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PREFACE

There is a strikingly bad connection between matrix algebra as it
is being presented in most textbooks and the vast complex of
multidimensional problems, which characterises so much of modern
econometrics,

To undergraduate students of econometrics, matrix algebra, there-
fore, seems to be all but an operational device.

An excellent book like Hadley's Llinear Algebra, which is widely
used by students of econometrics, suffers severely from a lack
of applicability to econometric problems, It is primarily the
absence of differential calculus, which causes the lack of
applicability. Differential calculus can-be fruitfully applied
to (differentiable) scalar functions of matrices. It can also be
applied to matrix functions of matrices, in problems involvirg
Jacobians of transformations, marginal impacts of changes in
instruments, asymptotic variances of reduced-form coefficient
estimates, etc.

The absence or inadequate treatment of the Kronecker matrix
product is also a case in point. Matrix sequences and series,
convergence of series, don't receive the attentlon they deserve.
Some modern econometric textbooks like Goldberger's Econometric

Theory or Johnston's Econometric Methods try to build a bridge

between matrix theory and econometric problems by providing
some elements of operational algebra. In a book like Anderson's
An Introduction to Multivariate Statistical Analysis even more

can be found,

The fascinating compactness of matrix notation is not made use
of thoroughly. Far too often one starts with a matrix expression,
breaks it down into elememts, transforms these and assembles

the results finally again into a matrix expression!

Bodewig in his Matrix Calculus has made some very laudable

contributions to making matrix algebra operational. He applies
differential calculus and treats matrices as matrices. Un-
fortunately, he felt compelled to revolutionize matrix notation
far too much, so that many of his results are hidden. The
present author owes a lot to Bodewig!

It is the purpose of this little booklet to collect some useful
results in the fields mentioned above, to supplement them and
to present the whole in a coherent way. It should be read in
conjunction with -a book like Hadley's or the matrix algebra
part of Allen's Mathematical Economics.

As has been implicitly stated already, this little book is meant
for undergraduate students of econometrics. It is not

"mathematical™, but written in a pedestrian way. . - .7
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INTRODUCTION
Although this booklet is meant to be read in conjunction with a

book like Hadley's, it turned out to be indispensable to produce
the basic definitions, notations, operations and results.
Referencing e.g. in proofs would have become hopeless, other—
wise.

In the first chapter the reader will find very basic things.
Given the operational character of this booklet, vectors will
not receive different treatment from matrices. One not too con-
ventional thing is the Kronecker matrix product and another is
the >vec notation,

A collection of examples and exercises round off this chapter.
In the second chapter the reader will find a summary exposition
on characteristic equations, vectors and roots; diagonalisation
of matrices; quadratic forms and rank. Alsoc here a collection of
examples and eXercises will close the chapter.

The third chapter contains definitions of matrix sequences and
series., There is also some information on upperbounds. A very
short section on stochastic convergence concludes the main part
of the chapter.

Purposely, the amount of proofs has been minimized. Most proofs
can be found in the books mentioned in references. A combination
of examples and exercises is added.

In the fourth chapter the reader will find an exposition on the
application of differential calculus to matrices. Firstly, basic

definition and notation will be given. The author is aware of
I f
2G%
for the matrix of second order partial derivatives of a scalar

function f with respect to the elements 85 i3 of thS matrix G. It

might be better to use sz V f might be used for 5, then.

Then follow some exp051tlons on the derivatives matrix of matrix
functions. The notation.%%%gégégl will be introduced there.

The theorems developed there and before will be applied to some

scalar functions; Jacobians will also be examined.

the fact that some notations.are open to criticism, like =%

Optimization and approximation and a fair selection of problems
from current econometric literature conclude the expository

part of the fourth chapter,after a sequel on the generalized inverse.
A long list of examples and exXercises, which might seem boring,
closes chapter and book.
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1l.1. Matrices and vectors; basic definitions and notations

Given the purely operational approach of this book, matrices
will be defined in the following way:

A matrix is an array of scalars, 8, Say, arranged as follows:

J
a“ e e 806 a‘n
. .
. .
o8 0 a
am\ ‘* “mn

(aij can be any ordinary number, but also a varisble x, and even
a function of it, say log x.)

The matrix written here has mxn elements, srranged in m rows and
n columns.

If m =1, the matrix reduces to (8 eeeee aln)’
If n =!', the matrix reduces to [a,
8my
If bothm =| and n =Y , the matrix reduces to(é") or,

equivalently,to 8y e

An array like (a,...... ain) is called a row vector, an array
like [a, is called a column vector,

 esnes

mj
It is seen that a scalar is a special case of a matrix.
If the matrix has as many rows as columns (m = n ), it is called
square. If m # n, it is called rectangular
The convenience of matrix notation is that one dispenses with the
constituent elemrents in many cases. Differential and difference
calculus can be applied to them. v
Matrices will be denoted by capital letters. It is a useful
convention to use corresponding capital and lower case letters
for the matrix and its elements.

8|| o o ¢ 0 @9 a‘n
So . . will be denoted by A.
am| > 92 8 08 amn

Vectors will be denoted by lower case letters. A correspondence
between elements and letter used to denote the vector is
conventional here, too.

A row vector like (b' cevee bn) will be denoted by b'. A column
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vector like will be denoted by c.

Q) sesve (O

n

Useful, but not necessarily from a mathematical viewpoint, is
the use of the prime ' in denoting a row vector.

Clearly, A can be visualized as an array of m row vectors, or as
an array of n column vectors. The following notation will be
frequently used in this book:

A; , the i™" row of A,
1 4
Aﬁ s The jth column of A.

In the example case there are m constituent row vectors:
A' y eeeesyd and n condfituent column vectors: A [2ereoes A

.n
Obviously A can be expressed in its constituent (row or column)
vectors,

=4
-t

Therefore A =

= [A.|..... A.q]

Instead of in elements, A is expressed in vectors, A further
step is to express A in constituent.matrices. (This will be done
in the section on partitioning 1.3.)

In certain cases it will be impossible to retain the labelling
convention connecting matrix and elements. E.g. in the case of a
matrix product AB -~ to be defined in section 1.2 -. There the
notation (AB);; will be used to denote the 1% element of AB.
In some cases, instead of aij the notation (A)ij will be used,

b.....
2

1.2. Operations

Given the definitions it is desirable to have rules for operation
with matrices. Certain rules have been defined in the past,
others have been added recently. It should be borne in mind that
all rules for operations are determined by the nature of the
problem to be attacked.

It is necessary firstly to define identity.

Identity. Two matrices, A and B, are identical if all their
corresponding elements*aij
Addition.Two matrices, A and B, both having m rows and n columns,
<} being of order(m,n» are added by adding corresponding elements.
One cannot add matrices of different orders. They have to be
conformable as to addition.

Addition is commutative: A + B = B + A, (1)

and bij are identical.

because aij + bij = bij + aij‘
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Addition is associative: (A + B) + C = A + (B + C) (2)

because (a i + bij) + Cij = aij + (bij + cij)

Note: There is no need to define subtraction separately. Sub-
traction of B from A amounts to finding C such that
C +B=A.

Multiplication

There are two multiplication procedures: ordinary multiplication
(in brief: multiplication) and Kronecker multiplication

(Ordinary) multiplication., Two matrices A and B, A having order
(m n) sB having order (n,p) oif multiplied in this order,
give a matrix AB, such that (AB),

i zfalk kj*
A is called the premultiplier. B is the postmultiplier.
From this it eppears that multiplication is possible if
and only if the premultiplier has as many columns as the
postmultiplier has rows.
In the pattern of multiplication AB, A and B are
conformable as to multlpllcatlon.

Note: In this case BA does not exist, because B has p columns,
whereas A has m rows (and we assume p # m),

Multiplication is in general noncommutative '): KB £ BA  (3)
because Zaikbkj # zbikakj'

If AB = BA, A and B are called permutable.

Multiplication is associative: (AB)C = A(BC) (4)
Proofslet A, B and C have orders (d ,e) ,(e.,f) and (f,g) respe ctively,
The mo'Z element of AB: (AB) =2ramibio

The mpth element of (AB)C is then.

{(AB)C}mp -f{zaml ioS op ?aml io%op
s

th

The np’~ element of BC is: (BC)np =2b

ns®sp
'So the mpth element of A(BC) is:

n S ns oi
QA(BC)SHl §émm anscsp3 = ziamnbnscsp = ?’amibiocop

The summation index n has been replaced by i, the
summation index s has been replaced by o. This was
legitimate, because both n and i assume values [, so00y €
and both s and o assume values i, ...., f.

Multiplication is left distributive: A(B+C) = AB + AC (5)
and right distributive: (D+E)F = DF + EF ( 6)
because {A(B+C) - 5 (bsq ) =
ho = 5 oy (by0 + c4y) =

') Here as in future cases we assume that the matrices concerned
are conformable as to multiplication.
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i i -
Eaml 10 *2 aml io (AB) + (AC) os and |

i
{(D + E)F}mo 'f(dml +t e i)flo del io +é‘emifio =
= (DF)mO + (EF)mo

Kronecker multiplication, Two matrices, A and B, A having order
Qn,n) ,B having order (p,q) , if multiplied give a matrix
~a‘\B L BN B a B

tn
A®B = ,oforder(mxp,nxq)
am\B amnB

It is clear that Kronecker multiplication is always possible.

Kronecker multiplication is in general noncommutative:
A®B#B3sA (#)
because e.g. (A ® B);, = a;;Pq, # byq81p = (BEA)L2 o)

Kronecker multiplication is associative

(A®B)88C=423(B=®C) (&)
Proof: a“ b“C see a“bw‘c sosre a|Sb“ C co e ‘sb‘ C
a“bm‘O eee 8, b C ..... aisb C aee alsb C
(ABR)®BC = :
at‘b”C °e atlme semee Bygby C el atsb,nc
atibm|o LN at\bmnc e 8 500 atsbm‘c L N atsbmnc/
b.‘C e o 00 0 b‘no
and AB(BBC) = A® : . =
meC e o0 o9 bmnC
8, by C .coayb Cocene alsb” C eco @ b'nC\
a“bm‘C ces 8 b Coeaies a‘sbm'C eee 8 g0 0
at‘b"c L ) at|b'nc XXX atsb“C L ) atsb‘no
a.b bm\c X atlbmnc ese s e atSb C oo O atsb C

A and B having orders (t,s)and (m,n) respectively.
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Kronecker multiplication is left distributive:

A®s (B+C)=ABB+A»C (9)

and right distributive:

(D+E)38 F=Dgs F+E3BF (99
Proof: (for left distributivity only):

A® (B+C) = fa (B+0C) ..... alS(B + C)

at‘(B +C) vevee ats(B + C)

C cevee 2 C

a
1S

£

-~
—

‘B...'.alSB
=AB®B+ABC

L]
te e
segve
4
e® e S om

atlB R atSB C ces oo at

O]
ct

\ S

The following useful theorem can also be proved:
(4, ® B )(Az 8 By) ..o (A, ®B ) = (A4 ... 4 ) s (BB ... B)

if A\Az ... A and BB, ... B, are defined. (1o)

Proof: (A ® B)(C ® D) =

a B looo.a B C

' g

cope e
00 -
6000 mm

ale ces oo ang C..D ceeas cng

J J
Zatjcj 'tBD coone EaljcjkBD
= (AC) & (BD),

|
LGN B )

J J
zafjcthD sesee Eafj

Q *sese

jkBD
J J
Zalg'cjiﬂ..... a‘_jcjk
because AC =

J J
zafjcj‘_O o e 00 .Zafjcjk
This proves the theorem.

Notes:

1. A special case of Kronecker multiplication is:

aa L N B AN aa

4] 1S

a ® A =

L]
L]
LJ
. .

aat' o e 0 09 aats

where a is a scalar,
Instead of o ® A one usually writes ab
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2. Both multiplication procedures can be applied to vectors ss
well, Clearly b ® ¢c' = bc!, b ahd ¢ being column vectors,
The following operations are useful:

(b'e)? = b',cec'.b

b.c'Ad

b'Ac = T a..b.cC.

b'Ab = Sa,.b.b.

A and b, ¢, d are a matrix and column vectors of appropriate
order.

3. (Ordinary) multiplication of a matrix A - of order(m,q)- and
a matrix B - of order(p,;)- can be expressed as multiplication
of constituent row vectors of A and column vectors of B:

A \. A .B.'...’A B

ol. ’ -" o.. .p
A=t ByeeeBp) = :
Am. Am.B.|"' Am.B_p
4, A useful notation is:
A
I“
vec A = . , if A has n columns,
A.n
Transposition

Transposition of matrix A - of crder(m,n)— is identical with
writing down the matrix B - of order(n,m) - such that b, . = 8y
B is denoted by A! (read: A transpose). It is clear now why
row vectors are denoted by a prime.
The following properties of transposition are important:

1. (A + B)' = A' + B! ()

Proof: The ijth element of A + B is (A + B)ij = a + by

iJ J°

Transposition of A + B means giving (A + B)ij the jith

position in the new array.
The jith element of A' is aij’

the jith element of B' is bij‘

S50 the transposed ijth element of A + B is eyual to the
sum of the transposed ijth elements of A and B.

2. (AB)' = B'A! (12)

k
Proof: The ijth element of AB =Zaikbkj will occupy the jith

position in (AB)'. The ji'" element of B'A' is (B'A')j;
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k k . ,
=Z(B')jk(A')ki ’E'bkjaik' S0 the transposed ijth element of AB

th

is equal to the ji element of B'A!

5. (A

B)' = A' ® B! (i3)
Proof: (A & B)! :

a‘|B ce o a‘nB ! =

H

{

. .
o .
3

L K B
amlB ®mn

®
= (ia“ B! ... am‘B' = A' » B!

|

4, (A")' = A (14)

1.3, Partitioning

Multiplication of matrices can be sensibly simplified by using
partitioning procedures. We can subdivide & matrix A - of order
(@,) ~ into.s x t submatrices Aj; of order(mi, n)

J d
(i = ‘... S; j = ‘ ' t)
A" o ® &0 A‘t
S0 A = . .
AS\ *> 60 09 Ast
The submatrices A, ; have m; TOWS, and nj columns.
5 :

J
Clearly, 2m; = m, Sn; =n

Take now a matrix B of order(n,p) , S0 that AB exists.
Partition B as far as its rows are concerned in the same way as
A has been partitioned with respect to its columns.
C = AB 1s then a partiiioned matrix, whose submatrices Cil are
sums of products of submatrices Aij and lez
J
Ci1 =28;:358451

This result is easily verified; the multiplication process is
simply split up into its constituents. ,

If the partitioning has been done according to the above given
rule, the submatrices can be handled as scalar elements in the
multiplication process,

In section 1.2 it was shown that A can be written as (A.'... A.n)’

and that B can be written as /B

This is clearly a form of partitioning.
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Applying the rules of partitioned multiplication, one gets:

B
le i
AB = (A.. e A.n) : z .l l.
Bn.

1.4, Special matrices

The unity matrix

The square matrix 1 0 ¢¢00.0 of order n, to be denoted
01 0...:
: 0 ..ol
R
0 ....0 1

by In has the property that any matrix A of order(ﬁ,m) , if pre~
multiplied by In is reproduced: InA = A,

Any matrix B of order(p,@, if postmultiplied by In’ is reproduced:
BIn = B.

Also InC = CIn, if C is square of order n.

It is a convention to delete the subscript n, if the order of I
is clear from the context.

The null matrix

The matrix of order(m,rgconsisting of zero elements only,

O e o0 O

O...0

to be denoted by O, is called null matrix. It has the following
properties:

]

A+ 0=04+4
AQO = 0OA

A
O (orders of O as appropriate)

Diagonal matrices

Any square matrix D of order n having elements dii # o, and all

dij = 0 (14 = [ «ee n) 1s called diagonal.

Idempotent matrices

A (square) matrix A, such that AA = A, is called idempotent. (We
may write this as A® = A, where A® is shorthand notation for AA.
In general 4 ... A (n times) = A" )

Nilpotent matrices

A (square) matrix A, such that — for some integer nyl — A" = 0,
with A" % O, is called nilpotent.



Symmetric matrices

A (square) matrix such that A' = A is called symmetric. It is
obvious, but useful to know that A + A' is symmetric.

Skew-symmetric matrices

A (square) matrix such that A' = -A is called skew-sSymmetric.
The diagonal elements are zero.

Proof: (A)ii N (—A')ii by definition
oAy = -(A%)yy
Also (A);; = (A")g4

80 -(A')ii = (A')ii, which implies‘(A')ii = o.

1.5, Determinant

To & square matrix A there corresponds a scalar function tA‘,
called "determinant of A", If A is of order n, [A| is called a
determinant of order n.

It is convernent to define the determinant of an nth order matrix
in a recursive way: |

Forn=1, | = | =a

Forn = 2, |Al = |a, a‘g\ = 8, 832 ~ 83 8

8z, 822

For n;72, the determinant can be defined in terms of determinants
of (n-l)th order submatrices, in the following way:
First define the minor mij of the element a%ﬂ in the matrix A of
order n; it is the determinant of the (n-i{)“" order submatrix of
A, obtained by deleting the i®® row and % column.

Then define the cofactor Cij of the same element a,.:

14
i+
Cij = (=1) mij

K ,
Finally {a| =3, c,, for any i (L = I, .... n).
It is intultively clear that also

i
[A) = 2 84,0, for any k (k = |y oose n).

(This proposition is equivalent with {A'\ = |a\. It will be

proved in section 1.8.)

Determinants have, i.a., the following properties: ')

1. The determinant does not change if a multiple of one row is

added to anether row of a matrix. (1s)

Proof: Using the recursive definition and choosing as row of
reference any row other than the two mentioned, one gets
eventually for the determinant of the amended matrix a

') Instead of "row" one can read "column" as well.,
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. . . nd .
linear combination of 2 order minors:

la + ad Db + ae a +ad ¢ + af
d e , d hif and so on.
The se are equal to a b ’ a ¢ and so on.
d e d f

An identical linear combination of these minors is the
determinant of the original matrix,

2., The sum of the determinants of two matrices that differ only
in the m°> row, is equal to the determinant of the matrix whose
rows are identical with those of the original matrices except
for the mth row: this is equal to the sum of the mo rows of the
original matrices. (16)
Proof: Using the recursive definition and choosing as row of
reference any but the mth row, one can write the deter-
minant of the compound matrix as a linear combination of

minors like

a+c b+ d\ a b ¢ 4
e f \5le f£|Tle £
This proves the theorem.
5. If one row of a matrix A is multiplied by a scalar ¢, say,
the determinant of the amended matrix is equal to a || . (3

Proof: Expansion according to the multiplied row will show it.

4, If two rows of a matrix A are interchanged, the determinant
of the resulting matrix is equal to —‘A\. (i18)
Proof: Let the rows be A; and Aj ‘

A
Then A = | @
A.
nJ.
Ai. Al. - Aj. Al.-Aj.
Clearly : =-{a =] : =1 =
- - A, -(h. —A
Aj. %J. l %3. ( i. J.)
i 4. %i.‘Aa.‘Ai. ;. A5
~A;. Ay, Ry, A,

This proves the theorem.



’ such that

Proof: Let A = [ A
Ap.
rgl
A = a. A
n. i=‘ i i.
A A
.'. M ’.
Then ‘A‘ =1 A, =| o
n-t _
| Jahs | A

+ 0 +

b

B> oes o

n—{ .

N=—\ An"' .



A
o'. %l-
=0 Ay | e 0y An-t. = %
Ap,y. | A,
using (16) and ((3}).
8. (AB\ = lA\ . |B|, if A and B are square, ’ (22)
The proof will be given in section 1.8,
9. larl = {4} (23)

‘This proof will also be given in section 1.8,

10.|a s B| = |a|® . |B|®, <))
where A has order (m,m)
and B has order (n,n)
The proof will be given in chapter 2, section 1.

11, laBl = o®|B| where B has order (n,n) 24)
Proof: Put A = a in (211).
1.6. Trace

A second scalar function sssociated with a square matrix A is
the trace of A, tr A, whbse formal definition is:

i
tr A =38,
Some theorems on traces cen be discovered easily.

1. tr (A + B) = tr A + tr B. (25%)
The proof is obvious.

2. tT AB = tT BA ik (26)
Proof: tr AB = F(AB),; = Eaikbki
J Jl ik
tr BA -—-2‘(BA)jj = “bjlalj = Zaikbki = tr AB
The summation index j has been replaced by k, the index
1 has been replaced by i. This is permitted because

pairwise they have the same range.

3. tr A' = tr A i 2P
Proof: tr A' = %‘(A')ii ’Zaii = tr A

4, tr (A ® B) = (tr A) . (tT B), where A and B are square.') (248)

') Note that A ® B can be square, even if A and B are not.
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Proof: al'B ceoses ainB
ILet A ® B = : .

3 -

IB ¢ 0o 000 a B

al’l nn

So tr (A ® B) = tr g, B+ ...+ tr a B =
= (8, + ... +8 ) trB = (trA) . (tr B)

5. tr AB = (vec A')'(vec B) (29)

5 i
where vec B =

Oleee

o1
Proof: tr AB =FA, B , -

]
]

B
(A, eee ) B ={(A.”>, (A'.m)j

tdees to

]

(vec A')'(vec B).

1,7. The adjoint matrix and the inverse matrix
Cramer's rule

The adjoint matrix and the inverse matrix

If one substitutes for each element aij of a (square) matrix A
its cofactor Cij’ one constructs a matrix’K whose transpose

2’ is called the adjoint of A.

i Cl‘ ® 9000 C

~ nj
So A =

[e XN
.
.
(]
.
-
[¢]

Clearly AK' = AA
using (20),
-1 /

~‘
Define then: A = 15 A

i

\&| I, according to the definition of |A] and

t !

One easily sees then: A”'a - TAT AA=T1

-1 ' ~!
AA =-W-M =1
A—| is called the inverse of A,If A-' contains infinite elements,
owing to \A\ = 0, A will be said to have no inverse, or to be

singular.

Properties of A~

1. Uniqueness. There is no other matrix, B say, such that AB = I.

There is no other matrix, C say, such that CA = I. (30)
Proof: A™' = A7'T = A7'AB = IB = B and
AT =1a7 = cma = oI =G

AB and CA have been substituted for I.

i



c“ LI Y Y ) cn'

=TT

ssvss C
in nn

() veo

-1\ -l
cy B cosee cn.B

t
- 1A} . - —
C‘n * e 90 cnn

Subsequentlj, (A B B)(A“'l | B-’) =

-\ -1
' ?“Bcoccc a‘nB C“B e 000 Cn(B
- TAU | @ : s S
a,,B «cs.. annB CunB cssce cnnB
u (A T 1
‘l ‘.\A(I ..I

This proves the the orem.

Note: As usual - cij stands for the cofactor of a;

3

J
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These matrices can be generalized for order n. We define

the unity occupying the ij°" position. Clearly E; A = B, such

that Bi = Aj and all other rows of B zero.
Then aEij + I (1 # J) represents the first elementary row

operation: the addition of a times the j'2 row to the i row;

(a—l)ﬁii+1 represents the second elementary row operation: the
nmultiplication of the 108 row by o

Eig + Byg — Byy - By

operation: the interchange of ith and jth TOWS,
The determinants of these matrices, which represent these three
elementary row operations, are: |, B and -I.

+ I represents the third elementary row

Elementary column operations and associated matrices can be
developed accordingly. (There is'§ifference in appearance
between "row~transformation”" matrices and "column-transformation"
matrices.)

