique and the hybrid mesh technique which focuses on reducing
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the mesh density through elasticity on the surface of the bubble allowing for a more

stable jet formation.

In Chapter 4, the physical and numerical model is implemented with the bound-

ary integral method to simulate a microbubble in various Maxwell fluids. A bubble

is first introduced in an infinite Maxwell fluid with various Deborah numbers to

analyse the effect of the relaxation time of the fluid on the bubbles radius history

and velocity over the first two cycles of oscillation. The Green’s function is then

obtained to simulate the same viscoelastic fluids with a bubble near both a flat rigid

boundary and a corner of various angles. In doing so, the effects of the relaxation

time on the Kelvin impulse, bubble migration, bubble size, jet profiles, and jetting

angles are given. Further discussion is then given on the influence of the domain size

and stand-off distances between the bubble and the rigid boundaries. Finally, the

large scale effects of both the Deborah number and Reynolds number are shown.

In a similar manner to Chapter 4, Chapter 5 provides analysis on the evolution

of a bubble in various Jeffrey fluids in different geometric settings. A bubble is first

situated in infinite Jeffrey fluids with differing viscosity ratios where the polymeric

and solvent contributions of the fluid are changed. In doing so, the influence on the

bubble radius histories and surface velocity are discussed. Once again, the Green’s

function is implemented to model the bubble near both a flat rigid boundary and a

corner of various angles. Results are then presented on the Kelvin impulse, bubble

migration, jetting angle, jet profile, and bubble size. The large scale effects of the

Deborah number and Reynolds number are discussed.

Finally, Chapter 6 provides a summary of the thesis, the conclusions drawn, and

the possible future developments of bubbles in non-Newtonian fluids.
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CHAPTER 2

MATHEMATICAL & PHYSICAL MODEL

In this chapter, we describe the physical and mathematical model for 3D bubble

dynamics in a non-Newtonian liquid, based on potential flow theory. This consists of

the boundary integral equation for the velocity potential, the kinematic and dynamic

boundary conditions, as well as the initial conditions. We discuss two models for non-

Newtonian liquids, the Maxwell and Jeffrey models, and their constitutive equations.

2.1 Potential flow model

2.1.1 Green’s second identity

Consider a non-spherical bubble with surface, SB, and volume, V , situated in an

incompressible fluid of domain Ω. Assume also that the fluid motion is irrotational

with all relative velocities being significantly smaller than the corresponding speed of

sound in the fluid. We can assume that viscous and viscoelastic effects are negligible

and that the flow is inertia dominated in the bulk, since we are concerned with mod-

erate to high Reynolds number flow and high speed bubble expansion and collapse.

However, since we are required to satisfy the physical stress boundary conditions,

we can consider a thin boundary layer near the surface of the bubble for which these

effects become apparent, i.e where the flow is no longer inertia dominated. The
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ability to accurately model viscous and viscoelastic irrotational flows arises from

the small amount of vorticity generated at the bubble’s free surface. However, the

shear stress-free free surface generates little vorticity and so flow within the bound-

ary layer is only slightly perturbed from irrotational (Batchelor [1967]). Therefore,

within a reasonable level of approximation, the bulk of the fluid can be measured to

be inviscid and irrotational. The thickness of the viscoelastic boundary layer at the

surface is determined by the Reynolds number of the fluid and given by O(R0/
√
Re)

for some initial radius R0 (Batchelor [1967], Boulton-Stone and Blake [1993]).

Hence, assuming that the viscous and viscoelastic effects appear only through

the normal stress balance at the bubble surface and that the flow is entirely irrota-

tional provides an accurate description of the physical problem (Lind and Phillips

[2013]). The viscoelastic effects can then be modelled using Maxwell’s or Jeffrey’s

constitutive equation which gives the simplest description but still provides signifi-

cant elastic effects. As such, the linearity of the model provides no additional stress

contribution in the bulk of the fluid. Hence, as with the viscous models previously

investigated, the viscoelastic effects only appear via the normal stress balance con-

dition. The analysis of a viscoelastic fluid provided here is kept entirely general and

is applicable to any irrotational flow (Lind and Phillips [2010b]).

Assuming that the flow is irrotational, that is, w∗ = ∇∗ × u∗ = 0, we can write

the velocity, u∗, in terms of a velocity potential ϕ∗, where u∗ = ∇∗ϕ∗. Therefore,

via the continuity equation, Laplace’s equation in the fluid is given by

∇∗2ϕ∗ = 0. (2.1.1)

The boundary integral method can be implemented with Green’s second identity

providing a solution for the velocity potential, ϕ∗, and it’s normal derivative, ∂ϕ∗/∂n,

on the bubble surface and surrounding boundaries respectively. This is achieved by

representing it as a surface integral over the bubble surface. Green’s second identity,

16



which is valid provided ϕ∗ and G(r∗, q∗) are both twice continuously differentiable

on V , is given by

∫
V

(G(r∗, q∗)∇∗2ϕ∗(q∗)−ϕ∗(q∗)∇∗2G(r∗, q))∗dV

=

∫
∂Ω

(∂ϕ∗(q∗)

∂n
G(r, q∗)− ϕ∗(q∗)

∂G(r∗, q∗)

∂n

)
dS(q∗).

(2.1.2)

where r∗ is a field point, q∗ is a source point, n = (nx, ny, nz) is the outward facing

normal at the surface, and ∂Ω = SB ∪SR represents every boundary in the domain,

Ω, with SR being the surfaces of all rigid boundaries. The normal derivative, ∂/∂n

is defined as n ·∇. Here, G(r∗, q∗) is the Green’s function for a semi-infinite domain

which is divided by two rigid boundaries of angle α = π/l, which provides a solution

to Laplace’s equation. This is given by,

G(r∗, q∗) =
1

|r∗ − q∗|
+

2l−1∑
i=1

1

|r∗ − q∗
i |

(2.1.3)

for some l ∈ N, where q∗
i are the image points of q∗. We now apply the Green’s

function (2.1.3) to Green’s second identity (2.1.2). Imagine a field point, r∗, located

in the domain Ω consisting of the bubble surface, the flow field and the surface of

the boundary along with the surface of a sphere, Sϵ, with centre r∗ and radius given

by |r∗ − q∗| = ϵ. We have the boundary condition

∇2G = 0 for r ∈ Ω \ Ωϵ. (2.1.4)

Therefore, the Green’s function for Laplace’s equation can be expressed as

G(r∗, q∗) =
1

|r∗ − q∗|
=

1

ϵ
. (2.1.5)
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Therefore,

n · ∇∗G = − q∗ − r∗

|q∗ − r∗|
· q∗ − r∗

|q∗ − r∗|3
=

−1

|q∗ − r∗|2
=

−1

ϵ2
. (2.1.6)

The surface integral in Green’s second identity now becomes

∫
S∪Sϵ

(ϕ∗
nG− ϕ∗Gn)dS−

∫
Sϵ

(ϕ∗
nG− ϕ∗Gn)dS

=

∫
S∪Sϵ

(G∇∗ϕ∗ − ϕ∗∇∗G) · ndS −
∫
Sϵ

(ϕ∗
nG− ϕ∗Gn)dS,

=

∫
Ω\Ωϵ

∇∗ · (G∇∗ϕ∗ − ϕ∗∇∗G)dV +

(
ϕ∗

ϵ2
− ϕ∗

n

ϵ

)∫
Sϵ

dS.

(2.1.7)

Observe that,

∫
Ω\Ωϵ

∇∗ · (∇∗ϕ∗G− ϕ∗∇∗G)dV =

∫
Ω\Ωϵ

(G∇2∗ϕ∗ −∇∗ϕ∗∇∗G)dV = 0, (2.1.8)

via the boundary condition. Hence,

∫
S

(∂ϕ∗

∂n
G− ϕ∗∂G

∂n

)
dS =

(
ϕ∗

ϵ2
− ϕ∗

n

ϵ

)∫
Sϵ

dS =
ϕ∗

ϵ2

∫
Sϵ

dS − ϕ∗
n

ϵ

∫
Sϵ

dS. (2.1.9)

Taking the limit as ϵ→ ∞ to consider just the point itself, we obtain

lim
ϵ→0

(
ϕ∗

ϵ2

∫
Sϵ

dS − ϕ∗
n

ϵ

∫
Sϵ

dS

)
= ϕ∗c(r), (2.1.10)

since ∫
Sϵ

dS = O(ϵ2), (2.1.11)

where c(r) is the solid angle. When r ∈ Ω \ SB, Sϵ represents a sphere around the

point r with radius ϵ. Therefore, the solid angle for such a point is given by

c(r) =

∫
Sϵ

dS

ϵ2
=

4πϵ2

ϵ2
= 4π. (2.1.12)
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When r ∈ SB, Sϵ now represents a semi-sphere around the point r with radius ϵ.

Therefore, the solid angle for such a point is given by

c(r) =

∫
Sϵ

dS

ϵ2
=

2πϵ2

ϵ2
= 2π. (2.1.13)

Hence, we arrive at the required form of Green’ second identity,

c(r∗, t∗)ϕ∗(r∗, t∗) =

∫
∂Ω

(∂ϕ∗(q∗, t∗)

∂n
G(r∗, q∗)− ϕ∗(q∗, t∗)

∂G(r∗, q∗)

∂n

)
dS, (2.1.14)

where c(r∗, t∗) is the solid angle given by

c(r∗, t∗) =


4π, if r∗ ∈ Ω/∂Ω,

2π, if r∗ ∈ ∂Ω.

(2.1.15)

2.1.2 Kinematic and dynamic boundary conditions

The kinematic boundary condition requires that a particle on the bubble surface

remains on the bubble surface for all time and is given by

u∗∣∣
S
=
Dr∗

p

Dt∗
= ∇∗ϕ∗∣∣

S
, (2.1.16)

where r∗p is some arbitrary particle on the surface of the bubble. The dynamic

boundary condition on the bubble surface is given by

(σL − σB) · n = 2σκ∗, (2.1.17)

where σL and σB represent the normal stress in the liquid and bubble respectively,

σ is the surface tension of the bubble, and κ∗ is the mean local curvature. By the
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definition of normal stress,

σL
nn = −P ∗

L + T ∗
nn, (2.1.18)

σB
nn ≈ −PB, (2.1.19)

since µB ≪ µL, where PB is the internal pressure inside the bubble acting on the

surface, P ∗
L is the pressure in the liquid, and T ∗

nn represents the normal component

of the deviatoric stress tensor. Hence,

P ∗
L = PB − 2σκ∗ + T ∗

nn. (2.1.20)

To derive an expression for the pressure inside the bubble, PB, we assume the bubble

contains a uniform and non-condensable gas (Best and Kucera [1992]). A constant

internal vapour pressure can be assumed by an equal evaporation during expansion

stage and condensation during collapse (Lee et al. [2007]). The pressure inside the

bubble for an adiabatic gas is frequently given by

PB = Pv + Pg = Pv + Pg0

(V0
V

)ξ
, (2.1.21)

where Pg0 is the initial partial pressure of the gas, Pv is the constant vapour pressure,

V and V0 are the current and initial volume of the bubble respectively, and ξ is the

heat capacity ratio.

Hence, using the expressions for P ∗
L, Bernoulli’s equation for potential flow is

given by

Dϕ∗

Dt∗
=

1

2
|∇∗ϕ∗|2 − 1

ρ

(
Pv + Pg0

(V0
V

)ξ
− 2σκ∗ + T ∗

nn

)
+
P0

ρ
− gz∗, (2.1.22)

where ρ is the density of the surrounding fluid, P0 is the far-field ambient fluid

pressure, and g is the constant acceleration due to gravity.
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2.2 Spherical bubble theory for validation

2.2.1 Rayleigh-Plesset equation

In this section, we derive the Rayleigh-Plesset equation for spherical bubbles. This

is used to validate the potential flow theory when developing the three-dimensional

boundary integral method. Consider a spherical bubble of radius R∗(t∗), in a infinite

domain of liquid whose ambient far-field pressure is given by P0. Assume that the

liquid density, ρ and the total dynamic viscosity, µL are constant. The radial position

from the centre of the bubble is given as r∗, and the pressure and radial outward

velocity are denoted p∗(r∗, t∗) and u∗(r∗, t∗) respectively. To conserve mass, we must

have

u∗(r∗, t∗) =
F (t∗)

r∗2
, (2.2.1)

where F (t∗) is related to R∗(t∗) via the kinematic boundary condition. Since

u∗(R∗, t∗) =
dR∗

dt∗
, (2.2.2)

on the bubble surface, we have that,

F (t∗) = R∗2dR
∗

dt∗
. (2.2.3)

Note that, the Navier-Stokes equation in the r∗ direction is given by,

−1

ρ

∂P ∗

∂r
=
∂u∗

∂t∗
+ u∗

∂u∗

∂r∗
− νL

( 1

r∗2
∂

∂r∗

(
r∗2

∂u∗

∂r∗

)
− 2u∗

r∗

)
. (2.2.4)

Substituting the expression for F (t∗) from equation (2.2.3) yields,

−1

ρ

∂P ∗

∂r
=

1

r∗2
dF (t∗)

dt∗
− 2F (t∗)2

r∗5
. (2.2.5)
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Hence, integrating with respect to r,

P ∗
L − P0

ρ
=

1

2

F (t∗)2

r∗4
− 1

r∗
dF (t∗)

dt∗
, (2.2.6)

since P ∗
L → P0 as r∗ → ∞. From the dynamic boundary condition (2.1.17), the net

force in the radially outward direction per unit area in the absence of mass transport

is given by,

σrr
∣∣
r=R

+ PB − 2σκ∗ = 0. (2.2.7)

Hence, substituting for P ∗
L from equation (2.1.20) and using the fact that F =

R∗2dR∗/dt∗, we arrive at the generalised Rayleigh-Plesset equation, given by,

PB − P0

ρ
= R∗d

2R∗

dt∗2
+

3

2

(dR∗

dt∗

)2
− T ∗

nn

ρ
+

2σκ∗

ρ
. (2.2.8)

Note that the Rayleigh-Plesset equation is a second order ordinary differential equa-

tion and can therefore be solved analytically, and as such, can be used to validate

the radius history as calculated using the boundary integral method and the three-

dimensional bubble code developed in Chapter 3. The Rayleigh-Plesset equation

itself is inappropriate for three-dimensional bubble mechanics because it assumes

that the bubble remains spherical for all time, and that the bubble is in an infi-

nite domain space. Whereas, the bubble is mostly situate in semi-infinite domains

throughout this thesis to analyse the non-spherical effects of the viscoelastic fluid.

2.2.2 Potential calculation

For a spherically symmetric flow, Laplace’s equation is given by

∇∗2ϕ∗ =
1

r∗2
∂

∂r∗

(
r∗2

∂ϕ∗

∂r∗

)
= 0. (2.2.9)
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Integrating both sides with respect to r, the corresponding velocity is given by

u∗ = ∇∗ϕ∗ =
∂ϕ∗

∂r∗
r̂∗ =

A

r∗2
r̂∗, (2.2.10)

where the velocity potential, ϕ∗, is given by

ϕ∗ = −A(t
∗)

r∗
+B(t∗), (2.2.11)

and A and B are arbitrary functions of t∗. Now consider the radial motion of a

spherical gas bubble in the absence of gravity. The volume flux of a sphere, m, is

given by

m = 4πr∗2u∗(r∗, t∗) = 4πA. (2.2.12)

For incompressible flow, the flux equals the rate of change of the bubble volume, i.e

4πR∗2
( A

R∗2

)
=

∂

∂t∗

(4
3
πR∗3

)
= 4πR∗2dR

∗

dt∗
, (2.2.13)

=⇒ A = R∗2dR
∗

dt∗
, u∗ =

R∗2

r∗2
dR∗

dt∗
r̂∗, ϕ =

−R∗2

r∗
dR∗

dt∗
. (2.2.14)

Therefore, in the normal direction

ϕ∗
n = u∗r =

R∗2

r∗2
dR∗

dt
. (2.2.15)

Hence,

ϕ∗
nn =

∂

∂r∗

(R∗2

r∗2
dR∗

dt

)
= −2R∗2

r∗3
dR∗

dt
. (2.2.16)

Therefore, on the bubble surface

ϕ∗
nn|r∗=R∗ = − 2

R∗
dR∗

dt
= − 2

R∗ϕ
∗
n|r∗=R∗ . (2.2.17)

In Chapter 4, the calculation of ϕ∗
nn|r∗=R∗ using spherical bubble theory is com-
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pared to the calculation via the boundary integral method to validate the three-

dimensional bubble code.

2.3 Nondimensionalisation

For the remainder of the thesis, the non-spherical bubble model is converted into a

nondimensional problem by introducing the following dimensionless quantities,

r∗ = R0r, t∗ = R0

√
ρ

P0 − Pv

t, ϕ∗ = R0

√
P0 − Pv

ρ
ϕ, κ∗ =

κ

R0

, (2.3.1)

where R0 is the initial radius of the bubble. The stand-off distances towards the

near and far boundaries, γN and γF , are normalised using the initial bubble radius,

γN =
sN
R0

, and γF =
sF
R0

, (2.3.2)

where sN and sF are the initial dimensional distances between the bubble centre

and the near and far walls, respectively. For a flat rigid boundary, γN = γF = γ.

Hence, we obtain the dimensionless model for the non-spherical bubble

c(r, t)ϕ(r, t) =

∫
∂Ω

(∂ϕ(q, t)
∂n

G(r, q)− ϕ(q, t)
∂G(r, q)

∂n

)
dS, (2.3.3)

u
∣∣
S
=
Drp

Dt
= ∇ϕ

∣∣
S
, (2.3.4)

Dϕ

Dt
= 1 +

1

2
|∇ϕ|2 − δ2z − ε(

V0
V
)ξ +

2κ

We
− Tnn, (2.3.5)

Here, δ =
√
gR0ρ/(P0 − Pv) is the buoyancy parameter which provides a measure

of the strength of the buoyancy force where a greater force leads to more uplift on

the bubble and therefore increases bubble migration vertically upwards. Note that,

for all cases considered in this thesis, the buoyancy force is considered negligible,

i.e δ = 0, however is non-negligible when validating the three-dimensional code
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with experimental data. The parameter ε = Pg0/(P0 − Pv) is a measure of initial

excess pressure inside the bubble relative to the ambient pressure. The greater the

value of ε, the greater the difference in pressure across the bubble surface leading to

larger bubble expansion and inertia. This in turn leads to a more violent collapse

and jetting. The Weber number given by We = R0(P0 − Pv)/σ, is a measure of

the importance of fluid inertia compared to surface tension (Blake et al. [1999]).

