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Abstract

Sparse signal recovery, one of the main tasks in signal processing, can be formulated
as specific sparse optimization problems. Due to the NP-hardness of such problems,
fruitful methods have been proposed at the current stage of development, among which
thresholding-type methods have received considerable attention due to their structural
simplicity and low complexity. The key step of thresholding methods can be regarded as
integrating a search direction in traditional nonlinear optimization method and a specific
thresholding technique that generates sparse vectors. The primary work of the thesis is to
propose several novel thresholding-type algorithms by merging some existing thresholding
techniques with new search directions.

(a) We first develop the Newton-step-based hard thresholding by introducing a modified
Newton-like direction to replace the steepest descent direction that appears in many hard
thresholding methods in the literature. Our method is motivated by the classic optimization
theory which suggests that the Newton-like method often has a numerical advantage over
the classic gradient method from the perspective of local convergence.

(b) We propose the Newton-type optimal k-thresholding algorithms, motivated by the
appreciable performance of Newton-type methods and the latest more powerful optimal
thresholding technique which overcomes the inherent weakness of hard thresholding by
simultaneously performing objective minimization and thresholding.

(¢) In commonly used thresholding methods, the iterate to be thresholded is generally
not sparse due to the adoption of full descent directions, thus a large number of important
pieces of information are usually thrown out during the thresholding process. We thereby
adopt the partial gradient direction to generate a sparser iterate and combine the more
efficient optimal k-thresholding method to propose the so-called partial gradient optimal

thresholding algorithms.



(d) It was known that the use of hard thresholding usually increases the objective value
in the iterative process. To avoid such a potential increase of the objective value, one
can develop the optimal partial gradient direction that minimizes the objective function
at a current iterate, leading to the so-called optimal partial gradient hard thresholding
methods.

We will show the efficiency of the proposed algorithms from a theoretical point of view.
The sufficient conditions for the efficiency of our algorithms are established in terms of the
restricted isometry property (RIP), which is one of the fundamental tools for analyzing
compressed sensing algorithms. Empirical results show that our algorithms are stable and
robust for sparse signal reconstruction and comparable to some mainstream compressed

sensing algorithms.
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CHAPTER 1

INTRODUCTION

In signal processing, a commonly used technique to obtain the information of a signal
that cannot be directly acquired is reconstructing the signal from a specific type of
measurements. The classical Nyquist-Shannon sampling theory [102], which has dominated
the field of signal processing for the past few decades, claims that the minimum sampling
rate required to reconstruct a time-continuous signal successfully should be at least twice
its highest frequency. However, perfect signal reconstruction is also possible without
meeting such a criterion. For instance, the compressed sensing (CS) technique can recover
a signal using a small number of linear measurements if the target signal is sparse or can be
sparsely approximated. A signal is said to be sparse if the majority of its components are
zero. In the real world, many types of signals can be sparsely represented or approximated,
such as medical images, wireless communication signals, and so on. The CS technique,
pioneered by Donoho [49] and Candés, Romberg, and Tao [29, 33] around 2006, breaks
through the bottleneck of Nyquist-Shannon sampling theory in significantly reducing the
required number of samples for signal reconstruction when the signal has an additional
structure. Since then, a large amount of work has been published in both the fields of
sparse optimization and signal processing. Moreover, sparse optimization problems arising
from CS have been widely studied and applied in diverse areas, such as statistical regression
[68], image processing [54, 21], pattern recognition [95], sparse channel estimation [10], to

name but a few. Since around 2004, the CS theory has been systematically developed and



its application has been extended to a wide range of practical areas. Some excellent books
have been published in this area including the ones by Foucart [63] and Zhao [136], Elad
[54] and Eldar [56].

In the following sections, we introduce the fundamental models in CS,; main contribu-

tions of the thesis, and the notations used throughout the thesis.

1.1 Sparse optimization problems

Linear measurement is one of the simplest methods to capture a signal, i.e., y = Az",
where A € R™*" is usually called the measurement matrix (sensing matrix) and y € R™
is called the measurements of an unknown signal x* € R". Traditional signal processing
theory and classic linear algebra indicate that, to guarantee the reconstruction success, the
number of measurements should be at least equal to the length of z*, i.e. m > n. Clearly,
if the number of measurements is much lower than its length, i.e. m < n, it is impossible
to recover x* without additional information since an underdetermined linear system has
infinitely many solutions. However, the purpose of CS technology is to realize this idea
when the signal has a sparsity structure. An example of the compressed sensing model is
shown in Fig. 1.1.

An essential task in CS is finding the sparsest solution of an underdetermined linear

system, which can be formulated as
min {||zflo : y = Az}, (1.1)

where the {yp-norm ||-||o counts the number of nonzero entries of a vector. In the signal pro-
cessing literature, the problem (1.1) is usually referred to as the standard fy-minimization.
In general, the constraint y = Ax represents the exact or noiseless measurements. In
many practical situations, however the measurements may be contaminated by noises

rendering inaccurate measurements y := Az + v, where v € R™ denotes the noise vector.



[

The Measurement Matrix (Sensing Matrix) A The Observed Vector y

(TTTTTTTTTTTTTIT T T

The Unknown Vector x*

Figure 1.1: An example of compressed sensing model. The unknown signal is assumed to
be sparse, containing few entries that are non-zero, whereas the measurement matrix is
not necessarily sparse.

Suppose the noise level is bounded by 7 > 0, i.e., |[¥||3 < n. Then the problem by taking
into account the effect of noise can be formulated as the following quadratic constrained

problem:

min {[lz[lo : [ly — Az|3 < n}. (1.2)

Depending on application scenarios, an alternative of the CS problems can be also modeled
as

min {lly — As : oo < k} (13

where the integer £ > 0 is a given sparsity level. Throughout the dissertation, a vector x
is said to be k-sparse if ||z||p < k. Clearly, the purpose of (1.3) is to find a k-sparse vector
at which the minimum of the objective can be achieved. The solution to (1.3) is the best
k-term approximation of the signal to recover. A more general problem than (1.3) is the

following sparsity constrained optimization problem:

min {(z) : |zl < £} .

where f(x) is a differentiable function. Although the measurement of the signal is linear,



the constructing process for the signal is highly nonlinear. Recent study shows that
these sparsity optimization problems are generally NP-hard [63]. The main difficulty in
solving these problems is locating the position of nonzero entries of the target signal, i.e.,

identifying the support of the signal.

Definition 1.1.1. The support of a vector x € R" is the index set of its nonzero entries,
i.e.,

supp(w) = {i : @i # 0, € [N},
where [N] ={1,...,n}.

It is challenging to solve fy-minimization problems whether the sparsity level is known
or not. For example, if we use the exhaustive search method, it would require checking all
possible k columns of the matrix A to find the best representation of the signal, which
is time-consuming. In addition, when the sparsity level of the target vector is unknown,
problems (1.1) and (1.2) are more challenging to solve than the case where the sparsity
level of the signal is clear. Moreover, the unknown support of the target signal also makes
the problem difficult to solve. In fact, if the support is given, then the signal recovery can
be achieved simply by solving a deterministic linear system or a least square problem.

Directly working on the ¢yp-norm is hard. It makes sense to find some proper functions
which can approximate the fp-norm in a certain sense. Two commonly used choices are the
(y-norm, ||z||; = i |z;|, which is the convex function closest to the fy-norm over the set

i=1 ) e
|2]| 0o < 1, where ||z = rzrel%(m" and the ¢,-norm, ||z||, = <; |;ci]q> with 0 < ¢ < 1,
which can approximate the fy-norm very well. Fig. 1.2 demorzlgtrates several norms in R.
It can be seen that, for the {,-norm, the smaller the ¢, the closer the {,-norm is to the

lp-norm. Replacing the objective function in (1.2) by ||z||; and ||z||,, respectively, leads to

the /;-minimization problem

min{|lalls : [y — Ax| < n}. (1.4)



Figure 1.2: Graphs of the fy-norm, ¢y -norm, ¢y 5-norm, ¢y 9-norm and the ¢;-norm. The
horizontal axis represents the value of z, and the vertical axis represents the values of
functions.

and the /,-minimization problem
min{|lz]l, : [y — Azl < n}.

When 1 = 0, these two problems reduce to the standard ¢;-minimization and £,-minimization
problems.

The ¢;-norm and the /,-norm are introduced to replace the ¢y,-norm because they still
have certain ability to locate the sparse solution of the problem. Fig. 1.3 shows why the
¢1-norm and {,-norm are generally better than the /;-norm to approximate the fy-norm.
Four different unit balls and an objective function are plotted in Fig. 1.3. It can be seen
that in (a), (c¢) and (d) the point where the straight line touches the unit ball is sparse,
whereas the point in (b) is not, since the intersection points are located along the axis.
Compared to the fy-norm, the ¢;-norm and ¢,-norm (0 < g < 1) clearly have a higher

probability for seeking sparse solutions.

(a) ¢1-unit ball (b) £2-unit ball (¢) £p.5-unit ball (d) £o.1-unit ball

Figure 1.3: The intersection of a straight line and the unit ball defined by the ¢;-norm,
{o-norm, ¢y s-norm and £y 1-norm.



1.2 Main contribution

In this thesis, we focus on solving the specific optimization problem
min { |y — Ax|[3 : [[]o < k} (1.5)

for sparse signal recovery, where A € R™*" with m < n is a measurement matrix, y
denotes the measurements and k is a given sparsity level. This problem is a special case of

the following problem

min {(z) : lallo < k} (1.6

Plenty of methods for solving these problems have been proposed in the past two decades,
including convex methods, heuristic methods, and thresholding algorithms. The detailed
discussion for these methods can be found in Section 2.3.

Thresholding-type methods have gained a great deal of attention due to their low
complexity, clear structures and easy implementations. The key step of thresholding

methods for solving (1.6) can be simply stated as
2P = Tp(af + X d(aF)), (1.7)

where T () represents a thresholding operator, A > 0 is the stepsize and d(z”) denotes
a descent direction of the objective function at the current iterate x”. Depending on
the type of thresholding operators, thresholding methods can be classified roughly as
hard-thresholding (see, e.g., [18], [17], [19], [16], [23]), soft-thresholding (see, e.g., [50],
[58]) and optimal-thresholding (see, e.g., [134], [139]). The widely used search directions
are the steepest descent direction (see, e.g., [18, 17, 19]) and the Newton-type direction
(see, e.g., [84, 85, 145, 144]). Many existing algorithms are a mixture of thresholding and
optimization methods.

Based on the general iterative scheme (1.7), various thresholding methods can be

developed by selecting the thresholding operator and the search direction. This thesis is



dedicated to proposing four novel thresholding-type algorithms by incorporating the new
search directions into the existing thresholding strategies. We now briefly describe these

four approaches.

Newton-step-based hard thresholding

The hard thresholding denoted by Hy(+) retains the largest k& magnitudes of a vector and
zeroes out others. A class of traditional hard thresholding algorithms (see Section 2.3.2 in
detail) adopts the steepest descent direction as a search direction, and its key step can be

written as

Z)Sp+1 = /Hk(.fp + A dSD(Ip)), (18)

where A is a stepsize, anddgp(z”) denotes the gradient descent direction at z? of f(x),
namely, dsp(2?) = =V f(2P). The theoretical performance of this method can be shown
under some standard assumptions, and empirical results indicate that the numerical
performance of this method can be also guaranteed if the stepsize is carefully chosen.
However, the practical performance of this algorithm is quite sensitive to the choice of
stepsize, and sometimes it is not easy to find a proper stepsize when solving specific
problems. Classical optimization theory indicates that Newton’s method usually has a
faster local convergence than the steepest descent method when solving an unconstrained
nonlinear optimization problem. Motivated by this fact, we propose the so-called Newton-

step-based hard thresholding method to which the key step can be formulated as

ZEp+1 = Hk(l’p + A dNewton(xp))v (19)

where dyewton () is @ Newton-type direction at z”. It is worth mentioning that the Hessian
of the objective function in (1.5) is singular, so the standard Newton’s method cannot
be applied. But one can still develop a Newton-like method by introducing a certain

modification to the Hessian, leading to the algorithms proposed in Chapter 3.



Newton-type optimal k-thresholding

As pointed out in [134] and [139], the hard thresholding may cause a dramatic increase of
the objective function compared to the objective value at its unthresholded counterpart.
This is because the hard thresholding is independent of the objective function. Recently,
Zhao [134, 139] has proposed a novel thresholding technique, called optimal k-thresholding

to improve the performance of (1.8), resulting in the iterative scheme

Pt = Z,fé(:cp + A dgp(2P)),

where Z,f (+) denotes the optimal k-thresholding operator which selects the k entries that
minimizes the objective function. Numerical results in [134] indicate that the optimal-
thresholding-type algorithms usually transcend the traditional hard thresholding methods
for sparse signal recovery, and they are comparable to ¢;-minimization which is one of the
efficient approaches for fp-minimization problems.

Motivated by the appreciable performance of Newton-type methods and the optimal
k-thresholding technique, we propose the so-called Newton-type optimal k-thresholding
algorithms

Pt = Z,f(:cp + A dewton(27)), (1.10)

where dyewton(2?) is the same type of direction used in (1.9). Empirical results show that
the Newton-type optimal thresholding methods often perform better than Newton-type

hard thresholding methods in sparse signal recovery.

Partial gradient optimal k-thresholding

In a typical thresholding algorithms, the iterate generated by a specific thresholding
technique is by adopting the full steepest descent direction or a Newton-like direction,
e.g., (1.8), (1.9) and (1.10). A large part of a vector has been discarded when performing

a hard thresholding. This motivates us to propose the so-called partial gradient optimal



k-thresholding algorithm, which is an integration of the partial gradient and optimal

k-thresholding. The key iterative scheme can be described as
21 = Zf (27 + A H, (dsp(a”)) (1.11)

where the integer ¢ > 0 is used to control the number of elements extracted from the
steepest descent direction dgp(z?). The partial direction H, (dsp(z”)) is still a descent
direction, except that it does not make the objective function decrease so rapidly as the
full direction. However, the use of this direction can benefit the thresholding step as only
a small number of elements will be discarded, and thus the objective value would not
increase much. Numerical experiments indicate that the partial gradient could maintain
the similar performance of the optimal thresholding algorithms proposed in [134] while

using much less time.

Optimal partial gradient hard thresholding

We also study a combination of the partial gradient method and the hard thresholding
strategy. Different from the partial gradient direction used in (1.11), we adopt the so-called
optimal partial gradient direction which is also extracted from the full gradient such that

the objective function at the current iterate is minimized. The key step can be stated as
oPT =My (2P 4+ A dopt-par (2F))
where the optimal partial gradient direction is given by dopt-par = wW” ® dgp with
wP = argu{nin{f (2P + Mw @ dgp(2?))) : e’w = ¢q,e € {0,1}"},

where ® denotes the Hadamard product. The integer ¢ > 0 is used to adjust the number
of elements of the partial direction. Empirical results indicate that such algorithms are less

sensitive to the choice of stepsize A than the traditional hard thresholding algorithm (1.8).



The major work of the thesis is to show the efficiency of the above algorithms for
sparse signal recovery from both theoretical and practical view points. Theoretical analysis
including convergence analysis is carried out in terms of the restricted isometry property
(RIP) which is one of the fundamental tools in analyzing compressed sensing algorithms.
We have shown that the proposed algorithms are guaranteed to recover sparse signals
when the RIP conditions are satisfied and algorithmic parameters are properly chosen.
Numerical experiments are carried out via synthetic data to demonstrate the efficiency

and robustness of the proposed algorithms for sparse signal recovery.
A
:]I Sparse iterate
—D[ Partial gradient direction ]—F[ Sparse vector ]—P[ Optimal k-thresholding }—

Figure 1.4: Process of thresholding-type methods

1.3 Organization of thesis

The rest of the thesis is organized as follows. In the next section, we introduce some
notation used throughout the thesis. Chapter 2 introduces fundamental assumptions,
optimization methods and compressed sensing algorithms that are closely related to
the thesis. The proposed algorithms are discussed in Chapters 3-6, respectively. The

conclusions and future work are summarized in the last chapter.

1.4 Notation

For clarity, we introduce some of the notation used in the thesis.
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1.4.1 Sets, vectors and matrices

The thesis is based on the real space R. We use R" and R™*" to denote the vector space
and matrix space, respectively. The identity matrix is denoted by I, [N] the index set
{1,...,n}, and ) the empty set. Given a set Q@ C [N], Q := [N]\Q is the complement
set in [N] of , and card(Q2) is the cardinality of the set Q. For a given vector x € R",
ro € R" denotes the vector derived from x by retaining the entries indexed by € and
zeroing out others. The vector [zg] € R4 denotes the subvector of  which retains the
entries indexed by € and deletes others. |a| denotes the absolute value of number a. Given
two vectors x,y € R", the inner product is (z,y) := zn: z;y; = x1y, and the Hadamard
product is  ® ¥ := [z1y1, ..., Tnyn]’. A vector z is callTeld k-sparse if ||z||o < k.

For a matrix A, we use A” to represent its transpose. We say A is symmetric if
A is a square matrix and satisfies AT = A. The matrix A € R™ " is orthogonal if
AT A = AAT = I, which is equivalent to AT = A7, where A™! denotes the inverse of A.
A diagonal matrix A € R™*" is denoted by diag(ay,...,a,), where a;,71 = 1,...,n is the
i-th entry on the diagonal. Given a matrix A € R™*" Ag € R™" denotes the matrix
derived from A by retaining its columns indexed by set 2 and zeroing out others. [Ag)]
denotes the submatrix of A which retains the columns indexed by €2 and deletes others.
The matrix Agxq € R™*" is obtained by zeroing out the columns and rows of A € R™*"
indexed by Q. [Aqxa] € Reard(@)xeard(©) © qenotes the submatrix of A obtained by deleting

the rows and columns indexed by €, if card 2 < m and Q C [m].

1.4.2 Norms for vectors and matrices

Definition 1.4.1 (vector norm). For any z,y € R" and any ¢ € R, a function |[|-|| :

R™ — R is a norm (vector norm) if the following properties are satisfied:
(i) Nonnegativity: ||z| > 0;

(ii) Homogeneity: ||cx| = |c|||z||;

11



(iii) Triangle inequality: ||z +y|| < ||z| + [|y|-

1/p
The ¢,-norm of a vector x € R" is defined as ||z||, = (Z |]” ) . Several commonly

i=1
n

used vector norms include the ¢;-norm ||z|; = Y |z;], the f>-norm (Euclidean norm)
_ i=1

|lz||2 = Z |z;)* and the fo-norm (infinity norm) ||z|le = 5161%|xz| When 0 < p < 1,

the functigrzllﬂxH p» violates the triangle inequality property, so it is not a norm but referred

to as a quasi-norm. The ¢y-norm ||-||p, counting the number of nonzero entries, is also

not a norm since it does not satisfy the homogeneity property. In particular, it can be

approximated as
n
— P
Iollo =l 3 .

Definition 1.4.2 (matrix norm). For any A, B € R™*" and any ¢ € R, a function

||| : R™"™ — R is a norm (matrix norm) if the following properties are satisfied:
(i) Nonnegativity: ||Al > 0;
(ii) Homogeneity: ||cAll = |c|[|A]l;
(iii) Triangle inequality: ||A+ BJ| < ||A|| + || B|l;
The ¢,-norm for a matrix A € R"*" is defined as

[Az]l,

| Allp := sup = sup [|Az|,.
w20 [|zllp el
The commonly used fo-norm of a matrix A is given as ||A|l2 = / Amax (AT A) = opmax(A),

where Apax(ATA) denotes the maximum eigenvalue of matrix A7 A € R™™ and opax(A)
represents the maximum singular value of A. A singular value of a matrix A can be derived
by taking the positive square root of an eigenvalue of the symmetric matrix A7 A or AAT,
ie., 0 = \JN(ATA) = /N (AAT), i = 1,..., where \;(ATA) is the i-th eigenvalue of
AT A. Other matrix-norm definitions and properties, such as ¢;- and fs-norm, can be

found in the literature [71, Chapter 5] and [63, Appendix A].
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The singular value decomposition (SVD) is one of the commonly used methods to

decompose a matrix, which is defined as follows.

Proposition 1.4.3 (Proposition A.13 of [63]). For a matrix A € R™*" with m <mn,
there exist orthogonal matrices U € R™™ V € R™" and nonnegative numbers o; >

gy > -+ > 0y, called the singular values of A, such that A = UXV7T, where

01

(1.12)

On—m,m

Om

1.4.3 Convex sets and functions

Definition 1.4.4 (see Section 2.1.4 of [101]). A set C' is convex if for any =,y € C

and 0 < 0 <1, we have 0z + (1 — )y € C.

This implies that the line segment connecting x and y is within the set C'. The convex

hull of a set C' is the tightest convex set containing C'

Definition 1.4.5 (Definition 3.1.1 of [101]). Let dom(f) denote the domain of f. A

function f: R"™ — R is convex if dom(f) is a convex set and

fOz+(1=0)y) <0f(x)+ (1 -0)f(y),

for any z,y € dom(f) with 0 <6 <1

A function f is concave if —f is convex.
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CHAPTER 2

LITERATURE REVIEW

Compressed sensing refers to three main aspects, signal sparse representation, signal
measurements, and reconstruction algorithms. In the thesis, we focus on the intrinsic
problems, theoretical assumptions and reconstruction methods for signal recovery. This
chapter is organized as follows. Section 2.1 introduces the theoretical properties of a
measurement matrix that are essential for recovery success. Section 2.2 reviews two
traditional methods for solving nonlinear optimization problems. Section 2.3 reviews the

mainstream sparse signal recovery algorithms at the current stage of development.