Clearly AE;; = C, such that C ;=4 ; end all other columns of

C zero, The above given matrices, if used as postmultipliers,

will add a times the 12 cotlumn to the jth column, multiply the

ith column by o, interchange ith and jth columns, respectively,
These matrices can also be applied to rectangular matrices of
appropriate order. They have the same effect.

It is easy to see that any square matrix A, whose rows are

linearly independent (that means: no row is a linear combination
of other rows), can be reduced to a diagonal matrix by a finite
sequence of elementary row operations of the first kind. In

other words, A can be made diagonal by repeated premultiplication
by transformation matrices of the first kind, to be denoted by
Ei; Em E

mey * ¢+ ByA = L, where L is a diagonal matrix, the

subscripts are labelling indexes.
A can be "diagonalised" as well by a finite sequence of
elementary column operations, which can be represented by trans-

formation matrices Fj; AFy «eveo B _F =K, K again diagonal.
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If the rows of A are not linearly indeperndent, a finite !
combination of elementary row and column operations will

diagonalise A: Em eeeee BJAF, Lon.s Fn = M, M being diagonal. M

will contain some zero diagonal elements.

It follows easily that any nonsingular matrix (a matrix having
non-zero determinant) can be reduced to a unity matrix of the
same order, by a finite sequence of elementary row operations
of first and second kind. (A nonsingular matrix has linearly
independent rows, because a matrix with linearly dependent rows
is singular.)

This provides us with a straightforwerd inversion procedure. If
the same sequence of elementary row operations is performed on
the unity matrix, this will give the inverse:

If BA = I, where B is the condensed transformation matrix in-
corporating the elementary row operations of the first and
second Find, and A is the matrix that has to be inverted, then
Bl = A .

The reader is now in a position to prove theorems (22) and (23).

Proof of theorem () _
i
[l = |marl = |- Mo,

where A has order p,

where B stands for a product of transformation matrices,
each of which represents an elementsry row
operation of tle first kind,

where F stands for a product of transformation matrices,
each of which represents an elementary column
operation of the first kind

and L is a diagonal matrlx with p diagonal elements «a. 19

hav1ng determlnantTTal

Clearly AB = AFF 'B, .
so |aB| = |aFF'B| - |EAFF'B| = 3B = | % (U B),
N
. . ap( Blo
— |
= (“ai)‘F B\ = (“ai)\B\ = ‘A\'n \Bl,
which proves the theorem.
Use has been made of the fact that elementary row operations(fmkﬂﬁ)
don't affect the determinant and that multiplication of a row by
a scalar ay results in multiplying the determinant by a . Clearly,

F~' can be interpreted as a transformation matrix representing
an elementary row operation.
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o

Proof of theorem (23):

Let BAF = L, )
Then {al = |BAF| = |z] = Moy
Also, F'A'E' = L, i
and (a1 = |FarE) = [zl = Ooy
This proves the theoren,
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1.9, Examples and exercises

1.

7.

8.

9.

Prove that a matrix A postmultiplied by a column vector b
results in a column vector. Express the elements (Ab)i in the
elements of A and b,

Prove that a matrix A premultiplied by a row vector c!

results in a row vector. Express the elements of ¢'A in the
elements of A and c'.

-Prove that & row vector &' postmultiplied by a column vector

b results in a scalsar.

Prove that a row vector a' premultiplied by a column vector
¢ results in a matrix, (}et a' have order'ﬁ,n)and ¢ have
order (m,| ))

Prove that (ordinary) multiplication and Kronecker multi-
plication are identical in =~ case 4 and not in case 3:
a'' 8 b # a'd
c ®a'= ca'

The product CD for

5 2 o0 o 1l -2 o o
2 1 o o =2 5 o o
C=106 0 8 3 end D=1, , 2_3
o o 5 2 0 o -5 8
can easily be determined by partitioned multiplication.
5 2. 1 <2 :
: O : 0
2 1°: -2 53
CD" o-vu-:.o-o -aooaou: s0e " =
o 8 3 o 2
5 2 =5 8
5 2\/1 =2\ . .
2 ifle s/ ¢ 0. I : 0
: ©oI

267 e

. . n .
Find an expression for A™, if

Find the equations for

A % A2

82 B

to be idempotent.

Find the easiest’ equations for
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b, D

B= 21 4o be nilpotent.
Doy byo
If A = 1 2 3\ , find tr A.
4 5 6
1 3 9

Also find tr (A ® 4).
Find ‘A‘ and \A B A| for the previous A.

Prove: x'y = tr yx',
X and y being column vectors.
Use: a = tr a in case a is a scalar.

Prove: BAA' = CAA' implies BA = CA,
B and C are (n,m) matrices, A is of order(m,l) (m>1)
Hint: Construct (BAA' - CAA')(B-C)!

Let A be a symmetric matriz, and B a skew-symmetric one, both
- of arder m. Prove then that AB = BA implies that AB is skew-
symmetric. '

Prove that skew-symmetric matrices of odd order have zero
determinants,

Solve the equation system

1 2 3 X, 1
3 1 4 X5 | = 2
4 2 1 x3 3

applying Cramer's rule,

Prove: tr AEij = aji‘

Prove: B = 0, if j # k.

b 5Bk E; By = Byq-
Prove: ‘“Eij + I\ = , if 1 # j.
Prove: ‘(a")Eii + I': ®e

Show that AB = O implies
1, A=0o0orB=20
or 2. |al = |B} = o

Determine the inverse of

A o}

(b' ') by using partitioned multiplication. Here o is a
column vector of zeros.
Invert A = 1 2 3\ by elementary row operations.

4 5 6
1 3 9
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2.1 The characteristic equation, roots and vectors, '

For a square matrix A one can construct the sets of equations:
Au = ®%u and W'A = nw’,

where u is a column vector,

w' is a row vector,

% is a scalar,

u, w' and ® are unknowns.

We want to solve these equations, excluding the trivial solutions
where u = o, w!' = o,

Thus the soluthons are restricted to the case in which u # o,

w' £ o. )

Au = nu can be written as (A-nI)u=o0, A solution u = o is
possible if (A-HI)" exists, s0 & necessary condition for a solution
u # o is that (A-RI)-‘ does not exist. This implies 'A-uI. =0.
Linear independence of columns of A-RI implies ‘A-EI‘ # 0, SO

a sufficient condition for linear dependence of columns of

A-iI is |A-xI| = o. |

This amounts to solving the determinant equation

la-nt| = o,

also called the characteristic equation of A.
(w'A = nw' gives rise to the same conclusion,)

The equation.lA—nI| = 0 1s an equation in ® of the same order
as A. If A has order (n,n),the equation has n solutions for n :
Tygeacsoey T, SOme of which may be multiple.

To each Ty there corresponds a pair of row and column vectors
wi' and uy (pp to a proportionality coefficients if

wi'A = niwi' , then also (awi)'A = ni(awi)").

iy is called a characteristic oot of A,
wi'is called a characteristic row vector of A,

uy is called a characteristic column vector of A,

The determinant equation ‘A—ﬂI‘ = 0 can be written as
(-m)? + cn_'(-n)n"'+ cee + ¢ (=%) +c =0

or in terms of the n solutions as

@y =1) (fip=1) s.ue (2 =%) = 0

From the second expression we deduce:
Cp-y = Z *3

o <

e
o] i

These results are obvious.

If we put ©# = o, we get [A[f= Coe
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L]

12
It is easy to see that c (-2)?*is part of{](aii-n) only,
on expanding.‘A—nII.

This part isZ( aii)(-ﬂ)n"= (tr A)(—n)n", so tr A = Choy*

n-i

Combining the results, . one gets:

1. Zm, = trA (35)
2, Muy = || (36)
Some more properties of characteristic roots and vectors are
easily established.

5. Characteristic row and column vectors corresponding to
different characteristic roots, are "orthogonal™: their (37)

scalar product is zero,

Proof: Auy = ®su; and wj'A = ujwj' implys
1 = = i '
wj Aui niwj'ui and wj'Au:.L njwj uy
- ! = W, . ! =
So (ni ﬂj)wj u; = o, Because i # na » Wy'uy = o.

4, In case A is symmetric,'characteristic row vectors are (38)
transposed characteristic column vectors,

Proof: Au; = ®m,u, implies u;'A' = wou.t o,

=]o) ui'A = niui' , because A' = A,

5. In case A is symmetric, all characteristic roots are (39)
real.

Proof: Let Auj = “juj s Where uj = aj+ibj ’

(i = T-l,aj and bj being real vectors),
t ~ib.)! +ib.) = ®.(a.-ib.)'(a.+ib.).
hen (aJ i J) A(aJ+1 a) ﬁ.a(aa bJ) <aJ+le)
~ib.)! 4+1ib.) = ! . !
Clearly (aJ i J) A(aa+1ba) 8y AaJ+b‘_j Abj ’
which is real.
Further (aj°ibj)'(aj+ibj) = aj'aj+bj'bj, which is also

real, so nj is real.

6. If A has characteristic column vector aj+ibj , it also (40)
" has characteristic column vector aj-ibj.
Proof: Let characteristic root be

aj+iBj , then.A(aj+ibj) = (aj+iBj)(aj+ibj). (aj,ﬁj real)
From this follows:

Aaj = ajaj - ijj

A(ibj) = aj(lbj) + Bj(laj),

S0 A(aj-ibj) = (aj-iBj)(aj—lbj).

Note: a.-ib, is associated with the complex conjugate
aj-iﬁj- If $j= o (the characteristic root is real),
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both vectors correspond to the same real root'aj.

7. A 8 B has characteristic roots (41)
a‘ ‘ go o ’a‘ Bm, a2B' geoeey GZBm’ o e ,alB" LN 4 ,ale,
if A has characteristic roots a; (i=v...1)
and B has characteristic roots Bj (j=Veoom)
A m B has characteristic column vectors u; @ Xj
and characteristic row vectors y;' ® wj',
if A has characteristic column vectors uy
and characteristic row vectors y;!
and B has characteristic column vectors Xj
and characteristic row vectors wj'.
Proof: According to theorem (io)
(4 = B)(uiu xj) = Au,® ij
Clearly aiBj(ui | xj) = a;uy Bjxj = Au; = ij
Further (yi' ® wj')(A @ B) = yi'A B wj'B =

aiyi' -] ija' = aiBj(yi' -] WJ')

The reader is now in a position to prove theorem (24):
|a =8| = |a| ™ |3|! .
Proof: According to (36) lA B B| =ﬂak,

h”characteristic root of A @ B

L

%, standing for the k'
According to (41)fn =tk @)™ B4) = |al ™5

8. An idempotent matrix has characteristic roots o or \ (42)
Proof: Let A be idempotent

and Aui = @ u;

Pgemultiplicagion by A leads to

A2 = A, SO aguy = aiaui, which gives ai(&-ai)ui = 0,

with uy # 0

From this follows a; = ooOor ay =

9. A nilpotent matrix has characteristic root o only. (43)
Proof: According to the definition of a nilpotent matrix A,

A" = 0, with A" £ 0, for some integer n |

From the characteristic equation Auy = a;u; one gets

i“i
n-—{ _ o~ D={ n. _ n .
A" "u; = ;7 'u; and ATuy = ayuy, which implies

= 0. Because u; # 0, &; = 0.

i i

10. A" nas characteristic roots afl, if A has characteristic

roots o;, n being integer or fractional. (44)
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Proofs For positive integer n one gets the result by repeated
premultiplication of both sides of the characteristic
equation.Aui = ol Say, by A.

Iet n be a negative integer, A" has then characteristic

-n -n
equation A ug = a; uj.

Premultiplication by.An gives: ATA u; = ai-nAnui S0

n n
@y uy = A us

Let n be a fraction, either positive or negative, n = %,
ry o. Let A" have a characteristic root ® and a character-
istic column vector z. Then A"z = wz

Repeated premultiplication by.An (r-itimes) gives:

A%z = uA(r_')nz, using A¥" - nxz, X positive integer,

hence Apz = nrz

p

We know that Ap has characteristic roots a.*, so w’ is one

i
of them, hence ® is one of aip/r= ain.

2.2 Diagonalisation of matrices

1., Matrices having single characteristic roots can be (45)

diagonalised by means of their characteristic row and column

vectors,

Proof: Iet A have n single characteristic roots LIp characteristic
row vectors wi' and characteristic column vectors U, s and

let these vectors be standardised: w,'u, =

1

Then WAU = L,

w, ! a,
With W = : 9 U = (ll' ce e u.n), IJ = .o 9
w_ ! ‘a
n n
because:wi'Aui = aiwi'ui = oy and wj'Aui = aiwj'ui = 0
m m

m being an arbitrary power, integer or fractional.
Proof: wy'u; = and wj'ui = 0 imply WU = I.

According to theorem (22) \WAU‘ = [w|-lal- {u| , .end
according to theorem (36) (A\ =f1ai, also lL‘ =(]ai, S0
[w-lul =1 which implies that bogh W and U have inverses.
Hence W = U™ so UW = I.

Premultiplying WAU by U and postmultiplying by W% leads to
A = ULW and A" = UL™W, for m is positive integer.
Application of theorem (44) leads to the proof for
negative integer and fracticnal n.
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UL™ can be rewritten as -
m

U, e eell a W =
( [l L 4 n) [] . .‘
'.a mjl ¢
!
n Wn
= m ' m ' v\
= (q' u,e ' + ...40 U € ) w, =
]
Wn
m m '
= (a. ul cs 0 an un) Y| =
w t
n L]
m m = m
= w, ' . LI . . !
a‘ U.' i + oo + an lann ?dl ulwi

Use has been made of partitioned multiplication.

e;! = (0 eee | ... 0), the unity occupying the ith

position.

5. Let u, and us be characteristic column vectors, associated
with multiple characteristic root a, the matrix A being
symmetric. Let u, "u, £ O

u, # cu,, ¢ being any scalar.

u,'u
The vectors u, and Vo = Uy = u, . ?' 2 will be orthogonal
u,'a,
characteristic column vectors of A. (47)
Proof: : u"uz
‘u|'v2 = u|'u2 - u"u‘. , = 0
uy 'u,
u, 'u u,'u
AV2 = Aua Land AU.. . ! 2 = aug - au‘ . ! 2 =
ua, 'a a,'u
: (A Wit |

= a [F - u 5 = av
2 ' u, 'u 2

'
Of course x'v2 = 0, for any characteristic column
vector X associated with a different characteristic
root B.

Note 1ls If a has multiplicity 3, say, and associated
characteristic column vectors u,, Uy and Uz, the same
orthogonalisation procedure is applied, in stages:

u,'u
1 2
V2-u2-l1|. .
u,'u,
u|’u3
v‘u_u .
> > ' u,'u,

Valvy
2
Wi o= Vg -V, . __qu
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Uyy Voo and w3 will be orthogonal now. And so on for )
higher multiplicity.

Note 2: The new orthogonal characteristic column vectors plus
the ones, associated with single characteristic roots,
can be used to diagonalise A. (Remember that A is
symmetric,)

4, Cayley-Hamilton theorem

A useful theorem is:
Each matrix satisfies the matrix counterpart of its
characteristic equation. . . (48)

In section 2.1 the characteristic equation was expressed as:
n | D=- )
(-m)" 4 cp (=) e LLL ey (=k) + ¢, =0
The Cayley-Hamilton theorem then asserts:
n n—-i .
(-a) "+ c («0)7'+ ... +c,(-A) +c I =0

Proofs 1. For A having non-repeated characteristic roots, we
have: (-A)" =Z(-—ai)m usws'. (See theorem (46))

ThPs (nA)n + cny‘(-A)n"+ eee + C (=A) + cOI =
=2 [(-'u’.i)n + C

e = O.zuiWi' = O

n=1\
Gﬂi) + cee + c‘(-ni) + cé}u.wi' =

N=i 1

2. For B having repeated characteristic roots, we use
the alternative version of the Cayley-Hamilton theorem:

(n.I—A)(REI—A) cee (nn;-A) = 0, for A having
non-repeated roots.
Taking differences one gets: o
0= (%,I-4) ... (% T-8) + 4 [ (% I-8) ... (& T-8)] =

= [+ o )I-(awt) | ... [(ﬁnmnn)'-(ﬁm)) "

If we split B in A and aA, A having non-repeated
characteristic roots o and B having by definition

repeated characteristic roots Bi = a; +on;, we see that

B satisfies its own characteristic equation.

. 5. Powers of matrices, derived by the Cayley-Hamilton theorem

Sometimes powers of matrices can be computed more easily by
means of the Cayley-Hamilton theorem. Computation of the inverse
is the easiest application., —

') For the application of the difference operator & to matrices
see chapter 4, -
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Premultiplication of

(-8) + e, (-8)"" + L+ e (-A) + e T = 0 by (-A)"" gives:
.A = 'a'o (-A) + Cn_’ (—A) + e b C| I

Fractional powers can sometimes be derived from other fractionsl
powers by meking use of theorem (44): if A satisfies the

t
equation (%, I-A) ... (nnI—A) = 0, then A /m satisfies the

equation (u;ymIqA Vm) cee (nnymI-A Vm) = 0 (m integer).

2.5 Quadratic and bilinear forms.

Cauchy's inequality

Definiteness

Rank

1. Quadratic forms. Definiteness

An expression like f = x'Ax is called a quadratic form. It is

'y
clearly equal to ES Of course A is a square matrix. It

a, .X.X.,
137173
can be assumed to be symmetric. If A is not symmetric, the

quadratic form can be rewritten as follows:

X'AX = $X'AX + FX'AX = 3X'AX + FX'A'X = x";%(A + A‘i}x.

+(A + A') is clearly symmetric,

If f = x'Ax 0 for any x # o, £ and A are called positive
definite.

If £ = x'Ax7 0o for any x # o, £ and A are called semi-positive
definite

If £ = x'Ax <o for any X # o, £ and A are called negative
definite.

If £ = x'Ax <o for any x # o, £ and A are called semi-negative

definite.
As we remember, symmetric matrices can always be diagonalised:
M'AM = L, M being orthogonal, L being diagonal and having the
characteristic rootsfof A as diagonal elements.
Let us define: x = My,
i
then f = y'M'AMy = y'Ly = Z’;’ciy.lz
Clearly A is positive definite if, and only if, all‘mi7<h
A is semi-positive definite if, and only if, all ﬂiz 0,

A is negative definite if, and only if, all n, <o,

A is semi-negative definite if, and only if, @, <o, for all i.
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semi-positive definite, because u'A'Au = (Au)'Auyp o for u £ o.'
So A'A\ = X'X.y'y - (x'y)27/o.

This proves the theoren.

Note: The matrix version is:

(tr P'Q)2$ (tr P'P) (tr Q'w), which can be deduced by

defining: x =/ P C\? y =< (
P.n Q.n

3. A product of quadratic forms, written as one quadratic form

The product“gi of n quadratic forms g, = Xx;'A,X, (i=f{...n)(50)

can be rewritten as

-

n g; = (x,® X8 ... nxn)'(A|EAzx...xAn)(x‘xx2x oo ﬁxn)
Proof: Acoording to theorem (10)
(x‘ﬁxz)'(A'qu)(x‘mxz) = (X|'EX2')(A,“A2)<X,5X2) =
=(xl'Alx‘)n(x2'A2x2? = (g"A‘x').(x2'A2x2)
From this follows: Mg, = h(ximixi) -
= (%8x8 ... 8x )'(A \BA ® ... BA )(X BX8 ... ¥X ).

(The subscript i is a labelling index.)

4, Rank

The rank of a (rectangular) matrix A, r(A) is equal to the
number of rows in the biggest square submatrix of A, which has
non-zero determinant.
There are some important theorems on ranks:
1. r(aB){ min [ r(a), r(B)) (51)
Proof: Let A have order (m,n), let B have order(p,p), let r(A)=s,
r(B) = t, t £ s.
If r(AB)y7 min[r(A),r(B)J , ®B. should have more than t
"linearly independent" column vectors: there shpuld not
exist scalars a, ... ap # o, (kyt), such that a'AB.‘+ .
cee + “kAB.k = 0. But these scalars exist, because

B, B (o +$,B , = 0, given the rank of B,

In case t 78, we would have expressed AB as (A B\ , and

Am.B
‘we would have proved that there exist non-zero scalars
%y oo #y (178), such that n‘A‘.+ ves + WAy = 0, SO
“(A'.B + ee0e + ’ulAl.B = 0O
Note: B oo B k 8re not necessarily the first k column

vectors of B, A, .., A are not necessarily the first
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1l row vectors of A. ~

2. r(A+B)E r(A) +r(B) (52)
Proof: Assume r(A+B) ) r(A)+r(B), and let r(A) = m and r(B) = n,
select then a submatrix of order py m+n, from A+B. Its
determinant can be expressed as a sum of determinants,
heving i rows from 4 and p-i rows from B. (o< i sp)
1t is clear that all these determinants are zero, so the
submatrix of order p from 4+B is singular.
This implies that r(A+B)& r(4a) + r(B).

3. r(AB) = r(A), if B is nonsingular. (53)
Proof: According to theorem (51): r(AB)< »(a).
From A = (AB)B™' follows: r(A) £ r(AB), because B and
B~ have the same rank. (Their determinants are non zZero.,)
Thus r(AB) = r(A), if B is nonsingular.

4. r(asB) = r(a) x r(B) (%)
Proof: According tothe definition

8, B «.0 8, B
A3B-= .

an‘ B LN BN ) ant

Let A have rank s, and B have rank t. We can therefore
select nonsingular submatrices Ay and Bx, of rank s and
t respectively. Clearly AX @ B, is a submatrix cf A ® B.

As Ax is nonsingular and Bx is nonsingular, then Ax ® B,

also is nonsingular, according to theorem (24). Its rank
is then equal to its order: s x t = r(A) x r(B). Clearly
no greater nonsingular submatrix of A ® B can be selected.

5. If thw? quadratic form X'Ax— A has order n —is transformable
into E‘ biyie, such that each by # o, by a nonsingular trans-
formation x = Ty, r(A) = m. (55)

Proof: Clearly T'AT and A have identical ranks. (This follows

from theorem (53)).

Define B = [ b, | , With n-m zero diagonal

wh B -
elementsy o biy12 = y'By = x' T B x

W

x'Ax, so B = T'AT.
r(B)=m, because (b, # 0. So r(A)

.‘bm

m,

I
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2.4 BExamples and Exercises

3 0 0
1. To prove that the mastrix B = o} 4 T3 , with
o ‘Fa 6
characteristic roots oy = a5 = 3, Az = 7, satisfies its
characteristic equation (Cayley-Hamilton theorem).
3 o o
Take A = o] 4 2f5 , with characteristic roots B.: 3,
o) ’FE 6

By = 5+V7, B5 = 5~1V7. & will satisfy its characteristic
equation: (B,I - A)(821 - A)(631 - A) = O.

This implies: [(B, + 08, )1 - (& + AA)] [(82 + AB2)I - (A + uAj X
x [(55 + 0B3)T - (& +88)] = (oI - BY(oyl - B)(asl - B) = 0,

o} o] O
with A = [ © o V3
(o] 0 o}
ABI = 0
AB} = =2 - f?
2. 3 o} o]
Find the inverse of B = | o 4 V3| using the Cayley-

Hamilton ﬁheorem.

