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ABSTRACT

Colloidal self-assembly has shown great potential as a bottom-up route to the fabrication

of functional materials. An area of focus in this regard is the self-assembly of 3D photonic

crystals which operate in the visible region of the spectrum. To this end, there has been much

work on devising self-assembly routes to cubic diamond-related structures, since they possess

some of the largest known 3D photonic band gaps. Largely ignored in this respect, is the

single network gyroid structure, which also possesses a large 3D photonic band gap as well

as offering additional applications relating to its chirality. Despite its natural appearances,

the direct self-assembly of a single gyroid structure remains elusive.

In this thesis, a reverse engineering approach is employed in order to transform the

single network gyroid structure into single gyroid colloidal crystal structures built from dis-

crete spherical building blocks. In this approach, the three-fold connectivity of the network

is encoded into triblock patchy spheres with two equal-size circular patches. Crystal struc-

ture prediction for triblock patchy particles via the basin-hopping technique, then identifies

what this thesis refers to as the “single colloidal gyroid” crystal, in addition to a library of

competing trimer-based colloidal crystal structures. Monte Carlo simulations demonstrate,

however, that these triblock patchy particles with circular patches are inadequate to self-

assemble a single colloidal gyroid crystal. A method of crystal structure selection is then

devised based on encoding the selective formation of specific inter-trimer dihedral angles

into synthetically reasonable building blocks via the use of rectangular patch coverages at

controlled relative orientations. A pair potential is developed in order to model the inter-
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actions between such patchy particles. Monte Carlo simulations of these designer chiral

patchy spheres then demonstrate the enantiomorphic self-assembly of single colloidal gyroid

for a wide parameter space. Alternatively, patchy particles of a fundamentally similar design

with four circular patches are also shown to self-assemble single colloidal gyroid in silico.

Further simulations demonstrate that both routes are robust, and it is established that an

appropriate selection of target patch parameters yields an impressive tolerance for patch

dispersity in both coverage and orientation – lending these bottom-up routes to the prospect

of experimental realisation. Finally, self-assembly routes to double colloidal gyroid crystals

are established in silico, employing racemic mixtures of chiral patchy particles with modified

interaction matrices.
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Chapter One

Introduction

1.1 Colloidal self-assembly

Colloids are mixtures of microscopic particles of one substance suspended in another sub-

stance, where the suspended particles size can range from 1 nm to 1 µm [1]. Common

examples of colloids include milk, paints, and foams. The size of the suspended particles is

such that they are small enough to experience negligible gravitational effects and for thermal

energy to drive their dynamics, but large enough to be visible under an optical microscope.

The random motion exhibited by colloidal particles is called ‘Brownian motion’ and

is named after Robert Brown who reported the phenomenon in 1827 whilst observing the

motion of pollen immersed in water under a microscope [2]. It wasn’t until 1905 that Albert

Einstein proposed that this motion was a result of many collisions with the water molecules

[3], which was later verified experimentally by Jean Baptiste Perrin [4] which led to him

being awarded the 1926 Nobel Prize in Physics for his work on the “discontinuous structure

of matter” [5]. A major consequence of this Brownian motion is that colloidal systems strive

to reach thermodynamic equilibrium structures which minimise free energy. These relatively

large colloidal particles display behaviour in line with their molecular counterparts, and have
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Introduction

even been described as “big atoms” [6]. This “atomic” behaviour of colloids in combination

with the fact that they are microscopically visible, and move on a much longer timescale than

molecular systems, has led to them being used to study phenomena such as the kinetics of

crystallisation [7–9] and the nature of glassy states [10, 11]. It is important to note, however,

that in colloidal systems, factors such as polydispersity and the influence of hydrodynamics

on dynamic processes also come into play.

Self-assembly is the organisation of components into ordered structures or patterns

in the absence of human intervention. Self-assembly processes are widespread throughout

nature, occur over all length scales, and can involve various different types of interactions

[12]. Colloidal self-assembly has great potential as a bottom-up route to the formation of

novel structures for functional materials [13, 14]. The seminal work by Pusey and van Megen

in 1986 [15] demonstrated experimentally the self-assembly of hard-sphere colloidal crystals

from a fluid phase, validating the claims of previous computational work [16–18]. This is a

prominent example of colloidal crystallisation, since the potential energy change is zero and

therefore completely driven by entropy [19]. The hard-sphere system, however, is limited to

the formation of close-packed crystals (fcc and hcp), and a random stacking of close-packed

layers (referred to as ‘random hcp’) is observed [20] due to their similar free energies [21].

1.2 3D photonic crystal structures

Though self-assembled colloidal structures have many potential applications [22–25], they

are particularly appealing as photonic crystals. Photonic crystals are periodic structures of

alternating high and low refractive index materials, arranged such that light in a certain

frequency range is forbidden to propagate through the crystal. This range of frequencies is

referred to as a photonic band gap. The low refractive index material is typically air, and
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photonic crystals can be one, two, or three dimensional possessing photonic band gaps in

corresponding dimensions [26].

Figure 1.1: Five largest 3D photonic band gap structures. 3D photonic band gap

(∆ω/ω̄) vs refractive index contrast (nhi/nlo) for the five structures identified with the largest

band gaps. The unit cells of each structures high refractive index region (nhi) are shown at

a refractive index contrast of 3.6, and where the band gap first opens up. Figure from [27].

1D photonic crystals are already in widespread use as coatings on lenses and mirrors

[28], with 2D photonic crystals seeing use as optical fibres [29]. Top-down fabrication tech-

niques such as lithography have failed to provide cost-effective production means regarding

3D photonic crystals, resulting in much focus on obtaining bottom-up fabrication routes to

3
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such structures via self-assembly [30]. With potential applications in areas such as light-

harvesting technology [31], energy storage [32], sensing [33], and optical circuits [34, 35],

colloidal self-assembly offers a cost-effective and scalable fabrication method for 3D photonic

crystals.

When designing routes to 3D photonic crystals, one must first identify target photonic

structures. Men et al. performed a voxel-based optimisation in order to identify crystal

structures with the largest 3D photonic band gaps [27]. The structures they identify are in

line with those proposed previously with only slight improvements [36, 37]. Figure 1.1 shows

the 3D photonic band gaps as a function of the refractive index contrasts for the structures

identified with the five largest band gaps. The structure with the largest identified 3D

band gap is rod-connected diamond (labelled here as “Diamond2”), closely followed by the

single network gyroid structure (labelled as “BCC2”). The yellow, green, and red structures

which then follow are rod-connected variations of FCC, simple cubic, and diamond structures

respectively. It is notable that these structures are rather open and mostly low-coordinated

[38, 39].

1.3 Patchy colloidal building blocks

Over time, there have been significant advances in the synthesis of colloidal building blocks.

The ability to control various aspects such as shape and surface chemistry, offers diverse

and tunable building blocks for the potential formation of novel functional materials [13, 40,

41]. In principle, routes to exotic structures can be devised from limitless types of build-

ing blocks, so long as suitable fabrication methods exist. In the context of self-assembly,

so called ‘patchy particles’ – where regions of the particle surface are chemically distinct –

have drawn much attention, due to their highly directional interactions which can stabilise
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low-coordinated and open structures [42].

Figure 1.2: Multi-patch particles via vapour deposition and stamping. (a)

Schematic of a monolayer of colloidal spheres being coated via vapour deposition. (b) Close

up of the coating to emphasise its variable thickness which is thinner closer to the edge.

A consequence of this is that uniform etching gradually reduces the size of the patch as

illustrated (right). (c) Patch size (half-opening angle) as a function of etch time for coatings

in contact with a stamp (β) and not in contact (α). (d) Schematic of a sticky stamp (in

blue) being used to flip the monolayer to deposit another coating, with close ups (right)

illustrating how the patch sizes shrink differently when etched in the presence of a stamp.

Figure adapted from [43].

One method of synthesising patchy particles is to deposit metal vapour from above

onto a monolayer of particles [43, 44]. Particles are first spread onto a flat substrate and a

metal vapour (typically gold) is then deposited perpendicular to the substrate, resulting in

the complete coating of one hemisphere as shown in Figure 1.2a. Spherical particles give

rise to a non-uniform coating which can be exploited to control the patch coverage. The

coating is thickest in the centre and gradually thins out towards the edges as demonstrated

in Figure 1.2b, therefore when exposed to a uniform etching solution the coverage of the
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patch decreases as a function of etch time (Figure 1.2c red line). In the case of a gold

coating, gold-thiol chemistry is used to functionalise the patch surface with, for example, a

hydrophobic coating giving rise to the patch-patch attraction. Vapour deposition can also

be used in combination with a stamp in order to deposit another patch onto the opposite

hemisphere of the particles. This is shown schematically in Figure 1.2d, where after the

first deposition a stamp is attached on top of the monolayer and flipped in order to allow

for the deposition of another coating. This stamp also acts to protect the attached coating,

which is demonstrated in Figure 1.2c where the blue line shows the patch coverage of the

stamped side as a function of etch time and there is a clear halt in etching compared with

the non-stamped patch coverage (red line) which continues to decrease.

Figure 1.3: Patchy particle attributes with which to control self-assembly be-

haviour. Interaction profile, particle shape, patch size, patch number, and patch position.

Figure from [45].
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Chen et al. [45] illustrate five attributes which can be used to characterise the vast pa-

rameter space of patchy particles alone, as shown in Figure 1.3. Control over these attributes,

namely interaction profile, particle shape, patch size, patch number, and patch position, is

synthetically possible to various degrees and can be exploited in order to influence particle

self-assembly behaviour. This section will briefly cover synthetic methods most relevant to

the work in this thesis and to notable examples of colloidal self-assembly. For a more exten-

sive summary of patchy particle fabrication methods, please see the following reviews [46–49].

Figure 1.4: Multi-patch particles via sequential tilted depositions. (a-b) Schematics

of how multiple tilted depositions can fabricate various multi-patch particles, where the blue

substrate represents the use of a stamp. (c) SEM image of particles of the same nature as

those within the dashed red box in b (scale bar represents 2 µm). Figure adapted from [43].

Deposition at an angle to the particle monolayer can give control over patch position,

and patch number when multiple depositions are performed [43]. This is shown schematically

in Figure 1.4, where Figure 1.4a demonstrates the synthesis of a circular patch pair, where

the deposition angles can control each patch’s position on the particle surface. Note that

here the monolayer particles must be sufficiently far apart so as to avoid shadowing of the

deposition. Figure 1.4b shows how this approach can be used in combination with a flipping

of the monolayer via stamping to give additional control over patch position, size, and

number. Figure 1.4c shows an SEM image of particles, of the same nature as the schematic
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within the red dashed box, synthesised using this method with two depositions in total.

The functionalisation of building blocks with DNA strands gives rise to highly pro-

grammable interactions. These ‘DNA-mediated’ interactions are a powerful method of con-

trolling the self-assembly behaviour of colloidal building blocks, since they are specific, re-

versible, and tunable [50–52]. Particles with a complete DNA coating are referred to as

‘programmable atom equivalents’ and the tunability of their DNA-mediated interactions, in

particular their specificity, has yielded the self-assembly of a variety of multi-component crys-

tal structures [53–56]. Through the selection of appropriate DNA strands, the interaction

matrices defined by different components within a system opens up a high dimensional de-

sign space to be exploited, as the number of components increases [25]. These DNA coatings

can also be applied to surface patches [57, 58] in order to combine directional bonding with

specificity, and grant increased control over the patch-patch interactions within a system.

Gong et al. developed a method of synthesising patchy particles which they refer to

as ‘colloidal fusion’ [59]. Their method offers scalable routes to well defined particles with

control over their morphology. Figure 1.5 demonstrates how colloidal fusion can be used to

synthesise multi-patch particles, where Figure 1.5a introduces the colloidal fusion method

with an analogous macroscopic system. It shows four malleable orange spheres forming a

tetrahedral arrangement around a smaller and softer purple core. When spherical pressure

is applied to the cluster it gradually deforms, and as the outer cluster is compressed the

purple core is extruded until a spherical particle with four well defined patches is formed.

Figure 1.5b shows snapshots of a time-lapse of this process experimentally on the micron

scale, and Figure 1.5c presents the resulting particles for different starting clusters.
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Figure 1.5: Patchy particles via colloidal fusion. (a) Macroscopic “play-dough” model

illustrating colloidal fusion, where four malleable orange spheres form a tetrahedral arrange-

ment around a smaller and softer purple core, which when compressed results in a spherical

particle with four tetrahedrally arranged patches. (b) Bright-field time-lapse images of tetra-

hedral colloidal fusion (scale bar represents 1 µm), and a fluorescence microscopy image at

the final time point (right). (c) Schematics of three different colloidal fusion system sizes,

and optical microscopy images of corresponding particles. Figure adapted from [59].

An additional attribute, which is not encompassed in Figure 1.3, is patch shape.

While control over patch shape is currently somewhat limited, computational studies have

shown that if such control can be achieved it can induce significantly different self-assembly

behaviour – particularly in the area of structure selection [60]. The ‘colloidal fusion’ method

has recently been used to synthesise particles with triangular patches, but with limited con-

trol on their arrangement [61]. Pawar and Kretzschmar demonstrate the use of glancing angle

vapour deposition to generate various non-circular patch geometries [62]. Their method re-

lies upon deposition onto a close packed monolayer, at angles with respect to the plane of the

monolayer and the orientation of the monolayer, such that neighbouring particles shadow

the coating. Figure 1.6a shows this schematically to produce a rectangular patch coating

(shown in blue), where the blue arrow indicates the deposition direction at a glancing angle

of 2◦, and the resultant shadowing by particles 2, 4, and 5 is displayed below viewed from

9



Introduction

the deposition source. Various glancing angles in combination with different deposition di-

rections can give rise to a range of patch geometries as demonstrated in Figure 1.6b. They

have also demonstrated this method in combination with a flipping of the monolayer via

stamping in order to produce particles with multiple patches [63].

Figure 1.6: Non-circular patches via glancing angle vapour deposition. (a) Schemat-

ics of how glancing angle vapour deposition can fabricate particles with rectangular patches,

where the deposition is at a glancing angle of 2◦ and the blue arrow shows its direction. The

particle shadowing which gives rise to the blue rectangular patch is shown (bottom), viewed

from the deposition source. (b) SEM images and calculated schematic representations of

patch geometries resulting from various deposition directions at a glancing angle of 2◦ (scale

bars represent 2 µm). Figure adapted from [62].
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1.4 Targeted self-assembly of colloidal open crystals

Seminal experimental work by Chen et al. demonstrated the targeted self-assembly of a

kagome colloidal crystal from ‘triblock’ patchy particles [64]. The building blocks, shown

schematically in Figure 1.7a (bottom), were synthesised via the vapour deposition method

and feature a circular patch on each hemisphere. The patches are rendered hydrophobic

and their size is chosen such that each patch forms two contacts, as required by the kagome

structure. Figure 1.7b shows a fluorescence image of the extended structure. This targeted

self-assembly of an open colloidal crystal served as a proof-of-concept for the potential fab-

rication of novel materials via bottom-up routes. The tunability of colloidal building blocks

offers a vast parameter space which can be exploited to this end, and increases the impor-

tance of computational studies to guide and inform experimental work. Crystal structure

prediction has been performed on various patchy systems [65–67] resulting in a range of open

crystals which can theoretically be stabilised via patchy particles.

In the context of targeted colloidal self-assembly, Kim et al. propose a framework

which categorises colloidal building blocks into various levels of complexity which they refer

to as “generations” [68]. 1st generation building blocks are simple spheres which are limited

to the formation of close packed structures. The interactions of 2nd generation colloidal

clusters differ from spheres due to their shape anisotropy. The 3rd generation are simple

patchy spheres, and the 4th generation combines shape anisotropy with the directionality of

patchy interactions to achieve directed interactions with control over bonding conformation.

This control over bonding conformation is lacking in simple patchy spheres due to the free

rotation of particles about patch-patch bonds. Additionally, the authors propose a 5th gen-

eration of building blocks, so called “asymmetric patchy clusters”, which are chiral versions

of the 4th generation that the authors foresee as potentially offering self-assembly routes to

chiral colloidal structures – which have yet to be observed for previous generations [68].
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Figure 1.7: Targeted self-assembly of a kagome colloidal crystal. (a) Zoomed in

fluorescence image of the crystal, where the 6-membered ring substructure is highlighted

and shown schematically below. (b) Fluorescence image of the extended kagome crystal

(scale bar represents 4 µm). Figure adapted from [64].

Figure 1.8: Generations of colloidal building blocks, as envisioned by Kim et al. Figure

adapted from [68].

In relation to the targeted self-assembly of colloidal 3D photonic crystals, there has

been a major focus on the cubic diamond structure. The fact that rod-connected cubic
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diamond possesses the largest known 3D photonic band gap [27] makes the structure an

obvious target. Due to their intuitive links, building blocks of tetrahedral symmetry have

been extensively investigated for the self-assembly of diamond-structured crystals [69, 70].

Spherical building blocks with four tetrahedrally arranged attractive patches, so called

‘tetrahedral patchy particles’, have been shown to self-assemble diamond structures in silico

[71, 72]. Crystallisation was shown to occur for narrow patch half-opening angles of approx-

imately 10◦ ≤ θ ≤ 15◦ [72], where patches which are too narrow (approximately θ ≤ 10◦)

cease forming diamond and kinetic trapping via the formation of clathrates is observed

instead [73].

Triblock patchy particles with two attractive patches have also been shown to sta-

bilise diamond-related structures [22, 67]. Unlike tetrahedral patchy particles, the building

blocks here do not directly possess tetrahedral symmetry; however they are encoded to form

tetrahedral sub-units. Here the target ‘tetrastack’ structure [74] consists of tetrahedrally

arranged tetramers of particles centred on each diamond lattice point, and like diamond of

spheres [75] has been shown to possess a sizeable 3D photonic band gap [74, 76].

