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Synopsis

This thesis deals with the Fogel-Huang algorithm for the bounding by an ellipsoid of the in-
tersection of an ellipsoid and a strip bounded by parallel hyperplanes, as applied to the task
of parameter estimation. Although the Fogel-Huang ellipsoid is the unique minimum-value
(Behrend-Lowner/John — BLJ) ellipsoid containing this intersection, the ellipsoid resulting
from an iteration of the Fogel-Huang algorithm to find an ellipsoid bounding the intersection
of an ellipsoid and several such strips is not the BLJ ellipsoid for that intersection.

After introductory material and a survey of the literature, the performance of the Fogel-Huang
algorithm is examined, both in simulation and theoretically. This examination is made in terms
of a characteristic length and the volume of the resulting ellipsoid, and comparisons are made
with the BLJ ellipsoid containing the intersection of the strips.

In addition, the results of recycling the Fogel-Huang algorithm, with the hyperplane order fixed
and varying, are examined in the same terms.

Two modifications of the Fogel-Huang algorithm are then proposed and examined. In the first,
a family of ellipsoids containing the intersection of an ellipsoid and two strips is derived. The
minimum-volume member of this family (not, in general, the BLJ ellipsoid for the intersection
being bounded) is found.

In the second, a set of up to p (the dimension of the parameter space) strips is approximated
by a more convenient set of strips whose intersection with the original ellipsoid contains the
intersection of the original ellipsoid with the original strips. Then a family of ellipsoids contain-
ing the intersection of the original ellipsoid and the new strips is found. The volume-optimal
member of this family is then determined.

The ellipsoids resulting from these modifications often have smaller volumes than the volume
found by applying the Fogel-Huang algorithm, and so lead to closer approximations to the BLJ
ellipsoid.

The fact that the first of these modifications leads to smaller bounding ellipsoids than the
iterated Fogel-Huang algorithm motivates the investigation of methods resulting in the true

BLJ ellipsoid for the intersection of an ellipsoid and two strips.
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Chapter 1

Introduction

1.1 Parameterised Modelling

Many physical, industrial and biological processes can be modelled using state variables: in
continuous time, ¢ = f(z,u,t), y = g(z,t), where z is a vector of variables describing the
state of the process or system, u is a vector of inputs, and y is a vector of outputs; and in
discrete time, zx = fr(zg-1,uk), Y& = gr(zk). The functions f, g, fx and g encapsulate an
understanding of the system, and, as this understanding is usually imperfect, the functions
themselves will only be partially known.

If the number of state variables z is appropriate for the adequate explanation of the system, this
uncertainty is often representable in the form of a finite number of unknown parameters, so that
it is possible to write f(z,u,t) = f(8;z,u,t), g(z,t) = §(¢; z, 1), Fel@r-1,u) = fir(0; x_y,w),
gk(zr) = gk(t; zx) where the functions on the right-hand side are known and the task of
improving knowledge of the functions f and g, or fi and g, becomes that of better specifying
the statistics of the parameters § and .

When this is done, the results can provide a check on the physical understanding which produced
the model in the first place and allow better control over the system through the manipulation
of those of the inputs u which are under human control.

In the absence of noise, or when noise is negligible, # and ¥ can be found by making a sufficient
number (r, say — usually equal to the number of parameters) of observations of the input
and output of the system and inverting the equations z(t;) = f(z(t:),u(t:),t:) and y(t:) =
g(z(t;),t;), or zx, = fr(Tk-1,ur) and yx, = gr(Tk), with ¢ = 1,...,r, in terms of 6 and

(which is not always a trivial task).



In the more common situation where noise is present, a precise determination of @ and ¥ is
rarely possible; instead, observations can serve to replace, at each step, an a priori knowledge
of the statistics (in a wide sense) of the distributions of @ and v by an a posteriori knowledge
which is at least not less “certain”. This requires known or assumed characteristics of the noise
and possibly of the distribution of # and 1 before the first observation.

Two methods which are often utilised are to assume

1. that the noise and initial a prior: estimated distributions of § and © have a Gaussian

distribution with known mean and variance;
2. that the noise falls within a known, bounded region.

In the case where the models are linear in the parameters 8 and v, approach 1 leads (through
generalised least squares, see e.g. Norton [15]) leads to a posteriori Gaussian distributions of
@ and v, where greater “certainty” with respect to the e priori distribution is manifested by a
decrease in variance, and approach 2 leads to € and ¢ falling in an a posteriori region contained
in the corresponding a priori region.

Approach 1 has the advantage of producing a more detailed description of the distribution of
the parameters, but it also requires more detail to start with (the distribution of noise and
the initial a priori of the parameters). Moreover, approach 2 provides a guaranteed set within
which the parameters must lie, although it supplies no information regarding the probability

distribution of the parameters within that set.

1.2 Bounded Parameter Estimation for Models Linear
in Parameters

If the equations for the system can be summarised in the form
Y = nkTa -+ Vk,

where k is possibly indexes the components of the output vector as well as time, and nj consists
of known quantities, the model is linear in the fixed parameter vector § € R?. If the error v,
is bounded, say e} < vr < eM, where el and €Y are known scalars, then, by rescaling the

equation (see page 25), ef' and e can be set to -1 and 1 respectively. Then, for each k, 6 is

restricted to the set I, = {# € RP 1y — 1 < ny 0 < yx + 1} lying between the hyperplanes

2



Hf = {0 € R?: n,T0 —y = +1}. If none of the regression vectors n, are parallel, the set
I1;N.. .NIIg, the posterior feasible parameter set after k observations, will be a bounded polytope
if k£ > p. Of course, the posterior feasible parameter set can be described by enumerating the
vertices of the polytope and listing which vertices are neighbours, but such a description may be
both complex and computationally expensive to obtain. An alternative description is in terms
of simple sets which are guaranteed to contain the feasible parameter set, such as ellipsoids.

The basic problem of this thesis is to find ellipsoids containing this polytope.

1.3 Ellipsoidal Methods for Bounded Parameter Estima-
tion

Suppose the initial ellipsoid is given by & = (a0, Qo) = {0 € R?: (8 — a)TQ;'(0 — a) < 1}
in which the true value of the parameter vector 8, is guaranteed to lie. If an observation is
made which implies that the true value lies in II; = II(ns,y;) = {8 : (n:70 — y1) < 1}, then,
for all ellipsoids € such that &€ D & N1, 8; € £, so all such ellipsoids are estimates for ;.
The idea of the ellipsoidal methods for bounded parameter estimation is to find a family of
ellipsoids containing & N II; and to find an ellipsoid in that family, &, say, which minimises
some criterion measuring the size of the ellipsoids of the family over the family. This ellipsoid

becomes the new a priori set for the new observation.

1.4 The New Methods in this Thesis

There are three main new methods in this Thesis. The first finds the minimum-volume ellipsoid
in a family containing the intersection of two strips and a prior ellipsoid. This “minimum-
volume ellipsoid in a family” is not necessarily the minimum-volume ellipsoid containing the
intersection. The second looks at the intersection of a set of s strips and an ellipsoid, replacing
s — 1 of the strips by more convenient strips and finding the minimum-volume ellipsoid in a
family containing the intersection of the replacement strips and the original ellipsoid. The last

method is intended to find the actual minimum-volume ellipsoid about the intersection of two

strips and an ellipsoid.



Chapter 2

Literature Survey

2.1 Introduction

Given a system with state equations

Ty = ApTr-1 + Brug + vy

Yk Crzy, + wy,

where z, v € R, up € R, yi,vr € R%, A € R™™, B, € R™, (), € R**®, z; is the state,
uy is the input, yx is the observed output and v, and w; are noise, state estimation attempts
to maximise the knowledge of the state zj, given the parameters Ay, By and Cy, the inputs
uy, and partial knowledge of v; and wy, either in the form of (narrowly) statistical information
such as their mean and covariance, or in the form of bounds. The major difference between
state and parameter estimation is that the former requires an update between observations, as
the state is not fixed, so the state estimate must be propagated using the system equations,
whereas this update is not required for static parameters (actually, many parameter estimation
schemes incorporate the possibility of drift in the parameters, but this will not be dealt with

here).
For example, if it is known that zo € Xp = Xy C R, vx € Vi C R™, w;, € Wi, C R®, then the

state zx obeys
zry € X5 = X N{z:y—Ciz € Wi} (observation)
C X7 = AL+ Bau+ Ve (propagation)

For parameter estimation, if the model can be written
Y = q)ko + vk,

4



where @ has an initial a priori covariance Py, ®; is a known matrix of explanatory variables
and vy is a zero-mean random variable with covariance Ry, one statistical method is minimum-
covariance linear unbiased updating Norton [15]. It is proposed that an estimate g for 0 at
time k should be given by ék = Jkék_l + Kryk, where Ji and K} are matrices of the appropriate
dimensions and are functionally independent of 8;_; and yy, i.e., the new estimate is a linear
function of the old estimate and the new observation.

Insisting that the estimate should be unbiased yields
0 = B = JyEfi_, + K ®x0 = (Ji + Kx®)9,

where E is the expectation operator, or Ji + Ky ®; = I.

Then the covariance of 8 is

P. = E(b; — Eb) (0, — Ef,)T
= E@,—8)(8,— 0"
= E((I — Ke®)0p-1 + Kiyx — 0) (0 — )T
= E((I — Kp®:)(x-1 — 0) + Ki(yr — ©:0))(01 — 6)T
= (I - Kx®)Pior(I — Ki®:)" + K Ri K",

on the assumption that E(ék_.l — @), = 0.

Then Kj — Pe_1®1 T (®k Pr—s ®,T + Rx)~! minimises this Py (as can be seen by incrementing Ki
to K, + 8K and setting the corresponding increment § Py, in Py to zero), with minimum value
P, = (I — Ki®;)P:—1. This equation is used to update the covariance after each new data
item, and the minimising Ky and the J; related to it by Jy = I — K;®; are used to update z
according to the linear formula above.

There is a corresponding method in state estimation, Kalman filtering, which can be derived

in a similar fashion (see Grewal and Andrews [11}).



2.2 Statistical Methods for Parameter Estimation

Pronzato and Walter[21] compare the statistical approach of D-optimal design, which maximises
the determinant of the Fisher information matrix!' for the maximum likelihood estimate of a
parameter vector, with what the authors dub V-optimal design, in a bounded error context.
V-optimal design seeks to minimise the volume of the posterior feasible set in parameter space.
When the number of experiments (the word ezperiment is used for an observation of the output
when it is wished to emphasise that some, at least, of the inputs are chosen with the aim
of obtaining information about the system) is equal to the number of parameters, the V-
optimal and D-optimal approaches result in the same experiments, but when the number of
experiments exceeds the number of parameters, a complication arises: the volume of the feasible
set depends on the outcome of the experiments (in the case of one experiment per parameter,
only the location, but not the shape or volume, of the feasible set, depends on the experimental
outcome). The authors’ solution to this problem is to replace V-optimality by V—optimality,
where the volume of an estimated feasible set § is minimised instead of the volume of the
feasible set S itself.

In the V-optimality approach, a nominal value for the parameter vector is required (as also the
case in the D-optimality method when the model is not linear in the parameters), which, as
the authors acknowledge, is a weakness.

In many cases, D-optimal experiments are repeated when the number of allowable experiments
exceeds the number of parameters to be identified, but repeated experiments do not lead to
a reduction of the estimate feasible set S’, so a series of V-optimal experiments contains no
repetitions. Moreover, an (N + 1)-member series of V-optimal experiments will not, in general,
contain an N-member series of V—optimal experiments, so one cannot simply extend a run
of such experiments until sufficient knowledge has been attained, without departing from V-
optimality.

On the other hand, the authors provide a simple criterion for determining whether there exists

a finite series of V—optimal experiments which reduces the volume of § to its infimum.

1For a probability density function p.(t) for random variables z1,..., z,, the Fisher information matrizis

given by ,
2 8
58;; In p(t) dt,0t5 Inps(¢)

2 82
e npelt) £ npe(t)

For a Gaussian probability density function, the Fisher information matrix is the inverse of the covariance.
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Kurzhanski and Tanaka[18] (discussed in more detail in the next section) achieve a partial
unification of the statistical and bounding approaches by considering Gaussian distributions of
the error, where the variance is known, but the mean is only known to lie within a convex set.
Then, the posterior bounds on the mean resulting from observations obey the same equations

as the parameters in a pure bounding context.

2.3 Bounding

The paper just mentioned by Kurzhanski and Tanaka[l18] provides a very general framework
for bounding techniques by considering the system y(k) = Cuy + vk, where y is a sequence of
measurements in R™, u a sequence of known inputs in R™, v a noise sequence and C € R™*"
is a matrix of unknown parameters. It is known that C € Cy, vx € Qk, where Cp and Qj are
compact and convex.

Through manipulation of support functions p (p(z|S) = sup,ecs{zTz}), the authors derive an
expression for the feasible parameter set (called the informational domain by the authors),

C|s], the set of C consistent with the sequence y, k € {1,..., s}, as the set of C' such that

S

C € N spermmxm o (Imn — Y (ur” & I))Co + Z Mi(yr — Q) },

k=1 k=1
where R™**™[1, 5] is the set of sequences A(1),...,A(s) in R™*™ and, if A € R?*?, A € R?

is obtained by stacking the columns of A. Also, @ denotes the Kronecker matrix product:

p— -

anB a;,B
A® B =[a;]® [bij] = | anB axnB

If the sequence C[k],k = 1,...s is imagined as a series of subsets of the hyperplanes Hy{z =
(C,€) € R™™ x R : £ = k}, and the boundaries of the Clk] N Hy are thought of as being
joined up, with each point zx—1 € JC[k — 1] N Hi—-; connected by a line segment to a point
Foo1.6(zr-1) € OC[k]N Hy, where fk — 1,k is a homeomorphism §C[k—1]N Hy-1 — OC[k|N H,
then the resulting set is a “funnel” in R™*" x R (the situation in the continuous counterpart
to this is more easily imagined!).

Now, obviously,

Cls] C (Imn — _ Mi(us" ® In)Co+ Y _ Mi(yx — Qi)
k=1

k=1



for any particular sequence M[1, s] in R™?*™,

The authors then conclude that schemes for bounding C[s] corresponding to different sequences
M[1, 5] lend themselves to parallel computation, where each independent processor utilises a
different sequence. Obviously, such an approach would be more expensive than using just one
processor, but would rapidly deliver a great deal of information on the feasible set at each stage,
as each processor would provide a different bounding set. However, the authors do not address
the difficulties of integrating the information from each processor quickly into a simple format,
such as a simple approximant to the intersection of the various bounding sets.

Kostousova and Kurzhanski[17] specialise the ideas of the previous paper to deal with polytope
bounding for discrete time and ellipsoidal bounding for continuous time, investigating attain-
ability domains (the set of states consistent with initial conditions and input sequences in given
sets, called the reachable set elsewhere in the literature) in both cases and state-estimation for
the continuous estimation technique.

Veres and Norton[24] discuss errors-in-variables models, showing how an apparently linear
model can lead to nonlinear bounds for the feasible parameter set. In such a model, the
output yx at time k is given by yr = f(bx, ) + ex, where ¢ is a vector of explanatory vari-
ables and e; is the error due to mis-specification of the model structure. The variables ¢
are only known with uncertainty. In this paper, this uncertainty is given in the form of a
bound on the error ¢y := ¢y — ¢5 between the variable and the observation corresponding to
it: |di] < c;,z' =1,...,q. Bounds are also given for Z; := z; — z} and ez |Tx] < €, |ex]| < €.
For models linear in both the explanatory variables, ¢, and the parameters, 8, f(¢,0) =
F(¢r)0, where F is a matrix, the authors make the distinction between static and dynamic
models.

Let ¢, = [yx #x7]%, 0’ = [-1 0T]T and define F'(},) so that yx = F(¢x)0 + e is equivalent to
F'(#,)0' + ex = 0. Then a static model has successive vectors ¢}, deterministically unrelated,
whereas a dynamic model has variables appearing in successive vectors ¢.

In a static model, the bounds on the parameters resulting from observations are given by a sum
of polytopes. in a dynamic model, one can ignore the interactions between bounds (in eflect,
treating multiple occurrences of explanatory variables in the model equations at different times
as the occurrence of different variables with the same observed values) which may result in
much looser (but simpler) bounds on the parameters, or these interactions can be taken into

account in finding the feasible parameter set. Then, the boundary of this feasible parameter



set may be nonlinear.

It is also shown that the result of a single observation is a pair of hyperplane bounds for
each orthant of parameter space which has a nonempty intersection with the resulting feasible
parameter set.

In Walter and Piet-Lahanier[25], the authors discuss the shortcomings of statistical approaches;
primarily the fact that the assumptions about probability density functions for the noise may
not be well founded, and the amount of data might not be sufficient to check these assumptions.
They also criticise the use of noise to model structural error for reduced-order systems or
nonlinear ones (although bounding techniques do not require assumptions about the mean or
correlation of noise, which might be hard to justify, it is difficult to see why bounds would be
better than statistics in practice, in general).

For models linear in parameters, the authors deal with ellipsoidal bounding, axis-parallel or-
thotope bounding and the exact description of the posterior feasible set.

As ellipsoidal bounding as covered in this paper is dealt with in Section 3.1.1 of Chapter 3 below,
orthotopic bounding will be examined next. The idea behind this is to find the maximum and
minimum values of the coordinates consistent with the inequalities derived from the observations
(so it is more properly axis-aligned orthotopic bounding). In p-dimensional parameter space
with IV data points, the orthotope bounds can be found “all at once” found by solving 2p linear
programming problems, each with 2N inequalities. However, using some ellipsoidal bounding
technique as a preprocessor enables some redundant inequalities to be removed, thus reducing
the problem to one of lesser complexity. Nevertheless, the worst-case complexity is still great
if por N is large.

Moreover, singling out the directions given by the axes for special treatment may result in
poor performance if the polytope given by exact solution of the bounds is not close to being
axis-aligned.

Orthotopic bounding can also be implemented recursively, reducing the computational com-
plexity but increasing the volume of the resulting orthotope. An initial prior orthotope must
also be supplied.

Exact methods derive the polytope bounding the feasible parameter set. This polytope can be
represented in a variety of ways, from a list of all j-faces (7 = 0,...,p — 1) with each entry
associated with a list of all (§ — 1)-faces it contains and, in the case of 7 = 0 or 1, a co-ordinate

geometrical description of the g-face itself, to a list of all vertices with a list of their neighbours



and one of their supporting hyperplanes associated with each entry. The algorithms relying
on the latter type of representation are recursive, and with each new inequality, they discard
any vertex not satisfying the inequality, and add the vertices defined by the intersection of the
hyperplane associated with the inequality and any edge running between a discarded vertex
and an adjacent retained vertex.

The drawbacks of the exact methods are that they are computationally intensive compared
to the ellipsoidal bounding schemes and the resulting polytope may be extremely complicated
(although, the Walter and Piet-Lahanier state, they are often not, due to the large number of
redundant inequalities in the typical case).

Much of the same ground is also covered in Pronzato and Walter[23].

2.4 Ellipsoidal Bounding

Apart from what is covered below, Pronzato and Walter[23, 22], address the fact that although
the Fogel-Huang algorithm with the Belforte-Bona-Cerone modification results in an ellipsoid
which has the minimum volume of all those which contain the intersection of a previous ellipsoid
and the strip between the current pair of parallel hyperplanes, but this does not mean that
applying it sequentially to the resulting ellipsoids and new strips results in the volume-optimal
ellipsoid containing the intersection of all the strips and the original ellipsoid. However, this
volume-optimal ellipsoid will be the volume-optimal ellipsoid containing the vertices of the
polytope defined by the intersection of the strips if this intersection is contained in the original
ellipsoid, so that further intersecting the intersection of the strips with the ellipsoid results
in no reduction of the former set. This is so, because there exists a unique minimum-volume
ellipsoid containing a given convex set (see the discussion of the next paper) and a polytope is
convex. But there exists an algorithm which can find the volume optimal ellipsoid containing
a set of points with full-dimensional convex hull.

The authors derive this algorithm by using Lagrangian techniques and ideas from experimental
design. However, the convergence of the algorithm is very slow.

In the context of improving Khachian’s algorithm for solving systems of linear inequalities
with polynomial complexity in the data, Konig and Pallaschke[16] show that the Behrend-
Lowner/John ellipsoid (i.e., the unique minimum volume ellipsoid containing a given convex
compact set. The existence and uniqueness of this ellipsoid was attributed to Behrend and

Lowner by Berger [2] and to John and Lowner by Grétschel et al. [12]. Accordingly, this
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minimurm-volume ellipsoid is denoted the BLJ ellipsoid.) for the ellipsoidal section defined by

S = € RP: T —1 nT(m "'a)
=37 .(J)—CE)Q (m_a)Sla—‘;\/—;‘Q—‘;E[E,W] )
where Q > 0, —1 < € < 5 <1, is given by

E={zeRP:(z-a)’'Q (z—a)< 1},

where

al
I
=)
I
2
N

with

N n? — &2 - %) (1 - &)
= 21| \/( ) %
a = (n-§) \/ \/ 1_52]

They do this by making the affine coordinate transformation which takes the ellipsoid defining

¥ = €+a"’1—1;2€2

the section into the unit sphere and the normal to the hyperplanes defining the section to be
along a coordinate axis. The symmetry of the geometry about this axis is exploited to find the
minimum volume ellipsoid in the image coordinates, and then the fact that affine transforma-
tions preserve ratios of volumes is used to deduce that the minimum volume ellipsoid in the
original coordinates is the inverse image of the minimum volume ellipsoid in the transformed

coordinates.

They further show that the ratio of the volumes of £ and {z € R: (z —a)TQ " '(z —a) < 1} is
3

VB -1 -m)+/B-(1-¢)

On making the substitutions £ = (v — 1)/4/9, n = (v + 1)/,/g to give { and 7 in terms of

quantities employed later, it can be seen that the above expression for the volume ratio is equal

(n—¢€)
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to that given below for the Fogel-Huang ellipsoid (equation (3.16)), and so the Fogel-Huang
ellipsoid (as modified by Belforte, Bona and Cerone) is the BLJ ellipsoid.

Durieu et al.[6, 7], consider ellipsoidal state bounding where there is a prediction step involving
the approximation of an algebraic sum (A+ B = {a+b : a € A,b € B}) of ellipsoids,
alternating with a correction step involving the approximation of the intersection of ellipsoids.
In both cases, the approximation consists in finding a family of ellipsoids each member of which
contains what is being approximated, and then finding the member of the family with minimum
size according to some criterion. The two criteria considered are trace, corresponding to the
sum of squares of the lengths of the semi-axes of the ellipsoid, and determinant, corresponding
to the product of the semi-axis lengths.

This work show some of the advantages that the trace criterion has over the determinant
criterion. Firstly, for general ellipsoids, an explicit solution minimising the trace can be found
for the prediction step (involving the approximation of sums), whereas no explicit solution is
available for the determinant criterion.

Secondly, when the sum of K ellipsoids is being approximated, an approximation can be de-
rived by taking all the K ellipsoids at once and approximating their sum, or by setting the
first ellipsoid to be the first current ellipsoid and successively approximating the sum of the
kth ellipsoid and the (k — 1)st current ellipsoid by the kth current ellipsoid, i.e., by making a
recursive approximation. When the trace criterion is used, the “all-at-once” and recursive ap-
proximations are equal (in the limit of infinite numerical precision), but, when the determinant
criterion is utilised, each step of the recursion introduces an error compared to the “all-at-once”
approximation.

Thirdly, as the determinant criterion corresponds to minimising a product, some of the multi-
plicands for the optimal solution can be very large if others are very small, and so the optimal
ellipsoid may be very long and thin, resulting in great uncertainty in some directions. Durieu et
al. also demonstrate that this can happen in practice. However, this “long-thinness” can always
be removed by rescaling the parameter space, so it is no problem unless there are particular
reasons for preferring the given scaling.

In addition, if det @ = A(A1,...,Ap) is treated as a function of the semi-axis lengths A;, and

Trace@ = (A1, .., Ap) is treated in the same way, the change in A resulting from a change in

) is proportional (in the limit of small 6A) to
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whereas the change in ¥ is proportional to §\; + ...+ 8}, so the determinant criterion treats
proportional changes in the semi-axis lengths equally, whereas the trace criterion treats absolute
changes equally. This is a good reason for preferring the determinant criterion?.

Filippova et al.[8] consider ellipsoid bounding in the framework of Kurzhanski and Tanaka[18].
They deal with ellipsoidal bounding as a tool in continuous-time state estimation. The reachable
set and guaranteed state estimation (the problem of finding as small as possible a set in state
space which is guaranteed to contain the actual state of the system) are investigated here.
What happens if the error bounds are erroneous, either too loose or too tight? Maksarov
and Norton[19] address this problem, and also modify the hyperplane shifting adjustment of
Belforte, Bona and Cerone, by moving the current hyperplanes at each recursive step to be
tangent to the most distant of all the previous ellipsoids (if this reduces the set of included
parameters!), rather than just to the current ellipsoid.

When “too many” data points are uninformative, and too loose noise bounds are believed to
be the reason for this, the bounds are provisionally reduced in magnitude until the closest
hyperplane of the relevant pair becomes tangent to the current ellipsoid.

On the other hand, if the bounds are too tight, the feasible parameter set may disappear. In
this case, the authors relax the bounds so that the current strip intersects the current ellipsoid.
This approach is incompatible with the detection of outliers (data members which, due to, for
example, faulty measurements, violate valid bounds) if the bounds are expanded to include all
data. However, this incompatibility can be removed if limits to the acceptable expansion of

bounds are imposed.

2.5 Models Nonlinear in Parameters

In Jaulin and Walter[13] the problem to be solved is: given model output y,.(f) C R™ and
data y ¢ R”, find § C P C R? such that y = yn(0) + v, wherev € V C R*, V8 € 5. P
is the prior feasible set, S is the posterior feasible set. The authors recast this in the form
S =y Yy — &) = y;;}(V), which is a problem of set inversion. The approach they use to solve

this problem is interval analysis. They make the following definitions:
Interval: [0] := [0—,0%], 0~ <67

Box: [0] := [07,0f] x -+ x [0, ,05];

2Thanks are due to Professor J.P. Norton for making this point
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the width of a box is w([8]) = max{6} — 6; : [0] = [67,67] x --- x 67, 67]};
Set of Boxes: [ [R™ = {[§] = [7,6{) x --- x [07,6%]: (07 ,...,02),(6F,...,67) € R™);
It is noted that R™ C [JR™.
For a given set A, [A] = Ng54[0)].
the minimal inclusion function for f: R™ — R™ is [f] :[[R™ = [IR™ : [6] — [F([6]));
an inclusion function for f, F :[R™ — [|R™ satisfies:
L. [f1(16]) c F([6));
2. max;(6} — 67) = w([8]) = 0 = w(F([4])) — 0.
a paving is a union of boxes;
the accuracy of a paving K is mingex{w([d])}.

The procedure is to start with an initial prior box, [#](0), decide on the required accuracy for
paving, €,, then to replace, if necessary, [y,] by an inclusion function F for y,, and then find
Kin, Kout such that Kin C X C Kou, where X = F1()) and Kin, Kous are pavings. If the
accuracy of Koyt — Kin is € (the boxes in Kjy,, considered as a collection of boxes rather than

their union, are also in Kout) then Kin, Kout — & in an appropriate metric (which implies

that Leo(Kin, X), Loo(Kout, X) — 0) as €, — 0. This is achieved through the Set Inverter Via
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Interval Analysis (SIVIA) algorithm:
Algorithm: 2.1

1. Imitialisation:
k = 0; stack = 0; K;, = 0; K; = 0 (K; is the collection of indeterminate boxes such
that neither F([8]) C Y nor F([0]) N Y = 0; Kouws = Kin U K;).

2. Iteration:

(a) If F([0](k)) C Y then Kin := Kin U [8](k). Go to 2d;
(b) I F([8](k))NY = 0 go to 2d;
(c) If w([6](k)) < €, Ki := Kin U [6](K);

Else bisect [#](k) along a principal plane (orthogonal to a maximal axis) and

stack resulting boxes;

(d) If the stack is nonempty, unstack into [#](k + 1), increment k and go to 2a;

In Jaulin and Walter[14], the authors modify SIVIA so that outliers do not result in an empty
Kout; rather, if 7 is the number of allowed outliers, Kou(J) will be the paving obtained when any
box which violates the model for up to 7 observations (not necessarily the same observations
for each box, which means that the resulting paving is a union of sets of boxes each of which
violates the model for a subset O of the observations, where each O is such that 0 < j)is
retained.

Pronzato and Walter[22] show that errors in variables problems can be treated by considering
models yn,(k,0) = ém (k,8)T0, where the explanatory variables in the uncertain regressor ¢,
may depend on 8. The error €4(k,8) = ¢r — dm(k,8) is bounded, and each pair of bounds on
components of ¢, translates into a set of 2P*1 linear bounds on 8, two of which apply in each
orthant of p-dimensional parameter space. However, the pair of bounds for an orthant is not
in general parallel, and so an algorithm finding the minimum volume ellipsoid containing the
intersection of an ellipsoid and two half-spaces is required. The authors utilise the single-cut
algorithm given in Grotschel et al [12] twice for this purpose.

Walter and Piet-Lahanier[25] discuss three general methods for dealing with models nonlinear
in parameters: multiple linearisation, output error models and errors in variables (considered
under the previous paper). Multiple linearisation linearises error bounds about a nominal value

of the parameter vector 8, finds the minimal (respectively, maximal) values of the components
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satisfying the linearised bounds, and then checks whether these minimal (respectively, maximal)
values satisfy the original nonlinear bounds. If they do, an inner estimate of the parameter
bounds is obtained. If they do not, an inner estimate can be found by bisecting the interval
with end points given by the original nominal value and the failed bound.

In output-error models, the error is modified to contain the nonlinearity, and bounds on this
redefined error are derived from the bounds on the original error, but these may be quite loose.
In addition, the authors consider specific methods tailored to particular problem in hand:
orthotopic bounding, which, as in the linear case, corresponds to the solution of 2NV optimisation
problems in 2p inequalities, this time through nonlinear programming techniques where these
are available; scanning the parameter space either through a Monte Carlo technique or by

utilising projections; interval analysis, considered elsewhere.
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Chapter 3

The Fogel-Huang Algorithm

3.1 Introduction

3.1.1 Summary of “Minimum Volume Ellipsoids” (part) [22, Pron-
zato and Walter].

The Fogel-Huang algorithm finds the minimum-volume ellipsoid &; containing the intersection
& NI, of an ellipsoid & and the region II; bounded by a pair of parallel hyperplanes. (As
this intersection is convex, there exists a unique minimum-volume ellipsoid containing it by
the Behrend-Lowner/John theorem [2]). The algorithm repeats this process to obtain the BLJ
ellipsoid &, for the ellipsoid &,_; and the hyperplane pair Il,. If the II; are bounds on sets of
parameters, for example, then the &; are relatively simple sets guaranteed to contain the true
parameter value. However, the Fogel-Huang algorithm suffers from a defect. Despite the fact
that & obtained by using the Fogel-Huang algorithm is guaranteed to be the BLJ ellipsoid
containing & NII;, & is not necessarily the minimum-volume ellipsoid containing & N1I; N1I,,
although, of course, it is the minimum-volume ellipsoid containing & N II,. This is the reason
why we seek improvements.

The basic idea behind the Fogel-Huang algorithm is to find a family of ellipsoids whose members
all contain the intersection of the original ellipsoid and the region between the hyperplanes.
Then, the optimal member of the family, in terms of minimising the volume, is selected.

Let £ = &(a, Q) be the ellipsoid whose (positive definite, symmetric) matrix is @ and centre
18 a:

0c&a,Q)e (@-a)TQ(0-0a)< 1, (3.1)
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and let IT = TI(n,y) be the region between two parallel hyperplanes defined by
0 €ll(n,y) & (n'8—y)* <1 (3:2)

where the hyperplanes themselves are defined by

fcHi(n,y) ©y—ntod==+1. (3.3)

The family of ellipsoids from which we will select the optimal member is obtained by adding

q(> 0) times the inequality (3.2) to inequality (3.1):

0-a)'Q7' (0 —a)+q(n"0 -y’ <1+4q (34)

As the left-hand side of inequality (3.4) is quadratic in 8 (and positive definite for nonnegative
q) and the right-hand side is constant for constant g, inequality (3.4) defines an ellipsoid £(q) for
each ¢ > 0. Moreover, any @ satisfying both inequality (3.1) and inequality (3.2) also satisfies
inequality (3.4), so ENTI C £(q).

Inequality (3.4) can be put in the form

(6 —a(q))" Q(a)™'(6 —a(q)) < L, (3.5)
by using the matrix inversion lemma, where
~ qv’ gQnn”
0w = (1+a- 12 (n- 125 (3.6)
a(q) = a+vqeQ(q)n, (3.7)

where I, is the identity matrix in the p-dimensional space we assume we are working in, and

v = y—n'a, (3.9)

and, of course, @(0) = @, @(0) = a. (g is 4 times the reciprocal of the square of the distance
between the hyperplanes, measured in the metric induced by @ and v is \/-(nT_n) times the
distance between the centre of the ellipsoid and the mid-hyperplane of the hyperplane pair.)

As the volume of an ellipsoid is proportional to the square root of the determinant of its matrix,

we are interested in minimising

_ qr? \? q@nnT
— _ — det
det Q(a) (Hq 1+9f1) det (Ip 1+anQn) e

_ (+(+g-v")a+9g") |
_ o det Q. (3.10)
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A necessary condition for the quantity in equation (3.10) to be a minimum in the interior of
[0, 00) is that
(P—1)g°q" +9(2p -1 —g+v*)q+p(1-1*) —g=0. (3.11)
It turns that the quantities
v -1
a4 =
V9

(the algebraic distances from a to Hy in the metric defined by @) have a vital role in determining

whether det Q(q) can be made smaller than det Q.

(3.12)

1. if either a4 > 1 or a_ > 1 then € N1I contains at most one point; we assume that this

does not happen, so ay,a_ < 1.

2. if a; < —1 (resp. a- < —1) then H, (resp. H_) does not intersect £. However, in this
case, Hy (resp. H_) can be replaced by another, parallel, hyperplane tangent to £. This

is equivalent to making the transformations n — an, y — n such that ay — a, = -1,
a— —a_ =a_ (resp. a_ = d_ = —1, a+ — d; = a;). Under these transformations
§ = ~——38 c— 49
97 9= Wrysrp 97 9= THer
resp. (3.13)
~ 1=\ /g+v ~ 1—-\/g—v
v =7 = YTV T
with

p=1-— \/5 (resp. o = -1+ \/5) (3.14)

(Actually, the replacement of members of hyperplane pairs which do not intersect the
ellipsoid by tangent hyperplanes is necessary to yield a step-optimal algorithm, and this
is a modification of the original Fogel-Huang algorithm (Belforte et al. [1]). In order to
avoid referring to the modified modified algorithm, we will call the Fogel-Huang algorithm
with hyperplane shifting the Fogel-Huang algorithm.)

If both a;,a_ < —1, then both hyperplanes could be shifted, and then

—+ g = 1

g9 . (3.15)
v - v =0

However, in this case the hyperplane pair do not exclude any part of the prior ellipsoid,

and they are redundant for that reason.

3. ara_ > 1/p. In this case, the smallest value det Q(q) attains on [0,00) is det @ (when
q=0).
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4. aya_ < 1/p. In this case, equation (3.11) has a single positive root corresponding to a

minimum smaller than det Q.

Figures 3.1 and 3.2 illustrate the various regions in the g-v plane which are subject to the above
transformations and the regions in the §-i plane to which they are mapped.

We can now summarise the Fogel-Huang algorithm:
Algorithm: 3.1

1. Set the ellipsoid to its initial value & = E(ao, Qo);

2. for each pair of hyperplanes H¥ ;7 = 1,2,..., in turn, calculate the indicators a, and

a_, using the ellipsoid &;_; = &(a;-1, Qi-1);

(a) if ay. > 1 or a_ > 1, &; would be degenerate, so stop;
(b) else
i. if ay < —1 and a_ < —1, the hyperplane pair Hf is redundant, and we can
immediately set & = &_q;
1. else
A. if ay < —1, shift H} to be tangent to &_;
B. if a_ < —1, shift H” to be tangent to &_q;

and calculate g and v for H and &_;

find the positive root ¢ of the quadratic (3.11);

calculate the determinant of the matrix of the possible new ellipsoid ac-
cording to equation (3.10)

A. if this determinant exceeds det Q;—, set & = &;_1;

B. otherwise, calculate a; and @); according to equations (3.6) and (3.7)
respectively, and set & = £(a;, Q).

3.1.2 The Minimum Volume

If we actually substitute the positive solution gmin of equation (3.11) in equation (3.10), we find

that the ratio of the minimum volume to the original volume is

det Q (qmin)
o= [ det @
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Figure 3.1: the four curves v = +1 4’ \ /g divide the g — v plane into various regions according to whether
or not the hyperplanes are shifted to be tangent to the ellipsoid and what transformations they undergo when
they are shifted:

Region I corresponds to a4,a_ € (—1,1). Here g, v remain untransformed;

Region II (resp. III) corresponds to a— < —1,a4 € (—1,1) (resp. a4 < —1,a_ € (~1,1)). This region is
mapped to the upper (resp. lower) boundary of region I

Region IV corresponds to a4,a_ < —1. It is mapped to the point (1,0);

Region V (resp VI) corresponds to a4 > 1 (resp. a— > 1). Should not arise.
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o

4 1 1 1 1 i H 1
0 0.5 1 1.5 2 25 3 3.5 4

transformed g

Figure 3.2: The transformed valid values of (§,7) will be in the wedge shown here. When |§| < /1 —§/p,
the volume is unchanged. This so in region I when p > 2, region II when p > 3, region III when p > 4, etc.

2(p+1)0?

4
\/\/(1 ~g+12)* +4(p? —1)12 +(1-g++?)
X

2 _ 8,2
35=) , vi>1-0,07>0

= (3.16)

2
— -1)\2
= () =021

2
[P \/(1"94'1’2 Y +4(p? -1)12 -p(1_9+y2) 2

1, otherwise,
\

where we have used Maple©.

Again using Maple©, we find that %V;—l = 0 (where V4 is the first form of V; in equation (3.16))
can only happen when v —+ 0, when v? = (/g+1)?, or when v* = 1 —g/p (if, of course, g < p).
If g < 1, & = 0 when v* = (/g — 1)* in addition.

The behaviour of V,; when %%1— = 0 is summarised in Table (3.1.2), where these special values
of v are ordered in terms of increasing v%.

We see that V;,(g,v) is strictly decreasing as a function of v for each fixed g on (W 1+
V9) if g € (0,p), and on (0,1++/9) if g > p. Consequently, V,(g, v) is monotonically decreasing

as a function of v on [0, 1 +,/g) for all fixed values of g, and, as V; is even in v, it is monotonically
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g € (07 1] € (1,])) € [ono)

st v2 — 0 0 0
o e |77 07

(p even) (p odd)

2nd 17 = (- v9)* 1 —g/p (1+v3)’

Vi = 0 1 0
0*V,1 [OV? = 0 negative 0
3rd v? = 1—g/p (1+/9)* —
V, = 1 0 —
0%V, [0V? = negative 0 —
4th v? = (1+/9) — —
Vo= 0 — —
0*Vp JOV? = 0 — —

Table 3.1: Special Values of v2

increasing on (—1 — 1/g,0]. But a_,a; < 1= v € (-1 - ,/9,1 +./9), so, in the region of
interest, V, is monotonically decreasing as the magnitude of v increases.

It is desirable to have a measure of the size of a bounded convex body, representing a feasi-
ble region in parameter space, which more directly reflects the uncertainty of the individual
parameters, no matter what the dimension of the parameter space.