According to the theorem:

(31 - B)(3I - B)(71 - B) =0 o

or (=B)® + 13%(-B)2® + 51(=B) + 63(-B) =0
Premultiplication by (—B)_‘ gives:

(~B)2 + 13(=B) + 51(-B)° + 63(-B)~' = 0,
- )
. B ”63[}32"133*511}:
\ 21 0 )
i
-5 1B =33
-373 12

3. To find the expectation of the product of quadratic forms in
the n stochastic variables u; (having a normal distribution
with zero expectation and variance ¢?) : u'Au . u'Bu ')
Clearly E(u'Au)(u'Bu) = BE(u' ® u')(A ® B)(u ® u) = '
= tr(A 8 B) B(ug w(uw B u') = tr(&4 ® B)ECuu') ® (uu').
(uu') ® (uu') consists of n® submatrices u.u. (uu'), where

1d
4 o .
Euiuj(uu') - 6;(Eij +4Eji)g if i # J

') See Nagar (19), p.
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Eij having unity element in the ijth position and zeros every-
where else. (Eu;+ = 3¢§)

i
+ 2Z(E ® E

1107 « 8o E(u'Au)(u’Bu)

i
= <r tr(A ® B){I ® 1 + 12#] E13 ® (Eij + Eji)) + .22'(Eii ® Eiii( =

d‘ tr(A 8 B) + er Z tr{(AE ) B (BElJ)} +<r g tr ‘(AEij)ﬂ(BE,ji)}+

1#3 l#a
+ EG'ETtr(AE ) 8 (BEli) = (tr A)(tr B) +<r 25 a..b.. +&%§?a.

+ EG‘Z;a = dg(tr A)(tr B) + Gﬁ tr AB' + GH tr AB.

ii 11
Without loss of generality we can assume: B' = B, so
E(u'Au)(u'Bu) = ¢ (tT A)(tr B) + 2 ¢© tr AB.

4,I1f A is singular, there exists a scalar g€ # o, such that A + &I
is nonsingular,

Proof: Let again Au = Bu, then (A + €I)u = Au + Eu = (B + &)u
So if A has characteristic roots 8, A + €I has
characteristic roots B + £, If one chooses & # =B,

A + &I is nonsingular,

5.AB and BA have the same characteristic roots, if at least one of
the two matrices is nonsingular, both being square.
Proof: The characteristic equation of AB is:

(AB - 1| = |la - a7 - [4].]B - sa“", assuming

\A\ # 0
The characteristic equation of BA is:
- |ma - k1| - JICERIS s} - [B- ™. [ |
Clearly ‘B - BAT |= o and \B - kA” Lohave the same set of

solutions, so B = k

6.4kB and BA have the same characteristic roots, even if both
matrices are singular.
Proof: Choose ¢, such that A + €I is nonsingular, € in the
neighbourhood of zero,
(A + ¢I)B and B(A + ¢I) will have the same set of
characteristic rocots, then, however near to zero & is.

7.If A is symmetric, there exists a scalar €, such that A + &I is
positive definite.

Proof: Let A have characteristic roots B‘ erece Bn'

Then A + £I will have characteristic roots 8, + & .....
ceen Bn + &, Both A and A + ¢TI will have real roots,

ij
This gives: E(uu') ® (uu') = ¢ {I ® I + ij(EijE(Ei. + Eala +

0L+
i73 Jl Ji i%lelJ
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because they are symmetric. (See theorem (39))
We have to choose € in such a way that Bi + & 7 o for all i.
The choice &7 "Bmin will be the correct choice.

8. Give a lower bound for the rank of A ® B, with
1 1\ 1 2 3
A=11 5 B=1o 4 o2
3 2 1

Applying theorems (54) and (5}), we getb:

(tra)®  (tr B)? 36 36
p(AnB)=r(A)xr(B)7,trAz X tr g = 28 X 5p = 0.89%

This gives: r(A ® B) 7|

In fact r(A ® B) = p(A) x p(B) = 2 x 3% =

This result shows that theorem (5}) is rather weak. It gains
relevance if the diagonal elements (strongly) dominate the
off-diagonal elements in absolute value.

9. To prove that for the characteristic roots B

K=(4 + B)” A where A is semi-positive deflnlte and B is

positive definite: o <8<

Proof: Ku = Bu, u being the characteristic column vector of
K, corresponding to the characteristic root B.
After substitution, premultiplication by A + B and
premultiplication by u', we get:
u'Au = Bu'Au + Bu'Bu
Obviously B can be zero, because A is semi-positive
definite. B cannot be less than zero: ( I~ B)u'du =
= Bu'Bu would have semi-positive left-hand side and
negative right-hand side.
B cannot be equal to onej this would imply u'Bu = o.
B cannot exceed one; this would imply that
()} - B)u'Au = Bu'Bu has semi~negative left-hand sicde
and positive right-hand side.
So og B«

10. Prove that xy' has m -\ zero characteristic roots and one

characteristic root y'x, x and y being column vectors of

order (m,#

Proof: Obviously xXy' has rank 1. It has one non-zero
characteristic root tr xy' = y'x

11, Prove that \I + Xy'\ = |+ y'Xx, x and y being column vectors
of order(m,i
Proof: I + xy' has m -~| characteristic roots! , and one
characteristic root |+ y'x (See ex. 10)
‘I + Xy'l being equal to the product of characteristic
roots, we fird lI + xy\ |+ y'x
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12, Approximate lI + tA‘ .
Answer: lLet A have characteristic roots ay i=|

then I + tA has characteristic roots |+ tay,
i= l..a-.n

® ¢ o 0 n’

: i
lI + tAl H( f+ tas) = 1+ tE?al + terms in t3, ¢
a.s.0, An approx1mat10n to | I + tA\ is then [+ t tr A,
which neglectsterms involving powers of +t.

1%, Simplify ‘A 8l +I ® A‘, A being nonsingular of order n.
Assume {Ml # o. In case Al = o, take & +&€1 , £being non~
zero and not equal to any -« .(a characteristic roots of A.)

BGaD) ' (ABT+Isa) - I+ @'sI)T e =
=1 + A 'E A

Solast+real=|as1) . |1 +a"sa]-
Al L)1+ 27w 4

If A has characteristic roots Ay eoee O then
1+ 27'® A has characteristic roots-

o
l""a—]:' (i,j = l se s 0 1’1)
J
sofr +a'wal - 274, n (a +a) 1, =f...n
, 1#J
For n = 2, we have |A 81 + I ® 4] = 4|A| (tr 2)2

Forn =3, we have |A® I + I ® A} =
8/9 |4l {(tr A)® — tr 48}2

14. Show that |4 8 I + I ®A'| =(A 31 +1 32

15. Diagonalise 3 o] o)
A = O 4‘r3
o) 'f} )

A has characteristic roots B, = B, = 3, 53 = 7, Characteristic

column vectors corresponding to root 3 satisfy the equation

X
(o 1 V3 (5] =0
Z
Non-orthogonal soluticns are
1
u, = -3'3\ and v, = -3 ; u, end u, =
—\ % B
/v, t :
=V, - . = o| are orthogonal, of standardised
{ Q'
. I o
length.

Characteristic column vectors corresponding to root 7,

-7 o o *
satisfy the eguation o -3 V3 y] =0
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20.
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Necessary for statistical independence of stochastic

variables X5 and Xj is: EXin = (EXi).(EXj)

Using the results of ex. % prove that necessary for
statistical independence of u'Au . u'Bu (the uy having a

normal distribution with zero expectation and variance ¢?)
iss tr AB = o

Prove that a (real) symmetric matrix of order 2 has no
multiple roots.
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3.1, Matrix seguences and series

In complete analogy with their scalar counterparts we can

define matrix sequences and series. (Of course also vector
sequences and series can be defined. We will not mention them
separately.) ')

If to each positive integer n (n = 1,2,3, .....) there corresponds
a matrix Sn of order(p,q}, then the set {Sn} of matrices

Sy s Sg9 Sgy eees Sn is called a matrix sequence.

A matrix sequence {Snl’ is said to be bounded if real finite
constants kij exist such that '(Sn)i,j| Skij for every positive
integer n.

If no such constants exist, the sequence is unbounded. A matrix
sequence {Sng is said to tend to the limit2 , if for any pre-
assigred set of positive numbers Ei,j’ there exists a number N
- which may depend on the Eij - such that for every n> N,

|Sndsg = Tyglcesys wmere (5, .ee 6yq

27| :

rp'nco G‘Pq
o lim 8, =2
Ney®e (]
A matrix geries A, + Az + Ay + ...., or 2 A, can be defined,
K=
where S, = A '
52 = At + Aa

o0

A matrix series Z Ay is convergent if the underlying sequence
K=y

{DDS is tending to a limit.
If (Snl) is tending to the limit 2 , we say tha.jzg is the sum of
the convergent series 2 A,. We shall write ? Ay =2

=i

€=t
Necessary and sufficient for the convergence of a matrix series

is that all series of corresponding matrix elements converge. The
sums of these series are the elements of the sum of the matrix

. series. Because of this, all results for scalar series can be
translated into rgsults for“matrix series,

For exsmple, if 2 A, and 3 B, are both convergent, they may be

Kt K
added tem by term, i.e. oo oo
g(‘*k”Bk):?Ak"gBk

K= K=y K=

If ? Ak converges and if c¢ is an arbitrary scalar constant, the
Ky

[-%)
series 2> (cA) ) convergés.

Ky . 2
So far there is no need for a special treatment of matrix seriles.
The concept of a matTix power series easily arises. This asks for

') For scalar sequences shd series see Burington and Torrance
(6), pp. 446 et seq.






- 4D -

3.2, Matrix norms -

A norm of a matrix Z is a nonnegative number, to be denoted by
“Z“, which satisfies the following conditions:

1. §zW\ » o, for z £ 0

2. lzW\= 0, for 2 = O

3, Nezl = |el .0zl for any scalar c

4. 0z + Ytz + Wyl

5. lzx L <hzlAx )
(The sums and products are supposed to exist.) ')
The conditions are not sufficient in themselves to determine § 4.
In fact, quite a few definitions satisfy these conditions. Some
frequently used matrix norms are:

i3
1. “Z\\‘ = ma‘x ?\Zij\ , the row sum norm,
i
2. \zll; = mgx Z‘Zij\’ the column sum norm,
3. 0dlly = (br 212)%
4. Naly = (am)? ol |2 4]

5. zllg = B = mdx (———"'515}‘)?
where Z has order(nﬂ@,
B is the maximum characteristic root of Z'Z,
and x is a column vector.
These norms also apply to vectors, because vectors can be inter-
preted as matrices. The reader can easily find the expressions
of the five norms for row and column vectors.
The fifth relationship:
W zx <Yzl 0l
is of special relevance, if applied to a matrix Z and a column
vector x, It then reads:

hzehy el hell; -1, 2,3, 4, 50
If applied to a bilinear form x'Zy, the fifth relationship gives:
xrzgl=ll xrzll € Wl gl Ml a=1,2,3,4,5)
Still more interesting is the relationship
Nzety SNl M=l (i and 3 aifrerent),

which can be obtained for certain combinations of matrix and
vector norms. If it obtains, the matrix and vector norms are
called compatible.

Equally indexed matrix and vector norms are by definition
_ Sy
compatible. Furth&r“2$4 = (nn)? ms ‘Zij\ is compatible with
k

i X“; - mbx \Xk\ o U =le = Z\Xk\ (if 7z has not more rows than
columns, thus ng m) and “ x5 = (x'x)%.\\z“5 = B"i’T is compatible
with | x}s . -

') See Faddeev and Faddeeva (12), pp. 103 et seq.
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( These compatibility relationships can be extended to bilinear
forms, of course.)

It is desirable to find the matrix norm which is less than or
equal to any compatible matrix norm, and of course being compa-
tible itself. Such a matrix norm 1s called subordinate. The

formal definition of a subordinate matrix norm “Z“ is:
“Zx“
Nzl = m8x 35
It follows that if y is a vector such that “y““ “Z“ upe 8nd if
WzyW\<aliyl,
thenlzll, , €a,

o« being any compatible matrix norm,
Clearly a subordinate matrix norm is compatible:

‘1—\\%3&‘-‘ < mix ‘—‘\é—’f‘-‘-‘- , so llzxll <llzl . U=l

Without proofs we state:

Nz, , \zils and“Z“ are subordinate matrix norms associated with
Nt 5 Wl and“X“a respectively.

A useful theorem is: ' (59)
The modulus of every characteristic root does not exceed any
matrix norm,

Proof: Let ||Al} = «. Take B = A £70.

a+2
Then ||BW = , so lim B"=0,because 1§ n“‘“B“n

Ib%%
Examine Bu = Bu, then BMu = g™u

a+§‘\ A\l - a+2

Clearly 1lim 8%u = lim B™u = o, for u # o, so \Blél
N—oa n-e0

But B = ali k, k being characteristic root of A.

Then -‘—- \k\ = \Ble

So lk\<‘a+i
This leads to \k\s;a = ||All, because we can take § as
small as we wish.

3.3, Matrix norms and convergence

The following theorem logically follows from the definitions for
norms, limits and convergence:

1f \|s_ -2 tends to the limit o, the sequence (Snl] tends to the
Q
limt3 , and so the series J A, converges t0d . (60)
Tt
As explained already, matrix power series will be exeamined

thoroughly. Let us inspect the series I+B+B*+ ...+B%+. .,
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We might guess that its sum is (I—B)—‘ under certain
conditions. Under which? Examine §I + B + B? + ... + B -
~a-nh-la-»ta-) - a-m7tl-

Nz - By~ 'a i ax - ="l s e ez - &)~ Y)) . sl

because (I - B)(I + B + B® + ... +B8%) =1 - Bnﬂ, and if
(I - B)™' exists.

1f UBllcy , then lim WBW™*' = o and (I - B)™' exists. (all
Ny '

characteristic roots of B are less thani.)

Soll T +B + B + .o + B® = (I - B)" | tends to the limit o and

I+B+B2 +.oooo=(I-B)-'.
This way of reasoning can be followed only exceptionally, if

3
> and 2 are "easy" expressions.
K=t

Applying conditions 35, 4 and 5 of matrix norms, we can exXpress

“ké:o ckAk“ in terms of || &|| =

o9 « i
S ¢ k“< 2 le .“A k,
“ k=0 K|S k=ol k‘ “
The right hand side expression is a scalar power series in "A"

Applying the rules for scalar convergence, we can state thet

§ (tck\ “A“k is for all u A\\ convergent, if

=0
. Vk
pnld e
If ov Vk e S k
o lim ‘ck\ ¢ +» , the power series \ck\ “A" converges
ko \ k=0
f all ¢
or every “ A“ W
' o9 k300 )
In case 2' ‘ck‘ “A”K converges, 2— ckAk has a limit, given the
k=0 k=0

nature of the matrix norm. In this way we can find sufficiency

conditions for convergence of matrix power series. If the scalar
power series does not converge, we cannot infer that the matrix
power series does not converge, however,

Familiar matrix power series are:

1. T +ra + 2570 e r<r"%3(r‘2) 4% + ..., = (T +A)F for

any || Al| and positive integer r
llallkt!  and any r

2. I + A +-£-!-A2 +-3'TA5 F oo =eA for any“za.“

3. A - A% + gA® -~ ... = log(I +,A) for“Al|<’

-~
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. Q !
Tt is clear that || 2. ]

4" can lead to a convenient upper-
29

ilk=0 7k
bound for the elements of the matrix power series kz.—-o ckAk, m

being the order of A, Whether it is efficient depends on \\A\l4

and on A itself, Sometimes better upperbounds can be determined,
making use of the special character of A (e.g. A2 0).

Applying the formula for the upperbound to the three matrix
power series that have been given above, we get, assuming

\\A“,_'_(l :
la. '1'1?' “(I+A)ru4$ :ﬁ “I+A“4r§ -1‘3-1&“1“4 + “A“/_}]r = 'r!ﬁ&m + “Aqu)r

if r is positive integer.

!
=TTl - g

w. @)™, = 2|l {(Im)rg_\\“g.j_n

7\

i =

s T T ToT + 1| "71'5 s ifer is negative integer or negative
{‘-uA“L‘.S

fractional,
Use has been made of:

“I-(I+A)r“4 e llza + Eg—"—) AR 4 r(r“}z(r‘@ Ay ...
My - E5702 afp + 2= fafp- L., -

- = (1= ALY g sl <

L), = tloeea + ZE7H a0 4 Iirg')(r’z) IR A

¢ mhio, - olal, - —<r2 DEEESS s L PRI

- -t el - ZEE el . f<’-'-'32<r-2> 4= vmf =

= - -'n-lg‘ - “A“l})r + | +-I'I_l y if r is positive fractional,

“4S

lec.

/N

2. tlleMl, = Sl zear gr a2 v 2o+ L, <

< Tl + Nl + grllalz « 57 lan "o -

{

n A i
i Ay | A“4 i
o { + m —‘S = e I - i

m
ﬁ | 1og (I+A)“,+ “A ~ A% + $A® - ...“ 4 €

Smihal, « Halz v slahg s () - - 5 togl -lall,
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3.4, Stochastic convergence

A sequence of stochastic matrices {?ng tends stochastically to
the limitZE, if for any pre-assigred set of positive numbers
Eij andgij there exists a number N - which may be dependent on
the Eij - such that for every n DN:

Pr{\(sxﬁij - ‘ij\(EiJS)l - Sij ")
In other words: The probability (Pr) that (S_). .

n’ij
close to {33’ can be made arbitrarily close to 1,

is arbitrarily

2 n
The matrix series & A , Where S_ = 2 A, converges
ke k 0 Rl k

stochastically toZ?, if {§n§ igs stochastically tending to the
1limit 2 . |
What has been said about (numerical) convergence in sections 3.1

and 3.5, can be rephrased here in probability terms for
stochastic convergence.

It is clear that, if {|S. -2|| tends stochastically to the limit
’ n

o, the sequzﬁce {Sﬁs tends stochastically to the limit‘Z} and

the series'ET Ak converges stochastically to.
k=1

Let us examine stochastic matrix power series, AsS we saw earlier:
o) s
k k
2 cA ‘Ls 2 e .al
“ k=0 K k=o\ K\ “ \
It can be stated then:

=)
If valck‘.“A“k converges stochastically to a finite scalar,
k=0
o0
> ckAk converges stochastically to a finite matrix.
k= '
= k. . ‘o
> \ck\.“d\ will converge stochastically to a finite scalar far
k

0. S0

#

=0
. Yk
all \\ 4, if 1%:-1& \ck\

I+ A + ££§$ll AR 4+ r(r—%?@r—E} A® + .,. converges stochastically

to (I+A)T for any[LM‘ and positive integer r. .

I+A+-éT A% 4+ ?%-A?+... converges stochastically to e for any "NL

0
If we sets Pr{“A\\4ll) =| , the power series k? \Ck\ . “A“k will
=0

converge stochastically for o ¢ lim \ck\vk<’+oo. This is an
koo
almost trivial condition!
A relaxed approach is: Let the elements a; of A foilow a(@ormay
distribution with zero mean and variance of order m . (Take m as

the sample size.) This means that the a4 lie with probability

') See Wilks (28) p. or Anderson (3), p.
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5.5

Examples and eXercises -
1. I + $A - §A® + SgA® __'%?ﬁ
(1+4)7 if fall¢y .

0.4 0.2 1 1.184 0.090
For A = o 0.1) we get (I+A)2. 0 1.049 using the

first four terms of the series.,

+ ... Can be used to approximate

1.402 0.201
If we square this matrix, we get s Whereas

0 1.100
1.4 0.2
H =1 0 1.1

For the maximum element of (I+A)%'we find the upperbound 1,275,

2. I - %A —- %Az - gTAa - %%354- «ees can be used to aspproximate

(I-A) V3 s falley .

0.4 0.2 V3 0.843 -0.810
For A = o 0.1/ Ve get (I-A) ~ 0 0.965 using the

first five terms,

If we cube it, we get [O+807 —0.200} yereas 1-a = [0-6 =0.2
0 0.898 0 0.9

For the maximum element of (I—A)./3 we find the upperbound
1.0358. Realizing that A:;O, we find a better upperbound: |

3. ’eA can be approximated by I + A + ﬁ%ﬁz + %753 + ..o fOr any

flall.

0.4 0.2 '
For A = ( 0 o l) we find, summing the first four terms:
R (1.491 0.257

. A
€ ~ 0 1.105)_ , Whereas the maximum element of €~ has as
“upperbound 1.613%

4, Prove that eA has characteristic roots e + if A has
characteristic roots Bi.

5. Prove (ek‘ = etr A.

6. Prove that eA is always nonsingular,

]

7. Prove [z+xl, < Wzl + Wxll; (1=1,2 34 "

]

8. prove |zx|l; <\z|,.|xl\; (i=1,2,3 4 ")

9. Show that \\x“3 = “x“5; “x“‘ and “x“4 are proportional,

') The proofs for the fifth matrix norm require differential
calculus. This will be introduced.-in chapter 4.
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10. Prove that “Zﬂ\4 is compatible with "X“2 (if Z has not more
rows than columns) and with “X“3'

11. Prove that “Z“‘,“Z“2 and“z“5 are subordinate matrix norms
associated with |\x\, , “X“E and “x“3 respectively.

12. Give an upperbound for the sum of the elements of column

1 3 i
vector AxX, with A = (5 8) sy X7 0, fxi = 10,
1%, Give an upperbound for the greatest characteristic root of
1l 6
A ={2 20
14, Give a lowerbound for the smallest characteristic root of

1 6
A=\ 20
i

i
15. Give an upperbound for x'Ay, giveani = 10, max yi 2,

]

x,y7/ 0.

16, Let ¢ = (I-A)p be the n-sector input-output relationship:
with p the production vector
¢ the final demand vector
A the input coefficients matrix.
Let the system be aggregated into an m~-sector system:
p becomes Kp

c becomes Ke,

with K = eﬁ

. and
1
er
)

e:'f‘.=~(l ocoo.)
v W
ri elements

i

Zfri =n
If we adopt as aggregated input coefficients matrix B , we can
define the prediction error

K(I-A)p - (I-B)Kp = (BK-KA)D,
the difference between predicted sustainable final demand
(I-B)Kp and actually sustainable final demand K(I-A)p in the
aggregate system. 4
Give an upperbound for the prediction error.
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4,1. Introduction

In econometrics one often meets with problems involving
matrices (vectors) and differential calculus. One class of
problems derives from partial differentiation of (differentiable)
scalar functions of matrices with respect to the matrix elements.
Examples are: characteristic root, determinant, trace, quadratic
form, bilinear form,
Another class derives from partisl differentiation of elements
of 8 matrix function with respect to elements of the argument
matrix. An exXample is 3(A2)i.

olbx

The matrix elements can be dependent on one or more parameters,
which leads to more complicated problems.

In this chapter it will be shown how the concepts of partial
derivatives, differentials (and differences) can be combined
with matrices,

First some definitions will be given.

4,2, Definitions and assumptions. Some basic formulae, Stalar fonchons

let G = 8y o+ 8 be a matrix with independent elements gij'

gn‘ LI ] gnm

(This implies non-repeatedness of the elements.) ')
let then 4G = dg“ ces dg‘m
dgn‘... dag
From this definition we derive:
1. d(GH) = (dG)H + G(JH) (&)

Zglk(dhk,]) - <<ﬂ1c;>jL gt Gi.<dH).J

This proves the theorem,

2. 4(G™") = =¢~' (ag)e™" (62)
Proof: This follows from (6i) by substituting H = G~
3. A(G+H) = 4G + AH (63)

The proof is obvious.

4, 4 trG = tr 4G, : (64.,)
Proof: d trG = iz g, i1 =ng 14 = tr dG

') If this assumption is not fulfilled, the formulae for the
derivatives matrices have to be modlfled This is not
difficult. It simply amounts to rearranging elements.