One of the key issues with the targeted self-assembly of diamond-related structures is

the fact that the diamond structure possesses two polymorphs, cubic and hexagonal diamond.

In terms of photonics, it is specifically the cubic diamond-related structures that possess large

3D band gaps [76]. This raises the issue of polymorph selection, since the free energies of

cubic vs hexagonal diamond and tetrastack are almost identical [67]. The examples above

which demonstrate the self-assembly of diamond and tetrastack result in random stacking of

cubic and hexagonal layers. Proposed methods which demonstrate structure selection include

modifying the patch geometry [60], interactions [77], or the use of structure directing agents

[78]. As the number of patches increases, their interaction matrix becomes increasingly more

complex, often rendering the problem of tuning interactions unmanageable. Recent work has
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shown that mapping this to a Boolean satisfiability problem (SAT), can efficiently provide

solutions that exclude competing structures [79–81]. Though this inverse-design approach

can provide effective solutions to polymorph selection, it requires predefined patchy systems

capable of stabilising the target crystal, and said solutions are often complex multicomponent

systems which are synthetically challenging. The use of rod-like building blocks has also

been demonstrated to potentially circumvent the need for structure selection, by making the

resulting structures formed much closer in nature to rod-connected diamond such that the

presence of hexagonal regions within the crystal does not close the photonic band gap [82].

Another major issue is kinetic accessibility. Thermodynamic stability alone is typ-

ically not enough to result in successful self-assembly – the target structure must also be

kinetically accessible so that the system does not become kinetically trapped [83]. Potential

solutions to this issue include the use of templates or crystal seeds [71, 84], however the main

problem with these is fabricating the templates, and acquiring said seeds. Another method of

improving the kinetic accessibility of a target structure is to follow hierarchical self-assembly

pathways, which can be encoded with a hierarchy of interaction strengths. This concept of

staged assembly is demonstrated for triblock patchy particles in silico [85], which are known

to stabilise tetrastack crystals [67]. Rao et al. show that by making one of the two patches on

the spherical building blocks have a higher interaction strength than the other, the assembly

of tetrastack crystals can be split into two stages [76]. The first stage involves the forma-

tion of tetrahedral tetramers via the stronger patches on the elementary building blocks.

These discrete tetrahedra then act as secondary building blocks and form tetrastack crystals

via their exposed weaker patches. The authors demonstrate that this staged approach –

as opposed to direct self-assembly from triblock patchy particles with two identical patches

– promotes crystallisation by suppressing the formation of odd-membered ring sizes. The

key here is that tetrastack crystals are comprised of 6- and 8-membered rings therefore the

formation of any other ring size is a guaranteed kinetic trap, hence the secondary tetrahedral
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building blocks which cannot form odd-membered rings promote crystallisation compared

to the elementary particles. This concept of ring control has also been explored in relation

to tetrahedral patchy particles where the use of a two-component system, in which half of

the particles have no attraction to the other half, has been shown to increase the parameter

space for colloidal diamond crystallisation compared to a simple one-component system [86].

Figure 1.9: Targeted self-assembly of a cubic diamond colloidal crystal. (a) Schemat-

ics of staggered and eclipsed conformations of two adjacent tetrahedra within a diamond

structure (left) and their corresponding Newman projections. Corresponding configurations

of traditional patchy particles (middle), and patchy tetrahedral clusters (right) where the

attractive patches are shown in blue. (b) SEM images of the (111) plane of a colloidal dia-

mond crystal (scale bars represent 5 µm). Inset schematic representation of the same plane.

Figure adapted from [87].
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In 2020, He et al. finally demonstrated the self-assembly of a cubic diamond col-

loidal crystal structure experimentally [87]. They achieve structure selection of the cubic

polymorph over hexagonal via the use of “4th generation” building blocks (as set out in Fig-

ure 1.8). Figure 1.9a shows the mechanism of structure selection, where the staggered and

eclipsed conformations of two adjacent tetrahedra within a diamond structure are shown

(left) alongside their corresponding Newman projections. The key here is that the cubic di-

amond polymorph contains only staggered connections so selection for exclusively staggered

arrangements results in the selective formation of cubic diamond. Traditional patchy par-

ticles (middle) possess no conformational preference due to free rotation of particles about

patch-patch bonds, but with the use of patchy tetrahedral clusters (right) the conformational

selection is sterically encoded into the building blocks. The particles used here consist of

four partially overlapping tetrahedrally coordinated spheres which surround a patchy core,

and were synthesised via “colloidal fusion” [59].

It was determined that both the direct and inverse structures possess a photonic

band gap, where the inverse structure refers to an inversion of the high and low refractive

index regions of the structure (i.e., replacing the air with material and replacing the original

material with air). The authors find that, however, crystallisation can only be achieved

using particles for which the inverse structure possesses a band gap and not the direct

structure itself. Therefore in order to fabricate a structure with a photonic band gap the

authors propose back-filling colloidal diamond with a high refractive index material followed

by removal of the original crystal, however this proposed post-processing to yield the 3D

photonic band gap material is not demonstrated in this work [87].

16



Introduction

1.5 Gyroid structures and their fabrication

Gyroid is a triply periodic minimal surface that partitions 3D space into a pair of inter-

twined labyrinths [88]. The skeletal graphs of these labyrinths, as shown in Figure 1.10a,

define the two enantiomorphic single networks of gyroid, which have three-fold connectivity

at each node and characteristic 10-membered rings [88, 89]. The Wigner-Seitz (WS) cells

of these enantiomorphs are shown in Figure 1.10b, each viewed along a strut to emphasise

their characteristic dihedral angles. The dihedral angles between adjacent nodes for a given

enantiomorph of single network gyroid are all approximately equal to either 70.5◦ or 109.5◦,

depending on the chirality [90].

Figure 1.10: The gyroid structures. (a) 2× 2× 2 supercells showing the gyroid minimal

surface along with its two associated skeletal graphs viewed along the [111] and [100] axes.

(b) Wigner-Seitz cells of the single-network gyroids of opposite handedness viewed along a

strut to emphasise their distinct dihedral angles.

The single network gyroid structure, which has a body-centred cubic Bravais lattice

with the space group I4132, has the 2nd largest known 3D photonic band gap [27, 37, 91].

Despite possessing this near-champion photonic band gap, in the context of targeted self-
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assembly of colloidal crystals the single gyroid structure has largely been ignored, presumably

due to its structural complexity and chirality. Though the chirality of single gyroid poses

challenges regarding targeted self-assembly, due to its intrinsic competing enantiomorphs

which must be addressed, it is also a beneficial aspect from the perspective of potential

applications as a chiral photonic crystal and metamaterial at optical frequencies [92–94].

In terms of direct self-assembly, single gyroid remains elusive [95–97]. This is in

contrast to double gyroid which is common in systems with elements of frustration such

as surfactants, block copolymers, and mesogens [90, 98–100]. Surprisingly single gyroid is

actually observed in nature within the structure of butterfly wing scales [101] giving rise to

their colourful appearance, however the formation of this structure has been found to not be

the result of direct self-assembly, but instead via a double gyroid precursor [102]. Current

self-assembly routes to single gyroid structures mimic this natural process, first assembling

a double gyroid then removing one network via some post-processing [103]. Unfortunately,

the size of most block copolymer gyroids is such that the mid-gap frequency of the resulting

photonic band gap is within the UV region of the spectrum [92].

This lack of an efficient fabrication method for single gyroid photonic crystals – and

3D photonic crystals in general – which operate within the visible wavelength region [92],

poses an opportunity for the self-assembly of a single gyroid structure built from colloidal

particles in the size range of hundreds of nanometres to provide an efficient and cost-effective

bottom-up route to chiral photonic crystals. Such a route would also provide a band gap

which can be easily tuned via the size of the colloidal building blocks facilitating its many

potential applications including photonic circuitry [34, 35].
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1.6 Thesis outline

In this context, the aim of this thesis was to devise strategies for the targeted self-assembly

of a single gyroid structure from colloidal building blocks. To this end, the self-assembly of

various types of patchy particles was studied using computer simulations. The objectives

were as follows:

1. Reverse-engineer single network gyroid into patchy colloidal building blocks;

2. Develop, if necessary, new models with which to simulate said particles;

3. Establish self-assembly routes to single gyroid colloidal crystals from minimal particle

designs in silico;

4. Adapt these design principles to the self-assembly of double gyroid colloidal crystals.

The remainder of this thesis is organised as follows. Chapter 2 outlines the compu-

tational methods employed to carry out this body of work. Chapter 3 explores the reverse

engineering of single network gyroid, exploiting its underlying three-fold connectivity, and

presents single gyroid colloidal crystal structures along with a library of competing crystals.

Chapter 4 details a pair potential developed in order to study particles with rectangular

patches. Chapter 5 explores enantiomorphic self-assembly routes to single gyroid colloidal

crystals in silico, and Chapter 6 details how a bottom-up route can be adapted for the self-

assembly of double colloidal gyroid. Finally, Chapter 7 summarises this body of work and

presents an outlook for the future.
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Chapter Two

Methodology

In this chapter, a widely used model of patchy particles and a continuous counterpart are

described before presenting an outline of Monte Carlo (MC) simulation which is used to

carry out this body of work. Finally, a few analysis methods used herein are also described.

2.1 Models

The traditional approach of a one-component description with an effective pair potential is

used in this thesis to simulate colloidal suspensions of patchy particles with implicit solvent.

2.1.1 Kern-Frenkel

Particles with circular patches were modelled using the Kern-Frenkel (KF) pair potential

[104], where each particle has a hard core with diameter σ and n circular patches on its

surface. The effective pair potential is defined as a combination of a hard-sphere potential

(uhs) and a square-well potential (usw) with an angular modulation (fpp′):
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uij(rij, Ω̂i, Ω̂j) = uhs
ij (rij) + usw

ij (rij)
n∑

p∈i

n∑
p′∈j

fpp′(rij, Ω̂i, Ω̂j) (2.1)

where rij is the separation vector between particles i and j (rij = rj−ri), rij is the magnitude

of the vector rij, and Ω̂i and Ω̂j describe the orientations of particles i and j respectively.

uhs
ij is the hard-sphere pair potential:

uhs
ij (rij) =


∞ if rij < σ

0 otherwise
(2.2)

usw
ij is a square-well potential given by:

usw
ij (rij) =


−ε if σ ≤ rij < λσ

0 otherwise
(2.3)

where ε is the well-depth and λ controls the range of the attraction.

The angular component is given by:

fpp′(rij, Ω̂i, Ω̂j) =


1 if (êp · r̂ij ≥ cos δp) and (êp′ · r̂ji ≥ cos δp′)

0 otherwise
(2.4)

where δp is the half opening angle which defines the coverage of patch p, and êp is the unit

vector from the centre of particle i to its patch p under consideration.

Here the angular component ensures that patches on two particles i and j can only

interact if the inter-particle separation vector rij passes through patch surface on both par-

ticles.
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2.1.2 Continuous patchy pair potential

In order to perform crystal structure prediction for triblock patchy colloidal particles, a

continuous pair potential is employed [85].

Each spherical particle has two circular patches A and B at opposite poles. These

patches A and B can differ in terms of their surface coverage, characterised by the half-

opening angles α and β respectively. The patches A and B can both interact with themselves

and one another, where, ϵAB is the depth of the potential due to the patch A - patch B

interaction when the two patches face each other. The effective potential for a pair of patchy

particles is defined as a combination of a repulsive Yukawa potential (uYuk
ij ) and the product

of a distance (wij) and angular component (fpp′) of the patchy interaction:

uij(rij, Ω̂i, Ω̂j) = uYuk
ij (rij) +

n∑
p∈i

n∑
p′∈j

wij(rij)fpp′(rij, Ω̂i, Ω̂j) (2.5)

where rij is the separation vector between particles i and j, rij is the magnitude of the vector

rij, and Ω̂i and Ω̂j describe the orientations of particles i and j respectively.

The repulsive Yukawa potential is given by:

uYuk
ij = ϵY

exp[−κ(rij − σ)]

rij/σ
(2.6)

where κ is the inverse Debye screening length and ϵY is the Yukawa contact potential.

The angular dependence of the patch-patch interaction is given by:

fpp′(rij, Ω̂i, Ω̂j) = ϵpp′
1

4
[1 + Φ(rij, Ω̂i, p̂i)][1 + Φ(rji, Ω̂j, p̂j)] (2.7)
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Φ(rij, Ω̂i, p̂i) =


− cos

(
π[cos θijpi−cos δ]

1−cos δ

)
if cos θijpi ≥ cos δ

−1 otherwise
(2.8)

where pi is the normalised vector from the centre of the spherical particle i in the direction

of the centre of patch p; cos θijpi is the dot product of the vectors r̂ij and p̂i; and δ is the

half-opening angle of the patch under consideration (α or β).

The distance dependence of the patch-patch interaction is given by:

wij(rij) =


−1 if (rij − λ) < 0

−1
2
[1 + cos(π(rij − λ)s)] if 0 ≤ (rij − λ) ≤ s−1

0 otherwise

(2.9)

where λ is the largest separation at which the patch p - patch p′ attraction is at its strongest,

and the parameter s controls the range over which this attraction vanishes. In this study, λ

was set to 1.01σ.

2.2 Basin-hopping global optimisation

In this thesis global optimisation is performed, a process in which the potential energy surface

is explored with the purpose of identifying global minima. The potential energy surface is

a multi-dimensional surface that shows how the potential energy of a system changes as

a function of the positional and orientational coordinates that define said system. If x is

a vector that contains all the positional and orientational coordinates required to define a

system, then u(x) is the potential energy function that defines the potential energy surface.
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To explore the potential energy surface a method called “basin-hopping” is used [105].

This method deforms the potential energy surface into a series of “basins” such that:

ub(x) = min{u(x)} (2.10)

where each point x is mapped to its corresponding local minimum energy following a local

optimisation min{}. Note that this local minimisation necessitates the use of a continuous

potential. Random Monte Carlo-like “hops” in configurational space are then used to explore

the basins of this deformed surface – hence the name basin-hopping. Figure 2.1 shows

this process schematically on a 1D energy surface (black line) where local minimisation is

indicated with green arrows, a basin hop is shown in red, and the dotted black line shows

the deformed surface of basins.

Figure 2.1: Basin-hopping global optimisation. Schematic of a 1D energy surface, where

local minimisations are indicated by green arrows, the red arrow represents a basin hop, and

the deformed energy surface of basins is shown in dotted black.
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The specific protocol employed in this thesis, as implemented in the software GlOSP

(developed in-house), is as follows:

1. Perform local minimisation of starting configuration.

2. Propose a random perturbation ∆x from current minimum xa with energy ua.

3. Locally minimise the perturbed configuration xa +∆x to give xb with energy ub.

4. Accept or reject the new configuration xb (if ub < ua then accept, otherwise accept

with a probability of exp[−∆u/(kBT )] where ∆u is the difference in energy ub−ua and

T is a fictitious temperature used to tune the acceptance of uphill steps).

5. End after a set number of iterations or go to step 2.

where local minimisation is performed using the limited-memory Broyden–Fletcher–Goldfarb

–Shanno (L-BFGS) algorithm [106].

2.2.1 Crystal structure prediction

Global minima on the potential energy surface correspond to stable configurations and rep-

resent a system’s most thermodynamically favourable forms at a temperature of absolute

zero. For a finite system of N anisotropic particles the underlying potential energy surface is

a function of 6N variables (3 translational coordinates and 3 orientational variables for each

particle). Crystal structures, however, are by definition infinitely repeating configurations

and therefore require the further consideration of a unit cell in order to explore the crystal

energy landscape. This results in 6 additional parameters relating to the cell under consider-

ation (the cell lengths a, b, c and the angles between them α, β, γ) resulting in 6N +6 total

parameters which define the potential energy surface. Additionally, since crystal systems are

25



Methodology

infinite, the lattice energy requires the calculation of an infinite sum which is therefore trun-

cated using an appropriate radial cutoff beyond which pair interactions are neglected. Here,

crystal structure prediction is performed by optimising unit cells with predefined numbers of

particles via random Monte Carlo-like moves through configurational space (including cell

parameters). This is different from common molecular crystal structure prediction methods

[107], which use molecular configurations to generate sets of candidate structures by packing

molecules according to the symmetry operations of a pre-selected set of space groups.

2.3 Monte Carlo simulations

Metropolis Monte Carlo simulations are widely employed in order to study systems at thermal

equilibrium, and are performed extensively throughout this thesis. Simulations of N particles

are initialised from the relevant crystals unless stated otherwise, and are carried out under

periodic boundary conditions in the canonical ensemble (with fixed N , V , and T ). Particle

orientations are represented by quaternions.

The Metropolis Monte Carlo method aims to efficiently sample configuration space,

and relies upon the construction of a Markov chain in which the probability of accepting a

proposed random move only depends on the current state. This Markov chain of configura-

tions is constructed such that the probability of visiting a particular point x1 is proportional

to its Boltzmann factor exp[−βu(x1)]. The algorithm is as follows:

1. Within the current configuration of energy ua, a particle i is selected at random.

2. Propose a random perturbation (with an equal probability of either a translational or

rotational move) of particle i and calculate the new energy ub.

3. Accept or reject the move (if ub < ua then accept, otherwise accept with a probability
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of exp[−β∆u] where ∆u is the difference in energy ub − ua).

4. End after a set number of iterations or go to step 1.

Note each Monte Carlo cycle consists of N trial moves, of which the maximum step sizes

are fixed, in order to obey detailed balance. Rotational moves are performed by generating

a random unit vector and a random angle (up to a predefined maximum step size), then

quaternion multiplication is used to rotate about this axis by the random angle.