Definition 3.1: The characteristic length of a bounded convez body in RP is the pth root of
its volume. (]
Clearly, for an ellipsoid, the characteristic length is proportional to the geometric mean of its
semi-axes, and for an axis-aligned ellipsoid this in turn is proportional to the geometric mean

of the individual parameter uncertainties.
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Casting equation (3.16) in terms of the ratio of the characteristic lengths of the ellipsoids,

C, = VM?, we have

Cr = (det Q (qmin)) 12

det )

(
V(1-g+12)* +4(p? ~ 112 ~p(1-g+2)
P 9(p?-1)
(1—g+12) 2 +4(p2—1)12+(1—g+22 /2
X [\/ ah) 2(1(,11),,1 (1mo+7) , VP> 11— 2,0
= 9 s (3.17)
p(g-1) {p-1 P 2 __
o(p—1) (g—l) vi=021-7
\ 1, otherwise.

3.2 Data for a Monte-Carlo Test of the Performance of
the Fogel-Huang Algorithm

We use MATLAB©-generated data' for the model
Y = élyk—l + -4 ép—lyk—p+1 -+ épuk + v (318)

where § = (1,1,...,1)T//p is the “true” value of the parameter vector, yo—p, .. .,Yo are ran-
domly selected in [—1, 1] (with either a uniform distribution (with standard deviation o, = %)

or truncated normal distribution with standard deviation? o, = %au or iou), and vy, 1s selected

1When MATLAB©’s random number generators were checked for autocorrelation, the following results were
obtained: for 1000 sequences of 10,000 zero-mean uniformly distributed random numbers the autocorrelation
at lag 1 exceeded 2,/10,000 times the autocorrelation at lag 0 in 24 cases and exceeded 3./10,000 times
the autocorrelation at lag 0 in 3 cases. The autocorrelation at lag 2 exceeded the values relative to the 0-
lag autocorrelation in 20 cases and 1 case respectively. Similar results were found for for 1000 sequences
of 10,000 zero-mean normally distributed random numbers with standard deviation 1. The expected results
for truly uncorrelated sequences (see, e.g., Norton [15]) would be 9 or 10 cases exceeding 2,/10,000 times the
autocorrelation at lag 0 and 0 or 1 case exceeding 34/10, 000 times the autocorrelation at lag 0, both when the
autocorrelation at lag 1 and that at lag 2 are evaluated, so the MATLAB©—generated random numbers are

reasonably uncorrelated.
2That is, if o is the standard deviation of the zero-mean normal distribution before truncation, then

1.2
2_ 2 [2_ €%
o2 =0 -/ =—F—0.
s f 1
© (072)
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in the same way as these y’s. The input uy is 1 for all £ > 0.

Thus, the kth regressor is given by

nk = (Mg -y m) T = (Ykots e v Yboppr, 1)T. (3.19)

We use equation (3.18) for k = 1,...,12 so there are 12 hyperplane pairs for each case, and
we run the computer programs implementing the Fogel-Huang and other algorithms for 100
different realisations of each noise distribution (and different y;_p,...,y0) for each of p =
2,...,5. In each case, the initial prior set is {# : §T8 < 202}, this set being chosen to guarantee
the inclusion of both our é, and all the vertices of the polytope enclosed by the set of hyperplane
pairs. This is done to avoid the complication of part of the polytope being excluded by the
initial prior set and is achieved by simply calculating the vertices of the polytope for each data
set and choosing the radius of the initial prior set large enough to contain them all.

It will be noted that the bound specification —1 < yx — nT@ < 1 is more general than it appears
at first sight. For, if ' < yi — 0Tny < eM, then —1 < § — 0T 7 < 1, where the transformed
data g = (2yx — e — eM)/(eM — eT), fix = 2ni/(e¥ — ") (see Pronzato and Walter [22]).
In addition, this model is dynamic according to the classification of Norton and Veres[24], in
that the same variables appear both as outputs and (more than once, if p > 2) in the regressors.

This will produce some complications below.

3.2.1 Expected Behaviour of F-H Characteristic Lengths with Uni-

form v, and y2_,. .. yo.

We generalise to the plant model

Yy = — i @ Yk_rpi + Zs: b Uk—_spi + Uk
i=1 i=1
= éTnk + v
where
e y; is the kth output,

e u; is the yth input

e v is noise, uniformly distributed in [—1,1],
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¢ 0= (—d',...,—a""1,b,... b°) € RP is a vector of parameters (p =1 + s — 1),
e and ng = (Yk—r41,-- -, Yk—1, Uk—st1,---,Ux) is the kth regressor

(step number is indexed by subscripts, components of vectors by superscripts).

Assume that we have the Fogel-Huang ellipsoid £(8x, Qx) = {0: (8 — 8,)TQ:' (8 —8,) < 1} > 8
and further assume that the actual parameter vector 8 is equally likely to be any point of
E(0k—1,Qr-1)

Let us make a shift of origin k — 1, so that we are considering the effect of the data (y;,n;) =

(Y1, (Y2—r, - - - s Y0, Y2—s, . - ., u1)) On the ellipsoid E(fy, Qo).
Then, the a priori probability density function ps(8) of 8 is given by

-

) = { U (det(Qu)) ™ i € £(00, Qo) .

0 otherwise

where

i = (i) o)

_ TRrOTRrG) | TOrE)
rG I T(zp+1)

is the volume of the unit sphere in p dimensions.

Thus

Pr(0™n, < z) = dé' - .. der

det Qo % / /a 80)TQ5 ' (6~60)<1,6Tn1<2

_ / / do' ... d6?
U 6T 4<1 0TQ2 n1<z—0p Tny

(under the transformation 8 — 8, + Qo 8)

_// del .- - der
Up 0T051,8P$(z—-00'rn1)/\/anQonl

1
(under the orthogonal transformation which makes Qgn;

parallel to the pth coordinate axis)

(~60Tn1) /a1 y/1-(6P)? / 1-30a(67)?
UP[- -/ 1-(87)? V1= 5=2(89)?

de' - - -der-1der
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or

Pr(9T . (=t m) Vo p\2\(p—1)/2 3P
erhSQZW;—ES (1 = (67)%) do (3.21)
2

’ -1

—~
O |-

1

where Q5 is any square root of Qo (which, of course, exists as Qo is positive definite). (We have
attached a subscript to g, the “g” parameter of the Fogel-Huang algorithm, to distinguish it
from the same parameter for the next step.)

Differentiating, we find

.1 (-1)/2
11 1 - 5_] , 2 € |— ,
P(6—86)Tn, (2) = § V! Bzt [ 9 [—v/31, /1)

0, otherwise

(3.22)

We wish to use this expression to find the distribution of v; = (§ — 6)"n; + v; (where v; has

a subscript for the same reason that g; has). There are two cases:

g1 <1 Here

4

0, ifw< —1— /g1

p—1

wh fw_ [ ?—j] * dvdz,

1fw€[—1—\/_f,—1+\/g_1]

1
271 B(}.5(+1))

=1

; v 1-% * dvdz,
Pr(v, < w) = { 261 B(3,3 (1)) f f [ ] v (3.23)

if wé€ [—1+ /1,1 — /a1]

V3 1 2 L‘;l

1 ! oz

- 2./91 B(%,&;—l_) f -1 f'w-—-z []‘ 91] d'U dz,
ifwe[l - /g,14+ /]

1, ifw>14+ /g1

27



so, by differentiation,

0, if i ¢ [-1 - /g1,1 + /a1,

=1
1 141 _ i 2 dz
2 B( ) v T a !

ifl/1€[—1-\/§Y,—1+\/:g_l_]
pal) = P <u)| =]

lfl/lE[—l-l" glal—\/g_lla

B[

1 \/g—] 22 2
2ﬁ$@%ﬂh*h"ﬁ} a
\ ifl/lé[l—\/gf,1+\/§[],

or, on making the substitution z = ,/gi(1 — 2t) and noting that B (%, ’%) =
2B (734, 257,
4
07 ifylg[—l—\/g_hl"l'\/g_l]a
pul(Vl): S ';157 if y, € [—'1+\/g—171'—\/g—1]7 (324)
Bzt eti 1(;4 1=l
\ ( 22B2( %2_1(;3/5? )), otherwise,
where
B(r,s,z) = / (1= t)*"dt,r, s > 0,2 € [0,1] (3.25)
0

is the incomplete beta function.
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g1 > 1 Here
0,

ifw< ~1~-/q

w+1 'w-—;z1 Ez-—ldd
/B J-ve [“] ves

ifwe[-1-,/91,1— /g1

Pr(in < w) = ¢

L

\

1
2/ B(3.24) {

so, again by differentiation,

Py (Vl) = 4

\

w—-1 p1 22 E;—I
_\/ﬁf_l [1——;] dvdz +

fwjll [ [l - ;—21—] T dv dz} ,

if we [l — /G, —1+ /@]

et
1 Va1 ol 2] 2
B 2\/9—1B(%,%) f -1 fw_z [1 - ;1'] dvdz,

if we[~1+/q1,1+ /3]

ifw>1+,/q

0, if i € [-1— /@, 1+ a1}

2\/—B2,2)fy1+1[ ] Cdz,

if 1 € [-1—+/91,1 — \/a1};

vi+1 1 22 E_;_.l_d
VB A) Jn- [ B 51'} “
if vy € [1 — /g1, —1 + \/q1];
u
2\/51']3( ful—l [ J dZ,

if in € [-14 /g1, 1 + /g1],

and, putting z = {/g1(1 — 2t) once more

p"l(Vl) = <

if 1 € [1 — /91, -1+ /g1]

, otherwise.

(3.26)

(3.27)



(Since 4y = 0Tn; + v; = vy + 0In,, the probability density function for Y1, Py, (Y1) = Po, (y1 —
Ogm1).)

We now wish to find the probability density functions of §; and vy, that is, of ¢; and v, as
transformed according to (3.13) and (3.15):

Case (1). ¢ and v, are not transformed if 14 € [—v/91 + 1,4/g1 — 1], which requires g; > 1;

Case (2). g1 and vy are transformed according to equations (3.13) if v; € [-1 — /gy, min[—1 +

\/g-_lal - \/gl—]),

Case (3). g1 and v, are also transformed according to equations (3.13) if vy € (max[—1+ ,/g1,1 —

ﬁ;]v 1+ \/gi_]’

Case (4). g1 and v, are transformed according to equations (3.15) if 1y € [—-1+./91,1—/g1] (which
requires ¢; < 1).

The probability of Case (4) is given by:

e ) = [ b = 1= Vg, i € (0,1

Pr(Case (4)) = { atl Vo2 (3.28)

0, otherwise.

The probabilities of the other cases are not needed for the calculation of p; 3, (§1,71), but we
will calculate them anyway.

The probability of Case (2) (which corresponds to the hyperplane H* of the first pair failing
to cut the ellipsoid while H™ cuts it) is given by:

g <1

Pr (Case (2))
V-1 1
= +11 +1 / B(p+lap+1,l(1+ +U))dl/
BELE) L 20 2 20T U

Pr(Case (2)) = —@, (3.29)

or

by the substitution v = 2,/g1z — /g1 — 1, equation (3.24) and the fact that
/ B(r,s,t)dt = zB(r,s,z)—-B(r+1,s,z)
0

(:1: - : ) B(r, s, ) + z(1=2)" (3.30)




SO fol B(r,s,t)dt = - B(r, s).

Equation (3.30) is derived by using integration by parts twice, once to generate the

recurrence relation

r—1 " (1 - z)*
B = —B(r — -
(r,s,z) 7a+3._1B(1" 1,s,z) P (3.31)
for the beta function, and once directly.
g2 L
Pr (Case (2))
1 ~Vat 1 11 1
= ZINT] / B(p+ ,p+ ,—(1+ +U))dl/
2B(2’2)—\/9_1—1 2 2 2 Vo
-1
(2= \/9—1)13(’%3, 0 2) s N 11 )(”“)/2
2B (e, 2tl) (p+ DB 5) \var g ’
(3.32)

by the definition of the incomplete beta function.

By the definition of the complete beta function, the right-hand side of equation (3.32)
tends to 3 as g — 1, as we would like it to, as when the hyperplanes have separation 2
in the metric in which the ellipsoid is the unit sphere, the probability of a particular
member of the hyperplane pair intersecting the ellipsoid is % and the probability of both

hyperplanes intersecting is 0.

Case (3) (which corresponds to the hyperplane H™ of the first pair failing to cut the ellipsoid
while H* cuts it) is dual to Case (2) so Pr(Case (3)) = Pr(Case (2)).

Case (1) (corresponding to both hyperplanes from the first pair cutting the ellipsoid) conse-
quently has a probability given by Pr(Case (1)) = 1 — Pr(Case (4)) — 2 Pr(Case (2)):

4

0, if ¢, € (0,1]
(2—\/9—1)]3 Rﬂ,ﬂil,g;%
Pr(Case (1)) =¢ 1 — B(S;_f’%r;) ) (3.33)
(p+1)/2
2./91 1 1 :
\ L EEED (\/ET 91) ifg >1

These probabilities are illustrated in Figures (3.3) and (3.4). (We note that when g, =1, so
that the hyperplanes are separated by 2 in the metric in which the ellipsoid is a unit sphere,
Pr(Case (2) or Case (3)) = 1, i.e., the probability that exactly one hyperplane intersects the
ellipsoid is 1 — although, geometrically, both hyperplanes might touch the ellipsoid).
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Figure 3.3: Probability that exactly one hyperplane intersects the ellipsoid.

We now return to the task of finding pj,, (§1,%1)-

g1 < 1: for fixed g1, equations (3.13), (3.14) and (3.15) can be considered functions of the

single variable v, and then, with Case (4), we have

p§1171(§17’;1)
= Pr(n € [- 1+\/_1,1—\/§—1])5 1 — 1D)é(8)
dg
+( 7 P, (1) (V1—1+\/9—1)+
0

dl/l
dg; | . ~
B, ()8 (Vl +1- gl))

( dl/l 1 <0

= (1= v/3)(g —1)d(in)

+ (g—%)%{pul(Q [g—ir—l—\/gf)é(ﬁl+l—\/§_l)
e o)

(where the appropriate branches of the equations inverting equations (3.13) have been

~

used in each occurrence of |dg;/dvi|™'p,, (v1)) and then, using equation (3.24)
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0.8

w M

0.7

Probability
o o o
w » o

o
(M)

0.1

3(8) 2 1) (a1 48)]
(3.34)

where § is the Dirac delta “function”.

g1 > 1: Again using equations (3.13), (3.14), and (3.15), we have:
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4
07 gl < g1,
P (21)8(91 — &), 21| < VG —1];

pglﬁl(glal;l) = 4 9 % g %
1 . p
(73) {Pv1 (2 [:—] —1- \@T) §(0r +1 - /&)
9 (1)1
+ P, (—2 [“;—1 +1+\/g—1) 5(0n = 15 \/E)}
\ otherwise,
and, then, using equations (3.28), and (3.27)
p§1v1(glvi)1)
( 0, 91 < g1

if 1] < Vg1 — 1

| g\ B2 26 Y)
'2— (:%) B(p+1 p+1) [5(171+ 1 - \/.§_1)+5(£'1 -1+ \/5;)]’

otherwise.

(3.35)

The probability that the algorithm leaves the characteristic length unchanged is

(where the limiting process implied by the integration bound “1-

—Q/P
/ / Ps i (9,v)drdg, (3.36)

—g/p

” 1s necessary to include the

points in the ¢g;v; plane which are mapped to (1,0) in the g7, plane) by equation (3.16)).

We again have to treat various ranges of g separately.

¢ € (0,1]: Here,

4p? [ (p+1)> B(Pi'-l- e, g“%)

=)—_-1—\/—+\/—/ %BQ(
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(as 1 — /g < y/1 — g/p requires g < 4p*/(p + 1)?%)

1 \/— 2\/— ' B(B%’%]x)
= 1 —=+/o1 +2\/q1 dz
(p+1)/2p B(p_+2_1’ %)
p+1l p+1 p+1
= - V@ B35 | (i 1y

+ ~ ;
PB(5050) et B (R
(3.37)
from equations (3.36), (3.34), and the expression from equation (3.30) for [’ B(r,s, z)dz.

g € [L,4p*/(p + 1)7):

The corresponding probability here is

JE—IB(&I7¢1,1(1~Z:1)
Pr(C,=1) = / R ﬂ];

0

Latar F) 319, %) ot B(ZH, Er’w)d
- 2\/g_1( R —/0 +/(p+1)/2p) B(2f, ) ’
_ 2\/5/ p;_l’wg_l’m)dxﬂ—\/g_l
(p+1)/2p (242_-_1’ 2:'-2'1)
pB (2L 25) 2rprtiB (B, 2H)

using equations (3.36), (3.35), the expression for [ B(r,s,z)dz and the fact that
B(r,s,z) + B(s,r,1 — ) = B(r,s). Hence Pr(C; = 1) has the same form Vg, €

(0,4p%/(p + 1)%].

g1 € [4p*/(p + 1), p]: Here the probability is

Pr(C, =1)
\/_:q_J;:B(E;_Iv 1’%(1_”\/_';_:_))-—]3 L;lvp_;—l’%(l_zx/tg—%))
- /[ BT ) ’
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Li14g %) La-gTH)
- 2V gl /1 _1 - / _1
Lt -G -p ) L= 71—y}

\J
we)
~
3
w|+
fay
3
n|+
et
&
N
[
8

1
B(2, Bf)
3 1_, —1y4
_ 2\/g_1/2(1+91 +(g7 ' -p ))B(L;l,f%l—,x)dm_ P— a0
5(1+91%_(91 ‘P_l)%) B(P';_I’M) p
or
Pr(C, =1)
1 ( P— g (p+1 p+1 1( 1 P— g
= 1+ B 7 Ty l+_—+ )
B(Bi—la’?—l)[ P 2 7 2 72 % P91
_(1_ P— g1 B(p+1’p+1’1(1+_1____ P— G )
P 2 2 2 g1 P
w.
2

again using what was employed to derive the previous expression (all of these expressions

could have been derived by integration in the g,1;-plane, but with no saving of effort).

g1 € [p,00): Clearly, here Pr(C, = 1) = 0.

These results are illustrated in Figure 3.5.
We now wish to find the mean ratio of characteristic lengths, C,, and also the mean square

ratio, C2. Clearly,

AT UASSRY sy By i i

P55, (9,v)Cr(g,v)dvdg + Pr(C, = 1), g1 € (0,p]; (3.39)

/ / p;s,5(9,v)Cr(g,v)drdg, otherwise,
—/aT+1

(as Pr(C, = 1) = 0 when g > p) that is, the probability that the characteristic length of the

9!
H

ellipsoid is unchanged plus the integral of C, over the region where C, is between zero and 1,

weighted by the joint probability density of g, and ¥y, given g;.
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Figure 3.5: Probability that C, = 1 (against g;) (each curve reaches the horizontal axis at g; = p, the relevant

dimension for the curve).

Looking at various ranges of g; separately, we have:

g1 € (0,1]: Here, we can integrate equation (3.39) in terms of an infinite series of products of

incomplete beta functions and elementary functions:

C.—Pr(C, = 1)
o _gB(’%laz'}lag_%)
= Vo] . 9 g ey Crleve-1dg
(p+1)2 2 ’ 2
- 1
P = (G-F Bl
= a1 1 g g
p-1)F(+1)% J2 V9 B(eEL, 2t1)
4p
= Vo - :
(p—1) 2 (p+ 1)%“B(7’;’—1, 3
(+1)
, 1 1
<[ x%(l—z)%B(p; ,p; ,x)dx (3.40)
0

This can now be integrated in terms of an infinite series:
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2
( T /2,, x%l+kB<p+1,p+1,x)dm
A 5 ' 2

(by the fact that the series given by the binomial theorem for

Il
g
&

(1— :t:)%_zﬂ’l is uniformly convergent on [0, (p + 1)/2p], allowing

the interchange of integration and summation)

oo _1’:_17k- Al 4k
_ Z ( 2p )) [(p-i—l) B(P‘gl,P‘;l’P-}-l)

o k(2 + k) [\ 2P 2p
2
p*+4p+1 pt+1 p+1
- B k
( 2 2
where (-,-) is Appell’s symbol
( 1, n = 0;
(@,n):=4¢ ala+1)---(a+n—-1) = (a+n—-1)(a,n—-1), ne N, :={1,2,...};
. (a—l)(a-12)...(a,+n) = (a’ n+ 1)/((1 + n)? —n € N+
(3.41)

(see, for example, [5]).

Since B(r,s,z) = [y t"1(1 —t)* 't < [7 Mt = £,

-1
i (-5 %) [(p+1)§%31‘+“]3(p+1 p+1 p+1>
1 2 2 7 2 7 2
ClC p

k=r+lk!
_B(p2+4p+l+k p+1 p+1)”

2p 2 7 2p

5 (-%*) (p+1>§§‘1+’°B(p+1p+1p+1)

% 7 ' 2 2p
= [p+1 g%l"'kB p+1 p+1 p+1)
> % 2 2 ' 2
22+42i1+k

)
p+1\ 2p

k=r+1

IN

P2 +2(r42)p41

: (” +1) 7 (3.42)

p—1\ 2p
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2

for positive integral r, so the effect of truncating series (3.41) after r terms is no worse
P t4p+1
+

than truncating a geometric series with initial term ;_% (p—?}) *  and common ratio
BQi'pl after the same number of terms.
Now we can write equation (3.40) as

Or =1- ’C\/gla (343)
where
B(2£L, 22) Ko

-1

2
oo —p=1 3ptl
_ I:l_ 4p ( 2p ’k) (P+1) 2 B(p+l p+1 p+1)

P (p_l)%;(p‘l'l)%l k=0 (g%l—i—k) K\ 2p 27 272
w o )
+ =T — P B(” Hptl | g pHL Ezil)
(p—1)=(p+1) k:ok!(g’%l-l-k) P p

(3.44)

A comparison of 1 — K¢, which is the mean value of C, when ¢; = 1, with Pr(C, = 1)
when ¢g; = 1, for various values of p, is made in Figure (3.6), where the bounds of

expression (3.42) have been used to ensure that K¢ is accurate to four significant places.

g1 € [1,4p*/(p + 1)*]: Here
Co-Pr(Co=1)=2 [ Fa(g.vG—1)Cr(g VG - D
4p*/(p+1)*
where 5,5, has the same form as p;,5 but with any § “functions” deleted (as they have
been integrated out), so C, — Pr(C, = 1) has the same form as for ¢, € (0,1], and,

as Pr(C, = 1) is also unaltered, we again have expression (3.43) with K¢ given by

equation (3.44) for C,.
g1 € [4p*/(p + 1), p]: Now

C,—Pr(C, =1)

\/.'g'l'—l ')
= 2\‘/ Pj1in (917V)Cr(gl7y)dy+2/ p§1171(g’\/g-_ I)Cf(g7\/§ - 1)dg
\/1—91/19 a1
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The first term of this is

o sl lom) ae e -3),,
Vi-a1/p B(24, 2F) '

g1, v)dv := Ci(g1), say,
(3.45)

and the second is
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The bound on the truncation error, analogous to equation (3.42), is

i (%?k) [glw—B(IH—l p+1 _%)

) )gl
k=rt1 k! (—%5— + k) 2 2

24 4p+1 1 -1
-—B(p +ept +k,p——+ 7912)]1

2p 2 -
i 9 _Pl4aptii2k
— 19 w =
k=r+1 p + ]

_ 22 +2§r+3!pil
4p
2g,

(p+1)(1 - g7?)

We evaluate C(g1) by numerical integration (Simpson’s rule suffices) and then use

(3.47)

Cr(g1) = Pr(C, = 1) + Ci(g1) + Ca(gn) (3.48)
to find C,(g1).

@1 € [p,00): Here Pr(C, = 1) =0, and

Cr(q1) = Ci(g1) + Ca(qn) (3.49)
where
1 v +1 p+l y+1
manf Ao )) n( e (o)
Cl(gl)z , B(p;—l,p—%'l) (gh )
(3.50)
and C3(g;) is again given by equation (3.46).
These results for C,(g;) are illustrated in Figure (3.7).
By similar arguments to those involved in finding C,, it is found that when:
g1 € (0,4p*/(p + 1)7):
C%q) =1 — K2 v/91, (3.51)

41



Mean characteristic length
o o =] o
» 4] o N

o
w
T

o
N

o
a
T

(=}

o

1000 2000 3000 4000 5000 6000

Figure 3.7: Mean Value of C, against g;.

8p? i (_%l’k) B(P2+5p+2 o Pl &)
+(p—1)p;l(p+1)%l' i k! (gpg—_l_l_k) 2p + Kk, 5, 2p

oppp (3.52)
and the effect of truncation is given by

o0 — -1 2p+1
Z ( %—’k) [(p+l) » +kB(p+1 p+1 p+1)

ikt (224 k) [\ 2P 272

2
p°+5p+2 p+1p+1)
— k
B( w2 2p

5 +1 P24 (2r45)p+2
p “
3.53
p—1(2p) (3:53)

A graphical comparison of 1 — K¢z, the square mean value of C, when g, = 1, with
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Pr(C, = 1) when g, = 1, is made in Figure (3.8), where the bounds of expression (3.53)

have been used to ensure accuracy.
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Figure 3.8: Comparison of CZ%|g,=1 = 1 — K¢z with Pr(C, = 1)|g,=1

g1 € [4p*/(p + 1)?, p]: Now

b? - PI‘(Cr = 1) = 021(91) + 022(91)7 say, (3‘54)

Ci2(g1) = /\/g_l—l B(%l, ERL (1 _ z‘q_};)) B g1,v)*dv
2

(m m(l_zﬂ))

2 1 NZTY c
p+l pi) at
27

(3.55)
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and

022(91)
8p* /o1

(p—1)% (p+ 1) B(rtL, 2t1)

0o ( k) _ (k+2)p41 1 , .
D g ™ B(ee gf) —B(Zymi g e god)
kO

2p 2

(3.56)

1 1
+1 p+1 —2 5p+2 5
p—f_7£_2—_7glz) B(p +2:+ +k p2 7g1 ) S

_ pA42(r+T)pt2

9 T (3.57)
(p+1)(1—g, %)

g1 € [p,o0): Here
C? = Cn(g1) + Cnaqn), say, (3.58)

where Cy; is given by

_ p+l pt1 1 —y=1 — +1 ptl _ vil
012(91) = /\/g—l— : B( 2 ’17_2—-72 (1 91)) B(%’%— (1 \/-;_1))0(
o B35 2) "

and Chg is still given by equation (3.56).

These results are displayed in Figure 3.9.

3.3 Empirical Results for the Fogel-Huang Algorithm

3.3.1 Batch-optimal Results

In Figures 3.11, 3.12 and 3.13, we show the characteristic lengths of the minimum-volume ellip-
soids containing the vertices of the polytopes formed from the intersection of the hyperplanes
encountered in the processing of the Fogel-Huang algorithm up to the given step. The aim of

displaying these volumes is to provide a bench-mark for the performance of the Fogel-Huang

and other algorithms.
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Figure 3.9: Mean Value of C? against g;.

Obviously, when the number of hyperplane pairs encountered is less than the dimension of the
space, the polytope defining the feasible set will not be closed (and it is not necessarily closed
even if the number of hyperplanes is greater than the dimension, although the probability of it
being unbounded is zero in principle, and almost zero even with finite computer precision), so
we augment the hyperplane pairs with the p pairs which form the p-cube containing our initial
ellipsoid (as shown in Figure 3.10). This will mean that the initial characteristic length of
these minimum-volume ellipsoids (the pth root of the volume of the minimum-volume ellipsoid
containing the p-cube containing our initial ellipsoid) will be greater (by a factor of ,/p) than
the initial characteristic length of our Fogel-Huang ellipsoids (the pth root of the volume of our
initial ellipsoid), and it is possible (although unlikely) that the reference characteristic length
will exceed the Fogel-Huang characteristic length up to the (p — 1)st step.

These minimum-volume ellipsoids are obtained by first finding the vertices of the polytope
defining the posterior feasible set at the particular step. This is done by satisfying the equalities
derived from the inequalities satisfied by the feasible set p at a time and then checking that the
remaining such equalities are satisfied. Then the minimum-volume ellipsoid containing these
vertices is found using the algorithm presented by Pronzato and Walter[22)].

In the Figures 3.11 to 3.13 (and in subsequent Figures showing the same kind of information),
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Figure 3.10: Augmenting hyperplanes for the calculation of the earlier minimum-volume ellipsoids (ai: aug-

menting hyperplanes, E0: initial ellipsoid, H+: first hyperplane pair)

each dot represents the characteristic length associated with a particular data set, and the solid
lines are the maximum, mean and minimum of these lengths over all 100 data sets.

As might be expected, the characteristic length, in the majority of cases, diminishes less rapidly
after the pth hyperplane pair is brought in, as the polytope formed from the first p hyperplanes
will almost always be bounded and closer in volume to those formed from more than p hyper-
plane pairs, and the ratio of the volumes of two convex polytopes will tend to be reflected in
the ratio of the volumes of the minimum-volume ellipsoids containing them.

If plots corresponding to the same dimension in parameter space but with data affected by
noise with different distributions are compared, we can see that the mean characteristic length
increases as the standard deviation of the noise affecting the data decreases. This might also
have been expected, as data further away from the bounds is less informative, and the smaller
the dispersion caused by noise with a lower standard deviation, the further away from the
bounds the data will be on average.

This effect is partially obscured by the greater spread of the data with the higher standard
deviation, as this often results in a greater difference between the maximum and minimum
characteristic lengths at a given step number.

It is also observed that the distribution of the characteristic lengths about the mean is skewed,
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Figure 3.11: Characteristic lengths of BLJ ellipsoids (noise uniformly distributed). Clockwise from the upper

right-hand side, the figures are for 2-; 3-, 4- and 5-dimensional parameter space, and the initial values of the

characteristic lengths are 20v/2, 20+/3, 40 and 20V/5.

so that the performance is particularly bad for a few exceptional sets. This effect is more
prominent for early step numbers (corresponding to less than p hyperplane pairs which do not,
by themselves, define bounded polytopes), but persists up to the final step.

Figures 3.14 to 3.13 are similar to the Figures 3.11 to 3.13, but they display the distance from
the centre of the minimum-volume ellipsoid to the true parameter value. Thus these Figures
help assess the value of the centre of the minimum-volume ellipsoid as a point estimate of the
parameter value.

As this centre-parameter distance is not directly optimised, it would be expected to increase
as well as decrease during a run, although the decrements would be expected, on average, to

outweigh the increments as the polytope boundaries come closer to the parameter value. This
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Figure 3.12: Characteristic lengths of minimum-volume ellipsoids (noise with truncated normal distribution,

Ot = 1/2\/5)

is indeed the observed mean behaviour.
The massive skew in these results means that a few extremely bad cases have a great effect
on the average performance. Geometrically, these bad cases are probably those where the true

parameter lies close to a vertex of the enclosing polytope and, in addition the vertex is situated

on the minimum-volume ellipsoid close to a maximal semi axis.

Also, it is observed that the greater the standard deviation of the noise affecting the data, the
greater the mean centre-parameter distance. This seems to be due to the fact the greater the
spread of the data, the more likely it is that one hyperplane from a pair will lie close to the true
parameter value, and that the greater the difference between the distances from the members

of a pair of hyperplanes to the true parameter value is, the more the centre of the resulting

48



:

]

Characteristic tength of mintmum-—volume ellipsoids {20)
[34)

.
1
Py

am

M4

o 1 Fi ol A,
0 2 4 6 8 10
Step number
20

12

- - oy
o [<2] =
T T T

-t
N
T

Characteristic length of minimum-volume ellipsoids {40}
> o o o

N
T

(=]
s
-
L

Step number

Characterisic langth of minimum-volume ellipsolds (50)

Characteristic length of minimum—-volume eliipsoids (3D}

Py
o

25

Step number

12

-

6
Step number

12

Figure 3.13: Characteristic lengths of minimum-volume ellipsoids (noise with truncated normal distribution,

O¢ = 1/4\/3)

ellipsoid is biased away from the true value.
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3.3.2 The Fogel-Huang Algorithm Without Data Recycling

Figures 3.17 to 3.19 are similar to Figures 3.11 to 3.13, but now the ellipsoids are derived from
the Fogel-Huang algorithm, and for each data set the characteristic length of the Fogel-Huang
ellipsoid is divided by the characteristic length of the minimum-volume ellipsoid about the final
feasible parameter set; i.e., the polytope bounded by the nonredundant members of all 12 pairs

of hyperplanes, as found in subsection 3.3.1.
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Figure 3.17: Characteristic lengths of Fogel-Huang ellipsoids (noise uniformly distributed).

Where the maximum values of the characteristic-length ratios are too large to be easily dis-
played, the second greatest such ratio is shown, as a dashed line.

The first thing to notice is that the performance of the Fogel-Huang algorithm is very varied,
ranging from producing a final ellipsoid with characteristic length 1.7750 times that of the cor-

responding minimum-volume ellipsoid (for a 5-dimensional data set with noise with a truncated
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normal distribution with standard deviation 1/2v/3), to one with characteristic length 101.7132

times greater (for a 2-dimensional data set with uniformly distributed noise).
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Figure 3.18: Characteristic lengths of Fogel-Huang ellipsoids (noise with truncated normal distribution,

or = 1/2V3).

Secondly, the performance relative to that of the minimum-volume ellipsoid also appears to
improve as the standard deviation of the noise decreases, that is, as the average angle between
the normals to successive hyperplane pairs decreases. In particular, there is a great improvement
in the worst cases.

Thirdly, a few very poor cases bring down the mean relative performance of the Fogel-Huang
characteristic lengths with respect to the minimum-volume characteristic lengths, and there are
far more of these poor cases when the noise has a greater spread. Table 3.2 gives information
in support of this.

Finally, the relative performance also appears to improve as the dimension of the parameter
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space Increases.

Figures 3.20 to 3.22 are similar to Figures 3.14 to 3.16, but again the ellipsoids are the Fogel-
Huang ellipsoids, and ratios (relative to the value for the final minimum-volume ellipsoid for
the data set in question) replace absolute values.

The values shown are quite “wild”, but this is to be expected, as neither the centre-parameter
distance for the minimum-volume ellipsoid nor that for the Fogel-Huang ellipsoid is directly op-
timised, so the numerator in the ratio might “accidentally” be quite large and the denominator
quite small, or vice versa.

Nevertheless, the performance of the centre of the Fogel-Huang ellipsoid as a point estimate of
the true parameter compared to the performance of the centre of the minimum-volume ellipsoid

improves both as the standard deviation of the noise affecting the data decreases, and as the

3



dimension of the parameter space increases, at least as far as concerns the mean of the results.
Figures 3.23 to 3.25 show the characteristic-length ratios of the final Fogel-Huang ellipsoids (i.e.,
after the 12th step) plotted against the dimension of the parameter space. The improvement
in performance with increasing dimension as measured by these ratios is thereby brought out.
Figures 3.26 to 3.28 do the same thing for the improvement with increasing dimension of the
centre of the Fogel-Huang ellipsoid as a point-estimate of the parameter, although this is only
unambiguously evident for the mean performance.

To attempt to explain, at least for data affected by uniformly distributed noise, the improvement

in the performance of the Fogel-Huang algorithm with increasing dimension, it will be necessary

to make some assumptions:

1. at each step, the matrix Q can be replaced by (det Qx)!/?I, = C2I, without introducing

enough error to invalidate the calculations;

2. the correlation between y, and earlier y’s for k > 1 caused by the dynamic nature of the
model can be ignored. It is assumed that the y; can be taken to be independently and
uniformly distributed in [—14 gk, 1 + 7|, where x = 0, kK < 0 and g = 0”—{—2”_1 0lg_y =
(1 + Y-8, Gk-e)/+/P, Where =1, ..., 1)//p is now treated as known.

3. although the distribution of a sum of squares of variables uniformly distributed over
intervals of equal length can be derived, this expression is complicated, and it is as-
sumed that the sum of squares of yx_1,. .., yk—p+1 Will be normally distributed with mean
Z yk . and standard deviation \/Ze , 0%_,, where yk = gz + 1 is the mean, and
ar = (44 60y}?)/45 the variance, of the distribution of the square of a variable uniformly
distributed in [—1 + §, 1 + Fx).

T oise 1/v3 1/2v/3 1/4v3

Dimension Dimension Dimension

Step | 2 |3 | 4|52 (31452 [3]4]35
2 (3033394243 46|50 |47 |49 |54 |54 |48
6 |21 (32(3839 |44 38|47 |45|46 44135 |44
12 [22135(3339 (3443|4647 |43 |50 |51 |42

Table 3.2: Percentage of characteristic lengths exceeding the mean.
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Figure 3.20: Ellipsoid centre to true parameter distance of Fogel-Huang ellipsoids (noise uniformly distribu-
ted).

The method is this: use the parameter vector to find the distribution of ¢;, use the equa-
tions (3.40), (3.48), and (3.49) and (3.51), (3.54), and (3.58) to find C, and C? averaged over
this distribution. C'TU;/ P(det @Qo)*/?" is then an estimate for the characteristic length after the
first step and C2(det Qo)*/?1, is an estimate for @, (U, being the volume of the unit sphere in
p dimensions).

The estimate probability density function for g; is that of a random variable equal to 400U3/ P
(the initial square characteristic length) times the sum of an ordinary variable with value I (i.e.,
u;) and p — 1 normally distributed random variables (i.e., yo, - - ., ¥—p42), €ach with mean % and
variance 4/45, so g; has a Gaussian estimate probability density function with mean 400(1+231)

and variance 160000 x 4(p — 1)/45. As these means are many times the corresponding standard

deviations away from zero, the effect of the correction that is made to take account of the
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Figure 3.21: Ellipsoid centre to true parameter distance of Fogel-Huang ellipsoids (noise with truncated
normal distribution, o, = 1 /2\/5)

fact that ¢ cannot be negative (multiplying by a constant to ensure that the integral of the
left-truncated normal distribution is unity) is negligible, but this will not be the case later on.
The probability density functions for various values of p are shown in Figure 3.29.

In Figures 3.30 and 3.31 we redisplay C, and C2 from Figures 3.7 and 3.9, but with P(q1),
the cumulative probability function of ¢, along the horizontal axis. We (numerically) calculate
the areas under these curves to give estimates of C, and C? averaged over ¢;. The initial
characteristic lengths are multiplied by the averaged C, to give estimates of the characteristic
lengths after the first application of the Fogel-Huang algorithm, and the squares of the initial
characteristic lengths are then multiplied by the estimate for C? to give estimates for the squares
of the characteristic lengths, also after the first step. The estimate for each p, Q,, is then the

identity matrix in p dimensions, I,, multiplied by the appropriate estimate for the squared
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Figure 3.22: Ellipsoid centre to true parameter distance of Fogel-Huang ellipsoids (noise with truncated
normal distribution, o = 1/ 2\/‘3—,)

characteristic length, divided by U,f/ P,
The estimate for the distribution of g; is that of the sum of the following variables, multiplied

by the estimate for the square of the characteristic length: one non-probabilistic variable, with

4

value 1; p — 2 random variables with mean 3 and variance = (i.e., yo,...,Y-pt3); and one

random variable with mean § + 7 and variance g + 15, (i-e., y1).

The probability density functions for g, are shown in Figure 3.32, and C, and C? are plotted
against the corresponding cumulative probability functions in Figures 3.33 and 3.34.

Carrying on in this fashion leads to Figures 3.35 to 3.37 referring to g4 and to Figures 3.38
to 3.40 referring to gi;, and Figure 3.41 showing the estimated characteristic lengths derived

from this approach.