Let then Of =f 9f ... Of

2G | 28, P
_9%_ . Je
08, 08m
and e e .. dr .. ¢
Jg, © dgyds, 98,98,  Jg.d8,
T o Je Y
e Bg,.,b 2y agm.l " Dg‘ma.gm "t agan.Tgm
362 | > P’ P ot
28,98, 98,,98,, 98, 0808 n
\ o * 22 93
agil agnl;l. agl’.l.lagnnl B Dgam;)gmn - agnmz

(D'zf is frequently called the Hessian matrix of f.)
267

6. ,, O Jg
2 5% = 55

b
p being a scalar function of column vector b = .‘
b
Zy ** Zyn
Z being a matrix of constants Z = . .
Zmy** Zmn
Proof: aB
c)Z"zliEi
JdB :
ALb T ) .
B
35 ZmiPi




ML.
A
N
(o
. C_:-N
I
t
)
1

jivi
g0 0B _ : _ 98
?4b | : = =35p !
5%
92710 Jn] 9°n

because ‘Zi‘z..b. Y, 3 .
R %% =Z%? 022515

: ko 9225305 DB
7. a3 f = tr(dG)'a(dG)B implies )2 (£
(B@A') + (B'  A) - disg (B' ® A)= =t

oG?

and vice versa.

(diag (B' 3 A) is the diagonal part matrix of B' ® 4)

Proof: Obviously A and B are (n,n)and (n,m) matrices, respectively.
@£ = tr(de)'a(dc)B = tr| (4O | a[(a@) | +-(a6) m] B =

SO
5$(dG)'j.A(dG).ibij = (vec dG)'(B' B A)(vec dG) =

= (vec 4G)'(B ® A') + (B' @ A) -diag(B' B A) (vec dG)
On the other hand 32

f
2 =
d2f = (vec dG)' W (vec dG’)

Identity for any dG proves the theorem. We had to re-
write +the quadratic form of the one but last line of
the first part of the proof, beczalfl‘se B' 8 A is not
necessarily symmetric, whereas swr is. (Young's theorem)

Let the elements gi,j depend onthe parameter k. We can define
then

(9 8, 08, ’e, e
gr oo nﬁ— W o000 W—
-g% = ' and gf'{'(‘}' = . and so on,
I8y, agnm o S, o Snm
\a k e -ak TEZ'- s 000 _D_Ez—
One can easily prove the following theorems:
8. 4G« dk) %% (68)

There is no need for a formal proof.

. d P 9
TR OE H e (69)
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|4
Proof: D(GH)iJ e ¢ oh

>k - ‘olp o Sk_Ehpa ‘“Zgipﬂ&1
).,
*\dk Ji.". ] Gy P
a5\ Jg '
= tr(j") o) (3
f1 0f $Jdf  Os.. £\ 1 9
Proof's 5 __,2' Sij ‘glﬂ = tr (UE) a_%

1. g—;-;- = (vec ‘)G) gg (vec OG) + tr (;)-——g '%Eg (H)

PrOOf:%%f-ng[ tr (%)’%%1 m(ec T) . vec§TG+
+ tr (9-2)'—%%9—= vecgﬁ) 5)—(2; ve 52% +
+tr(§§\) g—;-ﬁ’-

4,3 Matrix functions

10, of
2k

2

<

The second kind of function of a matrix is a matrix function,
say ¥(G).

Let F(G) be of order(§;® , let G be of order(p,m)

An elementary result concerns dF(G). Using theorem (61 ) dAF(G)
can be expressed in 4G,

E.g. d(KGG'L) = K(dG)G'L + KG(dG)'L, K and L being matrix
constants,

Higher-order differentials can be derived in the same way.
E.g@. d2(KGG'L) = K(dG)(dG)'L + K(dG)(dG)'L = 2K(dG)(dG)'L
This is very straightforwasrd.

A more complicated problem is finding the matrix of partial

derivatives:

IF(&), JF(G)g, IF(G),y  OF(G)gy
Jg,  "°tos, iﬂi?f-__ "'2)8
OF(a), OF(G) g, ¥ OF(@) 4 omcr)st
agn| o e o ’Dgn‘ L ) ,agn' o e 0 agn‘
k@),  OF@),  OFG@,,  OFG)g
a——g‘m eow e J—'——g‘m o-oag'm ...Dg'm
J¥(@),, IF(@) g, JF(E) y  OFG)gy
0Bm T 98w TTT 08 0B

For this derivatives matrix the notation SXZZ g(Gl Wlll be

used, > -
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It follows then that:

7, Jdy, X,

/DX_‘ nooooﬁ_ X = :

Dy dJdvecy : 0! X,
DX ~Dvec X : : , 1F 5
97, DR '\

Oxm tocoom y- :

In

Theorem (65) can succesfully be applied to establish_:3—:;:%%-@l

First we determine dF(G)ij’ This will involve expressions of dG

or (dG)' Without loss of generality we can write for each ex-
pression involving dGs

{Mae)N} 5 = My (46N 5 = tr(uy )'(N 4)'(48)"
For each expression involving (d4G)!' we find:
{R(dG)'Qgij - Ry (46)'Q 4 = tT(Q R, (d6)"

IF(G). . :
e 1 can therefore be written as a sum of expressions like

(M; )" (N j)' and Q jRi , because of theorem (65).
We shall arrange these terms in the manner of M :

8(a), JE(G)g, G, 27 COR(E) g
[Vec —"'.S'G_"'—" es VEBC —TDG_—" s ‘ivec —_.D—G_—— ee VEC ——a—G——J

For (Mi ) (N j)' we then get:

[vec(Ma.) '(N'.)' .o vec(Ms.)' (N.')' - vec(Mh)'(N.t)‘ . ’VGC(MS.)'(N.t)ﬂ=

= Nz M
For @ .R. we get:

‘J 1,
[vec Q.'R“.. vec Q-« Rs." vec Q.th." vec Q.tRs.]=

Q= (R')‘

Qs (R'),.
From these two subresults vie derive: (}2)
avec F(G) 3 )
dvec G =ZN By + Z2(q ] (R'l)g.

2 3 (R'y)y, (k= {.. Kj 1=1 .. L),

K being the number of expressions M(4dG)N i3 that contribute to

dF(G)ij, L being the number of expressions R(4G)'Q i3 that
contribute to dF(G)ij' k and 1 are simply labelling indices. They

have no further mganing. P
It follows that oﬂg can be found from 2% directly, applying theorem

&
(.
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SGT “ovec G will be of order (nm, nm).

4,4, The scalar functions: trace, characteristic root,
determinant, quadratic form, bilinear form.

The formulae given so far will help us in determining derivatives
and differentials for the scalar functions mentioned above,

The trace case has been dealt with already in theorem (67) and
(65). We shall deal with the others now.

1. Characteristic root

Let the equations for characteristic row and column vectors and
characteristic root of A be:
Auy = a;us wi'A = aiwi' with wi'ui ={
Applying theorem (61 ), we get:
(dA)ui + A(dqp = (dai)ui + ai(dui)
Premultiplication by wi' gives:
wi'(dA)ui + wi'A(dQQ = (dai)wi'ui + aiwi'(dui), (
which reduces to:
According to theorem (6S):
Z)ot-l
SE T i Sap

If A is symmetric:

aai = 2u.u,' - diag(u.,u,') )

Y W ke glu iy e
In case A is symmetric, we can find an exXpression for d“ai
Differentiating dai = ui'(dA)ui again, we find:
dzai = (dui)'(dA)ui + ui'(dA)dui = 2(dui)'(dA)ui
We need an expression for (dui)'. This can be found as follows:
differentiating U'A =LU', and postmultiplying by U, and using
AU = UL, we get:
U'(dA)U - 4L = L(4U)'U - (4U)'UL.
Multiplying ijth elements by

' (- g ]) ]I-p]y- g .cbll
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. u, ’(dA)u2 a, '(dA)u.m
a‘ﬂz ® 0000 G o a' _am
~-u,'(dA)u E .
__2_£__)_L 0 s = (dU)'U
@, =& .. :
: oy, (W,
. Oy ~%m
@, —a, %y ~%m

We shall denote the left.hand side matrix by S. Clearly S is
skew-symmetric. Use has been made of (dU)'U + Ur(du) = 0, As
usual L stands for the diagonal matrix of characteristic roots
aio U = (ul s e 0 %)

We conclude: (dU)' = SU! and (dui)' = 8; U'.

So dfay = 28; U'(db)uy (16
Further Ed"oni = 2 tr SU'(dA)U = o, because S' = -S and

U (an)v)* = U'(da)U

2. Determinant

\

Given the fact that |Al ﬂai, we determine:
dlAl =d(nai) -Zda ﬁ'a =Ztrwu '(dA)'ﬁ' =

- tr T gyt ﬁgi | s~ ()1 CEb
Use has been made ofz < ?‘j- wjuj' = (A')"
Application of (6S) gives:

2 s an (38)

If A is symmetric

Borew)

3. Quadratic and bilinear forms

Let us examine f = x'Ay and g = x'AX
Application of theorem (6 ) gives:

df = (dx)'Ay + x'(dA)y + x'A(dy)

dg = (dx)'Ax + x'(dA)x + x'A(dx),

from which follows, according to theorem (6§ ):



n's R Of R of e (hon )8 |
—_— = —_— "Xy — = X ', — = 1 g — = t
Vx 757 da 7% O AT (8)

If A is sygmetric, some of these resu%ts have to be modified
slightly: 5% = Xy' + yx' - diag(xy')} ’5% = 2xxX' - diag(xx'),
4.5, Some applications

1. Find ‘)—t%-ﬁ-ﬂ‘l, if XK' = K.
Clearly d tr A'KA = 2 tr KA(dA)', so according to (bf)

Jtr A'KA
T=2KA

2
2. Determine then.é—%§K#lE£

g - acamny - 2 (o

2 Y
So according to (}2) ?;AA'KA = 2I=K

We first establish
i

3. Let A = g) and P = - BC™'
avec P
Find 50ecx ")
-1 ‘ -1 - -

We knows dP;; = d(-BCT'),; = -[(dB)C ]ij + [BC (4C)C ]ij -
_ -1 -1 -4
= Ii.(dB)C .3 +(BC )i.(dC)C .3
According to (1(7.):

dvec P -3

Jvec B -C '»1

Ovec P

- - -}
vec 0 = CT'® (BC ' )' = «C B P!

Thanks to the structure of A, we can assemble the two sub-
results into:

Ovec P -1 P
veok = ~C ®i7T

(I is a unity matrix having as many rows and columns as B has
Tows, )

4, Asymptotic standard errors of characteristic roots of an

econometric equation system

A well-known theorem relates the asymptotic variance of a
scalar function a of a vector % and the asymptotic variance
matrix of the vector, Y, in the following way:

var a = (%%>'Y'§§ ’
Jda

% being evaluated at the asymptotic expectation of a. 2) 3)

') For the formulation of the problem see Goldberger (13), p.369

?% See e.g. Goldberger (13), p.!12Yy

%) See Neudecker and van de Panne (20) for the result of this
subsection.



- 50 =

Let us apply this theorem to the characteristic roots a; of the
system y, = Ayt_‘ + Ct )

We then get:

1)1 !
var a; = (vec wous ') Y(vee wiu. '),

Y being the asymptotic variance matrix of vec A,

Dai

SE- = wiui' evaluated at the asymptotic expectation of aj.
5. T find ng LS
for W = E'E
E=Y-~-XB
W positive definite.
Applying theorems (bl) and (1y), we get:
d log (Wl = vr w'aw = 2 tr(x'xB - X'V)W (aB)’,

because dW = (dE)'E + E'dE = -(XdB)'(Y~XB)-(Y-XB)'(XdB)
Theorem (65) then gives:

aﬁf W _ oxxs - xrvw!

6, let 8 = %- (yy = 2,8, )" By; ~ 2By dveeo(yy - ZMBMZ]

Ty - By
find then q; = -5 2%§§%§‘ (L =1 eues M)
and 994 (k ={ .... M) ®)

Py
Substituting u; =¥y - ZiBi’ we get
d log |S| = tr s7'ds = - % t(uy..e u)S™' A(Z,8, .00 ZB"
because dS = - g 4 (Z,By oue ZB )" (uyeee uy) ~
=g (Reee w)'A(ZB .o BB,
(87" = 87

and d log |8| = tr s™'ds
Applying theorem (65),we get:
Jdiog |8l

(2,8 ..o Zyby)

= --% (u‘... uM)S

i i . X X A X X
1) Originally it was: Y —A'yt_.+...+Aryxt_r+BOct +"*Bq°t-q
The variables have been time-transformed.
2) For the formulation of the problem see Goldberger (13), p.20S
#) For the problem see Rothenberg and Ieenders (24), p.64 and 65.






Under certain circumstances A-has s non-repeated positive )
characteristic root r, greater in absolute value than any other
root. r is the growth rate of the system. If r721, it expands.

We are interested in the interrelationships between the
J
%%— and,ﬁgf, and their dependence on the characteristic row

vector u' and column vector X, corresponding to r.

Ir
It is known that — DA = ux!

If we focus attention on the non zero elements of &4 only, we can

write

or Jr Jor 0% "
'gP' oP,_ 0P, f ) .' n

r - *

0 . .

a4, . ° ° : :

0 .'. .'. . E E

: *. S “?.. y y ¢
o) o) 5§2§:} o WX, eee W X

We can derive now:
i. the growth rate increases due to increases in productivity

rates Py depend on x; and u, only; the ordering

i )
X, 7% )00y Xy (for r) ) implies the ordering

Jr Or
LI BN ) f
3, /29,7 72)p (if u,70)
ii.For a given age category of capital stock, j say, the growth
rate increase due to an increase in productivity pj is
greater than the growth rate increase due to an equivalent in-
rease in the surv:Lval ate dJ if U, 7 UsPeee) Wy and if

I7X27"'7 n? ap 5_('1'_

iii,Between any pair of survival rates, the increment in the
growth rate is greater for increases in the survival rate of
younger capital than for increases in the survival rate of

older capitsl: i.e.

dr _Ir :
(3¢ k)
57;57§gﬂ; J

if u‘> u27..; un and X,y x27... 2.

iv.The growth rate r is a linear homogeneous function of the

P; and dj because
Nl

T = u'Ax =§. u,py%; +2 g4 93%s

T

So a proportional change in all productivity and survival
rates produces an equal proportional change in the growth

rate r.
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b i

4,6, Jacobians

With the help of theorem (32), the Jacobians of (linear) trans-
formations can be determined. For the transformation from the
matrix G to the matrix F(G), both having ordeGCﬂ@ , the
Jacobian J is:

7 =' dvec F(G}\ -

dvec G

dvec F(G)

Svee G is square, of course, in these cases, so its order is

th. , N g} In addition to non-repeatedness of the elements of
G, we have to stipulate non-repeatedness of the elements of F(G),

dvec F(G)
in order to avoid singularity of oo T -
It is a stendard result that
Jvec G | dvec F(G) ' &N
dvec F(G) ovec G

Proof: (d vec F(GiX' = (d vec G)! gz:g g(G)

. _ J
(4 vec G)!' = [d vec F(G)}' 3%%%“%(@7

@ veo 63" = (@ vos &)1 FEHD by

for any dG. This implies:

dvec F(G) dvec G

ovee G Jvec I(G) I and

[ dvec G Jvec F(G)!
ovec F(Gi‘ \avec

It can easily be seen that theorem (8t ) is a special case of the
following theorem, which will be given without proof:

If Y is a function of U, U is a function of V, V is a function

of X,
Jdvec Y Mec Y Jvec U | dvec V| (82)
ovec X ovec U | *|ovec V ovec X

The requirements concerning non-repeatedness of elements will
not always be met.

Examplés are: ,
1. F(G) = GG', with G' # G. If the order of G is (p,p) F(G) will
have the same order. F(G) is symmetric, it has only

EL%iil non-repeated elements. G can also have only Eﬁ%iil non—

repeated elements. This leads to the requirement that G be
: . (p+t)
triangular, with p + (p-t) + (p=2) + ... + | = R—%——— non-

repeated elementss
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(g“ 0 .oaoocononuo.oaﬂooocconoo (0] 1 1
gz. 822 o ® 8 6 5 ¢ 0 0 & 0 009 0 s e O

g}‘ g32 833 O eseeccascocsoe 9

gP"o' gp'|92 gp"& teec gp—l,p-l 0

Lgp' sz gp3 ® 0 0000000090058 000 gpp

h)

Jyvec GG' . ; . .

Voo G computed according to (qg) will contain repeated

columns (corresponding with repeated elements of GG') and
meaningless rows (corresponding with "non-elements" of G).

%%%%%§El will have to be reduced to get rid of these rows and

columns, in order to avoid singularity.

2. F(G) = KGK', with G' =G. Let the order of G be(@,ﬁ) , F(G) is
symmetric, G has only Eigill non-repeated elements and F(G) also
has only Eigill non-repeated elements,

Jdvec KGK! ; .
Seec & — computed according to (F2) will contain repeated rows

and columns, corresponding with repeated elements of G and KGK'
respectively.

Jdvec KGK!
Jvec G

Deemer and Olkin ( 9), following a different road, have given
procedures to find %%g%—éigllin case of repeated elements. The

reader is advised to read their articles.

will have to be reduced.

4,7. Differences and approximationi Taylor's theorem

Obviously the difference operator & can be applied to matrices
as well.
DBy eee OB,

oG = S - . and so on up to oP6

L8, cee DB

The following theorems can be proved:

1. o(G+H) = oG + aH (8%)
2. 5(GH) = (6G®)H + G(aH) + (a6)(aH) (34)

k k k
Proof: A(GH)ij = A(Zgikhkj) =§/_\,(gikhkj) =§(Agik)hkj +

K | K
+Z (g 0oy g +2Z (0gy, ) (hyy) = (00 H 4+ Gy (o) 4+

+ (“G)i.(”H).j

This proves the theoren.
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Optimization of scalar functions of matrices (vectors) is g
straightforward procedure with the help of the theorems of
sections 2 and 4 of this chapter. The only thing we have to
cope with is equality-constrained optimization. Here Lagrange
multipliers come in,

In order to deal with multiple side relations Lagrange matrix
multipliers are used,

Suppose the side relation is AX = B, A and B belng constants.
B has order(@,@. The matrix expression to be joined to the
scalar function which is to be optimized, is then: tr M(AX-B),
M being a Lagrange matrix multiplier, The amended scalar
function can be optimized unconditionally now.

It is easy to see that tr M(AX-B) stands for the n x m side
relations:

(Ax)ij = (B)ij
tr M(AX=B) ) X %; (AX-B) = [ cax) (B)
v W(AX-B) = Z[MAX-B)] 5y = Tmgy (AX-B)y 5 = S mgy [(AD)y 4= (B
The optimum conditions in case of constraints are:

L0 . i maximum .
df = o,and daf;7o subject to dF(G) = O,for a minimum if the

constraint is F(G) = B, B being a constant. ,
From (8b) we see that d®f is a gquadratic form in vec aG. The
results on quadratic forms of section 2.5 can be applied. In case

)2 £ s 4 s o .
¢ .. positive . \ . ned minimization
~qz 18 negative definite in a constraine meximization

there is no need to consider the constraint dF(G) = 0. ')

problem,

4.9. Some applications

1. To find the minimizing B for log|W| of application 5 in section
4,5, Clearly d log|W = o, so (X'XB - X'T)W~' = 0, which leads to
B = (X)) "1y,

Further: d* log{W| = 2 tr X'X(dB)W™' (dB)' = 2 tr(XdB)'W ' (X4B)

in the extremum, which is a positive definite quadratic form, if

X has order(m,n) and the rank of X is n.

2. Minimize tr A'AV with respect to A, under the condition:AX=I.
A is of order(m,nQ , V is positive definite and symmetric, X has
rank m. %)

The formulation of the problem is:

Minimize f = tr A'AV - tr M(AX-I), M being a Lagrange matrix
multiplier,

The first-order condition is:

df = d tr A'AV - d tr M(AX-I) = tr(2AV - M'X')(dA)' = O,

') See Allen (1), p. 495 et seq.
2) For the formulation of the problem see Johnston ((5), p. 180



so 2AV - M'X' = O -

Postmultiplication by V™ 'X leads to: 2I = M'X'V"'X, so
mo= 2x v,

Substituting this into 2AV - M'X' = O, leads to:

24V = 2(XvT' )"y

so: A = (V'O xv!

The second-order condition is:
d2f = 4 tr(AV + AV' -« M'X'")(dA)* = 2 tr(dA)V(dA)'7 o.

It is obvious that tr(dA)V(dA)!' is a sum of positive definite
quadratic forms. This establishes the minimum.

5. To minimize 2 tr @R + (l- tr Q)?® with respect to ¢ under the
conditions: X = O,
X is a matrix of order(m,n), with rank n. Q is symmetric. ')
The formulation of the problem is:
Minimize £ = 2 tr Q® + (i~ tr Q)2 - tr MQX
The first-order condition is:
df = 2 tr(dQ?) - 2( t =tr ) tr(dq) - tr M>(AQ)X =
=4 tr QdQ ~ 2(I - tr Qtr dg - tr XMdQ =
=t 4Q - 2(t - tr @) - XM dq = 0, s0: 4Q ~ 2( ) = tr &I = Al
Premultiplication by X' leads to: X'XM = =2( [ - tr Q)X', so
M= =2(1-tr QX'X)™x".
We substitute this result into:

4 = 2(1 - tr ¢)I = XM, and get

49 - 2(1 = 7 QI = -2( 1= tr XXX 'x
This gives: 47 ¢ - 2(1 =t Q)m + 2( I - tr Q)n = o, SO

m-n

tr Q@ = o
Finally we find: Q = m— [1 - X(X'X)-'Xi]

The second-order condition is:
d®f = 4 tr(dqQ)? + 2(tr dQ)27<)
This condition is fulfilled because dg is symmetric.

4. Write the (n,m) matrix 2 as
Z = tc' + W,

and determine t and ¢ such that tr WW' is minimum. 2)
Clearly: d tr Wi' = d(tr ZZ' - 2t'Z¢c + t't.c'c) =
= ~2(dt)'Z¢c - 26'Z2(dc) + 2(dt)'t.c'c + 2t't{dc)'c =
= 2(dt)'(=Zc + c'c.t) + 2(de)'(~2't + t't.c) = ©
So: Zc = c'e.t

Z't = t't.c are the first-order minimum conditions. They

') See Theil and Schweitzer (2}), p. 12 .
2) This problem arises in Principal components analysis.See Kloek
G(16), pp. 52, 53 and 54 for a lenghy proof in two stages.
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lead to: .
z{E;EZ'tS = c'c.t or ZZ't = c'c.t't.t
Minimizing t is the characteristic column vector,associated with
the largest characteristic root c'c (t't =i ).
That we need the largest characteristic root follows easily from:
tr WW' = tr 2Z' - c'c, using Zc c'c.,t and 't =4 .

=

5. To minimize ')

s

with respect to all a.

i and ﬁi,(i =f... G) and to determine the

minimizing a; and B; values, where S = (ay oo uG)'(u| . uG),
ug = ¥y = (Yya+ 25830,
U’: (u‘ e e u.G).