2.4 Bonding analysis

The following sections detail analysis that is performed in relation to the bonding within

systems of patchy particles. The nature of these patchy particles – with their highly direc-

tional interactions – make them well-suited to this type of analysis since a given structure

can be readily and unambiguously converted into a well-defined network. In this work, a

negative pairwise interaction energy (Vij < 0) is used define a bond between two particles.

2.4.1 Constructing bonding graphs

The first step of any bonding analysis involves the construction of bonding graphs, in which

particles and the bonds between them are considered as nodes and edges respectively. The

bonds within these graphs are defined as pair interactions with negative potential energy

(Vij < 0). These graphs contain information related to any structure or lack thereof within

a system.

The bonding graphs are represented as adjacency matrices, and for systems of particles

where each particle has n patches, n adjacency matrices are constructed – one for each patch.
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Note that whether any of the n patches are identical or not is irrelevant, the importance of

constructing multiple matrices is to obtain information about bonds formed not only by a

given particle but by a given patch.

The following example considers two-patch particles, each with one red and one blue

patch, and as such two adjacency matrices G and H are constructed representing directed

graphs of the red and blue patch bonding respectively. Figure 2.2a shows an example system

of particles where bonds are shown in black. Figure 2.2b shows its constituent red and blue

patch directed bonding graphs and their corresponding adjacency matrices, along with the

complete bonding matrix C which represents an undirected graph of all bonds in the system

– which is simply obtained by summing the patch specific matrices together (G+H = C).

A convention is followed such that for the adjacency matrix A, the element Ai,j

represents edges/bonds from i to j, where i is the row and j is the column. The bonding

between particles 3 & 7 demonstrates the directed nature of these bonding graphs, since the

bond between 3 & 7 is formed from the red patch on 3 and the blue patch on 7 (Particle

3 is bonded to 7 via its red patch, so in the red bonding matrix G3,7 = 1, but 7 does not

bond to 3 via its red patch therefore G7,3 = 0 and G3,7 ̸= G7,3). Under this convention the

out-degree of a given node i (i.e., the number of bonds particle i participates in with respect

to a specific patch), is given by the sum of row i in that patches adjacency matrix:

N∑
j=1

Ai,j (2.11)

where N is the number of particles in the system. It follows that the total number of bonds

i participates in is simply the sum over all patch matrices.
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Figure 2.2: Constructing directed bonding graphs. (a) Example system of numbered

2-patch particles, each with one red and one blue patch, where bonds are shown in black and

the three trigonal units formed are labelled A, B and C. (b) Substituent directed bonding

graphs, G and H, along with their corresponding adjacency matrices for red and blue patches

respectively. The sum G + H gives the complete bonding matrix C, which is also shown

with its corresponding graph.

29



Methodology

2.4.2 Trigonal unit identification

In terms of trimer-forming patches, trigonal units are defined as 3-membered rings in the

bonding graph, which are formed from 3 patches, where each patch participates in exactly

2 bonds. Trigonal units are therefore identified using the following criteria:

1. Particles form a 3-membered ring via 3 patches.

Ap
i,j = Ap

i,k = 1, Ap′

j,i = Ap′

j,k = 1, Ap′′

k,j = Ap′′

k,i = 1 (2.12)

2. Each patch participates in exactly 2 bonds.

N∑
x=1

Ap
i,x =

N∑
x=1

Ap′

j,x =
N∑

x=1

Ap′′

k,x = 2 (2.13)

where Ap is the patch p adjacency matrix. Note p, p′, and p′′ need not be different.

The criterion of each participating patch forming exactly 2 bonds is necessary to avoid

over-counting due to larger clusters such as tetramers, where a tetrahedral arrangement

results in four fused 3-membered rings.

The treatment outlined here is appropriate for “two-bond” patches (e.g., circular

patches in Section 3.2.4 and rectangular patches in Section 4.2.4), whereas one-bond patches

such as those considered in Section 5.2.2 are subject to alternative criteria. These alternative

criteria are that 3-membered rings are formed via 6 patches and each patch participates in

1 bond.
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2.4.3 Dihedral angle analysis

Throughout this thesis the measurement of dihedral angles is used to analyse the local

structure of corner-shared trimer networks. The first step of this analysis is to calculate the

bonding graph corresponding to the system under consideration, where each node represents

a particle, and edges represent direct bonds between these particles (using the criteria of a

pairwise interaction energy < 0 to define a bond between two particles).

The dihedral angles of specific interest are those defined by the planes of two adjacent

trimers – the inter-trimer dihedral angles. In a perfect gyroid crystal this angle is equivalent

to that of the dihedral angle defined by any three consecutive edges in its corresponding

enantiomorph of Laves graph, and is given by cos−1(1/3) ≈ 70.5◦ [96]. To define these

dihedrals, the edges within the would-be equivalent to Laves graph defined by trimer centres

alone are not considered since this approach would require a 13-particle motif to calculate

each dihedral angle. Instead dihedrals are defined using 5-particle motifs which only require

the consideration of the directly bonded neighbours of a given particle, hence allowing for a

more local characterisation.

If a particle has 4 bonds and is involved in the direct formation of two trimer units it

satisfies the requirement for calculation of its associated dihedral angle. Figure 2.3a shows

how the dihedral angles are defined for a given such particle X. Six points are defined in

total with each of the four neighbours considered points A, B, C, and D; as well as the

centres of mass of the two trimers T and R. These six points are then used to define four

dihedral angles ATRC, ATRD, BTRC, and BTRD about the inter-trimer axis
−→
TR. Note

that due to the deformations present in thermalised systems, four distinct dihedrals must

be defined to characterise each particle since if A, B, T , and R or T , R, C, and D are not

coplanar then the four dihedrals are not equivalent.
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Figure 2.3: Dihedral angle determination. (a) Schematic illustrating how dihedral angles

are defined for a four-coordinated particle X involved in two trimers, shown in red. The four

neighbours of X, namely A, B, C and D, are shown in translucent gray, along with T and R

(shown in green), which are the geometric centres of trimers formed by A, B and X, and by

C, D and X, respectively. (b) Schematic showing the vectors associated with the calculation

of a dihedral angle defined by a set of four sequential points.

Each particle is therefore characterised by an average of these four angles, and each

angle is defined by three vectors r12, r23, and r34 as shown in Figure 2.3b. The dihedral angle

defined by these vectors is calculated using the normals n̂1 and n̂2 to the planes defined by

r12, r23 and r23, r34 respectively.

n̂1 =
r12 × r23
|r12 × r23|

, n̂2 =
r23 × r34
|r23 × r34|

(2.14)

The dihedral angle ωi is then given by:

sin(ωi) = (n̂1 × n̂2) · r̂23 (2.15)

cos(ωi) = n̂1 · n̂2 (2.16)

By defining every dihedral in the same manner and considering both sin(ωi) and cos(ωi), the
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chirality of a given environment can be extracted [108]. Averaging over the four dihedrals

for a given particle, as appropriate for circular data [109], gives the dihedral angle ω as:

ω = tan−1


4∑
i

sin(ωi)

4∑
i

cos(ωi)

 (2.17)

2.4.4 Rings

Distributions of the number of rings (NRl
) with sizes l ∈ [5−12], in systems of patchy particles

were computed from their bonding graphs. Rings are defined as closed paths in this graph

(i.e., paths whose first and final vertices are the same), and, for each vertex in the graph,

all such distinct paths are determined using a depth-first search (DFS) traversal up to the

chosen maximum ring size. Paths with edges between non-adjacent vertices along the path

are rejected to ensure any potential ring does not contain any internal edges, however the

rings identified are not necessarily base rings (i.e., rings that cannot be broken into smaller

rings). In order to avoid over-counting the number of rings in the system and improve the

efficiency of the analysis, following the extraction of all relevant paths starting from a given

vertex, all edges connected to that vertex are removed from the graph prior to initiating the

DFS traversal from the next vertex. Finally the double counting of rings, which arises due

to the undirected nature of the complete bonding graph, is accounted for.

2.5 Steinhardt order parameters

In order to determine the crystallinity of a system the global Steinhardt bond-order pa-

rameter Ql is used [110, 111]. Ql is commonly used to distinguish between liquid-like and
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crystalline phases because typically for liquid-like phases Ql ≈ 0 and for crystalline phases

Ql > 0.

First the local environment of each particle is characterised by:

qlm(i) =
1

NB(i)

NB(i)∑
j=1

Ylm(rij) (2.18)

where NB(i) is the number of first nearest-neighbours of particle i, rij is the vector connect-

ing the centres of particles i and j, and Ylm is the spherical harmonic with total angular

momentum l and projection −l ≤ m ≤ l. The global bond-orientational order parameter is

then defined as:

Qlm =

∑
i∈N Nb(i)qlm(i)∑

i∈N Nb(i)
(2.19)

where rotationally invariant combinations [112] can then be constructed:

Ql =

√√√√ 4π

2l + 1

l∑
m=−l

|Qlm|2 (2.20)
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Chapter Three

Reverse Engineering Single Network

Gyroid & a Library of Trimer-Based

Colloidal Open Crystals

3.1 Introduction

Colloidal particles with modified surface chemistry in the form of attractive patches have

proven to be versatile building blocks for realising diverse open crystals [64, 66, 67]. In

colloidal open crystals, the colloidal particles are rather low-coordinated, corresponding to

a density that is significantly lower than what is achieved at close packing. The tunability

of colloidal interactions can be exploited for the design of bottom-up routes to colloidal

open crystals, which have a variety of potential applications ranging from photonic crystals

to bio-separation [113, 114]. The sheer variety of building blocks increases the need and

importance of computational studies to guide and inform experimental work. In the context

of colloidal crystals, much work has been done on predicting the resulting structures and

self-assembly behaviour of various building blocks including hard [115], patchy [65–67], and
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multicomponent systems [25].

In the search for bottom-up routes to 3D photonic crystals, targeted self-assembly of

cubic diamond-related structures have been the major focus due to cubic diamond possessing

the largest known 3D photonic band gap [27, 75] and having intuitive links to building blocks

with tetrahedral symmetry [72, 86, 87]. The single gyroid structure has been thus-far ignored

in this context – despite possessing the 2nd largest known 3D band gap [27] – likely due to

its complex geometry and chirality which requires enantiomorph selection. This chirality

however, sets gyroid apart from other photonic structures with large 3D photonic band

gaps [27] and makes single gyroid an attractive and unique target structure with potential

applications as a chiral photonic crystal and metamaterial at optical frequencies [92–94].

In this chapter we present our approach to reverse-engineer the single network gyroid

structure, discretising it into spherical building blocks, and proposing rationally designed

and synthetically viable surface modifications in the form of attractive patches which can

stabilise the proposed crystal structures. Crystal structure prediction was then performed on

these patchy particles to generate a library of trimer-based open colloidal crystals. Finally,

Monte Carlo simulations were performed in order to investigate the self-assembly behaviour

of these trimer-forming patchy particles in 3D.
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3.2 Results and discussion

3.2.1 Reverse engineering single network gyroid

Figure 3.1 presents the discretisation of a single network gyroid structure into colloidal

spheres. The Wigner–Seitz cell of a single network gyroid structure (Figure 3.1a) can be

mapped onto a skeletal graph (Figure 3.1b), known as Laves graph, which represents the

connectivity of single network gyroid. Laves graph can then be used to propose crystals

comprised of discrete building blocks, which retain the core structure of single gyroid. We

envisaged patchy spheres with requisite numbers of circular patches of an appropriate size

as to not only stabilise these structures, but also direct the particle interactions such that

these crystals could potentially be self-assembled. Figure 3.1c shows “colloidal K4” [96]

which is obtained by placing a sphere with three trigonally arranged patches, each forming

a single patch-patch contact, at each node. Figure 3.1d shows “colloidal gyroid” where a

triblock patchy sphere with equal-size patches on opposite poles, each forming two patch-

patch contacts (trigonal units), is placed at the midpoint of each edge. Figure 3.1e shows

“colloidal trigonal K4” where two spheres, each with two different-size patches where one

patch (blue) forms one patch-patch contact and another patch (red) forms two contacts

(trigonal units), are placed on each edge such that discrete trigonal units are centred on each

node.

It is important to note that the surface modifications here, in the form of attractive

patches on the surface of the particles, are proposed in the context of state of the art synthetic

methodology and each are experimentally viable [43, 116].
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Figure 3.1: Reverse engineering of single network gyroid. Showing WS cells of:

(a) single network gyroid, (b) Laves graph (superimposed onto single network gyroid), (c)

“colloidal K4”, (d) “colloidal gyroid”, and (e) “colloidal trigonal K4”.
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3.2.2 Corner-shared trimer crystal structures

In order to determine the existence of any competing crystal structures to single colloidal

gyroid, in the context of the building blocks proposed in Section 3.2.1, crystal structure

prediction was performed for trimer-forming triblock patchy spheres (Figure 3.1d). To this

end, the interactions between the triblock patchy spheres were modelled using a continuous

pair potential [85] detailed in Methodology (Section 2.1.2).

Firstly, since colloidal gyroid is stabilised by patches which form trimer units, an

appropriate patch coverage which energetically favours forming two patch-patch contacts

was determined. Basin-hopping global optimisation [105] (see Methodology Section 2.2) was

performed on finite systems of 2, 3, and 4 particles to determine the energies of correspond-

ingly sized clusters. These clusters were then optimised with patch half-opening angles of

θ = 50◦, 60◦, 70◦, and 80◦ and their energies U are plotted as a function of θ in Figure 3.2.

Figure 3.2: Per-particle energy of dimer, trimer, and tetramer clusters as a func-

tion of patch half-opening angle θ, where ϵ = 1, s = 10, κ = 100, and n is the size of

the cluster.
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It then follows that patches corresponding to θ ≈ 55◦ are most suitable, in terms of

energetics, for obtaining trimer-based crystal structures. Crystal structure prediction (see

Methodology Section 2.2.1) was therefore performed for unit cells containing Z = 3, 6, 9,

12, 15, and 18 particles with ϵ = 1; half-opening angles of θ = 55◦ and 60◦; s = 5, 8, and 10;

and κ = 50, 100, and 250. Six isoenergetic crystal structures were identified: gyroid, double

gyroid, kagome, Fddd, Cccm, and C2/m. These crystal structures are shown in Figures 3.3-

3.8 in terms of their unit cells, and are discussed in more detail in the following subsections.

Note the unit cells shown and densities quoted in the following subsections correspond to

particles where ϵ = 1, θ = 60◦, s = 10, and κ = 100.

Since the building blocks are optimised to form trigonal units via their attractive

patches, the connectivity of these crystals in this sense is identical, where each particle

participates in the formation of a trigonal unit on each of its hemispheres (i.e., the crystals

are all fully connected arrangements of corner-shared trigonal units). This section uses

two effective methods of structure characterisation which can also be used to quantitatively

distinguish the crystals from each other. One method calculates the distribution of rings

within the crystal (see Methodology Section 2.4.4), by constructing a bonding graph where

nodes represent particles and edges represent the bonds between them. The other method

calculates the distribution of dihedral angles within the crystal which are formed between

two adjacent trigonal units (see Methodology Section 2.4.3).

3.2.2.1 Colloidal gyroid and double colloidal gyroid

As expected, the colloidal gyroid structure was identified. Both enantiomorphs were identi-

fied and Figure 3.3 shows the cubic unit cell of the right-handed enantiomorph. The structure

consists solely of fused 10-membered rings, and the dihedral angles between adjacent trigonal

units are all approximately equal to either 70.5◦ or 109.5◦ (depending on the enantiomorph).
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Both enantiomorphs possess the I4132 space group.

Figure 3.3: Cubic unit cell of right-handed single colloidal gyroid, where dihedral

angles are approximately 70.5◦.

The optimal density obtained from crystal structure prediction is ρ∗ ≈ 0.3169, which

is low enough to support interpenetrating structures such as double gyroid. Consequently

the double colloidal gyroid structure was also identified and its cubic unit cell is displayed

Figure 3.4: Cubic unit cell of double colloidal gyroid, where the left-handed and right-

handed single gyroid networks with dihedral angles of approximately 109.5◦ and 70.5◦ are

shaded pink and yellow respectively.
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in Figure 3.4. The structure consists of two interpenetrating crystals of single gyroid, where

the single networks are of opposing chirality. It therefore follows that the fused 10-membered

rings are retained from the constituent single gyroid networks, the density doubles, and the

overall dihedral angle distribution for double gyroid is half with 70.5◦ and the other half

with 109.5◦. The double gyroid crystal is achiral and possesses the Ia3̄d space group.

3.2.2.2 Kagome

A kagome crystal, equivalent to that which has been self-assembled experimentally by Chen

et al. [64], was identified and a rectangular supercell of the structure is shown in Figure 3.5.

The 2D crystal consists solely of fused 6-membered rings and the ideal dihedral angles are

all equal to 0◦. In 3D the discrete 2D kagome sheets stack to give a variable density up to

ρ∗ ≈ 0.9.

Figure 3.5: Rectangular supercell of kagome.
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3.2.2.3 Fddd

A crystal consisting of fused 10- and 12-membered rings, possessing the Fddd space group,

was identified. This crystal is achiral with an ideal dihedral angle distribution of two-thirds

with 0◦, one-sixth with +x, and the remaining one-sixth with −x (where x ≥ some critical

value at which the crystal collapses onto itself). A consequence of this is that the structure

has a variable density which is minimal when +x ≡ −x (i.e., x = 90◦), Figure 3.6 shows an

orthorhombic supercell where x = 60◦ corresponding to a density of ρ∗ ≈ 0.4572. The struc-

ture is achiral and x can alter continuously with zero patch-patch potential energy change,

meaning that the structure can undergo significant changes in density without breaking any

bonds.