From these diagrams an idea of what is going on can be derived. As k increases, gy decreases,
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Figure 3.23: Final characteristic lengths for the Fogel-Huang algorithm (uniformly distributed noise).

but, for higher dimensional parameter spaces, this decrease is not so great, as the sum of the
y's, as well as the y’s themselves, increases more rapidly for higher p. It can be seen from
Figures 3.29, 3.32, 3.35 and 3.38 that the median of the estimate probability function increases
for higher p’s relative to that for lower p’s, and C, and C? averaged over g; will be close to their
values at these medians. The result of this is that although for fixed gx, C, and C? decrease
as p increases, it can be conjectured that C, and C? averaged over gi do not decrease as p
increases if k is sufficiently large. By the fourth step, the value of C, at the median of g4 for
p = 2 exceeds its value at the median for p = 3, and the value of C? at the median of g4 for
p = 2 exceeds its value at the median for p = 3 and 4, and by the 12th step, the values of C,
at the median values of g;; corresponding to p = 5,4,3,10,2 are in increasing order. The order
for C2 is the same.

The estimate characteristic lengths displayed in Figure 3.41 are proportional to the products of
the C2’s for the corresponding p up to the step number labelling the horizontal axis. It will be
observed that by the 9th step the estimate characteristic length for p = 2 is greater than that
for p = 3, by the 11th step it exceeds the estimate characteristic length for p = 4, and by the
13th step that for p = 5 has been overtaken. Also, although it is not visible to the resolution
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Figure 3.24: Final characteristic lengths for the Fogel-Huang algorithm (noise with truncated normal distri-
bution, o; = 1/2\/?;).

of the Figure, the estimate for p = 3 at the 15th step is greater than that for p = 4.

Thus, the estimate displays the same trend as the empirical results, but this trend is gentler in
the estimate.

Figures 3.42 and 3.43 show just how bad the Fogel-Huang ellipsoids can be. The BLJ (minimum-
volume) ellipsoid is dwarfed by the Fogel-Huang ellipsoids after 6, 10 and 11 steps (correspond-
ing to the introduction of the active hyperplanes — those bounding the feasible parameter set)
and the 12th step produces no change in the ellipsoid. The ratio between the characteristic
lengths of the final Fogel-Huang ellipsoid and the BLJ ellipsoid is 101.7132, whereas the ratio
between the characteristic lengths of the BLJ ellipsoid and the polytope is 1.5551.
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Figure 3.25: Final characteristic lengths for the Fogel-Huang algorithm (noise with truncated normal distri-
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Figure 3.36: C, against the (estimated) cumulative probability function for g4.
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Figure 3.42: Fogel-Huang ellipsoids (for steps 6, 10 and 11) and BLJ ellipsoid (which appears as a line to the

resolution of this Figure) for the two-dimensional data set leading to the greatest ratio between the volumes of

the final Fogel-Huang ellipsoid and the BLJ ellipsoid.
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3.3.3 With Data Recycling

One way of trying to improve the results obtained from the Fogel-Huang algorithm is to recycle
the data, using, in the case considered here, the Fogel-Huang ellipsoid after the 12th step as the
initial ellipsoid for a new cycle and the same hyperplanes again, possibly as shifted according
to the Belforte-Bona-Cerone method. Although this departs from the idea of updating the
estimate of the feasible parameter set with each new data item, i.e., it is not an online method?,
it is applied to the data sets here. If, at a particular step, a pair of hyperplanes is found to be
redundant, in that they do not cut the ellipsoid (more precisely, they either do not intersect
the ellipsoid or they are tangent to it), that pair will be discarded®.

However, although impressive compared with the Fogel-Huang algorithm without recycling, the
results of doing this are not overly impressive in comparison with the minimum-volume ellipsoid
characteristic lengths. As can be seen from Figures 3.44 to 3.45, most of the improvement is
achieved in the first few cycles when the noise has a fairly peaked distribution, and in the first
five cycles for the uniform distribution. After this cycle number, the characteristic length ratios
settle down and are fairly distant from 1, which would correspond to the Fogel-Huang ellipsoid
equalling the minimum-volume ellipsoid. For the uniform distribution, the mean improvement
is shown in Table 3.3.

However, much of the improvement is for the worst cases for the single cycle algorithm, thus
reducing the skewness of the results. In particular, the worst case for the singe cycle improves
dramatically with recycling, with a final characteristic length which is close to the best case
after 10 cycles.

Figures 3.23 to 3.25 illustrate that the improvement with dimension of the characteristic length
persists when the data is recycled, but no real trend with regard to the change in the parameter-
centre distance can be detected in Figures 3.26 to 3.28.

It turns out that a better idea is to utilise equation (3.16). Given that in recycling, in each cycle

3However, “onlineness” is a stretchable concept. “Windowing” methods, considering the N most recent

observations could be online, so if the window here was 12 data items long, this would be an online method
4Although such redundant hyperplane pairs contain no “information” that is not contained in the other

hyperplane pairs (they cannot intersect the feasible set except, possibly, in a degenerate vertex — one belonging
to more than p hyperplanes), it is possible that retaining them might speed up the algorithm in exceptional
cases, as they can be moved to be tangent to the ellipsoid d la Belforte-Bona-Cerone, and then, at a later stage,
after approximations have been made to obtain later ellipsoids, they might cut the current ellipsoid, and it has
not yet been shown that this cut cannot be “deep” enough to reduce the volume of that ellipsoid by using the

Fogel-Huang algorithm. However, this is considered to be a somewhat unlikely event.
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Figure 3.44: Characteristic length of Fogel-Huang ellipsoids (noise uniformly distributed). (The additional
curve (dot-dash) gives the characteristic lengths of the “worst” data set of Figure 3.42.)

the entire set of available data is used, there is no further departure from “onlineness” involved
in retaining all hyperplanes (again, possibly as shifted in previous steps) using equation (3.16)
to choose the hyperplane pair producing the greatest reduction in the volume at each step. To
make a comparison with recycling in fixed order, Table 3.3, the resulting characteristic length-
ratio is examined after multiples of 12 steps in Table 3.4, in both cases for the data sets affected
by uniformly distributed noise.

Comparing Figures 3.44 to 3.46 with Figures 3.47 to 3.49 reveals that, for each noise dis-
tribution, and for each dimension, choosing the hyperplane pairs at each step results in final
minimum, mean and maximum final characteristic length-ratios which are better than the mini-
mum, mean and maximum ratios for recycling in fixed order. These improvements are tabulated

in Table 3.5 (Note that in the “maximum” and “minimum” rows in this Table, the comparison
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Figure 3.45: Characteristic length of Fogel-Huang ellipsoids (noise with truncated normal distribution, o; =

1/2/3).

is not necessarily between the same data sets, as the worst performance, for example, may not
be for the same data set for both algorithms). In addition, choosing the “best” pair results in
a more rapid approach to the final value, which is almost achieved in most cases by the 24th
step for the uniform error distribution and by the 12th step for the peaked distributions.
Figure 3.47 also reveals that the “worst” case for the single pass of the data using the Fogel-
Huang algorithm rapidly approaches the “best” case for the “best pair” version — in fact, it is
the 9th best out of the data sets for two dimensional parameter space derived using a uniform
noise distribution.

In Table 3.6 the improvement in performance due to choosing the “best pair” over 12 steps,
relative to the performance after the 12 steps of the single pass algorithm, is listed.

The behaviour of the “best pair” variant is interesting. It tends to settle on a three- or four-
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Dimension Mean characteristic length ratio
initial after 1 cycle | after 2 cycles | after 10 cycles
2 166.9520 5.8258 3.4938 2.3751
3 106.8305 4.0756 3.2004 2.3903
4 64.3658 3.0071 2.5747 2.1707
5 40.6968 2.4012 2.1333 1.9185

Table 3.3: Improvement after recycling the data (uniform noise case).

Dimension Mean characteristic length ratio
initial after 12 steps | after 24 steps | after 120 steps
2 166.9520 2.5299 2.3421 2.2599
3 106.8305 2.8019 2.4756 2.2689
4 64.3658 2.5117 2.2965 2.1028
5 40.6968 2.2012 2.0402 1.8868

Table 3.4: Characteristic lengths after choosing the hyperplanes resulting in the greatest reduction in the

characteristic length (uniform noise).

Dimension

2 3 4 9

Cnise 1/v3 | 1/4v/3 | 1/v/3 | 1/4v3 | 1/V3 | 1/4/3 | 1/V3 | 1/4V/3
minimum | 4.7% | 24.3% | 99% | 1.3% | 1.0% | 1.3% | 1.1% | 1.2%
mean 48% | 225% | 51% | 1.0% | 3.1% | 1.0% | 1.6% | 0.7%
maximum | 88% | 5.5% | 3.9% | 0.6% | 6.2% | 0.6% | 2.4% | 0.4%

Table 3.5: Improvement in characteristic length-ratios due to the choice of the “best” hyperplane pair over

fixed order cycling (after 120 steps or 10 cycles — percentages relative to the length-ratio for fixed order

recycling).
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Figure 3.46: Characteristic length of Fogel-Huang ellipsoids (noise with truncated normal distribution, oy =

1/4v/3).

member subset of the available hyperplane pairs and cycle through that subset until it is
“exhausted”, when either a member is dropped, or a member added, or both, and then the new
subset is cycled through.

However, it should not be thought that choosing the "best” hyperplane pair always results
in a smaller ellipsoid than cycling in fixed order — it only “almost” always does. This is a

manifestation of the following:
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Figure 3.47: Characteristic length of Fogel-Huang ellipsoids, best hyperplane pair chosen at each step (uni-
formly distributed noise). (The additional curve again represents the “worst” data set for the unrecycled

Fogel-Huang algorithm.)

Let € be an initial ellipsoid, and let II;, ..., II; be strips between hyperplane pairs HE, ... HF.
Define &, i, to be the minimum-volume ellipsoid containing HZ:I NE,. k,_,, Wwhere H;';:l is the
strip between the hyperplanes Ht’s—l, which are the hyperplanes Ht’s_g possibly as shifted to
be tangent to &, . k,_, according to the Belforte-Bona-Cerone method. Then, if vol(&, ,,,) =
mingen, {vol(&x,. x.k)} and vol(Ek, . k. 1key,) = Minken{vOl(Ek, . k,k,,.x)}, it is not necessar-
ily the case that vol(&, . k,,1k2) < vol(Eklmksk:“k;”(k;“)), where vol(&, . k., x k;“(k;“)) =

s s+1

minkeNt{vol(Ekl,_.k,k;+1k)}°
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Dimension

3
O ncise V3 | 1/4/3 | 13 | 143 | 133 | 1/4V3 | 1/3/3 | 1/4/3
minimum | 29.6% | 41.8% | 17.8% | 22.5% | 9.6% | 17.4% | 14.5% | 14.5%
mean 56.6% | 41.4% | 31.2% | 23.4% | 16.5% | 22.6% | 8.3% | 15.2%
maximum | 96.3% | 29.9% | 58.2% | 25.3% | 35.0% | 24.6% | 24.8% | 16.2%

Table 3.6: Improvement in characteristic length-ratios due to the choice of the “best” hyperplane pair over a

single pass through the data using the Fogel-Huang algorithm (after 12 steps).
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mally distributed noise, o¢ = 1/4/3).
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Figure 3.50: Final characteristic lengths for the Fogel-Huang algorithm (uniformly distributed noise).
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bution, o = 1/2V3).
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Figure 3.52: Final characteristic lengths for the Fogel-Huang algorithm (noise with truncated normal distri-
bution, o = 1/4/3).
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Figure 3.56: Fogel-Huang ellipsoids (for cycles 5 and 10), polytope (shaded) and BLJ ellipsoid for the two-

dimensional data set leading to the greatest ratio between the volumes of the final Fogel-Huang ellipsoid and

the BLJ ellipsoid.
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Figure 3.57: (Half of) Fogel-Huang after 10 cycles and BLJ ellipsoids for the data set of Figure 3.42 (the

other halves look much the same). The ratio of the volumes is 1.2193.
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3.3.4 Conclusions

In Table 3.7, a comparison is made between the empirical number of floating point operations
(flops) needed to calculate the minimum-volume ellipsoid, the number of flops needed for 12
steps of the Fogel-Huang algorithm and the number of flops needed for 12 steps of the Fogel-

Huang algorithm when the hyperplane pair leading to the greatest reduction in volume is

selected at each step.

Dimension
2 3 4 5
Algorithm mean | sd |mean | sd | mean | sd | mean | sd
Fogel-Huang 31 | 12 ] 94 |22 37|11 11 | 23
bFH 150 | 11 | 239 | 8.0 | 350 | 7.3 | 480 | 6.5
Minimum-volume | 950 | 1200 | 5300 | 3500 | 750 | 560 | 34000 | 24000

Table 3.7: Mean and standard deviation of the number of kiloflops needed to calculate the minimum-volume
ellipsoid, 12 steps of the Fogel-Huang algorithm and 12 steps of the Fogel-Huang algorithm selecting the “best”
hyperplane pair at each step (bFH).

Although the number of flops required for the Fogel-Huang and minimum-volume ellipsoid
algorithms for 4-dimensional parameter space appears to be anomalously low, the main feature
to emerge from Table 3.7 is that the calculation of the minimum-volume ellipsoid is much more
expensive than either of the other two algorithms. In addition, the standard deviations of
the number of flops necessary for the minimum-volume algorithm is also much larger than the
corresponding numbers for the other algorithms, even relative to the respective means. This is
because number of operations demanded by the procedure for calculating the minimum-volume
ellipsoid from the vertices of the contained polytope is very sensitive to the number of these
vertices, whereas the time needed by the other two algorithms depends on whether or not the
“volume would be reduced at each step, and, in the case of the “best pair” variant, whether any

redundant hyperplanes have been detected.

At any rate, the calculation of the minimum-volume ellipsoid is both much more expensive and

less predictable in terms of cost.
The empirical average behaviour of the Fogel-Huang algorithm after 12 steps results in charac-
teristic lengths roughly 2 to 5 times the minimum possible for an ellipsoid containing the final

posterior set, and this means that it results in uncertainties in the parameters of about 2 to 5
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times greater than does the minimum-volume ellipsoid.

However, the Fogel-Huang algorithm provides an online method of processing data as it arrives
in a relatively rapid fashion, and is valuable for this reason.

Further, recycling the data, preferably not in fixed order, but by choosing the hyperplane pairs
(either from all the data which has been encountered, or from the current “window”) which
result in the greatest reduction in volume at each step, is a fairly cheap way of improving the
accuracy of the Fogel-Huang algorithm.

Nevertheless, the accuracy is still not all that great, and it is desirable to improve upon it

without incurring too great a penalty in terms of additional computation.
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Chapter 4

Modifications of the Fogel-Huang
Algorithm

4.1 The Basic Modification

The idea behind the modification considered here is to use more than one hyperplane pair. The
analogue of the Fogel-Huang procedure will then produce an ellipsoid containing the intersection
of the regions contained between two or more hyperplane pairs and a preceding ellipsoid. The
new ellipsoid, unlike that obtained for a single hyperplane pair, will not be the minimum
volume ellipsoid containing the intersection. However, as the “information” contained in the
hyperplane pairs other than the first is not entirely neglected during the operation, it seems
likely that the resulting ellipsoid will be closer to the minimum-volume BLJ ellipsoid containing
the intersection than is the ellipsoid obtained by utilising each hyperplane pair separately in a
sequential application of the Fogel-Huang algorithm.
The intersection of the sets £, II; and IIy, is considered, where £ is defined by equation (3.1)
and the II; by

:cEH,-:H(ni,yg)ﬁ(n;rx—yi)QS' 1,2 =1,2 (4.1)

(as in equation (3.2)), with hyperplanes
z € Hy(ni,y) ©yi —njz =%l (4.2)

The sum of ¢;(> 0) times the inequality defining II;, go(> 0) times the inequality defining II,

and the inequality defining £ is now found:
(z-a)TQ Nz —a)+q(njz—3)’ + B@(n;z— 1)’ <1+ q + q. (4.3)
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Then

mT(Q_l + qlnlan + <I2n2nr2r)$ - 2$T(Q_la + Y1911 + Y2q2n2)
+a'Q e+ Yl + yigr =

(z-a)"Q ' (z-a)+a"Qa+ylq +ysq2 —a"Q7'a < 1+ g + qo, (4.4)

where

(1,q2) = (Q_l + qlnlan + q2n2n’2r)-1

@z
(Qz

(1 + 92Q2)n17l1r - h(h(h(nlnzT + n2n1T) + ¢(1 + 91Q1)Tl2n2T
14+ g1q1 + 9292 + (9192 — h?)q1q2

= |I,-Q

(4.5)
by two applications of the matrix inveision lemma, where g; = n] Qn;, 1 = 1,2, h = nTQn, and
I, is the p-dimensional identity matrix. Also,

@i (1 + g2q2) — ehqige)ns + [12g2(1 + 11) — 1hq1g2]n2

a=ala, B)=at+d 1+ g1q1 + 9202 + (9192 — h?) 192 ’ (4.6)
where v; = y; —nla,1=1,2, so
s s+ 7 - ol L) Dt il 0]
Hence
(z — (1, 92)) " Q(q1,9) ™ (z — a(qr, 92)) < 1 (4.7)
where

Bqi(1 4 g2q2) — 2vinhqigs + vaga(1 + glql)] Qlqr, q2) (4.8)

9 ; =|14q9g +q —
Q(q1, g2) [ T 14+ g1q1 + 922 + (9192 — h?)qiqe

defines a family of ellipsoids £(a@(q1, ¢2), @(q1, ¢2)) each member of which is guaranteed to contain
5(a, Q) N Hl N Hg.
The volume of £(a(q1,¢2), @(q1,¢2)) is proportional to

(14 g2g2) — 211 12hqiqp + V%Zz(l + glql)]pdet Q~((I1a ¢)
14+ g1q1 + 9232 + (9192 — h?)q1qe

((h 42) de 4.9
d(q1, g2)P* te (49)

det Q(qi,q2) = [1+ql+Qz—

after using

det(I, + wvT) = 1 + v"u
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twice, where

dq, @) = 1+ a0+ 90e+ (919 - k)qq, (4.10)
n(q,q2) = (1+q+ q)d(q,q)
— @1 + g292) + 20112hq1q2 — V2ga(1 + 1)
= 1+ (14+g-v)g+1+g -1l
+9191 + (91 + 92 + g192 — h* — Vi ga + 21100k — V20112 + G297

+(g192 — B*)(q1 + @2) 1 G- (4.11)

To minimise the volume of £(a(q1,q2), @(q1,¢2)), we need to minimise n(q;, q2)?/d(q:, ¢z )P If
we set the derivatives with respect to ¢; and ¢, of this last expression to zero, we need to find

¢1 and g, such that

on(qi, ad(q, :
pd(Ch,CIz)Lg;_—q?—)— —(p+ l)n(ql,(]2)—(512—_22—2 =0, :=1,2 (4.12)

as n(qi1, ¢2) cannot be zero for non-degenerate ellipsoids. One of equations (4.12) is quadratic
in ¢; and cubic in ¢, the other is cubic in ¢; and quadratic in ¢,. If we use the equation which
is quadratic in ¢; to find an expression for ¢; and substitute the result in the other equation,
and then separate the terms which involve the (single) square root, we will be able to square
both sides and obtain a polynomial in ¢;. Using Maple© (see Appendix) to do this, we find
that the resulting polynomial is of degree 5. Each root of this polynomial leads, in general,
to two different ¢;, so we obtain 10 different pairs (g1, ¢2), each of which corresponds to a
possible minimum of the volume (clearly, many of the pairs will be spurious). However, we can
immediately eliminate any pair which does not consist of two nonnegative reals.

If p = 2, there is a complicating factor: the minimum volume ellipse containing £(a, @)NII; NII,

may be the minimum volume ellipse containing II, N II,.

4.1.1 Behaviour of £(a(qy1,¢2),Q(q1,42)) in Two Dimensions as
91,92 = 00

We are interested in this behaviour for two reasons: as ¢;,¢; — oo it seems reasonable from
inequality (4.3) that £(a(q1, ¢2), @(q1,g2)) would tend to an ellipse containing II; NI which is
independent of @ and we wish to investigate whether this is so; we are also concerned about

numerical problems in the basic equation (4.8) of the modified algorithms when the second
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term in square brackets in equation (4.5) is close in value to the identity matrix, which, as we
will see, can occur when both ¢, and ¢, are large.

Let
R:=Q (ggnlan — h(nlnzT + ngan) + q1 nzngT) .

Then n;Tan = (192 — R*)n;Tn;,i,5 € {1,2}, which, in two dimensions, is enough to prove
that R = (g1g2 — h*)I; (provided that n; and n, are linearly independent, which we assume
anyway.
Hence

O(a1.q) = | I — (9192 = h*) 2 + ¢7 ' Qryny T + 7' Qnany”

9192 — R + 9207 + 195" +q7 g3
(where, of course, this holds only if p = 2), or

1
o 01 (92Fa = Qrum”) + g (91 To — Quim )] Q

+ O(maxg;?) (4.13)

1=1,2

Qq,q2) =

on expanding about (¢, ;) = (00, 00).

By equation (4.8),

~ 1
Q(CIh(Iz) = m [((gl + 92)12 - Q(nmlT + nzngT)) Q
+%(gl I — inmT)Q + %(92[2 — annzT)Q

+ O(max{q1g;*, ¢ *g2}) (4.14)

and specialising to the case where g, — kg, as ¢ — oo, where k € [0, 00] rather than ¢;'q,

oscillating, for example),

Qa1 ¢2) — [(1+&7 g1 + (1 + k)go] I — Q[(1 + k7" )nyny ™ + (1 + Kk)ngn, ]
15 G2 e

Q.

Using Maple©, we find that this expression is

1 + k (|n1|2 + k|n2|2)12 - nlan - kngngT
k |n1 X Tl2|2

, (4.15)

where “x” is the vector cross-product in three dimensions (the third dimension being present

here purely for the definition of the cross-product!). This expression has the determinant

(1+k&)? 1

k |ny X ny|?

(4.16)

which has a minimum when k = 1, so £(@(q1,¢2), Q(q1, g2)) approaches an ellipse with matrix

2

m [(|n1|2 + |n2|2)12 - nlan — ‘nznzT] (417)
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when ¢1,g, — oo along g, = ¢, and this ellipse has the minimum volume among those ap-
proached as ¢, ¢, = oo along q, = kq;.

From equation (4.6)

a(q1,q2) — a+ Q(92V1 — hva)ri + (g — hin)ny

G192 — h?
= olow —hya)m + (9iys — hys)ns
g192 — h?
- ngnlan - h(nlnzT + Tb2n1T) + gmznzT
9192 — h?
_ Q(gzyl — hy2)ny + (1y2 — hyr)na
N g192 — h?

as q1, g, — oo along any path in the ¢ q.-plane. By Maple© calculations, this is

'I’Ll‘TI,QT — Tbg’an

a(q1,q2) — E (y1n2 — y2n1) =: a(a). (4.18)

[n1]2|n2]? = (n1 Ty
It can be shown, by making a (nonsingular) linear coordinate transformation such that the n;
are parallel to the coordinate axes and are of length 1, that a(,) is the centre of every member

of the family of ellipses each member of which has a boundary passing through the four points

of II; N I3, and that the matrices of the entire family are given by

2 1

In1|2|n2f? — (n1Tna)? (1 — x2) {1+ Rl + (1= £)ln2l" Mz = (14 £)ram " = (1 = x)ngmy ],

for k € (—1,1). When « is set equal to (1 — k)/(1 + k), this reduces to the right-hand side of
equation (4.15), so that the ellipses £(a(q1,q2), @(g1, g2)) obtained by letting (g1, g2) — (00, 00)
along ¢qa = kqq, k € (0,00, are in 1-1 correspondence with the entire family of ellipses whose
boundaries contain II; N II,.

Thus we have shown that when (qi,q;) — (00,00) along ¢, = kqi, £(@(q1,92), Q(q1,¢2)) tends
to a member, dependent on k but independent of () and a, of the family of ellipses containing
the boundary of II; N II,, and because this family has as a member the minimum-area ellipse
containing (for & = 0), £(a(q1,92), Q(41, ¢2)) tends to that minimum-area ellipse, the Behrend-
Lowner ellipse (for k& = 0). We have also shown that when det Q(gi, )@ " is “small” (as
calculated according to equation (4.5)), so that we are likely to have numerical problems, we

can replace the right-hand side of equation (4.8) by the right-hand side of equation (4.15), with

k = (h/ql.
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4.2 Two Pairs at a Time

4.2.1 Hyperplane Shifting — Two Pairs at a Time

Suppose we have two hyperplane pairs, H (n,v;), HE (ns,1,) and an ellipsoid £ = &(a,Q),
such that ENTI, (1, 1) N12(ny, y2) # @. Our task here is to find the narrowest strip ITj(n}, y4)
bounded by hyperplanes ]HL’Zi parallel to HE which contains €N, N TI;. As we already know
that n) is proportional to n,, this is equivalent to finding points z+ € H,* and z~ € H, ™ which
will then completely determine IT),.

Let us concentrate on Hf . If H intersects £ N 1I;, H,* = H} and we can put zt = (y, +
ny/nyTn, € H .

Suppose Hf NENTI; = @. If ny o n;, we may simply choose the two hyperplanes from the set
{H}, Hy ,HI,H, } which bound the narrowest strip, so we assume that {n;,n,} is a linearly
independent set.

Initially, we suppose that H}' does not intersect £. This will be the case if max,ee sz is less
than the value of nyTz on HY, which is y, + 1. But no Tz achieves its maximum value on €
whenz =z} =a+ 71_£Qn2 (this can be shown by utilising the Lagrangian (see Goldstein [10])
L =nyTz - M(z — a)TQ (2 — a) — 1)), and this value is ny"a + ,/gs. But y2+1 > nyTa+ /g2
is equivalent to v, +1 > /gs.

2
If z} is contained in II;, then (n,Tze —y1)? < 1 or (% — 1/1) < 1, and we may shift H} to

pass through z}, by setting z+ = z{.

This will be, of course, equivalent to making the transformations (3.13) and (3.14) or the
transformation (3.15).

2
If, on the other hand, (—\/l‘g—_; — 1/1) > 1, then we may shift H} so that it touches £ N II;, and

we may also do this even if HJ intersects £.

We are now interested in finding xﬁl ¢ such that nQTx'ﬁl ¢ = MaXgeenm, N2 T =
T, + T, + + - + - T, + _
max{n, Tare 2 Tyl where Tyt (respectively Ty s) is such that n, Tyt
T . T+  _ T + .
MaX,epnpt N2 L (respectively n, Tgg = MBXpeeapy M2 z). To find Tyre We will need the

following Theorem:
Theorem 4.1: Let n € R? — {0}, and let {n;,...,n,} € (RP)® be such that {n,ni,...,n,} is
linearly independent (so s < p). If c € R* and a € R?, Q@ € RP*? are such that § = {z € RP:
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(z—-a)'Q Yz ~a) < 1,n,Te < * k = 1,...,5} #0, then

Z = a+QN(NTQN)(c— NTa)

.\ \/1 — (¢ — NTa)T(NTQN)-1(c — NTa)
nT(I — QN(NTQN)'NT)Qn

X (I —QN(NTQN)"'NT)Qn e § and (4.19)

= T ,
Z = maxn'z, (4.20)

n'z = nTa+nTQN(NTQN)(c— NTa)

+\/(1 — (¢ = NTa)T(NTQN)"(c = NTa))(nT(I — QN(NTQN)-INT)Qn)
(4.21)

and

a4+ QN(NTQN)Y(c— NTa)

8>
Il

_\/1 —(c— NTa)T(NTQN)—l(c — NTa)(I _ QN(NTQN)_INT)QW € S and

nT(I — QN(NTQN)'NT)Qn

minn'z,

€S

8>
Il

nTi = nTa+nTQN(NTQN)(c— N'a)
—V/(1 = (¢ = NTa)T(NTQN)~*(c = NTa))(nT(I - @N(NTQN)"*NT)Qn),

where N = [n4,...,n ] € RP**, B
Proof 4.1: P We first note that NTQN is invertible, as Q2N (where Q'/? is any (symmet-
ric) square root of ()) has rank s because {n1,...,ns} is a linearly independent set and Q'/? is
nonsingular. But then NTQN has full rank s.

To find z, we form the Lagrangian
Lo(z,\,8) =nTz + T (NTz—c)+ A((z —a)"Q 7 (z —a) - 1),

where £ € R* and ) are formed from Lagrangian multipliers.

If we set z = a + Q'/%z, m; = QY’n;,i =1,...,s, we can use the simpler Lagrangian
L(z, 080 =mTz+ (M z —d) + A\z"z - 1),
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wherem = Q'/?n, M = Q1/2N = [Q@ny,...,QY?n,),d = c~ NTa = [ —niTa,...,c* —n,Td]
and L differs from L, by a constant.

In line with the usual procedure with Lagrangians, we differentiate this with respect to 2T, set the

result to zero and solve for z. The resulting z is

1
—ﬁ(m + M@),

and substituting this back in L(z,\,£) yields

L(z(A\,£0),\€) = —i(m + ME)T(m + M) —0Td — .

4
Then
0 1, T T
éﬁﬁ(z(/\,é),)\lf) = -—5-/\-(M M¢? + M m) —d

and setting this to zero yields { = —(MTM)~1(MTm + 2Xd)
Also,

%, 1

— A = —— T _~

a/\ﬁ(z( 0), A 0) 4/\2(m-+—M£) (m+ M) ~1

and substituting the above expression for £ in this when it is put to zero yields
4 d"(MTM) T d - 1D+ mT(T = MM™M)*MT)m = 0.

Now, if f € R?, 3fM € Im(M) = {y € R? : Jw € R°suchthaty = Muw}, f* ¢
Im(M)* = {y € R? : yTu = OVu € Im(M)} such that f = fM + f+. Since f*TMu =
WTMTfY = OVu € R?, MTfL = 0. Let fM = Mv. Then fT(I — M(MTM)-1MT)f =
FMTFM 4 pLTpl T Ar (T M) MT Mo = fMTFM 4 fLT L Ty Tar, = fLTFL S
so I - M(MT*M)"* M7 is positive semi-definite, and positive definite on the subspace Im(M)* and,
consequently, it is positive definite on R? — Im(M). But n ¢ Im(N), which implies m ¢ Im(M)
Hence, if 1 — d*(MTM)~1d > 0, we obtain

s oL [mT( = M(MTM)= MT)m
) 1 —dY(MTM)-1d
and so
1-d'(MTM)-d
= M(M"M)™! I - M(M™M)MT
and the required expression for Z follows on setting & = a + Q'/?z and choosing + = —. That

this is the appropriate choice for the maximum follows from the comparison of the two possible
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expressions for nTz. The expression for the value at which the minimum is achieved, %, is derived
by making the other choice of sign. N
By this Theorem, on replacing n by ny, N by n and ¢ by y; + 1, we find that

+ 1 1 (n+1)?—g
zt = -2 n+—+ 1 ~(g1 — T
e 9 o % 9192 — h? (g1 = Qram1”)Qns
T T wntl

2 __ — }2
& xﬁtﬁs = ng a-— h + V(1 +1)° - g1)(919: — b?)
! g1 g

?

T

where, of course, ¢; = n;TQn;, h = n,TQny and 14 = y; — ny " a, and, similarly,

v, — 1 1 v — 1) - '
x;ﬁl‘g = q— — Qn1+—+\ﬁl ) gl(gl“innlr)an

(431 a1 9192 — h?
v -1,  /((n—1)2—g)(gq19. — h?)

ngT.'EE_g = N3 G—Th+ g .
1 1 1

T

Once the expressions for ny x;{'qh c have been found, we can easily find :cl"!'h ¢ and then shift H}

to pass through it by setting z+ = zf, ,.
We find z~ in an analogous fashion, and then use z* to find n} and y,. As H,® have to
be parallel to HY, we have n), = an,. Then n,Tzt — ¢, = 1, nfTz~ — gy, = —1 lead to

a=2/n"T(zt —27), ¥, = naT(zF + 27)/nT (et — 7).

4.2.2 Which Hyperplane Pairs?

The simplest choice is to take successive pairs, and this is done for the first variation on the
unmodified Fogel-Huang algorithm; that is, the unmodified Fogel-Huang algorithm is performed
on the initial ellipsoid and the first hyperplane encountered, then the modified two pair variant
is performed on the resulting ellipsoid and the first and second hyperplane pairs to produce the
third ellipsoid, and then the second and third hyperplane pairs are utilised to derive the fourth
ellipsoid, to that the kth ellipsoid is generated from the (k — 1)st ellipsoid and the (k — 2)nd
and (k — 1)st hyperplane pairs. This will be called the strict sequence variant.

The second variant, the odd/even sequence variant, takes account of the fact that in the strict
sequence variant, a hyperplane pair is utilised in the production of two successive ellipsoids,
and the first of these ellipsoids will already contain, in some sense, “information” from that
hyperplane pair before the hyperplane pair is used in the generation of the second of the
ellipsoids. The sequence of ellipsoids in this odd/even sequence variant will be: first, in the

unmodified Fogel-Huang; first and second; first and third; second and fourth; third and fifth;

and so on, in the two pair variant.
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The final variant considered here for a single pass through the data, is to take the current
hyperplane and try to predict which of the hyperplane pairs already encountered (possibly as
shifted d la Belforte, Bona and Cerone) will result in the smallest ellipsoid when used with the
current hyperplane in the two pair variant on the Fogel-Huang algorithm.

If the current pair is the kth, 5 € {1,...,k — 1} such that

0 _
_a—q; det Q(qja Qk)

(ql ,Q2)=0

is minimised is chosen and the jth hyperplane pair is used (where £(a(g;. q;), @(gi,q;)) is the
family of ellipsoids considered in Section 4.1 — under ¢; — q;, g2 — qx), where @ is the shape
matrix of the current ellipsoid. In effect, the choice is of the hyperplane pair which most sharply

reduces det ¢ when the corresponding q is increased from zero.

But

J _
Ezdet Q(q;, qr) = det Q[p(1 _UJ?) — gl

J (91,92)=0

so minimising p(1 — 1/]2) — g; produces the desired ellipsoid.
Of course, when this best second pair variant is started off, there is only one hyperplane pair

and this is used in the unmodified Fogel-Huang algorithm.

4.3 s Pairs at a Time

If our two pairs of hyperplanes have normals which are orthogonal in the metric of our ellipsoid,

i.e., h = n; T Qny = 0, then equations (4.6), (4.5) and (4.8) specialise to

= q1 T 7y T
= I, — nin — non ,
Q(Qh‘h) Q [ P 1+ aa 1™ Q 1+ 9200 2N Q}

naq V242
a(qy, = a+ ny + n
a(q1,92) Q@ [l—l—glql s 2]

and
V12Q1 _ V22(12
1+g¢s 149290

Q(ql7(I2) - [1 + ¢ +q — ] Q(qhQZ):

so equation (4.9) becomes

det @
1+ g1q1)(1 + 9242

2 2 P
Vg VoQ2 }

L4q+q- -
)[ T @ l1+gqn 14+ 9290

det Q(qla q2) = (

If we intersect s @-orthogonal hyperplane pairs II; with our ellipsoid £(a,Q), we can add ¢
times the inequality defining each II; to the inequality defining £(a, @), to obtain an inequality
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corresponding to (4.3). Since this last inequality will have as its left-hand side a positive-definite
quadratic form in £—a, for some @, it too will define an ellipsoid, £(a(q, . . . , g,), Qaq,. .., q)) =
£(a(q),Q(q)) where now ¢ = (qi,...,¢,). @ and Q defining this ellipsoid, together with det Q,

are given by the following equations, derived by induction from the preceding ones:

_ VkQk
alqr,...,q) = a+@Q Tk, 4.22
) kz:‘l L+ grgr (422)
~ s qk T
Qlg,---,q) = Q@—-Q ngng Q, 4.23
( ) glntgqu eni (4.23)
Qarnea) = [143 (00— A2 ) Aarr- 1) (4.24)
17' M S - - 90 s ey S/ .
B =AY Y] R
i s 9 qr
_ qx detQ
det @Q(q1,--.,¢95) = |1+ (q;C _ ) 5 . 4.25
) i kzz; L+grqr/ | it (1 + grqr) (4.25)

where g; = n;TQn,, vi = y; — nila.

We note that the single relative minimum of gx — v2qx/(1+gkqx) on (—g; ", 00) is at qr = (Jvi| —
1)/gr and that this value is —(1 — |v|)?/gx. Hence, the minimum value of g — vZqr/(1 + grqx)
on [0,00) is 0, if |vx| < 1 and gx — v2qe/(1 + gkqx), if vk| > 1. Then

I S e 1)

1<k<s,|uk|>1 gk

implies 3¢ € O, := {q: q& > 0} such that det Q(q) < 0, which would mean that £(a, Q) NII; N
NIl = 0.
Hence, we only consider hyperplane pairs Hy, ..., HF such that
1 — 2
1- Y (1= Joel)” > 0. (4.26)
gk
1S‘“Ss,|l’kl>1

In order to find the infimum of det Q(q), which is proportional to the square of the volume of

£(a(q),Q(q)), over Oy, we set

det Q(q)
Alg) = ——= 4.27
We first examine what happens if ¢; — oo for any ¢ such that <1 <s. As ¢ (1 — 3 +;q ) — 00

as ¢; — 0o, 1 + E;=1 (1 — 1_47157;?) — 00 as ¢; = oo. Thus, equation (4.25) means that A — oo

as g; — oo unless s = p and ¢; & oo, 1 £ 37 < p. As we are looking for the infimum, we

concentrate on this exceptional case. Then, A(q) can be written

P P 2
Yy
Ag) = ’
(9) I_-_[ [ 1 + grqs 21 1 +gqu ( 1 —I—glfh)]
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so, if any qx/q — oo as the ¢; — 0o, A(g) — oo, and hence, if A(q) is to remain bounded, we

must have ¢ = (ry,...,r,)r as ¢ = oo, where r — oo and each r; € (0,00). Then
p
-1 Z n ] (S
= & :
- 20 I | ey
and we now wish to minimise this quantity. As it is homogeneous in (ry,...,r,), we can set
ry = 1. Then differentiation with respect to r;, ¢ = 2,...,p and setting each of the results to
zero reveals that ro = -~ =r, =1, so
P long gy = gy = -+ = 12
Alq) = =3 gk,asq—>ooaongq1—q2—---—-qp, (4.28)
k=1

and this is the smallest value approached by A(q) as any ¢; — oo.
We now look at the behaviour of Q(q), @(q) and @(q) as ¢ becomes unbounded along ¢; = ¢, =
...=gp =r,say. Then

H

Qa) = QL-) 3 +’”gkrnkn;£cz}

4

= Q Ip—zginknr,fQ—l—%ZlnknkQ]-i-O( 2).

i k=1 7k k= 9%

But ( k=1 2 Lnin] Q) i (n:rQn,) n; =n;,t =1,...,p, so we must have Y *_, o Lopni@Q =
I, and

3(@)= QY g *mnlQ +0(),
k=1

with the consequence that

Qo) = [Hrfj(l—l +g)} Qla)

k=1

— (r+06%)0)

p

— pQng ngn, Q

Also,

P
_ VT
o) = e+ QYL

= a+QZ—nk+O h)

4
— [Ip - @ Zg,;'lnkn;f a -+ Z Yegr  Qm
k=1 k=1
P
= Z Ygy @nk-
k=1
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Now consider the parallelotope II; N...N II,,. Its 2?7 vertices z, are given by
n?xu = Y; + uy,

where u; € {-1,1},1=1,...,p.

Writing N = [ny,...,n,]T, y = [y1,-..,3)T, we have
Ne,=y+u, YueZlZ,={-1,1}.

Since the n; satisfy n; # 0, nTQn; = 0, ¢ # j, and Q is positive definite, they are linearly
independent and N is invertible. We seek an affine co-ordinate transformation z = P~ 'z 4+ z
such that z, = P(u — z9). Then Nz, = NPu— NPz = u+y. Clearly, P = N7}, 2o = —y fits
the bill. In the transformed co-ordinates, the image of II; N...NII, is just the cube with vertices
in Z%, and the minimum-volume ellipsoid containing this cube is just £(0, pl,). As the ordering
of volumes is preserved by affine transformations, the minimum-volume ellipsoid containing
I1, N...N1II, is the image of £(0,pl,) under the inverse transformation: &(N~ly,pN-IN-T).
But NQNT = diag(g,...,9,) := G, s0 N°! = QNTG™! and then N7y = Q[ny,...,np]X
G Yyi,y. )t = D0, & Qnk, and pN7INT = pQNTG2NQ = pQ (3°h_, g *min]) Q.
Thus the ellipsoid approached by £(a(q), @(¢)) when ¢ = (1,...,1)r and r — oo is the minimum
volume ellipsoid containing II; N ... NIL,.