The minimization goes as followss
dis| = |8] tr(s)tds = |
RGO L ICHNPRR LI SRR

= -2[s| tr U(s)™' [da,'Y," + a8, '2,"] =
dag'Y,' + dB5'Z,"
= -Z‘S\ tr H(S)j: {da‘vY‘v + dB‘:Z‘iS-... -
-2{s| tr U(S)T} {daG'YG' + dBG'ZG'} -

=2ls| tr Y*'U(S):zda"-2l8\ tr z,'U(S)j:ds" - e =

-2|s| tr YG'U(S)jédaG'-a(s\ tr ZG'U(S)jédﬁG' =0
So Yi'U(S)jE =0
-1
Zi'U(S).i = o for all i.

A little rearranging will give then:

rYi'
45
137 | %

(Y, 2,0 | }..(Y
23 Py

Collecting all expressions, we get

l CAPTE AN CO NI

an _
Zg) {s \ (8)7§
G

') For the formulation of this problem (the derivation of three-
stege least squares), see Chow (q.), p. H48).
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Approximate values of the basic solution variables will be:
[I - PP+ (P'aP)® - ...l:P"(c + nc), if
le~'sp|lct or RPN, N aPlleg

For a feasible solution . (P+AP)-‘(CfAC) should be positive.
Approximate value of the function will be:

(b, + &b, )" [I—P-iﬂP +(P'AP)2 - ..t]Er‘(c + 0C) + a, according
to the same conditions.
Necessary and sufficient for the optimum is:

(by+ &b, ) (P + AP)"'(Q + Q) - (by + Abg)'g,o
Aprroximated to first-order changes:

b ' [4+6Q - PTNaP)e] + (6, )"z b’ + (abg)"

is necessary and sufficient for the optimum.

The approximated conditions should be handled with care. It is
possible that approximated conditions hold, whereas the complete
conditions don't. The reader can easily judge this by comparing
the values of the original problem and the approximated valuwes
of the perturbated problem,and seeing what the orders of the
changes are.

7. Least squares

The least-squares estimate for B in
Y= XB is B = (X*x)"'x'y
How will B be affected by moderate changes in Y and X7
Approximating 4B up to first-order changes, we find:
B =dB = 4 [(X'X)-'X'Y) -

(x5~ [(dX)'X + X1ax ) X XY +
+ (XN @'Y + (X)) Xy -
= = (XNT)'EB - XOTTXGOR + (X0 W)y +
+ (X'X)—'X'AY

From this followss B + 4B =

- (X'X)"[X'X - (X)X - X'(Ax)]B + (XtX)"‘[(aX)'Y + X'AY} Foaas

8. Find the Jacobian of the linear transformation
®P(G) = KGL,
K being square of order m, L being square of order n, G having

order (m,n).

First of all, d (KGL),; = {K(dG)L}
S0 g%%%_éﬁ& =L 3 KXK',
and J = | s k|- |Ll™® x \x| 2

r

id,



- 70 -

9. Minimize
tr AA' -~ 2 tr A

with respect to A, subject to A'X = O 1)
X has order(n,mg, and rank m.
We define

f=1tr AA'" - 2 tr A - tr GA'X,
G being a Lagrangean matrix multiplier,
Then
df = tr(da)A' + tr A(dA)' - 2 tr dA ~ tr G(AA)'X =
= tr(2A - 2I - ¥G)(dA)* = o,
sos 2A = 2I -XG = O,
Premultiplying both sides by X' leads to
=2X' - X'XG = 0, and hence
G =-2x'x)"'x"
Substituing this G value into 24 - 2I = XG = O:
A=T1-X(XX)"'x
The second-order differentisl is:
d3f = 2 tr(da)(da)',
which is positive for any da # O.
This establishes the minimum.

10. Maximize
tr J'A, with respect to A
and: subject to A'X = O and A'A = I, Y
X again has order(n,m)snd rank m. J ___(&))’ O having order(m,n—@,
I having orderQn—m,n— . We define:
f=tr J'A - tr Ga'X - tr Gy (A'A - I),
G, and Gy being Lagrangean matrix multipliers.
Thens
df = tr J'(dA) - tr G,(dA)'X - tT G (dA)'A- tr G A'dA =
= tr(J - XG, - AG; =~ AGp' )(dA)' = o, which leads to
J - XG, = AGz - AGy' = O
Multiplication by X' gives:
G, = (X717
Hence J - X(X'X) T'X'J - A(Ge + Gz') = O
Premultiplication by A' leads to:
A'J = G + Gp'!
Substituting this expression for G; + Gp' into
J - X(X'X)™' X' - A(Gg + Gg') = O
- x@xon™x -a]s=0
Moreover A'J = J'A, because A'J = Gy + Gg' 1is symmetric.
The reader is referred to Theil's paper for the determination
of A. Suffice it here to state that A = ﬁf)’ with A having

') See Theil (2¢{), p. 1067 et seq.
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positive characteristic roots. So A'J = (AO'EA‘ ') (8) = A"

We shall focus attention on the second-order differential, d42f,
nows

d2f = -tr(dA)(G, + Gg')(dA)' = ~tr(da)A'J(dA)!' = -tr(dA)Al'(dA):,
which is negative.

This establishes the maximum.

11, Minimize

f = tv(COC' - 2C0,+ 0,,) + 2 tr (CF - F,)N
with respect to C. O is symmetric, and positive definite. ")
df = d t7(COC' - 2C0,+ 04,) + 2d tr (CF - F)N =
tr 4(CcoC' - 2C0,+ 0,,) + 2 tr 4 (CF - F)N =
tr [(4C)0C" + CO(dC)' - 2(dC)Q0,] + 2 tr (dO)EN =
2 tr(0C' - O, + FN)AC = o.
So OC' - 0, + EN = 0
Further @F - F, = O (this was in fact a side relation)
d*f = 2 4 tr(0OC' - 0. + FN)dC =
2 tr 0(dC)'dC =
2 tr(dac)1gdcC y o.

1]

[}

[}

12, A can be defined by the relation

x'a7'x = 7 (2x'y - y'Ay) %)

if A is positive definite.
Proof: Define € = 2x'y - y'Ay
Maximizing f amounts to setting
df = 2x'dy - 2y'Ady = o
Jo X' = y'A and
y = (an7'x
Furthermore d?f = -2(dy)'Ady <o, because A is positive
definite. We can conclude that

£y = 2x'(A) 7 'x - xa”'a(A) " x = xa7x

13, Let f = log(a'g), a being a column vector constant.
Approximate of.

' Jr i
df:;,fgadg, SOC')E'E'__a
a2 _ i (a'dgla = - aa'dg
08 (a'g)? (a'e)?
Rf [

Approximation according to theorem (86):

~

. i i
o = g a'ng - Z‘TTaT'—gT‘B (og)'aa'(Lg) + veee

')See Nagar and Kakwani (18), p.
2 )See Bellman (41), p. 92. -
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Sufficient for convergence is: ‘g%%gl <N

Approximation according to theorem (89):
\ |
uf = g a'ng + =t

{
TTgmEy @LE Ry arg 2108 + ceee =

T
=34 ! F =1 a'ng +
Z @ (gwg)  a'g B ¥ eeer

14, Maximize:

we=a'x + b'y + F(x'AX + y'By + x'Cy + y'C'x)
with respect to x and y, subject to y — RX = s. ')
A and B are symmetric.
We have to maximize unconditiocnally:
W=a'Xx + b'y + $3(X'AX + y'By + X'Cy + y'C'x) - a'(y - Rx - 8)
Thus dw = a'dx + b'dy + x'Adx + y'Bdy + x'Cdy + y'C'dx -~ «'dy +
+ o'RdX = o,
which leads to a' + x'A + y'C' + a'R

H

b' + y'B + x'C - «f
Together with the constraint we have:

(x* y' a')fA C R'\ = -(a' b' s')
ct B I - - .
R -I 0O

The second order maximum condition iss

d®w = (dx)'Adx + (dy)'Bdy + (dx)'Cdy + (dy)'C'dx<o,

subject to dy - Rdx = o,

There is no need to apply the principal minor conditions of
section 2.3 , as is being done by Theil, because we can substitute
dy = Rdx into d%Ww:

d*w = (dx)'(A + R'BR + CR + R'C')dx (o.

The second-order requirement 1s therefore:

A + R'BR + CR + R'C' be negative definite.

15. In example 14 we derived the solution for (x' y' a').
From the equation the "optimal reaction functions"

X0

]

x(R,s;a,b,A,B,C)

y° y(R,8;a,b,A,B,C) can be derived.

Theil then investigates the problem what the effects are of
"infinitesimal changes in the arguments of the optimal reaction
functions". The question is answered by differentiating the
above-given equation.(We transpose it.)

A ¢ R [x° A C R X a
d{cr B -1)|y°]+|lcr B -1]a]y]=-a
R -I O a® R -I o0/ \a s

') See for this problem Theil (25), p. 37 et sedq.
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which gives:

dA  dC  (dm)’ X A ¢ Rl [ax da
(dC)* 4B 0 v l+lcr B -1 )ldy]==-1{ab
@R O 0 o° R -I 0] \da ds| ,
from which followss '
ax (xx) (xy) = (x.) da + (da)x° + (30)y° + (dR)'«°
dy|==| G vy (3.)] [ap + (a0)'x° + (aB)y®
da .x)  Cy) (.. \ds + (ar)x®
The peculiar (.,X,y) matrix is the inverse of /A C R'
ct B -I

R I 0/

the submatrices of the inverse have the same orders as the
corresponding submatrices of the original matrix,
The author then gives the partial derivatives of the optimal

reaction functions
Jdx, Jy. ox oY dx,  Ox
h i h |, i ““h h . ‘ . .
; ‘ ’ which result is quite
os. ? Dsj ’Drjk ’Drjk ’aak bbj ’

J

obscure.

Applying theorem (}2) we get the compact expressions:

° ® (xxy'
[ ]

Jd x 0 , L.
Svec T = - X ®(x)' = .
«® ® Cxx )0,
%é ==-I® (x)' = - (x.)!
ox _ ( '
55 = -t® (xx)' = - (xx)
%% = ~1® (xy)' = - (xy)!
x° B (xy)h.
) o «® ® (yx)
SR~ -x RGO -f .
«° B (yxym.
B
3% =-t® (y)'=- (3.0
g% == 18 (yx)' = = (yx)'
%% = -1 ® (yx)' = - (yx)! }
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%%%3—5==- 7’3 (yx) - [x° B (yle.

x° 3 (y3) 'y,

. . dx - dx ()y 9, .
The derivation of >vec L ' Dvec B 'Jves & and JTryec_B is more

complicated because A and B are symmetric,
If A and B were nonsymmetric, we would have:
Jx 0

Fec k- T X B ()
Ox
e

= -3 8 (xy)!

= -x%» (y2)°

el

o]
SecB="7 B (yy)'

The derivatives matrices for symmetric A and B can be found by
combining rows, which correspond to now identical elements of A
and B.

An example can make this clears

Let <2 M, - Jue \ Suo B
e SNec W oW, oWy, = I
Ju, Jdug Sz S22
Y OVig,
alc Jduy Saq Sz2
oW, 2 OW .
\Dwaz Dszl
: ou ou, dug 8y Sy2
if w' = W, dvec W v, oW, =
Ju, Jug Sz + 33| Saz2t Sz
dW,g OW 2 )
f)uo Jug S + Sg Sz2t S3g
OW,g OW,yg
au' aua 34\ 342' “_;
JdWzz2  JWzg
Jx Idx Jy )

. v .
Formal expressions for vec X * Jvec B * Jvec E ' Jvec B ? which

incorporate the above-mentioned transformations, can easily be
derived,., This will not be done here.
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Séme more properties follow easily:

1. One choice of (A') = (A7)

2. A(A'A)TA'A = A

3. A'A(A'A) AY = A

4, A(A'A)TA' is symmetric, idempotent and of rank equal

"~ to that of A, ,

This generalized inverse A~ can be applied in all cases where we
cannot make appropriate rank assumptions.
Some cases will be dealt with now. (They have also been examined
by Rao, but without differential calculus.)

1. Let L be a symmetric positive definite matrix of order(m,m),
B be of order(m,k) and u be a column vector of order m

Then B'¥=u. . e
min x'Ix = u'(B'L B) u

Proof: Let f = x'Ix - a'(B'x -~ u),
a' being a Lagrange row vector multiplier.
Then df = 2x'Idx - a'B'dx = o,
S0 Ix = Ba
Premultiplication by B'L™' leads to:
w= B'X = B'IT'Ba, and subsequently to
(B'L™'B) u
Substituting back we get:
Lx = B(B'L™'B)"u, so :
X =1 B(B'L'B) u and x'Lx = u'(B'L'B)” u

o

(]

2. Minimize x!x, subject to B'x = u, where x' = (X! X')
Proceduré: f = x'x, - o'(B/ Bz')(ig where B' = (B! By')
Then df = 2x!dx, - a'B'dx, ~ a'By'dx; = ©
which leads o 2%, = Bja

' o = Bsa

Premultiplying the first equation by B' gives:

BB, B, }a u _ |
B, 0 x, | = \o y using B'!xX, + By'X; = u,

and the solution %, = B,C,u
Xg = Ca’ u, if

we define [ B'B, Bz') - C, Cg
B 0 = \Cz' Cs

This gives the constrained minimum value of
X!x, = u'C B'B,Ciu = u'C, (u-~- B'C'u) = u'C, u, because

B'B, B! C, G u u
B, 0 C,' Cs ol = o (consistency requirement)
2
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4,11
Exercises -

1. The linear programming problem:
3% + 2y

Maximize f
subject to x + 2y ¢5

X + 3y€<6

X,y7 ©
has solution: x = 5 y=0 f = 15
Approximate then the solution for:
Maximize 3,1x + 2.2y
subject to 1.2x + 3y £ 5.3

1.3 + 4yg6.1

X497 0

2. The solution of

3. Find the marginal impact of changes in input coefficients
and final demand upon production:

Jp J .
dvec A and 5‘8 y if

p = (I-A)"'c is the relationship between
production p,

final demand c,

input coefficients matrix 4.

4, Determine Jai in the '‘point:! GO,

dG
e - [2 Vo
© Ve 1
5. Approximate the characteristic roots of
e -[22 V2
V2 1.1

if _[2 T2
G°-<*f'2 1)

has characteristic roots a,= o and o, = 3 and associated

- v [ i
characteristic column vectors u, = 7?;( : and uz= ! 2
73 \V2 3\ 1
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6. Find the Jacobian of the transformation
Yy = AX

7. Find the Jacobian of the trgnsformation
Y = AXA?',
X being symmetric.

8. Approximate
log(x'Ax),
i

with A = m
2

for  x - 101\
20.3

if the value for x= (lg> is 3%.3%673%0
2

9. Minimize tr |W|with respect to B,
where W = E'E
E=Y - XB
W positive definite
X has order (m,n) and rank n.

10. Expand \I + tA\

11, Minimize x'AX with respect to x, subject to a'x =1 .
A is positive definite and symmetric.

12, To find
B AB _, .
min tr = with respect to B, subject
to |B| =1 and A positive definite,

A and B being symmetric,
n being being the order of A and B. ")

1%, Maximize

£ = log|cl + tr AC™'  with respect to I and ¥,
for C = L1L' + V

V diagonal

C and A symmetric. 2)

14, Establish an approximation formula for
alal , if A has order 4.
Realise that all d>|A| = o for 1) 4.

') See Bellman ( ¥), p.131, for a slightly different problem,
requiring B7 0. -
2) See Lawley (i}), p. 11 et seq.
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15, Approximate|10.2 5 6.1
5.1 7.1 6.9
10,2 11.2  12.3|

if |10 5 6
10 11 12 ‘

0 5 6 7 6 -7
p) 7 71 = %g 34 60 =52 |»
10 11 12/ -37 -60 55

up to second-order terms,

16, Prove that the quadratic form
f = x'Cx
has & minimum, if C is semi-positive definite.

17. Given.%% = AX, to determine dé%\ )

Answer: %%L J‘X\

1 dXx
tr —a*x—) 3T -
= tr|x|x”

]

%% - \xltr x7'aX = \X)tr A, because of
theorems (81) and (78).

18, Solve the differentisl equation d“é\ dx

, if G = AX and

X, = 1. #)

a
Answer: From ex. (17) we conclude:

bd _ cet tr A

Because |X\ =1, we finally get: {X| = gt T A

19. Prove that the system of differential equabtions

daxX .

JT = AX, with X = C has solution X = etAC.

X, A and C are matrices, (A end C constants), t is a scalar
parameter, |

tz ¢
tA Ad(I+tA+ A% +,,.)C
Froof: %% - de”C ( 2r )

dt = at -

2 ‘ 2
= (A+TAR 4 %— A%+...)C = A(T+tA+ 57 A%+...)C = AeAC -aX

Jda k1| HER
. - A-kIl
2(). To flnd T and ___Ez___

') See Bellman (4), p. 167, 168.
2) See Bellman (4), p. 168.
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On matrix procedures for optimizing differentiable scalar
functions of matrices

by H. Neudecker*)

Introduction

In the statistical field of econometrics one often meets with optimization
problems involving differentiable scalar functions of matrices.

Most frequently occurring scalar functions are trace, latent roots and deter-
minant (or functions of these). Some econometric textbooks present short out-
lines on differential calculus in matrix notation, in which some building stones
for matrix procedures are supplied. I refer to GOLDBERGER [2], JOHNSTON [3]
and MALINVAUD [4]. I also want to refer to the articles by DEeMER and OLKIN
[1] and OLkIN [6], which gave the most complete enumeration of building
stones so far. DEEMER and OLKIN concentrated on determinants (Jacobians),
and did not tackle matrix functions like latent roots and trace, which are
frequently occurring in econometrics.

It is my contention that these building stones are not adequately used in
econometrics. Most authors still resort to cumbersome methods consisting of
writing out typical elements of the scalar function, and combining these later
on into matrices, instead of using compact matrix methods.

Second-order conditions for optima are very seldom dealt with. If they are
considered, very indistinct procedures are applied.

In this note I shall collect the relevant results for optimization, spread in
literature. I shall apply these to the three subclasses of differentiable scalar
functions (trace, latent root, determinant), and extend the exposition with some
procedures, not to be found in the literature (as far as I know!), but being so
simple that T don’t want to claim any great originality! Only in the cases where
I actually prove results, I think to say something new.

The basic elements .

If f is a differentiable scalar function of the elements g;; of a matrix G, then
the first-order optimum condition is:

af = iaf

the second-order optlmum condition is:

dgu =0,

ijkl 2 ..
2p f > 0 (minimum)
f=x 08:198u dg,-jdg,‘,{ < 0 (maximum).

*) University of Birmingham.
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Sometimes we need an expression for the partial derivatives df/dg;;, in order
to be able to proceed to df. In some cases we can dispense with them — unless
we are specifically interested in them —; they are a by-product then of df. The
df/og;; will be assembled in the matrix df/3G':

o .U
af agll aglm
C\y o
agnl agnm
The matrix of second-order partial derivatives
(zarpe)
agijagkl
is a by-product of d?f; its definition is:
i R 5 S i RN i M
agﬁ . 021108 1m 081198m 021108um
S AR5 A 5 AU i i
( 62f ) aglm.agll agfm 0glmagn1 aglm.agnm
%8198 i A A &/ A |
08410811 024108 1m 0gm 081108um
o . 9f 9
L agnmagll agnmaglm agnmagnl ag:m —

In the following the basic properties of trace operations are supposed to be
known. A standard result for matrices, indispensable in this field, is:

d (GH) = (dG) H + G (dH). ¢))
It implies:

d(G™")=—G'dG)G™* 1€,
because d(G-1G) = dI = 0. Traces are part and parcel of the optimization
process. They either appear already in £ (if fis a trace) or turn up in df. There is

a need for handling d tr G, therefore.

A simple result is:

dirG = trdG 2
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Proof: ; ;
dtl‘G = dzgli = ng“ = tl'dG.
Another basic result is:

df = tr H (dGY implies H = % 3)

(the reverse also being true.)

Proof’:

Hoop of \V d ,
df = z_agLi,-dg“':tr(%) dG = tr%(dG).

A theorem useful for identification of

2
(____6 S ) is:
agijagkl

2

d*f =tr A(dG) B(dG)' implies A’ ® B= <6ga f{g >)ifA' ® Bissymmetric (4)
108

Proof:

tr 4 (dG) B(dG) = tr 4 [(dG)l.] B[(dG); -+ (dG),] =

(d6),,
—tr4 [(dc)l. B(dGY, - (dG),. B (dG)fn] -

(dG),. B (dG), - (dG), B (dGY,
= Y4,(dG), B (dGY,; = [(dG);. - (dG), ] (auB a“B) [(dG)fl] -

alnB armB (dG),n

= [(dG),. -+ (dG), ] (4’ ® B) I:(d_G}fl]
G,
On the other hand:
ijkl 2

2 —3 . s =
df_ Z agijagkl dgudg.kl

2 - d . ’
= @0 @ () [ '}] 3
L(@®), Y
o* [(dG),
= (@0~ @0y (50 ) 49 ] |
@6y,
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This proves the theorem.
A’ ® B is the kronecker product of 4’ and B.
(dG);. is the ith row of dG; (dG) ; is the itt column of dG;
(dG)’ ; is the ith column of (dG)".
Summing up: (3) gives us the possibility of switching from df to 3f/3G. (2)
assisted by (1) gives the possibility of translating dfinto dX, if fis a function of K.

(4) enables us to find
o ) ,
from d°f.
<agi jagkl f

The case of a latent root

The fundamental theorem here gives an expression for d4,/04, A; being a
latent root of A. The expression is derived for nonrepeated roots only. In case
of repzated roots the derivatives are either indeterminate (0/0) or L co.
Let the equations for row and column characteristic vector be:

Au; = Au; and wid = Aw;, with wu, = 1.
Then (dA) u; + Adu; = (d4) u; + A, du,,
which leads to wi(dA) u; + wiAdu; = (d4) wiu; + A,widu,,

giving
dA; = wj (dA) u; = tr wu, (dA)' (%)
From this follows:
aj'i ’ ’
A - Wiy, )

because of (3).

A corollary is:

4l 3l g o Y,

04 6A
it J 1 i _ i~
_Zwu nl—zrwju}nli=|A](A’) (5"
J

(5") is also true for repeated roots cases. It can be derived by putting instead
of A, A 4 A and taking the limit |4 + 4 | (4 + 4)'!

4—>0

Use has been made of the property: W'AU = A,

where W' = [W’I], U= (u; - u) A= [,11 ]
w, .,1"

n
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" This implies:

(Al)—-l — WA—1U1=(WI..- wn) _1_. , =

_Zl .IJ’

applying the rules for partitioned multiplication.
Formula (5') is useful for the computation of the asymptotic standard errors

of latent roots of econometric equation systems. See NEUDECKER and VAN DE
PANNE [5].

The determinant case
The essential theorem, we saw is:

o)A4]

=AW ")

This has been established along other lines of reasoning by DEEMER and OLKIN,
using co-factors.

The theorem can be extended to determinants of matrix functions:
| @(A)|

(5"") leads then to % =04 [{® (A)}'j_l

In case @ (A4) is a higher-order function of 4, e.g. 4’4, 4’44’ and so 6n,_
(5") will not help us very much, if we are in need of

0|2 (4)|

74 ordied|

expressed in d4.

Application of (3) and (5”) will help us.
(3) and (5”) imply: d | & (4) | = | @ (4) | tr {® (A} d{® (A}
(1) will enable us to break down d {(D. (4)}; then

djoe@|=|oDItr[{&(AD}]Z,

where Z is an expression in d4 and (d4)'.
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Reordering this expression will lead to:

dl@A)] = || tr {D(A)} 'S (d4),
with
NIDI - oy (@' ©
Application?)