A larger Weber number reduces the importance of surface tension on the bubbles

expansion.

The dimensionless Rayleigh-Plesset equation is given by

R
d2R

dt2
= ε
(R0

R

)3γ
− 1− 3

2

(dR
dt

)2
− 2

We

1

R
− Tnn, (2.3.6)

which analytically provides the dimensionless bubble history for a spherical bubble

in an infinite fluid. Note that the first two terms on the right hand side of equation

(2.3.6) oscillate between a negative and positive value with the ratio between R0

and R varying over the bubbles lifetime, and the third term also oscillating between

negative and positive as the velocity of the bubble surface varies. This gives the

radius history its oscillatory behaviour, with the surface tension and viscosity terms

providing damping.

2.4 Initial conditions

A technique for developing a relationship for the initial bubble radius was given

by Qianxi Wang et al, in the absence of viscosity and surface tension (Wang et al.

[2005]). This is so the bubble is initiated at this given initial dimensionless radius

so that the maximum dimensionless bubble radius is given by Rmax = 1. In the

absence of viscosity and surface tension, if the dimensionless pressure difference ε

and ratio of specific heats, ζ are known, then the dimensionless initial radius can be

found. In doing so, the radius history can be nicely plotted and analysed.
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Given the nondimensional Rayleigh-Plesset equation

R
d2R

dt2
+

3

2

(dR
dt

)2
= ε
(R0

R

)3ξ
− 1, (2.4.1)

the initial bubble radius, R0 can be computed provided that an initial non-zero

radial velocity is known. Multiplying both sides by 2R2dR/dt yields

2R3dR

dt

d2R

dt2
+ 3R2

(dR
dt

)3
= (2εR3ξ

0 R
2−3ξ − 2R2)

dR

dt
. (2.4.2)

Observe that

2R3
(dR
dt

)2
+ 3R2

(dR
dt

)3
=

d

dt

(
R3
(dR
dt

)2)
. (2.4.3)

Hence,

d

dt

(
R3
(dR
dt

)2)
= (2εR3ξ

0 R
2−3ξ − 2R2)

dR

dt
. (2.4.4)

Integrating with respect to time yields

R3
(dR
dt

)2
=

2εR3ξ
0 R

3−3ξ

3− 3ξ
− 2

3
R3 + c. (2.4.5)

We now set appropriate boundary conditions to find c. At the boundary’s R = R0

and R = 1, with 1 being the maximum dimensionless bubble radius, we set

dR

dt
= 0 at R = R0, 1. (2.4.6)

Hence, using the condition at R = R0,

0 =
2

3

(
ε
R3

0

1− ξ
−R3

0

)
+ c. (2.4.7)

Thus,

c =
2

3
R3

0

(
1− ε

1− ξ

)
. (2.4.8)

26



Now using this expression for c and the boundary condition at R = 1,

0 =
2

3

( εR3ξ
0

1− ξ
− 1 +R3

0 −
εR3

0

1− ξ

)
, (2.4.9)

and so we end up with a relationship for the initial radius given by

ε(R3ξ
0 −R3

0)

1− ξ
= 1−R3

0. (2.4.10)

2.5 Viscoelastic modelling

In this section, we introduce the weakly viscous modelling to approximate the vis-

cous effects of liquids. The normal component of the stress tensor, Tnn, is defined

differently depending on the fluid in which the bubble is situated. Conventionally,

only a Newtonian fluid is considered for three-dimensional bubble mechanics. How-

ever, for axisymmetric bubble mechanics, the Maxwell and Jeffery models have been

developed which we extend to the three-dimensional cases.

2.5.1 Newtonian model

For a Newtonian fluid, the dimensional, normal component of the stress tensor, T ∗
nn

is proportional to the rate of strain, γ̇∗nn, i.e

T ∗
nn = 2µLγ̇

∗
nn = 2µL

∂2ϕ∗

∂n2
(2.5.1)

for irrotational flow. However, here it is assumed that the viscosity in the bubble,

µB, is much smaller than the viscosity in the liquid, µL. As such, the tangential shear

stress at the bubble surface should be zero. But this is not the case for irrotational

flow. To overcome this issue, a pressure correction term, pvc, is introduced acting in

the direction of the normal at the surface. This viscous correction pressure is then
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assumed to be proportional to the normal stress such that

pvc ≈ 2µLγ̇
∗
nn = 2µL

∂2ϕ∗

∂n2
=⇒ pvc = −2CµL

∂2ϕ∗

∂n2
, (2.5.2)

for some constant of proportionality, C, where pvc satisfies,

∫
S

un(−pvc)dS =

∫
S

uτ · τ sdS, (2.5.3)

to obey the conservation of energy (Manmi and Wang [2017]), where τ s is the shear

stress at the bubble surface. The shear stress can be obtained by considering the

rate of energy dissipation, D, given by

D =

∫
S

u · σ · ndS = 2µL

∫
S

un
∂2ϕ∗

∂n2
dS +

∫
S

uτ · τ SdS, (2.5.4)

Hence, substituting (2.5.2) into the rate of energy dissipation equation gives

D = 2µL(1 + C)

∫
S

∂ϕ∗

∂n

∂2ϕ∗

∂n2
dS. (2.5.5)

The rate of energy dissipation, D, can also be computed by considering the surface

integral on the boundary for the irrotational flow (Lamb [1924]),

D = 2µL

∫
S

∇ϕ∂∇ϕ
∗

∂n
dS. (2.5.6)

Hence, by combining both forms of D, C is given by

C =

∫
S
∇∗ϕ∗ · ∂∇∗ϕ∗

∂n
dS∫

S
∂ϕ∗

∂n
∂2ϕ∗

∂n2 dS
− 1. (2.5.7)

Hence, including the pressure correction term, T ∗
nn for a Newtonian fluid is given by

T ∗
nn = 2µLγ̇

∗
nn = 2(1 + C)µL

∂2ϕ∗

∂n2
. (2.5.8)

28



Nondimensionalising as before,

Tnn = 2µLγ̇nn =
2(1 + C)

Re

∂2ϕ

∂n2
, (2.5.9)

where Re = R0

√
(P0 − Pv)ρ/µL is the Reynolds number which measures the ra-

tio between the inertial and viscous forces in the fluid. At low Reynolds number,

viscous effects dominate which leads to laminar type flows. Whereas, a very high

Reynolds number means the flow is dominated by inertia resulting in turbulence.

Our modelling assumes a moderate to high Reynolds number.

2.5.2 Maxwell’s model

Maxwell’s constitutive equation is used to model the non-Newtonian properties of

the fluid as it is the simplest model to provide significant viscoelastic effects. Here,

the fluid is assumed to be purely polymeric with no solvent contribution. The

equation yields a general irrotational equation of motion and provides no additional

contribution to stress in the bulk and so the viscoelastic effects only appear in the

normal stress balance condition. However, the model comes with the limitation

of only being applicable for small deformations (Bird et al. [1987]). For general

constitutive equations we cannot find a function ψ that satisfies ∇ · T = ∇ψ for

general irrotational flows (Joseph and Liao [1994]), where T is the stress tensor. In

these situations we have ∇ × ∇ · T ̸= 0 even though ∇ × u = 0, for velocity u.

We cannot always find a function ψ satisfying the above equation so that not all

fluids will satisfy a Bernoulli equation. However, Bernoulli equations are admissible

for linear Maxwell and Jeffrey’s fluids. In the case of a inviscid Newtonian fluid, a

viscous Newtonian fluid, a linear Maxwell fluid, and a linear Jeffrey fluid, ψ = 0.

Thus, a ‘material’ Maxwell model is used. The material Maxwell model means that

the material time derivative collapses to a time derivative in the particle reference

frame and can therefore be easily calculated (Lind and Phillips [2010a]).
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For a linear Maxwell fluid, the stress tensor, T ∗, is given by Maxwell’s constitu-

tive equation,

T ∗ + λ1
∂T ∗

∂t∗
= 2µLγ̇

∗, (2.5.10)

where λ1 is the relaxation time of the fluid. The relaxation time can be described as

the time required for a the shear stress on the fluid to return to zero under constant-

strain conditions (Owens and Phillips [2002]). A more fluid-like material will require

less time for this return to occur and as such will have a lower associated relaxation

time. This time is considered to be instantaneous for Newtonian fluids and therefore,

λ1 = 0. On the other hand, a Hookean elastic linear solid will never relax to zero

and is assumed to have an infinite relaxation time. In reality both of these extremes

are never realised (Note that the relaxation time of water is 10−12s whereas glass

can exceed 28 hours. As the relaxation time increases, the fluid appears to have

more solid-like characteristics.

An important note is that even though the relaxation time is not directly related

to the viscosity and density of the fluid, in many fluids, an increase in the relaxation

time will imply that the viscosity and/or the density will also be different. For

example, blood has a higher relaxation time than water and the viscosity follows a

shear-thinning type behaviour. However, the density of blood is comparable to pure

water.

On the bubble surface the shear stress vanishes. Assuming that T ∗ is isotropic

results in the relationship

T ∗ = T ∗
nnδij. (2.5.11)

Hence, upon substitution into equation (2.5.10),

λ1
∂T ∗

nn

∂t∗
+ T ∗

nn = 2µLγ̇
∗
nn = 2µL

∂2ϕ∗

∂n2
. (2.5.12)

As for the Newtonian case, a constant, C, is introduced to compensate for the
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tangential shear stress, i.e

λ1
∂T ∗

nn

∂t∗
+ T ∗

nn = 2(1 + C)µL
∂2ϕ∗

∂n2
. (2.5.13)

Nondimensionalising as before gives

De
∂Tnn
∂t

+ Tnn =
2(1 + C)

Re

∂2ϕ

∂n2
. (2.5.14)

where

De =
λ1
R0

(P0 − Pv

ρ

) 1
2
, (2.5.15)

is the Deborah number of the fluid which is a measure of the relative relaxation

time of the fluid compared to the observation time or time-scale of the flow (Lind

[2010]). As such, viscoelastic fluids do not have one Deborah number associated with

them as the time-scale will vary depending on the flow process. For example, fluids

can appear to show solid-like characteristics over very short time scales but behave

more like a fluid over very long time periods. One of the better known examples

of this is ‘bouncing putty’ which will find it’s own level over a sufficient amount of

time. Note that as λ1 approaches zero, i.e, the relaxation time of the fluid becomes

instantaneous, the Maxwell model reverts back to the Newtonian model.

2.5.3 Jeffrey’s model

Now consider a Jeffrey’s fluid (Lind and Phillips [2010b]). This is a simple extension

of the Newtonian and Maxwell models which are respectively either entirely solvent

or polymeric. The fluid is now assumed to have both a solvent and polymeric

contribution and the Jeffrey model provides a description for the ratio between the

two contributions. The stress tensor T ∗ is modelled using the Jeffrey’s constitutive

equation given by

T ∗ + λ1
DT ∗

Dt∗
= 2µL

(
γ̇∗ + λ2

Dγ̇∗

Dt∗

)
, (2.5.16)
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where λ1 is once again the relaxation time and λ2 is the retardation time given by

λ2 =
µs

µs + µp

. (2.5.17)

Here, µs and µp are the solvent and polymeric viscosities of the fluid respectively,

with

µs =
λ2
λ1
µL, µp =

(
1− λ2

λ1

)
µL. (2.5.18)

The stress can then be decomposed into the solvent and polymeric contributions,

giving

T ∗ = 2µsγ̇
∗ + τ ∗, (2.5.19)

where τ ∗ is the polymeric contribution given by Maxwell’s constitutive equation

(2.5.10),

τ ∗ + λ1
Dτ ∗

Dt∗
= 2µpγ̇

∗. (2.5.20)

Hence, for irrotational flow

T ∗
nn = 2µs

∂2ϕ∗

∂n2
+ τ ∗nn, (2.5.21)

with

τ ∗nn + λ1
Dτ ∗nn
Dt∗

= 2µp
∂2ϕ∗

∂n2
. (2.5.22)

Nondimensionalising once again, and introducing the compensation constant, C,

Tnn =
2β(1 + C)

Re

∂2ϕ

∂n2
+ τnn, (2.5.23)

τnn +De
Dτnn
Dt

=
2(1− β)(1 + C))

Re

∂2ϕ

∂n2
. (2.5.24)

where β is a ratio between the solvent and total viscosity given by

β =
µs

µs + µp

. (2.5.25)
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Note that, as β tends to zero, i.e. the solvent contribution of the fluid becomes

negligible, the Jeffrey’s model approaches the Maxwell model. Furthermore, as β

tends to one, and the fluid has only a solvent contribution, the model approaches

the Newtonian model. Also, observe that as the Deborah number tends to zero, the

model once again approaches the Newtonian case as the relaxation time of the fluid

becomes instantaneous.
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CHAPTER 3

NUMERICAL MODEL

The boundary integral method can be implemented to model potential flow theory

as no additional stress is contributed from the bulk as the flow is inertia dominated

being irrotational and inviscid. Hence, all equations exist only on the boundary

itself. Since, the viscoelastic effects appear only in the thin boundary layer around

the bubble’s free surface, which remains approximately irrotational, the viscoelastic

effects only appear through an additional boundary equation. Therefore, the bound-

ary integral method can be extended to also include viscoelastic effects in a similar

manner to the viscous Newtonian model, for any boundary equation which also

satisfies Bernoulli’s equation, such as Maxwell’s constitutive equation and Jeffrey’s

constitutive equation.

In this chapter, the boundary integral method is introduced and the numerical

method is developed for computationally simulating the evolution of a microbubble

using potential flow theory. Detailed descriptions are given on the surface discretiza-

tion, the boundary integral method along with it’s advantages and disadvantages,

numerical integration for the normal stress tensor, Lagrangian time integration, and

three-dimensional mesh smoothing.
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Figure 3.1: A schematic representation of increasing mesh levels to approximate
the surface of a bubble, with the top left representing a level 3 mesh, and the
bottom right representing a level 20 mesh. As shown, the increased mesh level better
approximates the surface of a sphere but it more computationally demanding.

3.1 Interpolation of the surface

To begin modelling the bubble numerically, we first generate an initial mesh to ap-

proximate the bubble surface. The first approximation is given by a icosahedron,

which consists of 20 equal-sized triangles and 12 nodes situated on the bubble sur-

face. The mesh is then improved by dividing each triangle into 4 smaller triangles,

with new nodes introduced at the midpoint of each line segment and projected onto

the surface of a sphere. The number of divisions defines the level of the mesh, where

each new level better approximates the original shape of the bubble with each new

level becoming more computationally demanding. A schematic of this can be found

in Figure 3.1. The development of this mesh can be found in Wang [1998].

Once the bubble surface is discretized, Greens second identity, (2.3.3) can be

written as the sum of the integration over all the boundary elements, i.e
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c(r, t)ϕi =
N∑
j=1

∫
Sj

∂ϕj

∂n
G(r, q)dS −

N∑
j=1

∫
Sj

ϕj
∂G(r, q)

∂n
dS. (3.1.1)

Considering an arbitrary triangular element, ABC, we introduce a normalised coor-

dinate system (ξ, η), where the three vertices A, B and C of the triangular element

are located at (1, 0), (0, 1) and (0, 0) respectively. On each element, the field point

r, velocity potential ϕ, and normal velocity ∂ϕ/∂n, are linearly interpolated using

r = (1− ξ − η)rA + ξrB + ηrC , (3.1.2)

ϕ = (1− ξ − η)ϕA + ξϕB + ηϕC , (3.1.3)

∂ϕ

∂n
= (1− ξ − η)

∂ϕA

∂n
+ ξ

∂ϕB

∂n
+ η

∂ϕC

∂n
, (3.1.4)

where the subscripts, A, B, and C, represent the corresponding node on the triangle.

Hence, using equation (3.1.4), the first integration in equation (3.1.1) can then be

expressed as

A =

∫
Sj

∂ϕj

∂n
G(r, q)dS =

∂ϕA

∂n
A1 +

∂ϕB

∂n
A2 +

∂ϕC

∂n
A3, (3.1.5)

with

Ai =

∫ 1

0

∫ 1−η

0

fi(ξ, η)Jdξdη√
c1ξ2 + c2η2 + c3ξη + c4ξ + c5η + c6

, for i = 1, 2, 3, (3.1.6)

where J is the Jacobian of the transformation given by

J =
∣∣∣∂r
∂ξ

× ∂r

∂η

∣∣∣ = |(rB − rA)× (rC − rA)|, (3.1.7)

and

f1(ξ, η) = 1− ξ − η, f2(ξ, η) = ξ, f3(ξ, η) = η, (3.1.8)
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c1 = |rA − rB|2, c2 = |rA − rC |2, c3 = 2(rA − rB) · (rA − rC),

c4 = 2(rA − rB) · (rp − rA), c5 = 2(rA − rC) · (rp − rA), c6 = |rp − rA|2.

(3.1.9)

Similarly, the second integral in equation (3.1.1) can be expressed as

B =

∫
Sj

ϕj
∂G(r, q)

∂n
dS = ϕAB1 + ϕBB2 + ϕCB3, (3.1.10)

with

Bi =

∫ 1

0

∫ 1−η

0

fi(ξ, η)Jrndξdη

(c1ξ2 + c2η2 + c3ξη + c4ξ + c5η + c6)3/2
, for i = 1, 2, 3, (3.1.11)

where rn = n · (rp − rA).

Once discretizing the surface and preforming the integration over every node

point, equation (3.1.1) can be written as the matrix equation,

HX = GY , (3.1.12)

with

H =


Ai if the vertex is on SB,

−Bi if the vertex is on SR,

(3.1.13)

G =


Bi if the vertex is on SB,

−Ai if the vertex is on SR,

(3.1.14)

where

X =


∂ϕi

∂n
if the vertex is on SB,

ϕi if the vertex is on SR,

(3.1.15)

is to computed and
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Y =


ϕi if the vertex is on SB,

∂ϕi

∂n
if the vertex is on SR,

(3.1.16)

is known. Note that solving the above matrix equation is the most computationally

demanding process of the boundary integral method. Now, the first stage of the

boundary integral method can be implemented.