Figure 3.6: Orthorhombic supercell of Fddd, where x = 60◦.
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3.2.2.4 Cccm

A crystal possessing the Cccm space group, which consists of fused 6- and 10-membered

rings, was identified. The achiral crystal has a density of ρ∗ ≈ 0.7493 and an ideal dihedral

angle distribution of one-sixth with 0◦, five-twelfths with approximately 15.6◦, and five-

twelfths with approximately −15.6◦. An orthorhombic supercell of the structure is shown in

Figure 3.7.

Figure 3.7: Orthorhombic supercell of Cccm.

3.2.2.5 C2/m

A crystal consisting of fused 6-, 8- and 10-membered rings, which possesses the C2/m space

group, was identified. The crystal has an ideal dihedral angle distribution of two-thirds with

0◦, and one-third with 90◦. The structure is achiral and has an ideal density of ρ∗ ≈ 0.2898.

A monoclinic supercell is displayed in Figure 3.8.
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Figure 3.8: Monoclinic supercell of C2/m.

3.2.3 Analogous crystal structures

In the section above (Section 3.2.2), crystal structures comprised of triblock patchy spheres

with two equal-size patches, as considered in Figure 3.1d, were explored. Since all three

building blocks proposed in Figure 3.1 are fundamentally related, analogous crystal structures

to those detailed for corner-shared trimers can be obtained. This conversion is demonstrated

for single gyroid in Figure 3.1 itself (i.e., by replacing each particle in colloidal gyroid with

two particles to obtain colloidal trigonal K4 etc.). In other words, as long as the density

permits, each crystal has analogues in the other two systems. It is worth noting that since the

trigonal K4 system (Figure 3.1e) has a significantly lower density, it is able to support higher

levels of interpenetration, as demonstrated in Figure 3.9, which shows a cubic supercell of

quadruple trigonal K4 consisting of four interpenetrating single trigonal K4 networks of the

same chirality.
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Figure 3.9: Cubic supercell of right-handed quadruple trigonal K4, where dihedral

angles are approximately 70.5◦, and each single network is shaded in a different colour.

3.2.4 Monte Carlo simulations

In order to predict which crystal forms, if any, from the patchy particles under consider-

ation for the targeted self-assembly of single colloidal gyroid (Figure 3.1d), Monte Carlo

simulations were performed using the widely used Kern-Frenkel potential [104] detailed in

Methodology (Section 2.1.1). Unlike the potential considered for the purpose of global opti-

misation for structure prediction, the Kern-Frenkel potential is computationally less intensive

at the expense of discontinuous patch-patch interactions. For the Kern-Frenkel potential, the

patch sizes tend to be smaller for equivalent typical coordination because of its square-well

character.

First, sets of Monte Carlo simulations in the NV T ensemble were performed in order

to determine optimal patch coverages for the formation of the desired bonding motif (i.e.,

trigonal units). Sets of N = 1000 one-patch particles with half-opening angles from θ = 30◦

to 40◦ with a resolution of 2◦, were gradually annealed at a density of ρ∗ = 0.3. The

equilibrated fraction of particles forming trigonal clusters as a function of temperature T ∗,
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for each system, is displayed in Figure 3.10. From this it was concluded that patch half-

opening angles from θ = 32◦ to 36◦ were optimal for the formation of trigonal units, and

hence optimal for the formation of corner-shared trimer crystal structures.

A subsequent series of simulations were performed in order to investigate the self-

assembly behaviour of corner-shared trimer-forming patchy particles – which can theoreti-

cally stabilise a single gyroid crystal. As such, sets of N = 768 patchy particles possessing

a circular patch on each hemisphere with half-opening angles θ = 32◦, 34◦, and 36◦ were

subjected to one-step quenching from T ∗ = 1. Self-assembly of stacked kagome planes is

observed for θ = 34◦ and 36◦, with Figure 3.11 showing data for a θ = 34◦ system. To probe

the progression of the self-assembly, the number of trigonal units Ntrig is tracked and is shown

along with the potential energy per particle U∗/N after the temperature is dropped in Fig-

Figure 3.10: Optimising circular patches to form trimers. Fraction of particles forming

trigonal planar clusters as a function of the temperature T ∗ for systems of N = 1000 one-

patch particles at a density of ρ∗ = 0.3 with different half-opening angles θ, where Ntrig is

the number of trigonal planar clusters.
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Figure 3.11: Self-assembly of stacked kagome planes. (a) Evolution of the number of

trigonal planar units (Ntrig) along with the potential energy per particle (U∗/N), for a system

of N = 768 triblock patchy particles with patch half-opening angles of θ = 34◦ following a

one-step quench from T ∗ = 1 to T ∗ = 0.11. (b) Evolution of the global Steinhardt bond-

order parameter Q2 and the number of 6-membered rings (NR6), along the same trajectory.

(c) Polar histograms of the inter-trimer dihedral angles for four equal intervals of 10 million

MC cycles along the trajectory, as indicated by the purple shading in a and b.
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ure 3.11a. The drop in energy and corresponding rise in trigonal unit count indicated a phase

transition had occurred, and the final ring distribution showed practically all 6-membered

rings confirming that a kagome crystal had formed. The 6-membered ring count and global

Steinhardt bond-order parameter Q2 are effective order parameters for the transition, and

their evolution is shown in Figure 3.11b.

To further probe the evolution of local order within the system, the dihedral angle

distribution was calculated at various intervals throughout the simulation and the results

of this are shown as polar histograms in Figure 3.11c. Initially the distribution is uniform

until a slight preference for shallow angles (around 0◦) appears, which then gradually be-

comes more pronounced as the crystal grows and the emergence of long range order limits

fluctuations from the ideal kagome angle. Figure 3.12a shows a representative configuration

pre-nucleation, displaying its interconnected structure and random dihedral angles, and Fig-

ure 3.12b shows a representative crystalline configuration with a zoom-in of the 6-membered

ring substructure.

Figure 3.12: Self-assembly of stacked kagome planes snapshots. (a) Representative

pre-nucleation configuration (after 10 million MC cycles) (b) Representative crystalline con-

figuration comprising stacked kagome planes. The zoom-in highlights a typical 6-membered

ring.
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3.3 Conclusions

This chapter presents a reverse engineering approach, which proposes a transformation of the

single network gyroid structure into three single gyroid colloidal crystal structures built from

discrete spherical building blocks. In the context of self-assembling a single gyroid photonic

crystal on the colloidal scale, surface modifications in the form of attractive patches on

the surface of the spheres are proposed in order to stabilise said target colloidal crystals.

These designer patchy particles are also proposed in line with experimental advancements

in colloidal particle synthesis [43, 116]. The “colloidal gyroid” case, where the particles are

trimer-forming triblock patchy spheres, is then used as a basis for crystal structure prediction

via the basin-hopping global optimisation technique [105]. This crystal structure prediction

identifies the colloidal gyroid structure as a minimum on the potential energy landscape along

with various competing trimer-based crystal structures which are characterised. Monte Carlo

simulations are then performed to predict the self-assembly behaviour of trimer-forming

triblock patchy particles in 3D. It is shown that a careful selection of the half-opening angle

(approximately in the range of 32◦ ≤ θ ≤ 36◦) of the circular patches on each hemisphere

can be optimised to overwhelmingly favour contacts with only two other patches, thereby

giving rise to the trigonal unit formation required to self-assemble a corner-shared trimer-

based crystal, such as colloidal gyroid. Further simulations, however, show that designer

triblock patchy particles with circular patches do not self-assemble into a gyroid structure

and instead form stacked kagome planes. Self-assembly of these kagome planes in silico is

observed for systems of particles with θ = 34◦ and 36◦, additionally the formation of trigonal

units, 6-membered rings, and shallow dihedral angles is identified as key to the self-assembly

of the crystal structure.
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Chapter Four

Developing a Pair Potential for Spheres

With Rectangular Patches &

Investigating Their Self-Assembly

4.1 Introduction

Motivated by the failure to self-assemble single colloidal gyroid from spherical particles with

two circular patches in Chapter 3, this chapter first proposes that the use of non-circular

patches in the form of rectangles can potentially restrict the dihedral angles that can form

within the system – hence achieving structure selection.

Though previous work has been done regarding structure selection in the context

of patchy particles [77, 78, 86], the specific use of non-circular patches is limited to those

of a triangular nature [60]. Rectangular patches, whilst experimentally more challenging to

synthesise than their circular counterparts, have literature precedent [63] and in fact glancing

angle deposition onto a close-packed monolayer of particles can produce a variety of patch

geometries [62]. In order to model rectangular attractive patches, a pair potential based
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upon the principles of Kern-Frenkel [104] was developed and is detailed in this chapter.

This model is then used to test the particle design principles of dihedral angle restriction

and explore the self-assembly behaviour of particles with two rectangular patches at various

skew angles.

4.2 Results and discussion

4.2.1 Enforcing trimer formation at a specific dihedral angle

In Chapter 3 the single network gyroid structure is reverse engineered into a discretised

“colloidal gyroid” crystal consisting of spherical building blocks. With the aim of its self-

assembly on the colloidal scale, synthetically feasible particles with trimer-forming circular

attractive patches are proposed. Although Monte Carlo simulations investigating the self-

assembly behaviour of these particles reveal that trigonal units can be readily formed, crystal

structure prediction demonstrates that these particles can also stabilise a variety of trimer-

based colloidal open crystals. Consequently, the resulting self-assembled structure is not

colloidal gyroid but stacked kagome sheets instead.

It is identified that two key distinguishing features of the competing crystals are

their ring, and inter-trimer dihedral angle distributions. It therefore follows that if control

over either of these attributes can be obtained, then certain competing structures can be

disfavoured.

Figure 4.1 shows a proposed method of obtaining inter-trimer dihedral angle control.

Figure 4.1a first presents the patchy system explored in Chapter 3 where a circular patch

of appropriate coverage to form trimer units sits on each hemisphere. The nature of the

trimer units formed in this system are shown (middle) along with five-particle motifs (which
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consist of two corner-shared trimers). A key feature of circular patches is that their rotational

symmetry allows for the formation of two adjacent corner-sharing trimer units at any given

dihedral angle between the trimer planes (as indicated by the dotted arrows which show

the accessible states). Figure 4.1b shows a proposed system where the symmetry of the

patches has been reduced such that they are rectangular. In this system a trimer-forming

rectangular patch is centred on each hemisphere and trigonal bonding is restricted to a well-

defined plane, a consequence of this is that the five-particle motifs formed in this system are

restricted to a narrow range of angles as shown (right). This dihedral angle restriction is

controlled directly by the relative orientation of the patches with respect to each other.

Figure 4.1: Inter-trimer dihedral angle selection using rectangular patches. Single

particles and the nature of corresponding trigonal and five-particle motifs that they can

form. (a) Particles with two trimer-forming circular patches. (b) Particles with two trimer-

forming rectangular patches, where the core of the single particle and the front particle of

the trigonal unit are shown in translucent to reveal the orientation of the patch on the back

face. The dotted arrows around the five-particle motifs represent the accessible inter-trimer

dihedral angles in each system.
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If successful, the use of rectangular patches in this manner can essentially fix the

inter-trimer dihedral angles that can form to a predetermined angle encoded into the building

blocks. By choosing appropriate dihedrals, crystal selection can be achieved via the removal

of competing structures from the energy surface.

4.2.2 Rectangular Kern-Frenkel

In order to model particles with rectangular patches, the angular component of the widely

used Kern-Frenkel model [104] (detailed in Section 2.1.1) can be modified to account for the

non-circular patch geometry.

4.2.2.1 Parametrising rectangular patches

In this modified model, the geometry and surface coverage of each patch p is defined by two

half-opening angles θp and ϕp, which define the latitudinal and longitudinal bounds of the

patch respectively on a spherical coordinate frame. Figure 4.2a shows this coordinate frame,

how ϕ and θ are defined, and how these two angles can be used to define any point on the

surface of a sphere. Latitudinal angles (θ) are defined with respect to the equator (shown

in red), while longitudinal angles (ϕ) are defined relative to a reference known as the prime

meridian (shown in green). Latitudinal lines are parallel great circles defined by points with

a given θ value, where θ = 0 defines the equator. Longitudinal lines are half great circles

which connect the two poles, defined by points with a given ϕ value where ϕ = 0 defines

the prime meridian. Where the equator and prime meridian intersect defines (0, 0), which

is taken to be the centre of the patch.
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Figure 4.2b-d demonstrates how latitudinal and longitudinal line pairs can be com-

bined to define quadrilateral regions on the surface of a sphere. Figure 4.2b shows longi-

tudinal lines at 10◦ intervals, where the prime meridian is green, and the lines defined by

ϕ = +20◦ and −20◦ are shown in blue. Figure 4.2c shows latitudinal lines also at 10◦ in-

tervals, where the equator is red, and the lines defined by θ = +10◦ and −10◦ are shown in

yellow. Figure 4.2d then shows how these latitudinal (yellow) and longitudinal (blue) lines

can be combined to inscribe a patch (shaded in red), the geometry of which is characterised

by the corresponding half-opening angle values of θp = 10◦ and ϕp = 20◦.

Figure 4.2: Defining rectangular patches using latitudinal and longitudinal lines.

(a) Schematic illustration of the latitudinal angle θ, and longitudinal angle ϕ, where the

lines at which θ = 0 (the equator) and ϕ = 0 (the prime meridian) are highlighted in red

and green respectively. (b-d) Combination of longitudinal and latitudinal lines to define a

rectangular patch where: longitudinal lines at ϕ = +20◦ and −20◦ in blue inscribe a lune in

b; latitudinal lines at θ = +10◦ and −10◦ in yellow inscribe a zone in c; and d shows these

together inscribing a patch shaded in red which corresponds to a latitudinal half-angle of

θp = 10◦ and a longitudinal half-angle of ϕp = 20◦.
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In this scheme each resulting patch can be thought of as being given by the overlap of

a zone and a lune on the surface of the particle, where the zone is associated with θp and the

lune with ϕp. As such, the parameter ranges that make geometrical sense are 0◦ ≤ θp ≤ 90◦

and 0◦ ≤ ϕp ≤ 180◦.

It is important to note that since θp and ϕp are distinct, corresponding to the

latitudinal and longitudinal bounds respectively, the values of these half-angles are non-

interchangeable when defining a patch geometry. In other words (θp = 60◦, ϕp = 20◦)

defines a patch with a distinct geometry and orientation to that of one defined by (θp = 20◦,

ϕp = 60◦) as displayed in Figure 4.3.

Figure 4.3: Two distinct patch geometries corresponding to two pairs of half-

opening angles where the values are swapped. The surface coverage of patches corre-

sponding to (θp = 60◦, ϕp = 20◦) and (θp = 20◦, ϕp = 60◦) is shaded in red.

The surface coverage of a patch defined in this manner, using the half-opening angles

θp and ϕp, is given by:

Apatch/Aparticle =
ϕp

◦

180◦
sin θp ≡ ϕp

π
sin θp (4.1)

where Apatch is the area of the patch, and Aparticle is the total area of the spherical particle

surface.
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The potential makes use of three orthogonal unit vectors associated with each patch:

p̂p,1, p̂p,2, and p̂p,3. The unit vector p̂p,1 is aligned with the vector from the centre of the

particle to the centre of the patch (θ = 0◦, ϕ = 0◦); p̂p,2 is aligned with the vector from the

centre to the point (θ = 0◦, ϕ = 90◦); and p̂p,3 is aligned with the vector from the centre

to the pole of the patch (θ = 90◦). Note that at the poles all values of ϕ are equivalent,

therefore it can be defined as simply θ = 90◦.

4.2.2.2 Defining two rectangular patches on the particle surface

Throughout this thesis, two-patch particles with one rectangular patch centred on each

hemisphere are considered. The relative orientation of these patches is critical to their self-

assembly behaviour, and can be defined via a skew angle χ.

Figure 4.4: Fully labelled schematics of a patchy particle with two rectangular

patches. The two patches, labelled A and B, are shown in red and blue respectively along

with their pair of half-opening angles (θA, ϕA) and (θB, ϕB); their local coordinate frames; and

the skew angle χ which defines the relative orientation of the patches. Here θA = θB = 20◦,

ϕA = ϕB = 60◦ and χ = 90◦. In the right panel, the blue patch is dashed to indicate its

location on the back face of the particle.
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In order to obtain the patch vectors p̂p for two-patch particles of a given skew angle

χ, the coordinate frame of the first patch (A) given by p̂A,1, p̂A,2, and p̂A,3 is used to define

the coordinate frame of the second patch (B) such that:

p̂B,1 = −p̂A,1 (4.2)

p̂B,2 = R(χ) · p̂A,2 (4.3)

p̂B,3 = R(χ) · p̂A,3 (4.4)

where R(χ) is a rotation matrix describing a clockwise rotation by the angle χ about the axis

p̂A,1. Labelled schematics showing all six patch vectors along with the parameters defining

the patch coverage (θp, ϕp) and orientation (χ) for an example two-patch particle are shown

in Figure 4.4.

4.2.2.3 The modified angular component and its computation

For “rectangular” patches p and p′ on particles i and j respectively, the angular modulation

factor fpp′ for the interaction between these patches is defined by:

fpp′(rij, Ω̂i, Ω̂j) =



1 if



| cos(ϑp
ij)| < cos(ϑp) (Criterion 1 on particle i)

and cos(ϕp
ij) > cos(ϕp) (Criterion 2 on particle i)

and | cos(ϑp′

ji)| < cos(ϑp′) (Criterion 1 on particle j)

and cos(ϕp′

ji) > cos(ϕp′) (Criterion 2 on particle j)

0 otherwise
(4.5)

where ϑp is the co-latitude of patch p;

ϑp = π/2− θp (4.6)
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ϑp
ij is the co-latitude of rij with respect to patch p (i.e., angle between rij and p̂p,3);

cos(ϑp
ij) = r̂ij · p̂p,3 (4.7)

and ϕp
ij is the longitude of rij with respect to patch p (i.e., the angle between p̂p,1 and the

projection of rij into the (p̂p,1, p̂p,2) plane).

cos(ϕp
ij) = r̂

p1,2

ij · p̂p,1 (4.8)

where r
p1,2

ij =
(
p̂p,1 · rij

)
p̂p,1 +

(
p̂p,2 · rij

)
p̂p,2 (4.9)

or equivalently r
p1,2

ij = rij − (p̂p,3 · rij

)
p̂p,3 (4.10)

Similar expressions can be written in order to define ϑp′

ji and ϕp′

ji .