To minimize f = log| W | with respect to B, where W= E’E and
E = Y— XB. W is positive definite, so | W | is positive. Necessary is: df = 0.
According to (3) and (5") df = tr W1 dW.

Obviously, dW = d(Y' — B'X) (Y — XB) =
= —Y'X(dB)—(dB) X'Y + (dBYX'XB + B'X'X (dB).

Sodlog|W|=2tr (X’XB— X'Y) W (dB)'.

Necessary for the optimum is: X’XB = X'Y.

A by-product is:

dlog | W |
- B

We shall deal with the second-order condition further on.

=2(X'XB—X'Y) W1

The trace case
The essential result here is: dtrG=trd G (¥)]

Application %)
To minimize tr A’AV with respect of A4, under the condition AX = I. Of

course A is nonsquare, endtaeAIndsingmlan 1 is assumed to be positive
definite, and symmetric.

The formulation of the problem is:

Minimize f= tr A’AV — tr M'(AX — I), where M is a matrix of Lagrange
multipliers.

It is easy to sec that:

df =dtr AV —dtr M(AX —I) =

=tr(4V + AV'— MX')(dA) because of (2)
Necessary for the optimum is: AV + AV’ = MX'.
Next d2f

From df = tr (AV + AV’ — MX') (dA4)’ it follows:
Bf=dtr (AV + AV’ — MX') (dAY = 2 tr (d4) V.(dA4)'.

1) From: GOLDBERGER [2], p. 205 seq.
%) From: JOHNSTON [3], p. 180 seq.
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This is a sum of quadratic forms, with matrix ¥, which is assumed to be
positive definite.
Thus d?f > 0, for d4 = 0.
2
(_6_[_) = 2]V because of (4)

0a;;0ay
Application %)
To establish the second-order conditions for application 1.
Clearly d*)f =2dtr (X' XB—X'Y) W1 (dBYy =

= 2tr X’X(dB) W1 (dB) 4+ 2t (X’XB—X'Y)(dW-) (dB) =
=2tr X’X (dB) W-1(dB) because X'XB = X'Y (necessary condition).

We can transform further, and get then:
df =2tr W (ABYX'X(dB) Wt =2trZ'Z. ~

We define Z = X (dB) W%, where W~* stands for any symmetric matrix K
satisfying K2 = W-1,

Under convenient rank assumptions tr Z'Z > 0 for dB = 0.

This establishes the minimum. A by-product is:

2
(abi. afbkl> —2X'X® W! in the minimum.
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1. INTRODUCTION

One of the interesting properties of econometric equation systems is the stability of
these systems. This stability depends on the latent roots of the system. Since the
estimates of the coefficients of an econometric equation system have standard errors,
the roots which depend on these estimates will also have standard errors. In certain
cases it is important to know the standard error of the absolute value of the latent

roots.

Systems having roots with absolute values smaller than one are stable, whereas
systems having at least one root with an absolute value greater than or equal to one
are unstable. However, it might be that in some cases in which the estimates of the
latent roots indicate that the system is stable, the standard error of the estimates is
so large that the absolute value of some of the roots does not differ significantly from
one; in such cases the system does not possess a significant stability. On the other
hand, in some system which has a latent root with an absolute value larger than one,
the instability may not be significant, so that also in this case it cannot be decided
whether the system is stable or not. Hence an estimate of the standard error of the
latent roots of a system is useful in determining whether a system is significantly
stable or unstable.? In general, only an estimate of the asymptotic standard deviation

will be available.

Theil and Boot [4] have given a procedure for the derivation of the asymptotic
standard error of the absolute value of a complex latent root, but it has the dis-
advantage of being impracticable for larger systems since it uses cofactors in its
computations which are computationally inefficient except in very small systems.

This note offers an alternative procedure which does not have this drawback. At
the same time this procedure will be slightly more general in considering also the
asymptotic standard error of a real root and that of the argument of a complex root.

2. THE CASE OF A REAL LATENT ROOT

Any linear econometric equation system can be written as a system of difference
equations of a certain order in the endogenous variables. By a redefinition of variables
this system can be reformulated into a system of difference equations of the first

order as follows®
y(t) = Ay (t —1) + Bx (1),

where y (¢) is a vector of|, say, n endogenous variables and x (¢) a vector of m exoge-
nous variables, all referring to period ¢. 4 and B are then n X rand n X m matrices,

respectively.

1 Now at the State University of Groningen, Holland.
2 For a measure of the degree of stability of a system, see Smyth [3] and van de Panne [2].
? See e.g. Theil and Boot [4].
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The n latent roots of 4 are then the roots of the econometric equation system.
They can be found in the usual way by solving the characteristic equation

|A—AI| =0, (2.2)

or by any other method for finding the latent root of a matrix. Since 4 is not sym-
metric, the roots are not necessarily real. The characteristic columns and rows are
determined by the following equations

(A—ND vy =0, j=1,...,n, (2.3)
wi(Ad—ND) =0, j=1,...,n, _ (2.4)

where v; and w; are column vectors of n elements;; if there are no multiple latent roots,
they are uniquely determined. Furthermore, we have, after normalization

weyy=1fork=j k,j=1,...,n 2.5)
=0fork # ;.

We want to find the asymptotic standard error of the latent roots of 4 from the
asymptotic covariance matrix of the elements of A4, of which, we assume, a suitable
estimate is available. The latent roots are differentiable scalar functions of the ele-
ments of A4, see (2.2). Here a result can be used which can be found, e.g. in Gold-
berger [1, p. 122-125, especially (6.32)]; this result relates the asymptotic variance of
a scalar function y = f(x), where x is a vector of random variables, to the asymptotic
covariance matrix of x.

According to this result we have the following. Let us write the columns of the
matrix 4 as a vector 4’ in the following manner:

a=1lay...a0u...0,...0 (2.6)

The matrix A will in general be an estimate based on a sample size 7. We assume that
this estimate is asymptotically unbiased, so that the asymptotic expectation of the

vector g is «:
LmEag=ua 2.7

T—>o0

The asymptotic covariance matrix of the vector a is assumed to be

;—,Tl;lgl ET(a—Ea)(a—Ea) ; =V = ;—, w, 2.9)
where W is a matrix of fixed constants.
Let us write for the root A
A= f(a). 9
Then, according to the results we referred to, we have for the asymptotic variance of A;:
—;—,TI_,:?: E{T(\—E)N)?*} = -g%j)’ V(g%j) , (2.10)

oA
where (a_;) is the column vector of partial derivatives of A; with respect to the

elements of a.
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This vector of partial derivatives is found as follows. Let us differentiate (2.3):

{d4 — () I} vy + (A —NI) dv; = 0. (2.11)
After premultiplication by w; we find
wi {dAd — (d\) I} v; + wj (A — N1) dv; = 0. (2.12)
The last term is zero according to (2.4). On multiplying out the remainder we find
w; (dA) v; — (d\)) wjv; = 0. ‘ (2.13)
Since according to (2.5) we have w; v; = 1, we can write (2.13) as
dr; = w; (dA) v;. (2.19)

Let us also write all columns of d4 in the form of a row vector (da)’:
(da)y = [day, ... day,, . . .day,...da,]. (2.15)
(2.14) can then be written as
d); = [vyuw; vewj ... Viuw] da = sjda, (2.16)

where s; stands for the row vector between the square brackets. From this we find

(a N
7a = . (2.17)
Hence we have for the asymptotic variance of A;

1

TTI;ix:: E{T(—EN? =35 Vs, (2.18)

in case J, is real.

3. THE CASE OF COMPLEX ROOTS

If J; is complex, its standard error will in general be complex as well. In this case,
however, we are interested in the standard error of the absolute value and the argu-
ment of the root. The absolute values of the roots determine the stability of the system,
while the arguments are connected with the periods of the fluctuations of the system.

Let the root be

N=p; + g ’ 3.1
where p; and g; are real. Differentiating the absolute value of ; we find
diN|=d@} + )% = (pdp + gydg) (] + )~ (.2)
dp; and dg; can be found from (2.9) as follows
d\; = dp; + idg; = w; (dA) v; = s;da. (3.3)

If A, is complex, then the corresponding characteristic vectors w; and v; will also be
complex and hence also the vector s;, which can be separated into a real part 5; and

a complex part ifj with §,' a vector of real elements. We find therefore

dp; =5} da, dg; = 5, da. (3.4)
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Substituting this into (3.2) we find
din| = (g + g% 95+ ¢;5;) da. (3.5

From this we find

a1 L
( laall = (P} + )" (25 + 45)- (3.6)

The asymptotic standard error of | %; | is therefore equal to
{0} + =" (5] + 45) V(oS + 45} 3.7)

which, if an estimate of ¥ is available, can be computed. The argument of a complex
number p; + ig; is defined by

; 3.8
tan 6; = i (38
o
Differentiating, we find
d (tan 6)) = sec? 6,d 0, = —g;p}? dp; + pj* dg;, (3.9

from which we obtain
d 8 = (cos* 0) (-, dp; + p7* dg)) =. (3.10)
(cos® 0) (~¢;p/*5; + £7'5)) da;
the last equality is found using (3.4).

From this we find

20, _
(ﬁ) = (cos®0)) (-g;77%5; + Pi*s)- (3.11)

From this follows the asymptotic standard error of 6;:
{lcos* 0] [- gip*5; + p*51 V - 4575 + 513

In some cases it is desirable to know the standard error of the period of fluctuation
rather than the argument. This period can be expressed in terms of the argument
as follows

T; = 2=6;, (3.12)
from which we deduce
daT;
— = b, (3.13)
8
so that
oT; 26,
) = _ -2 {7
aa) 2r07 (aa) . (3.19)

Hence the corresponding asymptotic standard error is equal to
27" (cos* 0) {- 25 + 25V 4175 + 1)} (3.15)

The formulas derived above can also be used to asses the impact of changes of
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structural coefficients on the stability of the system. This may be of importance for tax
parameters. If, for example, we have a tax equation of the following kind

T= t]_ + t2Y + t3Y_1, (3.16)

we may consider separate or simultaneous changes in the coefficients, dt,, dt,, dt;.
An expression for the impact of these changes on the elements of 4 can be given,
after which the impact on the roots or their absolute values and arguments can be
found.
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RESUME

Larticle expose une méthode générale qui permet d’obtenir 'expression asymptotique de 'écart-
type des valeurs propres des systémes d’équations économétriques.

Lorsque les valeurs propres sont des nombres complexes on considére les valeurs asymptotiques
de écart-type du module et de I’argument.
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on production, population and other elements are mostly available at
district levels.

Market-Demand Relationship

To put the model to operational use requires the'neceés/ity of re-
gional market-demand relationships for rice. But certain difficulties
in the form of non-availability of adequate data prevented us from
building up demand functions at regional level. To overcome this diffi-
culty an effort has been made to build up the demand function for the
South Zone as a whole. The arithmetic linear demand function was
postulated as

X1 = a; + byx; + 15

where z; is the per capita consumption of rice.

22 is the per capita real income.

x5 is the retail price of rice.
Data applying to the 1960-61 observed values of the variables were
then employed along with the income- and price-elasticity estimates
to derive the desired linear coefficients. Thus the linear market-demand
relationship for the South Zone is given by

X, = 212-09 + 0-23x, — 0-71x;

Transport model

. We have assumed that the largest parts of shipment of rice is done
through railways. Rail rates for transportation of rice and wheat
have been used to construct a model which is of the form

1
Cii = A + A; My + Ay My;*
where C; denotes the cost of transporting a unit quantity of rice from"
point ¢ to point 7 by rail. M, is the rail mileage between ¢ and 7, A1, A2
and Aj; are parameters to be estimated. The method of least squares
was used to estimate the unknown parameters. The results are

Cii = —26-23 + 0-062M;; + 7-52 Myi*

R? = -908
The point that is worth mentioning is that we have used smooth
functions to generate transport costs instead of using actual rates
existing between two points.
74 Artha Vijnang
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Here V; is the gross demand of the ¢ region in the optimum solu-
tion (of Table 1) ; V,-x is the gross demand we are after; S is total
supply (stable), % is the total number of regions.

Proof :
Let the demand equation be denoted by
Vi=a-+bip+d;) 2.
Here p is the equilibrium price, and d; is the price differential of the
i** region. In the first iteration round there will be price differentials
¢d; and an equilibrium price p°. This p* will be expressed first.

Equation 2 gives us; ’
x —
Vi =a+ b(p*+ &),
iy - i
S =3V; =na -+ nbp* 4+ b¢ 3 d;,

_ i
so p*=S—na—bg3d;
nb

Adding up equation 2 gives us:

i - i
S=SV;=na-+nbp +b3d;,
i -
0 63d; =S —na—nbp
i
Substituting this expression for b X d; in 4 leads to

p;"= S—na — ¢S + ¢na 4 gnb;
nb

Substituting this expression for p* in 3 gives then :

V,'x= a+8S—na—¢S + ¢na + gnbp-—i- bed;
n

1 -
=g¢a+ ,(1-¢)S+ ¢bp + ¢bd; =

1
=¢Vi+ (1 —¢)S
If all transportation costs are multiplied by ¢, the gross demands

will change into V: this being equal to a linear combination of V, and
average supply (not a convex one, because ¢ can be greater than 11),
Formula (1) will help us in finding (some) stability conditions.

78 Arthe Vijrana
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Montias’ procedure for balancing organizations’

outputs, goods outputs and final goods demand
Heinz Neudecker

Dcpartment of Econometrics, University of Birmingham

PRESENT LIMITATIONS AND POSSIBLE IMPROVEMENTS

In his book, Central Planning tn Poland (pp. 345 onward), J. M.
Montias [2] defines an m-dimensional vector 7 of values of gross outputs
of m different organizations (e.g. ministries, central boards or multiplant
enterprises), an n-dimensional vector y of the given bill of net outputs
(final demand) and an n-dimensional vector x of total gross outputs of
the 7 goods.?

In general, there will be more goods than organizations producing
them, so m<n.

The vectors 7, y and x are related by the equations

x=Br+y : (1)
— total output equals the intermediate use plus final deliveries -
x=Dr 2)

— total output equals the output of the organizations —
where B and D are n x m matrices, the matrix B having the coefficients

bis (1=1.. .m; s=1...m)

which denote the input of good 7 per value unit of output of organization
s, the matrix D having the coefficients d;; which denote the amount of
output of good 7 produced per value unit of output of organization s.

It is assumed therefore that “each organization produces its different
products in fixed proportions”,

The author sets out “to find the vector r capable of sustaining the
given bill of net outputs y”; he intends to show that “it is possible for
the planners to frame an internally consistent program without direct

1 In his book, Montias used an o-dimensional r (o0 being a letter, not a number, of
course). For reasons of clearness, I substituted m for o, changing quoted texts ac-
cordingly. My B and D matrices are not identical with Montias’, I used B and D
for logical reasons, where he used B and D. If necessary I changed quotations
accordingly.
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knowledge of the technical coefficients”, the input-output coefficients
a;; which would enable us to apply the renowned relationship 7=
(I-A4)'y. The basic difficulty he meets with in solving this problem is
the order of the matrices B and D. If B and D were square, the solution
of the problem would be:

r=(D-B)™'y 3

One would reach this solution by subtracting equations (1) and (2), and
solving for r subsequently. (Of course, this solution presupposes that
(D-B)™! exists, and that it is nonnegative.)

In reality this case of square B and D will seldom arise.

Montias gives a procedure for finding r (and x), in case m<n.
“We may circumvent this obstacle (m<<n, HN) by choosing m goods out
of the total n and by working exclusively with these goods for the first
part of the solution. It is assumed that it is possible to pick out these
goods in such a way that none of them will be produced by more than
one organization. (This should not be difficult in practice.) The choice
should fall mainly on the more important goods, from the viewpoint of
their priority standing and from their usual scale of output”, he says.

Thus, he selects corresponding square fragments of the order m from
D and B (let us call them D and B), such that D is a matrix with only
one element per row. Implicitly, he assumes that none of the organiza-
tions is producing nothing of these goods, so D also has only one element
per column. “The matrix D is made up of a single element dj; per row
and per column”. Montias postulates that “every good x; can sustain
some net output y; after satisfying the intermediate requirements

m

Z big rs”. (i= 1 ....... m).

s=1
At the same time, the author curtails y correspondingly.

By renumbering organizations (or goods) he transforms D into a
diagonal matrix, and correctly says that (D-B)™! exists and has non-
negative elements. As far as I can see, there is no need, however, to
assume that each organization produces only one of these m commodities
and has a net output for this. It is possible to work with a system that is
much looser; each organization should have a net output for one product,
and can have negative or zero outputs for all others. We require then
that the system should be able to produce at least one positive net output
vector, in other words to be ‘productive’.
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In symbols: the character of D - B should be such that
dij—bi; < O0fori=j
dii—bii > 0;

moreover, there should exist a nonnegative 7 such that D7 > By, in other
words y=(D~-B)r >0. It is easy to prove now that (D—B)~! exists and is
positive. We apply theorem 9.1 and its corollary, in Gale (1), p. 296 seq.
In effect, some redefinitions are necessary to_make the application of the
theorem obvious. Let us first redefine: D—-B=A%-A4%*
such that o

a; = 0y (dij = bj)

a; = (85~ 1) (diy - byj)

— 8y is the kronecker delta—;

A* and 4%** are nonnegative matrices, 4* being diagonal, A** being
hollow. In this new notation we require that there exists a nonnegative r
such that A*r > A**r, or r > A*"1 A%*r,

Gale has proved that (J-A*-14*¥*)~1 exists and is positive. In other
words, (A*-A**)~14* exists and is positive. It is clear then that
(A*-A**)~1 exists, and is also positive.

In this article, we will therefore not confine ourselves to D— B matrices,
whose D is diagonal (or reducible to a diagonal matrix). There is no
point in doing so.

Let us follow Montias’ procedure, but now for a more general D-B.
He restricts the system of equations (1) and (2) to:

=Bty (1)
x=Dr (2"

and derives a solution
r=(D-B)y (39

The 7 he finds, Montias inserts in equation (2) and gets then:
x=D(D-B)™'y (4)

This x is used to (re)find y by means of equation (1):
y=x-Br=D(D-B)"5 - B(D-B)* 5=(D-B) D-B)5 (5

1 T am grateful to J. Butterworth for having applied the Gale theorem to this case. The
proof is entirely his. The whole paper, in fact, has benefited from his comments.
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It must be clear at once that this y will generally be different from the
y the author started with, still worse, it can have negative clements,
We shall show this. Select §. Partition then

D-B= [ D-B7;

this gives

(D-B) (D-By Y= 1|----- (D-B) 9=

(D-B)(D-B)*7]

Although (D-B)§ = 0, there is no need that =(D-8) (D-B)'j
is nonnegative; because (- ) can have negative elements.

Montias sees this problem, but confines himself to saying: “If in a
given case the resulting bill of net outputs y;,4, to y, were not satisfac-
tory, then net outputs y; to y, would have to be adjusted in order to
release resources for the remaining sectors. The procedure would have
to be repeated until the net output proportions in vector y for all z goods
were deemed satisfactory.”

Thus, he suggests manipulating the 7 vector in such a way that the
last #—-m elements of the y vector emerging from the computation process
(denoted by ) are acceptable, i.e. nonnegative and then to adopt the

vector [%] as y vector. This is, of course in flagrant contradiction

with the conditions of the original problem, where y was given and not
manipulable! Alas.

I want to conclude from this that it is, in general, impossible to select
y arbitrarily when there are no stocks brought into the picture, to make
up for inadequate components of 7, or to absorb oversatisfactory com-
ponents. If there is no possibility of introducing stocks, the set of y
vectors will have to be restricted. It is not difficult to see that acceptable
nonnegative y vectors have to satisfy the relation.
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where

He oo, b
(D-B)(D-By* : O

It is obvious that if there exist more than one nonnegative characteristic
vectors corresponding to characteristic value 1, all positive linear com-
binations of these vectors will also satisfy the relation y=Hy. The set is
infinite, then. In both cases (unrestricted and restricted y) there arises a
selection problem, which y to choose!

THE CHOICE PROBLEM; SOME POSSIBLE FORMULATIONS

The choice problem can be tackled in two different ways.

Firstly, by admitting only smplicit valuations in the choice made by the
policymakers and implemented by the planners. Secondly, by formu-
lating explicit valuations (preference functions) for the planners, and
leaving the choice to them. In both procedures the planners have a mere
technical role. In the first, the policy-makers choose a ¥ (on basis of an
implicit valuation), submit it to the planners, who test it for feasibility;
if it is feasible, they compute x and . If it is not feasible, they communi-
cate this to the policy-makers and invite them to make a second choice,
and so on.

Both the original and the amended Montias procedure belong to the
first class. Because the feasible y (satisfying: y=Hy) probably form an
infinite set, there is no a priori practical delimitation of the y set possible;
so there is no difference for the policy-makers. In both cases they choose
in vacuo. This is hardly acceptable.

An alternative approach is that of explicit valuation. Here preferences
are made objective and discussable.

We shall tentatively formulate some approaches in this spirit.

First of all, we shall stick to the oréginal formulation given by Montias,
in which y is predetermined. If y does not belong to the set (y=Hy), the
following approach is useful.

If we inspect the equations (1) and (2) again, we see that equation (1)

1 It is not the only matrix representing this idempotent transformation. We can arbit-
rarily choose D - B that meets the requirements and a corresponding -8 from D-B.
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is an input equation and equation (2) is an output equation. Equation (1)
determines x from an input point of view: input into the organizations
and the final consumption sectors. Equation (2) establishes an identity
relation between x and 7: the output vector in terms of goods is directly
related to the output vector of the organizations. Equation (1) gives a
possibility of introducing a disturbance. So we may rewrite the equations
(1) and (2) in this way:

x=Br+t+y+4v 1

x=Dr

where v is the difference between Dr and Br-y:

v=(D-B)r -y (©)

o can be interpreted as an #ncrease in stocks.

An acceptable solution for x and 7 has to optimize stocks-behaviour,
we could say. For some goods, there will be stocks available from which
these could be withdrawn. For other goods, there will be no stocks
available, so that withdrawals are inconceivable.

Let us write

V=2-2,

where 2, is the vector of increases in stocks and z, is the vector of decreases,
so that v is the vector of net increases in stocks. Suppose further that
both increases and decreases are bounded:

o=z =w
0=2,=Zu,

L.e. the increase is maximally =, and the decrease is maximally u.

A reformulation of Montias’ problem could then be:

Minimize 2 ANz, 4 2,'A® 2,
subject to n<w
2=u
(D-Byr=y+ z;—2,
r =0
2, =0
2,=0
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The matrices AV and A are in the simplest case diagonal, with positive
elements a;V and a;?, and these indicate the desirability of increases
and decreases.

The more desired an increase in stocks is, the smaller will be the
corresponding element in A®; the more desired a decrease is, the
smaller will be the corresponding element in 4. If an increase for
good 1 is less desired than a decrease, ay;'V will be greater than ay;(®.

What we do here is essentially minimizing the weighted sum of squares
of increases and decreases of stocks. We can allow for cross-effects as
well. Then A or A® are no longer diagonal. We have to impose the
condition that they are symmetric positive semi-definite. The problem
as we stated it now, is a quadratic programming problem. A general
solution method can be found in Van de Panne and Whinston [3].

In case y belongs to the set (y=Hy), this optimization procedure
produces the result:
2;=2,=0.