The BIM is grid-free in the flow domain making it computationally efficient,

thus the approach has been used extensively in many bubble dynamics simulations.

At each time step, the bubble surface and potential distribution on the surface are

known. An advanced, built-in Linear Algebra Package (LAPACK) is used to solve

the linear system (3.1.12) with a seven-point Gaussian quadrature being used to

integrate the off-diagonal elements of the matrix of coefficients. The weak singulari-

ties that occur in equation (3.1.1) are dealt with via the change to polar coordinates

(Li et al. [2012b], Wilkerson [1990]). The remaining singularities are eliminated by

adopting a 4π rule (Wang [2005]), where for

Bij =
M∑

m=1

3∑
k=1

δkjBi, (3.1.17)

we have

Bii = 4π −
N∑

j=1i ̸=j

Bij. (3.1.18)

The solid angle c(r, t) can be approximated, from spherical triangle theory, using

c(r, t) =

Nb∑
1

δi + (2−Nb)π, (3.1.19)

where Nb is the number of neighbouring nodes and δi is the angle between every two

connected nodes.
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Figure 3.2: A schematic depicting the unit normal and its surrounding nodes at a
given node point (Mahmud [2017]). The normal at a node can be approximated
using the surrounding normals of the mesh elements.

3.2 Normal vector, mean curvature, tangential ve-

locity, and bubble centroid calculations

The calculation of the normal is of the upmost importance for the viscoelastic models

as it is used to calculate the normal stress, Tnn. However, at some node ri, the

normal n0 can not be calculated due to the discontinuity of the mesh at the node.

Hence, the normal, n0, is approximated using a weighted sum of the unit normals,

ne
k, of the surrounding segments, centred at re

k. Hence,

n0 =
Ms∑
k=1

wkn
e
k, (3.2.1)

where Ms is the amount of triangular segments surrounding the node ri and wk is

the weighted coefficients which should decrease with the distance between r0 and

re
k. Therefore, wk can be taken as

wk = exp
(−|re

k − ri|
2d

)
, (3.2.2)

with d being the average distance from the surrounding nodes to ri (Wang [2005]).
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Once the normal has been approximated, the bubble surface can now be interpo-

lated using a moving least square method, by adopting a local Cartesian coordinate

system, 0 − XY Z, with the origin placed at the node r0, and the Z-axis in the

direction of the unit normal, n0, as estimated by equation (3.2.1) (Han et al. [2016],

Zhang et al. [2001]). Hence, using a second order polynomial interpolation, the

bubble surface can be expressed as

Z = F (X, Y ) = a1 + a2X + a3Y + a4XY + a5X
2 + a6Y

2, (3.2.3)

and

f(X, Y, Z) = F (X, Y )−Z = a1 + a2X + a3Y + a4XY + a5X
2 + a6Y

2 −Z. (3.2.4)

Here, the coefficients, ai, for i = 1, 2, ..., 6, are determined via a weighted moving

least square method with error function

σ(a1, a2, ..., a6) =

NB∑
k=1

wk[F (Xk, Yk)− Zk]
2, (3.2.5)

where the coordinates (Xk, Yk, Zk) represent the coordinates of the surrounding

nodes. The derivatives of the error function, σ, with respect to aj are set to zero,

that is,

∂σ

∂aj
= 0, for j = 1, 2, ..., 6, (3.2.6)

to minimise the error function, resulting in

∂σ

∂aj
=

∂

∂aj

NB∑
k=1

wk[F (Xk, Yk)− Zk]
2 = 0. (3.2.7)

Hence, we obtain the linear algebraic equations
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6∑
j=1

Aijaj = Bi for i = 1, 2, ..., 6, (3.2.8)

with

Aij =

Nb∑
j=1

wkβkjβkj, for k = 1, 2, ..., Nb, (3.2.9)

Bi =

Nb∑
j=1

wkZkβkj, for k = 1, 2, ..., Nb, (3.2.10)

where

βk1 = 1, βk2 = Xk, βk3 = Yk, βk4 = X2
k ,

βk5 = XkYk, βk6 = Y 2
k , for k = 1, 2, ..., Nb.

(3.2.11)

Once the coefficients, ai, for i = 1, 2, ..., 6, are obtained, a more accurate approxi-

mation of the normal at ri can be given by

n =
∇f
|∇f |

= ∓ (a2, a3,−1)√
1 + a22 + a23

, (3.2.12)

where the sign is determined using n · n0 > 0 (Wang and Manmi [2014]) and f

is given by equation (3.2.4). This same scheme is used to interpolate the velocity

potential distribution on the bubble surface, where now Zk is replaced with the

potential, ϕk, at the node (Xk, Yk, Zk). This interpolation is given by

ϕ(X, Y ) = b1 + b2X + b3Y + b4XY + b5X
2 + b6Y

2,

where,
6∑

j=1

Aijbj = Bi for i = 1, 2, ..., 6, (3.2.13)

with

Aij =

Nb∑
j=1

wkβkjβkj, for k = 1, 2, ..., Nb, (3.2.14)
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Bi =

Nb∑
j=1

wkϕkβkj, for k = 1, 2, ..., Nb. (3.2.15)

We are now in a position the calculate the velocity, u. This is given in terms of

the velocity potential, ϕ, by

u = ∇ϕ =
∂ϕ

∂n
+ uτ . (3.2.16)

Here, uτ is the tangential velocity. The x, y, and z components of the tangential

velocity are obtained using the interpolation of the potential and are given by

ϕx = ϕX
∂X

∂x
+ ϕY

∂Y

∂x
= b2

∂X

∂x
+ b3

∂Y

∂x
, (3.2.17)

ϕy = ϕX
∂X

∂y
+ ϕY

∂Y

∂y
= b2

∂X

∂y
+ b3

∂Y

∂y
, (3.2.18)

ϕz = ϕX
∂X

∂z
+ ϕY

∂Y

∂z
= b2

∂X

∂z
+ b3

∂Y

∂z
, (3.2.19)

Hence, the tangential velocity is given by

uτ =
( ∂
∂x

(b2X + b3Y ),
∂

∂y
(b2X + b3Y ),

∂

∂z
(b2X + b3Y )

)
. (3.2.20)

Therefore,

uτ = b2∇X(x, y, z) + b3∇Y (x, y, z), (3.2.21)

where we determine X(x, y, z) and Y (x, y, z) from the transformation to the local

coordinates (X, Y, Z). With the normal approximated, ∂2ϕ/∂n2 can be calculated

using

∂2ϕ

∂n2
= nxϕx + nyϕy + nzϕz, (3.2.22)

where nx, ny, and nz are the components of n. This is then used to calculate the

viscous and viscoelastic terms for Tnn.
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3.3 Lagrangian integration with time

The normal stress tensor, Tnn, is now obtained using a backward Euler approxima-

tion for Maxwell’s constitutive equation (2.5.14). This is given by,

De
(Tnn(x(t), t)− Tnn(x(t−∆t), t−∆t)

∆t

)
+ Tnn(x(t), t) =

2(1 + C)

Re

∂2ϕ(x(t), t)

∂n2
,

(3.3.1)

and so

Tnn(x(t), t) =
De

∆t+De
Tnn(x(t−∆t), t−∆t) +

2∆t(1 + C)

Re(∆t+De)

∂2ϕ(x(t), t)

∂n2
. (3.3.2)

A backwards Euler method is used as the material time derivative has collapsed

down to a first-order time derivative as described in Chapter (2). Hence, a back-

ward Euler-method can accurately integrate the boundary equation without creating

considerable instabilities at collapse, and without increasing CPU time like more ad-

vanced, high-order numerical integration techniques.

Similarly for the Jeffrey’s model, Jeffrey’s constitutive equation (2.5.24) can be

calculated using

τnn(x(t), t) =
De

∆t+De
τnn(x(t−∆t), t−∆t) +

2∆t(1 + C)(1− β)

Re(∆t+De)

∂2ϕ(x(t), t)

∂n2
.

(3.3.3)

and so the normal stress tensor, Tnn, at each time-step is given by

Tnn(x(t), t) =
2β(1 + C)

Re

∂2ϕ(x(t), t)

∂n
+ τ(x(t), t). (3.3.4)

The varied time-step is chosen as

∆t =
∆ϕ

max|1 + 1
2
|∇ϕ|2 − δ2z − ε(V0

V
)ξ + 2κ

We
− Tnn|

, (3.3.5)

for some constant ∆ϕ found experimentally. This is such that the time-step decreases
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as the velocity, ∇ϕ, increases, such as when the jet starts to form. The mean

curvature, κ, is given by

κ =
∇f H(f)∇fT − |∇f |2 Trace(H(f))

2|∇f |3
, (3.3.6)

where H(f) is the Hessian. This gives

κ = −a5 + a6 + a6a
2
2 + a5a

2
3 − a2a3a4

(1 + a22 + a23)
3/2

. (3.3.7)

Therefore, the new bubble surface and potential distribution at the next time step,

t+∆t, can be obtained by integrating the kinematic boundary condition (2.3.4) and

the dynamic boundary condition (2.3.5), which is computed using a fourth-order

Runge-Kutta scheme as it provides greater stability over the collapsing of the bubble.

When tried with lower order schemes, significant numerical instabilities could arise

resulting in ‘splintering’ on the bubble mesh and inaccurate bubble profiles.

3.4 Calculation of Kelvin impulse

The Kelvin impulse, having the dimensions of momentum, corresponds to the ap-

parent inertia of the cavitation bubble (Blake [1988]). The direction of the Kelvin

impulse can be calculated and provides a good estimation for the migration of the

bubble once a jet is formed (Best and Blake [1994]). The Kelvin Impulse of a cavity

is defined as

I(t) =

∮
s

ϕndS, (3.4.1)

where I(t) changes in response to the action of forces according to

dI(t)

dt
= F (t), (3.4.2)
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where F (t) is the Bjerknes force defined via Newton’s second law of motion

F (t) = m
du

dt
. (3.4.3)

Hence,

F (t) =
d

dt

∮
s

ϕndS. (3.4.4)

Integrating with respect to time, and setting I(0) = 0, we obtain an expression for

the Kelvin impulse given by

I(t) =

∫ t

0

F (t′)dt′. (3.4.5)

Note that the potential ϕ, can be expressed in the form

ϕ(r, t) =
−m(t)

4π

1

|r − q|
+ ψ(r, t). (3.4.6)

where ψ is the potential contribution from the image points. Using the divergence

theorem on equation (3.4.4) and taking the time derivative inside the integral, the

Bjerknes force, F (t), can be expressed (Best and Blake [1994]) by

F (t) = −m(t)∇ψ(r, t). (3.4.7)

where −m(t) = dV/dt is the volume flux of the spherical bubble. Hence, provided

we can find an appropriate expression for the velocity potential, we can determine

an expression for the Kelvin impulse on the bubble and then estimate the direction

of the bubble migration.

45



Figure 3.3: A schematic representation of the method of images for a bubble near a
rigid boundary. The wall is simulated by introducing a image bubble symmetrically
below the wall.

3.4.1 Kelvin impulse near a flat rigid boundary

Consider a bubble with centre located at (0, 0, h) with a rigid boundary located at

z = 0. In this case, the potential can be expressed as

ϕ(r, t) =
−m(t)

4π

(
1

(x2 + y2 + (z − h)2)1/2
+

1

(x2 + y2 + (z + h)2)1/2

)
. (3.4.8)

Here, a method of images has been used with an image bubble situate with centre

at (0, 0,−h) to model the effects of the rigid wall. This is shown in Figure 3.3.

Therefore,

ψ(r, t) =
−m(t)

4π

(
1

(x2 + y2 + (z + h)2)1/2

)
. (3.4.9)

Hence, using equation (3.4.7), we have that

F (t) = −m(t)∇

(
−m(t)

4π

1

(x2 + y2 + (z + h)2)1/2

)∣∣∣∣∣
(0,0,h)=rs

, (3.4.10)
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Figure 3.4: A schematic representation of the method of images for a bubble at a
corner of angle α = π/2. Four different image bubbles are introduced to simulate
the interaction with the two rigid boundaries. In doing so, the BIM must be solved
four times at each time-step.

=
m(t)2

4π

∂

∂z

(
1

(x2 + y2 + (z + h)2)1/2

)∣∣∣∣∣
(0,0,h)=rs

k. (3.4.11)

Therefore, computing the derivative,

F (t) =
m(t)2

4π

[
−(z + h)

(x2 + y2 + (z + h)2)3/2)

]
(0,0,h)=rs

k =
−m(t)2

16πh2
k. (3.4.12)

Hence, the Kelvin impulse for a bubble near a rigid boundary is given by

I(t) = −
∫ t

0

m(t′)2

16πh2
kdt′. (3.4.13)

Observe that, the minus sign implies the Kelvin impulse is directed in the negative

z direction and thus provides an estimation for the direction in which the bubble

will migrate once a jet is formed.
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3.4.2 Kelvin impulse near a corner

For a corner of angle α = π/l for some l ∈ N, a bubble is located and some field point

r = q. The corner is situated at the point of intersection of two rigid boundaries.

This is shown in Figure 3.4 for the case when l = 2. For general l, the potential can

be represented by

ϕ(r, t) =
−m(t)

4π

(
1

|r − q|
+

2l−1∑
i=1

1

|r − qi|

)
, (3.4.14)

where 2l − 1 represents the number of image points needed, and rj for j ≥ 1 are

obtained from the method of images. Therefore,

ψ(r, t) =
−m(t)

4π

2l−1∑
i=1

1

|r − qi|
. (3.4.15)

Hence, F (t) can then be obtained as

F (t) = −m(t)∇ψ(r, t) = m(t)2

4π

2l−1∑
i=1

∇

(
1

|r − qi|

)∣∣∣∣∣
r=q

, (3.4.16)

=
m(t)2

4π

2l−1∑
i=1

r − qi

|r − qi|3

∣∣∣∣∣
r=q

=
m(t)2

4π

2l−1∑
i=1

q − qi

|q − qi|3
. (3.4.17)

The Kelvin impulse for a bubble near a corner is therefore given by

I(t) =
−1

4π

∫ t

0

m(t′)2
2l−1∑
i=1

q − qi

|q − qi|3
dt′.

It is then clear to see that the direction of the jet migration will depend on the

location of the bubble centre initially and the position and number of image points.
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Figure 3.5: A schematic representation of the tetrahedrons created from an internal
point in the bubble, r0, and three surface nodes, i − 1, i, and i + 1. By creating a
tetrahedron from every mesh element, the total volume of the bubble can then be
approximated.

3.5 Calculation of bubble volume and bubble cen-

troid

At each time step, the volume of the non-spherical bubble can be calculated by

considering each triangular element. By taking a point of origin inside the bubble,

r0, and connecting to all nodes on the bubble surface, the bubble volume is then

split into a combination of tetrahedrons. An example of this is shown in Figure 3.5,

where the origin point is connected to nodes, i− 1, i, and i+ 1.

Say for each triangular element, the nodes are given by

r0 = (x0, y0, z0), and rk = (xk, yk, zk) for k = i− 1, i, i+ 1. (3.5.1)
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Then the volume of the ith tetrahedron is given by

6Vi =

∣∣∣∣∣∣∣∣∣∣∣∣∣

x0 y0 z0 1

xi−1 yi−1 zi−1 1

xi yi zi 1

xi+1 xi+1 xi+1 1

∣∣∣∣∣∣∣∣∣∣∣∣∣
, (3.5.2)

Hence,

6Vi =

∣∣∣∣∣∣∣∣∣∣
xi−1 yi−1 zi−1

xi yi zi

xi+1 yi+1 zi+1

∣∣∣∣∣∣∣∣∣∣
−

∣∣∣∣∣∣∣∣∣∣
x0 y0 z0

xi yi zi

xi+1 yi+1 zi+1

∣∣∣∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣∣∣∣
x0 y0 z0

xi−1 yi−1 zi−1

xi+1 yi+1 zi+1

∣∣∣∣∣∣∣∣∣∣
−

∣∣∣∣∣∣∣∣∣∣
x0 y0 z0

xi−1 yi−1 zi−1

xi yi zi

∣∣∣∣∣∣∣∣∣∣
.

(3.5.3)

However, a point must be made for when the bubble is no longer convex. The

origin point does not have to lie within the bubble and can therefore be chosen as

an exterior point. Applying the same method, tetrahedrons are created by joining

this origin to each triangular node. If the nodes are on the opposite side of the

bubble surface to the origin point, the volume of the tetrahedron is added. If the

triangular element is on the closest side of the bubble surface, then the volume of

the tetrahedron is taken away. In doing so, an approximation can then be made for

the total volume inside the bubble. This is represented in two dimensions in Figure

3.6. The area of the triangle with nodes 0, i, and i+ 1 will be subtracted from the

total area as the nodes are on the side of the surface closest to the origin point. The

triangular with nodes given by 0, k, and k+1 will be added to the total area as the

nodes are on the opposite side of the bubble surface. In doing so, the area which is

added to the total is the area of the shape with nodes i, i + 1, k, and k + 1. The

same concept is applied to three spatial dimensions.

Once the bubble volume is known, the bubble centroid coordinates, ξC , can be

calculated. This is given by
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Figure 3.6: A two-dimensional representation of how the addition of triangle 0, k, k+
1 and the subtraction of triangle 0, i, i+ 1 gives an approximation of the area i, i+
1, k, k + 1. A similar idea is applied to three dimensions.

ξC ≈
∑MT

i=1 ξkVk∑MT

i=1 Vk
, (3.5.4)

whereMT is the total number of tetrahedrons, Vk is the volume of each tetrahedron,

and ξk is the centroid of the k-th tetrahedron (Mahmud [2017]).