2.1 Properties of measurement matrices

We first look at how many measurements are necessary for successful signal recovery.

2.1.1 Minimal number of measurements

In CS scenarios, the number of measurements m is assumed to be far less than the vector
length n, i.e., m < n. However, the number m cannot be arbitrarily small. First of all, in
order to possibly recover a k-sparse solution for a linear system, it is necessary to make
sure that the linear system y = Ax does not have multiple such sparse solutions, i.e.,
Az’ # Az" for any two k-sparse vectors 2’ and z”. This is equivalent to A(x’ — ") # 0

which means that there exists no 2k-sparse vector z € R" in the null space of A. One way
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to guarantee this is by using the spark of a matrix.

Definition 2.1.1 [51]. The spark of a matrix A € R™*" is the smallest number of linearly

dependent columns of A.

The following theorem implies the minimal number of measurements for the uniqueness

guarantee of the solution to the linear system.

Theorem 2.1.2 (Corollary 1 of [51]). For any vector y € R™, there exists at most one

k-sparse vector x € R" such that y = Ax if spark(A) > 2k.

This theorem implies the minimum number of the measurements m should satisfy that
m > 2k, since the spark(A) < m+1. This also explains why an algorithm is usually difficult
to recover the signal when k& > m/2. Sufficient conditions concerning the uniqueness of
the solution to linear system in terms of some other tools, such as mutual coherence and
Babel function, can be found in [136, Chapter 2|. However, 2k measurements may not
be enough to guarantee the recovery of a signal. More requirements on the number of
measurements can be found in the CS literature. In what follows, we now introduce one

of such conditions in terms of the concept of instance optimality.

Definition 2.1.3 (Definition 11.1 of [63]). Let A denote a recovery scheme A : R™ —
R™ and let ¥ denote the set of k-sparse vectors. Given ¢ > 1, a pair of measurement

matrix A € R™" and A is called {,-instance optimal of order k with constant C' > 0 if
|z — A(Az)||, < Cox(z), forall z € R",

where

ou(@)y = minlle = 2l

The f3-instance (¢ = 2) is commonly used in the literature, which indicates that the
distance between the recovered vector A(Az) and the target vector x stays under control.
To achieve the instance optimality above, other conditions on the number of measurements

are required.
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Theorem 2.1.4 (Theorem 1.13 of [56]). If the pair (A, A) is {y-instance optimal of

order k > 1 with constant C', then

m > <1—\/1—1/C’2>n,

where C > 1.

Theorem 2.1.5 (Theorem 11.6 of [63]). Let e denote Euler’s number. If the pair

(A, A) is {-instance optimal of order k£ > 1 with constant C', then
m > ckln(en/k)

for some constant ¢ depending only on C.

However, it is far from enough to guarantee the stable and robust reconstruction via
an algorithm only by conditioning the number of measurements. Further assumptions are

required for this.

2.1.2 Restricted isometry property (RIP)

The restricted isometry property (RIP), also known as uniform uncertainty principle, was
first introduced by Candeés and Tao [31]. Tt is closely related to the restricted isometry

constant (RIC), a constant with respect to a rectangular matrix A € R™*" with m < n.

Definition 2.1.6 [31]. The k-th restricted isometry constant (RIC) ¢ of a matrix

A € R™ " is defined as the smallest d; € (0, 1] such that
(1 =)l < [|Azl5 < (L +8)ll=5 (2.1)

for all k-sparse vectors .

A matrix is said to be a RIP matrix if the relation (2.1) is satisfied. In this case, we

say matrix A satisfies the RIP of order k. An equivalent expression of the constant d;, is
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given as

|[Aa)"[Ag] — 1

= max ‘ ,
QC[N],card(Q)<k 2

where card(2) denotes the cardinality of set 2 and [ is the identity matrix. In the
formula above, [Ag] € R™** denotes the submatrix of A which retains the columns of A
indexed by €2 and deletes others. This property indicates that the eigenvalues of matrix
[Aq]"[Aq] € R¥* lie in the interval [1 — 0, 1 + &)

There are two questions about the RIP that remain open. Firstly, testing the RIP of a

) combinations of k£ columns of
n

matrix is a combinatorial problem [5, 118]. There are (k
matrix A € R™*" which is a large number especially when k& and n are large. Detailed
discussion of the computational complexity of RIP can be found in [110]. Secondly, it is
challenging to construct a deterministic matrix that satisfies the RIP. The sensing matrix
used for sparse signal reconstruction can be random matrices or deterministic matrices.
Probability theory indicates that certain types of random matrices can satisfy the RIP
with an overwhelming probability, such as Bernoulli random matrices, Gaussian random

matrices, sub-Gaussian random matrices and partial random Fourier matrices (see [6] and

[63, Chapter 9]).

Theorem 2.1.7 (Corollary 9.3 in [63]). Let A € R™*" be a Gaussian or Bernoulli
random matrix. The restricted isometry constant of A/+/m satisfies §; < & with probability

at least 1 — ¢, if

m > (62 (kln(en/k) +1In (2671)) :
where C' is a universal constant and e denotes Euler’s number.

The RIP of other matrices with certain structures are also discussed in the literature,
including Chirp sensing matrices [4], second-order Reed-Muller sensing matrices [72],
Binary Bose-Chaudhuri-Hocquenghem (BCH) matrices [1], matrices based on mutual
coherence [2], matrices arising from near orthogonal systems [76], matrices satisfying a
statistical isometry property [44] and matrices designed via algebraic curves over finite

fields [48]. A good survey can be found in [92].
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Remark 2.1.1
The formula (2.1) is often called a standard version of the restricted isometry property

(RIP) in the literature. A more general form of (2.1) is stated as
2 2 2
allzlly < f[Azlly < Bllzll,, (2:2)

where 0 < o < f < 400 and z is an arbitrary k-sparse vector. The inequality (2.2) can
be simply scaled up or down to derive (2.1), for instance, multiplying A by 1/2/(8 + «)
yields 6; = (8 — «)/(8 + «) [56, Chapter 1]. In addition to the symmetric versions of RIP
(2.1) and (2.2), the asymmetric version is also used in the analysis of CS algorithms, see,
e.g., [13]. For the convenience of discussion, we will use the standard form (2.1) to perform

the analysis of proposed algorithms in the thesis.

2.1.3 Other properties

Mutual coherence, introduced by Donoho and Hu [52], is a much simpler method to
measure the quality of a measurement matrix than the RIP. The mutual coherence p(A)

of a matrix A is defined as

|ai a;
p(A) = max UL
W= 28 Tallll
where a;,7 = 1,...,n denotes the columns of A. In general, a reconstruction scheme

performs better with smaller mutual coherence, which means that the columns of A
have lower correlations. However, the mutual coherence cannot be arbitrarily small. A
well-known lower bound for u is the Welch bound [119], given as

n—m

n(A) = m

The mutual coherence and related concepts have been used to analyze the uniqueness

of fp-minimization problems [136, Section 1.3, and to develop sufficient conditions for
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the guaranteed performance of several types of algorithms, such as orthogonal matching
pursuit (OMP), basis pursuit (BP) and thresholding-type algorithms (see [63, Chapter 5]).

The null space property (NSP) in the literature is a necessary and sufficient condition
for the exact recovery of sparse signals via the standard ¢;-minimization (1.4) (see, e.g.,
[52], [39], [132] and [63, Chapter 4]). The NSP with respect to a matrix A € R™*" and a

set 2 C [N] is defined as follows.

Definition 2.1.8 [63]. A matrix A € R™*" is said to satisfy the null space property
(NSP) relative to a set Q C [N] if

[valls < llvglls,

for all v € ker(A), where ker(A) = {u € R"|Au = 0}.

The RIP is more restrictive than the NSP, but the former has a broader application in
compressed sensing since it can easily be used to analyze the reconstruction algorithm
in noisy environments [25]. More discussion about the relationship and the gap between
NSP and RIP can be found in [39] and [110].

In addition, Zhao [135] has introduced another matrix-property that is less restrictive
than RIP and NSP, called range space property (RSP) of A", which provides a broad
understanding of the equivalence between fy-minimization and ¢;-minimization (see Defi-
nition 1.1 in [135] or Definition 3.1.1 in [136]), and the stability of convex optimization
algorithms for signal recovery. The RSP-based analysis work can be found in [138], [133]
and [121].

2.2 Optimization methods

We now review the well-known steepest descent method and Newton’s method, which
are the key optimization methods related to the signal recovery algorithms studied in the

thesis. A more detailed introduction of optimization methods and convex optimization
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theory can be found in the books by Boyd and Vandenberghe [24], Nocedal and Wright
[94], Rockafellar [101] and Beck [8].

2.2.1 Steepest descent method

The steepest descent method, also known as the gradient descent method, is to find local

minima of unconstrained problem min f(z) according to the first-order information of
X

the objective function f. Given a continuous function f and a point z, the first-order

approximation of f(z) around x is
flz+ M) ~ f(x) + A\Vf(x)'d, (2.3)

where V f(x) denotes the gradient of f, and A is the stepsize. The direction d is said to
be a descent direction at z if Vf(z)"d < 0 which implies f(x + Ad) < f(x) for small \.

Finding the steepest descent direction amounts to minimizing (2.3), i.e.,
; T,. —
mjn{Vf(x) d:|dfs =1}

V()

Clearly, the optimal solution of the problem above is d = —W, which lies in the
Z)ll2

same direction of —V f(x). In general, the negative gradient —V f(z) is regarded as the

steepest descent direction. The full description of the steepest descent method is stated as

Algorithm 2.1.

Algorithm 2.1 Steepest Descent Method

« Given a current point x”.
« Compute the steepest descent direction —V f (z?).
e Choose the stepsize A > 0.

« Update the new point 2Pt = ¥ — AV f (aF).

The choice of stepsize A plays a key role in Algorithm 2.1. Line search methods are
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widely used to determine the stepsize A\. A simple choice for A is the positive number that

minimizes f(x) along the direction —V f (z”) at current iterate z”, i.e.,

A= argminf(z¥ — AV S (zP)).
A:A>0

Many other line search rules can be also used to find the A, including Armijo rule [104],
Goldstein rule [107] and Wolfe rule [128]. The analysis for the global convergence of
gradient methods can be found in the literature [93, 127, 97, 107]. In the following
chapters, we will see the importance of the stepsize in compressed sensing algorithms.

Over the past few decades, many modifications of the steepest descent method have
been proposed, such as the two-point step size gradient method [7], conjugate gradient
method [69, 106], stochastic gradient descent method [22], and so on. These methods
have been widely used in various application scenarios, e.g., machine learning [122] and
statistical learning [68]. These algorithms maintain their popularity in solving various
practical optimization problems because of their low computational cost especially when

dealing with large-scale problems.

2.2.2 Newton’s method

Newton’s method is derived from the second-order Taylor approximation of the objective
function f, which is also used to solve the problem mxin f(x). Given a twice continuously
differentiable function f(x), the second-order approximation of f(z + ad) around the point
T 18:

Flz +ad) ~ f(z) + aVf(x)d+ %dT Vif(z) d, (2.4)

where V2 f(z) denotes the Hessian matrix of f(z), and « is the stepsize. When the Hessian
V2 f(x) is nonsingular, the minimizer of the right-hand side of (2.4) with respect to ad is
given by ad = — (V2 f (x))il V f(z), which is usually called the Newton search direction
and denoted as Anewton. 1The pure form of Newton’s method is defined as Algorithm

2.2. In particular, if the Hessian is positive definite, i.e., V?f(z) = 0, the Newton step is
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actually a descent direction since

Vf(w)TAnewton = _vf(x)T (vzf(l’))_l Vf(l') < 0.

Algorithm 2.2 Newton’s Method (pure form)

o Given current point x”.
-1
o Compute the Newton step: Ajewton := — (sz(x”)) V f(xP).

« Update the new point: 2™ = 2 4+ Anewton-

Newton’s method usually has a local quadratic convergence order when the current
point is close to a local minimum, but it has several drawbacks as pointed in [67], for
instance, it cannot distinguish the maxima and minima due to the Hessian V2 f(x) not
being positive definite, and Algorithm 2.2 cannot be applied when the Hessian is singular.

Thus some modifications are usually made to Algorithm 2.2.

i. Damped Newton’s method. Taking the stepsize A into account leads to
+1 2 -1
=g — X (VEf(a?)) Vf(aP),

where A > 0 can be either fixed or determined by a line search method. Such a
modification allows Newton’s method to work from any starting point and converges

to a local minimum.

ii. Modified Newton’s method. The Hessian of a twice differentiable continuous function
f is not always invertible. In this case, a simple approach is to perturb the Hessian
V2f(2P) such that V2f(aP) + €l is positive definite, where I denotes the identity

matrix and € > 0 is a parameter. Thus the iterative step becomes
-1
Pt = gP — ) (sz(xp) + eI) V().
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It is easy to verify —V f(z)” (V2f(x) + e[)il V f(z) < 0 when the function f(x) is
convex, therefore the modified Newton step is still a descent direction when V f(x) # 0.

Other modifications of the Hessian can be found in [94, Section 3.4].

iii. Quasi-Newton method. This is also a modification of Newton’s method by replacing the
Hessian with a positive definite matrix which can be seen as a certain approximation

of the Hessian. The key iteration of the quasi-Newton method is written as
= o — AQ'V f(a?),

where the positive definite matrix Q¥ is updated iteratively by a quasi-Newton formula.

More details about this method can be found in [94, Chapter 6-7].

2.3 Compressive sensing algorithms

At the current stage of development, the main compressed sensing algorithms for sparse
signal recovery can be classified into three types: convex methods, thresholding algorithms
and heuristic algorithms. Each category of methods contains a number of variants, for
example, see Fig. 2.1. Here we only introduce some CS algorithms that are closely related

to the thesis.

2.3.1 The /;-minimization

The ¢;-minimization

min {[|z], : y = Az}, (2.5)

is one of the popular approaches for solving {y-minimization problems. It is one of the

convex optimization methods. The problem (2.5) and the following more general problem

min { [l : ly — Az[} < n}. (2.6)
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Basis pursuit (BP)

Quadratic constrained basis pursuit (QCBP)
— L1-minimization

LASSO

Convex methods Dantzig selector

Reweighted L1-minimization

Dual-density-based reweighted L1-min (DDRW)

Iterative shrinkage-thresholding
y~ Soft thresholding -<

Projectied iterative soft-thresholding

Iterative hard thresholding (IHT)

Hard thresholding Pursuit (HTP)

Normalized IHT and HTP

— Hard thresholding Newton-step-based hard thresholding
Thresholding methods Quasi-Newton projection pursuit (QNPP)

CS algorithms e

Quasi-Newton iterative projection (QNIP)

Expectation-Conditional Maximization Either (ECME)

Newton-type optimal k-thresholding

Relaxed versions
Optimal k-thresholding <
Enhanced versions
i~ Optimal thresholding

Partial gradient optimal k-thresholding

Regularized OMP
Generalized OMP
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Figure 2.1: Classification of mainstream compressed sensing algorithms
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are often called basis pursuit (BP) [38]. Due to the convexity, the classical convex
optimization algorithms can be used to solve the /;-minimization, such as interior-point
method, homotopy method [120], Chambolle and Pock’s primal-dual algorithm [35] and
iteratively reweighted least squares (IRLS) algorithm [70, 43].

Depending on applications, some variants of the problem (2.6) are also widely studied
in the literature. For instance, the so-called LASSO (least absolute shrinkage and selection
operator) [109]

min [ly — Az|; + o/},

where o > 0 is a parameter, which can be also stated as
min {[ly — Azl[3 : s <7},
where 7 is an appropriate parameter. The so-called Dantzig selector [28]
min {||z]1 : |A"(Ax = y)llo <7},

for some parameter 7 > 0, is also studied by some researchers.

Using ¢;-minimization for sparse recovery, one must ensure that the solution of (1.1)
coincides with that of (2.5). In other words, it is important to guarantee that the problem
(2.5) must admit a unique solution which is the same as the unique or one of the solutions
of (1.1) (see definition of equivalence and strong equivalence in [136, Chapter 3]). Zhao
[136, Chapter 2| has derived a necessary and sufficient condition for the solution uniqueness
of the solution to (2.5) by utilizing the classic strict complementary slackness property
(SCSP) of linear programming. Other sufficient conditions include mutual coherence [55,
51], restricted isometry property (RIP) [31, 29, 30, 46, 62, 59, 87, 27], null space property
(NSP) [131] and range space property (RSP) of A” [135, 133].

Remark 2.3.1

The RIP-based conditions for the efficiency of ¢;-minimization can be summarized as follows.
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In [30], Candes has proven that if the restricted isometry constant (RIC) of order 2k satisfies
Sar < V2 —1 = 0.4142, the solution to ¢;-minimization (2.5) is that of the {o-minimization
problem (1.1). The upper bound of dy; has improved to dy, < 2(3 — v/2)/7 ~ 0.4531 by
Foucart and Lai [62] in 2009, o < 0.4652 by Foucart [59] in 2010, and o < 0.4931 by
Mo and Li [87] in 2011. Later, Cai and Zhang [27] have improved it to dy, < 1/v/2. Davies
and Gribonval [46] have pointed out that ¢;-minimization might fail to recover signals

when 0y, is close to 1/v/2.

Remark 2.3.2
Reweighted ¢;-minimization [32, 138] is an enhanced version of ¢;-minimization, which

seeks sparse solution by solving a sequence of weighted ¢;-minimization problems, i.e.,
min {[ W] y = Ac}, 2.7

where W7 is a diagonal matrix whose entries are determined by a merit function for
sparsity (a certain approximation of the fp-norm) at the current iterate. Problem (2.7)
can be recast as a linear program, thus its dual problem can be derived. Motivated by
this, dual-density-based reweighted ¢;-minimization (DDRW) [137, 140] has been proposed
by working on the dual problem and using complementary to recover the sparse signal
through the dense slack variables of the dual problem. A systematic discussion of these

two methods can be found in [136, Chapter 7-8].

2.3.2 Hard thresholding algorithms

Thresholding methods are designed to solve the sparse optimization problem

. (1
muin {3y = Al s oo < . 23)

which is clearly equivalent to (1.3). Traditional hard thresholding methods adopt the

steepest descent direction as a search direction in the iterative step. The gradient of
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1
flz) = §Hy — Azl|3 is given by Vf(z) = —AT(y — Az). Without the sparsity constraint,

the major step of steepest descent method is
" =z + AAT (y — Ax), (2.9)

where A > 0 denotes a stepsize. However, the iterate 2" generated by (2.9) is possibly
not feasible to the problem (2.8), since most of its entries are usually nonzero. It makes
sense to use the hard thresholding technique to get a sparse vector satisfying the constraint
of (2.8), leading to

" = H,, (x + AT (y — AJ;)) : (2.10)

where the operator Hy(-) retains the largest k£ magnitudes of a vector and zeroes out
others. Formula (2.10) is actually the iterative hard thresholding (IHT) which was initiated
by Blumensath and Davies [18] in 2008, and it is also the called gradient descent with

sparsification in [64]. The full description of IHT is stated as Algorithm 2.3.

Algorithm 2.3 Iterative Hard Thresholding (IHT)

o Input: measurement matrix A € R™*" measurement y € R™, sparsity level k, and
an initial point z° = 0.

o JIteration:

2Pt = H(af + NAT (y — AxP)).

« Output: The k sparse vector z* := 2P

The stepsize A in IHT can be either a fixed number, e.g., A € (0,1], or can be
adaptively changed from one iteration to another, such as the one used in traditional

conjugate methods, i.e.,

p _ I(Are)" (y — AxP)|[3

)\ - )
|Ars AT (y — AzP)||3

where I'” = supp(a”) and Ar» denotes the matrix obtained by retaining the columns indexed
by I'” and zeroing out others. The IHT using such stepsize is called normalized iterative

hard thresholding (NIHT) [19, 108]. Another modification of IHT is the Expectation-
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Conditional Maximization Either (ECME) algorithm [99], i.e.,
Pt = Hy (2 + AT(AAT) N (y — Aa”))

The method above becomes the method in (2.10) when AA” = I.
Foucart [60] has proposed another enhanced version of THT called hard thresholding
pursuit (HTP) by taking an orthogonal projection step into account to further reduce the

objective function. The full HTP algorithm is described as Algorithm 2.4.