If y is subject to choice, and no stocks enter into the picture, a choice
procedure could be:

Maximize y'Ay = r' (D-B)' A(D-B)r
subject to
0r<a
0 < (D-B)r
or: Maximize y'Ay = r' (D-B)' A(D-B)r
subject to
x=Dr<b
0r
0 < (D-B)r

In these preference functions 4 should be symmetric negative semi
definite. In the first optimization procedure we introduced capacity con-
straints for the organizations. These are necessarily in financial terms.

In the second procedure there are physical capacity constraints for
the products. These approaches have not exhausted all possibilites of
formulating a choice procedure! Linear combinations of y could be added.
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Micro-Economic Business Test Data Compared With

Traditional Statistics!)

By D.B. Jochems and H. Neudecker, Rotterdam 2?

1. Introduction

This article is concerned with data from surveys which have in recent years
been set up in the Netherlands and in several other countries according to the
prototype of the Munich Business Test. These Business Tendency Surveys are ba-
sed upon monthly questionnaires in which entrepreneurs are asked to state the
actual direction of change of certain micro-economic variables (production,
prices, etc.) in the preceding month (derived by comparing the level of the va-
riable in that month with that of the prevxous month), as well as the anticipated
direction of change in the next month3), Hence, for each firm, each variable
and each month, there are three possible answers in the sphere of realizations,
viz., increase (+}, no change (=) and deciease (-); and the same appliesto ex=
pectations and plam”. For a more detailed description in English we refer to
Theil’s expesitory article in Econometrica [17] and to a Committee Report
on Economic Survey Data [22]. Here, we confine ourselves to observing that the
methed considered, after having beenset up bythe IFO-Institut fiir Wirt-
scha ::sforschung at Munich, Germany, less than ten years ago, has been

”'1 e authors have highly valued the stimulating criticism of Professor Theil, who
suggested this problem to thom and was always willing to participate in the discussions,

2) D. B. Jochems and K, Neudecker, Econometric Institute of the X\elherland-i
School of Economics. Rotterdam, Picter de Eoochweg 122,

3) Most questions in the Dutch surveys refer to a time period of one month, while in
Business Tendency Surveys of other countries, time periods of two, three and six months
are not unusual. Moreover, there are various bases of comparison of the direction of change,
e.g., the same period one year ago instead of one month ago,

‘)Tbe notation (1), ), €) is not fully satisfgctory, but we adopt it here because it has
become a tradition, More satisfactory notations are (+), (0), (), indicating the sign of the
first difference, or ), €), (Q indicating whether this month’s level exceeds, is cqualto,
o is below last month’s level,



Micro-Economic Business Test Data Compared With Traditional Statistic. 47

taken over by agencies in several other countries, such as Austria, Belgiurm,
Denmartk, Japan, the Netherlands, the Union of South Africa, and Sweden 57,

It goes without saying tiiat there are numerous problems connected with these
surveys and their results, First, there is the problem of a rational statistical de-
sign in relation to the selection of participants among the firms of the various
branches of manufacturing and commercial activity, while the ron-response is
another statistical problem. A recent meeting, held at Munich in July 1957, and
devoted to Business Test problems, revealed that in most cases the statistical
design is rather unsophisticated, the Konjunkturinstitutet at Stockholm,
Sweden, being in some aspects a favourable exception. It seems clear that more
substantial efforts in this direction are worth-while.

Quite another set of problems is that of the analysis of the results of these
surveys. It is useful to make a distinction according to two types, viz., the ana-
lysis of the interrelationships of Business Test data themselves, and that of the
relation between these data on the one hand and "traditional” (i.e., numerical)
statistical data on the other hand. Examples of the first type of analysis are: the
accuracy of the predictions of the directions of change for the next month (the
plans and expectations mentioned earlier), measured by comparing these predic-
tions with the actual direction of change as reported at the end of the month; the
relationship between expected buying prices and planned selling prices, between
actual buying and actualselling prices insuccessive stages of industry; the effects
of changes in certain determinant variables on the plans of the entrepreneurs,
etc. Considerable efforts in these directions have been made by Anderson
and his collaborators [2,3,4,5,6] in Germany and by Theil {19, 20, 21] in the
Netherlands, both on German Business Test data, while Hastay did similar
work on Dun & Bradstreet data in the United States [7]. The second type of
analysis (that of the relationship with conventional data) can be divided into two
categories according tothe macro- or the micro-level upon which the comparison
of the two types of data is carried out. First, there is the macro-economic
approach, which implies that an aggregative time series based on Business Test
data s constructed (e.g., for the production of shoe manufacturers or for the
selling prices of shoe wholesalers), after which this series is compared with a
time series based on corresponding numerical data. Anderson [1, 2] was the
first to apply thisidea; he found a rather satisfactory similarity. In a tecent study
Jochems and De Wit [10] amived at similar encouraging conclusions. No
doubt, these results are of considerable importance; in the first place, because

5)In Frence the *““Institut National de la Statistique et des Etudes Economiques™ (I.N,
S.E.E.) has developed independently a similar-Business Tendency Survey, which is held
each half year but differs in some aspects substantially from the Ifo-Survey, For a detailed
description of these differences, sce Stutz 14].
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=iiable Business Test data may facilitate the task of business forecasters, as
these data are published in most cases one or two months earlier than traditional
statistics. In the second place, because Business Test data cover many more
variables than familiar statistics do, such as plans and expectations, so that the
inclusion of Business Test time series in regressions of "conventional® variables
can be a new and important possibility for widening our horizon. On the other
hand, it is not at all self-evident that B, T. results are indeed comparable with
statistical data, because it is conceivable that entrepreneurs, when answering
questions in the survey, have things in mind which are different from those
covered by the definitions of waditional statistics.

By the alternative, micro-economic, apf:roach it is possible to shed some
“light on the problem of comparability at the level of the individual firm. For
instance, we can observe to what extent individual firms reporting an increase,
say, have actually experienced an increase during that time period according to
the numerical statistical data. This micro-economic approach is the primary
object of this study and of an earlier report of the Econometric Institute [g8],
which dealt with the so-called indifference interval of entrepreneurs. The possi-
bility of such a micro-economic study is in general hampered by the fact that it
requires monthly statistical data for individual firms. These data are collected
by official statistical bureaux, which are unable to disclose data on individual
firms. In the Netherlands, fortunately, the B.T. Survey too is conducted by the
Central Bureau of Statistics, so that this Bureau was in a position to supply us
with corresponding numerical and survey data and still protects its secrecy about
its informants®),

A description of the available material is given in Section 2 below, after
which two approaches for establishing the relationship betweensurvey results and
traditional figures are considered, viz., in Section 3 (based on indifference in-
tervals), and in Sections 4 and 5 (based on so-called response functions). Sec-
tion 6 deals with an alternative interpretation of the concept of corresponding
“traditional statistics, and the conclusions follow in Section 7.

2. Description of the Material

The analysis is based upon B.T. data supplied by 40 firms in the Dutch Shoe
Industry for two variables: daily productica and stocks of unsold ready-made
shoes. All firms supplied information on th: former variable, the non-response

)Tbe authors are greatly indebted to M. H.G.C, Nannmga Mr. K.W,van Vugt and
M.A A Bouw man, division chief and steff members of the Central Bureau of Statistics,
for their cooperation in having the material for this study arranged and for their kind readl-
ness to supply additional information, -
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rate being zero. Data onstocks of unsold ready-made footwear are only available
for 21 of these firms, viz., those which maintain relatively sizable stocks be-
cause they produce primarily in anticipation of demand; the non-response rate
for this variable being 5 per cent, which is due to 6 of the 21 firms reporting
frregularly. The period covered is the 35-month period from February 1954 until
December 1956. An over-all picture of the Test reports given is presented in
Table 1; the large fraction of no-change reports for production is striking.

Table 1: The distribution of test reports for production and stocks of the
Dutch Shoe Industry, 1954 -1956

Variable ' Total number Relative frequencies:

' of reports ) e )
Daily production : 1400 -17 .76 .07
Stocks of unsold ready-made shoes 701 _ 15 . .36 .49

The corresponding numerical variables are daily production 7) and stocks of
unsold ready-made shoes, at the end of the month®); both are obtained by
adding pairs of shoes. In order to conceal the identity of the firms; the nume-
rical data are of the form of percentage changes ®) from the preceding month.

3. Indifference Intervals

It seems self-evident that, in general, no entrepreneur will regard a small
positive change (e.g., a production increase of 1 per cent) as an increase. In-
stead, "he will consider it as a case of no change, and the same applies to small
decreases. The simplest way to take account of this is to distinguish between
three intervals in the distribution of numerical changes, viz., one interval of
the larger positive changes which are indeed reported as increases, one interval
of the larger negative changes, reported as decreases, and one interval of the
changes in between, reported as cases of no change. This third interval is known
as the indifference interval, a concept which has been introduced by Theil and
Cramer [20] and which has been the object of two unpublished studies,

7 Daily production is deéved by dividing monthly production by the number of working
days, This derivation could not take account of the lost working days due to holidays and
special occasions. Pearticularly the figures for daily production in July and August are
seriously affected by these distwbances.

8 The numerical data on stocks are supplied by some firms at the end of four- or five-
week periods, These data have been adjusted to a monthly basis by graphical interpolation
under the assumption of linearity of inventory fluctuations.

9) Kere as well in the remainder of this report the terms *‘changes””, *‘relative changes”,

and *‘percentage changes’® have identical meaning.
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one by Lénnqvist [13] referring to the Swedish Textile and Clothing
Industry and the Swedish Engineering Industry, and the other by Jochems [g]
for the Dutch Shoe Industry. The paper of Lénnqvist deals i.a. with a spe-
cial survey of the Konjunkturinstitutet among entrepreneurs asking them
tostate the smallest percentage change which makes them report (+) or (=) in-
stead of (=), values which can beregarded asthe limits of the indifference inter-
val. It was found that the width of these intervals for the different variables was
varying from about 6 per cent in the case of selling prices to more than 11 per
cent for fnvestment in machinery, while also the different branches of industries
and large and small firms differed in this respect. It seems plausible that this

' variability is positively related to the degree to which the variables themselves
are fluctuating: variables which are normally subject to minor quarter-to-quarter
changes (like selling prices) are characterised by small indifference intervals,
and those which are subject to sizable fluctuations (like inventories of small
firms) by large intervals.

The second paper is not based on a special survey, but, instead, on the data
which are the object of the present paper. The indifference interval for each
month was estimated on the basis of the assumption that the firms which report
increases correspond with the largest numerical increases according to the sta-
tistical data and, similarly, that the firms reporting decreases correspond to the
largest numerical decreases. This leads to indifference intervals which are three
or four times larger than those of the Swedish entwepreneurs. This difference can
be partly explained by the fact that the Swedish surveys refer to changes over
longer periods (quarters) than the Dutch surveys, so that the monthly changes
in production and inventories will presumably be much larger on the average
than the cotresponding Swedish changes. It is possible that also the formulation
of the Swedish questionnaire is a partial explanation of this difference; for if it
is asked "What is the smallest change which you report as (+) or (—)?", and if
this is interpreted as "What is the smallest change which you ever reported as
(+) or (—) ", then there may easily be a bias in downward direction.

4. Response Functions !

.

There can be no doubt that the above-mentioned procedure for the estimation
of indifference intervals is based on'an unrealistic assumption. It is simply not
true that the firms reporting increases were actually confronted with the largest
numerical increases according to the corresponding traditional data. As a matter
of fact, when we analyse the cbrrespondence between Business Test data and
traditional statistical data, we should expect sizable deviations (for several
reasons, to be explained below), in precisely the same way as we obtain low
correlations in cross-section analyses of the consumption pattern of 1ndw1dual
consumers and the investment pattern of individual firms.
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A much lessrestrictive theory is that of the response functions. This approach,
due to Pfanzagl [14] and further developed by Theil [21], introduces thez
probability p that an entrepreneurreports an increase when he is confronted with
a certain change §, and a probability g that he reports a decrease in that case.
It is assumed that p and —gq are monotonically nondecreasing functions of §
between 0 and +1 and between —1 and 0, respectively; further, that these func-
tions are identical for all firms and all periods.

An attemptto estimate p and ¢ as a function of § is made in Table 2. This
table contains, for various intervals of 3 10), the relative frequency of the cases
in which the firms experiencing certain numerical changes report an increase or
a decrease. For production a distinction is made between 14 larger and 26 smal-
ler firms1); for stocks this is impossible because of the small number of cases
for which relative frequencies would have to be derived. An inspection of the
table shows that its only encouraging feature is that the relative frequencies of
(+) reports tend to increase from left to right and that those of (—) reports tend to
decrease; apart, of course, from certain irregularities, which are at least partly
due to small numbers. In no case does a response function approximate the unit
value for substantial numerical changes in gither direction, while large numeri-
cal decreases (increases) are sometimes, though not very frequently, reported as
increases (decreases). .7 ’

The (—) reports for stocks occur with rather large frequencies, especially
when the numerical change is negative, but also when it is positive. Clearly,
there is a tendency of the firms to report inventory changes on the negative side.

. Various experiments have been made in ordsc to improve these results for
production, but they did not result in any substantial improvement 12) On the
other hand, a series of Wilcoxon’s tests applied in all 35 months to the numeri-
cal changes corresponding to the three types of reports revealed that the changes
belonging to a reported increase tend to be stochastically larger than those be-
longing to reported no change, and that the latter changes tend to be stochasti-

10) The intervals of numerical changes ) in Table 2 and some of the later tables of this
paper are based upon the logarithmic transformation log {1+ Too in order to eliminate the
effect of the asymmetric character of the distribution of percentage changes; cf. Kaptein
and Jochems [12] and Kaptein [11].

2y For other purposes weights have been given to the various firms, such that 26 firms
have unity weight and 14 firms have we'ights ranging from 2 to 7, This enables us to make
this distinction between small and large firms,

12) First, the months July, August and September were omitted (because of the holiday-

effect; cf. footnote 7). Second, seven firms were omitted which reported in all months no
change in their production. Neither of these eliminations (combined or separately) led to p-
or ¢ -yalues of 0.50 or larger, . , -
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Table 21 Relative frequencics of (+) and (<) reports for various intervals of numerical
changes in production and stocks of the Dutch Shoe Industry, 1954.1956

(+) Reports
3 8’ .
all & £=30 | =29/-10 | —=9/0 | +1/+5 | +6/+10 | +11/+420 | +21/+440 | +41/480 | >+81
Produkuo'n,
All firms 17 .09 .14 .12 W17 .22 .21 .28 .22 .27
Large firms .14 .11 10 .10 .14 .18 «20 « 17 25 .50
Small firms .19 .09 .16 .14 +20 .25 .22 .83 .22 .19
Stocks:
All firms .15 .00 .03 .09 .14 .16 .33 .34 .32 .34
(~) Reports
S
all § {| <-46| —45/-30 | ~29/—18 | —17/-10|-9/-6 | =5/—1] 0/410 | +11/+40 | > +41
Produktion:
All firms .07 .35 $13 .11 .16 .18 .04 | .03 .04 .04
Large firms ' .06 .25 T 14 .12 .10 .05 .03 | .04 .03 .17
Small firms .08 .37 .12 '10 .20 .18 .04 | ,02 .05 .06
Stocks: ‘ ) .
All firms «49 || .64 .67 .65 +70 L 47 | W4 .35 .34

o
[

19o2pnaN *H pue swaydof *g-a
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cally larger than those which belong to a reported decrease 13) Thus, a stocha-
stic relationship between Business Test data and conventional statistics seems
_well-established; but it is highly disturbed.

Table 3: Relative frequencies of (+) and (-) reports on production and stocks for
various intervals of numerical changes, 8, in separate months:

Dutch Shoe Industry, 19541956

Month [al6 | A B C D |ans| a B ¢ b
Production
(+) Reports (—) Reports
b .16 | .04 .31 .12 .23 .04 | .13 .00 .00 .00
F .21 | .25 .12 .20 .29 .04 | .08 .00, .00 .06
M .17 | .08 .08 .15 .34 W06 .17 .12 .02 .03
A .09 | .07 .06 .11 .21 .19 | .39 .24 .05 .07
M .08 |1.08 .05 .06 .17 .15 | ,31 .13 .00 .22
I .11 | .11 .08 .12 .16 .15 | .28 .11 .08 .11
J .17 | .16 .22 .20 .00 .07 f .07 .00 .20 .14
A .28 | .24 .11 .17 .34 .01 | .00 .00 .00 .01
s .26 | .10 .19 .29 .28 .01 | .00 .00 .04 .00
o .23 | .09 .19 .42 .24 .04 | .06 .03 .03 .05
N .17 | .22 .15 .23 .08 .04 |.13 .00 .00 .04
D .12 | .10 .15 .20 .03 .07 | .12 .07 .05 .03
Total .17 ) .13 .13 .19 .24 .07 | .15 .08 .03 .05
stocks
(+) Reports (—) Reports
J .27 |.00 .00 .33 .53 |. .35 |.45 .25 .17 .40
F .23 { .00 .07 .33 .47 .38 |.9 .21 .25 .32
M T .26 | .10 .23 .40 .55 .35 | .48 .31 .20 .18
A .08 | .00 .17 .00 .31 .53 | .69 .50 .44 .31
M .05 | .00 .00 .00 .18 .66 | .81 .81 .57 .41
] .16 [ .00 .17 .14 .21 .46 | .62 .50 .57 .38
I .20 | .05 .00 .20 .36 .54 | .68 .50 .40 .48
A .02 | .00 .10 .00 .00 .60 | .76 .30 .40 .43
s .07 | .00 .00 .30 .09 .56 .73 .30 .50 .36
o .02 |].00 .00 .00 .17 .64 | .63 .73 .44 .83
N .12 [ .00 .00 .00 .26 .53 ].71 .60 .62 .37
D .40 | .00 .00 .00 .47 .22 | .50 .50 .33 .17
Total .15 | .02 .07 .15 .33 .49 | .67 .47 .43 .34

13)

Cf, Jochems and Neudecker [q].
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5. Response Functions for Separate Months

In the preceding section wz dealt with the response functions for all data ta-
ken together, in this section we will consider monthly response functions, which
may shed some light on possible differences over time. In order to have a suffi-
cient number of observations of (+) and (=) reports, we have aggregated the data
of corresponding months, assuming that the seasonal pattemn, if any, is not
changing over time. For the same reason we have computed the relative fre-
quencies for four intervals only, viz., interval 4:8 < ~10,B8:-9 <8< 0,
€C:0<8<+10, and D: 3 > +11, each interval containing approximately
one quarter of all numerical observations.

Table 3 shows that, in the case of stocks, the p-values are in general largest
in D and smallest in 4, the B- and C -frequencies being usually in between,
and mutatis mutandis for the response functions ¢ of (—) reports, which
is as we could expect. For production, however, the picture is more irregular, in
spite of the fact that the number of underlying data is about twice as large.

It is of course conceivable that entrepreneurs adjust their reports to the nor-
mal seasonal fluctuations in their variables in the sense that they report an in-
crease or a decrease only when the numerical figures are sufficiently larger or
smaller than the "normal® change according to the seasonal pattern. In order to
eliminate the seasonal disturbances on the monthly response functions for pro-
duction, we considered an alternative distribution of the numerical changes into
the four quartiles instead of into four fixed intervals. This led to some minor
improvements in certain g-values; in general, however, the improvements and
deteriorations were balanced.

6. An Alternative Interpretation of Corresponding Traditional
Statistics on Production

Up till now, our considerations have been based on the assumption that the
survey data and the numerical data refer essentially to the same variables. In
thissection we shall make certain altemnative assumptions. We shall confine our-
selves to production, for which the results of the preceding sections were some=~
what less promising than for stocks; apart, of course, from the negétive bias of
the inventory reports. -

™ production as measured by the numerical data is simply output, Now it is
conceivable that the entrepreneur, when answering the questions of the Business
Test questionnaire, is more inclined to report on “productive activity” than on
output. Let us then assume that this productive activity — being the variable on
which the entrepreneur really reports — in month ¢ can be approximated by the
mean of output in ¢ and (¢ + 1):
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1
(6.1 P, =7(x‘ )

x, being the output in ¢. This seems reasonable because the activity in ¢ may
result in output that is partly measured in that month and partly in month
(¢ +1).

First, the changes in productive activity in ¢ as compared with (¢ — 1) have
been derived by comparing the activity in successive months:

x
1 1 B S
_ Po—Piy  gl+z )36 *%) x|
(6-2) 1" = P L = l = p .
¢t =
2(;:‘__l+a:‘) t 41
B *e—-1

In the second place we have considered the possibilityl that the entrepreneur,
when reporting on production, compares the present activity in his firm with the
productive activity in a time period somewhat longer ago, viz., he takes the
activity of two months ago as a basis for comparison. The change in productive
activity in such “alternating™ months is then defined as:

(6:3) . " N\ Ferl . *e
P -P Lo 42, 0-Ya _ 42 _) = _ 7'z
l = e "e—2 _  27¢ el 2 Te=2 Te—l | Te—2 e=2
¢ TP _ - 1 = .
-2 2 @ p t ) B |
*p—2

Some results are shown in Table 4, the arrangement of which is identical
with. that of Table 2. Similarly, Table 5 contains the n- and {-results for se-
parate months which correspond with the S-results of Table 3. A quick glance at
these tables suggests that there is not much difference compared with the findings
of the preceding sections 14) A closer inspection reveals a slightly more substan-
tial difference, especially for the (+) reports. Upon comparing the Tables 3 and
5, we find that, for the material as a whole, the relative frequency of (+) reports

14) The corespondences between the two types of data seem to be the least satisfactory
in all tables in the months June until August and Noverber until January. It is interesting to
mention in this connection that in these periods new orders are received and productionis
reinstalled for summer or winter production, The change-over from positive to negative
seasonal deviations and reversely takes also place in these periods, as can be secn from
the following seasonal pattern (average seasonal deviations), derived from the index aumbers
for production in the Dutch Shoe Industry [15]: J,0; F,+9; M,+39; A, +12; M, +8; J, +9;
J, —29; A, —31; S, —4; O, —5; N, —8; D, 0. These substantial seasonal fluctuations may be
caused partly by the fact that some entrepreneurs disclose numerical data of a mixed nature
to the statistical bureaux, mixed in the sense that the production index may reflect in some
months the level of sales as well as of production.
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forinterval D (increases of 11 per cent and larger) isabout twice as large as that
for A (decreases of 10 per cent and larger) if we take the ordinary numerical
changes (8), but that it is about three times larger if we take 5 or . The lat-

Table 5: Relative ffequencies of (+) and (-) reports on production for various
intervals of nuinerical changes, 1 and ¢, in separate months:
Dutch Shoe Industry, 1954-1956

Month | alp | A B C D alt ¢ | A B C D
. (+) Reports
I .16 | .00 .10 .19 .22 .16 | .00 .27 .09 .25
F .21 | .00 .10 .20 .34 .21 | .00 .06 .25 .33
M .17 | .07 .11 .21 .38 17| .06 .11 .11 .33
A .09 | .10 .02 .13 .22 .09 | .00 ..15 .11 .13
M .08 | .07 .07 .12 .00 .08 | .08 .02 .15 .14
J .11 | .07 .10 .36 .14 .11 | .08 .12 .33 .00
] .17 | .10 .10 .38 .18 | .17 | .13 .25 .29 .30
A .28 | .33 .17 .14 .33 | .28 |.22 .11 .27 .36
s .26 | .00 .18 .32 .22 .26 | .00 .29 .16 .28
o .23 | .05 .19 .42 .22 .23 | .00 .15 .29 .32
N .17 | .12 .27 .10 .19 .17 | .12 .18 .29 .13
D .07 | .08 .08 .10 .00 .07 | .05 .09 .13 .05
Total 17 | .08 .12 .29 .26 | .17 ] .09 .13 .19 .27
.
) ¥ (=) Reports

] .04 | .00 .10 .03 .00 .04 | .11 .00 .04 .00
F .02 | .00 .00 .04 .03 .02 [ .00 .00 .00 .07

' M .06 | .07 .14 .02 .00 .06 | .20 .11 .00 .02
A .19 | .45 .23 .05 .22 .19 | .45 .22 .05 .00
M .15 | .33 .09 .07 .33 .15 | .36 .05 .04 .29

] .15 | .17 .10 .09 .29 .15 | .19 .00 .11 .29

I .07 | .07 .03 .12 .06 .07 | .07 .08 .00 .20
A .01 | .00 .00 .00 .01 .01 { .00 .00 .00 .02

s .01 |.00 .00 .02 .00 .01 | .00 .00 .00 .O1
o .04 [ .05 .05 .00 .11 .04 | .08 .00 .03 .07
N .04 | .04 .02 .03 .06 .04 | .06 .03 .00 .04
D .07 | .08 .08 .05 .14 .07 [ .19 .05 .00 .05
Total .07 | .15 .08 .05 .05 .07 | .17 .05 .02 .05

8 Metrika 2
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ter result is obviously more favourable; it suggests that entrepreneurs are indeed
inclined to report on productive activity of the moving-average type rather than
on output, at least as far as (+) reports are concemed. No such effect can be de-
tected for (—) rteports in this connection. An inspection of the results of the
application of a series of Wilcoxon's tests to the numerical changes 8,7 and ¢
corresponding to the three types of reports reveals 15) that in all cases the chan-
ges belonging toreported increase tend to be stochastically larger than those be-
longing toreported no change, and that the latter tend to be stochastically larger
than those which belong to a reported decrease. However, the former is found
most frequently for n and ¢ and the latter most frequently for 8. Perhaps these
observed differences are not unnatural; it would imply that entrepreneurs are
immediate reporters of bad events, but thatthey report a favourable development
only when time has shown them that it has a solid basis.