3.6 Elastic mesh technique

Historically, a Lagrangian method has been used to update the nodal positions on

the bubble surface using the material velocities. However, when the bubble becomes

non-spherical, nodes can bunch up near the end of the bubble jet. This reduces the

line segment length in the jet leading to poor mesh quality and numerical instabilities

(Wang and Manmi [2014]). Hence, a redistribution of the nodes across the bubble

surface is required to ensure a consistently smooth mesh and to reduce numerical

instabilities. One such developed technique is the elastic mesh technique.
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The elastic mesh technique (EMT) is implemented to optimise the mesh by

minimising the total elastic energy stored in each mesh segment. To do this, the

tangential velocity, uτ in equation (3.2.16), can be approximated by minimising

the total elastic energy rather than its approximation in the Lagrangian method

given by equation (3.2.21). In doing so, this provides a more stable approximation

for the non-spherical bubble surface when a jet begins to form (Wang et al. [2003]).

This is due to meshing technique maintaining a minimum line segment length whilst

providing enough surface nodes in areas where the surface velocity is greatest.

The total elastic energy, Emesh, stored in the mesh at time t+∆t is given by

Emesh =
N∑
i=1

Mi∑
j=1

∫ lij

0

fe(l)dl, (3.6.1)

where N is the total number of nodes, Mi is the number of nodes surrounding node

i, and lij is the segment length between two nodes ri and rj after the time step.

Hence, lij is given by

lij = |(ri + ui∆t)− (rj + uj∆t)|, (3.6.2)

where ui and uj represent the velocities of the corresponding nodes. The elastic

force, fe(l), is taken in this work as

fe(l) = kel
3, (3.6.3)

where ke is the coefficient of elasticity. To minimise the elastic energy stored in the

mesh, we must have that

∂Emesh

∂ri

= 0 for i = 1, ..., N. (3.6.4)
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A solution to equation (3.6.4) can be found via an iterative process given by

un+1
i =

∂ϕ

∂ni

+ uτi =
∂ϕ

∂ni

+ P
(∑Mi

j=1(f(l
n
ij)(rj − ri +∆tun

j )/l
n
ij)

∆t
∑Mi

j=1 f(l
n
ij)/l

n
ij

)
, (3.6.5)

where un
i is the n-th iteration of the prescribed velocity at node i, and P is an

operator projecting the vector onto the tangential plane at the i-th node (a complete

derivation of equation (3.6.5) can be found in Wang et al. [2003]). Upon solving

equation (3.6.5), an optimum velocity, uemt
i , is found to find the new bubble surface

after each time step, allowing for a more stable mesh when a jet begins to form.

Hybrid mesh technique

The EMT technique removes the instabilities caused by the Lagrangian integration.

However, for the majority of the bubble oscillation, the bubble remains relatively

spherical and so a Lagrangian approach is sufficient in maintaining a smooth sur-

face mesh. Furthermore, if the mesh nodes are redistributed too often, energy and

information can be lost regarding the intended updated bubble surface leading to

an inaccurate description of the jet. However, at jet formation, the EMT method

should be implemented to accurately model the jet profile and reduce numerical

errors. To this end, a hybrid method is developed such that the EMT method is

only implemented when necessary to reduce CPU time and loss of uniqueness. The

hybrid approach is implemented such that

uhybrid
i = Wui + (1−W )uemt

i , W ∈ [0, 1] (3.6.6)

where W represents some weight which is found experimentally, and differs for each

bubble simulation. The weight, W , is used to determine how often the Lagrangian

method should be used compared to the EMT method. The weight is chosen by

testing the BIM code with the required simulation and determining at which stages

and how often smoothing is required, and placing those conditions in the BIM
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code. This hybrid approach leads to a finer and smoother mesh surface than the

EMT method alone whilst reducing CPU time and maintaining an accurate bubble

profile.
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CHAPTER 4

NUMERICAL SIMULATIONS OF THE
MAXWELL MODEL

In this chapter, the numerical model established in Chapter 3 is implemented to anal-

yse the effect of the Deborah number on a three-dimensional bubble. The boundary

integral method is firstly used to simulate the evolution of a bubble in various infinite

Maxwell fluids and is validated using comparisons between the BIM code and the

Rayleigh-Plesset model for spherical bubbles in an infinite Maxwell fluid. Results

are then presented on the bubble radius history and average velocity over the bubble

surface as a result of an increase in the relaxation time of the fluid.

Furthermore, a flat rigid boundary is introduced below the microbubble and re-

sults are presented on the bubble centroid migration, Kelvin impulse and jet shape

at collapse in different viscoelastic fluids. A second wall is then introduced to simu-

late the three-dimensional effects on the bubble of a viscoelastic fluid near a corner.

The simulations are validated by comparison with experimental data for a corner of

angle α = π/2 and α = π/4. Results are given on the three-dimensional effects of

the Deborah number on the jet shape, bubble centroid migration and jetting angle.

Also, results are given on the effects of reducing the fluid domain by changing the

corner angle.

Finally, the large-scale effects of the Deborah number and Reynolds number are

analysed on all investigated properties of the bubble.
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Figure 4.1: The comparison of the radius history of a spherical bubble in a Maxwell
fluid with De = 2.0, between the non-Newtonian Rayleigh-Plesset equation (2.3.6)
and the BIM code. The parameters of the bubble and the surrounding liquid are
ζ = 1.667, σ = 0.073Nm−1, P0 = 101.3kPa, Pv = 0.023P0 and ρ = 999kgm−3.

4.1 Infinite fluid

Firstly, we look at the effect of the relaxation time of the fluid on a bubble in a

infinite domain.

4.1.1 Validation of radius history with Rayleigh-Plesset equa-
tion

To validate the boundary integral method for the Maxwell model, we compare the

radius history of the BIM code for a Maxwell fluid, to the radius history given

by the non-Newtonian Rayleigh-Plesset equation (2.3.6). We initiate a bubble in

an infinite fluid with an initial radius of R∗
0 = 4.5µm. A level 10 mesh is used

with the parameters of the gas and liquid given by ξ = 1.667, σ = 0.073Nm−1,

P0 = 101.3kPa, Pv = 0.023P0 and ρ = 999kgm−3. The pressure difference is set to

ε = 100. The simulation is then repeated for a Maxwell fluid with Deborah numbers

De = 0.0, 0.2, 2.0 and 20.0. The results for De = 2.0 are found in Figure 4.1 whilst

the remaining results are found in Appendix A.1 in Figures A.4, A.5, and A.6.
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Figure 4.2: The comparison of ϕnn for a spherical bubble in a Maxwell fluid with
De = 2.0, between spherical bubble theory (2.2.17) and the BIM code with the
remaining parameters being the same as in Figure 4.1.

Figure 4.1 represents the radius history for a bubble in a fluid of Deborah number,

De = 2.0, as calculated both by the BIM three-dimensional code (black line) and the

analytical solution the the Rayleigh-Plesset equation (2.3.6) (red line). As shown,

both the analytical solution to the Rayleigh-Plesset equation and the numerical

solution provided by the BIM code are in strong agreement with each other over

the entirety of the first two oscillations for the Maxwell model. Therefore, given the

strong agreement between the two curves, the BIM can be implemented throughout

the simulations in this thesis for a Maxwell fluid.

4.1.2 Validation of potential calculation with spherical bub-
ble theory

For a spherical bubble, the calculation of ϕnn using the BIM method can be verified

using the average value of the velocity on the surface via equation (2.2.17).

Thus, to validate the calculation of ϕnn, we run the BIM code for a bubble in an

infinite fluid using the same parameters as in section 4.1.1 and take an average value

of ϕnn over the bubble surface to reduce the effect of localised errors. The results
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Figure 4.3: The jet profiles and location of a bubble initiated with 5412 nodes and
5724 nodes for angles, α = π/2 and π/4 with the remaining parameters being the
same as in Figure 4.1.

Figure 4.4: The influence of the Deborah number on the radius history a bubble in an
infinite Maxwell fluid with De = 0.0, 0.2, 2.0, and 20.0. The remaining parameters
of the fluid are the same as in Figure 4.1.

for De = 2.0 are shown in Figure 4.2. In the figure, the black solid line represents

the potential history over the first two oscillations as found analytically by equation

(2.2.17), where the red dotted line represents the potential history as computed by

the BIM code.

As shown, there is a strong agreement between the BIM code and the spherical

bubble theoretical solution for ϕnn over the first two oscillations. The calculations

for the remaining values of De are shown in Appendix A.1 in Figures A.1, A.2, and

A.3, for De = 0.0, 0.2, and 20.0, respectively. There is however, slight numerical

error around the turning points for the lower values of De, but for only a very brief

amount of time. Therefore, we can conclude that the viscous calculations made

by the boundary integral method are adequate enough to accurately model the
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Figure 4.5: The influence of the Deborah number, De, on the average velocity of a
bubble in an infinite Maxwell fluid. The parameters of the surrounding liquid are
the same as in Figure 4.1.

viscoelastic effects of a non-Newtonian fluid.

4.1.3 Convergence test

To analyse the convergence of the BIM model, convergence tests were conducted for

a bubble near a corner of angles α = π/2 and π/4 with the remaining parameters

being the same as in Figure 4.1. The jet profiles at collapse are shown in Figure

4.3 for number of elements M = 5412 and M = 5724 which corresponds to a level

10 mesh and a level 11 mesh, respectively. Note that the convergence test was also

done for a level 8 and level 9 mesh. However, Figure 4.3 only shows the mesh levels

which results in no significant changes in the bubble profile whist still accurately

predicting the bubble profile at collapse.

As the mesh level increases, the minimum line segment decreases and so inter-

polates the bubble surface more accurately. However, in doing so the CPU time

drastically increases and so we aim to keep the mesh density low whilst still provid-

ing accurate results. A smaller line segment can also result in numerical instabilities

as the nodes get congested in the jet profile or the line segment length approaches a
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Figure 4.6: The influence of the Deborah number, De, on the radius history of
a bubble near a wall with stand-off distance, γ = 1.0 in a Maxwell fluid. The
parameters of the surrounding liquid are the same as in Figure 4.1.

similar order to the time-step. Hence, we choose the lowest level of mesh for which

a further increase in mesh density results in no significant change in bubble profile.

As shown, the jet profiles are in excellent agreement for both mesh levels and

values of M with α = π/2 and α = π/4. As such, since a level 10 mesh is the lowest

mesh level for which the bubble profile does not change with an increase to a higher

mesh level, all the remaining calculations in this study are performed for a level 10

mesh with M = 5412.

4.1.4 Results for an infinite fluid

Firstly, we consider the evolution of a microbubble in an infinite fluid. The param-

eters of the bubble and the surrounding fluid are the same as for Section 4.1.1. We

consider the effect of the Deborah number on the radius history of the bubble. The

radius of the bubble over the first two oscillations for De = 0.0, 0.2, 2.0, and 20.0 is

given by Figure 4.4.

As shown, a small increase in the Deborah number to De = 0.2 from the initial

Newtonian caseDe = 0.0, results in a slight decrease in the time taken for the bubble
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to expand and collapse over the first cycle from t = 1.33 to 1.29. This is because

we have increased the Deborah number independently without also considering the

change in density and viscosity which we have assumed to be constant. In doing

so, we can assess the effects of changing the relaxation time alone. However, in

reality, the increased relaxation time would more than likely result in a change in the

viscosity or density as the fluid becomes more non-Newtonian. This ‘dependence’

results in the non-monotonic relationship between the oscillation period and the

Deborah number over the first oscillation period.

Furthermore, an increase in the Deborah number results in a significant increase

in the maximum radius of the bubble over the first oscillation from 0.82 forDe = 0.0,

to 0.862 for De = 20.0. Note that on the second oscillation, the oscillation period

no longer slightly decreases as the Deborah number increases. Now, an increase in

the Deborah number results in an significant increase in the oscillation period. As

the Deborah number increases from De = 0.0 to De = 20.0, the oscillation time for

the evolution of the bubble over the first two cycles increases from t = 2.54 to 2.78.

Note that, from equation (3.3.1) as the Deborah number increases significantly, the

model approaches the inviscid case meaning there is less viscous damping between

oscillations. This becomes apparent from the maximum radius of the bubble over

the second oscillation of the bubble which increases from 0.74 for De = 0.0 to 0.86

for De = 20.0. The increased maximum radius and oscillation period results from

the increased elasticity of the fluid. As the elasticity increases, more energy is saved

rather than dissipated throughout the fluid and is therefore better captured by the

bubble.

We consider the effect of the Deborah number on the average velocity of the

bubble. The average velocity of the bubble over the first two oscillations for De =

0.0, 0.2, 2.0, and 20.0 is given by Figure 4.5. As shown, and increase in the Deborah

number results in an substantial increase in the absolute value of the average velocity

on the bubble surface from 3.06 for De = 0.0 to 4.30 for De = 20.0 at the end of
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Figure 4.7: The influence of the Deborah number, De, on the Kelvin impulse of
a bubble near a wall with stand-off distance γ = 1.0 in a Maxwell fluid. The
parameters of the surrounding liquid are the same as in Figure 4.1.

the first oscillation. This corresponds to a 41% increase in the absolute value of the

average velocity. Similarly, over the second oscillation, there is a 98% increase from

2.20 to 4.35.

4.2 Bubble near a flat rigid boundary

We now consider the effect of the Deborah number on the evolution of a microbubble

near a flat rigid boundary. The parameters of the bubble and the surrounding fluid

are the same as for Section 4.1.1 with the stand-off distance from the rigid boundary

being γ = 1.0.

4.2.1 Results on radius history, bubble migration, Kelvin
impulse and jet shape

The radius histories of the bubble over the first oscillation and subsequent bubble

collapse are given by Figure 4.6 for De = 0.0, 0.2, 2.0, and 20.0. As with the

radius of the bubble in an infinite fluid, a small increase in the Deborah number
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Figure 4.8: The influence of the Deborah number, De, on the jet shape of a bubble
near a wall with stand-off distance γ = 1.0 in a Maxwell fluid. The parameters of
the surrounding liquid are the same as in Figure 4.1.

from De = 0.0 to De = 0.2 results in a slight decrease in the bubble radius and

oscillation time. However, increasing the Deborah number further results in both

an increase in the bubble radius and the oscillation period.

We can now see the effect of the Deborah number on the Kelvin impulse of the

bubble in the direction of the wall. The Kelvin impulse towards the wall over the

first oscillation and subsequent bubble collapse is given by Figure 4.7 for De = 0.0,

0.2, 2.0, and 20.0. As shown, an increase in the Deborah number results in a large

increase in the absolute value of the Kelvin impulse and therefore corresponds to a

higher apparent inertia towards the wall. The absolute value of the Kelvin impulse,

IN , increases from 0.18 for De = 0.0 to 0.35 for De = 20.0 which represents a 94%

increase.

Now we consider the shape of the bubble profile at collapse. The jet shapes are

given in Figure 4.8 for De = 0.0, 0.2, 2.0, and 20.0, with the black line below the
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Figure 4.9: The influence of the Deborah number, De, on the migration of a bubble
near a wall in a Maxwell fluid. The stand-off distance is given by γ = 1.0 and the
location of the wall would correspond to the line ξN = −1.0. The parameters of the
surrounding liquid are the same as in Figure 4.1.

Figure 4.10: The influence of the Deborah number, De, on the radius history of
a bubble near a wall with stand-off distance γ = 1.25 in a Maxwell fluid. The
parameters of the surrounding liquid are the same as in Figure 4.1.

bubbles representing the location of the rigid boundary. As shown, the bubble itself

is flatter as the Deborah number increases. This is because the bubble collapses

to a smaller radius as the Deborah number increases, as shown in Figures 4.4 and

4.6. As a direct result, the jet is also flatter and broader at collapse as the Deborah

number increases. Furthermore, the jet migration towards the wall is greater as the
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Figure 4.11: The influence of the Deborah number, De, on the Kelvin impulse of
a bubble near a wall with stand-off distance γ = 1.25 in a Maxwell fluid. The
parameters of the surrounding liquid are the same as in Figure 4.1.

Deborah number increases. This point is both shown in Figure 4.8 and reiterated in

Figure 4.9 which shows the bubble centroid migration towards the rigid boundary

for the first oscillation which achieves a greater negative value as De increases.

4.2.2 Increased stand-off distance

Next, we consider the effect of the Deborah number on the evolution of a microbub-

ble near a flat rigid boundary with an increased stand-off distance to see if the

viscoelastic effects are consistent for all stand-off distances. The parameters of the

bubble and the surrounding fluid are once again the same as for Section 4.1.1 with

the stand-off distance from the rigid boundary now being γ = 1.25.

The radius of the bubble near a wall with stand-off distance γ = 1.25, over the

first oscillation and subsequent bubble collapse is given by Figure 4.10 for De = 0.0,

0.2, 2.0, and 20.0. As with the radius of the bubble near a wall of stand-off distance

γ = 1.0, a small increase in the Deborah number from De = 0.0 to De = 0.2 results

in a slight decrease in the bubble radius and oscillation time. However, increasing

the Deborah number further results in both an increase in the bubble radius and
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Figure 4.12: The influence of the Deborah number, De, on the jet shape of a bubble
near a wall with stand-off distance γ = 1.25 in a Maxwell fluid. The parameters of
the surrounding liquid are the same as in Figure 4.1.

the oscillation period as before. This suggests that the stand-off distance has no

effect on the trend of the bubble radius and oscillation period due to an increased

Deborah number.

We can now see the effect of the Deborah number on the Kelvin impulse of

the bubble in the direction of the wall. The Kelvin impulse towards the boundary

over the first oscillation and subsequent bubble collapse is given by Figure 4.11

for De = 0.0, 0.2, 2.0, and 20.0. Once again, an increase in the Deborah number

results in a large increase in the absolute value of the Kelvin impulse and therefore

corresponds to a higher apparent inertia towards the wall. The absolute Kelvin

impulse increases from 0.11 for De = 0.0 to 0.27 for De = 20.0 which represents a

145% increase, which is a greater change than for the smaller stand-off distance of

γ = 1.0. However, note that the absolute values of the Kelvin impulse are lower now
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Figure 4.13: The influence of De on the migration of a bubble near a wall in a
Maxwell fluid. The stand-off distance is given by γ = 1.25 and the location of the
wall would correspond to the line ξN = −1.25. The parameters of the surrounding
liquid are the same as Figure 4.1.

due to the larger stand-off distance but the overall trend with the Deborah number

is still the same.