In summary, this angular dependence simply determines if rij passes through patch

surface on both particles – which is the orientational condition for bonding in Kern-Frenkel.

Within fpp′ each patch is subject to two criteria (as labelled in Equation 4.5). In

terms of patch p on particle i, the first criterion checks if rij passes through the region on

the surface of particle inscribed by the latitudinal lines given by the patch half-opening angle

θp. The second criterion checks if rij passes through the region on the surface of particle

inscribed by the longitudinal lines given by the patch half-opening angle ϕp. The parameters

associated with each criterion for an example case are displayed in Figure 4.5. Figure 4.5a

shows the first criterion, where the co-latitude of rij is given by Equation 4.7. Note the

moduli in this first criteria take care of cases when ϑp
ij > 90◦. Figure 4.5b shows the second

criterion, where the configuration is shown with particle j in translucent yellow (left), and

viewed along the pole of the patch p̂p,3 (right) such that the (p̂p,1, p̂p,2) projection plane is

within the page. Note the longitude of rij is given by Equation 4.8.
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Figure 4.5: Orientational criteria for rectangular patches. Schematics of an example

particle pair, where the variables and parameters appearing in the orientational criteria for

rectangular patches are labelled. The separation vector rij must pass through patch surface

on both particles in order for the patches to interact. (a) Example case of the first criterion

where rij does not pass through the zone surface area shaded in red, which is defined by

θp. (b) Example case of the second criterion where rij passes through the lune surface area

shaded in red, which is defined by ϕp. (left) The particle j considered for interaction, which

defines rij, is shown in translucent yellow to help visualise how the particles are positioned.

(right) Viewed along the pole of the patch p̂p,3, so that the (p̂p,1, p̂p,2) projection plane is

within the page itself, showing how this projection is used to extract ϕp
ij.

4.2.2.4 Extending this model to more complex patch geometries

As mentioned above, the non-circular patches considered in this thesis are obtained via the

overlap of a lune and a zone on the surface of a sphere. Under this scheme, for a patch p,

zone orientations are defined by a single vector (p̂p,3) and lune orientations are defined by

two vectors (p̂p,1 and p̂p,2). Together these orthogonal vectors give the patch frame, but

they need not be orthogonal and individual vectors can be altered to give different patch

geometries. Various numbers and combinations of patch components can also be used in

combination with different set operators (∪, ∩, etc.) to give rise to complex patch coverages.
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4.2.3 Parametrisation of particles with two rectangular patches

Throughout this thesis (unless stated otherwise) particles with two rectangular patches are

defined as shown in Figure 4.6 via the patch half-opening angles θp and ϕp which define the

patch geometries (where both patches are identical), and the skew angle χ which gives the

relative orientation of these patches.

Figure 4.6: Parametrisation of particles with two rectangular patches. Patch ge-

ometries are defined by the half-opening angles θp and ϕp (where both patches are identical),

and their relative orientation is defined via the skew angle χ.

4.2.4 Self-assembly of particles with two rectangular patches at var-

ious skew angles (χ)

Section 4.2.1 proposes that particles with two trimer-forming rectangular patches can se-

lectively form corner-shared trimer structures with controlled inter-trimer dihedral angles.

The use of these particles as parametrised in Section 4.2.3 means that the skew angle of the

patches χ directly translates to the inter-trimer dihedral angle that is selectively formed.

To investigate this dihedral angle restriction and the self-assembly behaviour of these

particles, a series of Monte Carlo simulations in the NV T ensemble were performed using
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patchy particles with two rectangular patches over the entire range of skew angles χ = [0◦

to 178◦] (with a resolution of 2◦). Note that χ = 0◦ ≡ 180◦. In these simulations systems

of N = 768 particles were considered with patch coverage parameters appropriate for the

formation of trigonal units (θp = 10◦, ϕp = 44◦) at a density of ρ∗ = 0.3, and were subjected

to a one-step quench from T ∗ = 1.

Measuring the inter-trimer dihedral angle distributions of fluid configurations confirms

that dihedral angle selection is indeed observed, where dihedrals are limited to a small range

around the skew angle χ of the particles under consideration – despite the lack of long range

order. It is worth noting that these systems, where the dihedral angle control essentially

results in the selective formation of a single specific angle, ring control is also achieved since

the corner-shared trigonal networks are forced to form a specific arrangement. It is therefore

useful to calculate the ring distributions for systems in which the formation of long range

order is observed.

The final ring distributions for systems dropped to a temperature of T ∗ = 0.11 are

plotted in Figure 4.7a as a function of particle skew angle χ, and they reveal five distinct

structural regions (eight if enantiomorphic regions are considered to be unique). The different

regions are labelled and highlighted in Figure 4.7b on a χ number line, and these various

structures formed are explored in following subsections. Note the self-assembly of crystals

formed from χ = [66◦ to 76◦] and [104◦ to 114◦] is explored in Chapter 5.
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Figure 4.7: Structures self-assembled from particles with two rectangular patches

at various skew angles (χ). (a) Final ring counts NRx (where x is the ring size) as a

function of skew angle χ for systems of N = 768 particles with two rectangular patches

(θp = 10◦, ϕp = 44◦) at a density of ρ∗ = 0.3, after 100 million MC cycles following a one-

step quench from T ∗ = 1 to T ∗ = 0.11 (note final ring counts were averaged over the last 1

million MC cycles). (b) Structural regions within a highlighted and labelled on a χ number

line. † Right and left handed gyroid crystals formed from χ = [66◦ to 76◦] and [104◦ to 114◦]

are covered in Chapter 5.
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4.2.4.1 Kagome

Stacked kagome sheets are observed up to 12◦ from χ = 0◦ (in either direction) which is

demonstrated by the final ring distributions displayed in Figure 4.8a, which clearly show the

dominance of 6-membered rings with 5- and 7-membered rings being the major source of

defects. Figure 4.8b shows particles corresponding to χ = 12◦, which is on the edge of the

kagome region, where the core is translucent to show the skew angle. Figure 4.8c shows a

typical 6-membered ring within the χ = 12◦ system, and Figure 4.8d shows a snapshot of

the entire final configuration.

Figure 4.8: Kagome region of skew angle space for particles with two trimer-

forming rectangular patches. (a) Final ring counts NRx (where x is the ring size) as

a function of skew angle χ for systems of N = 768 particles with two rectangular patches

(θp = 10◦, ϕp = 44◦) at a density of ρ∗ = 0.3, after 100 million MC cycles following a one-

step quench from T ∗ = 1 to T ∗ = 0.11 (note final ring counts were averaged over the last

1 million MC cycles). (b-d) Visualisation of the kagome structure for the χ = 12◦ system

where: b shows the particles under consideration with a translucent core to show the skew

angle; c shows the 6-membered ring kagome substructure; and d shows a snapshot of the

final configuration.
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The ring distributions in Figure 4.8a display a trend where 6-membered ring counts

decrease closer to χ = 0◦, whereas 5- and 7-membered ring defects increase. This suggests

that within the kagome region, systems further from the ideal skew angle (χ = 0◦) gener-

ally display less defects. To investigate this, systems were considered at various quenching

temperatures and the final ring distributions for T ∗ = 0.1175, 0.115, 0.1125, and the already

considered T ∗ = 0.11 are displayed in Figure 4.9. The distributions show that increasing

temperature narrows the χ window for kagome assembly, revealing that the transition tem-

perature for kagome is skew angle dependent. This explains the trend of increased defects

nearer χ = 0◦ at a given temperature, since these systems are more under-cooled and hence

result in increased 5- and 7-membered ring kinetic traps.

Figure 4.9: Ring distributions at various temperatures for the kagome region of

skew angle space. Final ring counts NRx (where x is the ring size) as a function of skew

angle χ for systems of N = 768 particles with two rectangular patches (θp = 10◦, ϕp = 44◦)

at a density of ρ∗ = 0.3, after 100 million MC cycles following a one-step quench from T ∗ = 1

to a range of temperatures, as labelled. Note final ring counts were averaged over the last 1

million MC cycles.
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4.2.4.2 Helical

Just past the kagome skew angle limit of χ ≈ 12◦, inter-trimer dihedral angles are restricted

such that the formation of planes is no longer geometrically allowed, as such the would-

be 6-membered kagome rings cannot close and instead form infinite helical corner-shared

trimer substructures. These “helical” structures are observed in two enantiomorphic regions

from χ = [14◦ to 26◦] and [154◦ to 166◦], and the final ring distributions for these regions

are displayed in Figure 4.10a. Figure 4.10b shows particles just past the kagome regime,

corresponding to χ = 14◦, where the core is translucent to show the skew angle. Figure 4.10c

Figure 4.10: Helical regions of skew angle space for particles with two trimer-

forming rectangular patches. (a) Final ring counts NRx (where x is the ring size) as

a function of skew angle χ for systems of N = 768 particles with two rectangular patches

(θp = 10◦, ϕp = 44◦) at a density of ρ∗ = 0.3, after 100 million MC cycles following a one-step

quench from T ∗ = 1 to T ∗ = 0.11 (note final ring counts were averaged over the last 1 million

MC cycles). (b-d) Visualisation of the Helical structure for the χ = 14◦ system where: b

shows the particles under consideration with a translucent core to show the skew angle; c

shows representative helical substructures both with (top) and without (bottom) the trimer

capping particles; and d shows a snapshot of the final configuration.
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shows typical helical substructures within the χ = 12◦ system both with (top) and without

(bottom) the trimer capping particles, and Figure 4.10d shows a snapshot of the entire final

configuration.

The helical substructure is stabilised, and interconnected, via 10-membered rings and

also 11-membered rings to a lesser extent at shallower skew angles. As the skew angle of the

particles increases, the geometry of the helices changes, and eventually they are no longer

observed since the inter-trimer dihedral angles under consideration do not geometrically

allow for the formation of stabilising rings.

4.2.4.3 9-oid

The 9-oid regions – named after their dominant ring size – occur in two enantiomorphic

windows from χ = [52◦ to 64◦] and [116◦ to 130◦], and the final ring distributions for these

regions are displayed in Figure 4.11a. These distributions clearly show the dominance of 9-

and 12-membered rings, with 10- and 11-membered rings being the major source of defects.

Figure 4.11b shows particles corresponding to χ = 60◦, where the core is translucent to

show the skew angle. Figure 4.11c shows the characteristic fused 9- and 12-membered ring

substructure within the χ = 60◦ system, and Figure 4.11d shows a snapshot of the entire

final configuration.
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Figure 4.11: 9-oid regions of skew angle space for particles with two trimer-forming

rectangular patches. (a) Final ring counts NRx (where x is the ring size) as a function

of skew angle χ for systems of N = 768 particles with two rectangular patches (θp = 10◦,

ϕp = 44◦) at a density of ρ∗ = 0.3, after 100 million MC cycles following a one-step quench

from T ∗ = 1 to T ∗ = 0.11 (note final ring counts were averaged over the last 1 million MC

cycles). (b-d) Visualisation of the 9-oid structure for the χ = 60◦ system where: b shows

the particles under consideration with a translucent core to show the skew angle; c shows

the fused 9-membered ring substructure (without the trimer capping particles for clarity);

and d shows a snapshot of the final configuration.

4.2.4.4 8-oid

The 8-oid region – named after its dominant ring size – occurs from χ = [84◦ to 96◦], and

the final ring distributions for this region are displayed in Figure 4.12a. These distributions

clearly show the dominance of 8-membered rings, with 12-, 9-, 10-, and 11-membered rings

being minor components. Figure 4.12b shows particles corresponding to χ = 90◦, where the

core is translucent to show the skew angle. Figure 4.12c shows the characteristic 8-membered

ring substructure within the χ = 90◦ system, and Figure 4.12d shows a snapshot of the entire

final configuration.
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Figure 4.12: 8-oid region of skew angle space for particles with two trimer-forming

rectangular patches. (a) Final ring counts NRx (where x is the ring size) as a function

of skew angle χ for systems of N = 768 particles with two rectangular patches (θp = 10◦,

ϕp = 44◦) at a density of ρ∗ = 0.3, after 100 million MC cycles following a one-step quench

from T ∗ = 1 to T ∗ = 0.11 (note final ring counts were averaged over the last 1 million

MC cycles). (b-d) Visualisation of the 8-oid structure for the χ = 90◦ system where: b

shows the particles under consideration with a translucent core to show the skew angle; c

shows the predominant 8-membered ring substructure; and d shows a snapshot of the final

configuration.
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4.3 Conclusions

In an attempt to obtain a self-assembly route to the single colloidal gyroid crystal proposed in

Chapter 3, this chapter proposes that the use of particles with two trimer-forming rectangular

patches oriented at well-defined skew angles can give rise to inter-trimer dihedral angle

selection. The competing structures outlined in Chapter 3 can be distinguished via their

inter-trimer dihedral angles, and therefore this proposed dihedral angle control could offer a

method of structure selection.

A pair potential for rectangular patches based upon the principles of the widely used

Kern-Frenkel model for circular patches [104] is then presented. This potential can easily be

further modified to study various non-circular patches, and investigate their self-assembly

both in line with and in an attempt to motivate synthetic advances. The proposed method

of dihedral angle selection herein is then validated using this developed pair potential to

study the self-assembly behaviour of particles with two trimer-forming rectangular patches

at various skew angles. These particles are shown to form a range of chiral and achiral

structures which are stabilised at different patch skew angles.
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Chapter Five

Self-Assembly Routes to Single Colloidal

Gyroid

5.1 Introduction

The self-assembly of a single gyroid structure poses a significant challenge. Despite the fact

that double gyroid self-assembly is common in systems with elements of frustration, such

as surfactants, block copolymers, and mesogens [90, 98–100], direct self-assembly of a single

gyroid structure remains elusive [95–97]. The targeted self-assembly of a single gyroid from

colloidal building blocks is a highly attractive prospect with regards to the fabrication of

3D photonic crystals, which operate in the visible region [30] – for which there is currently

no efficient fabrication means [92]. Such structures have a range of potential applications

for example in light-harvesting technology [31], energy storage [32], sensing [33], and optical

circuits [34, 35], with the chirality of single gyroid in particular also offering additional

applications over achiral alternatives such as diamond [92–94].

In Chapter 3 discretised single gyroid crystals are proposed along with potential build-

ing blocks which stabilise said crystals, but the systems investigated are found to be insuf-
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ficient to self-assemble single gyroid. In Chapter 4 it is established that the use of particles

with non-circular patches can selectively form structures with predetermined dihedral angles,

via control of their relative patch orientation, thus offering a form of structure selection.

This chapter uses Monte Carlo simulations in combination with the potential de-

tailed in Chapter 4, and standard Kern-Frenkel [104], to investigate the self-assembly of

single colloidal gyroid from particles with synthetically reasonable patches. Further studies

are then performed in order to establish the parameter space appropriate for crystallisation

and the tolerance for polydispersity – which is inevitable in experimental systems. A sig-

nificant parameter space window for crystallisation which is also robust to various types of

polydispersity is key to reasonably envision experimental self-assembly.

5.2 Results and discussion

5.2.1 Self-assembly of colloidal gyroid using two rectangular patches

To determine if the particles with rectangular patches proposed in Chapter 4 can achieve

appropriate inter-trimer dihedral angle restriction resulting in the selective formation of an

enantiomorphic single gyroid crystal, Monte Carlo simulations in the NV T ensemble were

performed using patchy particles with two staggered rectangular patches at the ideal gyroid

dihedral angle (χ = 70.5◦). In these simulations systems of N = 1500 particles were consid-

ered over a range of patch geometries at the approximate colloidal gyroid density of ρ∗ = 0.3,

and were subjected to a one-step quench from T ∗ = 1. Enantiomorphic crystallisation of

colloidal gyroid is indeed observed, with Figure 5.1 showing data for a system with patch

half-opening angles of θp = 10◦ and ϕp = 44◦. Figure 5.1a (top) shows the evolution of

the number of trigonal planar clusters Ntrig, and the potential energy per particle U∗/N ,
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after the temperature is dropped to T ∗ = 0.11. The sharp drop in energy and corresponding

growth in the number of trigonal units, suggested the occurrence of a phase transition, and

the final ring distribution showed practically all 10-membered rings, confirming that a gyroid

crystal had formed. The 10-membered ring count NR10 and global Steinhardt bond-order

parameter Q4 are effective order parameters for the transition and their evolution is shown

in Figure 5.1a (bottom), capturing the growth of crystalline order.

Figure 5.1: Self-assembly of single colloidal gyroid from particles with two stag-

gered rectangular patches. (a) Evolution of the number of trigonal planar clusters Ntrig

(black line), the potential energy per particle U∗/N (red line), the number of 10-membered

rings NR10 (black line), and the global Steinhardt bond-order parameter Q4 (blue line) for

a system of N = 1500 patchy particles with two equal-size staggered rectangular patches

with half-opening angles θp = 10◦, ϕp = 44◦ and skew parameter χ = 70.5◦, at a density

of ρ∗ = 0.3, following one-step quenching from a temperature of T ∗ = 1 to T ∗ = 0.11. (b)

Polar histograms (top) of the inter-trimer dihedral angles over two intervals of 5 million

MC cycles at the pre- and post-nucleation stages (as indicated by the blue and red borders

and corresponding shading in a), and representative configurations (bottom) within the two

intervals.
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In order to probe the evolution of local order within the system, the inter-trimer

dihedral angle distribution was calculated at various intervals throughout the simulation,

and the results of this are shown as polar histograms in Figure 5.1b (top). The dihedral

angle distributions are taken over intervals of 5 million MC cycles at pre- and post-nucleation

stages (as indicated by blue and red borders respectively, and corresponding shaded regions

in Figure 5.1a). The pre-nucleation distribution (left) shows that despite the lack of any

long range order, the dihedral angles are restricted to a small range around the skew angle

of the patches (χ = 70.5◦) – this demonstrates the design principles in action and is in stark

contrast to what is observed in the case of circular patches (Chapter 3 Section 3.2.4). The

distribution then becomes narrower around the ideal gyroid angle post-nucleation (right), as

the size of fluctuations become limited by the crystalline structure. Figure 5.1b also shows

corresponding representative fluid and crystalline configurations (bottom).