Algorithm 2.4 Hard Thresholding Pursuit (HTP)

e Input: measurement matrix A € R™*", measurement y € R™, sparsity level k&, and
an initial point 2° = 0.

o Iteration:

TP = Hyp (2P + NAT (y — AzP)) (HTP,)
2P = argmin{||y — Az|3, supp(z) C supp(z**')}. (HTP,)

o Output: The k-sparse vector z* := 2P

In Algorithm 2.4, (HTP,) is called the pursuit step, which minimizes the objective
function over a specific support set. In fact, if a support set Q C [N] is given, the original
underdetermined linear system y = Ax will be reduced to an overdetermined system
y = [Aq][rq], where [Ag] denotes the submatrix obtained from A by retaining columns
indexed by €2 and discarding others, and [zq] denotes the subvector obtained from x by
retaining entries indexed by €2 and deleting others. As a result, the problem in (HTP5)

can be reduced to an unconstrained optimization problem, i.e.,
: _ 2
minly — [Ag] [zalll>. (2.11)

When ¢ := card(Q2) (the cardinality of 2) is small enough such that any ¢ columns of A
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are linearly independent, the solution to (2.11) can be expressed in an explicit way, i.e.,
-1
[wa] = ([Aa]" [4a])  [Aa]"y.

Both the NIHT and ECME algorithms can be enhanced by introducing such a pursuit
step to further reduce the value of the objective function. More accelerated versions of
IHT and HTP can be found in [34] and [16].

Hard thresholding methods have been extended to other scenarios, such as low-rank
tensor recovery [65, 100], matrix completion [108], and robust regression [11, 130]. The
aforementioned algorithms, including IHT, HTP and NIHT, are based on the steepest
descent method. However, other first-order or second-order optimization methods can also
be combined with the hard thresholding technique, such as the stochastic gradient method
[143], the conjugate gradient method [116, 15, 14|, alternating projection methods [78, 79],
and Newton’s methods [73, 125, 37, 126, 117, 84, 145]. Hard thresholding methods have

gained a great deal of attention due to their low computational complexity.

Remark 2.3.3

Theoretical justification of hard-thresholding-type algorithms is usually established in
terms of the RIP. Sufficient conditions for the guaranteed performance of the IHT have been
analyzed by several researchers, such as dg;, < 1/v/32 & 0.1767 [17], 0y < 1/3 ~ 0.3333 [64],
O3, < 1/3/3 ~ 0.5774 [60] and d3;, < (V5 —1)/2 ~ 0.618 [142] which is the tightest result
to our best knowledge. The HTP by Foucart [60] is shown to be stable and efficient under
the condition 03 < 1/ V3 ~ 0.5774. More theoretical analysis for hard thresholding-type

methods can be found in the literature, e.g., [23], [123], [103] and [124].

2.3.3 Optimal k-thresholding algorithms

As pointed in [134], an inherent drawback of hard thresholding is that, when imposed on
an incompressible vector, the value of the objective function might increase compared to

the objective value at its unthresholded counterpart. This is because the hard thresholding
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is independent of the objective function. To overcome this weakness and improve the
performance of (2.10), Zhao [134, 139] has proposed a novel vector sparsification approach
called optimal k-thresholding, which simultaneously performs thresholding and objective
minimization.

The key iterative scheme of optimal k-thresholding algorithm for solving (2.8) can be
simply stated as

gt = z# (xp + AT (y — Amp)) :

where fo (+) is the so-called optimal k-thresholding operator and A > 0 is the stepsize.
Given a vector u, the optimal k-thresholding vector of u is Z (u) = u®w* (the Hadamard
product of two vectors), where the vector w* is the optimal solution to the quadratic 0-1

optimization problem
w” := argmin {||y —Alweu)|;: e'w=kwe {0, 1}"} . (2.12)

In the formula above, e = (1,...,1)" € R™ is the vector of ones, and {0, 1}" denotes the
set of n-dimensional 0-1 vectors. The full optimal k-thresholding algorithm is given as

Algorithm 2.5.

Algorithm 2.5 Optimal k-thresholding (OT)

o Input: measurement matrix A € R™*", measurement y € R™, sparsity level k, and
an initial point 2° = 0.

o Iteration:
uP = xP + NAT (y — AaP),
wP = argmin{”y —Aw@u)|,: e'w==kw e {0, 1}”} ,

xp+1 = wP ® uP.

« Output: The k-sparse vector z* := 2P

The problem (2.12) is a binary optimization problem which usually needs substantial

computational cost. To avoid solving it, Zhao [134, 139] suggests to solve the convex
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relaxation problem
wr = argmﬂin{“y —Alweu)|s: efw=k 0<w< e},

where 0 < w < e is the convex hull of w € {0,1}". The relaxed optimal k-thresholding

(ROT) algorithm [134] is given as Algorithm 2.6.

Algorithm 2.6 Relaxed Optimal k-thresholding (ROT)

o Input: measurement matrix A € R™*", measurement y € R™, sparsity level k, and
an initial point z° = 0.

o Iteration:
uP = 2P + A\AT (y — AaP),
wP = argmin{”y —Aweur)|r: "w=k0<w< e} :

2P = Hy (@ @ ).

« Output: The k-sparse vector z* := 2Pt

In Algorithm 2.6, the vector w” may not necessarily be k-sparse, thus the hard thresh-
olding Hy(+) is used to truncate the iterate wW” ® u” to satisfy the sparsity constraint. We
should emphasize that the use of Hy () here is different from the one used in hard thresh-
olding algorithms, because the vector W” ® u” is either k-sparse or admits a compressible
feature whereas the vector u” may not be sparse or compressible at all.

Both OT and ROT algorithms can be accelerated by taking a pursuit step into account
after solving the optimization problem, leading to the so-called optimal k-thresholding
pursuit (OTP) and relaxed optimal k-thresholding pursuit (ROTP) (see Algorithm 2.7),
respectively. Moreover, if the vector w” ® u” in Algorithms 2.6 and 2.7 is not compressible
enough, multiple relaxed optimal thresholding can be performed to generate a more
compressible vector leading to the ROTP,, algorithm, where w is the number of times
of compression performed in one iteration. We omit them here to focus on the fancy

framework of the optimal k-thresholding technique. The full description of algorithms,
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Algorithm 2.7 Relaxed optimal k-thresholding pursuit (ROTP)

o Input: measurement matrix A € R™*", measurement y € R™, sparsity level k, and
an initial point z° = 0.

 [teration:
uP = 2 + NAT (y — AaP),
P = argmin{Hy —Aw@ur)|,: e'w=Fk0<w< e},

SPH = L (WP @ uP)
27 = argmin{ly — Az[ : supp() € 1),

« Output: The k-sparse vector z* := 2P+,

theoretical analysis and empirical results are given in [134] and [139].

Remark 2.3.4
In addition to the hard and optimal thresholding strategies, there exists another one called
soft thresholding, which generates a k-compressible vector by utilizing a piecewise function,
i.e.,

T—T, T>T

S-(x) =19 0, lz| <7

r+T7, T —T
where 7 is a threshold value. The soft thresholding (also called shrinkage-thresholding) is
also discussed by several authors including Donoho [50], Khare and Tiwary [74], Biwas
and Om [12], and Liu et al. [80], Daubechies, Defrise and Mol [42], Fawzi, Davies and
Frossard [57], Liu et al. [82], and Liu and Barber [81].

2.3.4 Heuristic algorithms

Three well-known algorithms are orthogonal matching pursuit (OMP) [111], compressive
sampling matching pursuit (CoSaMP) [89] and subspace pursuit (SP) [41]. The first

application of OMP to signal processing can be dated back to the work [96] and [47]. The
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Algorithm 2.8 Orthogonal Matching Pursuit (OMP)

o Input: measurement matrix A € R™*", measurement y € R™, and sparsity level k.
o Initialization: S® =0, 2° = 0.
o Iteration:

SPH = SP U arg max {‘ (AT (y — Axp)>

JE[N]

|

Pt = argmin {||y — Az||3 : supp(z) C Sp+1} .

J

« Output: k-sparse vector z* := xPT.

OMP is a greedy algorithm that iteratively adds one index with maximum correlation
to the residual into the identified support and then performs the orthogonal projection
onto the support to update the iterate. For small-sized problems, OMP is fast at finding a
sparse solution since it only needs k iterations [88]. However, when dealing with large-scale
problems, the number of iterations required by OMP dramatically increases. More detailed
discussions about the OMP can be found in [112, 45, 26, 129, 88, 36, 137, 40, 77].

Some variants of Algorithm 2.8 have been proposed, such as regularized orthogonal
matching pursuit (ROMP) [91, 90], generalized orthogonal matching pursuit (GOMP) [114,
75, 115], stagewise OMP (StOMP) [53], weak OMP (WOMP) [111] and the latest dynamic
OMP (DOMP) algorithms [141]. Empirical results in [141] show that the DOMP-type
methods are efficient for sparse signal recovery, and the number of iterations they require
is much less than OMP.

Two matching-pursuit-type algorithms which can be also viewed as some modifications
of OMP are the CoSaMP (see Algorithm 2.9) and SP (see Algorithm 2.10). These two
algorithms share a similar framework: (i) support identification, (ii) orthogonal projection,
(iii) k-sparse vector generation. The first sufficient condition d4, < 0.17157 for the efficiency
of CoSaMP in terms of the RIP for sparse vector recovery was established by Needell and
Tropp [89]. After that, it has been improved to dy < 0.38427 in [61] and dq < 0.5102

in [142]. For SP, the RIP conditions for its efficiency include d3; < 0.205 in [41] and
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Algorithm 2.9 Compressive Sampling Matching Pursuit (CoSaMP)

o Input: measurement matrix A € R™*", measurement y € R™, sparsity level k, and
an initial point 2° = 0.

o Iteration:
UPH! = supp(a?) U Lop (AT (y — AxP)),
S = argzmin{lly — Az||3,supp(z) C U”H} 7

Pl = %k(up+1>

« Output: k-sparse vector z* := xP™L.

Algorithm 2.10 Subspace Pursuit (SP)

e Input: measurement matrix A € R™*", measurement y € R™, sparsity level &k, and
an initial point 2° = 0.

 [teration:

UPT = supp(a?) U L (AT (y — AxP)),

uPtl = argmin{“y — Az||3,supp(z) C U”H} ,
S = L (uPth),

2Pt = argmin { ||y — Az||3, supp(z) C S”+1} .
z

« Output: k-sparse vector z* := xPT!.
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Remark 2.3.5

The complexity is an important feature of an algorithm concerning their efficiency and
computational cost. In Table 2.1, we summarize the complexity of some classical CS
algorithms per iteration in terms of the number of measurements m, the vector length n,
the sparsity level k£ and the size of the problem data encoding in binary L. BP is a typical
convex method, the next four algorithms are generally used heuristic methods, and the

last three algorithms belong to thresholding methods.

Table 2.1: Complexity of some CS algorithms

Algorithm | Computational Complexity References
BP O(n?) [38], [41], [98]
OMP O(kmn) [112], [91], [41]
StOMP O(nlogn) 53], [98]
CoSaMP O(mn) 89], [98]
SP O(kmn) [41], [98]
IHT O(mn) [17],[139]
HTP O(m® 4+ mn) [60], [139]
ROTP,, O(m?* + mn +n*°L) [139]

However, the complexity does not give a full picture of an algorithm. In practical
applications, one also needs to choose among algorithms by comparing their numerical
performances in terms of objective reduction, the ability of sparse signal recovery, the
average number of iterations required, the average runtime, phase transition behavior,
capability for real image restoration and others. In the next chapters, we formally describe

the Newton-step-based hard thresholding algorithms.
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CHAPTER 3

NEWTON-STEP-BASED HARD THRESHOLDING
ALGORITHMS

3.1 Introduction

The hard thresholding technique incorporated with the steepest descent method shows a
good theoretical performance in sparse signal recovery. The classic optimization theory
indicates that Newton-like methods often have a numerical advantage over the traditional
gradient methods for solving nonlinear optimization problems from the perspective of
local convergence. This motivates us to propose the so-called Newton-step-based hard
thresholding algorithms discussed in this chapter!, which integrate a Newton-like search
direction and the hard thresholding technique.

Consider the sparse optimization problem
(1 2
min {5 ly — Aal : lallo < k} (3.1

where the fp-norm ||zl counts the number of nonzero entries of z, A € R™" is a
measurement matrix with m < n and k is a given integer. The problem (3.1) is difficult to
solve due to the appearance of the fy-norm without which the problem can be solved easily

by one of the classic optimization methods. The main step of steepest descent method for

!The main result in this chapter has been published (jointly with Prof. Yun-Bin Zhao) on IEEE
Transactions on Signal Processing, Vol. 68, pp. 6594-6606, 2020 [84]
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1
solving the unconstrained problem min §Hy — Az||5 can be formulated as
2" = P + NAT (y — AaP) | zhao2021analysis (3.2)

where A > 0 denotes a stepsize at the current iterate x”. Clearly, the iterate generated
by (3.2) may not be sparse, so it might not be feasible for problem (3.1). The hard
thresholding technique, as one of the simplest methods for generating sparse vectors, is

introduced to derive a vector satisfying the constraint of (3.1), leading to the iterative

hard thresholding (IHT) method [18]:
2= Hy (a7 + AT (y — AaP))

where the hard thresholding operator Hy(+) retains the largest k£ magnitudes of a vector and
zeroes out the other entries. The earlier works, e.g., [18] and [20], provide solid theoretical
guarantees under the RIP condition for the THT, yet its practical performance is not as
good as expected. For instance, empirical results indicate that, when the stepsize A is
inappropriate, IHT may terminate at a local minima, or the objective function sometimes
increases sharply during the course of iterations, both may cause reconstruction failure.
The classic optimization theory [24, 94] has shown that the Newton-like methods usually
have a faster local convergence than the gradient method. Thus it is generally more
efficient than the steepest descent method for solving nonlinear optimization problems,
which motivates one to develop a Newton-like hard thresholding method.

The main contribution of this chapter can be summarized as follows.

i. We introduce a class of Newton-step-based hard thresholding methods for solving the
problem (3.1), which are described as Algorithms 3.1 and 3.2, respectively. Extensions
of the algorithms to a generic sparse optimization problem are also provided, as stated

in Algorithms 3.3 and 3.4.

ii. We establish some sufficient conditions in terms of restricted isometry property (RIP)
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for the guaranteed success of the proposed algorithms for sparse signal recovery. The

main results are summarized in Theorems 3.3.5 and 3.3.9.

iii. Experiments have been conducted to investigate the numerical behaviors of the
proposed algorithms in residual reduction and sparse signal reconstruction. Empirical
results through a large number of random sparse optimization problems indicate that
the proposed algorithms are generally robust and efficient for signal recovery, and
they are also comparable to several mainstream CS algorithms when the algorithmic

parameters are suitably chosen.

3.2 Algorithms

Given a twice continuously differentiable function f with gradient V f(z) and non-singular
Hessian matrix V2 f(z), the traditional Newton-type methods use the following iterative

scheme:
=2 = A (V2 ) VI ),

1
where A\ > 0 is a stepsize. The gradient and Hessian of f(z) = §||y — Az|)5 are given,

respectively, by
Vi) = -AT(y - Az), (V?f(x))  =ATA.

However, the Hessian is a singular matrix in compressed sensing scenarios since m < n.
In this case, a direct use of the pure form of Newton’s method is difficult, but one can
develop a Newton-like method by introducing a suitable modification of the Hessian. A
simple idea is to modify the Hessian with a parameter € > 0 so that AT A + €I is positive
definite, where I € R™™" is the identity matrix. Such a modification of the Hessian leads

to the following Newton-like iterative method:

2" = g 4+ NATA + I) AT (y — AzP)), (3.3)
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where A > 0 denotes the stepsize, and € > 0 is a parameter to modify the Hessian. Similar
to (3.2), the iterate generated by (3.3) may not be sparse so that the constraint of (3.1)
cannot be satisfied. To develop an iterative method that generates sparse iterate, it makes

sense to consider the following iterative scheme
P =, (:cp FA(ATA+el) AT (y - Ag;p)> ,

which only retains the largest & components generated by (3.3). It is actually the key step
of the so-called Newton-step-based hard thresholding algorithm, and a generic description

can be found in Algorithm 3.1.

Algorithm 3.1 Newton-Step-Based Iterative Hard Thresholding (NSIHT)

o Input: measurement matrix A, measurement vector y, sparsity level k, parameter
e > 0, and stepsize .

e Iteration:
= Hy (27 + MATA + ) AT (y — Aa?))

« Output: The k-sparse vector z* := 2P

The objective function of problem (3.1) can be further reduced by performing a pursuit
step over the support set generated by NSIHT, leading to the so-called Newton-step-based
hard thresholding pursuit (NSHTP) described in Algorithm 3.2.

Algorithm 3.2 Newton-Step-Based Hard Thresholding Pursuit (NSHTP)

o Input: measurement matrix A, measurement vector y, sparsity level k, parameter
e > 0, and stepsize .

o Iteration:

7 = Hy, (2P + MATA + )T AT(y — Aa?))
27" = argminfly — Az3 : supp(z) € supp(z”)}.

o Output: The k-sparse vector z* := 2P
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3.2.1 Extension to general problem

Problem (3.1) is one of the special cases of the following general sparse optimization

problem:

min {f(z) : [|z[lo <k}, (3.4)

where f(z) is a twice differentiable function. The NSIHT and NSHTP can also be
generalized to an ordinary form for solving the problem above with slight differences. If
the Hessian of f(x) is positive definite, the modification of Hessian is superfluous, thus
the damped Newton’s method (see Section 2.2.2) can be directly used. However, if the
Hessian of f(z) is not positive definite, we can introduce a parameter € > 0 to slightly
change V2 f(x) so that V?f(z) + €l = 0 (positive definite). The generalized versions of
NSIHT and NSHTP for solving (3.4), based on such Hessian modifications, are described

in Algorithms 3.3 and 3.4, respectively.

Algorithm 3.3 Generalized Newton-Step-Based Iterative Hard Thresholding (GNSIHT)

 Input: objective function f(x), sparsity level k, parameter ¢ > 0, and stepsize A.

o Iteration: If V2f(2?) = 0, set ¢ = 0; Otherwise, choose a suitable e > 0 such that
V2f(a?) + el = 0. Then set

= Hy (27 = MV F(a?) + €)'V f(a")).

« Output: The k-sparse vector z* := 2P

Remark 3.2.1

Some progress of Newton-type algorithms have recently been achieved for solving the
sparse optimization problem (3.1) and (3.4), e.g., Jing, Zhou and Qi [73], Yuan and Liu
[125], Yuan [126], Wang and Qu [117], Zhou, Xiu and Qi [145] and the references therein.
However, our method is not a special case of the existing sparsity Newton-type algorithms.
A significant difference between our method and the Newton hard thresholding pursuit
method in [145] is that our method adopts an invariant Hessian, rather than iteratively

extracting submatrices of AT A. The Newton greedy pursuit algorithm in [126] solves a

40



Algorithm 3.4 Generalized Newton-Step-Based Hard Thresholding Pursuit (GNSHTP)

 Input: objective function f(z), sparsity level k, parameter ¢ > 0, and stepsize .

o Iteration: If V2f(2P) = 0, set ¢ = 0; Otherwise, choose a suitable € > 0 such that
V2f(a?) + el = 0. Then set

T = Hy (a7 = MV f (@) + eD) 'V f(a"))

aP*t = argmin{f(2) : supp(z) C supp(z*)}.

« Output: The k-sparse vector z* := 2P+,

local quadratic problem constructed by the second-order Taylor expansion around the
current iterate, while we provide an explicit iterative scheme which is much simpler than
it. The method in [73] called quasi-Newton iterative projection (QNIP) also illustrates a

clear expression, i.e.,
Tt = Hy (a7 4+ X (21 — ATA) AT (y — Aa?)). (3.5)

However, it differs from ours in the construction of Newton-type search direction, where
(3.5) approximates the Hessian inverse directly, whereas our approach modifies the singular

Hessian.

3.3 Theoretical Analysis

In this section, we establish the standard sufficient conditions including convergence in
terms of the restricted isometry property (RIP) for the guaranteed success of the NSIHT
and NSHTP algorithms for sparse signal recovery. We first analyze the NSIHT algorithm in
noisy scenarios, i.e., y = Az +n, where 1 denotes a noise vector. Without loss of generality,
we assume the target vector z is k-compressible, that is  can be well approximated by its
largest k£ magnitudes, i.e., z &~ x5 where S = L;(z). But our results can be simplified to

the case where x is k-sparse or measurements are exact, i.e., x = rg and y = Ax. We will
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show that signal recovery via the proposed algorithms can be guaranteed under a standard

RIP assumption and the suitable choice of the algorithmic parameter (e, \).

3.3.1 Analysis of NSIHT in noisy scenarios

Before showing the main result of this section, we need some useful technical lemmas.

Lemma 3.3.1 (Lemma 6.16 of [63]). Let A € R™*" with m < n be a RIP matrix.

Given vectors u,v € R" and an index set 2 C [/N], one has

[(u, (I = AT A)o)| < &il[ulla]|v]l2 if card(supp(u) U supp(v)) < t,

|((7-474)w) | < éilul. if card(supp(v) U Q) < ¢

The following proof can be found in [63, Proof 6.16].