Next, we consider the shape of the bubble profile at collapse. The jet shapes

are given in Figure 4.12 for De = 0.0, 0.2, 2.0, and 20.0, with the black line below

the bubbles again representing the location of the rigid boundary. As shown, the

bubble itself is flatter as the Deborah number increases, which is consistent with

the smaller stand-off distance, due to the bubble collapsing to a smaller radius as

the Deborah number increases. This is shown in Figures 4.4 and 4.10. As before

the jet is also flatter and broader at collapse as the Deborah number increases and

the jet migration towards the wall is greater as the Deborah number increases.

This point is both shown in Figure 4.12 and reiterated in Figure 4.13 which shows

the bubble centroid migration towards the boundary for the first oscillation which

achieves a greater negative value as De increases. Hence, all investigated properties

of the bubbles evolution are consistent for all stand-off distances. A point further

reiterated in the next section.
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Figure 4.14: The influence of stand-off distance on the radius of a bubble near a flat
rigid boundary in a Maxwell fluid. The remaining parameters are the same as for
Figure 4.1.

4.2.3 Effect of stand-off distance

We now look at the effect of increasing the stand-off distance on the evolution of the

bubble. Figure 4.14 shows the radius history for a bubble near a rigid wall of stand-

off distances γ = 1.0 and γ = 1.25 for Deborah numbers De = 0.0 and 20.0. As

shown, in both cases, the increase in oscillation time and maximum bubble radius are

roughly the same. For γ = 1.0 the change in maximum radius and oscillation time

is 0.040 and 0.067 respectively. Moreover, for γ = 1.25 the changes are 0.042 and

0.054. Hence, the influence of the Deborah number is comparable for any stand-off

distance, γ.

4.3 Bubble near a rigid corner

We now analyse the effect of the Deborah number on a bubble situated near a rigid

corner. The BIM code is implemented using a method of images on two separate

rigid boundaries.
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Figure 4.15: Comparison for the evolution of a bubble in a corner of angle, α = π/2
between the BIM code and experimental data in a Newtonian fluid, with parameters
R∗

m = 0.85mm, γF = 2.17, γN = 1.08, ε = 100, and κ = 1.4, where Re = 8.4× 103,
We = 8.7× 10−3, and δ = 0.009.

4.3.1 Comparison with experimental data

To evaluate the Newtonian BIM model, we compare experimental data (Brujan et al.

[2018]) with computational results calculated using the three-dimensional bubble

code. The experiment is conducted for a laser-induced cavitation bubble situated

near two rigid, 10mm, aluminium walls. The bubbles were created in a glass tank

filled with distilled water, by ionising the water using a high-energy laser with the

energy deposited appearing as an expanding bubble. A high-speed camera was

used to record the bubbles evolution with a frame rate of 100, 000 frames s−1. The

camera had a resolution of 14µm pixel−1 with a flash duration of 500µs. Since,

the bubble was situated in distilled water, the parameters of the fluid are readily

available, such as surface tension, pressure, viscosity, and specific heat ratio. Using

this information, the dimensionless parameters of the fluid, We, Re, and δ can

be estimated to a great degree of accuracy. The pressure difference parameter, ε,

is estimated under the assumption that the ionisation products consists of atomic

hydrogen and oxygen with a small amount of water vapour. Upon doing so, a range

of values can be considered and the simulations repeated until the desired value of

Pg0, and hence ε, are found.

The experimental bubble has a maximum radius, Rm = 0.85mm with an error

estimation of ±0.05mm, at a right-angled corner of angle, α = π/2. The stand-off
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distances from the near and far wall are γN = 1.08 and γF = 2.17, respectively. The

parameters of the fluid are given by ϵ = 100, and κ = 1.4, where Re = 8.4 × 103,

We = 8.7× 10−3, and δ = 0.009.

As shown in Figure 4.15, during the early stages of expansion, the bubble remains

relatively spherical except for the surface facing directly towards the near wall. The

expansion of the surface on this side is restricted by the short stand-off distance.

Continuing into the second and third frame, the surface furthest away from the

corner still expands spherically, whilst the surfaces near to the walls are flattened,

with greater flattening occurring close to the near wall. Examining frames four

and five, as the bubble collapses the near wall surfaces remain in contact with the

walls whilst the far side surface collapses inwards and a jet begins to form. Finally,

at collapse, a wide jet forms and penetrates the bubble surface pointing towards

the corner. As shown in Figure 4.15, all features are reproduced by the BIM three-

dimensional computations and the bubble profiles are in very strong agreement with

the experimental results.

We also compare the BIM model for a bubble near a corner of angle, α = π/4,

with experimental data. The experimental data is for a bubble with maximum

radius, Rm = 13.5mm. The stand-off distances from the near and far wall are both

γN = 1.03 and γF = 1.03. The parameters of the fluid are given by ϵ = 100, and

κ = 1.4, where Re = 1.3 × 105, We = 1886, and δ = 0.036. The comparison is

shown in Figure 4.16. Once again, all features are reproduced by the BIM three-

dimensional computations and the bubble profiles are in very strong agreement with

the experimental results, meaning the BIM code can implemented for all simulations

of a bubble near a corner of angles, α = π/2 and α = π/4.

4.3.2 Evolution of a bubble near a corner in a Maxwell fluid

We look at the evolution of a microbubble near corners of angle α = π/2 and α = π/4

in a Maxwell fluid with Deborah numberDe = 2.0. The stand-off distances are given
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Figure 4.16: Comparison for the evolution of a bubble in a corner of angle, α = π/4
between the BIM code and experimental data in a Newtonian fluid, with parameters
R∗

m = 13.5mm, γN = 1.03, γF = 1.03, ε = 100, and κ = 1.4, where Re = 1.3× 105,
We = 1886, and δ = 0.036.

Figure 4.17: The evolution of a three-dimensional bubble near a right-angled corner
in a Maxwell fluid of Deborah number De = 2.0 with stand-off distances, γN = 1.0
and γF = 1.5 towards the near and far wall, respectively. All remaining parameters
are the same as in Figure 4.1.

Figure 4.18: The evolution of a three-dimensional bubble near a corner of angle
α = π/4 in a Maxwell fluid of Deborah number De = 2.0 with stand-off distances,
γN = 1.0 and γF = 1.5 towards the near and far wall, respectively. All remaining
parameters are the same as in Figure 4.1.

by γN = 1.0 for the nearer horizontal wall below the bubble and γF = 1.5 for the

further vertical wall to the left of the bubble. As shown in Figure 4.17 for α = π/2,

the bubble expands approximately spherically until it reaches its maximum volume

at t = 0.87. Due to the Bjerknes forces from the two rigid walls, the majority of

the non-spherical collapse occurs on the side of the bubble furthest away from the

corner. So, as the jet starts to form at t = 1.61, the sides of the bubble nearest to the

walls remain relatively spherical whilst the side furthest from the corner becomes
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Figure 4.19: The influence of the Deborah number, De, on the radius history of
a bubble near a corner of angle α = π/2 with stand-off distances γN = 1.0 and
γF = 1.5 in a Maxwell fluid. The parameters of the surrounding liquid are the same
as in Figure 4.1.

Figure 4.20: The influence of the Deborah number, De, on the Kelvin impulse
towards the near wall of a bubble near a corner of angle, α = π/2 in a Maxwell
fluid. The parameters of the surrounding fluid are the same as in Figure 4.1.

flatter. Note that there is more flattening on the side of the bubble closest to the

far wall as opposed to the side of the bubble closest to the near wall. The collapse

continues in this fashion until the bubble becomes toroidal at t = 1.76 with the jet

rotated towards the far wall. As can be seen, the bubble has migrated towards the

near wall with the bottom of the bubble remaining nearly spherical.
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Figure 4.21: The influence of the Deborah number, De, on the Kelvin impulse
towards the far wall of a bubble near a corner of angle, α = π/2 in a Maxwell fluid.
The parameters of the surrounding fluid are the same as in Figure 4.1.

Figure 4.18 shows the evolution of a bubble in a Maxwell fluid near a corner

of angle α = π/4. The evolution is similar to the bubble near a corner of angle,

α = π/2 with the collapse occurring mostly on the bubble surface furthest away from

the corner, and the jet rotated towards the far wall. Note the increase in oscillation

period from 1.76 to 1.96.

4.3.3 Bubble near a right-angled corner

We now conduct the simulations for De = 0.0, 0.2, 2.0, and 20.0 to analyse the effect

of the Deborah number on the evolution of a microbubble near a corner of angle,

α = π/2. The parameters of the bubble and the surrounding fluid are once again the

same as for Section 4.1.1 where now the stand-off distances are given by γN = 1.0

for the nearer horizontal wall below the bubble and γF = 1.5 for the further vertical

wall to the left of the bubble.

As with the bubble in an infinite and semi-infinite fluid, we can once again

consider the effect of the Deborah number, De, on the radius of the bubble near a

corner. This is given in Figure 4.19. As with a bubble near a flat rigid boundary,
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Figure 4.22: The influence of the Deborah number, De, on the migration towards
the near wall of a bubble near a corner of angle α = π/2 in a Maxwell fluid. The
stand-off distance is given by γN = 1.0 and the location of the wall would correspond
to the line ξN = −1.0. The parameters of the surrounding liquid are the same as in
Figure 4.1.

an increase in the Deborah number increases the maximum radius of the bubble

from 0.82 for De = 0.0 to 0.86 for De = 20.0. Likewise, the oscillation period also

increases as the Deborah number increase from 1.75 to 1.82.

With the inclusion of two rigid boundaries to form a right-angled corner, we can

now inspect the effect of the Deborah number, De, on the Kelvin impulse on the

bubble towards both walls. The Kelvin impulse towards the near wall is given in

Figure 4.20 for De = 0.0, 0.2, 2.0, and 20.0. As with the case for a bubble near a

flat rigid boundary, an increase in De results in an increase of the absolute value

of the Kelvin impulse at collapse from 0.17 for De = 0.0 to 0.41 for De = 20.0,

corresponding to a 141% increase which is greater than the corresponding increase

near a singular flat rigid boundary. Furthermore, a similar analysis can be done on

the Kelvin impulse on the bubble in the direction of the far wall. This is presented

in Figure 4.21. As with the near boundary, an increase in the Deborah number

increases the absolute value of the Kelvin impulse at collapse from 0.09 for De = 0.0

to 0.25 for De = 20.0, corresponding to a 178% increase. Note that the values for
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Figure 4.23: The influence of the Deborah number, De, on the migration towards
the far wall of a bubble near a corner of angle, α = π/2 in a Maxwell fluid. The
stand-off distance is given by γF = 1.5 and the location of the wall would correspond
to the line ξF = −1.5. The parameters of the surrounding liquid are the same as in
Figure 4.1.

the Kelvin impulse are smaller in this direction due to the increased initial stand-off

distance.

The results on the Kelvin impulse have a direct impact on the bubble migration.

As with the case with one rigid boundary, we can analyse the bubble migration

towards the near wall. This is given in Figure 4.22. As before the bubble migration

towards the near wall increases as the Deborah number increases. However, now

there is the bubble migration towards the far wall to consider also. This is shown

in Figure 4.23. As can be seen, there appears to not be much of a difference in

the bubble migration towards the far wall as what was seen towards the near wall

before. Note from Figure 4.24 that indeed the left-hand side of the bubble is closer

to the vertical wall, but so also the right-hand side of the bubble is further away as

the Deborah number increases. So the bubble centroid remains in a roughly similar

position for all Deborah numbers.
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Figure 4.24: The influence of the Deborah number, De, on the jet profile of a bubble
initiated in a corner of angle, α = π/2. The remaining parameters are the same as
in Figure 4.1.

4.3.4 Results on jet shape and angle at collapse

Once again we can consider the bubble profile at collapse shown in Figure 4.24.

Similar to the single rigid boundary, the jet shape is broader as the Deborah number

increases. However, now the bubble is much larger as the jet penetrates through the

surface. This is a result of the higher maximum radius as De increases, as there is

a greater Bjerknes attraction between the bubble and the horizontal wall below the

bubble. This is apparent from the fact that the bottom of the bubble is much closer

to the horizontal wall as the Deborah number increases. Furthermore, because of

this Bjerknes attraction, the jetting angle is more towards the far wall to the left as

the Deborah increases, with a more asymmetric profile overall, as the jet becomes

more sloped.

4.3.5 Decreased corner angle

Next, we look at a microbubble initiated near a corner of angle, α = π/4 in a

Maxwell fluid with Deborah numbers De = 0.0, 0.2, 2.0, and 20.0. The stand-off

distances are given by γN = 1.0 for the nearer horizontal wall below the bubble and
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Figure 4.25: The influence of the Deborah number, De, on the radius history of
a bubble near a corner of angle, α = π/4 with stand-off distances γN = 1.0 and
γF = 1.5 in a Maxwell fluid. The parameters of the surrounding liquid are the same
as in Figure 4.1.

Figure 4.26: The influence of the Deborah number, De, on the Kelvin impulse
towards the near wall of a bubble near a corner of angle, α = π/4 in a Maxwell
fluid. The parameters of the surrounding fluid are the same as in Figure 4.1.

γF = 1.5 for the further diagonal wall to the left of the bubble as before. All other

parameters are the same as in Figure 4.1.

As with the bubble near a corner of angle α = π/2, we can once again consider

the effect of the Deborah number, De, on the radius of the bubble now near a corner

of angle, α = π/4. This is given in Figure 4.25. As with a bubble near a corner of
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Figure 4.27: The influence of the Deborah number, De, on the Kelvin impulse
towards the far wall of a bubble near a corner of angle, α = π/4 in a Maxwell fluid.
The parameters of the surrounding fluid are the same as in Figure 4.1.

angle α = π/2, an increase in the Deborah number increases the maximum radius

of the bubble from 0.83 for De = 0.0 to 0.86 for De = 20.0. Likewise, the oscillation

period also increases as the Deborah number increases from 1.95 to 2.02.

We can again inspect the effect of the Deborah number, De, on the Kelvin

impulse on the bubble towards both walls. The Kelvin impulse, IN , towards the

near wall is given in Figure 4.26 for De = 0.0, 0.2, 2.0, and 20.0. As with the case

for a bubble near a corner of angle, α = π/2, an increase in De results in an increase

in the absolute value of the Kelvin impulse at collapse from 0.11 for De = 0.0 to 0.29

for De = 20.0, corresponding to a 164% increase. Furthermore, a similar analysis

can be done on the Kelvin impulse on the bubble in the direction of the far wall.

This is presented in Figure 4.27. As with the near boundary, an increase in the

Deborah number increases the absolute value of the Kelvin impulse, IF , at collapse

from 0.10 for De = 0.0 to 0.27 for De = 20.0, corresponding to a 170.0% increase.

As with a bubble near a corner of angle α = π/2, note that the values for the Kelvin

impulse are smaller in this direction due to the increased initial stand-off distance.

We can analyse the bubble migration towards the near wall. This is given in

Figure 4.28. As before the bubble migration towards the near wall increases as the
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Figure 4.28: The influence of the Deborah number, De, on the migration towards
the near wall of a bubble near a corner of angle, α = π/4 in a Maxwell fluid. The
stand-off distance is given by γN = 1.0 and the location of the wall would correspond
to the line ξN = −1.0.The parameters of the surrounding liquid are the same as in
Figure 4.1.

Figure 4.29: The influence of the Deborah number, De, on the migration towards
the far wall of a bubble near a corner of angle, α = π/4 in a Maxwell fluid. The
stand-off distance is given by γF = 1.5 and the location of the wall would correspond
to the line ξF = −1.5. The parameters of the surrounding liquid are the same as in
Figure 4.1.

Deborah number increases. However, now there is the bubble migration towards

the far wall to consider also. This is shown in Figure 4.29. As can be seen, there

appears to not be much of a difference in the bubble migration towards the far wall
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Figure 4.30: The influence of the Deborah number, De, on the jet profile of a bubble
initiated in a corner of angle, α = π/4. The remaining parameters are the same as
in Figure 4.1.

as what was seen towards the near wall before. This is once again consistent with a

bubble near a corner of angle α = π/2, which also did not experience much change

in migration towards the far wall. Note from Figure 4.30 however, that the left-hand

side of the bubble is once again closer to the far wall, but also the right-hand side of

the bubble is further away as the Deborah number increases. So the bubble centroid

remains in a roughly similar position for all Deborah numbers.

The bubble profile at collapse for a corner of angle, α = π/4 is provided in Figure

4.30. As shown, the collapse follows a similar trend for a corner of angle, α = π/2.

As the Deborah number increases, the jet is broader and the bubble collapses closer

to the nearer boundary. Once again, the jet is rotated upwards towards the far wall.

An effect that is more apparent here given the restricted domain size.

4.3.6 Effects of domain size on the bubble in a Maxwell fluid

We now look at the change in radius history between a Maxwell fluid of De = 0.0

and De = 20.0, for a bubble near corners of angles, α = π/2 and π/4. This is shown
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Figure 4.31: The influence of the domain size on the radius history of a bubble in a
corner of various angles, α. The remaining parameters of the fluid are the same as
in Figure 4.1.

in Figure 4.31 where the black lines represent α = π/2 and the red lines represent

α = π/4. As shown, the maximum radius and oscillation period both once again

increase with the Deborah number as discussed previously. However, restricting the

domain size does not change the magnitude of this effect as the change in maximum

radius and oscillation period is comparable for both corner angles. The oscillation

period overall increases however, as the domain size is restricted (Wang et al. [2020]).

4.3.7 Convergence with Deborah number

We can now discuss the large scale effects of the Deborah number on the evolution

of a bubble. Figure 4.32 shows the jet shape for bubbles at collapse in viscoelastic

fluids of Deborah number De = 2.0, 20.0, 200.0, and 2000.0. As shown, an increase

from De = 2.0 to 20.0 results in a slightly larger bubble and a jet angle pointed more

towards the far wall. However, increasing the Deborah number beyond De = 20.0

results in minimal change to the bubble profile at collapse. This can be seen by

observing that the bubble profile forDe = 200.0 andDe = 2000.0 have no significant
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Figure 4.32: The large scale influence of the Deborah number on the jet profile of a
bubble initiated in a corner of angle, α = π/2. The remaining parameters are the
same as in Figure 4.1.

differences from the bubble profile for De = 20.0. From Maxwell’s constituitive

equation (2.5.14), we can see that DTnn/Dt is inversely proportional to De. As De

is large, DTnn/Dt and Tnn are small and negligible. As De increases, the Maxwell

model converges to the non-viscous model where Tnn ≈ 0 for all time.