5.2.1.1 Rectangular patch parameter space for crystallisation

To investigate the range of size and geometry of rectangular patches over which the crys-

tallisation of single colloidal gyroid is observed, a series of Monte Carlo simulations were

performed using various combinations of patch half-opening angles θp and ϕp. Systems of

N = 768 patchy particles with two staggered rectangular patches at the ideal gyroid skew

angle (χ = 70.5◦ or 109.5◦) at a density of ρ∗ = 0.3, were subjected to one-step quenching

from T ∗ = 1. Figure 5.2 shows these results in (θp, ϕp) space where green filled points indi-

cate crystallisation within 100 million MC cycles, as identified via a final global Steinhardt

bond-order parameter value of Q4 > 0.1 (averaged over the final 1 million MC cycles). This

data clearly shows that systems of colloidal patchy spheres with rectangular patches have

a significant range of (θp, ϕp) space over which crystallisation of single colloidal gyroid is

observed.
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Figure 5.2: Robustness of rectangular patch coverage space for crystallising single

colloidal gyroid. Green filled points indicate crystallisation within 100 million MC cycles

following a one-step quench from T ∗ = 1, for various systems of N = 768 particles with

staggered rectangular patches at the ideal gyroid skew angle (χ = 70.5◦ or 109.5◦) at a

density of ρ∗ = 0.3, as identified via a final global Steinhardt bond-order parameter value of

Q4 > 0.1 (averaged over the final 1 million MC cycles).
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Figure 5.3: Robustness of skew angle space for crystallising single colloidal gyroid

structures. (a) Final 10-membered ring counts NR10 , and global Steinhardt bond-order

parameter Q4 values, as a function of skew angle χ, for systems of N = 768 particles with

two rectangular patches (θp = 10◦, ϕp = 44◦) at a density of ρ∗ = 0.3, after the temperature

is dropped from T ∗ = 1 to T ∗ = 0.11. Red and green dashed lines indicate the ideal χ values

for right and left-handed gyroid respectively, and red and green points indicate corresponding

crystalline configurations (as identified via a value of Q4 > 0.1). (b-c) Inter-trimer dihedral

angle distributions (taken over the last 10 million MC cycles), and final configurations for

the χ = 66◦ b, and χ = 104◦ c systems, as labelled.
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A similar investigation was carried out to determine the robustness of single colloidal

gyroid crystallisation with respect to the skew angle χ. As such, a series of Monte Carlo

simulations were performed using systems of N = 768 particles at a density of ρ∗ = 0.3

with fixed patch half-opening angles of θp = 10◦ and ϕp = 44◦, but with various skew angles

from χ = [60◦ to 120◦] (with a resolution of 2◦). Figure 5.3a shows the final 10-membered

ring counts NR10 , and global Steinhardt bond-order parameter Q4 values, for each system

after equilibration upon quenching from T ∗ = 1 to T ∗ = 0.11. The plots clearly show the

two enantiomorphic regions, which yield colloidal gyroid from χ = [66◦ to 76◦] and [104◦

to 114◦]. Figure 5.3b and Figure 5.3c show the inter-trimer dihedral angle distributions,

and final configurations for the χ = 66◦ and χ = 104◦ systems respectively. It is worth

noting that the distributions peak at the ideal gyroid angles and not at the χ values under

consideration, which indicates that particles possessing non-ideal χ values which form gyroid

do not distort the resulting crystal.

5.2.1.2 Effects of number density on crystallisation

So far, Monte Carlo simulations have been performed in the NV T ensemble at the approx-

imate colloidal gyroid density of ρ∗ = 0.3. In order to investigate the effects of density on

crystallization, sets of one-step quenches were also carried out over a range of densities. As

such, systems of N = 768 particles with two staggered rectangular patches at the ideal gyroid

skew angle (χ = 70.5◦), at various number densities (ρ∗), with patch half-opening angles of

θp = 10◦ and ϕp = 44◦ were subjected to one-step quenching from T ∗ = 1. Figure 5.4 shows

the final global Steinhardt bond-order parameter Q4 values, for each system as a function of

the reduced number density ρ∗. It is evident that the crystallization of single colloidal gyroid

is observed over a wide range of densities up to the maximum considered here (ρ∗ = 0.35),

which is slightly above the maximum single colloidal gyroid density (ρ∗ ≈ 0.34) correspond-

ing to touching spheres in the perfect crystal. The final configurations corresponding to

77



Self-Assembly Routes to Single Colloidal Gyroid

ρ∗ = 0.1 and ρ∗ = 0.35 are also shown above. Note that the system above the touching

spheres density (ρ∗ = 0.35) results in the self-assembly of a lower quality crystal, as evident

from its lower Q4 value, which is intuitive since a perfect crystal cannot physically fit into a

simulation cell at this density.

Figure 5.4: Single colloidal gyroid crystallization at various number densities. Final

global Steinhardt bond-order parameter Q4 values, as a function of reduced number density

ρ∗, for systems of N = 768 particles with two rectangular patches (θp = 10◦, ϕp = 44◦) at a

skew angle of χ = 70.5◦. Systems were subject to 100 million Monte Carlo cycles following

a one-step quench from T ∗ = 1 and the global Steinhardt bond-order parameter values were

evaluated by averaging over the final 1 million Monte Carlo cycles. Green points indicate

crystalline configurations (as identified via a value of Q4 > 0.1). Snapshots of the final

configurations for the ρ∗ = 0.1 and ρ∗ = 0.35 systems (as labelled) are shown above.
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5.2.1.3 Polydispersity in rectangular patch coverage

To investigate how robust single gyroid crystallisation is with regards to dispersity in patch

coverage and/or orientation – which is inevitable in experimental systems – sets of Monte

Carlo simulations were carried out with polydisperse patch parameters. Firstly, sets of

“target” rectangular patch parameters for each system where chosen. Target values for θp

and ϕp were chosen in the context of results from the monodisperse patch-coverage space

study (Section 5.2.1.1), to give “ideal” values of θp = 10◦ and ϕp = 44◦ (corresponding to

an approximate central point in Figure 5.2). These values along with the ideal χ for gyroid

were used as population mean values (µθp = 10◦, µϕp = 44◦, and µχ = 70.5◦) from which

different degrees of dispersity were obtained by pulling from normal distributions centred

around these means with varying standard deviations (σθp , σϕp , and σχ).

In the following studies, systems of N = 768 particles were considered at a density

of ρ∗ = 0.3 following a one-step quench from T ∗ = 1, where each patch is distinct (i.e., N

particles give rise to Nχ, 2Nθp, and 2Nϕp values since each particle has two rectangular

patches). Note that negative values of θp and ϕp have no physical meaning and therefore

were set to equal 0, in which case the corresponding patches are non-existent.

To assess the tolerance for dispersity in rectangular patch half-opening angles alone,

systems with fixed skew angles (χ = 70.5◦, where σχ = 0) were considered with various (σθp ,

σϕp) standard deviation pairs at means of µθp = 10◦ and µϕp = 44◦. Figure 5.5a shows the

results of this in (σθp , σϕp) space where green filled points indicate crystallisation within 100

million MC cycles, as identified via a final global Steinhardt bond-order parameter value of

Q4 > 0.1 (averaged over the final 1 million MC cycles).
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Figure 5.5: Single colloidal gyroid crystallisation from particles with two rectan-

gular patches of polydisperse coverage. (a) Green filled points indicate crystallisation

within 100 million MC cycles following a one-step quench from T ∗ = 1 for systems of N = 768

two-patch particles at a density of ρ∗ = 0.3 with polydisperse (normally distributed) rectan-

gular patch coverage parameters θp and ϕp, all at the ideal gyroid skew angle (χ = 70.5◦).

Systems have identical mean patch coverage parameters (µθp = 10◦ and µϕp = 44◦) with

various standard deviations (σθp and σϕp). Crystallisation is identified via a final global

Steinhardt bond-order parameter value of Q4 > 0.1 (averaged over the final 1 million MC

cycles). (b-d) Distributions of patch parameters for simulations corresponding to (σθp = 4.5◦,

σϕp = 6.16◦), where b and c show histograms of θp and ϕp respectively, and d shows a scatter

graph of the (θp, ϕp) pairs with schematic particles corresponding to two of the points (as

labelled) to visually demonstrate the degree of patch dispersity within the system.
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The points where either σθp = 0 or σϕp = 0 reveal the maximum tolerances at which

crystallisation is still observed for each isolated half-angle, which are approximately σθp ≤ 6◦

and σϕp ≤ 8.5◦. The data shows that combining dispersity in both parameters, as it is rea-

sonable to expect, reduces the maximum tolerance for each parameter. To demonstrate this

combined tolerance, Figure 5.5b-d shows the corresponding distributions of patch parame-

ters for a point on the boundary corresponding to (σθp = 4.5◦, σϕp = 6.16◦). Figure 5.5b

and Figure 5.5c show histograms of θp and ϕp respectively, and Figure 5.5d shows a scatter

graph of the (θp, ϕp) pairs with schematic particles corresponding to two of the points (as

labelled) to visually demonstrate the degree of patch dispersity within the system.

5.2.1.4 Polydispersity in rectangular patch orientation

To assess the tolerance for dispersity in skew angle alone, a similar study was performed where

systems of fixed patch coverage and geometry (θp = 10◦ and ϕp = 44◦, where σθp = σϕp = 0)

were considered with various standard deviations in skew angle σχ at a mean of µχ = 70.5◦.

Figure 5.6a shows the final global Steinhardt bond-order parameter Q4 values, for each

system as a function of standard deviation in skew angle σχ. The plot clearly shows a

crystalline region, which yields colloidal gyroid up to σχ = 13.8◦. Figure 5.6b shows the

skew angle distribution corresponding to the σχ = 13.8◦ system, and a snapshot of the final

configuration. Note that two χ values towards the ends of the distribution are labelled

with corresponding patch arrangements to visually demonstrate the degree of skew angle

dispersity within the system.
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Figure 5.6: Single colloidal gyroid crystallisation from particles with two rect-

angular patches of polydisperse skew angle. (a) Final global Steinhardt bond-order

parameter Q4 values, as a function of standard deviation in skew angle σχ, for systems

of N = 768 two-patch particles at a density of ρ∗ = 0.3 with polydisperse (normally dis-

tributed) rectangular patch skew angles χ, all with patch coverage parameters of θp = 10◦

and ϕp = 44◦ following a one-step quench from T ∗ = 1. Systems have identical mean skew

angles (µχ = 70.5◦) with various standard deviations (σχ) and green points indicate crys-

talline configurations (as identified via a value of Q4 > 0.1). (b) Histogram of skew angles

(χ) and a snapshot of the final configuration, for the σχ = 13.8◦ system. Two χ values

towards the ends of the distribution are labelled with corresponding patch arrangements to

visually demonstrate the degree of skew angle dispersity within the system. Note particles

in the snapshot are shown with patch parameter means.
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5.2.1.5 Polydispersity in rectangular patch coverage and orientation

To investigate the combination of dispersity in all three rectangular patch parameters, an-

other similar study was performed where systems with (σθp , σϕp , σχ) triples from all possible

combinations of σθp = 2◦, 2.75◦, 3.5◦; σϕp = 4◦, 5◦, 6◦; and σχ = 5◦, 6◦, 7◦, 9◦, 11◦, 13◦ were

considered at means of µθp = 10◦, µϕp = 44◦, and µχ = 70.5◦.

Figure 5.7: Single colloidal gyroid crystallisation from particles with two rectangu-

lar patches of polydisperse coverage and orientation. (a-d) Parameter distributions

for a system of N = 768 two-patch particles with polydisperse (normally distributed) rect-

angular patch parameters, which crystallised single gyroid following a one-step quench from

T ∗ = 1 to T ∗ = 0.105 at a density of ρ∗ = 0.3. The patch parameters are centred around

means of µθp = 10◦, µϕp = 44◦, and µχ = 70.5◦ with standard deviations of σθp = 3.5◦,

σϕp = 5◦, and σχ = 11◦. Histograms of θp, ϕp, and χ are shown in a, b, and c respectively,

and d shows a scatter graph of the (θp, ϕp) pairs. (e) Snapshot of the final configuration

(where particles are shown with patch parameter means).
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In order to demonstrate the levels of dispersity that can be tolerated, data for an

edge case system which crystallised colloidal gyroid corresponding to (σθp = 3.5◦, σϕp = 5◦,

σχ = 11◦) is shown in Figure 5.7. Figure 5.7a-d shows the distributions of patch parameters,

where Figure 5.7a, Figure 5.7b, and Figure 5.7c show histograms of θp, ϕp, and χ respectively,

and Figure 5.7d shows a scatter graph of the (θp, ϕp) pairs. Figure 5.7e shows a snapshot

of the final configuration.

5.2.2 Self-assembly of colloidal gyroid using four circular patches

Particles with two rectangular patches are not the only patch decoration in which the forma-

tion of five-particle corner-shared trimer motifs can potentially be restricted to a pre-defined

inter-trimer dihedral angle, as conceptualised in Chapter 4 (Section 4.2.1). Another synthet-

ically reasonable [43] patch configuration which can achieve this selection of dihedral angles,

is one in which a circular patch, predisposed to form a single contact, is centred on each of

the four points of contact formed by the central particle in the desired five-particle motif.

Such an arrangement is shown visually in Figure 5.8a.

In the following studies these designer particles were modelled using the Kern-Frenkel

potential, and Figure 5.8b shows the parametrisation used to define such four-patch spherical

particles. In this scheme, each hemisphere has two circular patches, each with a half-opening

angle α which defines the patch coverage. The centres of these pairs of patches subtend an

angle β at the centre of the colloidal sphere, and the relative orientation of the patch pairs

is defined in a similar manner as the rectangular-patch case, via a skew angle χ.
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Figure 5.8: Design and parametrisation of particles with four circular patches. (a)

Spherical patchy particles with four circular patches to encode the characteristic five-particle

structural motif of the target single gyroid crystal structure. The patches are arranged

such that the bonds to the central particle pass through the centres of the patches. These

associated bonds are shown in black, where the dashed lines show the bonds which complete

the two trigonal units. (b) Parametrisation of the size and arrangement of the patches for a

four-patch spherical particle with the set of angles α, β and χ.

To investigate the self-assembly behaviour of these designer particles, and deter-

mine if they can also self-assemble a single gyroid crystal, a series of Monte Carlo simu-

lations were performed in the NV T ensemble at the approximate colloidal gyroid density

of ρ∗ = 0.3. Systems of N = 768 four-patch particles with patch arrangements appropriate

for single gyroid formation (β = 60◦, χ = 70.5◦ or 109.5◦) over a range of patch coverages

(α = 8◦, 10◦, 15◦, 20◦, 22◦) were subjected to a one-step quench from T ∗ = 1. Crystallisation

of a single gyroid structure was indeed observed up to α = 20◦, and Figure 5.9 shows data

for an α = 10◦ system after the temperature was dropped to T ∗ = 0.113. Figure 5.9a (top)

shows the evolution of the number of trigonal units Ntrig, and the potential energy per parti-

cle U∗/N , where the drop in energy and corresponding growth in trigonal unit count signal

a phase transition. Figure 5.9a (bottom) shows the evolution of the global Steinhardt bond-
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order parameter Q4, and the number of 10-membered rings NR10 , both of which capture the

growth of crystalline order. Figure 5.9b shows a representative crystalline configuration.

Figure 5.9: Self-assembly of single colloidal gyroid from particles with four circular

patches. (a) Evolution of the number of trigonal planar units Ntrig, the potential energy per

particle U∗/N , the number of 10-membered rings NR10 , and the global Steinhardt bond-order

parameter Q4, for a system of N = 768 four-patch particles (α = 10◦, β = 60◦, χ = 109.5◦)

at a density of ρ∗ = 0.3 following a one-step quench from T ∗ = 1 to T ∗ = 0.113. (b)

Representative crystalline configuration.

5.2.2.1 Patch-pair separation angle parameter space for crystallisation

To investigate the range of patch-pair separation angles over which the crystallisation of

single colloidal gyroid is observed, a series of Monte Carlo simulations were performed us-

ing various patch-pair separations from β = [40◦ to 90◦]. Systems of N = 768 four-patch

particles at the ideal gyroid skew angle χ = 70.5◦, with half-opening angles α = 15◦ were

subjected to a one-step quench from T ∗ = 1 at a density of ρ∗ = 0.3. Figure 5.10 shows

the results of this, where final global Steinhardt bond-order parameter Q4 values, for each
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system are shown as a function of patch-pair separation angle β. The plot shows a clear

crystalline region, yielding colloidal gyroid within β = [50◦ to 65◦].

Figure 5.10: Robustness of patch-pair separation angle space for crystallising single

colloidal gyroid. Final global Steinhardt bond-order parameter values Q4, as a function of

patch-pair separation β, for systems of N = 768 four-patch particles with patch parameters

of α = 15◦ and χ = 70.5◦ following a one-step quench from T ∗ = 1 at a density of ρ∗ = 0.3.