Proof. Denote A := supp(u) U supp(v), we have

[{u, (I = AT A)v)| = |(u,v) — (Au, Av)|
= [{ua, va) — (Aaun, Apvy)|
= |{un, (I = (A0) " An)n)|
< [luallo[(7 = (A0 Ax)ua

< || = (AT AN, luallslloall,,

where Ay, € R™*™ and denotes the matrix which retains the columns indexed by A and
zeroes out the others, and uy € R"™ denotes the vector which retains the entries indexed by
A and zeroes the out others. An equivalent expression of the restricted isometry constant
of order t is given as

|1 =A™ Ap)|, < max [(A)TAr - 1| =4,

2 7 T'C[N],card(I)<t
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Therefore, we have

[(u, (1 = AT Ayo)| < ifull,|loll,.
The second inequality follows from

|((1 = AT Ap)q

|

L= (T = AT A)v)q, (I — AT Ayw) < & ((1 = AT A)v)g| [[v]]2-

Lemma 3.3.2 (Lemma 6.20 of [63]). Let A € R™*" with m < n be a RIP matrix.

Given a vector v € R™ and a support set  C [IV], one has

H<AT”>QH2 <\1+6]ol,  if card(Q) <.

Proof. We have

(A7 )all, = (AT, (AT0)a) = (0,47 (47 0)a)) < ol A (47 0)a),

< [[oll,y/1 +8,[[(AT ).

The desired result follows. [ |

The next lemma is key to our theoretical analysis concerning the property of Newton-like

search direction.

Lemma 3.3.3. Let A € R™ " with m < n be a measurement matriz satisfying the RIP.

2

m?’

Given vectors u,v € R" and an index set Q C [N], if o7 < € and \ < e + o2, where 01,0,

are the largest and smallest singular values of the matriz A, respectively, then one has

(i) if card(supp(u) Usupp(v)) <t

A\o?
o =M A 4 ey a7 < (50 - 2202 o

of
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(i) if card(2 Usupp(v)) <t

[T =NATA+en) AT Al || < <5t+a§ Ay >|y .

Proof. The matrix (el + AT A)™' can be written as
(el +ATA) = 1(1 + 1ATA)‘1. (3.6)
It is well known that [71] if a square matrix M satisfies ||M |2 < 1, then
([+M)—1:1—M+M2—M3+---:I+§j(—1)iMi. (3.7)

In order to use the matrix inverse expansion formula above, we choose the parameter €

such that

1

Laral = aa7a) <1
€ €

2

where Apax (AT A) = o7 is the largest eigenvalue of matrix A7 A € R™". It implies € > o?.

1
By formula (3.7), the matrix (I + ~ A" A)™" therefore can be expanded as
€

<1 + 1ATA)_1 Sy i(—ni (1ATA> Sy Z <—> (ATAY.  (3.)

By using (3.6) and (3.8), we have

—/\(ATA+e])_1ATA S é(]_’_lATA)—lATA
€

A

—“(”2(—) ray)
S (e £ () )

— I+ AZ (—) (AT AY

= (I — ATA) + B,
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where matrix B € R™" is given as

B=ATAAY (—i)j (AT AY.

j=1

Using the triangle inequality, we can write

(u, (I = MAT A+ eD) " AT Ap)| = |(u, (I = ATA + B))|
= ‘<u, (I — ATA)U> + (u, Bv}‘

<|(u, (I = AT A))| + |(u, Bv)| . (3.9)

By Lemma 3.3.1, the first term of (3.9) on the right-hand side can be bounded as
[(u, (T = AT AY)| < il 1ol (3.10)

where ¢ = card(supp(u) U supp(v)). We now bound the term |(u, Bv)|. Note that
[(u, Bu)| < [ Blly[lullyllv]l,, (3.11)

To bound || B||2, we utilize the singular value decomposition of matrix A € R™" i.e.,
A=UXV, where U € R™"™ and V € R™" are two orthogonal matrices, and ¥ € R™*"
is the singular value matrix (e.g., see (1.12)). By using this decomposition, the matrix B
can be denoted as

B=VCovT,

where

i=1 € i—1

00 O.Zi 00 0.2 i
C = diag af—l—AZ(—l) e afn—l—)\Z(—Z) , 0, ..., 0].
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Under the choice € > 02, we can calculate the geometric sequence, i.e.,

0o 2\ ¢ 2

3 _%) %
= 5.

— € €+ o;

=1

Therefore, the eigenvalues of matrix B are given as

A2
eig(B); = 02 — :ZZ, i=1,....m,
€+ o;
eig(B); =0, i=m+1,...,n

Under the condition A < € + Uf, the fy-norm of matrix B is given as

o2
2 1
1B, = 0t - A% (3.12)
Substituting (3.12) into (3.11) leads to
Ao
w50 < (o2 = 275 ul ol (5.13

Combining (3.9), (3.10) and (3.13), we have

_ o2
[(u, (T = MAT A+ eD) P AT Ap)| < (& +oi- = %) lull, 0]l
2
le% > ( is guaranteed
by A < e+ o2,. Item (ii) in the lemma follows immediately from item (i). In fact, for any

which is item (i) in the lemma. Note that the coefficient &; + 0% —

set © C [N], we see that

(T =MATA+en) ' AT Ap) H
= (I = MATA+ D) AT Ap) (1= MATA+ )" AT Apo] )
= (T = MATA+eD) AT A) (T = MATA+el) P AT AYo)

< (@mf eA )H(z MATA+ D)7t AT Ao) H 0] (3.14)
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where the final inequality follows from the first inequality in the lemma that we just shown
above by setting u = (I — M(ATA + eI) "' AT A)v]g. Desired result follows by dividing
through (3.14) by || (1 = A(A"A+eD) 7 AT Ap) || m

The next lemma concerns the property of the hard thresholding operator Hy. This

was zshown by Foucart in [63, Chapter 6]. We include the proof here for completeness.

Lemma 3.3.4 [63]. For any vector z € R" and any k-sparse vector x € R", one has

1Hi(2) = zll2 < V3BlI(z = 2)sus- |12

where S = supp(z) and S* = supp(Hy(2)).

Proof. (see proof 6.18 in [63]). Let S and S* be defined as above. Since S* is the support

for the largest & magnitudes of z, we have ||zg||3 < ||zs-||5. Eliminating those elements in

SN S* leads to

[zs\s+[l2 < [lzs=\sllz = [[(z — 2) s\s]|2,

where the equality follows from the fact xg-\g = 0. Since [Hx(2)]s\s- = 0, we also have

[zs\s+lla = Iz = Hi(2) =2+ 2)s\s[l2 2 [[(x = Hi(2))s\s0 [l = [I(z = )55 |2

Combining the above two relations and rearranging terms, we get

2+ [|[(z2 — 2)s\s]2 < \@H(SU — 2)sus- |2

(& — Hi(2))s\s+

2 < [[(z —2)5\9¢

Therefore, we have

e — Hi(2) 12 = l(x — Hal2)se 12+ 12 — Hl2))se112
= Iz — 2)g- 12+ || (& = Hel2D)ss: .
< (@ — 2)s. |2

<3|l(z - Z)SUS* 2
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as desired. ]
The next theorem is the main result for NSTHT for sparse signal recovery.

Theorem 3.3.5. Let the restricted isometry constant 3, of the measurement matriz
A € R™ " satisfy that
1
53k < —=.

V3

Let y := Ax + n be the measurements of the signal x € R". Let € be a given parameter

2 2
€ > max{ o2, 0117%—1 o2 b, (3.15)
75— Osk

If the stepsize X in NSIHT is chosen such that

satisfying

1 2
€+ 0] — (\/§—53k> 6—;;1 < XA < e+tol, (3.16)

then the sequence {z"} generated by the NSIHT algorithm satisfies
|27 — x|, < plla” = zsll, + 7 In + Axgll,,

where

\/§)\01

€+ o}

2 Aot
p:\/§ O3k, + 07 — 5| <1 and 7=
€

+ o7

Note that S := Ly (x) is the support set of the largest k magnitudes of x.

The above theorem claims that when the measurements of the signal are slightly
inaccurate and the signal can be sparsely approximated, i.e., x & xg, the recovery of the
major information of the signal can be achieved by the algorithm NSIHT. We now provide

the proof of Theorem 3.3.5.

Proof. Let S denote the complementary set of S, where S = L (x). The measurements
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can be represented as y = Az +n = Axg + 1/, where ' = Axg +n. We define

uP = 2P + N ATA + el) T AT (y — AaP)

= 2P + NATA+ ) ' AT A(zg — 2P) + NM(ATA +el) ATy . (3.17)
Denote SP™' = supp(z”™). We immediately have the following relation by Lemma 3.3.4:
[ = s, = 1Hu(w) = w5, < VIl = z5)spriusll (3.18)
By (3.17), we can write
- (1 —A(ATAv ) ATA) (7 —wg) + A (ATA+el) " ATy,
Thus by triangle inequality, one has

(" = 25)mruslly <[ (7= AATA +e1) AT A) (o7 = a))

+ H (A (ATAte) ATn')

SP+1USH2

Sp+1lysila

Since card(SP*!) < k, card(S) < k and card(supp(z”)) < k, we see that
card(SP™ U S U supp(2? — z5)) < 3k.

Under the condition € > o7 and A < € + 02, applying Lemma 3.3.3 leads to

2
o]

< (v ot = 270 ) o - sl
(3.19)

H ((1 A (ATAx D) ATA> (2P — w5)>

Sp+lys

We now make an observation of matrix (A” A+ eI)"'A”. By singular value decomposition
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of A=UXVT as aforementioned, we immediately have that

o1
€+ o}
(ATA+el)tAT =V7 O (o | U™
O-m
i €+ o2 |
Using 02 < ¢, it is easy to verify
N> 2os> I
€e+o0f e+ 03 €+ o2,
hence we have
H(ATA-l-EI)l ATl = 2
2 €+ 07
We then can write
—1 —1 0'1
ATA4el) ATy <HATA 1) AT )l < I 3.20
(s er) aty| <|(aave) AT e Tl (320)
Combining (3.18)-(3.20), we obtain
A\o? Ao
Pl 2 1 p_ 1 /
foret = el < VB | (s ot = T Yo =l + 2T 0 G2

where the coeflicient satisfies
2

Ao
Sap + 02— 15 >0
BT 4 g2
which is guaranteed under the condition A < e+ ¢2,. To ensure the convergence of NSIHT,

we require

2 )“7%
p =305+ 0% — | <1, (3.22)
€+ o1

which is guaranteed if the stepsize A is taken such that

1 2
mwg_( )+

s
\/g 3k D)

%
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So, together with A\ < e + o2, the range of \ is determined as

1 €+ o0?
6+Uf—< ) 21<)\§6+ng.

-9
\/g 3k

01

To ensure the existence of such a range, it is sufficient to require that

1
— — 03 > 0,
\/g 3k
and

02

e—l—a,2n>e+a%—<
1

— 5
\/g 3k

Inequality (3.23) is guaranteed under the following choice of e:

2 2
ol —o

e> |+ —1] ot
75 — O3k

Together with € > o7, the range of € is given as

2 2
o7 — o

€ > max{ o7, H—l oty
V3 Osk

The desired results follow.

1 >6+a%

(3.23)

Our result can be easily simplified to the case when the signal is k-sparse and when

the measurements are accurate, i.e., y := Az. Under such a circumstance, the relation

(3.21) will be reduced to

el < oot =ty 7 =,

where p is the same as (3.22). It implies the sequence {z”} generated by NSIHT converges

to x as p — o0o. The result is summarized as follows.

Theorem 3.3.6. Let the restricted isometry constant s of the measurement matriz
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A € R"™™ satisfy

Let € be a given parameter satisfying

2 _ 2
o] —o

e >maxJof, [ +—2—1]07p.
\/3_5%

If the stepsize X in NSIHT is chosen such that

1 + o}
€+ o7 — (\/5_531@) € 0%01 <A<e+o?,

then for any k-sparse signal x € R"™ with accurate measurements y = Ax, the sequence

{z"} generated by the NSIHT algorithm converges to the signal x.

For the special choice of stepsize A = ¢, following the same proof of Theorem 3.3.5, it
can be seen that to ensure the convergence of the algorithm, e should be chosen such that

the following inequality is guaranteed:

1 €+ o?
2 —y ) 2 <0

which implies that

2
€ > (&—1) ol
V3 3k

Thus, together with the requirement ¢ > ¢?, we can summarize the result of NSIHT when

A = € as follows.
Corollary 3.3.7. Let the restricted isometry constant Oz, of the matriz A € R™ ™ satisfy

1
53k<7

75
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and let € be a given parameter satisfying

o2
€ > max{ o7, 171—1 oty
\/g_(s%

where o1 is the largest singular value of matriz A. Then for any k-sparse signal v € R"
with accurate measurements y := Ax, the sequence {x"} generated by the NSIHT algorithm

with A = € converges to x.

3.3.2 Analysis of NSHTP in noisy scenarios

We now establish the recovery error bound in noisy situations for the NSHTP which can
be regarded as a combination of the NSIHT and the pursuit step. To this purpose, we

first state a lemma concerning the property of the pursuit step.

Lemma 3.3.8 [23, 134]. Let y := AZ + v be the noisy measurements of the k-sparse
signal Z, and let u € R" be an arbitrarily given k-sparse vector. Then the solution of the

pursuit step

2% = argmin{[ly — Az|3 : supp(z) < supp(u)}

satisfies that

12 = 22 € =—=7 —ul2 +

The proof of this lemma can be found in the proof of Theorem 4.8 in [134], yet we

include it for the completeness of the thesis.

Proof. Let Q == supp(u) and Q denote its complementary set. We see that (2*)5 = 0 and

ug = 0, thus

~

12 = 2"ll2 = 1@ — 2)allz + 1@ — 2")5ll2

=@ = 2ellz + (@ — wgl:- (3.24)

The first term of (3.24) on the right-hand side can be bounded as follows. The solution z*
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to pursuit step satisfies (AT(y — A)z*)Q = 0 by orthogonality. By using y = AT + v, we

can write

1(Z —2%)ally, = ( —7 +ATy A)z ) H
= (7 = ATA)@ - =), + (A7)

< [[(( =47 = 29)g |, + (A val,

< Ookl|Z — 2"[|2 + /1 + Gk lv]l2 (3.25)

IN

where the last inequality follows from Lemma 3.3.1 and 3.3.2 due to the fact that card(Q U
supp(Z)) < 2k and card(§2) < k. Substituting (3.25) into (3.24) leads to

12 = 27113 < 03 1Z — 27113 + 202/ 1 + Gl T — 2" [l2llwll2 + (1 + G)lIVI; + (1@ — w)gllz.
which implies
(1= )T = 212 = 200k/ 1 + 6l|1Z = 2" [zl = (1 + 0)lIVI3 = [[(@ = w)gll3 < 0.

The left-hand side of the formula above actually is a quadratic function in terms of

|Z — z*||2, thus one has

_ 2/ TF 8l + 1L+ 0) B+ (1 = 33 1@ — wgl?

12 — 2"l <
2 2(1—63,)
2<w—1 F Ol llz + 2T 0wl + 2y/1 = 83,1(E — w)g]l:
2(1—63,) ’

where the last inequality holds since va +b < /a + Vb for any a,b > 0. Rearranging
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terms, we have

The desired result follows.

Using this property, we now prove the result for NSHTP.

Theorem 3.3.9. Let o1 and o,, be the largest and smallest singular values of the matriz

A € R™™ with m < n. Suppose that the restricted isometry constant of A satisfies that

1
53k < 5

Let y := Ax + n be the measurements of the signal x € R". Let € be a given parameter

satisfying

2 _ 2
oy —o0

e >maxio;, |1+—2—1)o7¢.
3 — O3k

If the stepsize A in NSHTP is chosen such that

1 2
€+ o7 — (—(53k> €+201 < A < e+ol,
2 o7
then the sequence {z"}, generated by the NSHTP, satisfies

o1 — sl < ol — sl + 7 Az + 7l

where

3 \o?
K e 5 2 1 <1
P 1_<52k)2<3”“1 e+a§> ’

and

% \/g)\O'l i \/1+5k

(e+02)/1— (60)2 1= 0

95

(3.26)

(3.27)

(3.28)



In particular, when x is k-sparse and n =0 (exact measurements), then the sequence {x"}

converges to x.

Proof. We still write y = Az +n = Axzg + 1 with ' = Azg + n, where S = Li(x) and S
is the complement set of S. Note that the intermediate point ¥ in NSHTP was generated
by the NSIHT. Based on a result for NSIHT, i.e., the relation (3.21), we immediately

obtain the following inequality:

7 — asll, < V3| (d00 + 02 = 27 a2 — zlly + 22 i1 (3.20)
2= €+ o? 2 4ot 2
o2
Again the relation dsj, + o7 — ! 5 > 0 is guaranteed by A < e+ o2 . Applying Lemma
e+o

1
3.3.8 by setting & = zg, u = 7° and 2* = 2P yields

V1+0

1 _
a7 — s, < ———— s — 2, + Yo
1 — 0o,

/1= (Op)’

Combining (3.29) and (3.30) leads to

(3.30)

3 A\o?
p+1 _ < |—= (s 2 _ 1 P _
ot = s, < T ( %+ e+a§> ¥ = @sll,

+< \/§>\<T1 +m
1—(

o) (e +02) 10

) llly- (3:31)

To guarantee the performance, it is sufficient to require, under the condition (3.28) and

(3.27), that

3 \o?
ot = V3 (5% +o?— 012> <1 (3.32)
1-— (52k)2 €+ 01
By the definition of the restricted isometry constant, we see that do < d3,. This together

with the condition d3; < 1/2 implies that

\f < 1= (65)% < V1= (6m)%

56



Therefore, to ensure (3.32) is satisfied, it is sufficient to require that

A\o? 1
Ogp + 02 — 1o < —
3k T 01 e+o? 2
which is equivalent to
1 2
A> et o?— <—53k) €+720'1.
2 o1

Note that A < e+ 051 is also required. Therefore the relation (3.32) is guaranteed provided

that the stepsize \ satisfies the following condition:

<A<etol.

1 €+ o?
ot (5 ow)
1

In order to guarantee the existence of this range for the stepsize A, it suffices to require
that the right-hand side of the above inequality is strictly larger than its left-hand side,
ie.,

<€+0'3n,

1 €+ o?
ol (5—in)
1

which is guaranteed by

2 _ 2
o] — 0

€ >maxqo;, |12 —1]o1s.
3 — Oak

Therefore the desired bound (3.28) is established.

In particular, if 7 = 0 and x is k-sparse, the relation (3.31) is reduced to

)

ot = 2], < o lla? — all, < (o7 |

2

where p* is the same as (3.32). It implies that the sequence {z”} generated by NSHTP

converges to x as p — 00. |

Similar to Theorem 3.3.5, the above result claims that when the measurements and

the sparse signal are contaminated with noises, the algorithm NSHTP can still recover
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the signal to a certain level of quality. In fact, our results can be further improved by

utilizing the newest result concerning the property of hard thresholding operator, i.e., the
V5 +1

coefficient v/3 in Lemma 3.3.4 has been improved to by Zhao in [142]. We omit
this minor work here. But in the following chapters, we will use the new result to perform
the analysis of hard-thresholding related algorithms.

Before discussing their numerical performances, let us first give some remarks concerning

the computation of matrix (ATA + eI)™!, potential improved analysis, the choices of

algorithmic parameter (e, A), and the convergence rate of the algorithms.

Remark 3.3.1

From the structure of NSIHT and NSHTP, it is sufficient to perform a one-off singular value
decomposition (SVD) of the matrix A € R™*" to obtain the inverse of (A7 A+ ¢I)™'. In
fact, let A= UYXV7T be the SVD of A where U € R™™ and V € R™ " are two orthogonal

matrices, and

01
X = O (n—rm)
Om
with o;,7 =1,...,m being the singular values of A satisfying a non-increasing order, i.e.,
01> 09> -+ >0, Then
(ATA +el)™! = V diag (g%i R 0511+ - 1 . 1) |7 (3.33)

Thus for any given € > 0, the computation of (AT A + eI)~! is straightforward based on
the SVD of A. When ¢ is changed, the inverse can be updated easily by changing the
diagonal entries in (3.33). The SVD of A is also used for the choice of the algorithmic
parameter (e, A). Alternatively, the computation of matrix inverse (ATA +el )71 can be
avoided, since the Newton-like search direction can be obtained by solving a linear system
through the LU decomposition of the matrix. In compressed sensing scenarios, the use

of both SVD and LU decomposition for solving the linear system are generally stable,
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since the measurement matrix A is supposed to be RIP and the choice of € is not that
too small indicating that the problem is well-conditioned in general. In the case of an
ill-posed matrix in the linear system, some preconditioning techniques can be applied (e.g.,
[9, 83]). The key step of the proposed algorithm amounts to #7™! = H,.(2? + AvP), where
v? is the solution to the linear system (ATA + el ) v? = AT (y — AxP). Each step of NSIHT
involves O (mn2 + n3> operations, where AT A requires mn? and LU decomposition of
AT A 4 €I requires O(n*) operations. Solving the pursuit step is equivalent to solving
the linear system [Agri1]’y = ([A5p+1]T[Asp+1]> z, where SP™' = supp(z”) and the size
of [Agpr1]T[Agp+1] is k x k. Therefore, each iteration of NSHTP involves a total of
@) (mn2 +nd + k3) operations. The main computational complexity is determined by the
target signal length n since we assume k < m < n in compressed sensing scenarios. Thus
our Newton-type algorithms are usually efficient and convenient for medium-sized sparse
signal recovery. It has been pointed out in [139] that the IHT and HTP require about
O(mn) and O(mn + n®) operations, respectively. Compared with our algorithms, the
gradient-based hard thresholding methods might be more convenient to implement from

the viewpoint of computational complexity:.