This point is further shown in Figure 4.33 which shows the bubble radius history

for De = 2.0, 20.0, 200.0, and 2000.0. As shown, an increase from De = 2.0 to

De = 20.0 results in a significant increase in the maximum radius and oscillation

period of the bubble. However, any subsequent increase past De = 20.0 results in

no significant change in the maximum radius or oscillation period of the bubble.

4.3.8 Convergence with Reynolds number

We can also discuss the large scale influence of the Reynolds number on the evolution

of a bubble near a rigid corner. Figure 4.34 shows the jet shapes at collapse for a

bubble in a Maxwell fluid of Reynolds number, Re = 450 for De = 0.0, 0.2, 2.0,

and 20.0. As shown, at this level of viscosity, the change in relaxation time of the

fluid makes little to no difference on the collapse of the bubble as all jet profiles

are comparable. This is apparent from equation (2.5.14), as the viscous effects and
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Figure 4.33: The large scale influence of the Deborah number, De, on the radius
history of a bubble initiated in a corner of angle, α = π/2. The remaining parameters
are the same as in Figure 4.1.

Figure 4.34: The influence of the Deborah number, De, on the jet profile of a bubble
in a corner of angle, α = π/2 with Re = 450. The remaining parameters are the
same as in Figure 4.1.

viscoelastic effects become negligible as the Reynolds number increases.

This point is further reiterated by looking at the bubble radius in a Maxwell

fluid of Reynolds number Re = 450 for De = 0.0, 0.2, 2.0, and 20.0. This is given in

Figure 4.35. As can be seen, any change in the Deborah number results in little to

no change in the bubble history or oscillation time, meaning the viscoelastic effects
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Figure 4.35: The influence of the Deborah number, De, on the radius of a bubble in
a corner of angle, α = π/2 with Re = 450. The remaining parameters are the same
as in Figure 4.1.

of the fluid only affect the evolution of a bubble in lower Reynolds number fluids.

4.4 Conclusion

Bubble dynamics in non-Newtonian liquids are associated with wide applications

in engineering and biomedical ultrasonics. A numerical model is described based

on the boundary integral method coupled with the Maxwell constitutive equation.

Here the flow is assumed to have moderate to high Reynolds number and thus is

irrotational in the bulk domain. The viscoelastic effects are not negligible in a thin

viscous layer at the bubble surface, and are approximated only through the normal

stress balance at the bubble surface. A backwards Euler method is used to iteratively

solve the Maxwell constitutive equation for the normal stress tensor. Computations

are carried out for a bubble near a corner at various corner angles using the Green’s

function for the Laplace equation in the corner domain. The numerical model has

excellent agreement with the corresponding Rayleigh-Plesset equation for spherical

bubbles in a non-Newtonian liquid. The numerical results also agree very well with
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the experiments for bubbles in a Newtonian fluid in a corner. Viscoelastic effects

are studied in terms of Deborah number De, which is a ratio of the time it takes

for a material to adjust to applied stresses to the characteristic bubble oscillation

time. Simulation were performed for De = 0.0 (Newtonian fluid), De = 0.02, 2.0,

and 20.0 (viscoelastic fluid).

The following new phenomena/features were observed:

1. The maximum radius and oscillation period increase with the Deborah num-

ber. This is due to more elastic energy being stored and released in the vis-

coelastic fluid for a larger Deborah number and less energy being lost due to

viscosity.

2. The wall effects due to the corner are enhanced with a larger De as a re-

sult of an increase in the maximum radius. Bubble migration and oscillation

amplitude increase with Deborah number.

3. The bubble jet shape is broader and flatter for a bubble near a rigid boundary

or in a corner as De increases. The bubble jet is inclined to the further

boundary when it is in a corner as De increases.

4. Results converge as Deborah number increases as the elastic effects become

dominant compared with the viscous damping effects of the fluid.

5. Results converge as the Reynolds number increases as the viscosity of the fluid

becomes negligible.

In conclusion, an increased Deborah number greatly enhances the effects of the

surrounding boundaries on the bubbles collapse and provides a broader, flatter jet.

This implies that a higher Deborah number in the fluid will greatly improve surface

cleaning of all surrounding boundaries for ultrasonic cavitation cleaning and result

in greater administration of noninvasive therapy and drug delivery. On the negative
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side, cavitation damage in machinery will be greater with an increase in the Deborah

number.
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CHAPTER 5

NUMERICAL SIMULATIONS OF THE
JEFFREY MODEL

In this chapter, the numerical model established in Chapter 3 is implemented to

analyse the effect of the viscosity ratio, β, on a three-dimensional bubble. The

boundary integral method is firstly used to simulate the evolution of a bubble in

various infinite Jeffrey fluids and is validated using comparisons between the BIM

code and the Rayleigh-Plesset model for spherical bubbles in an infinite Jeffrey fluid.

Results are then presented on the bubble radius history and average velocity over

the bubble surface as a result of an increase in the polymeric viscous contribution

of the fluid.

Furthermore, a flat rigid boundary is introduced below the microbubble and

results are presented on the bubble centroid migration, Kelvin impulse and jet shape

at collapse in different viscoelastic polymeric fluids. A second wall is then introduced

the simulate the three dimensional effects on the bubble of a viscoelastic fluid near

a corner. Results are given on the three-dimensional effects of the viscosity ratio,

β, on the jet shape, bubble centroid migration and jetting angle. Also, results are

given on the effects of reducing the fluid domain by changing the corner angle.

Finally, the large scale effects of the Deborah number and Reynolds number are

analysed on all investigated properties of the bubble.
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Figure 5.1: The comparison of the radius history of a spherical bubble in a Jeffrey
fluid with β = 0.4, between the non-Newtonian Rayleigh-Plesset equation (2.3.6)
and the BIM code. The parameters of the surrounding liquid are the same as in
Figure 4.1.

5.1 Infinite fluid

5.1.1 Radius history validation with Rayleigh-Plesset equa-
tion

To validate the boundary integral method for the Jeffrey model, the radius history

as computed by the BIM code is compared to the radius history given by the non-

Newtonian Rayleigh-Plesset equation (2.3.6) with normal component of the stress

tensor, Tnn, given by equation (2.5.23). As with Chapter 4, for the entirety of this

Chapter, the microbubble has an initial radius of R∗
0 = 4.5µm where a level 10

mesh is used with the parameters of the gas and liquid being given by ξ = 1.667,

σ = 0.073Nm−1, P0 = 101.3kPa, Pv = 0.023P0 and ρ = 999kgm−3. The pressure

difference is set to ε = 100. The simulation is then repeated for a Jeffrey fluid with

viscous ratios, β = 0.2, 0.4, 0.6 and 0.8. The results for the comparison between the

code and the analytical solution for β = 0.4 are found in Figure 5.1. Similar results

are shown in Appendix B.1 in Figures B.1, B.2, and B.3 for β = 0.2, 0.6, and 0.8

respectively.
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Figure 5.2: The influence of the viscosity ratio, β, on the radius history of a spherical
bubble in an infinite Jeffrey fluid over the first oscillation. The parameters of the
surrounding liquid are ζ = 1.667, δ = 0, σ = 0.073Nm−1, P0 = 101.3kPa, Pv =
0.023P0 and ρ = 999kgm−3.

Figure 5.1 represents the radius history for a bubble in a Jeffrey fluid with

viscosity ratio, β = 0.4, as calculated both by the BIM three-dimensional code

(black line) and the analytical solution the Rayleigh-Plesset equation (2.3.6) (red

line). As shown, both the analytical solution to the Rayleigh-Plesset equation and

the numerical solution provided by the BIM code are in strong agreement with

each other over the entirety of the first oscillation for the Jeffrey model. Therefore,

given the strong agreement between the two curves, the BIM can be implemented

throughout the simulations in this thesis for a Jeffrey fluid.

5.1.2 Results for an infinite fluid

Firstly, we consider the evolution of a microbubble in an infinite fluid. The param-

eters of the bubble and the surrounding fluid are the same as for Section 5.1.1. We

consider the effect of the viscosity ratio, β, on the radius history of the bubble. The

radius histories of the bubble over the first oscillation for β = 0.2, 0.4, 0.6 and 0.8

are given by Figure 5.2.
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Figure 5.3: The influence of the viscosity ratio, β, on the maximum velocity of a
spherical bubble in an infinite Jeffrey fluid over the first oscillation. The remaining
parameters are the same as in Figure 5.2.

As shown, as β increases from 0.2 to 0.8, the maximum radius decreases from

0.85 to 0.83. Furthermore, the oscillation time of the bubble decreases from t = 1.38

to t = 1.34. This is apparent from equations (2.5.23) and (2.5.24). As β increases,

the Jeffrey model approaches the Newtonian model and as seen in Chapter 4, a

Newtonian fluid has a lower maximum radius and oscillation period as opposed to

the purely polymeric non-Newtonian fluid.

Furthermore, a similar result can be shown for the average velocity on the bubble

surface. This is shown in Figure 5.3 for β = 0.2, 0.4, 0.6 and 0.8 once again. As

can be seen, an increase in β results in an decrease in the magnitude of the average

velocity on the bubble surface from 3.97 to 3.23 which corresponds to a 23% decrease.

Hence, as β increases, the elastic energy stored in the fluid decreases and more

energy is allowed to dissipated throughout the fluid resulting in the reduced radius,

oscillation time, and average surface velocity.
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Figure 5.4: The influence of the viscosity ratio, β, on the radius history of a bubble
near a wall with stand-off distance γ = 1.0 in a Jeffrey fluid. The parameters of the
surrounding liquid are the same as in Figure 5.2.

Figure 5.5: The influence of the viscosity ratio, β, on the Kelvin impulse of a bubble
near a wall with stand-off distance γ = 1.0 in a Jeffrey fluid. The parameters of the
surrounding liquid are the same as in Figure 5.2.

5.2 Bubble near a flat rigid boundary

Next, we consider the evolution of a microbubble near a flat rigid boundary with

stand-off distance, γ = 1.0. The parameters of the bubble and the surrounding fluid

are the same as for Section 5.1.1.
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Figure 5.6: The influence of the viscosity ratio, β, on the migration of a bubble
near a wall in a Jeffrey fluid. The stand-off distance is given by γN = 1.0 and the
location of the wall would correspond to the line ξN = −1.0. The parameters of the
surrounding liquid are the same as in Figure 5.2.

5.2.1 Results on radius history, bubble migration, Kelvin
impulse and jet shape

We once again consider the effect of the viscosity ratio, β, on the radius history of

the bubble near a rigid wall with stand-off distance γ = 1.0.

The radius histories of the bubble over the first oscillation near a flat rigid bound-

ary for β = 0.2, 0.4, 0.6 and 0.8 are given by Figure 5.4. As with the bubble in an

infinite Jeffrey fluid, an increase in the viscosity ratio β results in a decrease in the

maximum bubble radius from 0.85 to 0.83 for β = 0.2 and β = 0.8, respectively.

The oscillation time for the bubble also decreases from 1.60 to 1.54 for β = 0.2 and

β = 0.8, respectively.

With the introduction of a rigid boundary, we can assess the influence of the

viscosity ratio, β, on the Kelvin impulse between the bubble an the wall. This

is shown in Figure 5.5 for β = 0.2, 0.4, 0.6, and 0.8. As can be seen, increasing

the parameter β results in a decrease in the absolute value of the Kelvin impulse,

meaning a greater solvent contribution in the fluid reduces the inertia between the

bubble and the wall. At collapse, the absolute Kelvin impulse decreases from 0.33
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Figure 5.7: The influence of the viscosity ratio, β, on the jet shape of a bubble near
a wall with stand-off distance γ = 1.0 in a Jeffrey fluid. The parameters of the
surrounding liquid are the same as in Figure 5.2.

for β = 0.2 to 0.21 for β = 0.8, corresponding to a 36% decrease.

As a result of the change in Kelvin impulse, the bubble migration is also affected

by the change in viscosity ratio, β. This is shown in Figure 5.6 towards the rigid

boundary for β = 0.2, 0.4, 0.6, and 0.8. It is seen that an increase in the viscosity

parameter, β, results in a decrease in the magnitude of the bubble migration towards

the wall. This means that an increase in the solvent contribution of the fluid results

in a decrease in the wall effects on the bubbles migration.

This decrease in wall effects also becomes apparent when considering the jet

profile at collapse. The jet profiles for β = 0.2, 0.4, 0.6, and 0.8 are given in Figure

5.7. As shown, an increase in β results in the surface of the bubble closest to the wall

being further away from the rigid boundary at collapse. Furthermore, increasing the

viscosity ratio results in a thinner jet at collapse. This in agreement with the results

found in Chapter 4 as an increase in the solvent contribution of the fluid greater
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Figure 5.8: The influence of the viscosity ratio, β, on the radius history of a bubble
near a wall with stand-off distance γ = 1.25 in a Jeffrey fluid. The parameters of
the surrounding liquid are the same as in Figure 5.2.

Figure 5.9: The influence of the viscosity ratio, β, on the Kelvin impulse of a bubble
near a wall with stand-off distance γ = 1.25 in a Jeffrey fluid. The parameters of
the surrounding liquid are the same as in Figure 5.2.

approximates the Maxwell fluid of corresponding Deborah number, De.

5.2.2 Increased stand-off distance

Next, we consider the evolution of a microbubble near a flat rigid boundary with

stand-off distance, γ = 1.25. The parameters of the bubble and the surrounding
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Figure 5.10: The influence of the viscosity ratio, β, on the migration of a bubble
near a wall with in a Jeffrey fluid. The stand-off distance is given by γN = 1.25 and
the location of the wall would correspond to the line ξN = −1.25. The parameters
of the surrounding liquid are the same as in Figure 5.2.

fluid are once again the same as for Section 5.1.1.

The radius histories of the bubble over the first oscillation near a wall for β = 0.2,

0.4, 0.6 and 0.8 are given in Figure 5.8. As with the bubble near a wall with stand-

off distance, γ = 1.0, an increase in the viscosity ratio, β, results in a decrease in

the maximum bubble radius from 0.85 to 0.83 for β = 0.2 and 0.8, respectively. As

before, the oscillation time for the bubble also decreases from 1.55 for β = 0.2 to

1.51 for β = 0.8.

We can once again assess the influence the viscosity ratio, β has on the Kelvin

impulse between the bubble and the wall. This is shown in Figure 5.9 for β = 0.2,

0.4, 0.6, and 0.8. As expected, increasing the parameter β results in a decrease in

the absolute value of the Kelvin impulse from 0.23 for β = 0.2 to 0.15 for β = 0.8,

corresponding to a 35% decrease. Note that the absolute values of the Kelvin impulse

are lower at this stand-off distance compared to the reduced stand-off distance as

to be expected.

Due to the change in Kelvin impulse, the bubble migration is also affected by

the change in viscosity ratio, β as before. This is shown in Figure 5.10 towards the

rigid boundary for β = 0.2, 0.4, 0.6, and 0.8. It is easily seen that an increase in

the viscosity ratio, β, results in a decrease in the magnitude of the bubble migration
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Figure 5.11: The influence of the viscosity ratio, β, on the jet shape of a bubble
near a wall with stand-off distance γ = 1.25 in a Jeffrey fluid. The parameters of
the surrounding liquid are the same as in Figure 5.2.

towards the wall.

This decrease in Kelvin impulse and bubble migration is further emphasised when

considering the jet profile at collapse. The jet profiles for β = 0.2, 0.4, 0.6, and 0.8

are given in Figure 5.11. Once again, an increase in β results in the surface of the

bubble closest to the wall being further away from the rigid boundary at collapse.

Furthermore, increasing the viscosity ratio results in a thinner jet at collapse. This

in agreement with the results found for a bubble near a rigid boundary with stand-off

distance, γ = 1.0. Therefore, a greater solvent contribution of the fluid decreases all

wall effects resulting in a lower maximum bubble radius, oscillation period, Kelvin

impulse and bubble migration, and is consistent for all stand-off distances.
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Figure 5.12: The influence of stand-off distance on the radius of a bubble near a
flat rigid boundary in a Jeffrey fluid. The remaining parameters are the same as for
Figure 5.2.

5.2.3 Effect of stand-off distance

We now look at the effect of increasing the stand-off distance on the influence of

the viscosity ratio, β, on the evolution of a bubble. Figure 5.12 shows the radius

history for a bubble near a rigid wall of stand-off distances γ = 1.0 and γ = 1.25 for

viscosity ratios β = 0.2 and 0.8. As shown, in both cases, the decreases in oscillation

time and maximum bubble radius are roughly the same. For γ = 1.0 the change in

maximum radius and oscillation time is 0.02 and 0.05 respectively, and, for γ = 1.25

the changes are 0.02 and 0.05, respectively. Hence, the influence of β is comparable

for any stand-off distance, γ.

5.3 Bubble near a rigid corner

Next, we consider the evolution of a microbubble near a corner of angle, α = π/4.

The parameters of the bubble and the surrounding fluid are the same as for Section

5.1.1 with the stand-off distances from the near and far wall being given by γN = 1.0

and γF = 1.5, respectively.
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Figure 5.13: The evolution of a three-dimensional bubble near a corner of angle
α = π/4 in a Jeffrey fluid with viscosity ratio β = 0.4. The remaining parameters
are the same as in Figure 5.2.

5.3.1 Evolution of a bubble near a corner in a Jeffrey fluid

We will now look at the bubble profile over expansion and collapse near a corner

of angle α = π/4. The evolution is shown in Figure 5.13. A spherical bubble is

initiated near to the corner and time, t = 0.0, with stand-off distances towards the

near and far wall given by γN = 1.0 and γF = 1.5, respectively. This is shown in the

first frame of Figure 5.13. Due to the difference in pressure, the bubble then expands

spherically until it reaches it’s maximum radius at time, t = 0.99. Continuing on,

the bubble begins to collapse with the collapse being restricted on the surfaces of

the bubble closest to the boundaries. This leads to a jet forming after t = 1.94.

The jet forms in the upper right-hand side of the bubble whilst the lower surface of

the bubble is unable to migrate away from the boundary due to a strong Bjerknes

attraction. Continuing into the final frame, the bubble becomes toroidal at t = 2.00

and the jet is angled more towards the far boundary whilst the bubble has migrated

more towards the near boundary due to the respective initial stand-off distances.