At this point we make a definition:

Definition 4.1: We set
P’

7 .
k=1 gk

Ao =

0

If Ao > infyco,{A(g)}, then this infimum is attained at a point of a compact subset of O..
Bearing this possibility in mind, we seek ¢ = (g1, ..., gs) such that

OA

5 =0, ke Kc{l,....,sh,qe=0,ke{1,...,s} - K (4.29)
qk

q=4

l.e.

-1
vi ) ( vl ) gk
Alpll- g 1+ i — - - —| =0,k €K, 4.30
P ( (1 + grdr)? { Z 1+ qq 1 + gkqr (4:30)
because a necessary condition for a minimum on a set is that all the first derivatives vanish at ¢

orthat § € 00, the boundary of O4 (given by gx = 0 for some k). But this argument can also
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be applied to 0. As A > 0 (otherwise the resultant ellipsoid is degenerate), equation (4.30)

can be written

1 V2 1 V24
~ {1+ g6 — kﬂ):_ 1+§(‘— ’ql> 4.31
gk( Tk 1 + grg P[ “ 1 4+ g1q ( 3)

leK

where the right-hand side is independent of k. If we set this right-hand side equal to A, we

A=l 1+z(‘ﬁ— ”‘2‘)’*) (4.32)
p / 14+ gq

which, by the reasoning leading to inequality (4.26), means

TS Q:—MZO’AZE[“ZMJ' (4.33)

1<k<s,|vk|>1 gk P 1<k<s, gk

have

A2

e~

Also, equation (4.31) can be expressed as the quadratic

(1 + grdr)* — grA(L + geds) — vi = 0, (4.34)
leading to
. 1T ]
14+ gk = 5 _Agk + \/AQg;‘: + 41/,3_
T :
= 3 _Agk+ \/ Algy +4v,3_ : (4.35)
as the left-hand side is nonnegative, and
1
5 o= _ 2,2 2
qr = 2ar [Agk 2+ \/A gi + 4Vk] . (436)

As g > OVk € K, we can put a condition on A: either A > 2/gi or (Agx —2)* < A’} + 41} =
A > (1 —v})/gk. As this second bound is implied by the first, we have the condition

1 —vf
A > max : (4.37)
keK gk

and the condition (4.33) will be a consequence of this.
We can now substitute equation (4.36) in the definition of A, equation (4.32), to obtain an
equation not involving ¢ for A:

2 2\ 1/2
A:-l-[l—ZHV’WZ(AHﬂ) ] (4.38)

2

To enable us to analyse this equation for various subsets K of N, := {1,..., s}, we make some

definitions:
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Definttion 4.2: For each subset K, we let

1 2
ag = - 1-—Zl+yk y
p rere 9k
K
by = —,
p
2 v
x = I
P ek Ik
2
= 2y
Prex 9k
where S is the cardinality of a set S. ]

We will assume that at least one hyperplane from each hyperplane pair will intersect or, at
worst, touch our ellipsoid (if necessary, we will move them to positions parallel to their old

placing), so we may assume that (see Subsection 3.1.1)
vkl < Vg —1, g > 1Vk € N, (4.39)

Inequalities (4.39) enable us to make deductions about the quantities in Definition 4.2. For
example, the maximum values of (14+1v?)/g, (1—|v|)?/g and |v|/g on the set {(g,v): g > 1,|v| <
Vg — 1} are 1, 1 and %, respectively (at (g,v) = (1,0), (g,v) = (1,0) and (g,v) = (4,%1),

respectively), and the infima of these quantities on this set are 0, so

L
IA

pl—-bg = — » aK < p,
_7\?—1 < ap+dip < —1’
P GRTOR =P (4.40)
0 < CK < ibk,
0 < dk < bk
We can now make a further definition:
Definition 4.3:
1 42 1/2
Fx :R—=R: Fx(A) =ax + - Z(/P%—%) .
Y keK g
]

Theorem 4.2: The equation Fx(A) = A has a unique solution except when K = p and

a) v, = 0 Vk € K and 3.k 95" = 1, when Fx(A) = |A| and every nonnegative A is a

solution:
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orb) yy=0Vk€ Kandy , ;. g;' <1, when Fx(A) = |A|+% (1 - %=1) > A, so the equation

has no solution;

or ¢) 3k # 0 such that v; # 0 and ax > 0, when the equation has no solution.

Moreover, if Fx(A) = A has a unique solution, it has the same sign as ax + dk. ]
Proof 4.2: P The proofs for a) and b) are contained in their statements.

In the proof for c), we suppose K = pandag > 0. Then, if A € R,

1 ,  Av? 1/2
Fk(A) = ax+ - Z A"+ —F
P liek L

1

so Frg(A) > AVA in this case.

We start by proving the existence of fixed points of Fi.

1 42\ /?
FK(—|(LK|) = J4ag + ; (a?r( + "—2]2)

Also, if ag < 0,

CK 1 & 42\
|ak| Piw \9% 9k

1 2la
< ax + - (CK lax] V—’;)
P lag ¢k 9i
C
= aK+bK—‘K—+|aK|
lax|
= by K < K
lak| ~ lak|

and, ifag > 0, bg < 1

1/2
P (aK+dK) _ aK+1 (GK+dK)2+ ‘_1&3_
A\ T-bk Pier \\ 1~k %

2
< aK-f-1 (aK+dK leI)
PkeK 1 - bk gk
_ ax b (ak + dk) +d
1 — by
_ ax + dk
T 1—=bg



Hence, if either ag < 0, orax > 0 and bg < 1, 3A_ and Ay € R such that Fx(A_) > A_ and
Fr(A4) < A4, We assume that neither A_ nor A, are themselves fixed points of Fy.. Then, if
Gk = Fk —, where  is the identity function, Gx(A_) > 0 and Gk (A,) < 0. But Fy, and hence
Gk, Is a continuous function, so, by the mean-value theorem of real analysis, 3A € R such that
Gk(A) =0 or Fx(A) = A.

We prove the uniqueness of the fixed point by looking at the derivative of Gk (which exists every-
where except at 0, and it exists there too if vy # OVk). Now

dGx 1 Y AN
=)

keK

IN

b — 1

< 0,YA € R — {0} (and also for A= 0 if v, # OVk € K)

where the first equality holds only if v, = OVk € K and the second only if K = p. Hence,
dGg/dA < 0 when a) in the statement of the theorem does not hold, and so G is strictly
decreasing (the possible failure of dGx /d A to be defined at A = 0 does not affect this conclusion).
Hence, Fx > . to the left of any fixed point of F and Fy < ¢ to the right of that fixed point, so
there is at most one such fixed point.

Suppose
1+ 12
1_—2 2uk=p(aK+dK)=0-
ker 9k
Then Fg(0) = ag + dg =0, so 0 is a fixed point of F.

Suppose ag + dg > 0. Then Fx(A) > ax + dg > 0, so any fixed point of Fx must be positive if
ag + di Is.

Finally, suppose ag + dx < 0. Then, if A >0, Fx(A) <ax +bxkA+dx Sax+dxk+A <A, a
contradiction, so A has the same sign as ax + dg here too. N

Thus, we can make a further definition:

Definttion 4.4: If
a) s<pand K CN;
C
orb) s=pand K # N,;
orc) s=p, K=N, andag <0,

we define Ak to be the unique A such that Fx(A) = A. N

Now we can relate Ax to other values of A:
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Theorem 4.3: If K is such that Ak is defined, then A > Fx(A) (respectively, A = Fx(A),
A < Fk(A)) is equivalent to A > Ag (respectively, A = Ag, A < Ag). N
Proof 4.3: P Simple consequence of the facts that Gx = Fx — . is a decreasing function and
Gk(Ak) = 0. |
We first need a lemma to enable us to justify a method for finding Ax:

Lemma 4.4: If f: R — R is Lipschitz continuous with constant L, i.e.,

|f(z) = f(y)| < L|z — y| Vz,y € R,

and L < 1, the sequence {z,} defined by z; € R, 2,41 = f(z,) converges to a unique = (dependent

only on z;). The rate of convergence is given by
|t — 2, < aL™ 7,
where

_ lIIZQ — .'L'l‘

1-L

Proof 4.4: [ We have

Tpy1 — xnl = ’f(xn) - f(x'ﬂ—l)|
< Lizn, — zn4]
< Ln_1,$2 _xl'a

s0
Lotk — -’Bnl < |-’L'n+k - $n+k—1| + ...+ |$n+1 - $n|
S (Ln+k——2 + Ln+k—3 +...4 Ln—l) I.’E2 . .’E1|
1 — Lk
= Ln-l |$2 — xll

1—-L

and {z,} is clearly a Cauchy sequence. This also means that

1 - Ln—l |$2 — .’Bll
Ixn——xIIS T I |$2—$1|<—1':‘j/_
i 52— 2
-’132—561' T2 — I
xl—-l—l-jf—<$n<$1+—l—:f“,

so {z,} is a sequence in the closed, bounded subset [z, — |23 — z1|/(1— L), z1 + |22 — z.|/(1 — L)]
of R and so has a limit point (see Goffman [9]), z, say. But a limit point of a Cauchy sequence is

the limit of that sequence. Hence, {z,} converges to x.
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Letting k — oo in the above equation involving it, we also find

Ln—l
|z — z,| < 1 |zo — z4]
N
We also have the following:
Theorem 4.5: If Ag is defined, the sequence {A( } defined by A(") F;\(Agg'l)), where
0, ag < 0;
AQ =
T%Ebﬁ;’ ag > 0,bg < 1
converges to Ag, and
'AK AP < [ ag
where L € (0,1) is given by
~-1/2
- 3o+ )
P rex
for
—aw. —CK . < ()
5= max{ ag, ax}’ ag < 0;
3{%"5—(&, ag > O,bK <1
and
lax+dkl aw < 0
ax = ;—LK ) K > VY,
1_‘;}(, ag > 0.
N

Proof 4.5: P Consider the function f : Ry — R, : z — /22 + a? defined on the positive reals

(where a € R, ). If y > z, it is a matter of simple algebra to show that

s _J)-f@)
VAT @ S y-z L Jgpta

or, more generally,

T y < W)~ fl=)] T y
V2 +a? \/y? + a? ly — z| Va?+a? \/y? + a?
forz #y.

Consequently,
4
1 A 1 A’
Fie(A) - ()] < max{ S5 AL Iy~ ML Ry

| Pker (/A2 + F Phrek (/A% + £

9% 95
.

A /
S ma‘x< | |42,Z |A| — IA_AII

| keK 4/ A% + g%" ek +/A”? + sik




By the working of Theorem 4.2, Fk([6:1,02]) C [51,82], where

[a}(, —CK/aK], ag <0
—ax, ) age > 0,6k <11,

181, 2] =

so the restriction of Fx to [By, 32] is a Lipschitz continuous function with constant Ly given by
1 p
—==, = max{|Gi],|B[}.

P kek \/ B+

9k
As this Lk 1s clearly less than 1 (in all cases where Ak is defined), the restriction of Fi to |3y, 3,
obeys Lemma 4.4 (suitably modified to comply with the restriction), and, as Ag?) lies in [y, (]
if A(,?) does (by a simple inductive argument), the theorem holds for some value of ay, because
the values of Ag?) given above do lie in the appropriate intervals, and the value of 3 given there is
max{ |31, |B2|} in each case.
Finally, we show that the correct o's are given in the statement of the theorem. If ag < 0 and
Ag) = 0, then |A§?) — A(I\l)l = |ax + dk|, as required.
As |z| < Vz? + a? < |z| + |a|,

Ag?) — agkg —bK

AD > AQ — AD > AD —ag — bk | AR - dk,
soif0 <ag <ag +dg, by <1 and A;?) = ag /(1 — bg) > 0, we have
(1=bx)AY —ax =0> AQ - AP > (1 - 0x)AY — ag — dx = —dx,

so IAg?) - Ag)l < dk which is a better bound than |ax + dk/| in this case. H
We need a few more definitions to allow us to find the smallest of the volumes given by min-
imising A(q).

Definition 4.5: The solution Ax of Fk(A) = A, if defined, is called valid if Ax > 0 and
Ak > maxgeg (1 — v})/gk. Otherwise, it is invalid. N
This means that a valid Ax obeys inequalities (4.37) and (4.33).

Definition 4.6: If Ak is valid, let qx € (04)? be an arbitrary member of the set {g € (O4)P :
¢ =0,1 ¢ K}, and let g be the member of the same set given by

. 1
g = 5;; [gkAK —2+ \/Q,%A%'F‘ll/z] .

]
Definition 4.7: Consider A(q) as defined by equations (4.27) and (4.25). At q = gk, where

Ak is valid, we have
_ PP Ak
Miex § [9nAx + /o A% + 417]

A(dx)
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by the definition of A, equation (4.32), the Definitions 4.3 and 4-4 and equation (4.35).
By analogy to this, we now define a function Ak : R — R by!

prPAP

Ak(A) = —— |
[liex 3 [QkA + VgiA? + 41/13]

]
Definition 4.8: Letky € K CN,, K —{k;} = J # 0. We define Gk, : R x[0,1] = R by

1 1 2 2\ 1/2
Gk (D,A) = = [1 ) L/ > (02 + 4—”2’1)
P rer 9k keK Ik
4 2 1/2 1 2
_,\{(D2+_f2ﬁl_> _ 4y
Gk, Gk,
Then GK,kl(D,O) = FK(D) and Gg i, (D,1) = F;i(D). ]

Theorem 4.6: Let K and k, be as in Definition 4.8. Then the equation Gk, (Dk i, (1), =
Dk, (M) defines Dk, as a continuous, continuously differentiable function [0,1] — R unless
dk € K such that v = 0, when Dg ;, may fail to be differentiable at points where it is zero. []
Proof 4.6: P By a simple modification of Theorem 4.2, Y\ € [0, 1], 3! Dy such that Gk x,(Dx, ) —
Dy =0, which is enough to define the function Dk i, (A) such that Gk x, (Dg g, (A), A)— Dk x, (X)) =
0.

To show that Dk, is differentiable, we need the further facts that Hg , : (D, ) — Gg, (D, ) —
D, is continuously differentiable on R x R ([R — {0}] x R if 3k € K such that v, = 0) and,

BHK,kl (D, /\) 1 41/2 - A 41/21 -
=-Y"D(D+—=f) -SD(D+—) -1<0
8D p keK Gk P gkl

&=
(M

onR x [~€,1+¢ DR x[0,1] (or [R—{0}] x [—¢, 14+ €] D [R—{0}] x [0,1] if Ik € K such that
vr = 0), where ¢ is a sufficiently small positive constant (as (K — \)/p < 1¥A € [0,1]). Hence, by

the implicit function theorem (see Burkhill and Burkill [4]), the equations
D, ()‘) = GK,kl (D/\o (’\)7 ’\)7 D)\o (’\0) = GK,kl (D/\o(’\o)7 ’\0)7

define D,,, for each Ay € [0,1], as a continuously differentiable function of A, on some nonempty
closed interval [Ag — 8x,, Ao + 82,], except when 3k € K such that v = 0, when this only remains
necessarily true so long as Dy,()\o) remains nonzero. But, obviously, D, (A) = D, (A) on each

[Ao = &y, Ao + 8),), and Dix, is itself continuously differentiable, with the possible exception of

10Of course, we necessarily have Ax (A) = A(q) only when 4 = Ak and ¢ = §k, as otherwise equations (4.32)

and (4.35) need not hold.
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points where Dy . is zero if Ik € K such that v, = 0, when Dg,, is still continuous, as a
consequence of the continuity of Gk x, —t (L : R = R : D + D) and the uniqueness of the solution
of Ggr, (D,A) = D VX e [0,1]. |
Definition 4.9: Letky € K C N, K # {ki}. We implicitly define the function Dgy, :

[0,1] = R whose ezistence was proved in Theorem {.6:

1 1+ v} 4\
Drw(A) = P [1 - * 4 > (D%',kl + _gl‘/z&)
k

wex Ik keK

4p? 1/2 1 4 2
) { (Dﬁ(,kl + —2"’—) — k3.
gkl gk1

Then Dix, (0) = Ak, Dk, (1) = Ak—{x,} and Dg i, is continuous, and is continuously differ-

entiable except, possibly, at points where it is zero. ]

Theorem 4.7: Let k; € K CN,, K # {k;}. Then, if

o Dk, (0) € (—oo, —|1—vi |/ 9k, ), Dr ki (A) € (—00, —|1 = |/gr, ) and Dg x, is a decreasing
function VA € [0,1];

o if DK,kl(O) € (_Il - V}E,l/gknll _Vlzcll/gkl)' DK,kx(/\) € (_Il —Vlzll/gknll - VZIVle) and

Dk x, is an increasing function VA € [0, 1];

o if Dk, (0) € (|1 — v2 1/gr,0), Dy (A) € (1 — v |/gk,,00) and Dk, is a decreasing
function VA € [0,1];

o and if Dk, (0) € {—|1 — v} |/gr. |1 — vi |/gr }, Dk, is constant.

]
Proof 4.7: P By the definition of Dk,
dDg x 0Gxk x, dDk & 111+ U,% 41/,3
K k1 ! - L D 1 )2 4+ Ll
&~ 9Dks A " p| um (T
)
1413 412
L — [ Dg s, (A)? + =2
dDgpy _ \/ w4, , (4.41)
dA (1 _ 3GK,k1)
p 3Dk 4,

where, of course,




so the denominator in equation (4.41) is in (0, 2p).

Suppose DK,kl (0) € (_|1 - Vlgl |/gk13 '1 - VIEI I/gkl)' Then

1 + v} 4u?
N

gk, 9131

for some a > 0, so long as Dk, (A) € (—|1 — v2 |/gk,, |1 — Ve |/9x,). Suppose 3\ such that
Dick(A) = |1 — vg,|/gr,- By the continuity of Dg ,, we may choose Ay to be the least such

A €[0,1]. Then, for A € [0, )0), Dk, is an increasing function, and

-1
1 -vi e 1 402 412
/\0 > —-/ 1 Ukl . D2 + 2k1 dD.
@ JDg i, (0) 9k, Ik,

But the right-hand side of this inequality is unbounded, so Xy € R D [0,1].

Hence Dy, (A) € (—|1 — 14 |/gr,, |1 — V2 |/gr,) VA € [0,1] and the proof for the rest of the
Theorem follows the same lines. N
The conclusion of Theorem 4.7 is illustrated in Figure (4.4).

Theorem 4.8: Llet N, D K = JU{ki}, ks € K, J # 0 and suppose Ay is valid. Then,
A(gr) = Ak(Ak) < A(dr) = As(Ad). [
Proof 4.8: P We define M by

M()) = M() Dk ()))

1 .
= plapDgy, (A) - ) 5 n [ngK,kl (A) + \/QIEDK,kl(f\)2 + 4V;f}
keK

1
+ A (g6 Drc (V) + /98, D V2 + 4| . (4.42)

Then DK,kl (O) = AK, DK,kl(l) = A_], eM(O) = AK(AK), eM(l) = AJ(AJ), and

dM()) 1 , Dx i, (A) ) D i, (N) dDx i, ()
d\  ~ Dr.N) |7 a7 02 d\
K (A) _ keK \/DK,kl (A2 + ’g'fh \/DK,kl (A)?2 + ;kz'-;‘—_

+Inlgk, Dics (A) + /6%, Dics (A)? + 492

1 142 41?
Kun(A) | g, 9,

+1n[gk, D (V) + /92, D (V) + 40,
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Consider f(z) = z7![b — v/z2 4+ a?] + In[z + V2% + aZ], b > |a|. On (0,00), this has a minimum
at z = Vb — a? (by the usual process of differentiation and setting to zero). Hence, on putting

z = Dgx(A), b= (1+ v} )/gr, and a = 2|vy,|/gi,, we have, for nonnegative Dy 1, ()),

dM () 1 -i-u,%1 11 —V,%II
+
dA gk, gk,

I
+
e
=
Q@
=

= In[l+vf + 1 —vi|]>0. (4.43)

Now Dix, (0) = Ax > (1 — v.)/gx, and Dy, (0) > 0, so, either Dk 4, (0) > |1 — vi |/ 9k, and
Dk, (A) 2 11— vZ |/gr, > 0 by Theorem 4.7, or |1 — v |/gx, > Dk x, (0) > —|1 — v} |/gs,, and
Dg , Is increasing or constant, again by Theorem 4.7, on [0,1], so Dgx, (A) > 0. if v} =1, the
first alternative leaves open the possibility that Dk x, (A\) = 0 for some A, but this is not possible as
Ag > 0 implies Dk, (0) > |1 — v |/gr, =0, so Dix,(A) > 0 VA € (0,1], again by Theorem 4.7.
Consequently, Dk x, () is nonnegative for A € [0, 1] and so inequality (4.43) means that A;(Aj) >
Ak (Ag). |
As an immediate corollary we have:

Theorem 4.9: Let ND K 2 J # 0 and suppose A is valid. Then A(Gx) = Ax(Ak) < A(¢s) =
Aj(Ay). ]
Proof 4.9: P A simple consequence of Theorem 4.8, as the elements of K — J can be removed
from K one by one. |
Our next task is to find out what happens when we start from a set K such that either Ag is
undefined or is invalid.

Theorem 4.10: if s=pand > 7_, 1::’%- < 1 (so An, is undefined), and K g N,, then Ax(Ak) >
Ao n
Proof 4.10: P Suppose first that vy, = OVk € N,. Then

.
Aw(A — = .
x(Ax) erK grAk erK gk

But

1 1 =
Ax = Fx(Ag) = = [1 -y —+ KAK:I
p ker IF

which implies that Ax =1 — ;:1—?— > kek 9r - and

Ax(Ag) = P’ (I—Zkeégl:l)

erng p——K
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=

> P (ZkeNp—I\ 9 )p_

erK Gk p— K

PP ~ A,

>
7;:1 gk

as the arithmetic mean of a set of positive numbers always equals or exceeds their geometric mean,
and we also have 1 — 3% _ g > 0 implying 1 =%, . gi' > Y keN,—k Ik -

Now suppose 3k, € N,, such that vy, # 0.

Let

P P 2 1/2
G(D, ) [ Z“’” +Z(D2+ﬂj§)

k=0 k=0 9k

4u} 172 1+ v}
~ {Z (D2 + —2> ) .
keK Ik rex Ik

Then, by the arguments of Theorem 4.8, the equation D(\) = G(D(A), A) defines D as a contin-

52 M

wously differentiable positive function on [y, 1]V Ao € (0,1) and so D is defined as a continuously
differentiable positive function on (0, 1].
Now we prove that limy_,04+ D(A) = occ.

We have that

1 2
D) > ;Z TV vy e (0,1].

K ex 9%

2

Since D()) is bounded away from zero and vy, # 0, Ja > 0 such that \/D(/\)2 + ey D(A) +

9k,

DY
74 1402 a
Then D(A) > K 22 D(A) + % Y keK :k" + 700 SO

1 1 2
DN >=Y Ty 8
Kiex 9 KAD(})

and if limy_04+ AD()) = 0 holds, the right-hand side of this inequality tends to oo, so D()\) — oo,
and if limy_04 AD()) = 0 does not hold, we may conclude that D(\) — oo if we may assume that

D is monotonic.

But L2
dD ZkeK 9" EkeK \/D
T = B < 0
(1 o 3D)
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on (0,1], as D(A) > £ 3, . 2% on (0,1] and 28 < 1. Hence, limy 0 D(}) = oo.

9k
Also,

D(N) < - [ui '”’“' D(A)—A{?D(A)—Zl+u’3}},

by the definition of D, so

D(A) < — (1. -y ng—@) T Y : Jg“k”’g. (4.44)

K ek

Defining M by

M(A) = plnpD(A) — Z %ln {ng(/\) + \/g,%D(/\)2 + 41/,3]

+ A Z In % [ng()\) + \/g,ch(/\)2 + 411,3] :

keK

we have that

P
1 412
M()\) = plnp—zﬁln[gk'F\/gz-l-D(;)Q

k=1

1
- 2 2 2
+ A kEGK: In 5 [ng(A) +/g2D(V)? + 41/k] ,

SO

P
lim M(\) = plnp—Zlngk

A0+

I
3
[r—
=]
3

I
[
=
Q
T

by equation (4.44). Thus limy_,o. M) = Ao, and, of course, M) = Ag(Ag).
dm( 1427
By the argument of Theorem 4.8, T)(\—) > 0 as we know that D()\) > % DokeK oo
Ao = limy04 €M) < M) = A (Ak). [

We now wish to establish some facts which will enable us to find the set K C N, such that Ap

> 0, and so

is valid and Ag(Ax) <= Aj(Ay) for all J CN; such that Ay is valid.

2
Theorem 4.11: If K C N,, k1,ks e Ny — K, k; # kz, k: > maxkeKU{kl} Ivk1| <1 and
AKU{kg} is valid, then AKU{kl} is vald. D
Proof 4.11: P Assume that Aku(r,} is not valid. Then
1 — V,f 1-— u;‘;
A < < 2 < Ap
Ku{k} kEIIr(lS‘{}Ecl} 9 =~ g = AKu{ky}>
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9k,

1 -2
P(FKu{kg}( o k2>
v2
1 —v? 1 —u? 1 —u?
a2 - (e 2) - (55
Gk, gk, gk

1-v?2 1—-22 —-12
so, by Theorem 4.3, FKU{kQ}( "2) > —g‘fl > FKU{kl}(l——"l) and consequently,

1 4+ 2 1—-12\? 42
= o \/(———’2) + =2 > 0. (4.45)
Gk, Gk, gkl
. . 1_"}2: 1—u; 1-12 \ 2 1-22 \ 2
But |vy,| < 1 implies that 2 > %5 >, and ( "2) > ( "‘) . But this means that
Iy 9k, Ik 9k,
equation (4.45) cannot hold, a contradiction. Thus, the Theorem must hold. |

From this point on, we will assume that our hyperplanes are labelled so that

1 — 2 4,2 .
vlgl V2S"'Sl Vs. (4.46)
g1 g2 gs

Conjecture 4.12: If Ay, is valid and Ay, is invalid V& > r, then An,(An,) < Ak (Ak)VK CN,;,.
]

Conjecture 4.12 enables the production of Algorithm 4.1 finding an ellipsoid containing the
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intersection of an ellipsoid £(a, @) and s @-orthogonal pairs of parallel hyperplanes.

Algorithm: 4.1
1. Given &£(a,Q) and hyperplane pairs H (ny,v,) ... HE (n,,y,),
2. Calculate g = npTQnk, vy =y —nkla, k=1,...,s.

1402 _
3.0 s = pand YO, 2% < 1, set Q1 = pQ(XL, gi’mms™)Q and a
Q Zi:l gk—lyknk.

Stop.

<< A

—_— — g1 )

4. (a) Redefine k so that 1—9:13
(b) Set £ = s;
(c) While £> 0 and Y_;_, ¢=2l" 5

i. Calculate Ay, such that Ay, = Fy, (An,);

i. if Ay, > 1;:3 , break from loop and go to 4d;

iil. else set £:=/¢ —1;

(d) if £ >0, set

1 .
g = 9 [ANcgi_Z'*' \/AQng;+4vfj,z=1,...,£

! . :
_ Viqk _ qk T
@ = [1+Z(qk” 1+ngk>} ¢ [I Zl+9qunknk ¢

To make use of this, a method is needed to obtain the @-orthogonal hyperplanes from the

available hyperplane pairs.

4.3.1 Hyperplane Shifting — s Pairs at a Time

To obtain @-orthogonal hyperplane pairs from the available hyperplanes, first shift these latter

hyperplanes according to the method of subsection 4.2.1, that is, take HE, find the Hf, k €

{2,...,s} such that the members of Hf can be shifted by the greatest extent to touch & N Il,

(where £ is the relevant ellipsoid), redefine Hf = H{ (n1,y1) to be the shifted hyperplane pair

and then find HE, k € {1,3,4,...,s} such that the members of HE can be shifted by the

114




greatest extent to touch £ NI, and work through all the H*’s in this fashion. The next step

is to perform a Gram-Schmidt style orthogonalisation on the normals Mgy Ns—1,--.,N; to the
hyperplanes, to obtain the Q-orthogonal set i, « n,, 7,1, ..., 7:
j-1
ﬁ/.*s—j = Nsjy — (ﬁs-—kTQns—j)'ﬁs—k
k=0
Ms—;
fis_; = 2

Vs Qs
HE (ns,y,) will be the first hyperplane pair of the set of @-orthogonal hyperplane pairs. To find
the remaining members of the set, find z}; = max{f;"z : z € (Hj(nj,yj) U H (nj,y;)) N

£}, where the methods of Subsection 4.2.1 are used to determine :c;fj, and set z} €
EN (U;‘=1 HY (n;,y;) U H; (n;, yj)) such that i,z = miny¢jc, 2" 27,

The quantity z; satisfies the similar conditions to z}, but with “max” and “min” interchanged.
Then the tth member of the set of @-orthogonal hyperplane pairs ﬁ:t will have a normal parallel
to n; and ﬁj will pass through z}, H; through z; .

These hyperplane pairs can now be used in Algorithm 4.1.

Given an initial value for the ellipsoid £(a, @), the following produces a sequence of ellipsoids

with decreasing volume:

Algorithm: 4.2

[

. Add hyperplane pair k to the set {H,,...,H;,_, } to obtain {H;, ,...,H;, };
2. shift {H,, ..., H,}, dropping any redundant members;

3. if {H,,...,H;, } has more than p members, drop the earliest member;

4. produce the set of working Q-orthogonal hyperplanes {H; ,..., H; };

5. perform Algorithm 4.1 on &(a, Q) and {H ,...,H; };

6. if more data, go to 1;

7. stop.
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Dimension
2 3 4 5
T noise | 1/V3 | 1/4V3 | 1/V/3 | 1/4v/3 | 1/v/3 | 1/4V/3 | 1/V/3 | 1/4/3
minimum | FH 297 | 262 | 248 | 219 | 211 | 1.95 | 1.90 | 1.81
FHss 234 | 228 | 245 | 217 | 2.08 | 1.90 | 1.86 | 1.76
mean FH 580 | 2.85 | 4.08 | 247 | 3.01 | 2.26 | 240 | 1.97
FHss 433 | 2.58 | 3.67 | 242 | 2.87 | 218 | 231 | 1.92
maximum | FH 101.71 | 3.08 |13.15| 2.78 | 594 | 256 | 4.46 | 2.14
FHss | 61.33 | 2.80 | 9.14 | 270 | 5.53 | 2.44 | 4.14 | 2.05

Table 4.1: Improvement in characteristic length-ratio for two hyperplane modified Fogel-Huang algorithm

(strict sequence)

4.4 Empirical Results for the Modified Algorithms

4.4.1 Two Hyperplane Pair Algorithms

Figures 4.5 to 4.15 are much the same as the corresponding Figures in Chapter 3, with the
addition of lines showing the minimum, mean and maximum characteristic length-ratios from
the unmodified Fogel-Huang algorithm applied to the same families of data sets. (To save
space, the Figures relating to the family of data sets affected by noise with the truncated
normal distribution with oy = 1/24/3 have been omitted, as their features fall between those
for the uniform distribution and truncated normal distribution with o; = 1/ 4+/3. Also omitted
are Figures relating to the ellipsoid centre-true parameter distance, as any improvement here

is obscured by the wild variations in this quantity.)

Hyperplanes Pairs in Strict Sequence

In every case, the improvement shown by this variant of the modified Fogel-Huang algorithm
over the unmodified version after 12 steps in the mean characteristic length is dominated by
the improvement for the worst case, as is shown in Table 4.1.

Table 4.1 also brings out the fact, not evident in the Figures because of the scale (dictated by
the need to show the effect of the first few steps of the algorithm) that the mean performance in
terms of characteristic length-ratios actually improves by about 2-25% (i.e., the uncertainty in

the individual parameters decreases by this amount), and, in terms of volumes, this is roughly
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Dimension

2 3 4 5

T noise | 1/V3 | 1/4V3 | 1/vV/3 | 1/4v/3 | 1/v/3 | 1/4V/3 | 1/V/3 | 1/44/3
minimum | FH 2.97 | 262 | 248 | 219 | 211 | 1.95 | 1.90 | 1.81

FHoe 2.18 | 2.10 | 2.38 | 2.16 | 2.06 | 1.90 | 1.84 | 1.75
mean FH 580 | 2.85 | 4.08 | 247 | 3.01 | 226 | 2.40 | 1.97

FHoe 3.96 | 245 | 350 | 237 | 2.82 | 214 | 227 | 1.88
maximum | FH 101.71 | 3.08 |13.15| 2.78 | 5.94 | 256 | 4.46 | 2.14

FHoe 70.68 2.67 | 11.83 | 2.58 5.29 | 235 | 3.96 | 2.01

Table 4.2: Improvement in characteristic length-ratio for two hyperplane modified Fogel-Huang algorithm

(odd/even sequence)

6-44% (“roughly”, because the estimate here involves approximating mean volumes by raising
the mean characteristic length to the pth power).

In addition, the improvement in the worst cases is greater than this.

Hyperplanes Pairs in Odd/Even Sequence

As expected, using hyperplane pairs more widely separated in the sequence results in an im-
provement on average, as illustrated in Figures 4.8 to 4.10 and confirmed in Table 4.2, although,
for the worst cases in both two and three dimensions for the uniform noise distribution, this
improvement is contradicted. In percentage terms, the improvement over the unmodified Fogel-
Huang algorithm varies from 4-32% for the characteristic length-ratio, and 11-53% for the

volume.

“Best Second” Hyperplane Pair

Here it is assumed that the available data accumulates and the “best” hyperplane pair is selected
only from those previously encountered.

Nevertheless, the departure from “onlineness” enables further improvements in performance to
be made. Now the improvement over the unmodified Fogel-Huang algorithm is 11-52% for the
characteristic length, and approximately 44-717%.
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Dimension
2 3 4 5
T noise | 1/V3 | 1/4V3 | 1/V3 | 1/4V/3 | 1/v/3 | 1/4V/3 | 1/v/3 | 1/4V/3
minimum | FH 2.97 | 262 | 248 | 219 | 211 | 195 | 1.90 | 1.81
FHbs 1.89 | 1.86 | 2.05 | 1.76 | 1.92 | 1.71 | 1.70 | 1.63
mean FH 580 | 2.85 | 4.08 | 247 | 3.01 | 2.26 | 2.40 | 1.97
FHbs 2.77 | 1.98 | 3.05 | 193 | 256 | 1.81 | 2.14 | 1.69
maximum | FH 101.71 | 3.08 |13.15| 2.78 | 594 | 2.56 | 4.46 | 2.14
FHbs | 33.68 | 2.22 |10.88 | 2.15 | 4.09 | 1.99 | 3.39 | 1.77

Table 4.3: Improvement in characteristic length-ratio for two hyperplane modified Fogel-Huang algorithm

(best second)

4.4.2 s-Hyperplane Pair Algorithm

As the s-hyperplane pair algorithm makes approximations (replace hyperplane pairs by Q-
orthogonal ones) not made by the two-hyperplane algorithm, it seems obvious that it will
produce worse results when s = 2, so it has not been applied to the data sets in two-dimensional
parameter space.

The results for s > 2 are presented in Figures 4.14 and 4.15, and in Table 4.4. The aver-
age performance here seems to be slightly better than that of the two-hyperplane algorithm
with strictly following the sequence of hyperplanes, and slightly worse than that of the two-
hyperplane algorithm following the “odd/even” sequence, although the performance on the
worst cases is much more mixed in that the maximum characteristic length of the s-hyperplane
algorithm is greater than that of the strict sequence algorithm in three cases out of six, and the
same is true with regard to the “odd/even” sequence (although equality to the given accuracy

also holds for one case here).

4.4.3 Conclusions

Table 4.5 presents the computational expense of the algorithms considered in this section.
Comparison with Table 3.7 reveals that all of these algorithms are still cheap compared with
the calculation of the minimum-volume ellipsoid. The three two-hyperplane algorithms appear
to have complexity which is fairly constant as the dimension of parameter space increases, but

this is certainly the result of a large constant term in that complexity, which hides an increase
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Dimension
3 4 5
o noise | V3| /4V3 | 13| /43| 1743 ] 1/av3
minimum | FH 248 | 2.19 | 2.11 1.95 | 1.90 | 1.81
FHsH 238 | 217 {209 | 193 | 1.85 | 1.79
mean FH 408 | 247 | 3.01 | 226 | 2.40 | 1.97
FHsH 3.63 | 237 | 285 | 2.12 | 229 | 1.90
maximum | FH 13.15 | 2.78 | 594 | 2.56 | 446 | 2.14
FHsH 11.38 | 2.58 | 5.69 | 230 | 441 | 2.04

Table 4.4: Improvement in characteristic length-ratio for s hyperplane modified Fogel-Huang algorithm

Dimension
2 3 4 )
Algorithm mean | sd | mean | sd | mean | sd | mean | sd
Strict seq. 170 {26 220 | 89 | 220 | 8 | 220 | 90
Odd/even seq 150 |28 220 | 11 | 220 {9.2| 230 | 7.8
Best second 170 130 240 | 93 | 250 | 74 | 260 | 78
s hyperplane pair | — | — | 69 |23 | 130 | 3.5 220 | 6.0

Table 4.5: Mean and standard deviation of the number of kiloflops needed to calculate 12 steps of three
variants of the two hyperplane pair modified Fogel-Huang algorithm and 12 steps of the s hyperplane pair
modified Fogel-Huang algorithm.

with dimension.

The interesting feature is that the s-hyperplane pair algorithm is relatively cheap compared
to the two-hyperplane algorithms. This is quite possibly due to the low-dimensionality of
the examples allowing the orthogonalisation involved in the s-hyperplane pair algorithm to be
outweighed by the fact that the solution of the equation Fx(Ax) = Ak is not needed at every

step, and that a comparable operation in the two-hyperplane version is needed, i.e., the solution

of the 5th-degree polynomial.
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Figure 4.1: a) Initial ellipse with hyperplane pairs 1 (dashed lines) and 2 (dashed and dotted lines);

b) initial ellipse, ellipse obtained by applying the Fogel-Huang algorithm to the initial ellipse and hyperplane
pair 1, and the ellipse obtained by applying Fogel-Huang to this ellipse and hyperplane pair 2 (in order of
decreasing area, naturally);

c) initial ellipse, ellipse obtained by applying the Fogel-Huang algorithm to the initial ellipse and hyperplane
pair 2, and the ellipse obtained by applying Fogel-Huang to this ellipse and hyperplane pair 1;

d) ellipse obtained by applying the modified algorithm to the initial ellipse and both hyperplane pairs.
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Figure 4.2: Initial ellipse (‘0’) with the two ellipses obtained by applying Fogel-Huang twice with the hy-
perplane pairs in the different orders (‘12’ and ‘21’), and the ellipse (‘m’) obtained by applying the modified
Fogel-Huang algorithm to the initial ellipse and the two hyperplane pairs simultaneously (in this instance, the

ellipse from the modified algorithm is of the smallest area).
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Figure 4.3: Shifting HY to the boundary of £ NI, instead of the boundary of £ (dashed lines are the original
positions of ]HIfz, the dotted line is the position of H} after being shifted to be tangent to £, and the solid line
is the position of Hif after being shifted to touch ITy N &).
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0 .
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Figure 4.4: Dk k,(A) as the solution of Equation (4.41) of Theorem 4.7. (The dashed lines are at Dy x, =
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Chapter 5

Behrend-Lowner/John Ellipsoids for

Two Observations at Once

The idea of the previous chapter was to iterate the process of finding the minimum-volume
ellipsoid containing the intersection of an ellipsoid &_; with the region II, N II; in parameter
space consistent with two observations, where the minimum was taken over a(n) (effectively)
two parameter family of ellipsoids. But, by the Behrend-Lowner/John theorem, there exists
a unique minimum-volume ellipsoid &, containing &_; N I, N IIx. In the present chapter this
unique minimum-volume ellipsoid will be investigated.