Remark 3.3.2

The convergence results stated in Theorems 3.3.5 and 3.3.9 indicate that the algorithms
in this chapter can successfully recover a sparse signal if the algorithmic parameter (e, \)
satisfies (3.15) and (3.16) for NSIHT and (3.26) and (3.27) for NSHTP. However, we
cannot expect there is a straightforward way to determine the choice of (¢, A) according
to the above conditions due to the difficulty of computing the RICs. In applications, a
simple and empirical rule implied from these conditions is to choose (¢, ) such that € > o7
and A < e + o2, This simple choice is used in practical implementations of the proposed

algorithms (see more discussions in Section 3.4).

Remark 3.3.3
Our analysis is performed based on the condition € > o2 to apply the matrix expansion

(3.7). It is worth mentioning that to apply the matrix inverse expansion, i.e., formula (3.7),

59



the parameter ¢ has to satisfy the condition € > ¢? on which our analysis is performed.
However, we can see that for any € > 0 the modified Hessian AT A + €I is positive definite,
which indicates the modified Newton step is always a descent direction. The parameter
¢ can be very small to slightly perturb the matrix AT A such that ATA + eI ~ AT A.
Numerical experiments with such a choice of € have been carried out in later sections,

while the theoretical analysis needs further investigation.

Remark 3.3.4

The main results in Section 3.3 claim that the proposed algorithms are globally convergent
to the best k-term approximation xg of the original signal  with a linear convergence
rate under the standard RIP assumption. The linear convergence ratio p can be explicitly
calculated under a specific RIP bound. For example, under exact measurements and

assuming 0z, < 1/3, the iterates generated by NSHTP are linearly convergent to xg with

6
rate p = V6/4, ie., |27t — J;SHQ < e |zP — z5||5, provided that € and A are chosen such
that
2 2
oy —o0
€ > max {O’%, (fm — 1) af}
3 — Osk
and

2
5 <A< e+,

)6—1—0‘%
01

1
6—0—0%—(3—(5;%

This can be immediately verified by the same analysis at the end of the proof of Theorem
3.3.9. We note that Theorem 3.3.9 only claims the global convergence of the NSHTP.
What can be said about the local convergence rate of NSHTP? For simplicity, assume that
the original signal x is k-sparse, i.e., xg = x, and that the measurements y = Ax are
accurate. We now point out that the global convergence stated in Theorem 4.3 actually
implies that under the same assumption of the theorem, the NSHTP terminates at x after

a finite number of iterations, i.e., the NSHTP finitely stops at ¥ = x for some p. Thus

60



in the language of local convergence, the algorithm terminates at the solution = after a
finite number of iterations possesses the fastest local convergence rate, faster than any
locally superlinear or quadratic convergence rate. The sequence {z?} generated by NSHTP
satisfies that

|zP — x|, < pP on - J;H2 — 0,

when measurements are exact. The iterate x? is always k-sparse, this implies that there
exists a large integer number  such that supp(2?) = supp(z). In fact, if supp(z?) # supp(z)

for any large integer number p, then there is an index iy € supp(x) and i ¢ supp(z®). This

means z;, # 0 and (z);, = 0, which implies that Hxﬁ - xH2 > ’(mﬁ)io — T | = |z > 0,
contradicting the convergence of ¥ to x. Therefore, there must exist an iteration index p
such that supp(z?) = supp(z). Since 2? is the solution to the pursuit step, by optimality
one has Hy — Aaz:f’H2 < |ly — Az|| = 0. This means both x” and x are k-sparse solutions to
the system y = Az. The RIP assumption d3, < 1 ensures that the linear system y = Az
has a unique k-sparse solution. Hence, 2 = z, i.e., the pursuit step in NSHTP terminates
at p-th step. This is quite different from most Newton-type methods for general sparse

optimization problems in the literature, e.g., [145], which in general cannot guarantee the

Newton-type algorithm finitely terminates at the solution of the problem.

3.4 Numerical Experiments

In this section, we demonstrate some simulation results for the NSIHT and NSHTP algo-
rithms in terms of residual reduction, success frequencies for sparse vector reconstruction,
and phase transition in terms of success rates. The measurement matrices generated for
experiments are Gaussian random matrices whose entries are independent and identically
distributed and follow the standard normal distribution A/(0, 1). Nonzero entries of random
sparse vectors also follow N(0, 1), and their positions are chosen according to a uniform

distribution.
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3.4.1 Residual Reduction

The value of r = ||y — Ax||2 is often called the residual. The capability of an algorithm
in residual reduction is directly related to the efficiency of the algorithm for vector
reconstruction. This experiment is to compare the residual-reduction performance between
gradient-based and Newton-type hard thresholding algorithms, and test how the NSTHT
and NSHTP algorithms behave in residual reduction as the parameter (e, A) change.

The first experiment was carried out to compare the residual-reduction performance be-
tween gradient-type and Newton-type hard thresholding algorithms. Fig. 3.1 demonstrates
an example of the residual change during the iterations of HTP, NSITHT, and NSHTP.
The result was obtained from a random matrix A € R*%*512 and the exact measurements
y = Ax* where 2* € R*'? is a 50-sparse vector. All algorithms start from z° = 0. In this

experiment, we set

A=5 e=max{o? +1,\—0o2}, (3.34)

which ensures that e > Jf and € + J?n > . The o0, and o, are the largest and smallest

singular values of the realized measurement matrix, respectively.

r 00
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The number of iterations

Figure 3.1: The residual reduction of HTP, NSIHT and NSHTP in the course of iterations.
The size of measurement matrices is 256 x 512. The measurements are exact y = Az”
with sparsity level £ = 50.

It has been pointed out in [134] that the traditional IHT and HTP algorithms may
suffer dramatic numerical oscillation in residual reduction during the course of iterations.

In Fig. 3.1, we see that the HTP oscillates and fails to reduce the residual iteratively.
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Noting that IHT is not included in this figure due to the fact that its residual diverges

very fast. For instance, we take a 3 x 6 Gaussian random matrix as follows:

1.5326  —0.2256 0.0326 1.5442 —0.7423 —0.6156
A=1-0.7697 1.1174 0.5525 0.0859 —1.0616 0.7481 |,
0.3714 —1.0891 1.1006 —1.4916 2.3505 —0.1924

and a l-sparse vector z = [0,0,0,0,0,0.1966]". The sequence of the value of ||y — Ax||,
generated by IHT with A\ = 1 is 0.3785, 0.9929, 5.0982, 31.6019, 196.0110, 1.2158 x 10,
.... The simulations on random examples show that the algorithms NSIHT and NSHTP
are generally stabler than their IHT and HTP counterparts, and they can iteratively
reduce the residual in broad situations provided the parameters (e, A) in the algorithms
are properly selected.

The next experiment demonstrates how the algorithms behave in residual reduction as
the parameter € and the step length A change. The size of measurement matrix A and the
sparsity level k£ are the same as the example mentioned above. In this case, we performed
the NSITHT and NSHTP with a few different step lengths: A = 1,2,4,5. For every such
step length, € is set accordingly as

e:max{afjtl,)\—aQ}.

m

The result is given in Fig. 3.2. It shows that the algorithms with a relatively larger
stepsize usually perform better in residual reduction, and that the change of A affects the

performance of NSTHT more noticeably than the NSHTP.
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The value of residual

(a) NSIHT: A =1,2,4,5 (b) NSHTP: A =1,2,4,5

Figure 3.2: Performance of NSIHT and NSHTP in residual reduction with ¢ = o7 + 1 and

different step lengths: A = 1,2,4,5. The size of measurement matrices is 256 x 512. The
measurements are exact y = Axz™ with sparsity level k = 50.

To see the influence of ¢, the NSIHT and NSHTP were applied to the same random
example above with a fixed step length \* = 5 and several different choices of € : €; =

€",69 = 1.1€", 3 = 1.5¢" and ¢4 = 2¢* where
* 2 * 2
€ =max{o; +1,\" — o, }.

Such choices satisfy that ¢; > oF and ¢; + 02, > \*, for i = 1,2,3,4. The outcome was

summarized in Fig. 3.3 which indicates that the residual-reduction performance of NSIHT

and NSHTP is insensitive to the above change of e.

3.4.2 Performance of sparse signal recovery

Several experiments were carried out to investigate the vector-reconstruction performance
of the proposed algorithms in terms of the influence of the ratio m/n, the influence of
the algorithmic parameter (e, \) and the influence of the number of iterations. In these

experiments, we use (3.34) as a default choice of (¢, ). Our algorithms start from the
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(a) NSIHT: €; = €*,e0 = 1.1€", €3 = 1.5¢", ¢4 = (b) NSHTP: €1 = €*,e5 = 1.1, €3 = 1.5€¢", 64 =
2¢* 2¢*

Figure 3.3: Performance of NSTHT and NSHTP in residual reduction with different choices

of €. The size of measurement matrices is 256 x 512. The measurements are exact y = Ax™
with sparsity level £ = 50.

initial point 2° = 0 and adopt the rule

27 = =[],

- <1077
1l

(3.35)

as the criterion for the success of the recovery of x*. The success rate is calculated based

on 100 randomly realized examples of recovery problems.

Influence of the ratio m/n

To see the influence of the ratio of the number of measurements and signal length on the
performance of the algorithms, we performed the experiments with three different ratios:
m/n = 0.5, 0.4, and 0.3. The random matrices with these ratios are taken as 250 x 500,
200 x 500 and 150 x 500, respectively, and the experiments were carried out with exact
measurements y = Ax.
The result was given in Fig. 3.4 in which the the maximum number of iterations for
NSIHT and NSHTP are set as 35 and 20, respectively. Since the NSHTP usually converges
faster than the NSIHT, the maximum number of iterations for NSHTP is set lower than

NSIHT. The horizontal axes in Fig. 3.4 are the ratios of the sparsity level k£ and the
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Figure 3.4: Recovery performance of NSIHT and NSHTP with different dimensions of
matrices. The sizes of measurement matrices are 150 x 500, 200 x 500 and 250 x 500. The
measurements are exact: y = Azx™.

signal length n, and the vertical axes record the success rate of recovery. For each given
ratio k/n, the success rate is calculated based on 100 randomly generated examples of
the recovery problems. It can be observed from the figure that the lower the ratio m/n
(i.e., the less number of measurements are available), the narrower the range of sparse
signals can be recovered via these algorithms, and the NSHTP usually performs better
than NSIHT for each given ratio m/n, and the NSHTP requires less number of iterations

than NSIHT to recover the signal.

Influence of (¢, \)

The recovery performance of the algorithms with different choices of (e, A) was also
examined through simulations. The size of the random matrices is still 256 x 512. The
success rate corresponding to each ratio k/n was calculated by performing the algorithms
on 100 randomly realized examples of recovery problems with accurate measurements of
sparse signals. The maximum numbers of iterations for NSIHT and NSHTP are set as 35
and 20 respectively.

Fig. 3.5 demonstrates the results for the algorithms with fixed \* = 5 and several

different values of € = €*, 1.1€*, 1.5¢*, 2¢*, where €* is given by €¢* = max {Uf + 1, — afn}.
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Figure 3.5: Recovery performance of NSTHT and NSHTP with a fixed step length (A* = 5)
and different choices of € (€1 = €*, e = 1.1€", €3 = 1.5¢", ¢, = 2¢”). The size of measurement

matrices is 256 x 512, and measurements are exact y = Ax*. Maximum iterations for
NSIHT and NSHTP are 35 and 20, respectively.
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Figure 3.6: Recovery performance of NSIHT and NSHTP with different choices of stepsizes.
The size of measurement matrices is 256 x 512, and measurements are exact y = Az™.
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Fig. 3.6 demonstrates the results for the algorithms with several choices of the step lengths

2
m

and € given by € = max {0% +1,A—0 } accordingly. It can be observed that the overall
recovery performance of the algorithms is more sensitive to the change of A than that of e.

Under such a choice of €, we see that NSTHT and NSHTP perform very poorly with A = 1.

The influence of the number of iterations

We also investigate the influence of the prescribed maximum number of iterations to the
performance of NSIHT and NSHTP algorithms. The results were given in Fig. 3.7 from
which it can be seen that using a pursuit step in NSHTP does admit a certain advantage
over the NSIHT in the sense that the NSHTP usually requires less number of iterations

than NSIHT to recover a signal.

(a) NSIHT with 20, 35, 50 iterations (b) NSHTP with 5, 10, 20 iterations

Figure 3.7: Comparison of NSIHT and NSHTP by performing different numbers of
iterations. The size of measurement matrices is 256 x 512, and measurements are exact
y = Az".

Different choices of (¢, \)

In addition, we also perform experiments of NSIHT and NSHTP with small values of e,
ie., e = 1,2 with A = 1, and compare them with the algorithmic parameters chosen as
(3.34). The theoretical analysis performed for NSIHT and NSHTP in this chapter is based

on the condition € > o7 in order to apply the matrix inverse expansion (3.7). However, we
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note that for any € > 0, the direction — (V2f(:c) + d)il V f(z) is a theoretical descent
direction since V?f(z) + €l is positive definite. In this experiment, the size measurement
matrix is still set as 256 x 512 and we set y = Az"™ as the measurements. The results
in Figure 3.8 indicate that NSIHT and NSHTP with small € are still able to recover the

target signal, although their theoretical convergence requires further studies.

(a) NSIHT: 50 iterations (b) NSHTP: 30 iterations

Figure 3.8: Comparison of NSIHT and NSHTP with different algorithmic parameters
(e, A). The size of measurement matrix is 256 x 512, and the measurements are exact, i.e.,
y = Az*.

Comparisons between existing algorithms

The experiments were also carried out to compare the NSHTP with a few mainstream
algorithms such as ¢;-minimization, orthogonal matching pursuit (OMP), compressive
sampling matching pursuit (CoSaMP) and the subspace pursuit (SP). In our experiments,
the size of random matrices is still 256 x 512 and the signal length is 512. We compare the
performance of the algorithms with both exact and inexact measurements. For inexact
measurements, we set y = Ax™ + 0.001n where 7 is a standard Gaussian random vector.
For each sparsity level, the success rate of an algorithm is calculated based on 100 random
samples of the problem. The total number of iterations for CoSaMP, SP and NSHTP
algorithms is set to be 30, whereas the OMP is terminated after k iterations which is

determined by the sparsity level of z*, i.e., k = ||z*||op. The parameters (¢, A) in NSHTP
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are given by (3.34).

(a) Exact measurements: y = Ax” (b) Inexact measurements: y = Az™ + 0.0017

Figure 3.9: Comparison of NSHTP and some existing algorithms, such as ¢;-minimization,
OMP, CoSaMP and SP. The size of generated Gaussian random matrix is 256 x 512. The
number of iterations for CoSaMP, SP and NSHTP is 30, whereas OMP is terminated after
k iterations.

The outcome of the experiment is summarized in Fig. 3.9 which shows that the recovery
performance of the NSHTP is comparable to the mainstream algorithms ¢;-minimization,
CoSaMP, OMP and SP. It can be also seen that the NSHTP is less sensitive to the noises
than ¢;-minimization. It may outperform ¢;-minimization for signal recovery in a noisy

environment.

3.4.3 Phase transition

Experiments in this section demonstrate the phase transition in terms of sparse signal
recovery and time consumption for both gradient-based and Newton-step-based hard
thresholding algorithms. In this experiment, the length n of the target signal vector x*
is fixed to be n = 512. At each value of the number of measurements m, we take 40
different sparsity levels uniformly between 1 and m, i.e., k = Lll()mJ e Bng ,m. For
the number of measurements m, we require m > 40 to ensure that there exist at least 40

different sparsity levels. A total of 20 different choices of m are taken, where 10 uniformly

from m € [40,0.4n| and 10 uniformly from m € (0.4n,n|. The measurement matrix A is a
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Gaussian random matrix whose entries follow the N (0, 1), and the measurements of z* are
inexact, i.e., y = Ax* 4+ 0.001n, where 7 is a standard Gaussian random vector. For IHT
and HTP, we take two choices of stepsize: A = 0.001 and A = 0.01, respectively. And for
NSIHT and NSHTP, we adopt two choices of algorithmic parameters (e, ) for different
purposes, e.g., € = 1, A = 2 is to slightly perturb the singular Hessian and ¢ = 07 +1,A =5
is taken based on our theoretical results. The maximum iterations for IHT and NSIHT are
50, while for HTP and NSHTP are 30. The algorithm terminates whether when meeting
the criterion (3.35) or when the maximum of iterations is reached. The recovery counts as
successful if the criterion (3.35) is satisfied. At a pair of (m, k), success rate is calculated
based on 50 trials. In Fig. 3.10 and 3.11, the horizontal axis represents over-sampling rate
m/n, while vertical axis represents the under-sampling rate k/m. The range of them both
is between 0 and 1, and the area (k/m) x (m/n) = [0,1]? is called the phase transition
region.

Fig. 3.10 and 3.11 show phase transition of IHT, HTP, NSIHT, and NSHTP in terms
of success rate and average time consumption for successful recovery, respectively. The
larger the region covered, the better the performance of signal reconstruction. A general
trend for phase transition of an algorithm in terms of success rate is that as the ratio
m/n increases, the algorithm can recover the signals with relatively a high sparsity level.
However, this phenomenon does not hold for IHT and NSIHT with our experimental
settings. From these two graphs, we can see that a) the hard thresholding methods with a
pursuit step surpass their counterparts without a pursuit step in the success rate of signal
recovery, b) Newton-type hard thresholding algorithms are efficient, stable, and robust for
sparse signal recovery, and ¢) NSHTP is more stable than HTP, although the latter takes

slightly less time.

3.4.4 Main findings

The main findings from empirical results of NSIHT and NSHTP can be summarized as

follows.
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Figure 3.10: Phase transition of IHT, HTP, NSITHT and NSHTP with respect to success
rate for sparse signal recovery.
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Figure 3.11: Phase transition of HTP and NSHTP with respect to time consumption.
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o Newton-step-based hard thresholding algorithms are generally more stable than clas-

sic hard thresholding methods in residual reduction with suitably chosen parameters

(e, \).

o Relatively speaking, NSIHT and NSHTP are more sensitive to the change in A than

in €, in both residual reduction and sparse signal recovery.

o Our proposed algorithms are able to locate the target sparse vector with different

2
m

choices of parameters (e, ), such as A = 5, ¢ = max {af +1L,A—0 } according to

our theoretical analysis and A = 1, ¢ = 1 for slight Hessian perturbation.

o Newton-step-based hard thresholding methods require a little more time than
gradient-based hard thresholding methods, but they are usually stabler for sparse

signal recovery.

3.5 Conclusion

In this chapter, we introduced a class of Newton-step-based hard thresholding algorithms
that adopt a Newton-like search direction. The unique feature of the proposed algorithms
is that the traditional steepest descent search direction is replaced by a Newton-like
search direction. We have proved that with proper choices of the parameter and stepsize,
the proposed algorithms can recover a sparse signal if the measurement matrix satisfies
the standard restricted isometry property. The empirical results indicate that the new
algorithms can compete with several existing algorithms for signal recovery and stabilize

the residual reduction during iterations.
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CHAPTER 4

NEWTON-TYPE OPTIMAL K-THRESHOLDING
ALGORITHMS

4.1 Introduction

In Chapter 3, we have shown that the combination of a Newton-like method and the hard
thresholding is efficient for sparse signal recovery from theoretical and practical perspectives.
The hard thresholding approach is easy to implement, but it may dramatically increase the
objective function, especially when imposed on a highly non-compressible vector. Zhao [134]
proposed a novel thresholding technique called optimal thresholding which overcomes the
inherent drawback of hard thresholding approach. Inspired by the remarkable performance
of both Newton-type methods and such a novel thresholding technique, we propose the
so-called Newton-type optimal k-thresholding in this chapter!.