5.3.2 Agreement with previous cases

As with the bubble in an infinite and semi-infinite fluid, we can once again consider

the effect of the viscosity ratio, β, on the radius of the bubble near a corner. This

is given in Figure 5.14. As before, the radius of the bubbles decreases as β increases

from 0.85 to 0.83 for β = 0.2 and 0.8, respectively. Likewise, the oscillation period

also decreases from 2.01 for β = 0.2 to 1.98 for β = 0.8.

98



Figure 5.14: The influence of the viscosity ratio, β, on the radius history of a bubble
near a corner with stand-off distances γN = 1.0 and γF = 1.5 in a Jeffrey fluid. The
parameters of the surrounding liquid are the same as in Figure 5.2.

Figure 5.15: The influence of the viscosity ratio, β, on the Kelvin impulse towards
the near wall of a bubble near a corner of angle, α = π/4, with stand-off distances
γN = 1.0 and γF = 1.5 in a Jeffrey fluid. The parameters of the surrounding liquid
are the same as in Figure 5.2.

With the inclusion of two rigid boundaries to form the corner, we can analyse

the effect of the viscosity ratio, β on the Kelvin impulse on the bubble towards both

rigid boundaries. The Kelvin impulse towards the near wall is given in Figure 5.15

for β = 0.2, 0.4, 0.6 and 0.8. As with the case of a bubble near one rigid boundary,

the absolute Kelvin impulse decreases as β increases from 0.25 to 0.15 for β = 0.2
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Figure 5.16: The influence of the viscosity ratio, β, on the Kelvin impulse towards
the far wall of a bubble near a corner of angle, α = π/4, with stand-off distances
γN = 1.0 and γF = 1.5 in a Jeffrey fluid. The parameters of the surrounding liquid
are the same as in Figure 5.2.

and 0.8, respectively, corresponding to a 40% decrease. Note that this is a greater

decrease compared to just one rigid boundary. Furthermore, a similar analysis can

be done on the Kelvin impulse on the bubble in the direction of the far wall. This is

given in Figure 5.16. As with the near wall, an increase in β decreases the absolute

Kelvin impulse from 0.22 for β = 0.2 to 0.11 for β = 0.8, corresponding to a 50%

decrease. Note that the Kelvin impulse is smaller for the far wall because of the

greater stand-off distance, as expected. However, the overall decrease in inertia is

greater.

The decrease in Kelvin impulse for a bubble near a corner suggest a change in the

bubble migration due to the viscosity ratio, β. As with the case with a bubble near

a flat rigid boundary, we can analyse the bubble migration towards the near wall

but we also have the bubble migration towards the far wall simultaneously. These

are given in Figures 5.17 and 5.18, respectively. Once again the bubble migration

decreases with an increase in the viscosity ratio, β in both directions meaning the

boundary effects on the bubble decrease as β increases. Note that the decrease in

bubble migration is greater towards the near wall compared to the far wall. This
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Figure 5.17: The influence of the viscosity ratio, β, on the migration towards the
near wall of a bubble near a corner of angle, α = π/4 in a Jeffrey fluid. The stand-off
distance is given by γN = 1.0 and the location of the wall would correspond to the
line ξF = −1.0. The parameters of the surrounding liquid are the same as in Figure
5.2.

Figure 5.18: The influence of the viscosity ratio, β, on the migration towards the
far wall of a bubble near a corner of angle, α = π/4 in a Jeffrey fluid. The stand-off
distance is given by γF = 1.5 and the location of the wall would correspond to the
line ξF = −1.5. The parameters of the surrounding liquid are the same as in Figure
5.2.

is to be expected as the effects of the near boundary are greater on the bubble

compared to the far boundary due to their respective stand-off distances.
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Figure 5.19: The influence of the viscosity ratio, β, on the jet shape of a bubble
near a corner of angle, α = π/4 with stand-off distances γN = 1.0 and γF = 1.5 in
a Jeffrey fluid. The parameters of the surrounding liquid are the same as in Figure
5.2.

5.3.3 Results on jet shape and angle at collapse

Now we assess the effect of the viscosity ratio, β, on the jet shape and angle at

collapse. The bubble profiles at collapse in various Jeffrey fluids with β = 0.2,

0.4, 0.6, and 0.8 are given in Figure 5.19. Note firstly, the overall size of the bubble

decreases significantly as β increases, which further reiterates the conclusion found in

Figure 5.14. Furthermore, as the solvent contribution increases and β increases, the

bubble profile at collapse becomes more symmetric. This is clear by comparing the

profile for β = 0.2 and 0.8. The jet once again becomes thinner as β increases which

is in agreement with the bubble near one rigid boundary and the jet is angled more

towards the near wall as β increases due to the decreased Kelvin impulse towards

the far wall. Hence, all boundary effects are diminished as the solvent contribution

of the fluid and β increases and the bubble approaches the Newtonian case.
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Figure 5.20: The influence of the viscosity ratio, β, on the radius history of a bubble
near a corner of angle, α = π/2 with stand-off distances γN = 1.0 and γF = 1.5 in
a Jeffrey fluid. The parameters of the surrounding liquid are the same as in Figure
5.2.

5.3.4 Increased corner angle

We will now look at the bubble evolution over expansion and collapse near a corner

of angle α = π/2 in a Jeffrey fluid with viscosity ratios, β = 0.2, 0.4, 0.6, and 0.8.

The stand-off distances are given by γN = 1.0 and γF = 1.5 for the near and far

boundaries, respectively. All other parameters are the same as in Figure 5.1.

In a similar manner to a bubble near a corner of angle, α = π/4, we can once

again consider the effect of the viscosity ratio, β, on the radius of the bubble. This

is given in Figure 5.20. As before, the radius of the bubbles decreases as β increases

from 0.85 to 0.83 for β = 0.2 and 0.8 respectively. Likewise, the oscillation period

also decreases from 2.01 for β = 0.2 to 1.98 for β = 0.8.

The Kelvin impulse on the bubble towards both walls can once again be analysed

to see the influence of the viscosity ratio, β, on the apparent inertia between the

bubble and the corner. The Kelvin impulse towards the near and far walls are given

in Figures 5.21 and 5.22, respectively for β = 0.2, 0.4, 0.6 and 0.8. As before, the

absolute Kelvin impulse towards the near wall decreases as β increases from 0.25 to

0.15 for β = 0.2 and 0.8 respectively, corresponding to a 40% decrease. Furthermore,
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Figure 5.21: The influence of the viscosity ratio, β, on the Kelvin impulse towards
the near wall of a bubble near a corner of angle, α = π/2 with stand-off distances
γN = 1.0 and γF = 1.5 in a Jeffrey fluid. The parameters of the surrounding liquid
are the same as in Figure 5.2.

Figure 5.22: The influence of the viscosity ratio, β, on the Kelvin impulse towards
the far of a bubble near a corner of angle, α = π/2 with stand-off distances γN = 1.0
and γF = 1.5 in a Jeffrey fluid. The parameters of the surrounding liquid are the
same as in Figure 5.2.

as with the near wall, an increase in β decreases the absolute Kelvin impulse from

0.22 for β = 0.2 to 0.12 for β = 0.8, corresponding to a 45% decrease. Note that

the Kelvin impulse is smaller for the far wall as expected as the closest surface of

the bubble is further away from the boundary compared to the near wall. However,
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Figure 5.23: The influence of the viscosity ratio, β, on the migration towards the
near wall of a bubble near a corner of angle, α = π/2, in a Jeffrey fluid. The stand-
off distance is given by γN = 1.0 and the location of the wall would correspond to
the line ξN = −1.0. The parameters of the surrounding liquid are the same as in
Figure 5.2.

Figure 5.24: The influence of the viscosity ratio, β, on the migration towards the
far wall of a bubble near a corner of angle, α = π/2, in a Jeffrey fluid. The stand-off
distance is given by γF = 1.5 and the location of the wall would correspond to the
line ξF = −1.5. The parameters of the surrounding liquid are the same as in Figure
5.2.

the overall decrease in inertia is greater. This is consistent with the smaller corner

angle of α = π/4.

The results on the Kelvin impulse have a direct impact on the bubble migration.
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Figure 5.25: The influence of the viscosity ratio, β, on the jet shape of a bubble near
a corner of angle, α = π/2 in a Jeffrey fluid. The parameters of the surrounding
liquid are the same as in Figure 5.2.

As with the case with a corner of angle, α = π/4, we can analyse the bubble

migration towards both the near and far walls. These are given in Figures 5.23 and

5.24, respectively. Once again the bubble migration decreases with an increase in

the viscosity ratio, β, towards the near boundary meaning the boundary effects on

the bubble decrease as β increases in this direction. However, there is little change

in the direction of the far boundary for a corner of angle, α = π/2, due to the

increased stand-off distance and larger domain size.

As before we analyse the influence of the viscosity ratio, β, on the jet shape and

angle at collapse. The bubble profiles at collapse near a corner of angle, α = π/2,

with β = 0.2, 0.4, 0.6, and 0.8 are given in Figure 5.25. Once again, the overall

size of the bubble is significantly smaller as β increases, which is consistent with

the results found in Figure 5.20. Furthermore, as β increases, the bubble profile

at collapse becomes more symmetric, meaning that the effects of the far boundary

appear to diminish as the solvent contribution of the fluid increases. This is clear

by comparing the profile for β = 0.2 and 0.8. The jet once again becomes thinner

as β increases and the jet is angled more towards the near wall as β increases due
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Figure 5.26: The influence of the domain size on the radius history of a bubble in a
corner of various angles, α. The remaining parameters of the fluid are the same as
in Figure 5.2.

to the decreased Kelvin impulse towards the far wall. This is in agreement with

the previous corner study. Hence, all boundary effects are diminished as the solvent

contribution of the fluid and β increases and the bubble approaches the Newtonian

case. As is clear from the similarities between the results for corners of angles,

α = π/4, and α = π/2, the domain size has no effect on the overall trends resulting

from the influence of β on the bubbles evolution.

5.3.5 Effects on domain size of a bubble in a Jeffrey fluid

We now look at the change in radius history between a Jeffrey fluid of β = 0.2

and β = 0.8, for a bubble near a corner of angles α = π/4 and π/2. This is

shown in Figure 5.26 where the black lines represent α = π/2 and the red lines

represent α = π/4. As shown, the maximum radius and oscillation period both once

again decrease as the viscosity ratio, β, increases as discussed previously. However,

restricting the domain size does not change the magnitude of this effect as the change

in maximum radius and oscillation period is comparable for both corner angles. The

oscillation period overall increases however, as the domain size is restricted (Wang
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Figure 5.27: The large scale influence of the Deborah number on the jet profile of
a bubble initiated in a Jeffrey fluid near a corner of angle α = π/4. The remaining
parameters are the same as in Figure 5.2.

et al. [2020]).

5.3.6 Convergence with Deborah number

We can now discuss the large scale effects of the Deborah number on the evolution of

a bubble in a Jeffrey fluid. Figure 5.27 shows the jet shapes for bubbles at collapse in

Jeffrey fluids of viscosity ratios, β = 0.2 and 0.8, with a Deborah number, De = 2.0

and 200.0. As shown in Chapter 4, an increase in the Deborah number results in

a larger bubble at collapse. A point reiterated in Figure 5.27 for β = 0.2 which

closer represents the pure polymeric fluids shown in Chapter 4. Note however, the

comparable size of the bubble at collapse for the bubble in a Jeffrey fluid of viscosity

parameter, β = 0.8. This is due to the fluid closer representing the purely solvent

Newtonian fluid where the relaxation time effects become negligible. This means,

for larger Deborah numbers, there is a greater change in the maximum bubble radius

and wall effects as the polymeric contribution of the fluid increases.

This point is further shown in Figure 5.28 which shows the radius history for the

bubbles initiated in differing Jeffrey fluids of Deborah number, De = 2.0 and 200.0.
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Figure 5.28: The large scale influence of the Deborah number on the radius of a
bubble initiated in a Jeffrey fluid near a corner of angle α = π/4. The remaining
parameters are the same as in Figure 5.2.

Figure 5.29: The large scale influence of the Reynolds number on the jet profile of
a bubble initiated in a Jeffrey fluid near a corner of angle α = π/4 with Re = 450
and initial radius, R∗ = 4.5× 10−5m. The remaining parameters are the same as in
Figure 5.2.

As shown, for De = 2.0, there is a significantly smaller change in maximum bubble

radius and oscillation period compared to the same bubble initiated in a Jeffrey fluid

with De = 200.0.
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Figure 5.30: The large scale influence of the Reynolds number on the radius of a
bubble initiated in a Jeffrey fluid near a corner of angle α = π/4 with Re = 450
and initial radius, R∗ = 4.5× 10−5m. The remaining parameters are the same as in
Figure 5.2.

5.3.7 Convergence with Reynolds number

We can now discuss the large scale influence of the Reynolds number on the evolution

of a bubble near a rigid corner. Figure 5.29 shows the jet shapes at collapse for a

bubble in a Jeffrey fluid of Reynolds number, Re = 450 for β = 0.2, 0.4, 0.6, and

0.8. As shown, at this level of viscosity, the change in polymeric contribution of the

fluid makes little to no difference on the collapse of the bubble as all jet profiles are

comparable. This is apparent from equations (2.5.23) and (2.5.24), as the viscous

effects and viscoelastic effects become negligible as the Reynolds number increases.

This point is further reiterated by looking at the bubble radius in a Jeffrey fluid

of Reynolds number Re = 450 for β = 0.2, 0.4, 0.6, and 0.8. This is given in Figure

5.30. As can be seen, and change in the polymeric contribution of the fluid results in

little to no change on the bubble history or oscillation time. meaning the viscoelastic

effects of the fluid only affect the evolution of a bubble in lower Reynolds number

fluids.
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5.4 Conclusion

Non-Newtonian fluids are highly beneficial for engineering and biomedical applica-

tions with solvent and polymeric contributions of a Jeffrey fluid determining the

amount of energy stored or dissipated throughout the flow domain. In this Chapter,

a numerical model is described based on the boundary integral method coupled with

the Jeffrey constitutive equation. A moderate to high Reynolds number is assumed

in the flow domain and thus is irrotational in the bulk with the viscoelastic effects

only being applicable in a thin viscous layer at the bubble surface, and approxi-

mated only through the normal stress balance at the bubble surface. A backwards

Euler method is implemented to iteratively solve the Jeffrey equation for the normal

stress tensor. Computations are carried out for a bubble in an infinite fluid, near

a flat rigid boundary, and near a corner for various corner angles using the Green’s

function for the Laplace equation and a method of images for all boundaries.

The numerical model has been validated and excellent agreement with predic-

tions obtained using the corresponding Rayleigh-Plesset equation for spherical bub-

bles in a non-Newtonian liquid is demonstrated. Viscoelastic effects are studied in

terms of the viscosity ratio, β, which is the ratio of solvent viscosity to the total

combined solvent and polymeric viscosity. Simulations were performed for β = 0.2,

0.4, 0.6, and 0.8.

The following new phenomena/features were observed:

1. The maximum radius and oscillation period decrease with the viscosity ratio β.

This is due to more elastic energy being stored and released in the viscoelastic

fluid for a smaller β and less energy being lost due to viscosity as a smaller β

corresponds to a more viscoelastic fluid.

2. The wall effects due to the corner are diminished with a larger β as a result

of a decrease in the maximum radius. Bubble migration, Kelvin impulse and

oscillation amplitude decrease with β.
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3. The bubble jet shape is broader and flatter for a bubble near a rigid boundary

or in a corner as β decreases. The bubble jet is inclined to the further boundary

when it is in a corner as β decreases.

4. Results converge as the Deborah number decreases as the difference in elastic

effects become less dominant compared with the viscous damping effects of

the fluid as β is varied.

5. Results converge as the Reynolds number increases as the viscosity of the fluid

becomes negligible.

In conclusion, a decreased β greatly enhances the effects of the surrounding

boundaries on bubble collapse and provides a broader, flatter jet. This implies that

a smaller value of β in the fluid, which corresponds to a greater polymeric contri-

bution to the fluid, will enhance the interactions between a bubble and boundaries

or other bubbles. This also suggest that, with certain parameter ranges, elasticity

and non-Newtonian fluids may benefit ultrasonic cleaning, therapy and drug deliv-

ery. However, as with the Maxwell fluid, certain viscoelastic ranges would result

in greater cavitation damage to machinery meaning that a Jeffrey fluid may be

favourable over a Maxwell fluid as energy is allowed to dissipate with the inclusion

of solvents in the fluid.
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CHAPTER 6

CONCLUSION AND DISCUSSION

6.1 Summary

In this thesis, we described the physical and mathematical model for a microbub-

ble near rigid boundaries in various viscoelastic fluids. Potential flow theory was

introduced from first principles assuming an irrotational and incompressible flow

field. Green’s second identity was implemented to provide a solution for the velocity

potential, ϕ, on the bubble surface and it’s normal derivative, ∂ϕ/∂n on the rigid

boundaries, with a Green’s function and method of images being used to simulate

the image points. Bernoulli’s equation was introduced to develop a first order ODE

to model the change in velocity potential with time with a kinematic boundary

condition updating the bubble surface with time.

The non-Newtonian properties of the fluid were included using both Maxwell’s

constitutive equation and Jeffrey’s constitutive equation which is approximated only

through the normal stress balance. Assuming there is a moderate to high Reynolds

number, the viscoelastic effects are negligible in the bulk. The viscoelastic effects

are not negligible in a thin layer at the bubble surface. In doing so, the effects of

the relaxation time, λ1, and polymeric contribution, β, on the bubble are modelled.

A boundary integral method was then used to implement the above model. The

above techniques were implemented using a surface interpolation scheme to com-
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pute the bubble surface and potential distribution. A moving least squares method

provided the tangential velocity and surface curvature at each node. At each time-

step, Lagrangian interpolation updated the normal stress tensor and the velocity

potential was computed using a fourth order Runge-Kutte scheme.

The boundary integral method was then validated with experimental data on the

bubble profiles for a bubble near a corner with the non-Newtonian Rayleigh-Plesset

equations providing validation for the radius history of the bubble.