Green points indicate crystalline configurations (as identified via a value of Q4 > 0.1).

5.2.2.2 Polydispersity in circular patch coverage

To investigate how robust single gyroid crystallisation is with regards to dispersity in patch

coverage, sets of Monte Carlo simulations were carried out with polydisperse patch coverages.

Firstly, a “target” half-opening angle α was chosen to give a population mean of µα = 15◦.

This value was chosen so as to strike a balance between being central (within the range which

results in crystallisation) but also far from zero in order to minimise the number of absent

patches (α = 0) at high levels of dispersity. In the same manner as the rectangular patch

system, different degrees of dispersity were obtained by pulling from normal distributions

centred around this mean using various standard deviations (σα).
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Figure 5.11: Single colloidal gyroid crystallisation from particles with four circular

patches of polydisperse coverage. (a) Final global Steinhardt bond-order parameter Q4

values, as a function of standard deviation in patch half-opening angles σα, for systems of

N = 768 four-patch particles with polydisperse (normally distributed) patch half-opening

angles α, all with patch arrangement parameters of β = 60◦ and χ = 70.5◦ following a

one-step quench from T ∗ = 1 at a density of ρ∗ = 0.3. Systems have identical mean patch

half-opening angles (µα = 15◦) with various standard deviations (σα) and green points

indicate crystalline configurations (as identified via a value of Q4 > 0.1). (b) Histogram of

patch half-opening angles (α) and a snapshot of the final configuration, for the σα = 5.5◦

system. Two α values towards the ends of the distribution are labelled with corresponding

patch sizes to visually demonstrate the degree of dispersity within the system. Note particles

in the snapshot are shown with patch parameter means.
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In the following study, systems of N = 768 particles were considered at a density

of ρ∗ = 0.3 following a one-step quench from T ∗ = 1, where each patch is distinct (i.e., N

particles give rise to 4Nα values since each particle has four circular patches). Note again

that negative values of α have no physical meaning and therefore were set to equal 0, in

which case the corresponding patches are non-existent.

To assess the tolerance for dispersity in circular patch coverages, systems with fixed

patch arrangements (β = 60◦, χ = 70.5◦) were considered with various standard deviations

in patch half-opening angle (σα) around a mean of µα = 15◦. Figure 5.11a shows the final

global Steinhardt bond-order parameter Q4 values, for each system as a function of standard

deviation in patch half-opening angle σα. The plot clearly shows a crystalline region, which

yields colloidal gyroid up to σα = 5.5◦. In order to demonstrate the levels of dispersity that

can be tolerated, Figure 5.11b shows the patch half-opening angle distribution corresponding

to the σα = 5.5◦ system, along with a snapshot of the final configuration. Note that two

α values towards the ends of the distribution are labelled with corresponding patches to

visually demonstrate the degree of patch coverage dispersity within the system.

5.3 Conclusions

In this chapter, two distinct routes to colloidal gyroid are established. The first employs

spherical particles with two attractive rectangular patches, where each patch is predisposed

to form trigonal units and the patches are oriented such that inter-trimer dihedral angles are

enforced to form at the ideal gyroid angles (70.5◦ or 109.5◦). This dihedral angle selection

removes competing trimer-based crystals (detailed in Chapter 3) from the energy landscape.

The second route uses particles of a similar fundamental design but with four circular patches,

where each rectangular patch has essentially been replaced by a pair of circular patches.
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The Monte Carlo simulations herein demonstrate the enantiomorphic self-assembly

of colloidal gyroid for both systems, and show that crystallisation occurs over a signifi-

cant parameter space. Particles with rectangular patches are modelled using the modified

Kern-Frenkel model developed in Chapter 4, and the four-patch system is modelled using

standard Kern-Frenkel [104]. Studies into the effects of patch polydispersity are under-

taken, and it is established that appropriate selection of target patch parameters yield an

impressive tolerance for patch dispersity in both coverage and orientation. This along with

the patch arrangements being proposed in line with synthetic advancements [43, 63] lends

the self-assembly of single colloidal gyroid, via the routes established here, to experimental

realisation.
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Chapter Six

Self-Assembly Routes to Double

Colloidal Gyroid

6.1 Introduction

In Chapter 5, Monte Carlo simulations demonstrate the programmed self-assembly of chiral

patchy spheres, with either two rectangular or four circular attractive patches in an appro-

priate arrangement into single gyroid crystals. The success of these bottom-up routes poses

the question as to whether these designer particles could also offer self-assembly routes to

double gyroid crystals. Though double gyroid structures are not uncommon with regards to

self-assembly [90, 98–100], making use of building blocks capable of assembling a single net-

work opens up the prospect of a staged assembly route to double gyroid, which potentially

offers a platform to investigate the templated self-assembly of single gyroid.

In this chapter, it is established that a racemic mixture of the chiral patchy particles

with rectangular attractive patches considered in Chapter 5 can stabilise a double colloidal

gyroid crystal, but a simple racemic mixture alone is insufficient to self-assemble into one.

Two alternative and synthetically viable routes to a double colloidal gyroid crystal are then
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proposed, and both are demonstrated to result in the self-assembly of the target structure

in silico. The self-assembly of corner-shared trimer-forming particles with circular patches

(considered in Chapter 3) is also investigated, in the presence of a single colloidal gyroid

template.

6.2 Results and discussion

6.2.1 Stabilising double colloidal gyroid using a racemic mixture

A double gyroid crystal consists of two interpenetrating single gyroids of opposing chirality.

Chapter 5 demonstrates the enantiomorphic self-assembly of single colloidal gyroid crystals

from designer chiral spheres, as shown schematically in Figure 6.1a for the case of particles

with rectangular patches. It therefore follows that a racemic mixture of single colloidal gyroid

stabilising particles can stabilise a double colloidal gyroid crystal, as shown in the form of a

cubic unit cell in Figure 6.1b, where the yellow and pink particles are of opposing chirality

as indicated by their red and green patches respectively.

To determine if a racemic mixture of chiral patchy spheres with two rectangular

patches alone is sufficient to result in the self-assembly of a double colloidal gyroid crystal,

Monte Carlo simulations in the NV T ensemble were performed at a density of ρ∗ = 0.6

(double the approximate single colloidal gyroid density). Systems of N = 648 particles with

rectangular patch parameters appropriate for crystallising single gyroid (θp = 10◦, ϕp = 44◦)

in a 1:1 mixture of χ values (χ1 = 70.5◦, χ2 = 109.5◦), were subjected to one-step quenching

from T ∗ = 1 to various temperatures around the approximate transition for single gyroid

for the patch geometry under consideration (T ∗ = [0.1 to 0.13] with a resolution of 0.0025).

Note that the interactions between patches on the two types of particles here are identical
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(i.e., the only difference between the particle types is their relative patch placement). These

simulations were run up to 400 million MC cycles, and crystallisation was not observed.

Amorphous corner-shared trimer networks are formed instead, and bonding analysis reveals

that there are no signs of de-mixing throughout the simulations. The reason crystallisation

is not observed here is likely related to this need to de-mix the particles in order to form a

double gyroid nucleus, which involves an entropy cost.

Figure 6.1: Stabilising double colloidal gyroid using a racemic mixture. (a) Ra-

tionally designed particles with staggered rectangular patches and the Wigner-Seitz cells

of the corresponding single gyroid enantiomorphs (represented as tubular network gyroid

structures) that they selectively form. (b) Conventional unit cell of double colloidal gyroid,

highlighting the racemic mixture of designer particles required to stabilise it, where the two

distinct chiral networks are shaded differently.

To investigate if the nucleation barrier alone is the reason double gyroid crystallisation

is not observed in a simple racemic mixture of chiral single gyroid-forming particles, Monte

Carlo simulations were carried out from an initial configuration where half the simulation

cell contains crystallised double gyroid (i.e., the fluid particles are interfaced between slabs
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of double gyroid crystal). To achieve this an orthorhombic simulation cell is generated from

the addition of two cubic cells, one being a double colloidal gyroid crystal and the other a

fluid equilibrated at T ∗ = 1.

Systems of N = 1296 particles with two equal-size staggered rectangular patches of

appropriate geometry for crystallising single gyroid (θp = 10◦, ϕp = 44◦) in a 1:1 mixture

of χ values (χ1 = 70.5◦, χ2 = 109.5◦) were subjected to one-step quenching from T ∗ = 1

to various temperatures around the approximate transition for single gyroid for the patch

geometry under consideration (T ∗ = [0.1 to 0.13] with a resolution of 0.001). It is worth

noting that the density of the orthorhombic cell under consideration here is ρ∗ ≈ 0.5467 as

a result of lengthening the simulation cell in the dimension along which the two cubic cells

were added. This was done to remove the possibility of overlapping particles in the initial

configuration of the interfaced simulation.

In order to probe changes in the size of the double gyroid crystal, the largest cluster

of particles involved in the formation of two trimers was tracked, considering either only

χ1 particles or only χ2 particles. This is an effective measure of the size of each single

gyroid network. Figure 6.2 shows data for a system after the temperature is dropped to

T ∗ = 0.121, where Figure 6.2a shows the evolution of the largest clusters of particles involved

in the formation of two trimers considering only χ1 particles (red line) and only χ2 particles

(blue line). The growth is clearly demonstrated. It is worth noting that initial sizes of

the largest clusters in Figure 6.2a are less than N/4, since the addition of the fluid cell

resulted in the creation of two crystal surfaces which were previously connected due to the

periodic boundaries in the cubic crystalline cell. Figure 6.2b-c shows the growth visually

with snapshots of the largest clusters of particles which form two trimers considering χ1

particles (Figure 6.2b) and χ2 particles (Figure 6.2c) after 100 thousand (top) and 250

million (bottom) MC cycles.
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Figure 6.2: Growth of a double colloidal gyroid crystal interfaced with a racemic

fluid. A double colloidal gyroid crystal interfaced with a racemic fluid of N = 648 patchy

spheres with two equal-size staggered rectangular patches (N = 1296 particles in total at

a density of ρ∗ ≈ 0.5467). The particles considered have patches with half-opening angles

θp = 10◦ and ϕp = 44◦ with patch-patch interaction strengths of ϵ = 1, and have a 1:1 mixture

of χ values (χ1 = 70.5◦, χ2 = 109.5◦). The fluid part of the cell was equilibrated at T ∗ = 1

prior to the construction of the orthorhombic interfaced cell. (a) Evolution of the largest

cluster of particles involved in the formation of two trimers after the temperature is dropped

to T ∗ = 0.121, considering only χ1 particles (red line), and only χ2 particles (blue line).

(b-c) Snapshots showing the growth of the largest clusters in a, where the largest clusters

shown in b (yellow) and c (pink) correspond to χ1 and χ2 particles respectively. The top

and bottom snapshots are after 100 thousand and 250 million MC cycles respectively.
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It appears then that altering the system to provide a driving-force for de-mixing of the

particles, such that bonding between patches of like χ values is promoted, could potentially

provide a self-assembly route to double colloidal gyroid crystals.

6.2.2 Self-assembly via DNA-mediated interactions

One method of providing a driving force for de-mixing is to alter the interaction matrix

by “switching off” interactions between patches on particles of one chirality with patches on

particles of the opposing chirality. Such an interaction matrix can be achieved experimentally,

using DNA-mediated interactions where the patches are functionalised with appropriate

DNA sequences [117].

To investigate the self-assembly of these DNA-coated chiral patchy particles, Monte

Carlo simulations in the NV T ensemble were performed at a density of ρ∗ = 0.6 (double

the approximate single colloidal gyroid density) for systems of N = 1536 particles with

rectangular patch parameters appropriate for crystallising single gyroid (θp = 10◦, ϕp =

44◦). In this case, particles were in a 1:1 mixture of χ values (χ1 = 70.5◦, χ2 = 109.5◦),

where patches belonging to particles of like χ values had patch-patch interaction strengths

of ϵχ1−χ1 = ϵχ2−χ2 = 1, and patch-patch interactions between different χ valued particles

had a strength of zero (ϵχ1−χ2 = 0). Systems were equilibrated at a temperature of T ∗ = 1

and subjected to a one-step quench.

Figure 6.3a shows the evolution of the number of trigonal units Ntrig, and the potential

energy per particle U∗/N , for a system after the temperature is dropped to T ∗ = 0.115.

The significant drop in energy and corresponding growth in trigonal unit count suggest the

occurrence of a phase transition. The final configuration is almost exclusively comprised of

10-membered rings, and the RDF confirms that a double gyroid crystal has formed. The
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Figure 6.3: Self-assembly of double colloidal gyroid via DNA-mediated interac-

tions. A system of N = 1536 DNA-coated patchy spheres with two equal-size staggered

rectangular patches with half-opening angles (θp = 10◦, ϕp = 44◦), with a 1:1 mixture of χ

values (χ1 = 70.5◦, χ2 = 109.5◦) with patch-patch interaction strengths ϵχ1−χ1 = ϵχ2−χ2 = 1

and ϵχ1−χ2 = 0, at a density of ρ∗ = 0.6. Showing data after the temperature is dropped

from T ∗ = 1 to T ∗ = 0.115. (a) Evolution of the number of trigonal planar units Ntrig, and

the potential energy of the system U∗/N . (b) RDF averaged over the last 1 million MC

cycles for all particles (purple line), and RDF of ideal single (black line) and double (dashed

green line) colloidal gyroid scaled by an arbitrary factor for visibility. (c) Evolution of the

number of 10-membered rings, considering χ1 particles only (red line), and χ2 particles only

(blue line). (d) Snapshot of the final configuration.
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RDF of all particles is displayed in Figure 6.3b along with the ideal single and double

colloidal gyroid peak positions. In order to probe the growth of the constituent single gyroid

networks, the 10-membered rings considering only χ1 particles, and only χ2 particles were

tracked and their evolution along the same trajectory is shown in Figure 6.3c. From this it

is clear that the networks nucleate and grow together. A snapshot of the final configuration

is displayed in Figure 6.3d, where the constituent χ1 and χ2 particles are shaded in yellow

and pink respectively.

6.2.3 Self-assembly via a hierarchy of interactions

Another way to introduce a driving force for de-mixing is to alter the interaction matrix by

introducing a hierarchy of interaction strengths, where the interaction strength of patches

on particles of one chirality is stronger than that of patches on particles of the opposing

chirality. With such an interaction matrix, the assembly is anticipated to proceed via two

stages upon cooling [76, 82, 85]. If successful, the first stage of assembly would take place at

a temperature where the stronger interactions between one enantiomorph dominate, driving

their crystallisation into a single colloidal gyroid structure of a given chirality. This leaves a

fluid of weaker interacting particles of the opposing chirality in the pores of the crystal. The

second stage would then take place at a lower temperature where the weaker interactions

come into play, driving their crystallisation into a second single colloidal gyroid, thus yielding

a double colloidal gyroid crystal.

To investigate the feasibility of this approach, a series Monte Carlo simulations were

performed for systems of N = 1536 particles with a 1:1 mixture of χ values (χ1 = 70.5◦,

χ2 = 109.5◦) with patch-patch interaction strengths ϵχ1−χ1 = 5 and ϵχ2−χ2 = 1 at a density of

ρ∗ = 0.6, for patch geometries known to crystallise single gyroid (θp = 10◦, ϕp = 44◦). Note

that the strength of mixed interactions was taken to be ϵχ1−χ2 =
√
ϵχ1−χ1ϵχ2−χ2 ≈ 2.236.
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Figure 6.4: First stage of assembly of double colloidal gyroid. For a system of

N = 1536 patchy spheres with two equal-size staggered rectangular patches with half-opening

angles (θp = 10◦, ϕp = 44◦), with a 1:1 mixture of χ values (χ1 = 70.5◦, χ2 = 109.5◦) with

patch-patch interaction strengths ϵχ1−χ1 = 5 and ϵχ2−χ2 = 1, at a density of ρ∗ = 0.6.

Showing data after the temperature is dropped from T ∗ = 2 to T ∗ = 0.56. (a) Evolution of

the number of trigonal planar units Ntrig (black line), and the potential energy per particle

U∗/N (red line). (b) Evolution of the number of bonds (black line), strong-strong/χ1-

χ1 bonds (red line), strong-weak/χ1-χ2 bonds (purple line), and weak-weak/χ2-χ2 bonds

(blue line) along the same trajectory. (c) RDF averaged over the last 10 million MC cycles

for strong-patch/χ1 particles (red line), and RDF of ideal single colloidal gyroid scaled by

an arbitrary factor for visibility (black line). (d) RDF averaged over the last 10 million

MC cycles for weak-patch/χ2 particles (blue line). (e) Snapshot of the final configuration.

Note the RDF insets show representative snapshots of the corresponding particles under

consideration.
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Systems were subjected to a one-step quenching from a temperature of T ∗ = 2. Figure 6.4a

shows the evolution of the number of trigonal planar units Ntrig, and the potential energy

per particle U∗/N , for a system after the temperature is dropped to T ∗ = 0.56 (i.e., during

the first stage of assembly). Figure 6.4b shows the number of bonds by their nature along

the same trajectory. The significant drop in energy and corresponding growth in the number

of trigonal units signals the occurrence of a phase transition, supported by the growth in

the number of strong-strong/χ1-χ1 bonds and the suppression of mixed bonds as the strong

patches are saturated by the formation of a strong-patch/χ1 crystal. Figure 6.4c shows the

RDF of strong-patch/χ1 particles only (averaged over the last 10 million cycles), along with

the ideal single colloidal gyroid peak positions which match closely confirming that a strong-

patch/χ1 single colloidal gyroid crystal has been formed. Figure 6.4d shows the RDF of

weak-patch/χ2 particles only, displaying hard-sphere fluid-like character. Figure 6.4e shows

a representative configuration after the first stage of assembly.