Changing the origin of the subscripts, let the first ellipsoid be & = £(ao, Qo), let the strips be
II; = (n;,y:), ¢ = 1,2 and let the desired minimum-volume ellipsoid about & N II; N II; be
& = E(az, Q2), where, of course, the @;, : = 0,2 are symmetric, positive-definite matrices.
Since Qo is symmetric and positive-definite, there exists a nonsingular matrix P such that

PTQ;'P = 1. If z is set equal to ap + Pz, then

T e g(ao,Qo) & zE 8(0, [), (51)
r € (ni,y:) © =z €I(my,us),1=1,2, (5.2)

T T

_ T T — T =
T m; = n; PP n, = n; Qo'nz‘, ms-m; = G,

where m; = PTn;, v = yi —ni'a, 1 = 1,2. Asm;
t = 1,2 (in line with the definitions of previous chapters).

But there also exists an orthogonal matrix O; such that 0,Tm, = Imile; = J/g1e1 and 0, Tmgy =
no1€; + nogez, where the e, are canonical basis vectors for R? and the ngy can be chosen such

that ng; = h/ /g1 and noz = /192 — h?/\/g1 > 0 (as the HE not parallel to the HE ), so the

. . T T —
requ1red relations m1T0101Tm2 = m1Tm2 =n PPTn2 = n1TQon2 = h and m2T0101 mg =
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Mo my = Nyt Qong = no LPPTn, = h hold (where h is also defined in line with previous

chapters). Hence, if z = O, w,

z € &(a0, Qo) & we&(0,1), (5.3)
z€ll(n,y1) © well(aier,n), (5.4)
S H(nz, yz) < wE H(nmel + n026’2,1/2)~ (5'5)

The order of volumes is preserved under the affine transformation which takes z to w,
so the inverse image of the minimum-volume ellipsoid, & = &(dq,Q2), about £(0,1) N
I(y/g1e1,v1) N [I(no1er + nozeq, 12) is the minimum-volume ellipsoid, & = &£(a2,Q2), about
E(ao, Qo) NII(ny, 1) NII(ng,y2). By symmetry, @ = &oe; + noe2 and Q;' = aere, T+ v(ereaT +
€2€1T) + BegesT + 6 Zf;f €i+2€i+2T-

Assume that the above transformations have already been made, so the problem becomes that

of finding the values a; = (£,70,07)T € R?, , 3, v and §, such that

oo - — -~

& S :
8(0'27@2_1):8 Tlo ) v ﬁ

0 0 571,y |

(3% )

D> £(0,1I)nT(y/grer,v1) N H(norer + nozes, v2), (5.6)

and det @, is minimised (where I,_; is the identity in R?~?). This last condition is, of course,
equivalent to maximising det Q;* = 672 (aB —+?) (where p is the dimension of the parameter

space, as before).

A change of notation is in order here. The strip II(n,a,b) is defined by z € I(n,a,b) &
a < nfz < b, s0 II; = II(\/g1€1,1) = (e, (11 — 1)/4/g1, (1 + 1)/y/a1) = (e, &, &),
and TI, = I(noie; + nozez,v2) = I(no, (o — 1)/4/92,(va + 1)/4/g2) = (o, {2, (2), where
&2 = (n F1)/V/a1, (12 = (12 F 1)/4/92 and the unit vector no = (noie1 + nozez)/(/9s.

The “missing” ellipsoid & = &£(a1,@1) can now be defined as being the minimum-volume
ellipsoid about &y(ao, @o) N II(e;, &1,&2), where it can be assumed without loss of generality that
€&, > (1(s, so that, if the minimum-volume ellipsoid about & N1I; is & (i.e., (¢ < —1/p), it

is not necessarily the case that & = &.

The case p = 2 will be considered later. For the moment, it is assumed that p > 2.
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5.1 General Theorems Concerning &,

It 1s necessary to cite two results from Pronzato and Walter[23] here. The first is:

Lemma 5.1: Let K be a compact set of R? and £(K) be the minimum-volume ellipsoid about K.

Then
EK) = {:L‘ €eRP: (z - c(w))TQ(w)_l(:c — ¢(w)) < 1} (5.7)

where
Q(w) = p(M(w) — c(w)e(w)") (5.8)
M(w) = /,Ca:xTw(dx) (5.9)
c(w) = /’Cxw(d:c) (5.10)

and

w = arg max Indet(M(w') — c(w')c(w’)T), (5.11)

where ) is the set of distributions w' over K such that

/ w'(dz) = 1 (5.12)
K

and the second is

Lemma 5.2;

1. A distribution w supported by at most p(p + 3) (and at least p + 1) points of K always
exists. These support points are located on the boundary of the complex closure of . When
there are only p+ 1 support points, they are uniformly weighted and c¢(w) corresponds to their

centre of gravity.

2. w is not necessarily unique (although M(w) and c¢(w) are), but the set of all distributions

satisfying equation (5.11) is convex.

3. Vz € K,d(w, z) <0, where

dw',z) =z M(w') 'z + 1[:5_ i\{u(;))?]—\/fzt(;?)')‘l_c(lu]j) —p—1 (5.13)

4. mazyexd(w,T) = mingeq Maxzex d(w', T).
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Definition 5.1: A distribution satisfying equation (5.11) will be called optimal for K. ]
A symmetry result can now be-deduced:

Corollary 5.3: Suppose K is a compact set of R? such that K is unaffected by rotations which leave
er and e; unchanged. Then there exists an optimal distribution which is unchanged by rotations
which leave e; and e; unaltered. (]
Proof 5.3: By Lemma 5.2, there exists an optimal distribution w, for K. This distribution is
not necessarily symmetric under the interchange of e; and e;, 1,5 ¢ {1,2}, but the distribution
wy derived from w, by such an interchange will also be optimal for K. Similarly, a distribution ws
derived from w; by a reflection leaving e, and e; unchanged will also be optimal. Suppose there are
k — 1 distinct such distributions derived from such interchanges or reflections: w,, ws, ..., wy, say.
Then the distribution w = (Ele w;)/k will also be optimal for K, and w is unaffected by rotations
not affecting e; and e;. H
Corollary 5.4: If & N (e, &1, &2) N I(norer + nozes, (1,¢2) contains the support points of an
optimal distribution w for & N 1l(ey, &1, &7), then & = &;. ]
Proof 5.4: let K, = & N I—'I(el,ﬁl,&), Ko = &N ﬁ(61,§1,§2) N ﬁ(nmel + nozez, G1, (o).
Obviously, K; is compact (and convex), 1 = 1,2. Let Q(K;) = {w' D e, w'(dz) = 1}, 1= 1,2,
sow € QK;) is optimal for K,. Implicitly assuming the obvious mapping between the distributions

on K, and those on its subset K,, it follows that w € (K;), as w vanishes except on K,. But

QK1) D Q(K,), and this implies that

In det (M(w) — c(w)c(w)T) < w’IenQEE)léz) Indet (M (w') — c(w')c(w')T)
< max Indet (M(w') — e(w')e(w)T),

and the equality of the outer members of this chain of inequalities implies that w is optimal for K,
as well. But, if two compact sets have the same optimal distribution, they are contained in the same
minimum-volume ellipsoid, by Lemma 5.1. N

It will be useful to quote the results which define & : if &€ < —1/p,

Q1 = L (5.14)
a = 0; (515)
if £,6 > —1/p,
0
e € RP*? (5.16)
0 IBIIp—-l
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a, = [ §o1 O ] Te R?, (5-17)

+£2 \/ é’ )(1 —£2)
B =

where

u-al—@) (5:18)
o = (\/1 ﬁ11—§1§2+g1/1 ﬁll“@)) (5.19)

fn = &+ \ﬁ_ Blo(i — 612) (5.20)

These results are the translation into the notation of the present text of a simple extension of
Konig and Pallaschke’s [16] results.

Equation (5.20) will first be put into a more symmetric form not involving o or f;.

\/ (e%;&?)z yoo-g) gg
B8 - —
and there is a similar expression for 1 — 3;(1 — €2). Together, these yield (1 — £:1(1 — £&))(1 —

Bi(1 — £€2)) = 1/p* and then

Now

— &)1 = A1 - &)
\/1—ﬁ11—§2)+\/1—ﬁ11—§%)
\/1'/811_51 \/1 Bi(l —&3) —1+,31(1‘§1)

B1(& + &)
1+&&% p—1 1

G+& p B+ &)

o = &+

p[l__fﬁ+\[(§§;§i)2+( &) e;)]
L+ 6d 2 2 . (5.21)
&+ & (p+ 1)(& + &)

Equations (5.18), (5.19) and (5.21) will now be used to find a family of optimal distributions
for & N (e, &1, &)

Theorem 5.5: Let z;;1 = £ier + mijea + (—1) k\/l — &2 — U?jel+2: i, 5,k=1,2,1=1,...,(p—2),
for some n;; such that n; € [—/1—&,/1—¢€] Vi,j = 1,2 (so that zym € & N
(e, &1,&) Vi, 5,k = 1,2,0 = 1,...,p — 1) be the support points‘of a distribution w which

takes on the nonnegative values w;x at these support points.

Then, if

m1 < Mz and 7oy < 199, (5.22)
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the n's also satisfy

—(& — o1 )mama — (o1 — &1)na1mee = L+ &6 ;_(éi + &) (& — &) (5.23)

and the weights w;;x are given by

(€2 501)'712
Wiy = 5.24
7 ( )( )(’712 ~ 1) ( )
(62 501)7711
Wij1g = 5.25
7 2(p — 2)(€2 — &) (m2 — 1) (5:25)
(501 €1)M22
Wy 5 5.26
" 2(p — 2)(&2 )(7722 ~ 721) (5.26)
(501 )7]21 .o
Wis00 = , Vi,7=1,2, 5.27
" D6 ) 0
the distribution w is optimal for & N (e, &1, &2). ]
Proof 5.5:
Consider the distribution w with support points z;;;i = &e1 + nijea + ( \/ 1-&— 77”61_‘_2,

i,,k=1,2,1=1,...,(p— 2), for some n;; such that n;; € [—\/1 — \/1 £ Vi, 7 = 1,2,
and with the symmetric values w;;x = wi; for some nonnegative w;; andk =1,2,1=1,...,p—2.

Then the condition that the distribution w be normalised is that

Y wijn = 2(p -2 Zw,] =1. (5.28)

17kl

The vector c(w) is given by

c(w) = sz‘jktﬂﬁzjkz

= 2(p — 2) [(Z wij&-) €1 + (Z w,-jmj> 62] (529)

and the matrix M (w) is given by

T
M(w) = E WijkITij kI Tijkl
ikl

= 2(p— 2) [(Z wz‘jf?) 61€1T
ij '
+ (Z wij&"]ij) (elezT + €2€1T) + (Z 'wijn,?j) egegT]
i Iy
2 (Z wi;(1 - 6:2 - 771'23')) (Z €1+2€l+2T) . (5.30)
i !
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Now, if it were to be the case that

c(w) = a; and (5.31)
M(w) = clwie(e)+-Q, (5.32)

it would also be the case that

.’Begonﬁ(el,é.l,{z) = ng(ath)

—~
8
l
£
~—
-3
S
—
8
|
5
~—
VAN

(where the penultimate equivalence follows from the matrix inversion lemma), that is, w would be
optimal for & N1l(ey, &1, &;), by Lemma 5.2.
But, if the w;;y; are given by equations (5.24) to (5.27),

c(w) = a, ] (5.33)
i My (w) 0 0
M(w) = 0  Ma(w) 0 , (5.34)
0 0 M (w1, |
where
My(w) = (& +&)o — L&, (5.35)
Ma(w) = — (& — §01)77117722 t 2501 — 51)77217722’ (5.36)
M(w) = ;i—zu — My () — Ma(w)). (5.37)
But then My, (w) — €2, = (b —&1)(&2—€o) = p la7’, Moy = (p— 1)1+ &6 — (L4 &)bn] =
P and M(w) = (p—2)7(1+ & —p7 g —p7' B ) =P B u

A relation between a, 3, v, d, éo and 7o can be deduced from methods like the above.
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Theorem 5.6: If p > 2, the components of Q' and c obey

f_ (p=2aB-)
P& ) —7)—a=p

(5.38)

U

Proof 5.6: By Pronzato and Walter [23], the sequence of distributions {w()} converges to an

optimal distribution for £ N I1; N I1,, where w® s given by choosing
z! = arg max{d(w¥,z): 2z € NI NTI,} (5.39)

and setting
wit) = (1 — 5;))wl + 5,3, (5.40)

where %' Is the distribution concentrated at z:,

(1 = "M (w) " e(w))’

d(w.z) =z "M(w) 'z + 1 = o(w) T M(w)- j p—1 (5.41)

and
d(w®, z!)
(p+d(wl,z}))(p+ 1)
The sequence is started by choosing support points x§°’, e :c(o) € 0(& NII; N1IIy) such that
kgt Yk, 00T _ (Zt_l fo)) (Zf"l SO)) is nonsingular, and letting the weights wl? =
o= wko = 1/ko.

In particular, let {wli)} be the convergent sequence started by making a definite choice of

(5.42)

Si =

x§°), e ,:cg_:) € 0& NTI, NI, and a definite choice of z; at each stepi. Then {w@} converges, to

w, say. Now
d(w,z) = (z — c(w)) T (M(w) — c(w)e(w)") ™ (z - c(w)) —p— 1, (5.43)

has no maximum on any unbounded set in R?, provided M(w) — c(w)c(w)" is positive definite.
Hence, if M(w)—c(w)c(w)T is positive definite, any maximum of d(w, z) over 0(&NI11NII;) cannot
be on the unbounded sets ]Hll*,2 or HE NHEE" unless it is also in 8. But, if M (w?)) —c(wgo))c('wg)) )T
is nonsingular, it is positive definite, and, if M (wg")) — c(wgi))c(w§i))T is positive definite, then
M (wfﬂ)) - c('uuf“))c(warl))T is positive definite by choice of s;. Thus, x; € 0& for each 1,
and so the set of support points of wgi) is contained in the closed set 0& N II; N I, for each 3.
Consequently, the set of support points of w, is contained in 3& N II; N 1l,.

Let w be the symmetric density derived from w; by the process described in the proof of Corollary 5.3.

The set of support points of w will also be contained in 0& N 1I; N 1l,.
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Mw) = / zzTw(dz)
EoNIT NI,

Jornen (579

=1

= / (elT:c)2zo(d:c)elel
3EoNIl, NI,

/ (2" 2)*w(dz)eses” + § / (42" 2)*w(da)ejraejpa”,
A€o NI, 8EpNII NI,

(5.44)

E

1

o,
"

(ejT:c)ej) Tw(dz)

-3

+ / (e2T2)(ea"z)w(da) (eresT + eze,) +
&Il nn2

by the symmetry under reflections. But clearly

Z/ (€542 z)2w(dz) Z/ (e172)* — (€27 z)?) w(dz) (5.45)
8EgNIl NI, 85001-[10“2

and also

p—2
Z/ (ej42 ) w(dz) = (p — 2)/ (ext2 z)*w(dz), k=1,...,p—2, (5.46)
A€o NIT NI, 8EeNIly NI,

i=1
by symmetry, so

M(w) = / (e; ) ?w(dz)e e, T + / (e17x)(ea" z)w(dz)(ere,” + egeyT) +
& NI NIl; A& NI NI,

/ (e2Tz)2w(dx)ese,” +
8Eg NI NI,

p—2
b (1 _/ (€1 ) w(dz) —/ (e37z)? (dx)) Z€j+2€j+2T
P— 2 EoNII NI 0&NIT; NI, j=1
My, M, 0
= M, My, :
1-M;;,—M>,
| 0 p—2 I”— i
(5.47)
Similarly, ..
€o
c(w) = / zw(de) = | no | - (5.48)
OENII; NI,
] 0
The relations between Q' and M (w),
_ - ,
Q= v B = p H(M(w) — c(w)e(w)T)™?, (5.49)
0 (SIp—‘Z i




then allow equation (5.38) to be deduced. B

It is now desirable to find conditions such that &, = &.

5.2 Conditions for & = &,

The treatment will have to be divided into two cases here: &, # & and &; = &,.

5.2.1 & #&(0,])

Here it must be the case that &£, > —1/p.

Some sets need to be defined here: S = {(mi,m2:n21,m22) €  [~7M10,0]
X [0771120] X [—77210, 0] X [0,77220] : o anutz +bnane +c= 0} and T =
{(m1,721) € [~1110,0] X [~7210,0] : T2, 22 : (111, M2, M21,Mm22) € S}, where a,b,c > 0 and
7110, 1205 72105 220 = 0.

These sets have the properties given by the Lemmas below.

Lemma 5.7:
S = So1 U S10 U Siy, (5.50)
where
( 0, if bra107220 < €
So1 = {(0,m2,m21, —¢/bn21) : (5.51)
\ M2 € [0,7120], 721 € [~7210, —¢/bn220]}, i bn210m220 2 ¢,
( 0, if ani10mao < ¢
S10= 9 {(m110, —¢/am1,0,722) : (5.52)
\ M1 € [—M10, —¢/amzo], M22 € [0,m220]}, if anuromao > ¢,
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and

(

0, if aniiomao + bn210m220 <
c;
{(7111>0,7721,-—C/57721) :
M1 € [~M110,0), 721 € [—N210, —c/bago)}, if 20 = 0 and
bn210m220 2 ¢;
{(m1, —c/ami,21,0) :
M1 € (=10, —¢/ami20],m21 € [~7210,0)}, if 720 = 0 and
anozo 2 ¢,
=) {(m1,ma2, M21, —(@anumz + ¢} /bna ) : " (5.53)
M1 € [=N110,0)0
(—o0, (br210m220 — €)/amiz0] }
N1 € [—N210,0)N
(—o00, —(amaomi + ¢)/braz],
M2 € [0,7120] N (=00, —c/am]N
[~ (5722021 + ¢)/ami, 00)}, if 71207220 > 0 and
\ anuofizo + bn210m220 > c.
[]

Proof 5.7: Let

So1 = {(0,7712,7721,7722) € S},
S10 = {(7711,7712,0,7722) € S},

S = {(7711,771277721,7722) €5 MiN21 > 0},

s0 S = So; U S10U S11.

First, suppose (n11, 12, M21,722) € So1: then n11 = 0 and byainaa+c = 0, which means that nz, < 0,
722 > 0 (50 So1 = 0 if N2107220 = 0)- Thus T2 = —C/bﬂm- But T2 € [0,77220], SO M0 2> —C/b"hl
which is equivalent to 1o < —c/bngao. This in turn implies —n210 < —c/brjage or bzion220 > c.
Clearly, So1 = O if this last condition is not fulfilled, and Sy; has the alternative form given if it is.
The result given for Sio follows in a similar fashion.

Now, let (m11,M2,721,M22) € S11, and suppose mizom220 > 0. As 1 = —(amimz + ¢)/bna €
[0, 7220, aniimz + ¢ > 0 and so 12 < —c/am; Also

oo > —(amima + c)/bnar © M2 2 —(bnazona + c)/ann
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t 4 ¢ 4 T

Reading between the lines of this chain of implica

2o 2> —(bmaz0m21 + ¢)/anu
n21 < —(an20mn + ¢)/bnazo
—1210 < —(ani20m1 + ¢)/b1220
T < (b772107]220 - C)/aThzo
—1110 < (b2107220 — €)/amiz0

anioNzo + bn2107M220 2> c.

tions and equivalences enables the deduction of

the first and last forms for 5,,. The other two forms follow by similar arguments. o
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Lemma 5.8:

/

0, if ¢ > aniioho +

b7721077220;
{(T]u, 7721) 1

M1 € [—m1o, (b1)2107220 — C)/m?mo],
n21 € [—N210, —(an20m1 + C)/b77220]}, if ani10M120 +
oo > ¢ >

max {an1107120, ba10m220}
{(m1,721) :

M1 € [—T1o0, 0],
N1 € [—77210, —(0771207711 + C)/bﬂzzo]}7 if b7721077220 > ¢ >

T =¢ amniof1i20; 5 54
([—77110, —‘/071120] X [—77210,0])U ( )

{(7711,’721) :
M1 € (—c/amao, (brj210m220 — €)/ani20),
N1 € [—77210,—(0771207]11+C)/b77220]}, if aniomzo > ¢ >

57721077220;
([=m110, —¢/ani20] X [—1210,0])U

{(nlla 7721) :
M € (—C/aﬂmo, O]
na € [_772107 _(0771207711 + C)/bnzzo]} , if

min {anuomzo, bn21077220} 2

\ C,

[]
Proof 5.8: Follows from the previous Lemma. L
The next thing to do is to find max {min {rnué + noani1, no1&e + noan21} : (M1,721) € T}

Lemma 5-9: Let B == Imax {mln {7?,01{1 + n027']11,n01€2 + noz‘r]zl} : (7]11,7721) € T}
If ¢ > ani10m120 + b12107220 then B = —oo;

if ani10mi20 + 12107220 > € > ma){{aﬂuoﬂlzo, b1210M220 }, then

4

-1 ani20+b7220)n110—¢ |
no1€1 — No27110, noanoi(és — &) < =& b'rmo) ;
no1(an12081+b7220€2) —7no2¢ ama0+bn220)m10—c -1
01( : 0’7120+b77220 ) ’ _( b77220) S n02 n01(§2 - fl) S
B = ¢ (5.55)
(an120+b7220) 210 —¢ .
67120 !
b17210M220—¢ (am120+b7m220)1210—¢ -1 _ .
\ noié1 + o2 anmz ’ an20 < gy o1 (62 61),
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if bn210m220 > € > ani1om120 then

¢

-1 a b _
no1§1 — No2Mi1o0, ngs noi (€ — &) < - "‘2°+bzzzg)"“° %
B = no1(an20é1+bn220€2) —m02¢  _ (am20+dn220)mi10—c -1
< aniz0+bn220 ’ bn220 < N2 No1 (62 §1) = bn220 (556)
c -1 .
| noiés, b < Moz Mo1(&2 — &)

if anyioMiz20 > ¢ > b1a107220 then

(
——— c —— -
noiéi — no2 a0 No2 "01(52 fl) amzo’
B = no1(amz20é1+bn220é2)—n02¢ ¢ - _ (a'fi120+b17220)77210—c .
ani20+bn220 ? ani2o S n02 no (§2 61) - ani2o ! (557)
b1210M220—¢ (am120+b1220)n210—¢ -1, .
| no1éy + nop TR, P < ng no1(§2 — &1);
if min{an110M20, bM210M220} > ¢ then
( 1
no1é1 — no2 T ng, nor (€2 — &) < “‘a,,m'
B={ ™ (amz20é1 +bn220é2)—n02c ¢ - _
ani20+b7220 ? anizo < n02 no1 (§2 61) - 577220 (5 58)
c -1
| noiéy, e < ngy noi (&2 — &)

H

Proof 5.9: Follows by some tedious algebra after noting that B = max{np & + max{ngm :
noem < nozfz + nor (& — &), (m,me) € T}nobe + max{nom: : nen < nom — na(l -
&), (m,m) € T}}, so B = max{noé + nopmax{m : m < m + ngyna (& — &)} noée +
nogmax{n: n2 < M — ngy no1(€2 — &1)}} as ngg > 0. |

Corollary 5.10: Let B be defined as in Lemma 5.9. Then, if any10m120 + b12107220 > ¢,

57121077220 —C

B < max {min {nm& + no2 yno1éa — n0277210} ;

ari20

. a —c

mln{nm&—nozﬂno,n01§2+no2 77111())77120 }} (5.59)
220

L]
Proof 5.10: Although this Corollary can be derived from the previous Lemma,
it follows immediately from the fact that, if amiohz + bMerof220 = ¢, then
(e, o), (—muo, 222 ) € 7. .

Now some necessary conditions on the value of ¢; such that & = &; for given &, & and (

(where ¢, > 0) can be derived. There are three cases where this can be done:

1. the intersections of the hyperplanes Hf with the hyperplane H} both fall outside of
the interior of &; this is the case ng, ({2 — naé) > /1—€% i = 1,2 0or (o >

maxi—1 2 {nolfi + noz2¢/1 — f?};
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2. one of the intersections HF N Hj falls in the interior of &, but the hyper-
plane H} does not cross the “equatorial” hyperplane between Hf and Hi; that

is, mini=1,2 {77621((2 — nmfi)} > 0, so maXi;=1,2 {n01€:’ + noz\/l — 6,2} > (2
mini=1,2 {nmfi + nozy/1 — 6,2} and (2 > maxi=12 {no1&};

3. both of the intersections Hf N HY fall in the interior of &, but the hyperplane

H} again does not cross the “equatorial” hyperplane between Hf and H;; so

min;=1,2 {n01§i + no2y/1 — 5,2} > (o 2> maxi=1 2 {noiéi};

There will be theorems giving a range of values of {; such that & = &; for these cases.

G2 > gginé{nm& + no2y/1 — 63} :

¢ < B, (5.60)

Theorem 5.11: Suppose
Then, if

& = &, where B is given by one of the equations (5.56) to (5.58) with ;10 = M120 = /1 — &,

Mo =N =vV1—& a=&—C6n, b=C%un—&,c=[1+&& — (& +&)m) (& — &) /(p—1)
and o, given by equation (5.21), as follows:

if p = 3: B is given by equation

(5.56) if £, € (=1,0) and &; € (&, —&);
(5.57) if & € (—1,0) and & € (—¢&1,1), or if & € [0,1);

(5.58) if 51 € ('—1,0) and 62 = '—61.

if p > 3: B is given by equation

(5.56) if & € (-—1,— ) and & € ( \/2(,, 98- (p=3) \/2(:»—2)&2 (p—s))

(5.57) i 6 € [-\/E51) and & € ( (——()5—1)——1)

(5.58) if & € (_1,- o) ad & € (&7 \/i(p—?.)&l;(p—s)] U
[\/2(,,_2)1)5_31—(;»—3)’%\/2—&:?__—_237], orif { € [—\/;—(;;3;, 1) and & € ( \/(p—;()ﬁ_,;;»— ]

[l

Proof 5.11: The idea is to find a set of support points for the distribution of Theorem 5.5.

The position of the hyperplanes HE and Hf means that possible values for the 1)'s are such that
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(15 M2y M21,M22) € [~M10,0] X [0, m120] X [—7210,0] X [0,7220], s0 fong as equation (5.23) holds
(with &o1 given by equation (5.21)), where ni0 = nigo = /1 —€, i = 1,2, and (; satisfies
G < miniz 2 {Roréi + noama}. But, if (11,2, M21,722) € [~M110,0] X [0, Mig0] X [—7210,0] X
[0,7220], and equation (5.23) holds, (mi1,m21) € T, with a = & — €n1, b = € — &1, and ¢ =
(14 &é& — (& + &)ém) (&2 — &) /(p — 1). Then, the relation

(1 < max {gl]lg {ro1& + nozmia } : (m1,m21) € T} (5.61)

is sufficient to ensure that £, = &;.
Now, anii0mi20 + bn210m220 = (p— 1) > ¢, as ¢ > 0, so, to find which form from Lemma 5.9 needs
to be used it is necessary to determine the ordering of the quantities an;10m120, bn2107220 and c.

For the moment, assume p > 3 and let
f(gly 52) = C€— aMmioh20

- el ffzf G+ 8o _ (¢, — )1 - £2).

As o, is a continuous function (provided it is redefined to be 0 at its removable singularity £, = &)

of £, and &,, f is a continuous function of £, and &,. Considered as a function of &,, f has zeros at

&zi\/zw—mgz—(p—:s),52:&

p—1

and these are all real if £ > (p — 3)/2(p — 2).

Also,
fo = %—?—{ when £, = £1
Ye)
Fler,+1) = +p*(1 - &)1 F &)

p+1

and f(£,1) <0, f(&,-1) >0, for & € (—1,1).

IfFé€ = & + ¢, f(€1,62) = —‘;—:—f(l — e+ O(€?), so f(&,€2), considered as a function of &, is
decreasing as it passes through £, = &, for all & € (—1,1).

Also,

_ Hp-1DV20p-2)8 - (p-3)
&___\/2@—2)62—(:»—3) B (p+ 1)(p? —3p+4)

X [\/p— 16 — \/2(71—2)5? —(p-3)
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which (when real) has the same sign as §;.

This information about f at (§,=x1), (&,&,) and ({1, \/2(”'2)€¥"(”_3)>, the continuity of f and

p—1

the faCt thatfl S — _2_(%_2 = é.l _\/Q(P—2)p€_11_(1’ 3) andé-l /2(p 5 :é- > \/2(p 2)52_(1,_3)

allows the behaviour of f to be deduced in outline:

p— p—1
for &, € (617_\/2@—2):_?1—(?—3)} U [\/2(;; 23521(%3) 1)
if & 2 —\/%, f 1s non-positive for & € (&, 1).

Now let g(&,,&;) = ¢ — bnaioteao- g is continuous, and, considered as a function of £;, has zeros

_ (=D +p-3 . _
§Q—i\/ 2(p—2) 3 62_61’

ifé& < 5&—2), f is positive for &5 € (—\/ 2(p_2)€?1—(p-3)7 \/ 2(’)_2)512_(10—3)) and non-positive

which are always real.

Also,
_ mﬂ—&m~&)
_ _(P 3)(1 - g)e €2
g(éi,&i+€) = 2y~ 1) + O(é).

These relations, together with the facts that g is continuous and || < ,/(—”—'—21%5?2’—)53 are
enough to deduce that g(&.&;) is non-positive for §; € (ﬁl,\/(i%zpi%)p———?’—} and positive for

\/ p=1)¢f+p-3 1
2(p-2)

Hence, when

-3
L& < =y/5Ga

— 2 (n— _ 2 —
(a) bnaionazo = € > aniioNizo for &y € (_\/2(1’ 2)5 —(p-3) \/2(20 2)6 (p )

(b) min{a77110771207b7721077220} > ¢ for & = (&7_ \/2(?—2);:(,,_3)] U
[\f(p—zw ~=3) 1 z(p-zz]
‘p =3 |’

It will be noted that the condition £,€, > —1/p implies that &, < 2 51 /2 p”"3 \/ (p=1)¢i4p-3 .

2(p-2) ’
[ p=3
2. €1 Z - 2(p—2)’
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(a) aniiomao > ¢ > bnaromago for & € (\/(L_gl—()pg_%'f—sa 1) ;

(b) min{aﬂuo’?lzo,bﬂzw’?zzo} >cfor&; € (51, \/(p-—l)em]-

2(p-2)
Now the Theorem for p > 3 follows directly from Lemma 5.9.

Suppose now p = 3. Then g = —f and f considered as a function of &, has the zeros ¢, = +£,
Also, f(€1,1) = —3(1 — &)(1 — €)/8 < 0 for & € (~1,1),

9 pene| =0 Srene)| =2, Lore)| =-3
U v &2=61 o 863 o §2=& - K aé’g v €2=£1 -
and
9 et =26
862 1462 bmets 1
and these facts, together with the continuity of f, are sufficient to deduce that
if &, € (—1,0), f is positive for & € (&1, —&1), and non-positive for & € [—£1,1);
if £, € [0,1), f non-positive for &, € [£1,1).
Together with g = — f, the above is sufficient to allow the deduction of the rest of the Theorem.

Theorem 5.12: Suppose (, obeys one of the sets of conditions given in the cases 1, 2 or 3 on
page 146. Then, if

bﬂ21077220 —C

amn2o

(1 £ max {min {nmfl + no2 ;o162 — no277210} ;

. a —c
min {no1§1 — no2Ni10, o1 €2 + no2 7111277120 }} , (5.62)
220

wherea = & — €01, b = b — &, e = (&= &)1+ &b — (L+E)6n)/(P—1), Mo =M = /1 - &

and, in

case 1: 10 = Ma20 = /1 — &;

case 2: let 7 be such that ny & + noz2¢/1 — fj? = maxXi=1,2 "o & + no2/1 — &, £ € {1,2} — {5}.
Then M0 = n521(§2 - n01§j): Tato = \/1 - é‘%;

case 3: 19190 = n521((’2 — n01§1) and nq20 = 71521((2 - no1§2)-

[
Proof 5.12: In all cases, \/1 — £2 > 2i0, SO an110m20 + bM2107220 > a(1 — €2) +b(1 —€2) = (p -
1)c > c. But then Corollary 5.10 applies and the distribution given by putting 111, M2, 021, 722 In the

quantities of Theorem 5.5 will have support points contained in ENI1 N1 if (11,712, 721, 722) € S-
Thus, £ = &. u
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5.2.2 & =£(0,])

Now £16 < —1/p and £, = 0. However, the following Theorem holds by the methods of
Theorem 5.5:

Theorem 5.13: If £,6 < —1/p, suppose & € [~1/p1,&]. Let & = —1/p&, and zip =
Eler + mijea + (—l)k\/l — & —nlewe, 1,5,k = 1,2, 1 =1,...,(p — 2), for some n;; such that
mii € [—V1—E2,/1—E2) Vi,j = 1,2 (so that z;;0 € & N 1(ey, &,6) Vi, 5,k = 1,2,] =

1,...,p— 1) be the support points of a distribution w which takes on the nonnegative values w;;y;

at these support points.

Then, if

M1 < me and mg < g, (5.63)

the n's also satisfy

1 + !
—&muime + Enme = P 51162 (& - &) (5.64)
and the weights w;;x; are given by
oz
Wi; ; 5.65
o 2(p —2)(& — &) (m2 — nu1) (5:65)
~&om1
Wy, = 566
M= D& - &) — ) (5.66)
Wiy = il (5.67)
’ 2(p — 2)(&5 — £1)(m22 — 1)
£1721 .
Wii92 = , Vi,7=1,2, 5.68
- 2(p — 2)(& — &1)(m22 — 1) (5:68)
the distribution w is optimal for & N I(e1, &, &). ]
The following Corollary can be deduced from the preceding Theorem.
Corollary 5.14: Suppose (; obeys
(1 < max{Bi, B:}, (5.69)
where
By, = max{min{nn& (&) + noami(&), n01&, — no2n210(&3)}:
me10(£2)s Me20(£&3) > 0,1m1(&5) € [=m10(£3),0)} (5.70)
for

b(€3)M210(£5)Mm220(&2) — <(&3)

mi(&) = (5.71)



and

B; = max {min {nmfi(ﬁ;) - noz’?uo(fé), nmfé + n027721(€§)}:
m210(&3), M220(€2) > 0,121 (€}) € [—1210(€3),0)} (5.72)

for
1y — 0(65)m10(&3)m220(£3) — <(£3) 573
i) a(&3)ma0(£2) ’ (5:73)
and
mw = V1-—&(&)? (5.74)
T = mln{\/l £1(£2)%, ngy (C2 - n01§1(£2))} (5-75)
mio = 4/1—¢&7F, (5.76)
Ma20 = miﬂ{\/l #,n02 (C2 — nmfz)} (5.77)
-1
fpy . —L 5.78
51(52) Péé’ ( )
a = &, (5.79)
b = —£(&), (5.80)
G- 80+ 8aE)
p—1
_ Patl (5.81)
IS
then 82 g() D
Proof 5.14:

With the values given by the statement of the Corollary, the distribution with support points
zuw = £(&3)er + ma(€y)ez + ( 1)k\/1 &(6)* — mu(&)*er2, Tram = 51(55)61 — Mi20(&3)€e2 +

\/1 E1(65)% — mao(€h)%erra, T = &Ge1 + Na10(&)e2 + (—1) \/1 ~ &5 — m210(&5) 2 er42,
Tookr = Eyer + M220(€5) €2 + ( \/1 % — N220(£2)% €142, and weights

o £2m20(£2) 5 89

Wit = S o (E — E(6) (mo(&) — (&) (582

N . —57711(&) 5.83

i = )G - (60 = @) (5.83)

N N "6;(6; 77220(65) 584

it = 90— 2)(& — €(&5)) (1220(&3) + m210(63)) (584)

_ —&(&)m210(83) Vi, j=1,2 (5.85)

Wijon = 2(p — 2)(& — £1(£2))(m220(&5) + M210(£3))°
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is optimal for both £, and & N T, N 1T, provided 1510(&), Ta20(£4) > 0, ni1(&) € [—m10(£3),0)
and (i < no z for all support points z of this distribution. But the last condition is guaranteed by
(1 £ By, so (; < B, implies £, = &,.

Similarly, {; < By implies &£, = &,. |

5.3 Contact Points

In this section, it will be assumed that &, # &.

Some definitions are necessary here:

Definition 5.2: For a set S let S° denote its topological interior and let S = S — 5° be its
boundary. ]
Here a condition on the centre of & will be given.

Lemma 5.15: If (&, 1) is the centre of &,, then
(€05 m0) € (& NII1Ny)°. (5.86)

R
Proof 5.15: Suppose (&o,m0) € (€ NT11N3)°. Then there exists n € R?, k € R such that the

half-space H = {z € R?: [nT,0]z < k} D & NI, N1, and (éo,m0) € R?P — H. But then the
minimum-volume ellipsoid &, around the set H N &, is of smaller volume than &, and contains
& NII, N1I1,. This contradiction proves the Lemma. |
Now it is necessary to give some definitions: first a projection is defined, and then the contact
points between & and another ellipsoid £ will be classified.

Definition 5.3: Let m be the projection 7: (€,n,z) € R? — (£,7) € R B
Definition 5.4: 0(&NT NILL) = (86N NIL) U (ENHF NTL) U (S NHT NIL) U (&N
L NH)U (&N NH) and &NILNHE D &NHE NHE fori,j € {1,2},5 #1.

Let Ry = U{Eo NHE NHE - HE N &° # 0, B N&° # 0} Let By = U{&NILNHE: (5,5) €
{(1,2),(2,1)},&° NHF # 0} — Ry. Let Ry = 3(E& NI N1lg) — Ry — Ry.

Let £ be an ellipsoid. If (€,n,z) € E N J(E N 11, N1L,) for some z € RP72, then (€,7) is a
contact point for £. If (€,n,z) € IEN R; for some z € RP™?, then (£,n) is a (contact)
point of Type i for £. If (£,n) is a point of Type i for € and £ +7* < 1, (§n) is a
(contact) point of Type ia for £. If (£,n) is a point of Type i for £ and E+n2=1, (&1)
is a (contact) point of Type tb for E.
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If “for £7 is omitted when the above definitions are used, “ for £” is to be understood. (]
Thus, for example, if (£,7) is a point of Type 2, it corresponds to an equivalence class of points

in R? which belong to & N &, and to one of the four sets IH[;t N ]H];t', which consist of the

intersection of two hyperplanes.

Figure 5.1: Possible contact points of Types 0, 1 and 2 in three dimensions. The possible points of Type 0a
(which do not in fact occur) are cyan-coloured, those of Type Ob are blue, those of Type 1a are red, those of
Type 1b are pink and the point of Type 2a is orange. Note that two points of the three-dimensional space in

the diagram correspond to each point of Type ¢a, and one point of the diagram corresponds to each point of

Type ib.

Some properties of points of Type 0, 1 and 2 will now be derived.

Theorem 5.16: If (£,7) is a point of Type 0, 1 or 2, then (£,n,z) € 9& for some z € R#2,
Moreover, (£,7,z) € 8&, for every z € RP~2 such that 2Tz =1 — £ — p2. ]
Proof 5.16: The symmetry of &, I1,, 11, and &, under rotations which leave e; and e, unaltered
means that if (£,m,z) € & N &, belongs to i of the hyperplanes HY , Hy ,H , H; , then (§,n,2') €
£ N &, belongs to the same i hyperplanes for every z' € RP~? such that z'"z' = z'z. Thus, the
“Moreover” part of the Theorem follows from the main part.