We consider the specific problem for sparse signal recovery
(1 9
min {1y = Awl : lallo < &} (1.1)

The key step of the iterative hard thresholding (IHT) algorithm for solving (4.1) can be
formulated as

P = H, (:Up + AT (y — A:Up)> : (4.2)

'The main result in this chapter has been published (jointly with Prof. Yun-Bin Zhao) on the Journal
of Operations Research Society of China, pp. 1-23, 2022 [85]

75



where A > 0 is a stepsize, and the hard thresholding operator H; retains the largest k
magnitudes of a vector and zeroes out the others. Since the IHT with a fixed stepsize is not
performed as well as expected, several enhanced versions of (4.2) have been proposed, such
as the normalized iterative hard thresholding (NIHT) [19] using an adaptive stepsize, and
the hard thresholding pursuit (HTP) [60] including a pursuit step. However, such improve-
ments have not changed the nature of hard thresholding, that it per se is independent of
the objective function. As pointed out in [134, 139], the weakness of the hard thresholding
operator Hy, is that when applied to a non-sparse iterate generated by the classic gradient
method, it may cause an ascending value of the objective of (4.1) at the thresholded
vector, compared to the objective value at its unthresholded counterpart. As a result,
direct use of the hard thresholding operator to a non-sparse or non-compressible vector in
the course of an algorithm may lead to significant numerical oscillation and divergence
of the algorithm. To overcome such an inherent drawback, Zhao [134, 139] has proposed
the optimal k-thresholding technique which performs thresholding and objective-reduction
simultaneously. The key step of optimal k-thresholding (OT) algorithm for solving (4.1)

is written as
o= 2 (a7 AAT (y — Aa?)), (4.3)

where the optimal k-thresholding operator Z,f (-) retains the k entries that minimize the
objective function. Empirical results in [134] indicate that this approach has significantly
overcome the numerical oscillation that appeared in the hard thresholding pursuit (HTP)
algorithm. The search direction in (4.3) is the steepest descent direction, but it can
be replaced by another direction provided that it is a descent direction of the objective
function. This motivates us to integrate the optimal k-thresholding and a Newton-type
search direction to develop an algorithm that may alleviate or eliminate the drawback
of hard thresholding and enhance the numerical performance of the Newton-type hard

thresholding method.
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1.

ii.

1ii.

The main contribution of this chapter can be summarized as follows.

We introduce another class of Newton-like methods for sparse signal recovery which
incorporates the Newton-type search direction and the novel optimal thresholding
technique. Algorithms called Newton-type optimal k-thresholding (NTOT) and
its enhanced versions, NTROT and NTROTP, are described in Algorithms 4.1-4.3,

respectively.

The guaranteed performance including convergence of the proposed algorithms for
sparse signal recovery is shown in terms of appropriate choices of the algorithmic
parameters and the restricted isometry property (RIP). The main results for the

proposed algorithms are summarized in Theorems 4.3.4, 4.3.8 and 4.3.9, respectively.

We conducted numerical experiments to compare the proposed algorithms with several
commonly-used algorithms in terms of sparse signal recovery. Empirical results show
that Newton-type optimal thresholding methods are more efficient than Newton-type
hard thresholding methods, and they are also comparable to several mainstream

algorithms in this field.

4.2 Algorithms

The key iterative procedure of Newton-step-based hard thresholding methods for solving

the problem (4.1) is

P = H, (xp + A (ATA + €I>_1 AT (y — AwP)) ; (4.4)

where A > 0 is the stepsize, € > 0 is a parameter to modify the singular Hessian AT A. To

further improve the performance of (4.4), we equip the optimal k-thresholding operator

Z¥(.), leading to

2P — Z}jﬁ (xp )\ (ATA + d)_l AT (y — A.Ip)) . (4.5)
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Given a vector u € R", Z/ (u) = u ® w* (the Hadamard product of two vectors), where
the vector w* € R" is the optimal solution to the following quadratic 0-1 optimization
problem:

w” := argmin {||y —Alu@w)|;:e’w=kw e {0, 1}"} , (4.6)

where e = (1,...,1)" € R" is the vector of ones, and {0,1}" denotes the set of n-
dimensional 0-1 vectors. Based on (4.5) and the definition of ZZ% , we can develop the

Newton-type optimal k-thresholding (NTOT) algorithm, stated as Algorithm 4.1.

Algorithm 4.1 Newton-Type Optimal k-Thresholding (NTOT)

o Input: measurement matrix A, measurement vector y, sparsity level k, parameter
€ > 0, stepsize \, and an initial point z°.

o Iteration:

wP = 2P + NATA+ el) AT (y — AxP), (NTOT,)
wP = argmin{|jy — A(w? @ w)|3: e’w =k, we {0,1}"}, (NTOT,)
P = uP @ wP. (NTOT;)

« Output: k-sparse vector z* := zF™!,

Since solving the 0-1 problem (4.6) is generally expensive, Zhao [134] suggests solving

its tightest convex relaxation, i.e.,
a7 — ; 2..T,, —
w.—argmln{||y—A(u®w)H2.e w—k,ngge}, (4.7)

where 0 < w < e is the convex hull of w € {0,1}". If the solution to (4.7) is k-sparse, then
the vector u ® W is k-sparse. However, the optimal solution @ to (4.7) may not necessarily
be k-sparse, thus we use hard thresholding operator H; to truncate the iterate so that it
satisfies the constraint of the problem (4.1). Thereby, we have the Newton-type relaxed
optimal k-thresholding (NTROT) algorithm, shown in Algorithm 4.2.

To further stabilize the NTROT, a pursuit step can be performed after NTROTj,

leading to Algorithm 4.3, which is the main algorithm concerned this chapter.
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Algorithm 4.2 Newton-Type Relaxed Optimal k-Thresholding (NTROT)

o Input: measurement matrix A, measurement vector y, sparsity level k, parameter
€ > 0, stepsize A, and an initial point z°.

o Iteration:

w? =3P + N(ATA+ el) P AT (y — AaP), (NTROT,)
w? = argmin{|jy — A’ @ w)|3: efw=4k 0<w<el, (NTROTj)
2Pt = Hy (uP @ wP). (NTROTS;)

« Output: k-sparse vector z* := xPT!.

Algorithm 4.3 Newton-Type Relaxed Optimal k-Thresholding Pursuit (NTROTP)

o Input: measurement matrix A, measurement vector y, sparsity level k, parameter
€ > 0, stepsize A, and an initial point 2°.

o Iteration:

uP = 2 + NATA +el) AT (y — AxP), (NTROTP;)
w? = argmin{|y — AW’ @ w)|5: eTw=4k 0<w<el, (NTROTP;)
SPH = £ (wP @ W), (NTROTP3)
2P = argmin{||y — Az||5 : supp(z) C SPT}. (NTROTP,)

« Output: k-sparse vector z* := xP™L.
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4.2.1 Extension to the general case

Newton-type optimal thresholding algorithms also can be generalized to an ordinary form
for solving the general problem min {f(z) : ||z|]lo < k}. Following the essential idea of
optimal thresholding, the optimal k-thresholding operator with respect to the problem
above is defined as Z,f (u) = u ® w*, where w* is the optimal solution of the following

problem

min{ f (v’ ® w) : e’w =k, we{0,1}"}.

The relaxation problem is given naturally as

Similar to the GNSHTP algorithm (see Algorithm 3.4), we can write a generalized version

of NTROTP, given in Algorithm 4.4.

Algorithm 4.4 Generalized Newton-Type Relaxed Optimal k-Thresholding Pursuit
(GNTROT)

 Input: objective function f(x), sparsity level k, parameter ¢ > 0, stepsize A, and an
initial point z°.

o Iteration: If V2f(2F) = 0, set ¢ = 0; Otherwise, choose a suitable e such that
V2f(a?) + el = 0. Then set

u? = a? — (V[ (%) + )"V f(a?),

WP = argmin{f (W’ @ w): e'w==Fk 0<w<e},

S = L (v @ wP),
2Pt = argmin{f(2) : supp(z) C SP™'}.

« Output: k-sparse vector z* := 2P
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4.3 Theoretical Analysis

We perform theoretical analysis for the guaranteed performance and the convergence
of NTOT, NTROT and NTROTP for sparse signal recovery. Sufficient conditions are
established by the restricted isometry property (RIP) and algorithmic parameters. Without
loss of generality, our analysis is carried out with noisy measurements, i.e., y = Ax +n,
where x can be well approximated by its largest £ magnitudes i.e., x = xg. Our results
include the case where the target signal z is k-sparse and the measurements are exact as a

special case.

4.3.1 Analysis of NTOT in noisy scenarios

The following three lemmas are very helpful to show the main result in this section. The
first two are recalled from Chapter 3, and the third one is extracted from the proof of

relaxed optimal k-thresholding pursuit (ROTP) algorithm in [134].

Lemma 4.3.1 [84]. Let A € R™" with m < n be a measurement matrix satisfying the
RIP. Given a vector u € R™ and an index set 2 C [N], if (e, ) is chosen such that € > o7
and A < e+ afm where o1, 0, are the largest and smallest singular values of the matrix A,

respectively, then one has
\o?
T —1 /T 2 1
[((T=MATA+en) " AT A)) | < (60 +0F - - U%)Huug

provided that card(£2 U supp(u)) < ¢, where ¢ is a certain integer number.

Lemma 4.3.2 [84]. Let o7 denote the largest singular value of matrix A. For any vector

u € R", one has

H (ATA+el) " ATy

<
Ully -
s etor

Lemma 4.3.3 [134]. Let y = A% + v be the measurements of the k-sparse vector & € R",

and let u € R™ be an arbitrary vector. Let Z,f (u) be the optimal k-thresholding vector of
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u. Then for any k-sparse binary vector w € {0, 1}" satisfying supp(Z) C supp(w), one has

1+ 6

|12F (u) — i o

1% = u) @], + (4.8)

<
g =

2
ﬁ”””z-

The following proof was shown by Zhao in the proof of Theorem 4.8 in [134]. We

include it here for completeness.

Proof. Let y = AZ + v. By the definition of restricted isometry constant, we can write

lv—Azf @), = |AG - 2F @) + ],
> [A@ — 2F W), - Ivll,

> /1 — g

&= Zf )|, - v, (4.9)

2

where the last inequality holds since the vector & — Z,f (u) is 2k-sparse. By the definition

of optimal thresholding operator, we can write
w' = arg min {||y —Au@w)|;: e"w =k, w e {0, 1}”} .

The vector w satisfies supp(&) C supp(@), which implies & = & ® . Since W is a k-sparse

vector, thus we have

ly—AzZF W), = ly— A w)],
<y - A d)|,
= [A(@E—w) @d)], + v,

< V1402 —u) @ @], + [V, (4.10)

Combining (4.9) and (4.10) and rearranging terms leads to (4.8). |

We now state and show the sufficient condition for the guaranteed performance of

NTOT in noisy settings.
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Theorem 4.3.4. Let y = Ax + 1 be the measurements of the signal x € R™ with mea-
surement error n. Let S = Li(x) and oy and o, be, respectively, the largest and smallest
singular values of the matrix A € R™ ™. Suppose that the restricted isometry constant of
A satisfies

dar < 0.5436,

and that € is a given parameter satisfying

2 _ 2
e>max{0f, (?1607"—1) Jf}. (4.11)
1+§2: - 62k

If the stepsize X in NTOT is chosen such that

[1— 691\ €+ 0?
2 2k 1 2
€+ o]+ (52k— 1+5k> = <A<e+o,, (4.12)

then the sequence {zP} generated by the NTOT satisfies

o7+t = s, < plla” — wsll, + 7 [l Azg +ll,, (4.13)

1+5k )\O'2
=4/ 5 2_ 1
P 1—(52]€<2k+0_1 E+0’%

1 ()\U%\/1—|—5k+2>.

where

and

\/1_52.% 6+O’%

In particular, when x is k-sparse and n = 0, the sequence {2} converges to x.

Proof. Let 1 be a k-sparse binary vector such that S C supp(w), where S = Li(x).
We know that r¢ = g ® w. From the structure of NTOT algorithm, we know that
fo (uP) = uP ® wP, where w? is the optimal solution to the binary optimization problem

in (NTOT,). Note that y = Az +n = Azg + 7', where f = Azg + 7. By Lemma 4.3.3,
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we immediately have

1+ 0

o @w? —wsll, <75l —s) © ], + (414

2
ﬁ‘w”z

By the definition of u” in (NTOT;), we can write

uP —xg=af —xg+ A (ATA—i—eI)il AT (y — AxP)

_ (1 A (ATAted) ATA) (" —ws) + A (ATA+el) ATy, (4.15)
According to the relation (4.15), we can write

I — 26) @ dll, =] — 25)supotan,

| AT el AT A — 1)

supp(®) ||o

, (4.16)

+ H ()\ (ATA+e) A%’)

supp ()

where the last relation follows from the triangle inequality. Since card(supp(w)Usupp(z? —
zg)) < card(supp(w) U S U SP) < 2k due to the fact S C supp(w), applying Lemma 4.3.1

leads to

A\o?
< (Ba+ 0t = 2% ) s -7l

1 (4.17)

H (1 = \AT A+ e) AT A) (2 — )

supp()

with the choices of (¢,\): A < e+ 02 and € > o;. By Lemma 4.3.2, the second term of

(4.16) on the right-hand side can be bounded as

-1 -1 Ao
A(ATA 4+ el ATn’) < AH ATA 4 ) ATy < Wl (4.18
H< ( ) supp(i) ||o ( ) 2 €+O%H I ( )
Combining (4.14) and (4.16)-(4.18) leads to
o7+ = ], = la? @ wP — asll, < plla? = slly + 711, (4.19)
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where

1+5k )\O’% 1 )\Ul\/1+5k
p=17— (0 +0 — —)and 7 = s— +2].
1 — dog €+ o1 V1 — 0o €+ o1

From (4.19), to guarantee the recovery of xg by the NTOT, it is sufficient to ensure that

p < 1, which is equivalent to

1—94 €+ o2
A>e+a%+<52k_‘/1+52k) 021,
k 1

Together with the condition A < e 4+ o2, the range of ) is given as

[1— 0o \ €+ 07
2 2k 1 2
e+01+(52k— 1—|—5k> o7 <A<e+o,,

which is the relation (4.12) in the theorem. The remaining proof is to show that the range

in (4.12) exists. In fact, if the following two conditions are satisfied, the existence of such

a range is guaranteed when
1 — oy,
1+ o

[1— 0o \ €+ 07
€+ o7+ (5%— 1+52:) p L<eto?. (4.21)
1

By noting that 0, < 09, it is straightforward to verify that the inequality (4.20) is

Sor — <0 (4.20)

and

guaranteed under the condition o5, < 0.5436 which is the positive real root of the cubic

equation +* + 4?4+ v = 1. The inequality (4.21) can be written as
et e it

2
0-1,

(\/ e )
)

Tror — 0o,
which is also guaranteed under the choice of € given in (4.12). Thus the desired result

follows.
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In particular, if n = 0 and « is k-sparse, the relation (4.13) is reduced to

o, <ol el < 21 o

2 ?

which implies that {z”} converges to x as p — oc. |

4.3.2 Analysis of NSROT in noisy scenarios

We denote by S = Li(z), the index set of the largest k£ magnitudes of . The measurements
are given as y = Ax + 7, where 7 is a noise vector. We first recall some useful technical
results which have been shown in [134] and [139]. Lemma 4.3.5 concerns a property of the

hard thresholding operator Hj.
Lemma 4.3.5 [134]. Let z € R" be a given vector and v € R" be a k-sparse vector with

® = supp(v). Denote Q = L,(z). Then one has

lo = Hi(2) ]l < (v = 2avslls + |0 = 2)ena|-

Next lemma demonstrates a property of the solution derived from the relaxed opti-

mization problem (NSROTS5).

Lemma 4.3.6 [134, 139]. Let A C {1,...,n} be any given index set, and let w € R"
be any given vector satisfying e’ w = vk and 0 < w < e, where 7 is a positive integer

number. Decompose the vector w, as
WA = WA, + -+ Wh,_, +Wa,,

where h > 0 is an integer number such that card(A) = (h — 1)k 4+ o where 0 < o < k, wy,

is the first &k largest magnitudes in {w; : ¢ € A}, wy, is the second k largest magnitudes in
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{w; : i € A}, and so on. Then one has

lwnslloo + -+ ]|+ lwnyll <v+1.

The next result is actually implied from the proof of Theorem 4.8 in [134].

Lemma 4.3.7 [134]. Let y = Az + 1 be the measurements of x and @ € {0,1}" be a
k-sparse binary vector such that S = L (z) C supp(). Let SP*! = supp(2P™), v* and
w? be defined in NTROT. One has

. 1+ o R 2
(i) [(zs — v’ @ wP) g gpally < q I(zs —u”) @ bll, + V= oo 11l

9 Y

+ ﬁ HA [(Q?S —uP & wp)w}
<2\/1+5kHH’€ —Xg H2

Theorem 4.3.8. Let y = Ax + n be the measurements of x € R" with measurement error

(i) ||A[(xs — v @ w?)gogem] |

n. Let S = Li(z) and let o1 and o, denote, respectively, the largest and smallest singular
values of the matriz A € R™ ™. Suppose that the restricted isometry constant of A satisfies
that

d3r < 0.2119.

Let € be a given parameter satisfying

¢ > max { o2, 011 —Im 1 |e2}. (4.22)

If the stepsize X\ in NTROT satisfies

1 €+ o} 9
€+ o} O3 — < A < e+o;, (4.23)
1 ( 3,/ E0u 1) ot
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then the sequence {zP} generated by the NTROT satisfies that
|27 — x|, < plla? — wsll, + 7 | Avg +

where

1+5k )\O’2
= ( Ok + 203, + 307 — 3"+ b) 2_
P 1_52k<2k+ 3k 1+ 907 et o? + 031 + 07

and

1 3Ao1vV 1+ 0 AN Aoy
T = )
V1= 0y €+ o7 €+ of

(4.24)
Ao?
_ 4.25
€+ o? (4.25)
(4.26)

In particular, when x is k-sparse and n = 0, then the sequence {a¥} converges to x.

Proof. Let S, 01, 0,, be defined as in the theorem. Note that y := Az +n = Azg+1n where

n' = Axg+n. Denote by SPH = supp(2P*h). Applying Lemma 4.3.5, we immediately have

s — 271, = llos — Ha(w? @ @),

<@ @@ — z5)srriusle + [|(? @ T — z5)srns| - (4.27)

In what follows, we bound each of the terms on the right-hand side of the above inequality.

By the definition of «” in NTROT, we have

- (1 “A(ATAt ) ATA) (@ — 26) + MATA+ ) ATY.  (4.28)

Noting that (xg)gri1s = (25 @ wP)gpi1g = 0. Since 0 < W" < e, we have

H(up QWP — :L’S)SpH\SHZ = H(( — xS) & u)p 5p+1\SH H —Ts Sp+1\SH . (4.29)
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Substituting (4.28) into (4.29), we can write

H(up Q WP — x5)5p+1\5H2 <

(1 3aay wea) e

2

+A H (ATA+ D) ATy |

AV

o2

1 D _
L) et =l +

O
SG%+ﬁ— Sl (430)

€+ o0?

where the last inequality follows from Lemma 4.3.1 (with the fact card(supp(a? — zg) U
(SPT1\S)) < 3k) and Lemma 4.3.2. We now provide an upper bound for the first term of
the right-hand side of (4.27). Let @ be a k-sparse binary vector satisfying S C supp(®).

By Lemma 4.3.7, we have

14 o0 N 2
[(zs — u” @ W) g g0l < ﬁ [(zs — v’) @ @], + Vi [zl

HA {(xg —uP @ wP)

o5 |, (4.31)

+7
V1 — 0y

and
< 2\/1+6kH/Hk — s HQ (4.32)

Applying Lemma 4.3.1 (with € > 07, A < e+ 02, and card(supp(z” — z5) Usupp(w)) < 2k)

HA [(:L'S —u? @ w?

SUSP+1}

and (4.3.2), we have

l(ws — ") @ dlls <[|[(I = AAT A+ el) AT A)(a” — 25)| @ 0,
+|(MATA+ eD) T ATY) @

)\ 2
S(éQk‘i‘U%_ !

L) s - o1, +

1

2
)\0'1
€et+o

T o? 171l (4.33)

Let & = Li(zg — uP). As card(supp(a? — xg) U ®) < 3k, by a proof similar to (4.33), we
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also have

\o? Ao
[#atos =)l = los =y < (Gt o = 270 ) o = el + 2750

2 €+ o}
(4.34)

Combining (4.31)-(4.34), we have

14 6 3\o?
[(zs — v’ @ wP)gygplly < - <52k + 2034 + 307 — H%) s — 2],
1 3o vV 1 + 5k
e T 2 Il (4.35)
1 - 52k € + Ul
Substituting (4.30) and (4.35) into (4.27) leads to
|27 = zs|, < plla” — asll, + 7 | Azg + (4.36)

where p and 7 are given as (4.25) and (4.26), respectively. Due to the fact d < dop < Iy,

we see from (4.36) that

<13 1110 -—.
P_( 1_53k+ )<3k+01 6+O’%

Thus to ensure p < 1, it is sufficient to require that

1+53k 2 )\O’%
3 1|1d — <1
( 1_63k+ )<3k+01 €—|—O'% ’

which is equivalent to

1 €+ o?
A> e+ o]+ (53k— — ) = 1
3 T +1 1

This together with A < e + o2, implies that if the range of X is given as (4.23), then it

guarantees that p < 1. To ensure the existence of the interval in (4.23), the following two
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conditions have to be guaranteed:

1 _
<0, ¢> L %m |2 (4.37)

N 1463, 1 — )
— / 3k
3 1753k + 3 it‘;{ik +1
3k

The first condition in (4.37) is ensured by 03 < 0.2119, and the second condition in (4.37)

O3k

is ensured by the choice of € given in (4.22). The proof of the theorem is complete.