6.2 Conclusions

Bubble in a Maxwell fluid

The bubble was initiated in an infinite Maxwell fluid, near a rigid boundary and

near a corner of angles, α = π/2 and π/4, with Deborah numbers, De = 0.0, 0.2,

2.0 and 20.0. A pressure difference of ε = 100 was implemented to allow the bubble

to expand and then subsequently collapse and induce jet formation. In doing so, the

influence of the relaxation time of the fluid on the bubbles evolution was investigated

and conclusions were drawn on the effect of viscoelastic fluids in ultrasonic cleaning,

drug delivery, and therapy.

We observed that the maximum radius and oscillation period increased with the

Deborah number. This was due to more elastic energy being stored and released in

the viscoelastic fluid for a larger Deborah number and less energy being lost due to

viscosity. As a direct result, the wall effects from the corner were enhanced with a

larger De due to the increase in the maximum radius and the bubble migration and

oscillation amplitude also increased with the Deborah number. Furthermore, the

bubble jet shape was broader and flatter for a bubble near a rigid boundary or in a

corner as De increased. The bubble jet was inclined to the further boundary when

it was in a corner as De increased. Results converged as Deborah number increased

as the elastic effects become dominant compared with the viscous damping effects
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of the fluid. Likewise, result converged as the Reynolds number increased as the

viscous damping effects became negligible.

Bubble in a Jeffrey fluid

Similarly to the Maxwell model, the bubble was initiated in an infinite Jeffrey fluid,

near a rigid boundary and near a corner of angles, α = π/2 and π/4. This time, the

effect of the total polymeric viscosity of the fluid was investigated, and all simulations

were repeated for β = 0.2, 0.4, 0.6, and 0.8. A pressure difference of ε = 100 was

implemented to allow the bubble the expand and then subsequently collapse and

induce jet formation. In doing so, the influence of the polymeric viscosity of the

fluid on the bubbles evolution was investigated and conclusions were drawn on the

effect of viscoelastic fluids in ultrasonic cleaning, drug delivery, and therapy.

We observed that the maximum radius and oscillation period decreased with the

viscosity ratio β. This is due to more elastic energy being stored and released in

the viscoelastic fluid for a smaller β and less energy being lost due to viscosity as

a smaller β corresponds to a more elastic fluid. The wall effects from the corner

were diminished with a larger β due to the decrease in the maximum radius and the

bubble migration, Kelvin impulse and oscillation amplitude also decreased with β.

The bubble jet shape was broader and flatter for a bubble near a rigid boundary

or in a corner as β decreased. The bubble jet was inclined to the further boundary

when it is in a corner as β decreased. Results converged as the Deborah number

decreased as the difference in elastic effects become less dominant compared with the

viscous damping effects of the fluid as β was varied. Finally, the results converged

as the Reynolds number increased as the viscosity of the fluid became negligible.

In conclusion, an increased Deborah number or decreased viscosity ratio, β,

greatly enhances the effects of the surrounding boundaries on bubble collapse and

provides a broader, flatter jet. This implies that a higher value of De or a lower

value of β in the fluid will enhance the interactions between a bubble and boundaries
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or other bubbles. This also suggests that, with certain parameter ranges, elasticity

and non-Newtonian fluids may benefit ultrasonic cleaning, therapy and drug deliv-

ery. Therefore, by situating the bubbles in viscoelastic fluids rather than Newtonian

fluids, better microscopic cleaning and targeted drug delivery can be achieved by

changing the polymeric contribution and the relaxation time of the fluid. How-

ever, damage to the surrounding surfaces is likely to increase once the rheological

properties of the fluid are altered.

6.3 Future work

In general, we can not find a function, ψ, for constitutive equations that satisfies

∇ · T = ∇ψ for general irrotational flows. However, in other situations we have

that ∇ × ∇ · T ̸= 0 even though ∇ × u = 0. This means there is an incompati-

bility in the theory of viscoelastic potential flow. We cannot always find a function

ψ satisfying the above equation so that not all fluids will satisfy a Bernoulli equa-

tion. For Maxwell’s and Jeffrey’s constitutive equation, ψ is found to be zero. The

admissibility condition can be satisfied in an approximate sense for moderate to

large Reynolds numbers since ∇ · T becomes small compared to inertial terms in

the momentum equation in the bulk of the flow. Thus, more general models can be

employed that provide a more accurate description of viscoelastic effects and also

satisfy frame invariance. The restriction to moderate and high Reynolds number

flows limits the method to modelling dilute polymer solutions.

6.3.1 Upper-convected Maxwell model

The linear Maxwell model is the simplest model which still provides substantial vis-

coelastic effects. However, more advanced models exists to analyse the effect of the

rheological properties of the fluid on the evolution of a bubble. Investigations have

been carried out in an upper-convected Maxwell fluid showing the highly oscillatory
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behaviours for moderate to high Deborah numbers (Kim [1994]). Numerical studies

have also been conducted on spherical bubbles using a modified Rayleigh-Plesset

equation (Naude and Mendez [2008]). The bubbles seem to expand faster but col-

lapse at lower speeds meaning the influence of an upper-convected Maxwell fluid can

reduce the chance of catastrophic collapse and reduce cavitation damage. However,

certain Deborah parameter ranges can lead to clear chaotic behaviour. Upon fur-

ther investigation, it can also be shown that upper-convective Maxwell fluids provide

more damping effects and reduces jet velocities at collapse (Lind [2010]). This be-

comes apparent when considering the following model, which includes an additional

viscous term.

For the upper-convected Maxwell model, the normal stress tensor is computed

using

T ∗ + λ1
∇
T ∗ = 2µLγ̇

∗, (6.3.1)

where the upper time derivative,
∇
T ∗, is given by

∇
T ∗ =

DT ∗

Dt∗
−∇∗u∗ · T ∗ − T ∗ · ∇∗u∗. (6.3.2)

When nondimensionalising and evaluating in the normal direction, Maxwell’s upper-

convected constitutive equation is given by

De
(DTnn
Dt

− 2Tnn
∂2ϕ

∂n2

)
+ Tnn =

2

Re

∂2ϕ

∂n2
, (6.3.3)

a model for which the three-dimensional effects on the bubble have not been readily

investigated. However, the issue with the inclusion of the additional viscous term,

2Tnn∂
2ϕ/∂n2, is that the numerical scheme used to solve it, be it backwards Euler

method or Runge-Kutta scheme, will generate an additional matrix equation at each

time-step. This will drastically increase the running time compared to the linear

Maxwell model. An additional issue arises due to the ‘tail-like’ cusps created in rising
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bubbles in upper-convected Maxwell fluids (Lind [2010]). This is because the sharp

meshing required to accurately predict this unique bubble shape is highly unstable

for three-dimensional meshing, but is very achievable for axisymmetric modelling.

6.3.2 Oldroyd-B model

In a similar manner to the Maxwell and Jeffrey model, there is an extension to the

upper-convected Maxwell model where the fluid is once again divided into it’s sol-

vent and polymeric contributions. This model is called the Oldroyd-B model. The

Oldroyd-B model has been seen to provide accurate predictions for the flow of Boger

fluids, which have a constant viscosity for a range of shear rates (Owens and Phillips

[2002]). Like the upper-convected Maxwell model, many spherical viscoelastic stud-

ies have been conducted on the Oldroyd B model (Fogler and Goddard [1971], Allen

and Roy [2000]) and for Rayleigh-Taylor instabilities in viscoelastic drops (Joseph

et al. [2002]). Numerical solutions to the Oldroyd-B model have been studied using

a finite element method for rising axisymmetric bubbles with a three-dimensional

mesh (Pillapakkam et al. [2007]). They observed the aforementioned cusp and neg-

ative wake in the flow field.

The normal stress tensor for the Oldroyd-B model is given by

Tnn =
2β

Re

∂2ϕ

∂n2
+ τnn, (6.3.4)

with

De
(Dτnn
Dt

− 2τnn
∂2ϕ

∂n2

)
+ τnn =

2(1− β)

Re

∂2ϕ

∂n2
, (6.3.5)

where once again, the three-dimensional effects on the bubble have not been thor-

oughly investigated. Note that the problems faced with numerically modelling the

upper-convected Maxwell model with a three-dimensional mesh are also apparent

when modelling the Oldroyd-B viscoelastic fluid, i.e, the increased running time and

mesh smoothing issues around the cusp.
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6.3.3 Surfactants and shear stress

Recent work has been conducted on the effect of surfactants on the shear stress

experienced by surrounding rigid boundaries (Corbett [2023]). The studies show

that the inclusion of surfactants in the surrounding fluid, greatly increases the shear

stress generated on the rigid boundaries. Hence, the properties of the fluid can lead

to more efficient ultrasonic cleaning (Awad and Awad [2022]). This is because, the

presence of a surfactant at the bubble surface can alter the effects of surface tension

(Chang and Franses [1995]). The change in surface tension can lead to a higher

surface velocity and increased wall effects.

The governing equation for a surfactant at a free-surface is given by the Frumkin

equation of state and modelled through the surface tension term (Frumkin [1925],

Taylor et al. [2003]). This is given by,

σ = σ0 + Γ∞RgT log

(
Γ∞ − Γ

Γ∞

)
+BΓ2, (6.3.6)

where σ0 is the surface tension in the absence of a surfactant, Γ0 is the maximum

packing concentration of surfactant, Rg is the universal gas constant, T is the tem-

perature, Γ is the concentration of the surfactant at the bubble surface, and B is

the parameter of molecular interaction.

Equation (6.3.6) can be easily implemented into the three-dimensional BIM

model. However, the issue arises when maintaining a sufficiently smooth mesh

whilst the bubble oscillates with it’s corresponding shape mode. A phenomenon

that has only been achieved for axisymmetric bubbles due to the need to simulate

multiple cycles of oscillation. Furthermore, a field grid will have to be implemented

to model the tangential velocity on the rigid boundaries and the pressure in the

field. A technique that has already been readily established for the 3D BIM code

(Mahmud [2017]), but drastically increases the running time of the code. The inclu-

sion of an acoustic wave to induce shape mode oscillations with viscoelastic effects
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being present could also lead to numerical instabilities and would require delicate

mesh smoothing to maintain an accurate bubble profile over the entire oscillation

period.

However, this work could provide insightful research into the non-symmetric

shear stresses that can occur at more complex rigid boundaries when the bubble no

longer remains spherical or axisymmetric. Furthermore, the inclusion of viscoelastic

effects could enhance the shear stress on the wall as we have already shown that an

increased relaxation time greatly increases wall effects. Hence, the research could

provide great analysis on improving ultrasonic cleaning.
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APPENDIX A

BUBBLE IN A MAXWELL FLUID

A.1 Bubble in a Maxwell fluid

Figure A.1: The comparison of ϕnn for a spherical bubble in a Maxwell fluid with
De = 0.0, between spherical bubble theory (2.2.17) and the BIM code with the
remaining parameters being the same as in Figure 4.1.

To validate the calculation of ϕnn, we run the BIM code for a bubble in an infinite

fluid using the same parameters as in section 4.1.1 and take an average value of ϕnn

over the bubble surface to reduce the effect of errors. The results for De = 0.0,

0.2 and 20.0 are shown in Figures A.1, A.2, and A.3, respectively. In the Figures,

the black solid line represents the potential history over the first two oscillations
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Figure A.2: The comparison of ϕnn for spherical bubble in a Maxwell fluid with
De = 0.2, between a spherical bubble theory (2.2.17) and the BIM code with the
remaining parameters being the same as in Figure 4.1.

Figure A.3: The comparison of ϕnn for a spherical bubble in a Maxwell fluid with
De = 20.0, between spherical bubble theory (2.2.17) and the BIM code with the
remaining parameters being the same as in Figure 4.1.

as found analytically by equation (2.2.17), where the red dotted line represents the

potential history as computed by the BIM code.

As shown, there is a strong agreement between the BIM code and the spherical

bubble theoretical solution for ϕnn over the first two oscillations for all values of

De. There is however, slight numerical error around the turning points for the lower
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Figure A.4: The comparison of the radius history of a spherical bubble in a Maxwell
fluid with De = 0.0, between the non-Newtonian Rayleigh-Plesset equation (2.3.6)
and the BIM code with the remaining parameters being the same as in Figure 4.1.

Figure A.5: The comparison of the radius history of a spherical bubble in a Maxwell
fluid with De = 0.2, between the non-Newtonian Rayleigh-Plesset equation (2.3.6)
and the BIM code with the remaining parameters being the same as in Figure 4.1.

values of De, but for only a very brief amount of time. Therefore, we can conclude

that the viscous calculations made by the boundary integral method are adequate

enough to accurately model the viscoelastic effects of a non-Newtonian fluid.

To validate the boundary integral method for the Maxwell model, we compare

the radius history of the BIM code for a Maxwell fluid, to the radius history given
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Figure A.6: The comparison of the radius history of a spherical bubble in a Maxwell
fluid with De = 20.0, between the non-Newtonian Rayleigh-Plesset equation (2.3.6)
and the BIM code with the remaining parameters being the same as in Figure 4.1.

by the non-Newtonian Rayleigh-Plesset equation (2.3.6). We initiate a bubble in

an infinite fluid with an initial radius of R∗
0 = 4.5µm.The parameters of the gas

and liquid given by ξ = 1.667, σ = 0.073Nm−1, P0 = 101.3kPa, Pv = 0.023P0 and

ρ = 999kgm−3. The pressure difference is set to ε = 100.

Figures A.4, A.5, and A.6 represent the radius history for a bubble in a fluid

of Deborah numbers, De = 0.0, 0.2, and 20.0, respectively, as calculated both by

the BIM three-dimensional code and the analytical solution to the Rayleigh-Plesset

equation (2.3.6). In the simulation, the red dashed line represents the analytical

solution for the bubble radius given by the dimensionless Maxwell Rayleigh-Plesset

equation (2.3.6), and the black line represents the bubble radius as provided by the

BIM code. As shown, both the analytical solution to the Rayleigh-Plesset equation

and the numerical solution provided by the BIM code are in strong agreement with

each other over the entirety of the first two oscillations for the Maxwell model.
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APPENDIX B

BUBBLE IN A JEFFREY FLUID

B.1 Bubble in a infinite Jeffrey fluid

Figure B.1: The comparison of the radius history of a spherical bubble in a Jeffrey
fluid with β = 0.2, between the non-Newtonian Rayleigh-Plesset equation (2.3.6)
and the BIM code. The parameters of the surrounding liquid are the same as Figure
5.1.

To validate the boundary integral method for the Jeffrey model, we compare the

radius history of the BIM code for a Jeffrey fluid, to the radius history given by

the non-Newtonian Rayleigh-Plesset equation (2.3.6) with the normal stress tensor

given by equation (2.5.23). We initiate a bubble in an infinite fluid with an initial

radius of R∗
0 = 4.5µm. The parameters of the gas and liquid are given by ξ = 1.667,
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Figure B.2: The comparison of the radius history of a spherical bubble in a Jeffrey
fluid with β = 0.6, between the non-Newtonian Rayleigh-Plesset equation (2.3.6)
and the BIM code. The parameters of the surrounding liquid are the same as Figure
5.1.

Figure B.3: The comparison of the radius history of a spherical bubble in a Jeffrey
fluid with β = 0.2, between the non-Newtonian Rayleigh-Plesset equation (2.3.6)
and the BIM code. The parameters of the surrounding liquid are the same as Figure
5.1.

σ = 0.073Nm−1, P0 = 101.3kPa, Pv = 0.023P0 and ρ = 999kgm−3. The pressure

difference is set to ε = 100. The simulation is then repeated for a Jeffrey fluid with

viscous ratios, β = 0.2, 0.4, 0.6 and 0.8. The results are found in Figures B.1, B.2,

and B.3 for β = 0.2, 0.6, and 0.8 respectively.
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Figures B.1, B.2, and B.3 represents the radius histories for a bubble in Jeffrey

fluids of viscosity ratios, β = 0.2, β = 0.6, and β = 0.8, as calculated both by

the BIM three-dimensional code (black lines) and the analytical solution the the

Rayleigh-Plesset equation (2.3.6) (red lines). As shown, both the analytical solutions

to the Rayleigh-Plesset equation and the numerical solutions provided by the BIM

code are in strong agreement with each other over the entirety of the first oscillation

for the Jeffrey model.
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APPENDIX C

MATLAB CODE FOR NON-NEWTONIAN
RAYLEIGH-PLESSET EQUATION

clear all

clear space;

clear plot;

clc;

γ = 1.667; % ratio of specific heats

r0 = 0.1898; % initial dimensionless radius

dr0 = 4.5 ∗ 10−6.0; % dimensional initial radius

ρ = 999; % density

σ = 0.073; % surface tension

p0 = 101300; % ambient pressure

pv = 0.023 ∗ p0; % vapour pressure of the bubble

µ = 0.001002; % total viscosity

ε = 100;

β = 0.8; % viscosity ratio

mβ = 1.0− β;

we = (dr0 ∗ (p0 − pv))/σ; % webber number

re = (dr0 ∗ sqrt((p0 − pv) ∗ ρ))/µ; % reynolds number
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De = 2.0 ∗ 101; % Deborah number

step = 4.0 ∗ 10−4.0; %time-step

totseconds = 1.326; %total run time

totsteps = round(totseconds/step); %total steps

T (1) = 0.0;

x(1) = 0.0;

R(1) = r0;

jtnn(1) = 0.0;

for n = 1 :totsteps

a = ε ∗ (r0/R(n))3.0∗γ;

ntnn = (4 ∗ β ∗ x(n))/(re ∗R(n));

x(n+ 1) = x(n) + step ∗ (a− 1.0− 1.5 ∗ x(n) ∗ x(n)− 2.0/(we ∗R(n))

− ntnn − jtnn(n))/R(n);

R(n+ 1) = R(n) + step ∗ x(n+ 1);

jtnn(n+1) = (De∗ jtnn(n))/(De+ step)+(4.0∗ step∗x(n+1)∗mβ)/((De+ step)∗

re ∗R(n+ 1));

T (n+ 1) = T (n) + step;

end

hold on; box on

p1 = plot(T (:), R(:), ‘k′, ‘lineWidth′, 2.0);

xlabel(‘Time, t’, ‘Interpreter’, ‘latex’, ‘Fontsize’, 25)

ylabel(‘Radius, R’, ‘Interpreter’, ‘latex’, ‘Fontsize’, 25)
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