If (£,7) is a point of Type 0, then 3z € R?™? such that (£,n,z) € 0(& NI N1ITz) — (H UH; U
HY U H; ), so, obviously, (€,1,z) € 0&.

Suppose now that (£,n) is a point of Type 1, and that there exists x € R?™2 such that ({,n,z) €
Ry — O&,. For the sake of definiteness, suppose (¢£,n,z) € Hf . Since 0& = {w € RP: wlw =1}
and it can be assumed without loss of generality that ]HI;r = {w € R?: ellw = w = constant},

there exists a neighbourhood V' of (§,n,x) such that V N (H; U Hf UH; U 0&) = 0.
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Since ({,n,z) € HY, £ = w;. The point (wy,n, ¢+ €;) € Hf NV if e, ¢, is sufficiently small,
but (6,mMQ(EMT + 8z + &)T(z + &) = 1 + 6(2e,Tz + € €z) < 1 for e, with sufficiently
small, but nonzero, magnitude and arbitrary direction in the appropriate (p — 2)-dimensional subset
only if § = 0, which would contradict the positive definiteness of ). Thus there exists a point of
Hf NV —&, and, as VN (H; UH} UH; U0&) = O there exists a point of £, N1, NI, — &, which
is in contradiction to & D & NI, NII,. This means that the assumption that (¢,1,z) € Ry — 8&
is erroneous, and so (§,n,z) € Ry implies (¢,n,z) € 0&.

Similarly, (€,m,z) € R, implies (¢,7,z) € 8&. N
Since for any contact point (£,7n), « such that (¢,n,z) € 8(& N II; N 1) N BE; has magnitude
V1 — € —n?, and all z with this magnitude are such that (¢,n,z) € 8(& N 11, N I1,) N 8&,,
(§,n) can be identified with the set {(£,n,z) € RP: 2Tz = 1 — ¢ — 9%}, This means that when

a contact point (§,n) is being mentioned, what in fact is being discussed is a typical member
of the equivalence class {({,7,z): 2Tz = 1 — €2 — p?}.
Lemma 5.17: If V is open and

vle>0Ve€V 30 such that nyTe,...,n e < 0 (5.87)

then, either one of the n; is a non-positive linear combination of the others, in which case v is an

arbitrary vector, or

’U=k1n1+"‘+kgng, kl,...,kgSO. (588)
[
Proof 5.17: First, Gordan’s theorem[20] will be quoted.
If A € Ré%p
Az >0 (5.89)
has a solution z € RP, or
ATy =0,y2>20,y 79 0 (590)

has a solution y € R¢, but never both.

(">", “<”, “>" and “<” for vectors will mean that the corresponding scalar relation holds for each
of the components. For matrices, these symbols will have their usual meaning regarding positive

and negative (semi)definiteness.)
If vTe > 0 for all ¢ € V > 0 such that niTe,...,ni e < 0, then vTe > 0 for all € such that

mTe,...,nTe < 0. This means that —[v,ny,...,ne e > 0 has no solution ¢. But then, by
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Gordan's theorem, there exists k}, k), . .., k, < 0, not all of which are zero, such that kv + kin, +
oo+ kg = 0. If, for any such ki, 1r---:kp, k§ = 0, then one of the n; is a non-positive
linear combination of the others, which means that {€: n;"¢ < 0,i = 1,...,£} = 0 and v is an
arbitrary vector. If, for any such k{, ky,..., k), kl # 0, then there exists ki, ... k, < 0 such that
v=Fkini+ -+ keng. B
Lemma 5.18: Suppose V' is an open neighbourhood of 0, A € R%2%% is symmetric and €T Ae > 0
for all € € V, such that nyTe,...,nTe < 0, where the n; are nonzero. Then, there are three

possibilities:

there exists ¢; such that n; = k;n;, for some k; > 0, : = 1,...,£ and then A must be positive

semi-definite:

or there exist ¢1,22 € {1,...,£} such that {n; ,n;,} is a linearly independent set and n; = ky;n;, +
kain,, for some ki;, ky; > 0, and then A = byyn;, ni, T +byo(ns, ni, T +1i,m5, T ) +bogni,ng, T for
b11, b1z, baz such that by, byy > 0 and either by;by2 — b3, > 0 (when A is positive semi-definite)
or bi; > 0;

or neither of the above hold, and then A is unrestricted.

[]

Proof 5.18: IfcTAe >0 for all e € V such that n;Te, ... ,n, e < 0, then €T Ae > 0 for all € such
that nqTe,...,ngle < 0.

Suppose there exists 1, such that there exists k; > 0 such that n; = kin;, 1+ = 1,...,£. Then
niTe, ... ,nete < 0 is equivalent to n;, Te < 0. Let ¢ be an arbitrary nonzero vector. If n;,Te < 0,
¥ Ae must not be less than zero. If n;Te > 0, then n;,T(—¢€) < 0, so € Ae = (—€)T A(—€) must
not be less than zero. But, if €T Ae > 0 for € such that n; Te # 0, € Ae > 0 for € such that
n,-lTe = 0, by the continuity of €T Ae considered as a function of €. Thus, € Ae must not be less
than zero for arbitrary ¢ and so A must be positive semi-definite.

Suppose there exists 1,,15 such that {n; ,n;,} is linearly independent and there exists ki;,ky; > 0
such that n; = kyn;, + kaini,, 1 = 1,...,£. Since the n; are nonzero, (ky;, k) #0,1=1,...,L
Suppose n,-jJ' # 0 is perpendicular to n;;, 3 = 1,2, and that the choice of perpendicular di-
rections is fixed by n; Tni,*t,ni,ni,t > 0 (since {ni,,ni,} C R? is linearly independent, so
is {n;,*,n;,*}, and these inner products cannot be 0). Then, an arbitrary € can be given by
€ = kyny* + kon;,=.  The requirements that eTn,-j < 0, 5 = 1,2, are satisfied by restrict-

ing k; < 0,1 = 1,2. But then €Tn; = kikgmni, Tng* + kokyin;, Tn,,t < 0, so e satisfies all
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the requirements on it. Thus A must satisfy (kyn;,* + kong,t)TA(kini, * + kani,t) > 0 for
all ky,ky < 0. But {n; ,n;,} is linearly independent, so there exist scalars b11,b19,bgo such that
A = buning, T b (ni i, T ning, T) Fopngn, T, Then (kyng, t+koni, 1) T A(kyng, t 4 kong,t) =
k2baa(ri, Triy )2 + 2k1kobyg (i, T, B (i, Tra, s ) + k2b11(ni, Tni,*)?, and this should be nonnega-
tive for all ky,k,; < 0. Bearing in mind that n,, nill,nilTniz > 0, this means that by, by, > 0
and either by byy — b2, >0, or by, > 0.

Suppose the set {n;,n;} is linearly dependent for some i,; such that 1 < i,7 < ¢ and there exist
i1,%2 such that n;, = kn; where k < 0. Then n; Te < 0,n;,Te < 0 is impossible, and so the
condition €' Ae > 0 for all € such that n,T¢,...,n; e < 0 is empty and A is unrestricted.

Suppose no two of the n's are such that one is a negative multiple of the other and that there exists
1,J such that the set {n;,n;} is linearly independent, but suppose that for all such sets consisting
of a pair of linearly independent vectors there exists n,, such that n,, = kin; + k;n; where at least
one of k;, k; is negative.

With a suitable re-labelling if necessary, suppose ny,...,n,, are such that n, = ky1iny + kmmifm,
kmiiskmmi = 0,1 =1,...,m, and, if 1 > m, {ny,n;} is linearly independent and n; = k,1;n, +
Kmmifim, where at least one of k,,1;, kymi 1S negative. Since there exists at least one n; such that
1 = km1im1 + Kmmifm, Kmii, Kmmi > 0 does not hold, m +# £.

Without loss of generality, suppose kpyimy1 < 0 The case where kppmi1 = 0 (50 npyy =

km1m+171 for kmim+1 < 0) has already been dealt with, so it may be assumed that k., mi1 # 0.

—_ -1 — -
If kmm mtl > 0: then Ny = kmm m+1km1,m+ln1 + kmm,m+1nm+1 and n; = kmlinl + kmminm -
(kmlz k;m m+1kmmikm1,m+1) ny + kmm,m+1kmminm+l = km+1,lin1 + km+1,m+l,inm+1: where
kmi11iskmyimers > 0,0 =1,...,m+ 1. (If any n;, 1 > m + 1, can be written as a non-

negative linear combination of ny and n.,+1, this process of writing as many of the n; as possible
as a nonnegative linear combination of a choice of two of the n; can be speeded up by a further
re-labelling).
If this process can be continued, the relations n; = kpini + Kkeine, keriy keei >0, 0 =1,...,£ will
be obtained, a contradiction. Thus there exists m < £ such that n, 1 = knim+171 + Emm m+1"m
and k1 m1, kmmmsr < 0. But then ni e, nm €, nmy1 " € < 0 is impossible, so {e: n;"e < 0,i =
., £} =0 and A is unrestricted. N
Lemma 5.19: Suppose V is a neighbourhood of 0, A € R?*2 and A is such that €' Ae > 0 for all

€ € V such that nTe = 0 and n e, .. .,ns e < 0, where n and the n; are nonzero.

Let nt be one of the two unit vectors perpendicular to . Then, there are two possibilities:
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n;Tnt # 0,5 = 1,...,£ and all these inner products have the same sign. In this case, only those

A’s such that ntTAn' > 0 satisfy the above condition:

or this not the case. Then A is unrestricted.

[]

Proof 5.19: If A is such that €T Ae > 0 for all ¢ € V such that nTe = 0 and n,Te, ... n,Te < 0,
then A is such that €' Ae > 0 for all € such that n"e = 0 and n,T¢,...,nTe < 0. If nTe = 0,
€ = +le|nt. In the second case above, either there exists n; such that n;Tn* = 0, so n;Te =0, or
there exists n;,n; such that niTnt > 0> annl, so either n;Te > 0 > anc or anc >0 > n;le
unless ¢ = (. Hence the set of appropriate ¢ is empty and A is unrestricted.

In the first case in the statement of the Lemma, either n;"e¢ < 0,i = 1,...,£ orn;T(—¢) < 0,i =

1,...,4, so |e|>ntTAnt > 0 implying n*T Ant > 0. L

Theorem 5.20: If (¢,7) is a point of Type 0a, then the coincidence condition

a(€ ~ &)* +27(€ — &o)(n —m0) + B(n —m0)* +8(1 = & —n*) =1, (5.91)

the tangency conditions

al —&)+v(n—m0) = &€
(€ — &)+ B(n—m) = dn, (5.92)
and the Jacobian condition
[-671Q7' >0 (5.93)
hold.
If (€,n) is a point of Type Ob, then
gt =1, (5.94)
the coincidence condition
a(é — &)+ 2v(E — &)(n —mo) + B(n —m0)* = 1, (5.95)

and the tangency conditions

(k+ 8 D)[a(é — &) +v(n—m)] = £
(k+6 (€ —&)+B(n—m)] = n (5.96)

for some k& < 0, hold.
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it £ = &o and n = no, or if k = 0 above, then inequality (5.93) holds in this case too, but, in any
case, the weaker condition

(6 —a)n® + 2y + (8- B)E* 2 0 (5.97)
holds. L]
Proof 5.20: If (¢,n) is a contact point, then

a(f - §0)2 + 29(€ — &)(n — no) + B(n — TIO)2 +6z7z =1 (5.98)

for all points x € R?~? such that £ + n? + 2Tz = 1, so equation (5.91) must hold.

Let zo stand for the magnitude of an arbitrary x such that (£,m,z) is in the equivalence class of
points represented by (£,n). Since (£,n) is a Type 0 point, there exists a neighbourhood V of
(é,m,z) such that V N (Hf UH] UHY UH; ) = 0. The equation

[é-—fo n—no][a WJ[£_§O}+5$3=17 (5.99)

vy B n—"o

which is (Z — ¢)TQ™(Z — €) + 8x2 = 1, can be regarded as implicitly defining nonnegative z, as a

function of ¢ and . Then

0 1 =1/ -

The distance of any point in the equivalence class represented by (£,n) from the centre of & is
1z + x2, and

a .t

557 z2) = 2z —267'Q7Y(z — @), (5.101)
agﬁ (272 +22) = 21-2671Q7". (5.102)

Let ¢, €, be sufficiently small that
Z+e—0)TQ 1 (Z+e—¢)+dzo(z+€)? =1 (5.103)

has a real solution zo(Z + €) for € = (e¢, €,) (this will be possible as §* +n* < 1) and 2+ ¢ € (V).
Then (€ + €¢,1 + €, ) € 8E, for all z such that 27z = xo(Z + ¢)* and

(Z+)T(E+€) +20(E+¢€)® = Z'T+w0(2) + T2 (575 4 20(2)7) +

ozT
1o & 1. )2
5¢ W(w T + zo(Z)*)e (5.104)
= 142 (z-46"1Q7(z—¢))+
eT(I-671Q e (5.105)
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If (Z+€)T(Z +€) + zo(Z + €)% > 1 for all sufficiently small e, which must be the case if no point of
d€ NV is to be an interior point of &, then T — §~'Q~(z — &) must vanish and equation (5.92)
must hold. In addition, (1 —6=1Q~') must be positive semi-definite. That is, equation (5.93) must
hold.
For the case where (£,n) is a point of Type Ob, derivation of the vector T — §7'Q~'(z — &) and the
tensor (1 — §-1Q 1) follows either in the same way after changing the dependent variable or by a
symmetry argument. However, the vector ¢ now has some restrictions on its direction as well as on
its magnitude, as the quantity zo(&,n)? = 671 [1 — (Z + € — &)TQ (2 + ¢ — &)| is nonnegative for
sufficiently small (but nonzero) € only if Q™' (z —¢€) < 0. Setw = Q~(Z —&). Thus it is required
that 2¢T(Z — 8 tw)+eT(I-871Q 1 )e > 0 for all € such that Tw < 0 and ¢ is in a neighbourhood V
of 0. This means that there exists ¢, € R such that 2¢,¢T (3 — 6 w)+e2eT (1-8-1Q1)é > 0 for all
e1 € (0, €0] and all € such that é€T¢ = 1 and €"w < 0. Thus, 26T (z -6 'w)+eT(1-671Q 1)e >0
for all €; € (0, €o] and all & such that é€Té = 1 and éTw < 0 and so 2¢T(z — §~'w) > 0 for all € such
that éETw < 0. Then, by Lemma 5.17, & — 6w = kw for some k < 0, and equation (5.96) has
been derived.
But now 2kéTw + €,€T(1 — §~1Q1)¢ > 0 for all ¢, € (0,¢) and all & such that €T¢ = 1 and
Tw < 0. fw = 0 (equivalent toz = ¢ as Q > 0) ork = 0, then I — 67'Q™' > 0 by
Lemma 5.18. Suppose w # 0 and let w’ be one of the unit vectors perpendicular to w. Suppose
wtT(1-6"1Q " wt < 0. Letv = (1— &) 7wt +e;w/vVwTw for some e; € (—1,0). ThenvTv =1,
vTw < 0 and vTw + 0T (I — 671Q7 1) = e(wTw)? + &[(1 — &) (wTw)wtT(I - 671Q " wt +
WuwTwe(l — )iwT (I J‘IQ‘l)w + EwT(I-671Q 1 )w]/(wTw) which can be made negative
by choosing |e;| sufficiently small. This contradiction means that w'™(I— §71Q")w* > 0.
But, if w # 0, w is parallel to Z and so any vector T* orthogonal to  in R? is parallel to w*. This
means that inequality (5.97) holds, as +T(I — §71Q")zt > 0 holds if wT(I - 67'Q " )wt >0
does. |
Theorem 5.21: Suppose (£,7) is a point of Type 1. For z € RP~? such that 27z = 1 — £ — %,
[€ n 2T]T belongs to H, one of the hyperplanes Hf ,H; ,Hy ,H; , by the definition of a Type 1
point. Suppose H is defined by n™[¢ n zT|T = (, where n = [n; ny 0T]T € RP is the outward
normal to H. Then

€+ ngn = ( (5.106)

and
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if (£,n) is a point of Type la, then the coincidence condition

€ = &o)” +2v(§ — &) (n —mo) + B(n —mo)* +6(1 - € —n?) =1, (5.107)
and the tangency conditions
{ =67 a6 = &) +(n —m)] = kni,
n =37 [y~ &)+ B(n—1m)] = kny, (5.108)

for some k£ < 0 hold.

If £ = 0, the Jacobian condition
[-671Q71 >0 (5.109)

holds, but, if & # 0, the weaker Jacobian condition
(8 — a)nj + 2ynyng + (6 — B)n? (5.110)
holds;

if (€,7) is a point of Type 1b, then
E+n=1, (5.111)

by definition, and the coincidence condition

a§ — &0)* +2v(§ — &o)(n —mo) + B(n — mo)* = 1, (5.112)

and tangency conditions

& — 67 a(€ — &) + (1 — o) kiny + ka[e(€ — €o) +v(n — o)),
n— 8 y(€— &)+ B(n—m)] = king+ko[v(€ — &) + B(n — m0)),
(5.113)

for some non-positive k; and k,, hold.

A Jacobian condition also holds. This has the form
I-67'Q7'>0 (5.114)

if ky = k, = 0 and Q~1(Z — €) = kn for some k > 0.
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If k1 = ko = 0 and Q~'(Z — &) is not proportional to n,

[-67Q7" = bunn" +bi(n(Q7'(2 - 2))" + (Q7'(z - &)n") +
b2(Q7'(Z - 2))(Q7' (2 - 8)T, (5.115)

where by1,by2 > 0 and either by1by2 — b2, > 0 or by > 0.

If k; < 0 and either w = kn for some k > 0, or k, = 0, the Jacobian condition is
(6 — @)ni + 2yning + (6 — B)n? > 0. (5.116)

If k&, = 0, the condition
(6 —a)n’ +29€n+ (8 — B)E* > 0 (5.117)
holds.

Otherwise, I — §~1Q! is unrestricted.

L]
Proof 5.21: Letw = Q~(z — €). As in the proof of Theorem 5.20, (¢,n) is a point of Type 1 if

and only if the appropriate coincidence condition holds, €*(z — 6 *w) > 0 for ¢ in a certain subset
of a neighbourhood V 3> [€,7n,zT|T, where the only hyperplane IH[f2 that V intersects is H, and
eT(I — §71Q1)e > 0 for € in a, in general, different subset of V. If (£,7) is of Type la, then
only the € such that [£,m,2T|T + € € T, where 11 is the strip bounded by H, are relevant. That
is, the condition on (Z — 6 *Q~1) is that ¢T(z — §~'w) > 0 for all ¢ € V such that nTe < 0. By
Lemma 5.17, equations (5.108) hold.

The condition on T — 8§~*Q~" is that 2ke™ 4+ ¢T(I1— 67 1Q " )e > 0 for all ¢ € V such that nTe < 0.
By an argument similar to that of Theorem 5.20, if k = 0,inequality (5.109) holds. On the other
hand, ifk < 0, ntT(I—&671Q~)nt > 0 for nt perpendicular to n, so inequality (5.110) follows.
If (€,1) is of Type 1b, then only the € such that nTe < 0 and eTw < 0 are relevant for the
consideration of the condition placed on T — §~'w, so, by Lemma 5.17, equations (5.113) hold (as
w=k'n, k¥ <0 would imply & N1, N1, = ().

The condition on I — 6~1Q" is that 2¢™ (kyn + kyw) + €T(I — §7Q')e > 0 for all € such that

eTn eTw < 0.

As before, this implies €™ (I — §71Q1)e > 0 for all ¢ such that €'n,eTw <0, € T(kin + kyw) = 0.

There are four cases:
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a ky = k2 = 0. In this case inequalities (5.114) and (5.115) follow from Lemma 5.18;

b w = kn, for somek > 0, ork, = 0. Then nt(I1—4671Q)nt > 0, where n* is perpendicular to

n, and inequality (5.116) follows;

¢ ky =0. Then w'(I—67'Q " )w" > 0, where w' is perpendicular to w, and inequality (5.117)

follows;

d otherwise I — §~1Q~" is unrestricted.

||
Theorem 5.22: Suppose (£,7) is a point of Type 2. For z € RP~2 such that z7z = 1 — £2 — 52,
[€ n 2T]T belongs to H; N Hy, where H,; is one of the hyperplanes H; , H; , and H; is one of the
hyperplanes HY , H; , by the definition of a Type 2 point. Suppose H; is defined by n;T[¢ n 2T|T = ¢,

where the n; = [n;; ni; 0T]T € RP are the outward normals to H;, z = 1,2. Then

nné+nen = G
naé +nwn = (& (5.118)

and
if (€,7) is a point of Type 2a, then the coincidence condition
a(€ — &) +29(€E — &) (n —m0) + B(n—m0)* +8(1 = € —n*) = 1, (5.119)

the tangency conditions

£ =8 Ha(E— &) +v(n—m0)] = kinug + kanas,
n— 8 [y(€ — &)+ B(n — o)) kiniz + kanas, (5.120)

I

for some kq,k; < 0 hold.

If by = ky = 0 (equivalent to z — §71Q~!(Z — ¢) = 0) the Jacobian condition
[-67'Q7 " = bynang T + 512(n1n2T + nzmT) + bzznzngT, (5.121)

where by, by, > 0 and either by byy — b2, > 0 (equivalent to I — §71Q~1 > 0), or by > 0,
holds.
If &, = 0,1 € {1,2}, then

nyT(I-487'Q 7 )ny 20, (5.122)
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where nj is either of the unit vectors perpendicular to n;, and 5 € {1,2} — {7}

Otherwise, I — §~1Q~' is unrestricted:

if (€,n) is a point of Type 2b, then
& +n*=1, (5.123)

by the definition of a Type 2b point, and the conditions applying to points of Type 2a also
hold here.

[

Proof 5.22: Most of the proof here is similar to the proof of Theorem 5.21. It is only necessary
to show that the expected tangency conditions for points of Type 2b are equivalent to those for
Type 2a (then the Jacobian conditions for Type 2b will also be identical to those for Type 2a). The

expected conditions are:

£ — 5_1[0‘(5 — &) + 7(77 - 770)] = kiny + kangy +
ksl (€ — &o) + v(n — o),
n-— 5_1[’7(§ - 50) + ,8(77 — 7]0)] = Kkiniz2 + kongg +

k3[v(€ — &o) + B(n — no)],
(5.124)

where ky, ky and ks are non-positive. However, if Q1(Z — €) is not a positive linear combination
of ny and n,, then & 2 & N1l N1y, and, if Q"l(:?: — C) is a nonnegative linear combination of n,
and n;, the tangency conditions holding for a point of Type 2a follow from the above conditions. Il
Remark 1: If any of the k’s in the tangency conditions of Theorems 5.21 and 5.22 above are
zero, the equations governing a Type za point become those governing a Type (: — 1)a point,
and the equations governing a Type tb point either become those governing a Type (: — 1)b
point or those governing a Type ia point. Similarly, if two k’s are zero, a Type 1b point is
governed by equations like those pertaining to a Type 0a point, and so on.

Remark 2: The possible existence of Type 2b points will be disregarded in what follows, as
the ultimate purpose of the present text is to find minimum-volume ellipsoids in the context of
parameter estimation with random noise, and, in this context, given infinite precision, Type 2b
points will occur with zero probability. Given the high precision of modern computing, they
will occur with vanishingly small probability.

Now some possible combinations of contact points will be eliminated.
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Theorem 5.23: If (£,7) is a Type 0 point and &, # &, (£,n) is a Type Ob point. ]
Proof 5.23: Suppose there exists a Type 0a point. Let a proper orthogonal transformation O,
be applied which takes the Type 0a point into (¢,0), ¢ € [0,1). Then the coincidence condition

becomes
a(€ — &) ~ 2ymo(€ — &o) + By + (1 — €%) =0, (5.125)

and the tangency conditions become

0§ —a(f = &)+ = 0, (5.126)
=€ —&)+ B = 0. (5.127)

Now —1 < & < € < 1, by Lemma 5.15. Thus, equations (5.125) to (5.127) can be solved for o, ~
and §:

- ¢ Bng
T E-e)i—¢tk) T E-t) (5.128)
_ 5770
T —150’ (5.129)
-y (5.130)
Then det Q' > 0 implies that
G >0, (5.131)

(€ — &)(1 — &&o)
which in turn implies that ¢ > 0. Since (£,0) is a Type 0a point, Iy — 6~'Q~* > 0. Thus, § > 3

and § > a. The second of these relations means that

—&o ﬂ’?g

€= &)1 —E) - E- &) (6:132)
with the consequence that £y < 0, which means that § < 1.
Thus
o arn 572 ¢ 51
det@™ = I T S g - S E- &)1 - &)
¢ ¢ 1 5.133
TR e (5139
as £ > 0> & > —1. But this is a contradiction if & # &. N

Thus, it has been shown that Type 0a points do not occur and that Type 2b points obey the

same conditions as Type 2a points. Effectively, the only Types that need to be considered are

Ob, 1a, 1b and 2a.

Now some possible combinations of points of various Types can be eliminated.
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Theorem 5.24: If £, £ &, then there exists 0 or 1 points of Type Ob. ]

Proof 5.24: Suppose there are two distinct Type 0b points and that an orthogonal transformation

Oy has been applied so that they are taken into (£;,+m,), where €2 4+ 12 = 1 and n, > 0. Then the

coincidence equations become

a(é = &0)® +2v(& — o) (£m — mo) + B(Em — ) = 1, (5.134)

the tangency equations are

06y — (& — &o) —v(Em —m) = kila(& = &)+ v(Em —no)], (5.135)
+om — (& — o) = B(Em —m) = ki[y(& — &) + B(E£m — no)]. (5.136)

Equations (5.135) and (5.136) combine to yield
&1v(& = &o) + B(Em — no)] = tmle(&r — &o) + ¥(£m — mo)]- (5.137)

Then equations (5.134) and (5.137) result in

a(&y — &) —2ymo(& — &)+ Bmo +1-&) = 1, (5.138)
v — &) — B0 = 0, (5.139)

&v(& - &) — Bl = i, (5.140)

B& = ol — &) +rmo (5.141)

(asm #0).

Suppose & = &1. Then, by equation (5.139), no = 0, by (5.140), v = 0, by (5.141), §&, = 0, so

& = 0; and, by (5.138), 3 = 1. But, by equation (5.136), 6 — 3 = k4 < 0, so § < 1. Since

equation (5.97) holds, § — o > 0 and so 3 =1 > 6 > «, which means that det Q™' = %o < 1

which is a contradiction.

Suppose now that £y # &,. Then the above equations allow the conclusion that v = ny = 0 and

= 3 8= L
(& = &)(1 — &éo)’ 1 =&

Once again, equations (5.136) and (5.97) mean that 3 > 6 > o > 0. This chain of relations means

that either & > 0 > & or & < 0 < &. Also

det Q7! = 6 < &1 (5.143)

(G =)A= &&)? T (b -&)(1 - &b

(8

(5.142)
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But this is the same situation as encountered in Theorem 5.23, and so there cannot be two Type 0b
points when &, # £, either. |
Theorems 5.23 and 5.24 mean that the only possible connected subsets of T(0& N A& N [H U
H; UH} UH;|) of one Type are those of one point of Types Ob, 1a, 1b or 2, or sets containing
infinitely many points of Type 1.

Theorem 5.25: Suppose H is one of the hyperplanes Hy,. Let H = {z € R?: [nT, 0]z = ¢}, where
[n1,72,0]" = [nT,0]T € R? is the unit normal in the outward direction from the strip II bounded
by H. If =(H) contains a point of Type la and a further, distinct, contact point, =(H) contains
infinitely many points of Type la. If m(H) contains a point Type 1b, then 7(H) contains either 0

or infinitely many points of Type la. If m(H) contains infinitely many points of Type 1la, then

~ 1-6(1-C = (ntTe)?) +  8(ntTE)

O = T pom T et anta
(5.144)
cle < 1 (5.145)
nie < ¢ (5.146)

1
° € (O’l—cm'fc))”
1
147
(0’ 1= {(n'e) - maxmen(amﬂmlnnz){(nﬂé)(nJ-Tx)}) (5.147)
e #0 (5.148)
or

0! = 1(Zi(;;6)g‘22)nnfr+5nlnm, (5.149)
cc < | (5.150)
ne < ¢ (5.151)
5 € (0,1_1C€0) N (o, - gl(nTa)] (5.152)
ntle = 0 (5.153)

where nt is one of the two unit vectors perpendicular to n (in R?), for some § and ¢, and then
T(0&NHNTI; NIL) = {z € 7(HNII; NII3): z is of Type 1 or Type 2}, and there are at most
two points of Type 2 in this set. ]
Proof 5.25:

Obviously, if the cardinal m(0& NH NI N1I3) > 1, 7(0&NHNTI NIL,) =«
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Suppose an orthogonal transformation O, has been applied such that n = [1,0]™. Suppose (¢,m,) €
w(H) is a Type 1a point. Then

(€~ &0)* + 27(¢ — &) (m — 1o) + B(m — mo)? +

(1= -2 = 1, (5.154)
(=6 HalC — &) +v(m —m)] = &, (5.155)
m =87 [y(¢ — &) + B(m —no)] = 0, (5.156)

for some k < 0, by Theorem 5.21.

Suppose ((,n2) is a further contact point. Then

a(¢ = &)* 4+ 27(¢ — &) (2 — mo0) + Bz — mo)® +

S(1-¢—nd) = 1, (5.157)
where n; # n;.
It will also be noted, by Lemma 5.15 that { > &,
The difference of equations (5.154) and (5.157) leads to
2v(¢ — &) + B(m + m2 — 2n0) — 8(n2 +m) = 0. (5.158)

The matrix formed from the coefficients of 3 and « in this equation and equation (5.156) is non-
singular as &, # ( and 1, # 11, so these equations can be solved simultaneously for 3 and ~. The

result of doing this can be substituted back into equation (5.154) and it can then be concluded that
1—6(1 = ¢* - ng)

a = &) : (5.159)

B = (5.160)
_ 9o

1= e (5.161)

With these values of o,3 and v, a({ — &)2+2v(¢ —&)(m—m0) + B(n—m0)* +6(1 =P —n?) =1
for all n € [—/1 — (2, /1 = (2], so all of these points are Type 1 points provided that ({,n) €

m(& N1, N 10,). But, obviously, if n € (min{m,n,}, max{n:,n,}), this condition is satisfied.

Then, either

1

1
(O’ 1 — (€0 — max{non: (¢,n) € M(@&NHNIL N H2)})

(5.162)
o # 0 (5.163)
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or

1—6(1—¢2
o (CS 60)5 ), (5.164)
B =4 (5.165)
vy = 0 (5.166)
5 e (0, )n(o __1__]
-2 "1~ ¢
n = 0. (5.167)

The restrictions on & in equations (5.162) and (5.167) are necessary to ensure that an equation
like (5.155) holds for at least two values of  and that o3 — 4* > 0 holds.

It is now desirable to write the relations (5.159) to (5.163, and relations (5.164) to (5.167), which
ensure that 0§ NH = {z € H: z is of Type 1}, in a form which is unaffected by rotations
O: which affect only e, and e;. This is done by noting that o = nTQ 'n, 8 = ntTQ 'nt,

v =nTQ nt, & = nT¢ and no = £ntTE, where nt

Is one of the two unit vectors perpendicular
to n. This, together with the facts that Q™' = (nTQ 'n)nnT + (RTQ nt)(nn'T 4+ ntnT) +
(rtTQ'nt)ntntT ande = (nTe)n+(ntTe)nt means that relations (5.159) to (5.163), or (5.164)
to (5.167), which ensure that 0&,NH = {z € H: z is of Type 1}, can be written as relations (5.144)
to (5.148), or (5.149) to (5.153) respectively. |
Now some sets can be defined.

Definition 5.5: Let S be a connected component of m(0E,NOEN[HT UH; UH UH)). If S
consists of a single point of Types 0b, 1a, 1b or 2, S will be described as being T0b, Tl1a, T1b or
T2 respectively. If S has infinitely many points, the sets SNm(H), where H € {H] , H, Ht, H; },
will be described as being HT if they consist of more than one point. []
A slight diversion will be made here to investigate what happens when H contains two points

of Type 1b.
Theorem 5.26: Let the definitions of Theorem 5.25 hold. If H contains two points of Type 1b,

o1 = 1-801-¢ - (n‘LTE)2) T, Bntle (n*nT LTy 4 BrtntT,

=Ty nn +C_nT_C_nn + nn
(5.168)

n'e < ¢, (5.169)
e < 1, (5.170)
g € (0,1_42 —1(niTa)2)’ (5.171)

§ € (0,0, (5.172)
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for some ¢ € R?, 3,6 € R. []
Proof 5.26: Now suppose (¢,n,) and (¢, —n,) are distinct Type 1b points (and m; > 0).

Then the coincidence conditions

a(¢ = &)* +29(¢ — &) (Em —mo) + B(Em — mo)? = 1, (5.173)

hold, which means that
a(C—&)* —2ymo(¢ — &)+ B(L —E +nd) = 1, (5.174)
27']1“ - fo) —2B8mne = 0. (5-175)

Since & < ¢ and n; > 0, these equations can be solved for o and +:

1-8(1-¢—nd)

a ; 5.176
=& (5176)
Bno
= _ 5.177
Y T (5.177)
The second components of the tangency conditions are
+£m — (¢ — &o) — B(£m — mo) = k2 [y(¢ — &o) + B(E£m — mo)], (5.178)
where ka4 <0, or
+6m F Om = ket = d— B =k 3 <0 (5.179)

s0 kyy = ko = 716 — 1 and § < B. This, together with equations (5.176) and (5.177) and
Lemma 5.15 lead to equations (5.168) to (5.172) by the methods of the previous Theorem. I
The task of eliminating combinations of contact points will now be returned to.

Theorem 5.27: If H ¢ {H,H; ,H ,H; } is such that =(H) contains two Type 1b points or
infinitely many Type 1 points, then the opposite hyperplane H' contains 0 or infinitely many points
of Type 1a. If H' contains infinitely many Type 1 points, then so does H. ]
Proof 5.27: Suppose H = 77 '({z € R?: nTz = (}), H = 77 }({z € R?: nTz = ({'}), where
[nT,0]T is the outward normal to the strip bounded by H and H'. Suppose n has been taken into
[1,0]T by an orthogonal transformation and that there is a Type 1a point on w(IH') given by ({',n).
If H contains infinitely many points of Type 1, then 3 = &, by Theorem 5.25. If H contains two
Type 1b points, 3 > &8, by Theorem 5.26. But 3 < &, by Theorem 5.21 and the existence of

a Type 1a point on H', so 3 = & in this case too. Consequently, the second component of the

tangency condition for the Type la point ({',n) is

10 = 7(¢' — £0) =0, (5.180)
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S0

dno dno
v = = , |
(=& (=& (5.181)
by Theorem 5.25. But, of course, (' # (, sono = 0 and v = 0. This implies that every point
(¢",n') e r(H') U n(H') is a Type 1 point. n

Theorem 5.28: Let the conditions and definitions of Theorem 5.25 hold. If infinitely many points
of Type la are contained in H and a further, distinct, contact point (£3,73) is known, then (&3, 753)
cannot be of Type Ob. B
Proof 5.28: Let the orthogonal transformation of Theorem 5.25 be applied, if necessary. Then,
clearly, &3 < (.

Suppose (€3,713) is a Type Ob point. Then the associated coincidence condition is, by Theorem 5.20
and equations (5.159) to (5.163) or equations (5.164) to (5.167):

—&6(1 = (% —n? 810 )
1 ( - ¢ _ ) (63—50)2—{—-2 _i] (& — &o)(nz — o) + 4(1 —fg —2m3mo +15) = 1, (5.182)
(€ = &) ¢—&

and the tangency condition is

0€s — 1_5((2_—552"3)(53 — &) — 22 (13 — o)
dno — C&:;go (&3 — &)
L 1_6((2_—5);"3) (& — &) + 722(13 — m0)
3
20 (€5 — &o) + 8(ns — o)

?

(5.183)
for ks < 0.
Eliminating ks between the first and second components of equation (5.183) yields
—10(¢ — &0)6 — no¢ (¢ — €0)ds + [0 — (1 — (*)éo — (mo)d]ns +
2n0(C — €0)0€3 — [1 — (1 — 2C&0 + &5 — mg)8)éams = 0.
(5.184)
Suppose ng = 0. Then equation (5.182) becomes
(€5 + ¢ — 2(1 + £30)éo + (& + O)E16 = & + ¢ — 2¢0. (5.185)

If the coefficient of § in this equation is 0, § = 3(&s+(), and the coefficient of 6 becomes 1(¢2-€2),
which can only vanish if £&3 = —(. But, then & =0, 73 = :l:\/l——_@ and equation (5.184) becomes
+(6—1)¢ \/i_—_? — 0, so § = 1. But, substituting this, together with £, = 0 in equations (5.164)
to (5.167) would lead to the conclusion that £ = &;.
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Now assume that the coefficient of & in equation (5.185) does not vanish (a consequence of this is

that & # 3(&3 +¢)). Then that equation can be solved for §:

5 — 260 — & — ¢
34+ C—2(1 + &) + (& +()EE

When this is substituted into equation (5.184), the result is n5(2¢ — & — () (¢ — &)& = 0, and

(5.186)

the only solution of this that is consistent with the assumptions in force is £, = 0. But, when this
is put into the equation above, the result is § =1, and, by equations (5.164) to (5.167), €, = &,.
Thus, if no = 0, the contradiction £, = &, follows. Hence, 1o # 0, and it may be assumed without
loss of generality that ng > 0.

Then, equations (5.182) and (5.184) can be solved for 3 and 13, as (5.182) is linear in n3 (with
nonzero coefficient for n3), and the result of substitituting the solution of (5.182) for n3 in (5.184)
has a numerator which is the product of two factors which are linear in £3, one of which is the
positive quantity ( — &3. The other factor has a nonzero coefficient for &3, as a consequence of the
fact that &, # (. When the result of solving (5.182) and (5.184) for £3 and ns is substituted back

into the equation £2 + n? = 1, the result is 46*n2(¢ — &o)?* times

(L)1 =& —m0)8” +
2[1 — ¢* +2¢6 — (3 + (*)& — (1 +¢*)mg + 2C6o(éo + 10)16 +

(5.187)
As the other factors do not vanish, the solutions of this equation determine §:
[1—C®+2¢6 — (34 ¢H)E + 2065 — (1+ % — 2¢&o)ms
5 = +2(¢ - 50)\/(C - 50)25(2) —(1=¢*+2¢6 — 253)773 + 773]
- (1-¢3)(1 - & —ng)?
=: 61(€o0,m0)- (5.188)

The functions 8. are continuous on the set {(£0,m0): &0 € (—1,(),m0 € (0,+/1 — &)} and they are

real when the quantity under the square root in the above equation is nonnegative. This is the case
when & € ((—00, —5(1 = OU[3(1+¢),00)) N (=1,¢) = (=1, =}(1 = )] and when 1§ < 7;2(&)
or n > 12 (&) for & € (=5(1 ~ 0),¢) and

2 (&) = (¢ — &o) + -y g;)[l — (2o = ¢ (5.189)
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Let

So = {Km%§€04£%n€(& )}, (5.190)
5 = {(ensee (-50-0.50+0) e (Ville) Vi) }.

(5.191)
5 = & -5 (5.192)

The equation 8, (&0,m0) = 0 has the solutions &y =

of the boundary of S, is

+2(1 £). The value of &, on the upper part

5+(§0’ 777‘-{-(&0)) _\/1

~ (% - O
Xl+<2

—2C6 + /(1 - ¢*)[1 - (26 — ¢)¥]
(€ —&)*v/1-¢* .