Figure 6.5a shows the evolution of the number of trigonal planar units Ntrig, and the

potential energy per particle U∗/N , after the temperature is dropped from T ∗ = 0.56 to

T ∗ = 0.13 (i.e., during the second stage of assembly). The drop in energy and corresponding

growth in the number of trigonal units signals the occurrence of a phase transition, and

is notably much sharper than the first stage. Figure 6.5b displays the number of bonds

by their nature along the same trajectory, showing that the number of strong-strong/χ1-χ1

bonds remains essentially unchanged and that weak-weak/χ2-χ2 bonds are being formed.

The discrepancy between strong-strong/χ1-χ1 and weak-weak/χ2-χ2 bonds is due to an am-

plification of the grain boundaries already present in the strong-patch/χ1 crystal, which are

mostly due to the crystalline growth being misaligned with the simulation box. The small

growth in the number of mixed bonds is likely due to interactions at these grain boundaries,

where the strong-patch/χ1 particles are unsaturated and it is therefore possible and also

energetically favourable for mixed bonds to form as opposed to alternative weak-weak/χ2-χ2
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Figure 6.5: Second stage of assembly of double colloidal gyroid. Following from

the system in Figure 6.4. Showing data after the temperature is dropped from T ∗ = 0.56

to T ∗ = 0.13. (a) Evolution of the number of trigonal planar units Ntrig (black line), and

the potential energy per particle U∗/N (red line). (b) Evolution of the number of bonds

(black line), strong-strong/χ1-χ1 bonds (red line), strong-weak/χ1-χ2 bonds (purple line),

and weak-weak/χ2-χ2 bonds (blue line) along the same trajectory. (c) RDF averaged over

the last 10 million MC cycles for weak-patch/χ2 particles (blue line), and RDF of ideal single

colloidal gyroid scaled by an arbitrary factor for visibility (black line). (d) RDF averaged

over the last 10 million MC cycles for all particles (purple line), and RDF of ideal single

(black line) and double (dashed green line) colloidal gyroid scaled by an arbitrary factor for

visibility. (e) Zoom-in of snapshot which highlights the interlocking crystals. Note the RDF

insets show representative snapshots of the corresponding particles under consideration.
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bonds. Figure 6.5c shows the RDF of weak-patch/χ2 particles only (averaged over the last

10 million cycles), along with the ideal single colloidal gyroid peak positions which match

closely confirming that a second single colloidal gyroid crystal has now been formed. Fig-

ure 6.5d shows the RDF of all particles, along with the ideal single and double colloidal

gyroid peak positions which confirm the formation of double colloidal gyroid crystal. The

ideal peaks present in double gyroid but not in single gyroid are inter-crystal peaks, and

therefore due to the movement of one constituent crystal relative to the other are very

broad. Figure 6.5e shows a zoom-in of a representative configuration of the double gyroid

crystal formed, highlighting the interlocking single colloidal gyroids.

6.2.4 Templated self-assembly from particles with circular patches

Noting that, for the patch parameters considered in Section 6.2.3, the second stage of as-

sembly is observed as high as T ∗ = 0.135, whereas assembly in absence of the first network

(i.e., assembly of single colloidal gyroid) is observed in simulations only as high as T ∗ = 0.11.

It was suspected that there could be a strong templating effect resulting from the presence

of the first single gyroid crystal. To investigate whether this is indeed the case, a series of

Monte Carlo simulations were carried out using systems of two-patch spheres with a circu-

lar patch on each hemisphere (triblock patchy particles) – which have been shown to form

kagome crystals for patch coverages predisposed to from trimer units (as demonstrated in

Chapter 3). These simulations are initialised from a double colloidal gyroid crystal, where

the A particles which comprise one of the constituent single gyroids are distinct from the B

particles which make up the other. The patch-patch interaction strengths are set such that

one single gyroid is strongly bound (ϵAA = 5) and the remaining gyroid is weakly bound

(ϵBB = 1). Note that mixed interactions were allowed, where ϵAB =
√
ϵAAϵBB ≈ 2.236. The

weakly bound single gyroid is then melted at T ∗ = 0.3, to yield a weak-patch particle fluid
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dispersed within the pores of the strongly bound single gyroid crystal (which does not melt

at this temperature).

Figure 6.6 presents data for a system of N = 1536 two-patch particles with circular

patches on each hemisphere defined by a half-opening angle of θ = 34◦ at a density of

ρ∗ = 0.6. Figure 6.6a shows the evolution of the number of trigonal planar units Ntrig, and

the potential energy per particle U∗/N , after the temperature is dropped from T ∗ = 0.3

to T ∗ = 0.12. A sharp drop in energy is observed alongside a corresponding growth in the

number of trigonal units as they both approximately reach the values for a perfect double

gyroid crystal. To probe changes in the local order of the system, the inter-trimer dihedral

angle distributions of the weak-patch/B particles averaged over different intervals of the

simulation were calculated. The distributions over the first and last 2 million MC cycles

are shown in Figure 6.6b, where it can be seen that within the first 2 million cycles (before

crystallisation is complete) there is a clear promotion of dihedral angles which correspond to

the opposite handedness of the template gyroid crystal. Once crystallisation is complete the

dihedral angle distribution becomes much narrower around the ideal angle (approximately

109.5◦), due to the crystalline structure limiting localised distortions. Figure 6.6c shows the

RDF of weak-patch/B particles only (averaged over the last 10 million cycles), along with

the ideal single colloidal gyroid peak positions which match closely confirming that a second

single colloidal gyroid crystal has been been formed. Figure 6.6d shows a snapshot of the

resulting double gyroid crystal (i.e., the final configuration).

When investigating the nucleation pathway, tracking the largest cluster of non-template

particles does not reveal much since at temperatures where the transition can be observed

the system quickly becomes essentially interconnected through short-lived reversible bond-

ing. A much more revealing metric is the largest cluster of particles involved in the formation

of trigonal units, which is from hereon referred to as the largest trimer cluster. Figure 6.7

shows higher resolution data for the first 5 million MC cycles of the trajectory in Figure 6.6,
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Figure 6.6: Templating colloidal gyroid self-assembly from patchy particles with

two circular patches. For a system of N = 1536 two-patch particles with circular patches

on each hemisphere defined by a half-opening angle of θ = 34◦ at a density of ρ∗ = 0.6,

where half of the particles are distinct. The simulation is initialised from a double colloidal

gyroid crystal where the A particles which comprise one of the constituent single gyroids are

distinct from the B particles which make up the other, where the patch-patch interaction

strengths are ϵAA = 5 and ϵBB = 1. The system was equilibrated at T ∗ = 0.3 so that the

weakly bound single gyroid melts. Showing data after the temperature is dropped from

T ∗ = 0.3 to T ∗ = 0.12. (a) Evolution of the number of trigonal planar units Ntrig, and the

potential energy per particle U∗/N . (b) weak-patch/B particle inter-trimer dihedral angle

distributions averaged over the first and last 2 million MC cycles, as shaded in a. (c) RDF

of weak-patch/B particles averaged over the last 10 million MC cycles (blue line), and RDF

of ideal single colloidal gyroid scaled by an arbitrary factor for visibility (black line). (d)

Snapshot of the final configuration, where the white particles comprise the artificially inserted

strong-patch/A particle single gyroid crystal. Note the RDF inset shows a representative

snapshot of the corresponding particles under consideration.
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Figure 6.7: Probing the self-assembly pathway of templated double colloidal gyroid

from patchy particles with two circular patches. Data for the first 5 million MC

cycles of the same trajectory as Figure 6.6 (a) Evolution of the largest trimer cluster ltrig,

considering only non-template particles. (b) Evolution of the 10-membered ring count NR10 ,

considering only non-template particles. (c) Snapshots of configurations after 500 thousand,

1.5 million, and 4 million MC cycles (as labelled in a and b), where the template particles

are shown in black.
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where Figure 6.7a shows the evolution of the largest trimer cluster ltrig. Comparing this to

the evolution of 10-membered rings NR10 , displayed in Figure 6.7b, shows that growth in

the largest trimer cluster precedes crystallisation – revealing a non-classical nucleation path-

way. Figure 6.7b shows snapshots after 500 thousand, 1.5 million, and 4 million MC cycles

(as labelled), where the template particles are shown in black. The first snapshot (after

500 thousand MC cycles) is pre-10-membered ring growth, but after the large increase in the

largest trimer cluster begins levelling off, and it reveals the solid-like interconnected structure

within the template pores. The second and third snapshots (after 1.5 million and 4 million

MC cycles respectively) are shortly after 10-membered ring growth occurs, and after it has

levelled off respectively. These snapshots capture the formation of a non-template solid-like

structure which then gradually re-configures into a single colloidal gyroid crystal of opposite

handedness to the template – maximising the number of patch-patch contacts and resulting

in a double colloidal gyroid crystal. Dihedral angle analysis at this higher resolution reveals

that chirality develops immediately, which is also the case for, and principle behind, the

chiral patch arrangements explored in Chapter 5. An explanation for this emerging chirality

from the non-template particles, is that the chiral pores within template crystal promote the

formation of dihedral angles of opposing chirality to the template.

6.3 Conclusions

This chapter builds on the results of Chapter 5 and establishes that a racemic mixture of

chiral patchy spheres with two staggered rectangular patches, can stabilise a double colloidal

gyroid crystal. Monte Carlo simulations demonstrate that a simple racemic mixture of these

particles is insufficient to self-assemble a double gyroid crystal within the length of the

trajectories simulated. This is attributed to the entropy cost associated with the formation

of a double gyroid nucleus, in which particles of one chirality must only bond to those of the
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same chirality.

Two alternative modifications to the system are proposed, in order to provide a

driving-force for de-mixing the particles and hence a self-assembly pathway to double col-

loidal gyroid. The first modification involves a racemic mixture in which the interactions

between particles of opposing chirality are “switched off”. Experimentally this can be accom-

plished via the use of DNA-mediated interactions with appropriate DNA sequences [117].

The alternative modification invokes a hierarchical self-assembly approach [76, 82, 85], in

which patches belonging to particles of one chirality interact more strongly than patches

on particles of the opposing chirality, breaking the assembly down into two stages. Both

modifications result in the self-assembly of a double colloidal gyroid crystal in silico.

It is identified that the second stage of assembly in the hierarchical approach (Sec-

tion 6.2.3) is very abrupt, and it was suspected that the single gyroid network assembled in

the first stage was templating the second stage of assembly. To investigate this, particles

with a trimer-forming circular patch on each hemisphere were dispersed within a template

single gyroid crystal and shown to self-assemble into a single colloidal gyroid crystal of op-

posing handedness to the template crystal. This is in contrast to the self-assembly of the

same particles in absence of the template crystal, which are shown to form kagome planes

in Chapter 3.

This ability to template the formation of a single colloidal gyroid crystal, from sim-

pler patchy particles with an achiral patch arrangement, has potential applications in the

fabrication of single colloidal gyroid crystals. In Chapter 5, it is established that designer

particles with chiral patch arrangements are required for the self-assembly of single colloidal

gyroid to take place. These chiral particles are much more challenging to synthesise than the

relatively simplistic triblock patchy particles [64], therefore a possible method of scaling-up

and reducing the cost of single colloidal gyroid fabrication is to first synthesise a batch of

107



Self-Assembly Routes to Double Colloidal Gyroid

chiral patchy particles capable of self-assembling single gyroid. This crystal can then be used

as a template to assemble a single gyroid crystal of opposing chirality from more simplistic

achiral particles. If this template crystal can then be disassembled and recovered, then es-

sentially only one batch of chiral particles is required to self-assemble single colloidal gyroid

crystals. A possible method of releasing the templated crystal is to introduce labile linker

groups to the patch coatings of the chiral particles, such that the coatings of the template

particle patches can be chemically or photochemically cleaved – resulting in a disassembly

of the template crystal.
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Chapter Seven

Summary and Outlook

The primary goal of this thesis was to investigate the targeted self-assembly of a single

gyroid structure from colloidal building blocks. A single gyroid structure constructed on the

colloidal scale is a highly attractive prospect as a 3D photonic crystal which operates in the

visible region [30]. Such a material – though there is currently no efficient fabrication means

[92] – has a wide range of applications as a chiral photonic crystal and metamaterial at

optical frequencies [92–94]. The flexibility provided by patchy particles through control over

various attributes such as, patch size, shape, number, orientation, and interaction, yields a

wide design space for building blocks [40, 45] capable of stabilising diverse structures [66,

67]. This sets the context to explore potential self-assembly routes to single gyroid from

patchy particles.

Chapter 3 presents our reverse engineering approach, which proposes a transformation

of the single network gyroid structure into single gyroid crystal structures built from dis-

crete synthetically available patchy spheres. Crystal structure prediction for triblock patchy

particles identifies the “single colloidal gyroid” structure, and a library of isoenergetic com-

peting trimer-based colloidal crystal structures. It is worth noting that a gyroid structure

was not reported in a previous study into the phase behaviour of trivalent patchy particles
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[66]. An investigation into the self-assembly behaviour of these triblock patchy particles with

two equal-size circular patches reveals that, although patches can be optimised to form the

required trigonal bonding motif, they form stacked kagome planes instead of the colloidal

gyroid target. The formation of trigonal units, 6-membered rings, and shallow inter-trimer

dihedral angles is identified as key to the self-assembly of the kagome structure.

Chapter 4 establishes a synthetically reasonable [62, 63] particle design consisting of

two rectangular patches, the relative orientations of which encode inter-trimer dihedral angle

selection into the particles. An effective pair potential capable of describing the interactions

between these designer patchy particles with rectangular patches is then developed, based on

the principles of the widely used Kern-Frenkel [104]. This is then used to validate the design

principles behind the dihedral angle selection, and the self-assembled structures obtained

from particles with various patch skew angles are explored. We envision the modified Kern-

Frenkel potential developed here to find use in investigating the self-assembly behaviour of

particles with non-circular patches, both in line with and in an attempt to motivate synthetic

advances.

Chapter 5 builds on the design principles behind achieving dihedral angle selection,

and establishes two distinct self-assembly routes to enantiomorphic single colloidal gyroid

crystals in silico. The first route employs spherical particles with two attractive rectangular

patches, where each patch is predisposed to form trigonal units and the patches are oriented

such that inter-trimer dihedral angles are enforced to form at the ideal gyroid angles (70.5◦

or 109.5◦). The second route also implements inter-trimer dihedral angle selection but with

four circular patches instead, where each rectangular patch can be thought of as being

replaced by a pair of circular patches. In both cases, the key here is that the dihedral angle

selection essentially removes competing trimer-based structures from the energy landscape.

In summary, the critical aspects for programming the self-assembly of single colloidal gyroid

from patchy particles are: allowing for the patch-patch contacts required to stabilise the
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target crystal; whilst sufficiently restricting inter-trimer dihedral angles (in order to suppress

competing structures); and efficiently assembling trigonal units (so as to avoid kinetic traps).

The two particle designs established here are both synthetically reasonable [43, 63], and we

anticipate these results to drive any synthetic advancements required for the cost-effective

and scalable fabrication of chiral 3D photonic crystals, which operate in the visible region.

The extensive Monte Carlo simulations performed here demonstrate a wide parameter space

for the enantiomorphic crystallisation of single colloidal gyroid, and it is established that

an appropriate selection of target patch parameters yields an impressive tolerance for patch

dispersity in both coverage and orientation. This is critical for the prospect of experimental

realisation, since some degree of imprecision and polydispersity is inevitable.

Having demonstrated routes to enantiomorphic single colloidal gyroid, Chapter 6

explores routes to double colloidal gyroid using the rectangular patchy system. It is demon-

strated that a racemic mixture of the chiral single gyroid forming building blocks can stabilise

a double colloidal gyroid crystal. However, this simple racemic mixture alone is insufficient

to self-assemble said crystal (within the length of the trajectories simulated) due to the en-

tropy cost associated with de-mixing the particles. Two modifications to the interactions

are proposed, in order to provide a driving-force for the de-mixing of particles of opposite

handedness, and both are shown to result in the self-assembly of a double colloidal gyroid

crystal in silico. The first modification involves a racemic mixture in which the interac-

tions between particles of opposing chirality are “switched off”. Experimentally this can be

achieved via the use of DNA-mediated interactions with appropriate DNA sequences [117].

The alternative system proceeds via a hierarchical self-assembly approach [76, 82, 85], in

which patches belonging to particles of one chirality interact more strongly than patches on

particles of the opposing chirality, breaking the assembly down into two stages. These two

systems require further investigation in order to ascertain the critical amount of bias to-

wards de-mixing required to result in double colloidal gyroid crystallisation, i.e., how much

111



Summary and Outlook

residual mixed interactions, and what ratio of patch strength hierarchy, fails to result in

crystallisation?

Finally, particles with two trimer-forming circular patches dispersed within a template

single gyroid crystal, are shown to self-assemble into a single colloidal gyroid crystal of

opposing handedness to the template. This is in contrast to the self-assembly of the same

particles in absence of the template crystal, which are shown to form kagome planes in

Chapter 3. This templated formation of a single colloidal gyroid crystal, from simpler patchy

particles with an achiral patch arrangement has potential applications in the fabrication of

single colloidal gyroid crystals. The chiral particles required for self-assembly in absence of a

template are much more challenging to synthesise than the relatively simplistic particles with

circular patches [64], therefore a possible method of scaling-up and reducing the cost of single

colloidal gyroid fabrication is to first synthesise a batch of chiral patchy particles capable of

self-assembling into single colloidal gyroid. This crystal can then template the self-assembly

of a single gyroid crystal of opposing chirality from achiral circular patchy particles. The

disassembly and recovery of the template crystal then essentially results in only one batch

of chiral particles being required for the self-assembly of single colloidal gyroid crystals. A

possible method of releasing the templated crystal is to introduce labile linker functionality

into the patch coatings of the chiral particles, such that the coatings can selectively be

chemically or photochemically cleaved resulting in disassembly.
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