In particular, if n = 0 and «x is k-sparse, the relation (4.24) is reduced to

R R N

2 Y

which implies that {z”} converges to x as p — oc. [ |

4.3.3 Analysis of NTROTP in noisy scenarios

NTROTP is a combination of NTROT and a pursuit step, thus we can utilize Lemma

3.3.8. The main result is shown below.

Theorem 4.3.9. Let y = Ax + 1 be the measurements of the signal x € R"™ with measure-
ment error n. Let S = Ly(x) and o1 and o, denote, respectively, the largest and smallest
singular values of the matrix A € R™ ™. Suppose that the restricted isometry constant of

A satisfies that

O3 < 0.2,
and € is a given parameter satisfying
2 2
oi—o0o
€ > max{ 0%, 1m —1|o7p. (4.38)

- 53k

I T
=%k \/1*(531@)2
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If the stepsize X\ in NTROTP satisfies

1 2
e+ o7+ | Os — 3 | 1 6+201 <A< etop, (4.39)
=05k '\ /1—(830)° 01
then the sequence {zP} generated by the NTROTP satisfies that
o7 — s, < o lla? = asll, + 7 [ Awg + (4.40)
where
3 1 \o?
— 03k 1_(63k) 6+01
and
V1490 1 3Ag1v/1+0 A
= L ( AV_To 2) n o1 . (4.42)
1 — g (1_52k)\/1+52k €+ oi (6—|—0’%) 1_<(52k)2

In particular, when x is k-sparse and n = 0, then the sequence {2} converges to x.

Proof. NTROTP comprises of NTROT and a pursuit step. Hence we can treat H(u? @w?)
as an intermediate vector generated by NTROT in NTROTP algorithm. From the proof

of Theorem 4.3.9, we see that
lzs = Hi(u? @), < plla” — slly + 7 7]l (4.43)

where the constants p and 7 are given by (4.25) and (4.26) respectively. From the step

NTROTP,, 2™ is the solution to the pursuit step. By Lemma 3.3.8, we have

1 V14 0y

s =27, € ——— llas = Ha(w? @ W)l + T 5

21— (On)

where 1 = Axg + 1. Using 0 < 0o < 831 and combining (4.43) and (4.44) leads to
S

I77°]]2 (4.44)

Hxs - poHz < ptaf — xSH2 + 77 H77/“27
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where p* and 7" are defined as (4.41) and (4.42) respectively. Note that p* < 1 is equivalent

to

1 €+ o2
1 2

+ o
1-03% \/1—(53k)2 !

which is ensured by the choice of A given in (4.39). This means the choice of A in (4.39)
ensures that p* < 1. To guarantee the existence of the range (4.39), it is sufficient to

require that

1 €+ o2

e+ oi+ | s — —3 F— 2 <e+o2,
1=0sk V/1-(631)2 !
which is equivalent to

1 0?2 — o2

O = 31— <0, e> m——_ (4.45)
3 1
=05 \/1*(531@)2 1_53k+\/1—(63k)2
1 1

Note that < since 0 < d3; < 1. The first condition in (4.45) is

J1— (03?1 03
satisfied when 3 < 0.2. The second condition (4.45) is also satisfied provided ¢ is chosen

large enough, i.e., satisfying (4.38).

In particular, if 7 = 0 and « is k-sparse, the relation (4.40) is reduced to

o7t = al, < ol = ally < ()7 * o — 2]

2 )

which implies that {z”} converges to x as p — oc. |

Before going to the numerical section, we discuss the improved theoretical analysis of
the proposed algorithms, the choice of algorithmic parameters (e, \), and the complexity

of the main algorithms in this chapter.

Remark 4.3.1
The bound for d3; in Theorems 4.3.8 and 4.3.9 can be replaced by the one for dq; either
through a more subtle analysis or through the relation . < cdor, where ¢ is a positive

integer number. Such a relation bridging RICs with different orders is shown in Proposition
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6.6 in [63]. In fact, from 03, < 3da, it is evident that do, < 0.0706 implies d3, < 0.2119,
and that 09, < 0.0666 implies d3; < 0.2. Therefore, we may use the bound 9,5, < 0.0706 in
Theorem 4.3.8 and do;, < 0.0666 in Theorem 4.3.9 without damaging the results in these

theorems.

Remark 4.3.2

Similar to Newton-step-based hard thresholding, we only need to compute the matrix
(ATA + el )_1 once in Newton-type optimal thresholding algorithms. This inverse can
be obtained by using singular value decomposition (SVD) of matrix A (see Remark 3.3.1
for detail), which is also used for the choice of algorithmic parameter (e, A). As pointed
out in Remark 3.3.2, it is difficult to determine the choice of (e, \) directly according to
the condition (4.11) and (4.12) in Theorem 4.3.4, condition (4.22) and (4.23) in Theorem
4.3.8 and condition (4.38) and (4.39) in Theorem 4.3.9. However, we use a simple rule
implied from these conditions, that is € > 0% and A < €+ 02, to choose (€, \) in numerical

experiment or practical application scenarios.

Remark 4.3.3

The computation of matrix A" A and the LU decomposition of AT A + eI require O(mn?)
and O(n?), respectively [84]. Using the interior-point method in [113] to solve the relaxation
optimization problem requires O(n*°L) [139], where L is the size of the problem data
encoding in the binary space. The hard thresholding operator Hy, requires about O(n log k),
where n and k are the vector length and the sparsity level [139]. Therefore, each iteration
of NTROT requires about O(mn? + n® + n*>°L) flops. The pursuit step involves O(k?)
basic operations [84] by solving the linear system [Aq]"y = [Aq]"[Aq]z", or requires about
@) (;Lm?’) flops [139] by using Cholesky decomposition of the matrix [Ag]”[Ag], where
Q = supp(v’®@w"). Thus each iteration of NTROTP involves either O(mn?*+n’+n*°L+k?)
or O(mn?® 4+ n® +n*°L + m®) flops depending on which strategy is applied to the pursuit

step.

1[Aq] € R™** denotes the submatrix of A which retains the columns indexed by € and deletes others.
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4.4 Numerical Performance

Simulations were performed to test the performance of the proposed algorithms with
respect to residual reduction, the average number of iterations, success frequency for signal
recovery and phase transition in terms of success rates. Without a specified statement,
the measurement matrices generated for experiments are still Gaussian random matrices,
whose entries are independent and identically distributed and follow the standard normal
distribution N(0, 1). Nonzero entries of realized sparse signals also follow the A/(0,1), and
their position follows a uniform distribution. The algorithms considered in this section are
¢;-minimization [38, 31], orthogonal matching pursuit (OMP) [112, 90], subspace pursuit
(SP), Newton-step-based hard thresholding [84], quasi-Newton iterative projection (QNIP)
[73] and quasi-Newton projection pursuit (QNPP) [117]. The optimization problems in
our algorithms were solved by the CVX which is developed by Grant and Boyd [66] with
solver "Mosek’ [3].

4.4.1 Residual reduction

The experiment was carried out to compare the residual-reduction performance of the
algorithms with given (e, \). In this experiment, we set A € R*%*%12 ¢ — Az* k = 70 and

2% = 0. The stepsize A and parameter € are set, respectively, as
A= 5,e:max{crf—|—1,/\—0?n},

which guarantees that € > 0% and \ < €+ 02, where oy and 0,, denote the largest and the
smallest singular value of the generated matrix. Fig. 4.1 demonstrates the change of the
residual value, i.e., ||y — Azl|2, in the course of iterations of the algorithms. From Fig. 4.1
(a), it can be seen that the NTROTP is more powerful than other algorithms in residual
reduction. In the same experiment environment, we also compare the residual change in

the course of NSIHT and NTROT which use different thresholding operators. Fig. 4.1 (b)
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Figure 4.1: (a) Comparison of residual-reduction performances of several algorithms;
(b) Residual change in the course of iterations using different thresholding operators.
Experimental settings: A € R***12 o — Ag* and k = 70.

shows that the algorithm with optimal thresholding operator can reduce the residual more
efficiently than the one with hard thresholding operator.

The performance of NTROT and NTROTP are related to the choice of (¢, \). Thus we
test the residual-reduction performance of the proposed algorithms in terms of different
values of parameter € and stepsize A. The results are shown in Fig. 4.2 and Fig. 4.3,
respectively. In Fig. 4.2, the stepsize )\ is fixed as A = 10, and € = €*,1.1¢", 1.5¢" and
2¢*, where € = o? + 1. In Fig. 4.3, the parameter ¢ is fixed as € = 02 4 1, and stepsize
A is taken as A = 1,2,5,10 respectively. Such choices of (e, \) satisfy that ¢ > o7 and
A < e+02. It can be seen that the NTROT is more sensitive to the change of € and A than
the NTROTP which is generally insensitive to the change of (¢, A). This also indicates

that NTROTP is a stable algorithm for reducing the value of objective value of problem
(4.1).

4.4.2 The number of iterations

The simulations were also performed to examine the impact of sparsity levels and measure-
ment levels on the average number of iterations needed for signal recovery and objective

minimization via Newton-type iterative algorithms. The stopping criterion for signal recov-
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Figure 4.2: Residual reduction by NTROT and NTROTP with ¢ = 07 + 1 and different
stepsize A = 1,2, 5,10. Experimental settings: A € R?%*512 y = Az* and k = 70.
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Figure 4.4: Comparison of the average number of iterations required by different algorithms
in terms of different sparsity levels. Experimental settings: the size of A is 256 x 512,
y = Az", and the ratio k/n varies from 0.01 to 0.35.

ery is ||z* —x2/||2*||2 < 1072, while the one for objective minimization is ||y — Az|js < 1073,
All algorithms start from z° = 0 and terminate either when the corresponding stopping
criterion is met or when the maximum number of iterations (i.e., 50 iterations) is reached.
The results with respect to the change of sparsity levels and number of measurements are
shown in Fig. 4.4 and Fig. 4.5, respectively.

Fig. 4.4 demonstrates the influence of sparsity levels on the number of iterations needed
by NSIHT, NSHTP, NTROT and NTROTP. In this experiment, the size of measurement
matrices is still 256 x 512, and the ratio k/n varies from 0.01 to 0.35. The average number
of iterations is calculated based on 50 random examples for each sparsity level k/n. A
common feature of these algorithms is that with the increase of the sparsity levels, the
required iterations to reconstruct signals or minimize the objective function also increase.
We also observe that both the optimal thresholding and pursuit step help reduce the
required number of iterations of algorithms to reconstruct a signal. Furthermore, compared
with NSIHT and NSHTP, the required iterations of NTROT and NTROTP will not change
too much dealing with signal reconstruction or solving the problem.

Fig. 4.5 compares the average number of iterations required by several algorithms
applying to different measurement levels. The target signal is fixed as z* € R** with

k = 50, and the length of the observed vector y = Ax*, i.e., the number of measurements,

98



0 L L L L L 0 L L L L L L
0.1 0.15 02 025 03 035 04 045 05 055 06 0.1 0.15 02 025 03 035 0.4 045 0.5 0.55 0.6
The ratio m/n The ratio m/n

(a) Sparse signal recovery (b) Objective function minimization

Figure 4.5: Comparison of the average number of iterations required by different algorithms
in terms of different number of measurements. Experimental settings: n = 500, y = Az™,
and the number of measurements m varies from 50 to 300.

varies from 50 to 300. At each different number of measurements, 50 random trials are
generated. When m/n < 0.25, we see that no algorithm could achieve ’success’ for both
signal recovery and objective minimization due to the fact that the measurement levels
are too low. A general trend shown in Fig. 4.5 is that the more measurements obtained
for the target signal z*, the less number of iterations needed for meeting the stopping
criterion. We see that NSHTP and NTROTP could recover the signal or solve the sparse
optimization problem by using a relatively small number of iterations when the ratio

m/n > 0.35, and the NTROTP needs fewer iterations than NSTHT, NSHTP, and NTROT.

4.4.3 The performance of signal recovery

Simulations were carried out to compare the signal reconstruction performance of the
NTROTP algorithm and several existing methods with both exact and inexact measure-
ments. In this experiment, the size of matrices is still 256 x 512. All iterative algorithms
start at 2° = 0. The ratio k/n increases from 0.01 to 0.35. We first compare our algo-
rithm with several heuristic algorithms including ¢;-minimization, OMP, SP, NSHTP and
NTROTP. The results were given in Fig. 4.6. Then we compare our algorithm with

two existing Newton-Type methods including QNIP and QNPP, for which the results
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Figure 4.6: Comparison of success frequencies of signal recovery via different algorithms

were summarized in Fig. 4.7. The vertical axes in Fig. 4.6 and Fig. 4.7 represent the

reconstruction success rates which is calculated based on 50 random examples.

First experiment

In the experiments producing the results in Fig. 4.6, the measurements of x* are set as
y = Ax* 4 0.0017, where 1 € R*® is a standard Gaussian random vector. The iterative
algorithms terminate after 20 iterations except for the OMP which stops after k iterations
owing to the its structure, where k = ||z*||p. The choice of (e, A) is the same as (4.36).
The condition ||z* — z*||, /[|z*|, < 1072 is set as the recovery criterion. Fig. 4.6 indicate
that the NTROTP is stable and robust for sparse signal recovery compared with other

algorithms used in these experiments.

Second experiment

The entries of Gaussian random matrices used in the experiment that generates Fig. 4.7
follow the normal distribution A(0,1/m), where m denotes the number of measurements,
i.e., m = 256. In such an experiment, the noisy measurements of x* are set as y =

Az* + 107°n, where n € R** is a standard Gaussian random vector; all algorithms
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Figure 4.7: Comparison of success frequencies of signal recovery via different Newton-type
algorithms

terminate when either the criterion
2P — x*||, / [la*]|, < 107°

is met or a total of 50 iterations are performed for QNIP and NTROTP and 300 iterations
are performed for QNIP (which works slowly and thus we allow this algorithm to perform
many more iterations than the other two). For the NTROTP algorithm, we set ¢ = 1077
to slightly perturb the singular Hessian AT A such that AT A + €I is positive definite. The
parameter \ is set as A = 1,2 and 5, respectively. As indicated by Fig. 4.7, QNPP and
NTROTP algorithms are comparable, and they outperform QNIP even if we allow the
QNIP to perform many more iterations than the other two algorithms. Fig. 4.7 also
indicates that the NTROTP with a small value of € is also efficient and robust for signal

recovery, although this has not been shown rigorously from a theoretical viewpoint.

4.4.4 Phase transition

We also performed experiments to compare the phase transition phenomena of NSHTP

and NTROTP algorithms. The vector length n is fixed as 512. A total of 40 sparsity levels
1

are taken uniformly from 1 to m, i.e., k = { J R, {39 J ,m. The minimal number

10" 10"
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Figure 4.8: Phase transition of NSHTP and NTROTP with respect to success rate and
time consumption under inexact measurements

of measurements is 40 which guarantees that there exist at least 40 different sparsity levels.
We take 10 values of m uniformly when m € [40,0.4n] and m € (0.4n, n], respectively. The
measurements are inexact, i.e., y = Ax 4 0.0017, where the entries of matrix A and vector
n follow the standard normal distribution A(0,1). The choice of algorithmic parameters
(€, \) of these two algorithms is A = 5, ¢ = max {0% + 1, — afn} . The iterative algorithms
terminate either when the criterion || — z*||, / ||z, < 107* is met or a maximum of 30
iterations are reached. At each pair of (m, k), the success rate is calculated based on 20
trials. The vertical axis represents the over-sampling rate p = k/m and the horizontal axis
is the under-sampling rate § = m/n. Clearly, the range of p and ¢ is (0, 1].

Fig. 4.8 shows the success rate change and time consumption for recovery success of
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Figure 4.9: Phase transition curve of NSHTP and NTROTP under inexact measurements
in terms of success rates

NSHTP and NTROTP over the phase transition region § x p = [0, 1]*. The shaded area

indicates the algorithm can recover the signal with a certain level of success rate. We can

see from Fig. 4.8 (a) and (b) that both NSHTP and NTROTP are efficient for sparse

signal recovery. Fig. 4.8 (¢) and (d) indicate that NTROTP requires more time than

NSHTP due to solving the convex relaxation optimization problem. However, comparing

their phase transition curves, we found it is worthwhile to apply the Newton-type optimal

thresholding methods.
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Figure 4.10: Examples of using logistic model to estimate the success rate for NTROTP

at a certain value of ¢
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Based on the data obtained from Fig. 4.8, for every given d, we can compute the
logistic regression model to determine the specific success rate corresponding to p. The
phase transition curve for different success rates can be derived, where 4.9 (a) and (b) show
the results for success rates 0.1 and 0.9, respectively. In particular, two examples in Fig.
4.10 show that logistic regression models can well estimate the success rate corresponding
to p. The higher the phase transition curve, the better signal recovery capability. In both
Fig. 4.9 (a) and (b), it can be seen that NTROTP performs better than NSHTP.

4.5 Conclusion

A class of Newton-type optimal k-thresholding algorithms is proposed in this chapter.
Under the restricted isometry property (RIP), we have proved that the NTOT, NTROT
and NTROTP algorithms are guaranteed to reconstruct sparse signals with a proper choice
of the algorithmic parameter and iterative stepsize. Simulations indicate that the proposed
algorithms, especially the NTROTP, are stable, robust, and comparable to some popular

compressed sensing algorithms for signal reconstruction.
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CHAPTER 5

PARTIAL GRADIENT OPTIMAL
K-THRESHOLDING ALGORITHMS

5.1 Introduction

A typical type of thresholding algorithms, including the traditional hard thresholding
methods and the algorithms proposed in previous chapters, adopts the full steepest descent
direction or a Newton-like direction as a search direction to generate an iterate on which a
certain thresholding is performed. Traditional hard thresholding methods discard a large
part of a vector when the vector is dense, thus a large amount of important information
has been lost in such a thresholding process. Recent study [134] shows that the hard
thresholding should be applied to a compressible vector instead of a dense vector to avoid
a big loss of information. On the other hand, the optimal k-thresholding as a novel
thresholding technique may overcome the intrinsic drawback of the hard thresholding,
and performs thresholding and objective function minimization simultaneously. This
motivates us to propose the so-called partial gradient optimal thresholding method studied
in this chapter!', which is an integration of the partial gradient method and the optimal
k-thresholding technique.

Consider the sparse optimization problem (3.4) as pointed out in Chapter 3. The key

!The main result in this chapter has been published (jointly with Yun-Bin Zhao, Michal Koévara and
Zhongfeng Sun) has been published on the Journal of Global Optimization, pp. 1-21, 2022 [86]
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step of thresholding-type methods for solving (3.4) can be formulated as

2P =Ty, (2P + A\d), (5.1)

where Ty () represents a thresholding operator to produce k-sparse vectors, A is the stepsize
and d represents a search direction. The formula (5.1) can be reduced to the well-known

iterative hard thresholding (IHT) method by setting 7 = Hy and d = —V f(x), i.e.,

Pt = Uy (2P — AV f (2F)),

where V f(z”) denotes the gradient of f at aP. The vector 2 — AV f(z") is generally
not sparse since the direction —V f (2%) is not necessarily sparse. To meet the sparsity
constraint in (3.4), the hard thresholding operator H; reduces the number of nonzero
entries to k from n, which causes a sudden change of the sparsity level and usually increases
the objective value. Inspired by the fact that the hard thresholding operator should be
imposed on a compressible vector to avoid such a significant loss of information [134, 139],
we adopt the partial gradient instead of the full gradient as a search direction to generate

the following sparse or compressible vector:

uP = aP — AH, (V[ (2F)) (5.2)

on which a thresholding operator is then performed to generate the next sparse iterate
2PT!. The integer number ¢ > 0 is the number of elements extracted from the full gradient
in the above formula. In other words, we only use ¢ significant entries of the gradient as
our search direction. Clearly, the vector generated by (5.2) may be not k-sparse, thus we
may use the hard thresholding of u” to produce an iterate satisfying the constraint of the

problem (3.4). The optimal k-thresholding is more powerful and more efficient than the
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hard thresholding. This suggests the following iterative scheme:

2Pt = ZF (2P — XM, (Vf (27)))

where Z,fé denotes the optimal k-thresholding operator, A\ > 0 denotes a stepsize, and

q > 0 is an integer.

i.

ii.

1ii.

The main contributions of this chapter can be summarized as follows.

We introduce a class of partial gradient optimal thresholding algorithms, including
partial gradient optimal k-thresholding (PGOT), relaxed partial gradient optimal
k-thresholding (RPGOT) and relaxed partial gradient optimal k-thresholding pursuit
(PGROTP), described as Algorithms 5.1, 5.2 and 5.3, respectively. In particular, the
PGROTP is considered the recommended version of the proposed algorithm used for

sparse signal recovery.

Under the restricted isometry property (RIP) assumption, we have shown the sufficient
conditions and convergence of our algorithms with ¢ in the range ¢ € [2k,n|. The
main results for the proposed algorithms are summarized in Theorems 5.3.3, 5.3.5 and

5.3.7, respectively.

We have conducted a series of numerical experiments to investigate the performance of
the proposed algorithms and make comparisons between them and some other existing
algorithms. Simulations from synthetic data indicate that PGROTP algorithm is
robust and comparable to several existing methods for sparse signal recovery. Empirical

results are given in Section 5.4.