(5.193)

This quantity is negative, and, moreover, §_(&p, n,fi)(ﬁo)) is clearly the same function of £,. By the

continuity of oy, +(&o,m0) < 0 on the set

{(§O7UO): 50 € ('—%(1 - C):C) y Tlo € ( 77r+ 60 \/ 1 - 60)} (5194)
Along o = 0, 4, has the value
(1 -(+2& : .
i+eri-¢ "*=0
54+(60,0) = (5.195)
1462 e <0
L (T=&2(+0)" >~
Thus, 8,(£,,0) > 0 for & € (—1,—3(1 — ) U (=3(1=¢),¢), and so, by the continuity of &,

d+(é0,m0) > 0 on the set

{(§0a770): o €

Along ng = 0, .. has the value

4

5—(507 0) = 4

(“L "%(1 - C)) ;7o €

o9

{(50,’70)1 o € (—'%(1 —¢),¢)m € (0, T],(f.)(ﬁo))} : (5.196)
1+¢—2& .
9 Ifé() Z 0,'
1 —&)?*1
e -
— ¢ + 260 )
f& <0,
ir&ra-q "=’

\
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Thus, §_(£,0) > 0 for &, € (-—-%(1 —¢€),¢), and so, by the continuity of é_, d-(&,m0) > 0 on the

set
{(so,no): 6o € (—é(l ~<),<) o € (o, M)} (5.198)

The regions where o+ are real and positive are illustrated in Figure 5.2.

- zeta=0.8 zeta=0.6 zeta=0.4
1 1 1
05 ~ 05 0.5
of L8 0 0
1 0 1 1 1 1 0 1
zeta=0.2 zeta=0.2
1 1 1
05 0.5 0.5
0 0 s 0
1 0 1 1 0 1 1 0 1
zeta=04 zeta=06 zeta=0.8
1 1 1
05 0.5 0.5
0 0 0
1 0 1 1 0 1 1 0 1

Figure 5.2: Regions of Sy where d4 are real and positive. The set §; is black, the region where both . are
real and positive is dark green, and the region where 4, alone is real and positive is light green. The curves
which are to be included in those regions of positive, real 43 whose boundary they intersect are cyan, and those

which are to be excluded are red.

The requirement that § < 1/(1 — (€ — max{non: ({,n) € 7(0& NH NI, N1I2)}) implies that
§ < 1/(1—¢& — /1 — (*no) ifno > 0. This condition is equivalent to at least one of the following

conditions holding:

1. § < 1/(1 —¢&o),
2 (1-¢&— 67 < n3(1 = C2).

The equation 8, (&o,m0) = 1/(1 — (&o) only has the solutions

2 __(C_§O)[VC(1 "C{o)i V<—§0|2 (5_199)

T = 1— (2
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for nj, but, as these are both negative, they can be disregarded as they do not lead to real solutions

for no. The function &, (&, m0) — 1/(1 — ¢&o) of & and ny has no singularities on S, and so has the
same sign on each connected component of S, as it does on the portion of no = 0 that forms part

of the boundary of that component. But

(=)=t . |
1 (1'—<£0)(01+C)(1—Ofo)2 If €O S Or

= ¢t ) (5.200)
- 0

(€—€0)(14¢)éo .
| (=e&)(-aar&r 620,

5+(§07 O) -

which is obviously positive, so the condition § < 1/(1 — (&) cannot hold if § is given by 8. (&, o).
The equation (1 — (& — 84+ (€o0,m0)™")% = (1 — (?)n2 has the sole solution

@ _ [L+¢~206 — /AL~ &) + (1- O
b 41— %) ’

and even this is a solution only when & > 0. The only new discontinuities in (1 — (& —

(5.201)

6+(€0,m0)™")* — (1 — (*)ng are the zeros of 6. (€o,mo), which are at & = —1(1 — (). To de-
termine the sign of (1 — (€0 — 64+(&o,m0)1)? — (1 — (*)nd it suffices to examine it along no = 0 and

along the lower part of the boundary of S; N So, given by 1o = 1/n'% (&) for & € [-1(1 - ¢),¢).
Along 1o = 0

( (1= ¢)*(¢ — &)%&

f & <0,
(T+(-28)?
(1= ¢ — 84+(60,0)™) — (1 — (*)m = i (5.202)
(14 ¢)*(¢ — &)2¢? >0
\ (1"§+250)2 0=

which is positive, so the condition (1 — (€, — 67 1)? < (1 — (*)nj cannot hold when ¢ is given by
d+(€0,7m0) and either £, < 0, or §o > 0 and np < \/1752)(50). Along no = 77,@(60)

(1 = o — 84(€0, V/12(&)) ™) - (1 - () =

(€~ (VI—@- I-CFa&—18)
(1 =26 + ()(1 + 260 — ¢) '

(5.203)

which is positive for & € [—1(1—(),(). Thus, if & is given by &,(£,70), the condition (1 —
(o — 671)2 < (1 = (*)nd cannot hold anywhere on S,. Consequently, the condition 1/(1 — (€0 —

1 —(?no) > & cannot hold anywhere on S, when § is given by &, (o,m0), and so & cannot be

given by 4, (&o,m0)-
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By a similar argument, § cannot be given by 6_(£&y,10), and so (&3,7m3) cannot be a Type 0b point.

|
Theorem 5.29: If more than one point of the set H; € {H}, Hy ,HY,H; } is a Type 1 point and

more than one point of the H, € {Hy ,H; ,H} ,H, } — {H,} is a Type 1 point, then no point of
Hs € {Hf,H ,H} ,H; } — {H, H,} can be a Type 1 point. H
Proof 5.29: Suppose more than one point of the set Hy is of Type 1, where Hy = =~'({z € R?:

[1,0]z = (}) (if necessary, an orthogonal transformation O; may be applied to bring this about).
Then, by Theorem 5.25,

1-6(1-¢*—nj)

a S (5.204)

B = (5.205)
_ I

v = & (5.206)

Suppose more than one point of the set H, is of Type 1, and there exists a point (£3,73) of Hj

which is of Type 1. There are two possibilities:
H, 1s parallel to H; and Hs is not parallel to H, ;

H; 1s not parallel to H, and Hy 1s parallel to H; or to H,. Without loss of generality, let H; be
parallel to H, .

First, suppose Hy is parallel to H;. Then, Hy = n~1({z € R?: [1,0]z = (2}), where {; < (. Again,
by Theorem 5.25,

1-6(1—-¢3—mn3)

a = G (5.207)

g =4 (5.208)
(5770

_ _ 5.209

L 42 - 60 ( )

As (; # (, the y-equations (5.206) and (5.209) mean that v = no = 0. Then the a-equations 5.204

and 5.207 mean that either (; = —( < 0 and

a = 1_5(;2—(2), (5.210)
B = (5.211)
v =0, (5.212)
& = 0, (5.213)
o = 0, (5.214)
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or é is given by
) C + C2 - 250

TN G20+ (et (1 8 (5215)
SO
a = C + C2
¢+ ¢ —2(1 +¢G)éo + (¢ + ()€ (5-216)
— (+ (2 — 26
7o (4G —2(1 + (G)éo + (C + ()& (5.217)
T =0 (5.218)
o= 0 (5.219)

Since Hy is not parallel to Hy, Hy = n~'({z € R?: [cos8,sin 8]z = (3}), for some O such that
sinf # 0.
Suppose that (&3,73) is a Type 1a point. Then, by Theorem 5.21,

a(s— &) +61-&) = L, (5.220)
063 — afls — &) = kcosd, (5.221)
0 = ksind, (5.222)

when equations (5.210) to (5.214), or (5.215) to (5.219), hold. Clearly, k = 0 as sin8 # 0.

If equations (5.210) to (5.214) hold, then equation (5.221) means that either & = 0 or 6 = 1. But,
if & = 0, equation (5.220) implies that § = 1. Hence, § = 1 and &; = &,.

If equations (5.215) to (5.219) hold, then equation (5.221) means that either {o = 0 or {3 =
L¢+G) =0 6 =&, and, if & = 5(C + G), either o = 0 or (( + (5)* = 4((z, which is
impossible, as (, # (. Consequently, & = & again.

Now suppose (£3,m3) is a Type 1b point. Then equation (5.220) holds and 2 4+n2 =1 |If
equations (5.210) to (5.214) hold, then equation (5.220) becomes (6 —1)(¢* —£3) = 0. If {3 = (,
(é3,7m3) cannot be a Type 1 point, and, as (; = —(, the same is true if £3 = —(. But then é =1
and & = &.

If equations (5.210) to (5.214) hold, then equation (5.220) becomes &o(&3 — {)(&3 — (2) = 0 and so
o = 0, as again &3 # (, (. But then & = &.

Now suppose H, is not parallel to H;. Then H, = 77'({z € RZ%: [cos8,sin 8]z = (3}), for some 0
such that sin 8 # 0. Then 1, = ((z — &2 cos 8)/ sin 8 for points (&2, ) € m(Hy).

By Theorem 5.21,

[(c — 6)8in @ — 2y cos 6)¢2 +
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2[(v6o + d70) cos 8 — (o + 7o) sin 8 + y(a]é; +

(0o + 27v€om0 + 613 + & — 1) sin 0 — 20, (7o + émo) = 0 (5.223)
(6 — @+ ycot0)&; + oty + (1o — csc 0) = ky(n)cosd (5.224)
~¥& + v + dno = ko(n2)sind (5.225)

for some kz(n,) < 0, where equation (5.205) has been used to aid in the simplification. When k; is
eliminated between equations (5.224) and (5.225),

[(6 — @) sin 8 + 27 cos 0]¢; + (abo + o) sin 8 — (v€o + Smo) cos 8 — (o = 0 (5.226)

results. As equations (5.223) to (5.225) are to hold for more than one value of n,, both the
coefficient of n; and the constant term in equation (5.226) must vanish. The result of substituting

the rest of equations (5.204) to (5.206) into equation (5.223) and the coefficient of n, and the

constant term in equation (5.226) is

[2n0€2(€2 — () (& — {) cos 8 +
(€2 = O)(—2 + 20 — &85 + Eaml + 262CE0 — { — 72¢ — CE2)sin O —
2(&2 — ()mola(—¢ + €0)]6 —
(2 — (¢ — & +2&)sind = 0,

(5.227)
o¢[—¢ + €ocos O + (—&o + (P& + 15¢) sin 8 + mola(—C + € — 0)]6 +
fosind = 0,
(5.228)
[ = 2n0(—( + &o) cos 0 + (1 — ng — 2(6o + £5)sin 06 —sind = 0.
(5.229)

As sin @ # 0, the coefficient of & in equation (5.229) cannot vanish and so equation (5.229) can be

used to obtain an expression for 5. When this is done, the result can be put into equations (5.204)

to (5.206) to obtain
(¢ — &) sind + 2npcos 6

5.230

¢ RN =26 & — s+ 2C —)mcosd]  0230)
sin @

p=0 = (1 —2¢6 + & — n3) Sino'*j?(g—fo)flocosO’ (5.231)

7= Rt (5.232)

(¢ —&)(1 —2¢bo + & — n5) sin b + 2(¢ — &o)no cos 8]
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If the new expression for & is substituted into equation (5.227) or (5.227),

&5 sin® @ — 2€ymo sin B cos @ — n2sin® 4 + Mo({2 + { cos @) sin @ — (& sin®é = 0 (5.233)

results.

If (€3,m3) is a Type 1 point, (&3,m3) € m(Hs) = {2 € R?: [1,0]z = (3} for some (5 < (, s0 &5 = (5.
Suppose (£3,7m3) is a Type 1a point. Then, by Theorem 5.21, én; — (¢ — &) — B(ns —mo) = 0,
or using equations (5.230) to (5.232), no(¢ — (3)sin@ = 0, which means that no =0, as (3 # (,
sinf # 0. But o = 0 in equation (5.233) yields (¢ — (3)(¢ — &)&osin @ = 0, which means that
£o =0 as ( # (3,&o0, and this means that £, = &,.

Now suppose (£3,7m3) is a Type 1b point. Then, (3 + 12 = 1 and, by Theorem 5.21, o((s — &)? +
2v(Gs — &o)(£/1 = GG —m0)* + B(£/1 — 3 —m0)? = 1, or, using equations (5.230) to (5.232),

Enoy/1 — (3 sind +mo(¢ — (3 — 2£o) cos § + ({5 — (€0 — 75) sin b = 0. (5.234)
When this equation is multiplied by sin 6 and equation (5.233) is subtracted,
[(scos@ £ 4/1 — (2sin@ — (3]mosind =0 (5.235)

Is obtained. If the quantity in the square brackets here were to vanish, (£3,m3) would not be a
Type 1b point, so g = 0, again implying that {§,, = 0 and £, = &. N

Theorem 5.30: If there is a Type Ob point, the set of remaining contact points cannot

1. consist of two Type 1b points on the same hyperplane;

2. consist of three or more Type 1b points distributed over a pair of opposite hyperplanes.
If there are no Type Ob points, the set of contact points cannot

3. consist of three or four Type 1b points belonging to a pair of opposite hyperplanes.

[
Proof 5.30: /f S = 7(8& N d(& NI, N1I,)) consists entirely of Type ib points, #™*(S) N
d(& NI, N 1I;) consists entirely of points in a (p — 2)-dimensional subspace of R?, and so the
minimum-volume ellipsoid about m=(S)N (& NII1N1Iy) cannot be the minimum-volume ellipsoid
about 3(& NIy N1L,). This means that at least one of the tangency conditions associated with the

Type ib points must be active (that is, at least one of the k's in the tangency conditions must be

zero), and so, by Remark 1, either a Type Ob point is governed by equations like those for a Type Oa
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point, or a Type 1b point behaves like a Type 1a point or a Type Ob point. But, by Theorem 5.23, a
Type 0b point cannot behave like a Type 0a point, and so there must be a Type 1b point behaving
like a Type 1a point or a Type 0b point.

Suppose there is already a Type 0b point. Then, by Theorem 5.24, there must be a Type 1b point
behaving like a Type la point. If there were just two Type 1b points on a single hyperplane (in
addition to the Type 0b point), or three or four Type 1b points distributed across a pair of opposite
hyperplanes, the argument of Theorem 5.27 would hold, so there cannot be just two Type 1b
points on a single hyperplane, or three or four Type 1b points distributed across a pair of opposite
hyperplanes.

Suppose there is not already a Type 0b point. If one of the Type 1b points behaves like a Type la
point, then, if there are four Type 1b points belonging to a pair of parallel hyperplanes, the argument
of the previous paragraph holds. On the other hand, if one of a pair of Type 1b points lying on the
same hyperplane behaves like a Type 0b point, then, after a co-ordinate rotation if necessary, the

following equations hold:

1-B(1-¢%)

a = &P (5.236)
_ B
7 = arx (5.237)

(by Theorem 5.26 — and the fact that the equations for a Type 0b point actually imply those for
a Type 1b point)

o¢ — 0«’(( - fo) - ’Y(iT] - T]o) = kit + k2ﬂ:[a(C - fo) + 7(31:77 - "70)]- (5-238)
+én — (¢ — &) — B(En —m) = kax[v(C — &) + B(£n — mo)], (5.239)

(by Theorems 5.20 and 5.21) where k1+ < 0 and kyy =0 and k,_ <0, or koy <0 and k. = 0.
Substituting equations (5.236) and (5.237) in equation (5.239) reveals that 3 = &, which would
mean the existence of a HT set, a contradiction which proves the Theorem, except for the cases
where there are three Type 1b points, as then it is possible that the Type 1b point which behaves
like a Type 1a point is opposite the other two Type 1b points.

When there are three Type 1b points distributed over a pair of parallel hyperplanes, the above
argument can be used to show that one of them behaves like a Type la point or a Type 0b point.
If it behaves like a Type Ob point, one of the others must behave like a Type 1a point. Then the
rest of the argument can be adapted to prove the Theorem. H
Theorem 5.31: There are at most four distinct Type b points. ]

Proof 5.31: Suppose there are five distinct Type ib points. After making a rotation if necessary,
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these can be chosen to be (¢,,n,), &y —m), (é2,m2), (€3,1m3), and (€4,m4), wheren, > 0, &, 3,64 F#
GLand € +n?=1,1=1,2,3.4, so

a(& —&)* 4+ 2v(& — &) (i — o) + B(m —mo)? =1, (5.240)

forir=1,...,4 and

a(br = €0)* +2v(& — &o)(—m — o) + B(—m —mo)? = 1. (5.241)

If & = 0, equation (5.240) with i = 1 yields 3 = 1/(m — no)?, and putting this in equation (5.241)
gives 4nony /(m — no)® = 0, which means that ng =0 asm > 0. Then = 1/n?.
When the above results are put in equation (5.240) with © = 2, the facts that &, # & and n? = 1 —¢£?

allows the deduction that

o = 2p(1 -Gy + &+ &
mi (&2 — &) '

If this is substituted, along with the results for 3,& and no, in equation (5.240) with 1 = 3, it may
be deduced that

(5.242)

251 : 53 (((772 — n3)ér — &amp + maba)y + §1£§3__:_52_)) =0. (5.243)
& — & 1-&

Now, suppose the coefficient of v vanishes in this equation. This means that the term not involving
v also vanishes, so either £, = 0 or &5 = &;. The second case means that 3 = —1,, and then the
vanishing of the coefficient of v means that ny(& — &) = 0, so . = 0 and (&3, 13) = (&2,72), 2
contradition for distinct points. The first case means that n, = 1, and the vanishing of the coefficient
of v then means &3y = Eoms, or €3 = —&3, M3 = —1p. Thena=1—2m37/&, B =1, & = = 0,
and putting these into equation (5.240) for 1 = 4 results in the equation v€4(€ams — Eam2) = 0. But
€470 as & = 0 and &ana — Eane = 0 would imply either £, = & and g = 1 or €4 = =& = &3 and
ny = —np = 13, so v = 0 and consequently & = &.

Now suppose the coefficient of y in equation (5.243) does not vanish. Then

(62 _ 63)51

_ , 5.244
1T (& — 1s) — Esma + M) (8244

and putting this and equation (5.242) in equation (5.240) with i = 4 yields
(€s — &) (€ams + mals — Eanz — mabo + Loz — Mals)&s _ 0. (5.245)

(1 —€2)((n2 — m3)&1 — &ama2 + 1m362)

As €4 # £, the numerator of the left-hand side of this equation only disappears when |&,| = &3] =

|€2] = 1, which is not possible.
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Thus, if &g = &, a contradiction results.
Suppose now &, # &. Then, the simultaneous solution of equation (5.240) with « = 1 and
equation (5.241) yields

1-B(1 - & — )
a = : 5.246
(6 &) (5:240)
Bo
_ | 5.247
T E-G (5247
Substituting this in equation (5.240) with i = 2 yields
61 - 62
=T X
(& — &o)?

[((& + &)E5 + 2mébono + (&1 — E2)nf — 2(1 + E162)&o — 261&amo + & + &) B—
& —&+26) = 0.
(5.248)

There are similar expressions with £3,my replaced by &3,m3 and £4,m4, and, by symmetry, if the
coefficient of 3 does not vanish in all three such expressions, it may be assumed without loss of
generality that it does not vanish in equation (5.248). But, if the coefficient of 3 vanishes in all
three expressions, then & + & — 26, = & + & — 26 = & + €4 — 28 = 0, which would mean that
€4 = &3 = &, which not possible.

Thus, it can be assumed that equation (5.248) may be solved for (3. If this is done and the result is

substituted into equation (5.240) with i = 3 or 1 = 4, the following equation will be seen to hold:

(& — &)ns + (2(n2 — mi)éo + (i — m)&1 + mibz — &ima)mo + Eo((& — &) (&1 — &) = 0. (5.249)

The result of eliminating n2 between this equation with: =3 andi =4 is

(€1 + &2 — 260)(—Eame — maéa + male — mas + Eams + Eam2) = 0. (5.250)

If the solution no = 0 is chosen here, it will be seen that £ = 0 as well, by substituting no = 0 back

into the previous equation, and then £ = &.

If the solution & = 3(& +&2) is substituted back, it will be seen that (£3—&;)(4ng—4namo+£2—€3) =
(€ — &)(4ng — dmamo + & — &) = 0. As & = & = &, is impossible, (4ng — 4nono + & — €3) =0,
which means no = (12 = m1)/2. Both of these solutions for 1o, when substituted into the current

expressions for 3, imply that 3 = 0, a contradiction.

Theorem 5.32: If there is a Type Ob point, there are at most three distinct Type b points. [ ]

Thus, there are at most 4 Type ib points.

Proof 5.32: Suppose there is a Type 0b point and at least four Type ib points, including the
Type Ob point. By Theorem 5.24, there is exactly one Type 0b point. In a similar fashion to the
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proof of Theorem 5.31, the Type 0b point can be set to (€&1,m), and the other three Type ib points
to (&1, —m), (&2,m2) and (&,m3). Then, an equation like equation (5.240) will hold fori =1,2,3
and equation (5.241) will also hold. The equation

s| & ]G+l —m) | | alé—&)+(m - m)
M v(& — &) + B(m — no) Y& — &) + B(m — no)

will hold for some k < 0 (replacing equation (5.240) for i = 3 in Theorem 5.31).

] (5.251)

The method of Theorem 5.31 can be followed up to points before equation (5.240) for i = 3 was

deployed. Hence,

either gozfl In this case, 1o = 60 = 61 = 0, m = 1, 63 = —62, M3 = —MN9, ,B = 1 and
a =1 —2n,7/€. This means that equation (5.251) becomes

[ 7 J :k[7J (5.252)
6—p p

which has the solutions k = —1, 6 = 0, which is impossible, and vy =0, k = (6§ — 3)/8. The

latter solution implies £, = &, a contradiction;

or & # & here equations (5.246) and (5.247) hold. These can be substituted into equation (5.251)

661(61—€0)—1+B(1—€2—n1m0) 1-B(1—€2—m 7o)
¢1=Co =k ¢1=bo : (5.253)
(5 - /8)771 Bm

which has the solution k = (& — 3)/3, B = 1/(1 — &&o — mno). Now, (& — &) times
equation (5.240) with : = 3 minus (£s — £1) times equation (5.240) with i = 2 yields no(&; —
bo)(—&ima + Eamy + &1z — amz — Eam + Eame) = 0. If po = 0, equation (5.240) with 1 = 2
becomes £o(€2 — £1) (&1 — &) = 0. But, if & =0, & = &, and (& — &o) and (—&imz + Eam +

€1m3 — Eamz — E3my + E3na) cannot vanish without violating the current assumptions.

to yield

Thus, the assumption that there are at least four Type 1b points leads to a contradiction, establishing

the Theorem. H
There are two more Theorems like this, which can be proven in a similar way:
Theorem 5.33: If there is a HT set, then there can be at most two Type :b points. M

Theorem 5.34: If there is a HT set and a Type 1a set, then there can be no Type b points. []
The eventual aim is to find a set of polynomial equations in the six variables {a, 3,7,9, &, 7m0}

and reducing this set as far as possible to find a solution of the problem of minimising the

volume of the corresponding ellipsoid.
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As a first step in this direction, it is necessary to rewrite the conditions satisfied by points of

Types Ob and la.
Theorem 5.35: Suppose there exists a point of Type Ob. Then

(Trace@")*(cT¢)3(cTe — 4)—

16[(c"Q7'2)? — (Trace@ ') (" Q7 '¢)(c"¢) + (det Q~")(c"&)?] = 0.
(5.254)

[]
Proof 5.35: Suppose the Type 0b point is Z = (&,m), where, of course, &2 + n? = 1. An

orthogonal transformation O, may be applied to make v = 0. This will be used in
(Z: - &)TQ ™ (F1—¢) =1, (5.255)
and 8z, — QY(%; — &) = kQ~1(z, — ) for some k < 0. This last expression is equivalent to
(0 —KQ Nz, =K@ ¢, K<L (5.256)

In addition,

8, —Q7 >0, ifk =1, (5.257)

where T+ = (—m,&1).
One of the following must hold: 81, —k'Q~! = 0; 81, —k'Q~! is degenerate but nonzero; 51, —k'Q~*
is non-degenerate. It will be shown that the first two possibilities cannot occur and that the third

leads to the expression of the statement of the Theorem.

§I, — K'Q~' = 0: Here equation (5.256) yields § = kK'a and B = o, and & = no = 0 as Q is
positive definite. A consequence of § = k'a is that k' € (0,1]. Equation (5.255) means that

a=1, sodet Q™' =B’ = k'"~% < 1, a contradiction.

8l — K'Q~ # 0, det(dI, — k'Q~') = 0: Here, B # o and either § = k'a or § = k'3. Without loss
of generality, § = k' will be chosen, which requires that k' € (0,1]. Then equation (5.256)
means that £, = 0 and g, = —0no/(a — B). Equation (5.255) becomes

ay P2y (5.258)
<



SO

which implies either 3 < a < 1 or 8 > & > 1. The first of these implies that det Q~' =
k'"=2a0P~13 < 1, which is a contradiction.

Thus, B > a > 1. But

which implies 3 > o?.

Finally, 217 (81 — Q™")z1 = (§ — a)n} + (6 — B)&} = (K — V)an} + (Ka — B)(1 —n?) =
Ka—pB+(8—a)y = ka—pB/a> 0 which results in the contradiction 1 > k' > 3/a® > 1.

Obviously, setting 6 = k'3 will lead to a similar contradiction.

det(8I, — K'Q~") # 0: Now equation (5.256) can be solved for %, :
z; = —k'(8l, - K'Q™H)'Q7 ¢, (5.261)
and
Iy —c= -8, —K'Q ") e (5.262)
also holds.

Tz =1 becomes

’ 0426(2) 18277(2) _
k2 [(_5+k’a)2 + (_5+k,ﬁ)2] =1 (5.263)

Therefore,

and equation(5.255) becomes

52[ b __ ™ ]=1 (5.264)
(=0+k'a)? (=64 Kp)? ' '

If B = a, then the above equations imply that 6 = +k'a. But § = k'a, 8 = o reduces to

the case 8T, — ¥'Q~! = 0, which has already been dealt with, and substituting § = —k'a in

equation (5.256) yields 7, = 3¢, which would mean Z, "%, = 1€'¢ < 1, contradiction.

Thus 8 # a, which means that equations (5.263) and (5.264) can be solved for £ and 13 :

62 B (___5+ kla)2(k’2,82 _ 52)
0o - k'252(,82 — oﬂ) ’
. B —(___5+ klﬂ)2(kl2a2 _ 52) 5 266

Mo = k’252(ﬁ2 ——a2) ) ( . )

(5.265)
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These two equations mean that

(Ko - 5)(6 - KB)

2, .2
=2
which is equivalent to a quadratic in k' which can be solved for k'?:

200

This equation can then be substituted into the quadratic factors k'*(3? — 238k’ + 6% and
a’k'? — 62 of the numerator of the right-hand side of equation (5.266) to give two quantities
linear in k'. The product of these quantities will again be quadratic in k', and equation (5.268)
can then be substituted into this product and the denominator of the right-hand side of
equation (5.266). The result of doing this is an equation for 13 the right-hand side of which

has a numerator and denominator which are both linear in k'. This equation can be solved for

k' to yield:
o 2514863 + 4o ~ (@ + B)(E + 1)’ 5960
863 + 8ang — 2(a + B)(&5 + m5)((a + 38)& + (3 + B)ng) +
(e + B)*(&5 + m3)°
But now this can be put back into equation (5.267) to obtain
( + B)*(&3 + n3)°((&5 + m3) — 4] + 16(a — B)*&5mg = 0. (5.270)

To finish, it is now necessary to express this equation in terms of quantities which are unaffected
by rotations Oy leaving vectors in the subspace orthogonal to e; and e; unchanged. The
quantity 16(a — (3)2€2n? can be so expressed by eliminating & n; from the equations giving the
expansions of (€7¢)?, (€1¢)(cTQ¢) and (cTQ~'¢)®. This procedure supplies (a — 3)*£5ng =
—(eTQ18)? + (Trace@ 1)(eTe)(cTQ'E) — (det Q")(c"€)? and then equation (5.254) can
easily be derived from (5.270).

N
Theorem 5.36: Suppose there exists a point of Type la belonging to H := Yz € R?: nTz =
¢} e {H,Hy ,Hf ,H; }, for n € R? such that nTn = 1. Then, either
~ 1—5(1‘42"‘773) T 0o 1 T LT L LT
— nn' + ——(n"n" +nn")+dn N, (5.271)
¢ (-G =& )
¢ = &n+mnont, (5.272)
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for some & € (0,1/(1 — ¢?)) and &n + pont € £ N 1L, N 11, or

ot = (=CIF (=G =)o om(C oy + 1154 B4 7= 6f 1
(B —8)(¢ ~ &)?
Z%%(nln’r +nntT) + dntntT, (5.273)
c = fon + T]()nl, (5274)

for some § € (0,00), B € (0,00), v € (—vaB,v/aB) and &n + pont € & N 11, N 11, provided

that & = nTQ " 'n is positive. In both the alternatives, nt = [—n2,n4]. ]
Proof 5.36: Let a rotation O, be applied that takes n into [1,0]T. Let the transformed Type la
point be ((,n). Then the coincidence equation a({ — & )* + 2v(¢ — &o)(n—10) + B(n —n0)2 + 6(1 —
¢* — n?) = 1 and the tangent én — v(¢ — &) — B(n — 1o) = 0 both hold. If 3 # &, the tangent

equation implies
_ Bro — (¢ — &)
n 5= 3 ;

and when this is put into the coincidence equation, equation (5.273) is derived by solving for o: and

(5.275)

applying the inverse of Q.

On the other hand, if 3 = §, the tangent condition implies that v = éno/({ — &o). If thisand 3 = §
are put into the coincidence equation, equation (5.271) can be derived.

The remainder of the Theorem is trivial. N
It will, of course, be noted that the first alternative of the preceding Theorem implies that more
than one point of H is a Type la point.

A similar expression, not involving £ or 5, resulting from the existence a Type 1b point (¢, 7)
on a hyperplane defined by nTz = { can be derived, but it is sufficiently complicated that it is
better to add a variable (corresponding to 1) to the system of equations and supplement the
system by n? = 1 — (%

Now some theorems dealing with the minimum number of contact points will be derived.

Definition 5.6: Let the distance p(S,T) = inf(; yesxt /(¢ — y)T(z — y). For a point y, this
notation will be slightly abused by writing p(y,T) for p({y}, T). ]
Lemma 5.37: Suppose Z;,: = 1,...,m are contact points and suppose that if z € 7(9[& N
II; N11y)) — {Z1,...,&m}, then (T — &)TQ1(z —¢) +6(1 —zTz) < 1. Obviously, the appropriate

Jacobian conditions also hold for z;,...,Zn.
If there exist an interval [0,ko] # @ and continuous functions o/(k), 3'(k),~'(k), d'(k), &(k) and
no(k) suchthat z;,2 =1,...,n remain points of m(E(c'(k), Q'(k))NI(EoNT N1ILy)) for k € [0, ko),
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where

(k) = [E(k) } eR?, Q'(k) = [Q'_l(k) ° } (5.276)
0 0 Ip--2
for
. léo(k) P ECRCN 5270
(k) v(k) BK)

and the appropriate Jacobian conditions continue to hold with @, & and & replaced with Q' (k), &(k)
and §'(k), then there exists k' € (0, ko] such that (z—&'(k))TQ'~'(k)(z—¢ (k))+8'(k)(1-2TZ) < 1
forall z € m(0[& NIy N11y]) — {Z1,...,%.} and all k € [0,%'] and the Z; remain contact points
for £(c'(k), Q'(k)). ]
Proof 5.37: Since & and &, are ellipsoids, the I[-I[it,2 are hyperplanes and z; is an isolated contact
point, it can be verified that there exists an open neighbourhood V; of z; such that for all paths
y(£) in m=H(Vi) N &, for which y(0) € = (z;) and w(y(€) — y(0))Tn(y(£) — y(0)) is a strictly
increasing function of £, p(y({),& N II; N 1I1;) is a strictly increasing function of £. Let U; C V;
be a closed neighbourhood of x;, with z; € U;°. It can also be verified that, because of the
continuity of the functions o'(k), B'(k),v'(k), 8'(k), €,(k) and n)(k), there exists k; > 0 such that
for each k € [0, k;] the set of paths y(£) in #=1(V;) N E(¢'(k), Q'(k)) for which y(0) € m~*(z;) and
m(y(€) —y(0))Tm(y(€) — y(0)) is a strictly increasing function of £, is such that p(y(£), & NIL; N1I,)
is a strictly increasing function of £.
Thus, foreachi = 1,...,n, there exists k; € [0, ko] and an open neighbourhood U;° of Z; such that
for all Z € (U° N (& NI N1LL)) — {Z:}. (2 — 2(k))TQ' - (k)(z — &(k)) + &'(k)(1 — 277) < L.
Let k" = mimgicn{ki}. Then, for all k € [0,k"] and all Z € (n(& NI N1l2) N U, i, Ui®) —
{Z1,...,%,}, (-2 k)TQYk)(z - (k) +&k)(1-2"z) < 1.
The sets F = & NI NI, — 771 (U, cic, Ui®) and OE; are compact and so the distance p(F, 0€)
will be positive, 2¢, say.
As the functions o'(k), B'(k), ¥'(k), &(k), &(k) and ny(k) are continuous, the distance
p(F,0E(d(k),Q'(k))) > € for all k € [0,k™] for some kK" > 0. Then the k' of the statement
of the Lemma will be min{k", k""'}.

H
Theorem 5.38: There are at least three contact points. ]
Proof 5.38: Clearly, there are at least two contact points. Suppose there are exactly two contact

points, &; = [&,m]T,1 = 1,2, T, # T1. An orthogonal rotation O, may be applied to make £, = &;.
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Then n, # n, and

a(bi — &)’ +2v(& — &o)(m — o) + B(m —mo)* +6(1 =2 —5?) = 1,

(5.278)
a(é — &)’ + 2v(& — §o)(m2 — mo) + B(mz — m0)* + (1 — £ - m) = 1,
(5.279)
The difference of these two equations implies that
. —5N+2 -

26
asny #m and 3 > 0.
Substituting equation (5.280) back into equation (5.278) produces a quadratic in &, which has a

real solution if

A= [(m2 —m)B + (m +m)d]* — 4B[1 — 6(1 — & —n3)] > 0. (5.281)

(The left-hand side of this inequality is symmetric in 1, and 1, despite its initial appearance.)

As there must be a real solution for &, 3 and § can only be varied in such a way that relation (5.281)
continues to hold. If the inequality holds in relation (5.281), this is no problem, as then it will only
be a question of making sure that 3 and § remain in a certain neighbourhood. However, if equality
holds in relation (5.281), (B3,6) can only vary in certain directions.

As T, and Z, are contact points, Jacobian conditions must hold. For Z,, these are one of the

following sets of conditions:
L 1-61'Q1>0;

2. (a) n}T(I1-67Q " )n >0,i=1,2;

(b) nFT(I1—671Q )nt >0,i=10r2, wrT(I-67'Q " )w' >0, wherew = Q~'(z, — ¢

and ni- is one of the two (in R?) unit vectors perpendicular to n,;
3 (3a) ntT(1-61'Q )i >20,i=10r2;
(b) wtT(I - 671Q  ywt > 0;
4. no conditions.

As above, if the relation “>" can be replaced by “>" throughout the set of conditions, the set

of conditions will be satisfied if (o, 3,7, 8) remains within a certain neighbourhood of its original
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value. The consequence of this is that det Q' = §~2(a8 — 42) can be increased if “>" can be

replaced by “>" in the set of conditions connected with the contact point %, in the set of conditions

connected with the contact point Z, and in relation (5.281).

Suppose this replacement cannot be made everywhere. It can be shown that combining the condi-

tions associated with T, with those associated with %, results in one of the sets of conditions:
1. 1-671Q ' >0;

2. (3) ntT(1 =610 ")t > 0,5 =1,2;
(b) nfT(I=67'Q )n 20,1 =10r2, wiT(I-67'Q " )ws > 0, wherew; = Q~(3; ),
j=1o0r2;

(c) wfT(1—67'Q wi >0,i=1,2;

3 (a) ntT(1-61Q" Yt >0,i=10r2;

(b) ,w.LT(I _ J_IQ—I)’w'L > 0;
4. no conditions.

Suppose I — 6~1Q~! > 0 holds, but I — §*Q~' > 0 does not. Then, § = a or § = 3, and both of
these imply that y = 0, or (6§ — a)(d — 8) —¥* = 0. In any case, § > o, 3.

Suppose first that § = o or § = B. If A is not equal to zero, o/ (k), B'(k), v'(k), 8'(k) can be set
to o/(k) = B'(k) = &8'(k) = B+ k and v'(k) = 0. Then det Q'(k)~" = (8 + k)? will increase in an
interval such that A'(k) = [(n2 — m)B'(k) + (m + m2)8'(k))> — 48'(k)[1 — &' (k)(1 — & —n3)] > 0.
IfA =0, d(k), '(k) and v'(k) can be set to o' (k) = a, B'(k) = B+ k, 7'(k) = 0. &'(k) will be
chosen such that dé’/dk > 1 (so that §'(k) > B'(k)) and

d Al
—A'(k > 0. 5.282
NGl (5.282)
This requires that either 1 — {2 — mim2 > 0 and
—_ — £2 _
dk 1o — B(L—& +mm)

orl—¢&2—mmy =0 and (1 — & —mmne)B > 1, which implies || = |n2| = /1 — & and mim2 < 0

which would mean that A would be independent of §, which could then be increased to increase

det Q1.
Now inequality (5.283) is a lower bound on d&' /dk and so §'(k) can be chosen to increase sufficiently

rapidly and then det Q'(k)~" will also increase.
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F(6—a)d-B)—+=0,a,6 <36, theny#0, and so |7| can be decreased to increase det Q1
without affecting A.

Hence, if 1 — 67'Q~' > 0 holds but 1 — §~1Q~! > 0 does not hold, det @' can be increased to

yield an ellipsoid with smaller volume.

Now the weaker condition

' (I-6"'Q Nu=v"(I1-6"'Q v =0, (5.284)

for linearly independent u,v will be investigated. If these equations are solved for a and v, it will
be seen that
oP—2

2,2
4duvy

det Q' = [— (w12 4 ugv1)?6% + 2(udv] + 2ulv? + ulv})BS — (wrvs — ugv1)?6%, (5.285)

provided that ui,vi # 0 (u;v; # uavy as u and v are linearly independent, so u; = v, = 0 is
impossible). Set (3'(k) = Bk, §'(k) = 8k and let (o/(k),~'(k)) be the solution of equations (5.284),
with o, 3, v and & replaced by o' (k), B'(k), v'(k) and §'(k). The quantities o/ (k), 3'(k) and &'(k)
will remain positive so long as k belongs in a certain neighbourhood, as will o/(k)3'(k) — (k).
As equation (5.285) becomes homogeneous of degree 2 in k if 8 and § are replaced by o/ (k) and
&'(k) respectively, it increases as k increases. In addition, A'(k) will increase as A > 0. If u; = 0
orvi =0, 6 = f and a = § — 2vyy/vy. Here, the assignments o/ (k) = o, B'(k) = (k) = Sk,
v'(k) = vk will result in det Q™! increasing and A'(k) remaining nonnegative.

Thus, an ellipsoid with smaller volume can also be chosen when the conditions (5.285) hold.

So, if &y # &,

1+ B(m — no)(n2 — no) = 8[1 = & — mna — (M + 72)0]

(& — &o)?
5 - 1 2 — 2
N = (771 + 772)2(6118876:)' n 770) . (5286)
These lead to
det Q! = 87 *aB —+%)

4B = (e —m)*B° +2(2 — i —nf —26)B5 + (m + n2)?8

- (&1 — &o)? '
(5.287)

If this quantity is not a maximum for the values of 3 and & which enter into the definition of £, then

B and & can be varied to give a larger value of det Q~'. But a necessary condition for a maximum
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of det Q! is that

0 qergt = A= 20m—m)B+2(2—ni—nj - %D

9 . & - &) ’
9 qerg = 22— =i —26)8 — 2Am +m)’
09 (6 — &o)?
(5.288)
both vanish. If n?,n2 # 1 — €2, this requires that
8=- (m + 72)° (5.289)

(1-&-n)A =& —n)

which is negative, a contradiction. If either n? = 1 — &2 orn2 = 1 — £}, the quantities in equa-
tions (5.288) cannot both vanish. Hence, det Q~' cannot have a maximum, and so £, cannot have
exactly two contact points.