7. Conclusion and Appraisal

(i) There exists a positive relation between Business Test reports and numeri-
cal statistical data in the sense that the fraction of (+) reports is an increasing
function of the corresponding numerical change and similarly, the fraction of
(—) reports is a decreasing function of the numerical change. This applies both
to production ind to stocks. However, these functions are highly disturbed; in
particular, thece is no evidence for assuming that the fractions of (+) reports and
of (~ ) tend to unity for sufficiently large numerical increases and decreases, re-
spectively. In principle there are three sources of deviation, viz.:

1. the variable which is measured according to the numerical statistical data
differs conceptually from the variable which the entrepreneur has in mind when
answering the questions of the survey 16),

’
. '
-

2. the survey questions are answered in a careless manner;

3. the numerical statistical information supplied by the firm to the statisti-
3 . }
cal bureau is inaccurate.

(ii) As to the first pdssibility, there may be in some cases a difference bet-
ween stocks according to the numerical data and stocks according to the survey
in that sold stocks are covered as well in one or the other. It is conceivable that
- the negative bijas of the survey reports compared with the numerical data is due

lS)Cf. Jochems and Neudecker [9]. N

. 10) Cf. footnote 14,
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to the feature that they have been accounted for in the numerical data, but no
additional information supporting this view is available. As to produ~rion, it
seems plausible that (+) reports refer to a moving average of monthly output
rather than to output itself. This statement does not apply to (—) reports.

(iif) The contribution of inaccurate numerical data to the deviations obser-
ved should not be underestimated. In particular, there is the number of vacation
days and the fact that some firms have a four-week accounting period 17,
Although a correction was made whenever this was known, this comection is not
necessarily perfect; and it was not always known.
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Substitution, Complementarity,
and the Residual Variation
around Engel Curves

1. INTRODUCTION

‘It is well-known that the empirical determination of substitution and complementarity
relationships among pairs of consumption goods is hampered by serious difficulties. The
time series analysis which is necessary for the estimation of the underlying price and income
elasticities is characterised by the problems of small samples, multicollinearity among the
explanatory variables, etc., so that rather large standard errors of the resulting estimates
i 2 normal result. It is understandable, therefore, that alternative procedures have
been devised in order to determine substitution and complementarity relations. The
present paper is concerned with one of these procedures, which is based on budget data.
‘The number of observations in budget enquiries is usually very much larger than in the
c¢ase of time series analysis, but there is of course the disadvantage that no adequate price
variation among the observational units exists.! The procedure followed implies then that,
for any pair of commodities for which one wants to establish a substitution or comple-
poentarity relationship, the two Engel curves are derived, after which the two sets of
gesiduals around these curves are correlated with each other. A positive residual corre-
jation is then regarded as a prima facie indication of complementarity, a negative corre-
jation as an indication of a substitution relationship. Allen and Bowley [1] (to whom,
as far as the present authors are aware, this method is due) computed thirty-cight residual
correlations for pairs of expenditure groups and arrived at figures ranging from—0-94
. {for butter and margarine) to 0-73 (for fresh fruit and vegetables), most of them being
pegative. Following their lead, one of the authors [5] computed eighteen residual corre-
lations belonging to an Engel curve for the total quantity bought of a particular commodity
group and to the corresponding curve for the average price paid for this same group.?
These correlations, which are concerned with substitution relationships between * quality ™’
and *“ quantity ** of single commodity groups, turned out to be all negative. This dominance
of negative values is in accordance with the theoretically established dominance of
- substitution over complementarity relationships. ‘

It seems obvious that this approach is of interest for the empirical determination of
substitution relationships, provided it is indeed true that the residual correlations measure
what they are supposed to measure. For the only thing which one has to do is to divide
the consumer’s budget into an appropriate number (say n) of categories, after which the

+ ? There is of course price variation in the sense that different families pay different prices for the * same **
commodity because of differences in quality ; a reference to this phenomenon is made in a later part of
this section. This kind @f price variation is not suitable for the determination of price elasticities.

t Allen’s and Bowley's analysis is confined to food items, and the explanatory variable in the Engel
curves is total food consumption per equivalent adult (not income). The dependent variables of their
_Tegressions are the expenditures per equivalent adult. In the quantity-quality analyses no division took
- place by the number of equivalent adults, but this number was introduced as additional explanatory variable
bz:ides incorme, .
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The inverse of this matrix is written as

‘ ‘u.--Cn Q
(2.5) U....l = C”. e o+ Cnn Cn
G ...Cn Co
or in partitioned form : . '
_ Cc ¢
2.6) ' U = o ’
d Co

C being a symmetric and negative semi-definite matrix (its rank being n — 1), ¢ a column
vector, ¢ its transpose, and ¢, a scalar. The matrix C is called the substitution matrix.
Two commodities i and j are said to be each other’s substitutes from the point of view of
the consumer if their substitution term Cy > 0 ; complementary if €; < 0.

-3. THE RELEVANCE OF QUADRATIC UTILITY ASSUMPTIONS
Our starting point will be the assumption of a quadratic utiliiy function :
AsSUMPTION 1. The consumer’s utility function (2.1) has the specification

3.1 u(x) = a'x + }x'Bx =
: = Xaxy + 3 T T byxexy,

the a's and b's bein -coefficients which are independent of the quantities bought,
g

The relevance of this assumption for our present purposes is easily seen. For suppose
that the utility function is not quadratic. In that case the second-order derivatives of u
are no longer constants, as they are in the quadratic case (uy = by). Since the substitution
terms are derived by inverting the bordered matrix of these derivatives, these terms are .
then dependent on the quantities bought and hence on prices and income. The dependence
on prices is not serious if we make the conventional (though not necessarily realistic)
assumption that they are constant during the budget period and the same for all consumers |
of the budget survey. The dependence on income is more serious, however. The point '
is not so much that the income of a particular family may change during the budget survey ;
but it is that, if the utility function is not quadratic, two commodities may be substitutes
or complementary depending on income, so that for two families with different income in
the same budget survey the question of substitution or complementarity for this pair of
goods may be answered differently. Clearly, a residual correlation cannot take account
of such divergencies, because this is a quantity which is derived for a budget survey as a
whole. To give the residual correlation as a measure of substitution 6r complementarity
any chance at all, we should exclude such possibilities by assuming that the matrix B is
the same for all families of the survey, so that they all have identical substitution matrices.?

AssumpTION I1.  Assumption I applies to all families of the budget survey ; and their
matrices B, as well as the prices, are identical for all of them.

* If one prefers expressions that are invariant against monotonic transformations of the utility function,
we should say that the B-matrices are identical except possibly for a multiplicative scalar.
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This assumption implies that the preferences of all consumers of the survey are
supposed to be perfectly homogeneous as regards the coefﬁcxents of the quadratic terms of
their preference functions. We shall not suppose that this also applies to t.he coeﬁigqnts
of the linear terms ; if we would do so, the Engel curves would have no residual variation

st all.

4. THE ENGEL Curves UNDER THE ASS_UMPTIONS_OF SECTION 3

The first-order maximum conditions of consumer’s equilibrium are derived by

differentiating
» ax + $x'Bx — Mp'x — M),
) being a Lagrange multiplier and p the price vector. The result is

.1 ' Bx — ph = —a,
which, when combined with the budget constraint,
4.2) —p'x = —M

gives the following solution for x and A :

© o Ll

Using (2.5), we find :

() X = — El cuar — oM,
or in matrix forin : _ '
4.5 | x = —Ca — cM.

The relations (4.4) and (4.5) can be regarded as Engel curves. The coefficients ¢
and ¢y are the same for all families, as follows from Assumption II, so that the slopes
of these curves (—c¢) are identical for all of them. The constant terms, —Zcqan, are
not the same, because the a’s are assumed to differ from family to family. Let us then
write a; for the mean value of the a,’s of all families in the survey and write (4.4) as ; .
(4.6) Xt = — ;Z Cirap — oM — % cin(ar — o).

The first two terms in the right-hand side are the same for all consumers (except of course
for the values taken by the variable M) ; and the third, viz. :

@47 W= — f- culan — o),

can be regarded as a disturbance. It is seen that this disturbance contains two types of
factors, viz., substitution terms and the deviations of the linear preference coefficients
from their average. The occurrence of substitution terms points indeed to a relationship
between the residual variation around Engel curves and substitution and complementarity
phenomena. '

. Suppose. then that the following assumption is satisfied :

AssuMpTION IIla. For each family participating in the budget survey, the deviation
of its linear Dpreference coefficient ay from the group average oy can be regarded as a random
'drawing Jrom a universe with zero mean and a finite covariance matrix which is comnion to
;alI Jamilies ; and no correlation exists between this deviation and income over the set of
@l families, for h = 1, . . ., n. ‘
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If this assumption is indeed satisfied, then the disturbances v of the Engel curves are
subject to a probability distribution, and they are uncorrelated with income. The latter
condition will be weakened in Section 7. The first part of Assumption 1Ila implies that
the families are supposed to be stochastically homogeneous with respect to their linear
preference coefficients.

%. THE ResiDUAL VARIATION IN THE CASE OF UNCORRELATED A LINEAR PREFERENCE
_ COEFFICIENTS
Let us write :
(5.1 var i = Ev}
for the variance of the disturbances of the Engel curve for x¢ over the set of families
participating in the - survey. The mean value of v; is of course zero because of Assumption
IIa.
Applying (4.7), we find :
(5.2) var v = :‘.‘. :2 CinCir cOV (a@n, ay),

where

cov (an, ax) = El(ar — ap) (ax — )]
is the covariance of the linear preference coefficients a, and ax, which is, according to
assumption IIla, the same for all families. To make further progress, it is necessary to
make an assumption concerning these covariances. The simplest is :

AssuMPTION IVa. The linear preference coefficients a,, . . ., an are all uncorrelated:

5.3) covian ar) =0 ¥ h+ k.

In that case (5.2) reduces to : 2
‘(5_4), var. vy = E: m ‘c‘-_“ .(“,‘2.
where ‘ B
(5 5) O'i =- Var as.

Smularly, we find for the covariance of the disturbances v; and v correspondmg to the
Engel curves for x¢ and x; :

(5.6) cov (v, v;) 2 2 cincix cov (as, ax)

which reduces under Assumption IVa to :
(5.7) covy (V(, V;) = z C".thﬂ'%.
‘B

The residual correlation is then found by dividing (5.7) by the geometric average of
(5.4) and the similar expression for var v;. If our interest is restricted to the qualitative
distinctions of positive and negative correlation and of substitution and complementarity,
we can confine ourselves to the covariance (5.7). It is seen that the sign of this covariance
is not determined by the substitution term ¢y (which ought to be the case if the conjecture
of the first paragraph of Section 1 were correct), but that it is determined by all substitution
terms in which one of the commodities i and j enters. ~ More precisely, this covariance is
obtained by considering all commodities A = 1, . . ., n of the entire budget, multiplying
the substitution terms of i and j with such a commodity with each other, weighting the
product with the variance o7, aad adding. In other words, a large positive covarianc
indicates that the two commodities i and j *“ agree ”* with each other by being both sub-
stitutes of or both eemplementary with most of the commodities of the budget ; and this
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Bocs not necessarily imply that § and j are complementary. Conversely,.a large u_egative
covariance indicates that they disagree in the sense that, if one of them is a substitute ot:
&, the other is usually complementary with & ; which does not necessarily imply .that i
and j are substitutes. It is to be noted, however, that the two terms corresponding to
% = # and j in the summation contribute to the expf:ctegl sign : both c;:g;o-} and C(jcj!o%
bave signs opposite to ¢y = ¢y, so that their coatribution to the covariance is negative
when i and j are substitutes, positive when they are complementary. Furthermore, it
will be noted that the weighting by o implies that those subs;itution terms Ca, Cja are.heavily
weighted which belong to a commodity 4 for which the linear preference coefficients at
pave large variance.

The following alternative interpretation is also instructive. Suppose we write :
(5.8) =1 forh=1,...,n

This always possible when suitable units for the quaantities of the various commodities are
chosen ; in the case of a large variance of certain linear preference coefficients aj it implies
that the corresponding quantities x» are measured in relatively small units. Combining
(5.8) and (5.4), we find :

5.9) var v = ;2- o

which is a diagonal element of the product matrix CC’ ; or, given the symmetry of the
substitution matrix, of C?. Similarly, combiging (5.8) and 5.7) :

(5.10) cov (i, v) = hz COhCiny

which is the element in the i-th row and j-th column of C2.! Hence we have found that,
given the assumptions made and given an adequate choice of units, the covariance matrix
of the disturbances around the n Engel curves equals the square of the substitution matrix.
The presumption of the first paragraph of Section 1 was different : from the remarks
made there we might have expected that—given an adequate choice of units, etc.—this
covariance matrix eqauls —C, substitution corresponding to negative and complementarity
to positive residual correlations.

6. THE RESIDUAL VARIATION IN A CASE OF CORRELATED
LmNEAR PREFERENCE COEFFICIENTS

It can be maintained that Assumption IVa is not very realistic. For, if a consumer’s
linear preference coefficient a, exceeds the group average ay, this can be regarded as an
indication that this consumer values & more than the average consumer does ; and, if
h and k are substitutes, it seems likely that he will value k less than the average consumer
does. This argument suggests that a, and ax are negatively correlated when 4 and & are
substitutes, and positively correlated when they are complementary. In that case we
should replace (5.4) by :

{6.1) var vy = E: kE COhCIkTROK Py

where the correlation :
62 e =

cov(as, ax)
GOk

1 x’CCx = y’y > 0; because C is singular, it is possible to find x + 0, satisfying Cx = y = 0, so
that C? is positive semi-definite.
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does no lonzer vanish for & + k, but is positive if & and k are complementary (e < 0)
and negative if they are substitutes (ci > 0). To make further progress, it is necessary
to make more specific assumptions of the following kind. The correlation su is of course
confined to the interval (—1, 1) ; similarly, the substitution term cix is smaller in absolute
value than v/cm Cik, as follows from the semi-definitzness of the substitution matrix.
Since it is plausible that ¢ is an algebraically decreasing function of cx, it seems worth-
while to analyse the implications of :

AssuMPTION IVb. The correlations between the linear preference coefficients, as
defined in (6.2)’, are given by

’ —Chk -~
©3) Pae = e ATk
Combining (6.3) and (6.1), we find : _
{6.4) var v = Z I Ctx Ctk G4 Ok —;ci
’ ! Ak v CikCik

This expression can be simpliiizd if we write :

{6.5) oa/vV/(—cm) = 1 forh="1,...,n

which is possible by the choice of adequate units. Then (6.4) reduces to :

(6.6) var v = — ';13 i: Cin Cik Chis

which is a diagonal element of the matrﬁ —C3. Similarly, we find for the covariance :
C—Chk

6. cov{v, v)) = I T Cix Cjk Ok Ok ——=

6.7 (v, ¥9) B cin Gk On Ok Tremms

or, using (6.5),

(6.8) cov(vw, V) = — 3: E. Cir Cik Chis

which is the (i, j)-th element of —C3. So we have found that, under the 'present assump-
tions, the covariance matrix of the disturbances around the n Engel curves is neither
—C, nor C? but —C3.1

The economic interpretation of this result is more complicated than that of Section
5. The sign of the covariance is no longer determined by the degree to which i and j
agree or disagrec by being both substitutes of or complementary with all commodities
of the budget. Instead, we should consider the substitution terms in which i enters together
with all commodities A, and also the terms in which j enters with all k. In Section 5 & and
k were identical commodities, but this is no longer the case. The substitution terms cis
and cj are linked together by the third term ca, ana the resulting product ¢ cjx cie is to
be summed over all hand k. What we can say is this : if, for those pairs of commodities
&, k which are substitutes, i and j are both usuvally complementary with or substitutes of
h and k, respectively ; and if, for those pairs & and k which arc complementary, i is usually
a substitute of & and j complementary with & or vice versa ; then the covariance of v, and
v tends to be negative. A similar statement can be given for the case of a positive
covariance. Comparmg this with the result of Section 5, we must say that the distance
between this covariance and the simple substitution term ¢y has become larger.

! —C* is positive semi-definite, because it is possible to write —x’C’x as —z’Cz, which is positive
semi-2 - igite.,
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7. THe CASe OF CORRELATION BETWEEN LINEAR PREFERENCE
COEFFICIENTS AND INCOME

In this section we shall remove the assumption that no correlation exists beteen the

lincar preference cocflicients ay, a,, . . . and income.  The simplest alternative assumption
is that of linear dependence :
@.1) ' ay — ap = g(M — ) + wa,

A1 being the average income of the families participating in the budget survey and w,
'a disturbance. More precisely ;

AssUMPTION IlIb.  For each family participating in the budget survey, the deviation
of its linear preference coefficient a, from the group average xa can be described as a stochastic
finear function of its income in the bugdet period in accordance with (1.1), where qrisa
coefficient independent of the particular family and wi a random disturbance with zero mean
and a finite covariance matrix which is common to all families ; and no correlation exists
between wy and income over the set of all families, forh =1, .. ., n.

Applying this to (4.4), we find :

(7.2 xXg = — :2. cunlxx — qabt) — (e + f cg)M — T caws,
- : a
where —(c¢ + Z ciqs) is the new slope of the Engel curve for the set of all families, and
,(7.3) Vf = — X Cts W“
. e

the new disturbance. It is seen that the new slope differs from the value —¢; which de-
scribes the rate of change of consumption with respect to income when the income of the
individual consumer varies. We can say that the new slope is biased relative to —¢y,
the bias being due to the substitution terms and the ¢’s in — Zeuw ga.

The variance of the disturbance v¥ can be derived as follows :
1.9 var v} = I I cuciE(wavi)
kK
= XX c;hc;kE[ {a:. —ay—g(M — M) x
Ak .
{ak —a—q(M — ) }]

= X Tcomcie [cov(as, ar) + gaqx var M —
Ak

qn cov(M, ax) — g cov(M, a;.)} =

4

= X 3 cuCix {cov(a,., ay) — q;.q.}var M.
Ak

because . -

gn cov(M, ap = gk cov(M, as) = qaqx var M.

In the same way : . . _

(7.5 cov(v, V) = I Zcuem {éov(a;., ax) — q;.q,)var M,
Ak

Evidently, if the linear preference coefficients cease to be upcorrclat'cd with incpme.
two effects are of importance for the sign of the residual corrclfmons. First, the variance
of the income distribution plays a determining role. Secondly, just because of the presence
of the term —qxqi var M, it is no longer true that the terms ccy for k + k are nbscnt. tlin
the case of uncorrelated linear preference coefficients, cov (q;., ay) = 0. More specific
sesults require additional assumptions about the ¢’s, which will not be pursucd here.
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8. CONCLUSION AND SUMMARY

The result of the analysis is negative in the sense that no conditions have been found
gader which the residual correlation of the Engel curves of two commaodities, or at least
the sign of this correlation, is determined by the substitution term corresponding to this
j)air of commodities. Indeed, it is plausible that no simple conditions of this kind exist.
The result is positive, however, in the sense that the residual correlation has been expressed
in the theoretical concepts of consumption analysis ; at least under certain conditions,
the most important of which is that the utility function be quadratic, the coefficients of
the quadratic terms being the same for all consumers. Under these conditions the
residuals around Engel curves can be said to be determined by substitution terms and by
the coefficients of the linear part of the utility functions, provided that these coefficients
are not correlated with the consumers’ incomes. If this proviso is not fulfilled, the follow-
ing effects occur : first, the slopes of the Engel curves are biased by the presence of sub-
stitution terms ; second, the variance of the income distribution plays a role in the residual
variances and covariances of the Engel curves ; third, the relatively simple result which
occurs in the special case of uncorrelated linear preference coefficients (to be considered
below) is then no longer applicable.

If the above proviso is fulfilled, a distinction should be made between the case in which
the coefficients of the linear part of the preference functions are correlated over the set of
all families participating in the budget survey, and that in which they are not
correlated. In the latter case the result is, in qualitative terms the following :
the sign of the residual correlation for any pair of Engel curves is not determined
by the question whether the two commodities are substitutes ot complementary,
but by the degree to which these commodities agree by being both substitutes of or
complementary with all commodities of the budget, including these two. However,
it can be shown that the substitution or complementarity relationship between the two
commodities themselves contribute to a correctness of the presumption of Section 1 in
the sense that they tend to make the residual correlation negative in the case of sub-
.stitution, positive in the case of complementarity. Hence, if there is only little substitution
or complementarity between either of these commodities and all other commodities,
this tendency may be sufficient to determine the sign of the residual correlation.

The results are more complicated when the linear preference coefficients are correlated.
For the special case considered in Section 6 it was found that the sign of the residual
correlation for two commodities { and j is not uniquely determined by their substitution
term cg; (which is the presumption of Section 1), nor even by the terms ¢s and ¢j, in which
at least one of the two commodities i and j participate (which is the case of uncorrelated
linear preference coefficients), but that a determining role is played by the substitution
terms cax of all pairs of commodities A, & of the entire budget. More precisely, whereas
the presumption of Section 1 was that—given a choice of appropriate units for the quantities
of the various commodities—the covariance matrix of the disturbances around the set of
all Engel curves equals —C, C being the substitution matrix, we found that this matrix is
C? for the uncorrelated case of the preceding paragraph and —C3? for the correlated case
considered here.

It is conceivable that this result is used to determine —C itself. A theorem in matrix
.Algebra® states that, if ¥ is a real symmetric and positive semi-definitc matrix, there is 4

-1 See e.g. Zurmiihl (6), p. 186, for a detailed treatment.