If & = &, then equations (5.286) can be satisfied for any o and v, so det Q™' can be increased
by varying these quantities, and again the possibility that £, has exactly two contact points can be
rejected. ||
Theorem 5.39:

If the points (&1,7) are Type 1 contact points for n € (m1,m2) C [—4/1 — &}, 4/1 — £], where

m < 72, then there is at least one further contact point.

]
Proof 5.39: This is a simple consequence of the fact that the non-degenerate ellipsoid
e, | [ =0=gm) sm ]
0 (€1—¢0)? €1—-&o
5
0 0 0 4,

can be continuously replaced by a smaller one passing through the same Type 1 points by varying é.

|
Lemma 5.40: Let & be the minimum-volume ellipsoid about & N II; N II;. Suppose the set of
contact points consists of ng TOb sets, n, Tla sets, nyp T1b sets, ny T2 sets and nyg HT sets.
Then &, is also an ellipsoid of locally minimum volume among the family of ellipsoids containing the
same T1b, T2 and HT sets, and n,, T1la and ng sets, where the T1la sets remain associated with
their original hyperplanes. ]
Proof 5.40: Suppose £, can be continuously varied to give a smaller ellipsoid E,, where the

variation does not change the T1b, T2 and HT sets, but may move the points in the TOb and Tla
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sets, while maintaining the tangency and Jacobian conditions for the points in all the sets. Then,
there must be a variation £} of £, which does not introduce new contact points but has smaller
volume than &,. But then £} O & NI, NIl and vol€! < vol€,, contradicting the minimality of

Es. |

Here the results of the Theorems will be summed up in some rules:

1. There are at least three contact points (Theorem 5.38);

2. If there is a HT set, then either there is a further HT set, or there is at least one TOb,
T1la, T1b or T2 set (Theorem 5.39);

3. If there is a T1a set, no further contact point can lie on its hyperplane (Theorem 5.25);
4. There are no Type 0a points (Theorem 5.23);
5. There is at most one TOb set (Theorem 5.24);
6. There is no T1la set opposite two T1b sets (Theorem 5.27);
7. There is no TOb set if there is an HT set (Theorem 5.28);
8. There cannot be a Tla set opposite an HT set (Theorem 5.27);
9. There cannot be two T1b sets opposite an HT set (Theorem 5.27);
10. If there are two HT sets, there cannot be a Tla set (Theorem 5.29);
11. Theorem 5.30 holds;
12. There are at most four Type b points (Theorem 5.31).
13. If there is a Type 0b point, there are at most three points Type ¢b points (Theorem 5.32).
14. If there is a HT set, there are at most two points Type b points (Theorem 5.33).
15. If there is a HT set and a Type la point, there are no Type :b points (Theorem 5.34).

In Figure 5.3 the possible dispositions of the hyperplanes relative to the original ellipsoid are
illustrated. The possible combinations of the Types of sets are given in Tables 5.3 to 5.3. The
example of the case (3, 1) of Figure 5.3 is illustrative.

There are four possible candidate T1b sets and one candidate T2 set. Each of the three
possible HT sets can supply at most one Tla set (rule 3). In what follows, “choosing a TOb
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(0, 0) |

.

(2,1 (3,0)

L

(4,0) (4, 1) (4, 20) (4, 2a)

(4,3)

Figure 5.3: The possible cases, ignoring occurrences of Type 2b points. The first digit gives the number of

(20, 0)

(4, 4)

hyperplanes bounding & N II; N IIy, with “o” (for opposite) or “a” (for adjacent) appended where necessary.
The second digit gives the number of pairs of hyperplanes which intersect in the interior of &), again with “o”

or “a” appended as appropriate.

set” means choosing whether there exists a T'0b set, and “choosing a T1b set” means choosing
the hyperplane on which the Type la point lies. If there are three contact points, these might
consist of the union of one TOb and two T1la sets (3 ways of choosing these); or one TOb, one
Tla and one T1b set (8 — T1b cannot be on same hyperplane as the Tla set — rule 3); or
one TOb, one Tla and one T2 set (1 — rule 3); or one TOb and two T1b sets (5 — rule 11); or
one TOb, one T1b and one T2 set (4); or three Tla sets (1); or two T1la sets and one T1b (4
— rule 3); or two Tla sets and one T2 (0 — here, only theoretically possible — at least one
of the Tla sets’ hyperplanes must contain the point in the T2 set); or one Tla and two T1b
sets (5 — rule 6); or one Tla, one T1b and one T2 set (2 — rule 3); or three T2b sets (3 —
rule 11); or, finally, two T1b and one T2 set (6). Thus, there are 42 ways of choosing three
contact points.

When there are four contact points to be chosen, this can be done by choosing one TOb and

three Tla sets (1); or one TOb, two T1la sets and one T1b (4); or one TOb, one Tla and two
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Case || Sets No. || Sets No. || Total
(0,0) & =&
(1,0) Konig and Pallaschke
(20,0) Ko6nig and Pallaschke
(2a,0) || TOb, 2T1a 1 || TOb, Tla, T1b 4
TOb, 2T1b 4 | Tla, 2T1b 2
T1la, 2T1b 2 | 3T1b 4l 17
TOb, Tla, 2T1b 2 | 4T1b 1 3
HT, Tla 2 || HT, T1b 4 6
HT, 2T1b 2 2
2HT 1 1
29
(2,1) || TOb, 2T1a 1| TOb, Tla, T1b 2
TOb, 2T1b 1 || TOb, T1b, T2 2
2T1b, T2 1 7
TOb, 2T1b, T2 | 1 1
HT, T1b 2 2
2HT 1 1
11

Table 5.1: Number of different combinations of sets of contact points for Cases (0, 0) to (2, 1).

T1b sets (5); or one TOb, one Tla, one T1b and one T2 set (2); or, one TOb, two T1b and one
T2 set (6); or one Tla, two T1b and one T2 set (1 — rule 3); or four T1b sets (1); or three

T1b and one T2 set (6). So, there are 26 ways of doing this.

When there are five contact points to be chosen, this can be done by choosing one T0b, one

T1a, two T1b and one T2 set (1) or four T1b and one T2 set (1). So, there are 2 ways of doing

this.

There are no ways of choosing six contact points, but the choice of one HT and one further
point can be made by choosing one HT and one Tla (3 — rule 8); or, one HT and one T1b
(8); or, one HT and one T2 (1). This can therefore be done in 12 ways.

The choice of one HT and two further points can be made by choosing one HT and two T1b
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Case || Sets No. || Sets No. || Total
(3, 0) || TOb, 2T1a 3 || TOb, T1a, T1b 12
TOb, 2T1b 12 || 3T1a 1
2T1a, T1b 6 | Tla, 2T1b 16

3T1b 16 65
TO0b, 3T1a 1 i TOb, 2T1a, T1b 6
TOb, Tla, 2T1b | 16 | Tla, 3T1b 8

4T1b 14 45

HT, T1a 3 || HT, T1b 12 15

HT, 2T1b 16 16

2HT 3 3

144

Table 5.2: Number of different combinations of sets of contact points for Case (3, 0).

sets (6 — rule 9); or, one HT, one T1b and one T2 set (2). This can therefore be done in 8
ways.

The choice of one HT and three further points can be made by choosing one HT, two T1b and
one T2 set (1).

Finally, there are three ways of choosing two HT sets. Any further contact point would have to
be a Type 2 point, but the only available such point lies in at least one of the HT sets. Thus,
there are 106 possible ways of choosing the connected components of the set of contact points.
For each of the sets of contact points present, there is a polynomial equality to be satisfied,
possibly augmented by nonempty tangent and Jacobian conditions expressed as polynomial
inequalities. In addition, equation (5.38) holds. In order to find the BLJ ellipsoid about

& N II; N II,, the following procedure can be adopted:
1. if ¢;, ¢, obey the conditions of Theorem 5.12 or Corollary 5.14 as appropriate, then & = &o;

9. the disposition of the possible contact points according to the classification of Figure 5.3

is determined;

3. the appropriate Table 5.3 to 5.3 is worked through, from top to bottom. If an ellipsoid

containing & N II; N II; is found corresponding to an entry in one of the sections of the
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Case || Sets No. || Sets No. || Total
(3,1) || TOb, 2T1a 3 || TOb, Tla, T1b 8
TOb, Tla, T2 1| TOb, 2T1b 5
TOb, T1b, T2 4| 3Tla 1
9T1a, T1b 4 || T1a, 2T1b 5
Tla, T1b, T2 2| 3T1b 3
2T1b, T2 6 42
TOb, 3T1a 1 || TOb, 2T1a, T1b 4
TOb, Tla, 2T1b 5 || TOb, Tla, T1b, T2 2
TOb, 2T1b, T2 6 | T1a, 2T1b, T2 1
4T1b 1] 3T1b, T2 6 26
TOb, T1a, 2T1b, T2 1] 4T1b, T2 1 2
HT, Tla 3 || HT, T1b 8
HT, T2 1 12
HT, 2T1b 6 || HT, T1b, T2 2 8
HT, 2T1b, T2 1 1
2HT 1 1
92

Table 5.3: Number of different combinations of sets of contact points for Case (3, 1).

Table, then the BLJ ellipsoid for & N II; N II; will be the minimum-volume ellipsoid
containing & N II; N II; from that section, as sections below will correspond to ellipsoids
conforming to a greater number of constraints than at least one ellipsoid from the higher

sections;
4. for each of the combinations of contact points listed in the Table:

(a) the appropriate polynomial equations are determined;

(b) detQ~! = 6*7%(af — v?) is maximised subject to these equations. This will require
that further polynomial equations be solved in conjunction with those arising from

the proposed existence of the contact points and equation (5.6);

(c) if the resulting ellipsoid does not contain & N II; N II,, further ellipsoids may be
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Case || Sets No. || Sets No. || Total
(3,2) || TOb, 2T1a 3 || TOb, T1a, T1b 4
TOb, Tla, T2 2| 3T1a 1
2T1a, T1b 4 || 2T1a, T2 2
Tla, T1lb, T2 2 || 2T1b, T2 2
T1b, 2T2 2 22
TOb, 3T1a 1 || TOb, 2T1a, T1b 4
TOb, 2T1a, T2 | 2| TOb, Tla, Tib, T2 | 2
TOb, 2T1b, T2 2 || TOb, T1b, 2T2 2
2T1b, 2T2 1 14
TOb, 2T1b, 2T2 1 1
HT, T1b 4 || HT, T2 2 6
HT, T1b, T2 2 2
2HT 3 3
48

Table 5.4: Number of different combinations of sets of contact points for Case (3, 2).

determined by converting the tangent or Jacobian inequalities to equalities. The

resulting collection of polynomials can then be completed by following step 4b above.

Note that the derivation of the polynomials for each combination of contact points needs to be
done once only. This will produce a set of polynomials in &, 8, v, 4, §& and no with coefficients
in terms of geometric quantities related to the disposition of the hyperplanes relative to the
original ellipsoid. For each particular occurrence of a combination of contact points, the relevant
geometric quantities will be substituted into the coefficients to produce the corresponding set
of polynomials for that combination.

Although it is not certain that each particular occurrence of a combination in the appropriate
Table will result in a valid ellipsoid, it is certain that at least one will result in the BLJ ellipsoid.
It will now be useful to give a Lemma enabling the reduction of a set of polynomials to a more

tractable set.

Lemma 5.41: Suppose A; and A, are irreducible polynomials in u; and u,. Let S be the solution

set of Ai(u1)As(uz) = 0; ie, S = {(u1,u2): Ar(u1)Az(ua) = 0}. Then § = (U:Si) U (U;57),
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Case || Sets No. || Sets No. || Total
(4, 0) || TOb, 2T1a 6 || TOb, Tla, T1b 24
TOb, 2T1b 6| 3T1a 4
2T1a, T1b 36 || Tla, 2T1b 56
3T1b 12 144
TO0b, 3T1a 4 || TOb, 2T1a, T1b | 36
TOb, T1a, 2T1b 56 || 4T'1a 1
3T1a, T1b 8 || 2T1a, 2T1b 28
T1a, 3T1b 20 || 4T1b 13 153
TOb, 4T1a 1 || TOb, 3T1a, T1b 8
TOb, 2T1a, 2T1b | 28 || 2T1a, 3T1b 8
Tla, 4T1b 18 63
HT, T1a 8 || HT, Tib 24 32
HT, 2T1a 4 | HT, 2T1b 56 60
2HT 6 6
460

Table 5.5: Number of different combinations of sets of contact points for Case (4, 0).

where S; is the solution set of Byi(u1,us) = Bai(uz) = 0 and S, is the solution set of C;(us, uz) =0
for some polynomials By; and C; in u; and uy and By; in u,. []
Proof 5.41: If A; and A, are not irreducible, they can be written A, = A11A12... Ay and
Ay = A9 Agg. .. Ag, for irreducible A;;, and then S = U;;S;;, where S;; is the solution set of
Ari(ur, u2) = Agj(ur,uz) = 0.

Now assume A, and A, are irreducible. If deg, A, > 0 (where deg, is the degree in u, of a
polynomial), there exist unique rational functions Fg, Fr, polynomial in u, which are such that
A) = FgpA, + Fr, where deg, Fr < deg; A;, by the Eulerian property of polynomials of one
variable.

If Fr = 0, Fg € R by the irreducibility of Ay and A,, and A, and A, can be replaced by C; = A,,
thatis S = 5;.

If Fr # 0, there exist unique polynomials Fg, Pr, Pop, Prp such that

1. Fy = Pa/Pop, Fr= Pr/Prp;
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Case || Sets No. || Sets No. || Total

(4, 1) || TOb, 2T1a 6 || TOb, T1a, T1b 18
TOb, Tla, T2 2 || TOb, 2T1b 13
3T1a 4 || 2T1a, T2 12
2T1a, T2 1 || Tla, 2T1b 30
Tla, T1b, T2 6 || 3T1b 18
2T1b, T2 15 125
TOb sets and set families from previous section of table | 76
4T1a 1 || 3T1a, T1b 6
2T1a, 2T1b 9 || 2T1a, T1b, T2 2
Tla, 3T1b 42 || Tla, 2T1b, T2 12
4T1b 11 || 3T1b, T2 20 179
TOb sets and set families from previous section of table | 30
2T1a, 2T1b, T2 1 || Tla, 4T1b 6
4T1b, T2 11 48
HT, Tla 8 || HT, T1b 18
HT, T2 2 28
HT, 2T1a 6 | HT,T1la, T2 2
HT, 2T1b 48 || HT, T1b, T2 4 60
HT, 2T1b, T2 12 12
2HT 6 6
2HT, T2 1 1
459

Table 5.6: Number of different combinations of sets of contact points for Cases (4, 1). The “set families from
previous section of table” are, of course, those that do not already contain a TOb set and contain less than four

T1b points.
2. Pgp and Pgp are polynomials in u, alone and are monic;
3. Py and Pyp are coprime;

4. Py and Prp are coprime;
Then PopPrpA: = ProPoAz + PopPr and S is contained in the solution set of Aj(u1,uz) =
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Case Sets No. || Sets No. || Total
(4, 20) || TOb, 2T1a 6 || TOb, T1a, T1b 8

TOb, T1a, T2 4 || TOb, 2T1b 6

TO0b, T1b, T2 4 || TOb, 2T2 1

3T1a 4 || 2T1a, T1b 12

9T1a, T2 2 | T1a, 2T1b 4

Tla, T1b, T2 8 || 3T1b 4

9T1b, T2 12 || T1b, 2T2 4l 79

TOb sets and set families from previous section of table | 46

4T1a 1 || 3T1a, T1b 4
2T1a, 2T1b 6 || 2T1a, T1b, T2 4
Tla, 2T1b, T2 | 4 | 4T1b 1
3T1b, T2 6 || 2T1b, 2T2 6| 78

TOb sets and set families from previous section of table | 25

2T1a, 2T1b, T2 2 || Tla, 3T1b, T2 4

4T1b, T2 2 || 3T1b, 2T2 4 37

TOb sets and set families from previous section of table 2

4T1b, 2T2 1 3

HT, T1a 8 || HT, T'1b 12

HT, T2 4 24

HT, 2T1a 4 | HT, 2T1b 12

HT, T1b, T2 12 28

HT, 2T1b, T2 4 4

2HT 6 6

2HT, T2 2 2
263

Table 5.7: Number of different combinations of sets of contact points for Case (4, 20).

PQD(uz)PR(UI, Ug) = 0.
Suppose PopPr = Asi ... A3y where each As; is irreducible. Then S is contained in the union of

the solution sets of Az(u1,uz) = Asi(u1,uz) = 0, where, of course, each As; satisfies deg; Asi <
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Case Sets No. || Sets No. || Total
(4, 2a) || TOb, 2T1a 6 || TOb, Tla, T1b 12

TOb, Tla, T2 4 || TOb, 2T1b 5

TOb, T1b, T2 8 || 3T1a 4

2T1a, T1b 12 || 2T1a, T2 2

Tla, 2T1b 12 || Tla, T1b, T2 10

Tla, 2T2 14 3T1b 4

2T1b, T2 12 || T1b, 2T2 4 96

TOb sets and set families from previous section of table | 57

4T1a 1| 3T1a, T1b 4

3T1a, T2 4 || 2T1a, 2T1b 6

2T1a, T1b, T2 2 || Tla, 3T1Db 4

Tla, 2T1b, T2 8 || Tla, T1b, 2T2 2

4T1b 1| 3T1b, T2 8

2T1b, 2T2 6 103

TOb sets and set families from previous section of table | 33

Tla, 3T1b, T2 2 || Tla, 2T1b, 2T2 1

4T1b, T2 2 || 3T1b, 2T2 6 44

TOb sets and set families from previous section of table 1

4T1b, 2T2 1 2

Table 5.8: Number of different combinations of finite sets of contact points for Case (4, 2a).

degl Ag.
Applying the same argument, where deg, As; > 0, to each of the pairs A; and As;, leads to the
conclusion that the Lemma holds. B

Corollary 5.42: Suppose Ai, ..., An are polynomials in u;,...,u,. Then the solution set S of

Ar(Uy, .. tn) = -0 = An(u,...,u;) = 0 is contained in U;S;, where S; is the solution set of
Bj(uz, ... ,us) = Ci(ur, ... Un) =+ = ip;(U1,...,us) = 0, for some polynomials B;, Cjy,
where possibly L; = 0. []

Proof 5.42: Follows from the Lemma by noting that uy can stand for the set {u,,...,u,} and, if

the union of the solution sets of D;(u1) = E;(u1,u2) = 0 contains the solution set of F(uy,uz) =
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Case Sets No. || Sets No. || Total
(4, 2a) || Finite sets 245
HT, T1a 8 || HT, T1b 12
HT, T2 4 24

HT, 2T1a 4 | HT, Tla, T2 8

HT, 2T1b 12 || HT, Tlb, T2 10

HT, 2T2 1 35

HT, 2T1b, T2 8 || HT, T1b, 2T2 2 10

2HT 6 6

2HT, T2 2 2
322

Table 5.9: Number of different combinations of sets of contact points for Case (4, 2a), where at least one set

is infinite.

G(u1,uq) = 0, then the union of the solution sets of D;(u1) = E;i(u, uy) = H(u1,us) = 0 contains
the solution set of F(uy,uz) = G(u1,uz) = H(ug,uz) =0. H
The following Corollaries are immediate consequences of the preceding one.

Corollary 5.43: Suppose A,,..., A, are polynomials in uy,...,u,. Then the solution set 5 of

Ai(uq,...,un) = -+ = An(u1,...,un) = 0 is contained in U;S;, where S is the solution set of
Bj(uy,...,un) = Cii(ua,...,un) = -+ = Cjp;(u2,...,us) = 0, for some polynomials B;, Ci,
where possibly L; = 0. ]
Corollary 5.44: Suppose A,,...,An are polynomials in uy,...,u,. Then the solution set S of
Ai(u1, ... ) = -+ = Ap(ty,...,us) = 0 is contained in U;S;, where S; is the solution set of
either B;(uy,...,un) = Ci(ug, ..., un) = Cja(us,...,up) = -+ = in, (UL 41, -+, un) = 0, for
some polynomials B;, C;, when L; >0, or of B;(uy,...,us) = 0. ]

The above Corollary may enable the reduction of the polynomials to a tractable set, but it does
not guarantee that the initial set of polynomials is simultaneously soluble, nor that a solution
necessarily consists of an isolated point. It also generates spurious solutions. However, in the
current context, at least one set of polynomials has an isolated solution, as the BLJ ellipsoid
is guaranteed to exist, and spurious solutions will automatically be eliminated by the fact that
they will not correspond to ellipsoids, or to ellipsoids not containing & N II; N1, or to larger

ellipsoids than the smallest ellipsoid yielded by this method.
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Case | Sets No. || Sets No. || Total
(4, 3) || TOb, 2T1a 12 || TOb, T1a, T1b 6
TO0b, Tla, T2 6 || TOb, 2T1Db 1
T0b, T1b, T2 6 || TOb, 2T2 6
3T1a 4 || 2T1a,T1b 4
2T1a, T2 3 || Tla, 2T1Db 2
Tla, T1b, T2 8 || Tla, 2T2 6
2T1b, T2 3 || Tib, 2T2 6
3T2 1 74
TOb sets and set families from previous section of table | 37
4T1a 1 || 3T1a, Tlb 2
2T1a, 2T1b 1 || 2T1a, T1b, T2 2
2T1b, 2T2 3 || Tlb, 3T2 2 48
TOb sets and set families from previous section of table | 11
2T1b, 3T2 1 12
TOb, 2T1b, 3T2 1 1
HT, Tla 8 || HT, T1b 6
HT, T2 6 20
HT, 2T1a 4 | HT, Tla, T2 6
HT, 2T1b 2 || HT, T1b, T2 8
HT, 2T2 2 22
HT, 2T1b, T2 2 || HT, T1b, 2T2 2 4
2HT 6 6
2HT, T2 3 3
190

Table 5.10: Number of different combinations of sets of contact points for Case (4, 3).

The number of cases to be investigated is quite large, but the number reduces considerably for

cases (2a, 0) and (2, 1), which are important in non-linear parameter estimation (see Veres and

Norton [24]).
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Case || Sets No. || Sets No. || Total
(4, 4) || 3T1a 4 || 2T1a, T2 4

Tla, 2T2 | 4 | 3T2 40 16

4T1a 1| 4T2 1 y

HT, Tla | 8 | HT, T2 8l 16
HT, 2Tla | 4 || HT, Tla, T2| 8

HT, 2T2 | 4 16

9HT 6 6

OHT, T2 | 4 4

60

Table 5.11: Number of different combinations of sets of contact points for Case (4, 4).
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24 p=2

When p = 2, the major differences with the case where p > 2 are:
1. d does not exist, and, consequently, equation (5.6) does not apply;
2. Type 1b points do not exist.

The methods which apply when p > 2 can still be applied, but, in line with item 2 above,
Tables 5.3 to 5.3 become Tables 5.4 to 5.4.

It will be noticed that, when p = 2, the number of cases reduces to about 1/3 of its value when

p> 2.
Case || Sets No. || Sets No. || Total
(0,0) E=&
(1,0) Konig and Pallaschke
(20,0) Konig and Pallaschke
(2a,0) || TOb, 2T1b 4 | 3T1b 4 8
4T1b 1 1
HT, T1b 4 4
HT, 2T1b 2 2
2HT 1 1
16
(2,1) || TOb, 2T1b 1 || TOb, T1b, T2 2
2T1b, T2 1 4
TOb, 2T1b, T2 1 1
HT, T1b 2 2
2HT 1 1
8

Table 5.12: Number of different combinations of sets of contact points for Cases (0, 0) to (2, 1).
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Case || Sets No. || Sets | No. || Total
(3,0) || TOb, 2T1b | 12| 3T1b | 16 28
4T1b 14 14

HT, T1b 12 12

HT, 2T1b | 16 16

2HT 3 3

89

Table 5.13: Number of different combinations of sets of contact points for Case (3, 0).

Case || Sets No. || Sets No. || Total
(3,1) || TOb, 2T1b 5 || TOb, T1b, T2 4

3T1b 3 || 2T1b, T2 6 18
TOb, 2T1b, T2 6 || 4T1b 1

3T1b, T2 6 13

4T1b, T2 1 1

HT, T1b 8 || HT, T2 1 9

HT, 2T1b 6 || HT, T1b, T2 2 8

HT, 2T1b, T2 1 1

2HT 1 1

51

207

Table 5.14: Number of different combinations of sets of contact points for Case (3, 1).




Case || Sets No. || Sets No. || Total
(3,2) || 2T1b, T2 2 || Tib, 2T2 2 4
TOb, 2T1b, T2 | 2| TOb, Tib, 2T2 | 2

2T1b, 2T2 1 5
TO0b, 2T1b, 2T2 1 1
HT, T1b 4 || HT, T2 2 6
HT, T1b, T2 2 2
2HT 3 3

21

Table 5.15: Number of different combinations of sets of contact points for Case (3, 2).

Case || Sets No. || Sets | No. || Total
(4, 0) || TOb, 2T1b 6| 3Tib | 12 18
4AT1b 13 13

HT, T1b 24 24

HT, 2T1b | 56 56

2HT 6 6

117

Table 5.16: Number of different combinations of sets of contact points for Case (4, 0).
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Case || Sets No. || Sets No. || Total
(4, 1) | TOb,2T1b 13 | 3T1b 18

2T1b, T2 15 46
TOb sets and set families from previous section of table | 13

4T1b 11 || 3T1b, T2 20| 44

4T1b, T2 15 15

HT, T1b 18 || HT, T2 2l 20

HT, 2T1b 48 || HT, T1b, T2 4 52

HT, 2T1b, T2 | 12 12

2HT 6 6

9HT, T2 1 1

192

Table 5.17: Number of different combinations of sets of contact points for Cases (4, 1). The “set families from

previous section of table” are, of course, those that do not already contain a TOb set and contain less than four

T1b points.
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Case Sets No. || Sets No. || Total
(4, 20) || TOb, 2T1b 6 || TOb, T1b, T2 4
T0b,2T2 1| 3T1b 4

2T1b, T2 12 || T1b, 2T2 4 31
TOb sets and set families from previous section of table | 16
4T1b 1 || 3T1b, T2 6

2T1b, 2T2 6 29
TOb sets and set families from previous section of table 6

AT1b, T2 2 || 3T1b, 2T2 4 12

4T1b, 2T2 1 5

HT, T1b 12 | HT, T2 4 16

HT, 2T1b 12 || HT, T1b, T2 12 24

HT, 2T1b, T2 4 4

2HT 6 6

2HT, T2 2 2

129

Table 5.18: Number of different combinations of sets of contact points for Case (4, 20).
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Case Sets No. || Sets No. || Total
(4, 2a) || TOb, 2T1b 5 || TOb, T1b, T2 8 13
4T1b 1 || 3T1b, T2 8
2T1b, 2T2 6 || 3T1b 4
9T1b, T2 12 || T1b, 2T2 4l 33

TOb sets and set families from previous section of table | 6
4T1b, T2 2 || 3T1b, 2T2 6 14
4T1b, 2T2 1 1
HT, T1b 12 || HT, T2 all 16
HT, 2T1b 12 || HT, T1b, T2 10
HT, 2T2 1 23
HT, 2T1b, T2 8 || HT, T1b, 2T2 2 10
HT, 2T1b, 2T2 | 1 1
2HT 6 6
2HT, T2 2 2
119

Table 5.19: Number of different combinations of sets of contact points for Case (4, 2a).
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Case

Sets No. || Sets No. || Total
(4, 3) || TOb, 2T1b 1 || TOb, T1b, T2 6
TOb, 2T2 6 || 2T1b, T2 3
T1b, 2T2 6 || 3T2 1 23
TOb sets and set families from previous section of table | 10
2T1b, 2T2 3 || Tib, 3T2 2 15
TOb sets and set families from previous section of table 5
2T1b, 3T2 1 6
TOb, 2T1b, 3T2 1 1
HT, T1b 6 || HT, T2 6 12
HT, 2T1b 2 || HT, T1b, T2 8
HT, 2T2 2 12
HT, 2T1b, T2 2 | HT, T1b, 2T2 2 4
2HT 6 6
2HT, T2 3 3
82

Table 5.20: Number of different combinations of sets of contact points for Case (4, 3).

Case || Sets No. || Sets | No. || Total
(4, 4) || 3T2 4 4
AT2 1 1

HT, T2 8 8

HT, 2T2 4 4

2HT 6 6

2HT, T2 4 4

27

Table 5.21: Number of different combinations of sets of contact points for Case (4, 4).
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5.5 Conclusion

The present chapter contains the elements of a “meta-algorithm” to find the BLJ ellipsoid about
ENIL NIL,. Section 5.1 provides the basis for the later sections, as well as equation (5.38). Then
Section 5.2 provides sufficient conditions for £, = &; if these are met, there is no need to proceed
further. Finally, Section 5.3 provides a family of sets of polynomials each of which can be
used as constraints in the maximisation of det @~! to produce further polynomials augmenting
the family. The simultaneous solution of one of these augmented families corresponds to the
required BLJ ellipsoid.

In order to turn the meta-algorithm into an actual algorithm, it is necessary to reduce the
sets of polynomials as far as possible. The result will be a family of sets of polynomials whose
coeflicients are functions of geometric quantities related to the disposition of the strips relative
to the original ellipsoid. The reduction needs to be done once only, and then the members

of the family need to be solved with the appropriate geometric quantities for particular cases

substituted into their coeflicients.
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Chapter 6

Conclusions and Further Work

6.1 Conclusions

As well as considering the performance of the Fogel-Huang algorithm both empirically and
theoretically, this thesis has looked at the possibility of improving the accuracy of the Fogel-
Huang algorithm. As there already exist algorithms for the calculation of the unique minimum-
volume ellipsoid containing a given bounded convex set, it would be pointless to provide an
algorithm with computational complexity approaching that of those algorithms calculating the
minimum-volume ellipsoid.

The first approach considered, that of recycling the data (as contemplated by Belforte and
related by Pronzato and Walter[22]), results in average improvements which are considerable
after the first few cycles, but provides very little improvement thereafter. The ellipsoid obtained
after these cycles is still some way from having the BLJ ellipsoid’s volume. Moreover, the most
dramatic improvement is for data which are particularly resistant to the Fogel-Huang algorithm,
leaving the ellipsoids resulting from more tractable data little changed (i.e., on average, having
a characteristic length roughly twice that of the BLJ ellipsoid). Of course, it is useful to have an
approach which addresses the particular weaknesses of the Fogel-Huang method, but it would
also be nice to have an approach which improves on that method for more general data sets.
Recycling also requires that at least some of the data be collected beforehand, so it is a departure
from strict “onlineness”.

An approach better than that of recycling “blind” is to calculate the volume resulting from the

application of the algorithm before applying it, and then choosing the hyperplane pair yielding

the smallest volume. This choice of “best” hyperplane pair from those available at each stage,
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results in an algorithm which, on average, outperforms both the single pass (through the data)
Fogel-Huang algorithm and the recycling version, in that after a number of steps equal to that in
a cycle, M, say, the “best” choice algorithm gives an ellipsoid with much smaller characteristic
length than the single pass, and, after each additional M steps the ellipsoid has a smaller
characteristic length than the ellipsoid from recycling. The “best” hyperplane pair algorithm
almost always reaches a smaller ellipsoid after, say, K cycles, and approaches it more rapidly.
Of course, this approach is as distant from pure “onlineness” as is recycling.

The next approach to the problem was to consider what happens when two hyperplane pairs
“added” to the ellipsoid in the same way that one is “added” in the derivation of the Fogel-
Huang algorithm (i.e., the inequalities defining the hyperplane pairs (as degenerate ellipsoids)
are added to the inequality defining the ellipsoid , after multiplying by parameters ¢; and
q2). The family of ellipsoids resulting from this “addition” is investigated in order to find the
minimum-volume member of the family. Although this is, in general, not the BLJ ellipsoid
about the intersection of the two strips bounded by the hyperplane pairs and the original
ellipsoid, it was hoped that it would be smaller than the ellipsoids produced by applying the
Fogel-Huang algorithm sequentially to one hyperplane pair and the original ellipsoid, and then
to the other hyperplane pair and the resultant ellipsoid.

This hope is in fact well-founded, but the resulting ellipsoid, after 12 steps, is still quite far
from the BLJ ellipsoid.

Improvements were made in two ways:

1. the two hyperplane pairs were chosen out of strict sequence, so that the first pair was
applied in the unmodified Fogel-Huang algorithm, then the first and second were applied
in the two-hyperplane modified algorithm, then the first and third, the second and fourth,
the third and fifth, and so on, the idea being that information “lost in the approximation”

from the pair being re-used would be refreshed,;

2. the hyperplanes were kept as they were encountered, and the “best”, in the sense of
most rapidly diminishing the volume of the resultant ellipsoid as its g-parameter was in-
creased from zero, was selected to be the partner of the current pair in the two-hyperplane

algorithm.

The first of these changes results in a slight improvement, and the second, precisely because of

its departure from onlineness, leads to a somewhat greater one.
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Finally, a change in the basic algorithm was made to produce an s-hyperplane algorithm (where
s 1s not greater than the dimension of the parameter space), which relied on approximating
s — 1 hyperplane pairs by s — 1 hyperplane pairs which are mutually @-orthogonal and each
Q-orthogonal to the remaining hyperplane pair. The performance of this algorithm is a little
disappointing, being between that of the two-hyperplane pair algorithm with the different
orders for the application of their hyperplanes. However, for low-dimensional parameter spaces
at least, this s-hyperplane pair algorithm appears to be relatively cheap, and might be employed
in preference to the two-hyperplane algorithms.

To sum up, algorithms making substantial, if not startling, improvements over Fogel-Huang
have been derived, and these might be used where there is room for more expensive methods, but
not enough resources to calculate the minimum-volume ellipsoid or to utilise exact descriptions
of the feasible parameter set. In particular, where individual parameters are important, such
as when there is a simple description of the physically possible parameters consistent with the
model (e.g. positive decay rates for processes which do not admit negative ones), use might
be made of these algorithms. In addition, where the volume of the feasible parameter set is
important, the effective improvement is greater.

These improvements have been the motivation for investigating methods leading to the acutal
BLJ ellipsoid about the intersection of two strips and an ellipsoid. When this is derived, it can
be used in the same way as the “family-optimal” ellipsoids described above.

However, as the number of cases to be investigated in conjunction with some dispositions of
the strips is quite large, “hybrid” methods which use the “family-optimal” ellipsoids when the
derivation of the BLJ ellipsoid is too complicated may be useful.

A spin-off from the work of finding the BLJ ellipsoid for the intersection of an ellipsoid and
two strips will be the BLJ ellipsoid for the intersection of two half-spaces (in general, with
nonparallel boundaries), which corresponds to the cases (2a, 0) and (2, 1) of Figure 5.3 and is

useful in non-linear estimation.

6.2 Further Work — Extensions

It would be nice to replace Conjecture 4.12 (which states that the smallest volume is attained

by a particular ellipsoid in the family there considered, in the derivation of the s-hyperplane

algorithm) by a Proposition!

In conjunction with this, it might possible to improve the procedure employed to find the Q-
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orthonormal hyperplane pairs, without increasing the complexity too much, bearing in mind
that, when s = p, p(p — 1) possible shifts of hyperplanes are already considered.

Another possibility for improving on the two- and s-hyperplane pair algorithms is to look for
different families of ellipsoids containing the intersection of an ellipsoid and two or more strips
bounded by hyperplanes, and then optimising for volume over these families (the problem is
finding a family for which the algebra is tractable).

A further extension would be to investigate the expected behaviour of the Fogel-Huang algo-
rithm in more depth, possibly with a simpler model of the process whose parameters are being
identified, such as a MIMO system with known inputs, or with inputs with known statistics.
Under this heading, experiment design for the algorithm could be included: what sequence of
inputs is the most likely to provide information valuable in the context of parameter bounding?
A track to investigate further is the possibility of recycling the modified algorithms. The first
results show that the improvement due to choosing the hyperplane pair which leads to the
greatest reduction in volume at each step in the single-hyperplane pair Fogel-Huang algorithm

is far greater than that due to utilising the modified algorithms in fixed-order recycling.

6.3 Further Work — Finding and Exploring the Use of
the BLJ Ellipsoid for Two Strips and an Ellipsoid

The major outstanding work is the investigation of the tranformation of the “meta-algorithm”
into an algorithm. This require the one-off reduction of the families of sets of polynomials of
Chapter 5. Preliminary efforts have been made in this direction, but these have foundered
on the limitations on the size of algebraic objects in Maple©1. These efforts have used the
reduction methods of Chapter 5 in interactive Maple© sessions. It is possible to circumvent
the restrictions mentioned by replacing polynomial algebra by array arithmetic (see, e.g., the
Appendix), and a great saving in (human) time expenditure will by made by utilising Ma,ple©’s
programming facilities rather than working interactively. However, it might be more fruitful
to investigate the automated use of Grobner bases[3] to simultaneously solve the polynomials
involved. (Maple©’s built-in Grobner methods also run into problems concerning the size of
the algebraic objects involved here, but it may be possible to avoid this problem).

A work-plan for producting an algorithm for the full one-ellipsoid, two-strip BLJ problem would

1,450 000 terms for a polynomial
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first aim at solving cases (2a, 0) and (2, 1), as these are useful elsewhere.
The next topic to be addressed on the solution of (part of) the one-ellipsoid, two-strip BLJ
problem would be the investigation of simulations using the resulting ellipsoids, either alone,

or in hybrid algorithms with the family-optimal ellipsoids discussed earlier.

6.4 Further Work — Different Directions

Walter and Pronzato[26] mention the possibility of investigating the image of the posterior set
S under a transformation 7. In particular, Ts; might map to the characteristic polynomial of
the system in question, so T}, (6) could be examined for stability for each 8 € S. There would
be an associated set-valued function, Pr, say, consisting of all possible poles of polynomials in
T;u(S).

This poses the possibility of using, in ellipsoidal bounding, size criteria which are tailored to
a particular map T;. If the posterior set is reduced to a point, then Pr(S) would be a set of
points and have volume zero. If S were an ellipsoid, what would be the volume of Pr(S) (not
necessarily in the usual measure)? Could this volume be used as a size criterion for ellipsoids
in the parameter space?

The errors-in-variables approaches mentioned in Veres and Norton[24] can be adapted to
deal with models nonlinear in parameters, as described Pronzato and Walter[22] (the model
ym(k,8) = ®(k,0) is replaced by ym(k,0) = nm(k,0)T0 and the regressor error e,(k,0) =
ni — nm(k,#) is defined, where ny is known. If it can be said that ] (k) < e, (k,0) < e.(k),
a transformation from a nonlinear problem to an errors-in-variables one has been made), and
then, corresponding to each data item there is a pair of hyperplanes (in general, nonparallel)
for each orthant, between which the intersection of the feasible set with the orthant must lie.
Clearly, the origin and the orientation of the parameter space must affect any algorithm at-
tempting to utilise this fact to bound the feasible set. The question is, can shifts in the origin
and rotations (linear reparameterisations) be used to good effect in this bounding?

Also, attempts should be made to answer the question of which size criteria for ellipsoidal
bounding are the most appropriate to what problems.

When the noise bounds for a problem are difficult to estimate in an a priori fashion, they can
be subsumed into the parameter estimation as additional parameters. For a linear model, the
bounds resulting from this approach do not lead to a bounded polytope, but rather to a cone in

parameter space. What outer-bounding geometries are analogous in this situation to ellipsoidal
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bounds in the case of bounded polytopes?
Finally, if there are rival hypotheses about model structure, can bounding be used to distinguish

between them?
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Appendix A

Maple© Session for the Modified F-H
Algorithm
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