5.2 Algorithms

We still focus on the specific problem

. (1
min { 5 ly = Avl3  lallo < k. (5.3

zeR™ | 2
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where A € R™*" with m < n is the measurement matrix and y € R™ denote the linear

measurements. The gradient of the objective function in (5.3) is given as
Vf(z)=—A"(y — Az).
By using the major part of this specific gradient, we define u” as follows:
u? =P + A\H, (AT (y — A:Cp)> ,

where 0 < ¢ < n is an integer number. The optimal k-thresholding of u” with respect to

the objective function in (5.3) is given by Z/ (u?) = uP ® w*, where
w* = arg min {||y —Alu®w)|3:e'w =k we {0, 1}”} :

Thus, the partial gradient optimal k-thresholding algorithm for solving (5.3) can be stated
as

= Zf (a7 + M, (AT (y — Aa7))).

By the definition of the operator Z,fé , the so-called partial gradient optimal k-thresholding
algorithm can be described explicitly as Algorithm 5.1. For algorithmic description and
analysis simplicity, we set A = 1 throughout the rest of the chapter. It should be stressed
that in practical applications, suitable stepsize should be used in order to speed up the
convergence of the algorithms. Moreover, ¢ needs to satisfy ¢ > k to guarantee enough
partial direction. Rather than working on the binary problem directly, one can solve its
relaxation leading to the so-called partial gradient relaxed optimal thresholding (PGROT)
algorithm, given in Algorithm 5.2. The PGROT can be further enhanced by including a
pursuit step (i.e., an orthogonal projection step) to find a possibly better iterate than the
point generated by PGROT. This consideration leads to the so-called PGROTP algorithm
which is described in Algorithm 5.3.

In the PGROT algorithm, the solution @w” to (PGROT},) is not k-sparse in general, thus
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Algorithm 5.1 Partial Gradient Optimal k-Thresholding (PGOT)

o Input: matrix A, vector y, sparsity level k, integer number ¢ > k, and initial point
0
xz =0.

o Iteration:

uP =P +H, (AT(y — Axp)) (PGOTy)
w? = argmin{|jy — A(w @ wP)|5: e’w=Fk, we {0,1}"} (PGOTy)
2Pt =P @ uP (PGOTs3)

« Output: k-sparse vector z* := zF™!,

Algorithm 5.2 Partial Gradient Relaxed Optimal k-Thresholding (PGROT)

o Input: matrix A, vector y, sparsity level k, integer number ¢ > k, and initial point
0
x =0.

o Iteration:

uP =P +H, (AT(y - Axp)) (PGROT,)
W = argmin{||y — A(w@u?)|5: e'w="Fk 0<w<e} (PGROTj)
Pt = Hy (WP @ uP) (PGROT3)
« Output: k-sparse vector z* := 2P,

Algorithm 5.3 Partial Gradient Relaxed Optimal k-thresholding Pursuit (PGROTP)

o Input: matrix A, vector y, sparsity level k, integer number ¢ > k, and initial point
0
' =0.

 [teration:
W =a” + Hy (AT (y — Aa?)) (PGROTP,)

w? = argmin{||y — A(w @ )| : efw="Fk 0<w<e} (PGROTP;)

( )

( )

SPH = L(WP @ uP) PGROTP;
2"t = argmin{||y — Az, : supp(z) C SP*'} PGROTP,

« Output: k-sparse vector z* := xP'L.
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the final step in PGROT is to restore the sparsity of an iterate. It should be noted that
the use of hard thresholding operator here is different from the one in the traditional IHT
algorithm, as a result of the vector u? generated by the partial gradient is (k + ¢)-sparse
instead of being a usually dense vector in IHT. Moreover, compared with the optimal k-
thresholding adopting a full descent direction, the partial gradient is beneficial for reducing
the complexity of optimization problems, e.g., the problem (PGOTj) and (PGROT},), in

the sense that the search region has been significantly reduced.

5.2.1 Extension to general problem

We can also extend the above algorithms for solving the problem (3.4). But for conciseness,

we only state the generalized version for PGROTP, given in Algorithm 5.4.

Algorithm 5.4 Generalized Partial Gradient Relaxed Optimal k-thresholding Pursuit
(GRPGOTP)

o Input: matrix A, vector y, sparsity level k, integer number ¢ > k, and initial point
0
' =0.

 [teration:
u” = a? = H,y (Vf(2"))
w? = argmin{ f(w @uP) : e'w ="k, 0 <w < e}

gptl — £k<wp ® up)
Pt = argmin{ f(z) : supp(z) C SP™}

« Output: k-sparse vector z* := z™!,

5.3 Theoretical Analysis

In this section, we perform a theoretical analysis including convergence of the proposed
algorithms in terms of the restricted isometry property (RIP). Our analysis is carried out

for the case of inexact measurements, i.e., y = Ax + 7.
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5.3.1 PGOT in noisy scenarios

Recall the following technical results concerning the properties of RIP matrix, and hard

thresholding operator H, respectively.

Lemma 5.3.1 [31, 89, 60]. Given a vector u € R" and a set {2 C [N], one has

H ((I — ATA> v)ﬂ”Q < Oflullz if card(Q Usupp(v)) < t,

H(ATU)QHQ < \/r&tllull2 if card(Q) < t.

Lemma 5.3.2 [142]. For any integer number o > [, any vector z € R" and for any

[-sparse vector u € R" (i.e., ||lul]lo < 8 ), one has

V541
9

lu = Ha(2)], <

||(U— Z)AUQH%

where A = supp(u) and © = supp (Ha(2)).

When g < «, a f-sparse vector is also a-sparse. Thus Lemma 5.3.2 above follows
exactly from Lemma 2.2 in [142]. The notation [-]| throughout this chapter denotes the
ceiling function. We are ready to perform the theoretical analysis of the algorithm PGOT.

The main result of PGOT is summarized as follows.

Theorem 5.3.3. Lety = Ax+n be the measurements of the signal x € R with measurement
error n, and q > 2k be a positive integer number. Suppose the restricted isometry constant
of A satisfies

I3 < (5.4)

where o € (0,1) is the unique real root of the univariate equation

() (o s shesige o9
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Then the sequence {zP} generated by PGOT satisfies that

o7+ = s, < plla? - 2sll, + Tl Azs + e, (5.6)
where
V541 /Tq 1+ 0
= - 1)6 <1 5.7
pi= = (] ) o 67

is gquaranteed under the condition (5.4), and the constant T is given as

VB ([ 1) (14 6) +4 -
T = N : (5.8)

In particular, if n = 0, the sequence {x"} generated by PGOT converges to x.

Proof. Denote y = Az +n = Azg +n', where S := L;(z) is the support set of the largest
k magnitudes of  and ' = Azg +n. Let @ € {0,1}" be a k-sparse vector, such that

S C supp(w). Applying Lemma 4.3.3, we immediately have

14 6,
1 — by

s — 271, = llzs — P @ P, < (s — ) @l + (5.9)

2
ﬁ 171l -
By the structure of PGOT, we know v” = 2P +H, (AT (y — Axp)). Denote 2 := L£,(A” (y—

Az?)). Applying Lemma 5.3.2, we have

s — wlly = s —a? — H, (AT (y — Aa?))

V5 +1

<
-2

(5.10)

(ws —a¥ — AT (y — Aa7))

QU(SUSP) ||y

112



We also have that

H (:L‘S —a? — AT (y — Axp))

= (1‘3 —a? — AT (y — Agﬁ’))

QUSUSP 112

+ (xs — 2P — AT (y - A:cp)>

Q\(SusSP) SUSP ||
< (:vs —ar = Ay - Axp)>9\(5u5p + H( s —a? — ANy - A$p))5u5p 2
< |[(ws =" = A" (y = A2") |, + | (zs —a* = AT (g = 4a")) ], (5.11)

Noting that y = Axg+7', the second term of (5.11) on the right-hand side can be bounded

by Lemma 5.3.1, such as

H(xs —a? — AT (y — Axp))

= H((I - AT A) (s xp))SUSP 2" H<AT77/>SUSP 2

< Oor ||z — 2P|y + /14 dar |7l (5.12)

SuUSP 112

since card(supp(zs — 2P) U (S U SP)) < 2k. Separate the set € into ¢ sets, such as

Q=T1UT,...,T;, where t = Lﬂ and card(T;) < k for i = 1,...,t. Thus, we can write

(ms —aP — AT (y — Axp))T

i

H<$s —ah = Ay - Axp))QH2 = ; 2
< ; z:l (AT /)

<t |ws — 2P|y +ty/ 140 [0, (5.13)

(( — AT A)(xg — ) )

’L

2

where the last inequality follows from Lemma 5.3.1 since card(7; U supp(zs — 2)) < 3k.

Due to the fact 6 < dor, and combining (5.10)-(5.13), we have

[(rs — u”) @ |, < [|zs —uP|l, (since 0 < <e)
V5 +1 VE+1
< (t +1)dsk [|2g — 2P|, + 5 (t+ 1)\/1 + 0o [[Arg + 1], -

(5.14)
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Substituting (5.14) into (5.9) yields

H;I;p“ — 3:5H2 <plla? —zslly + 717l

p= \/32“ <m +1) 53k,/11:“(;52";€ (5.15)

(VB+1) ([#] +1) (1+02) +4
2V/1— 01 '

For the guaranteed performance of sequence {z”} generated by PGOT, what required is

541 1490
\/_; (t + 1)03p1 | : +53’“ <1,
— U3k

since 0y < 09 < d35. It is equivalent to

where

and

T =

that p < 1 which implies

2 1) 2 <0
315 34E

(t+1)203, + (t + 1)%63, + (5.16)

The left-hand side of the above inequality is clearly a cubic function in terms of d3;. Denote

2 2

Oar) = (t +1)%05, + (¢ +1)°05, + ———=0s — ——=.
f(0s1) = ( )"05; + ( )"03, 3_|_\/53’f 3+5

The derivative of f is given as

2
"(8a1) = 3(t + 1)%62, 4+ 2(t + 1)%6g, + ———,
f(031) = 3(t + 1)703;, + 2(t + 1) 03 355

which is always positive as a result of d3;, € (0, 1]. Therefore, the function f(dsy) is strictly

monotone increasing over the interval (0, 1]. It is clear to see that

f(0) = — <0, f(I)=2(t+1)?>0,
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by which we see that there always exists a unique real root o* € (0, 1) satisfying f(a*) = 0.
The inequality (5.16) holds under d3;, < «, thus p < 1 can be guaranteed. The desired
results follow.

In particular, if the target vector x is k-sparse and the measurements are exact, i.e.,

y = Az, the sequence {z”} generated by PGOT converges to = as p — oo with

o], <l < 1 o]

2 I

where p is the same as (5.15). |

The bound of d3; in Theorem 5.3.3 is implicit, but we can provide an explicit bound of
1+ 05 < 1+ 65

5+1 146
\[2 (t + 1)d3 sk

035, for PGOT. As a result of

a sufficient condition for (5.7) is

< 1.
1 — d3y,

The relation above amounts to h(dsx) < 0, where h(ds;) is a quadratic function defined as

Vi+1

(t+1).

The discriminant of h(dz;) is A = (¢ + 1)? + 4¢ which is always positive. Thus the range

of 03, is
~(@+) - VFFOOFT _ o 0+ 1)+ V6o T
2¢ < 03 < 2¢ .

(5.17)

Clearly, the left hand side of (5.17) is negative, and it is easy to verify the right hand side

is between 0 and 1. Together with ds; € (0, 1], a sufficient condition for h(ds;) < 0 is

(p+1)+ V> + 60+ 1
20 '

O3 < —
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Rearranging terms leads to the following corollary.

Corollary 5.3.4. Let y = Ax + n be the measurements of the signal x and q > 2k be an

integer number. Suppose the restricted isometry constant of A satisfy

2
I3 < )
T P66+ I +o+1

where

0 L1 (1))

2

Then the sequence {zP} generated by PGOT satisfies that
[a7tt = s, < plla” = 25]l, + 7l Azg + 7,

where p and T are given by (5.7) and (5.8), respectively.

5.3.2 PGROT in noisy scenarios

Theorem 5.3.5. Let y = Ax + n be the measurements of the signal x with measurement
error 1, and q > 2k be a positive integer number. Suppose the restricted isometry constant

of matriz A satisfies

s < B, (5.18)

where 5% is the unique real Toot of the equation

(1] mes (o) i o

in (0,1). Then the sequence {a¥} generated by PGROT satisfies

a7+ — ||, < Plla? — wsl, + 7l Awg + e, (5.20)
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where

2
541 110
p:3<‘[2+ ) <m+1) Ss1, 1:L52kk<1 (5.21)

is ensured under (5.18), and the constant T is given as

T:<\/5+1>23(m+1)<1+5k)+ V51 (5.22)

2 NI V1=

In particular, if x is k-sparse and n = 0, the sequence {x"} generated by PGROT converges

to x.

Proof. Denote SP™ = supp(2P*!). Applying Lemma 5.3.2, we have

VE+1
2

s —a7tY|, = llzs — Hi (w” @ )|, < I(zs — w” @ w)susnlly  (5.23)

Note that 0 is a k-sparse binary vector satisfying S C supp(w). Let y = Az +n = Azg+7'.

Applying Lemma 4.3.7 leads to

I(zs = u” © wP)g gpally

1+ 4y , 2
_ N 2 P _ - /
<\ (s = ) @1l + 2 [F (o = a5) ) + —z==s= [l
14 0 2
< 34— —uP — I , 5.24
<8y g lles =l + i, (5.24)

where the last inequality holds since ||(zg — u”) ® @, < ||[Hi (vF — zg)|, < ||zs — uP]],.

By (5.23) and (5.24), we have

— ot < ‘/5; ! (3 L0

2 /
ﬁ In ||2) :

=5

Let t = [;ﬂ Based on (5.14), we have

VE+1 Vb +1
lzs = wPlly < ———(t+ 1)da |25 — 2|, + — (t+ 1)/ 140k 17, -
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Combining the above two relations yields
|zs — 27|, < B llws — [l + 7l (5.25)

where p and 7 are given as (5.22) and (5.22) respectively. Due to the fact d; < dop < Iy,

the requirement for guaranteed performance p < 1 implies

2
1
3 V5t (t + 1)6s, 03k _ 1, (5.26)
2 V1= 65

which is equivalent to

2 2
9t +1)%03 +9(t+1)%02 + — 63— ———— < 0.
(b 1)+ 9( + )03 7+3V5 0 7+3V5

Denote
2

2
5 - )
7135 713/5

f(03) = 9(t + 1)203, +9(t + 1)%03, +

whose derivative is given as

2
" (8ax) = 27(t + 1)%03;, + 18(t + 1)%03 + ———
[ (ds1) (t +1)°05), + 18(¢ + 1)"0sy, W
which is always positive over the interval (0, 1]. Hence, there always exists a unique real

positive root 5* € (0, 1) satisfying f(5*) = 0 because

f(0) = f(1) =18(t+1)* > 0.

<,
7+3V5

Therefore, we see that once d3;, < 8%, the relation (5.26) can be guaranteed, and the
desired results follow.
Especially, when the target vector x is k-sparse and 1 = 0, the relation (5.25) will be
reduced to
T e

2

118



Therefore, the sequence {z”} generated by RPGOT converges to  when p — oo. |

We can also provide an explicit bound of d3; for PGROT by using the relation

1+ O3 - 1+ 03

A sufficient condition for p < 1 is

\/5"’1 ? q 1+63k
3( 2 qkhlﬁg”“l—@kd’

which implies

Y3, + (¢ +1)03 — 1 < 0, where ¢ =3 <\/§2+1>2 q;ﬂ + 1).

By the same analysis as in Section 5.3.1, we immediately have the following corollary.

Corollary 5.3.6. Let y = Az + n be the measurements of the signal x with measurement
error n, and q > 2k be a positive integer number. Suppose the restricted isometry constant

of matrixz A satisfies
2

03 < )
VT I+ u+1

=52 (219

Then the sequence {zP} generated by PGROT satisfies

where

|a7tt = s, <Bla” — zsll, + 7l Az + nll,

where p and T are given as (5.21) and (5.22), respectively.
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5.3.3 PGROTP in noisy scenarios

The PGROTP is a combination of PGROT and a pursuit step. Thus we can still utilize

Lemma 3.3.8 to complete our analysis.

Theorem 5.3.7. Let y = Ax + n be the noisy measurements of the signal x with noise
n, and q > 2k be a positive integer number. Suppose the restricted isometry constant of

matriz A satisfies

1
53k < 5 . (527)
3(45%) ([#[+1) +1
Then the sequence {zP} generated by PGROTP satisfies
o7+ = s, < plla? - asll, + 7l Azs + e (5.28)
where ({ W )
VE+1\2 3 (4] +1) 6
* 1 5.29
is gquaranteed by (5.27), and the constant T* is given as
2
Co3(8) ([Z]+1)(1+5k)+x/3+1+‘/—1+5k (5.30)
" = .

(1 — o)1 + dax, 1—bop

In particular, when x is k-sparse and n = 0, the sequence {a"} generated by PGROTP

converges to x.

Proof. The PGROTP can be regarded as a combination of PGROT with a pursuit step,
thus we could analyze these two steps separately. Denote Z#*! as the intermediate vector

generated by PGROT. Based on the analysis of PGROT algorithm, we have

e

777 = sl < pllws — 2P lly + 7'l

where p and 7 are the same as (5.21) and (5.22) respectively. Applying Lemma 3.3.8, we
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immediately have the relation for pursuit step, such as

1
s = a7, <« =17 ~ asllo +

21— (6)?

Using the relationship of RICs, i.e., d0p < dor < d3x, and combining above two inequalities,

V140 ,
17 H2
1 — dop,

we have

|es = 2|, < " llas = @ lly + 7110,

where p* and 7" are given in (5.29) and (5.30) respectively. To guarantee the recovery of

xgs by PGROTP, it is sufficient to require p* < 1 which is equivalent to

3(5) ([#] 1) +1

Thus the desired results follow. [ |

(Sgk <

Remark 5.3.1

We list a few RIC conditions in terms of d3; for the proposed algorithms with different
q, i.e., ¢ = 2k, 3k, 4k. The results shown in Table 5.3.1 are derived based on (5.5), (5.19)
and (5.27) for the ¢ as given above, respectively. It is worth mentioning that, when
q = n, the partial gradient H,(V f(x)) becomes the full gradient V f(z), and the partial
gradient optimal thresholding algorithms are reduced to the optimal k-thresholding (OT),
relaxed optimal k-thresholding (ROT) and relaxed optimal k-thresholding pursuit (ROTP)
algorithms, respectively. The sufficient conditions for the convergence of these algorithms

are studied in [134] and [139).

The value of ¢ PGOT RPGOT RPGOTP

q =2k O3k < 0.1729 | 93, < 0.0407 | 935 < 0.0407

2k < q <3k | 03, < 0.1348 | 63 < 0.0308 | d3 < 0.0308

3k < q <4k | b3, < 0.1106 | d3r < 0.0248 | b3, < 0.0248

Table 5.1: The upper bounds of d3; for several different ¢
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Remark 5.3.2
The quadratic optimization problem in the proposed algorithms, i.e., Algorithms 5.2 and

5.3, can be written as
min {[ly — [4a] (0 ® [0 |2 : 7w = k,w € {0,1}¢+9},

where A = supp(u”) and u” = 2P + \H, (AT (y — AP )) In this case, the complexity of
solving the problem becomes O((q + k)*°L) instead of O(n*®L), where L is the size of the
problem data encoding in binary. And according to Remark 4.3.3, it is easy to calculate
that the complexity of each iteration of PGROT is O(mn + (¢+k)*°L), and each iteration
of PGROTP requires about O(mn + (¢ + k)*°L + k*) operations when applying least
square method to the pursuit step or about O(mn + (¢ + k)*°L + m?*) flops when the
Cholesky decomposition strategy is introduced to work on the matrix [Ag]” [Aq]. The
primary cost of the relaxed-optimal-hard-thresholding-based algorithms generally lies in
solving quadratic optimization problems. The partial-gradient-based algorithm in this
paper is quite different from the strategy in [134]. To improve the chance for the solution
of (ROT) to be binary or nearly binary, two or more relaxed optimal k-thresholding steps
are employed by the algorithms in [134]. However, the iterate generated by partial gradient
methods is at most (k 4 ¢)-sparse, based on whether the vector derived from the relaxed
k-optimal thresholding is more compressible than the one generated by the algorithms in

[134].

5.3.4 Solving sparse optimization problem

Our results can be generalized to the case of solving the sparse optimization problem
(5.3), which provides an estimation of the distance between the iterate z¥ generated by the
proposed algorithms and the global solution z* of the problem (5.3), given in the following

Theorems, respectively.

Theorem 5.3.8. Let x* be the solution to the problem (5.3), and n* := y — Ax*. Let
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q > 2k be a positive integer number. Suppose the restricted isometry constant of matriz A

satisfies one of the following conditions:

(1) d3r < o, where o € (0,1) is the unique real root of

({IJ +1)2a3+ dk} +1)2a2+3+2\/504— 3+2\/3=0,

(ii) O3y satisfies

O3k < ¢¢2T¢i1+¢+1’ where ¢ = ﬁ;l (HED!

The sequence generated by PGOT satisfies the relation (5.6).

Theorem 5.3.9. Let x* be the solution to the problem (5.3), and n* = y — Ax™. Let
q > 2k be a positive integer number. Suppose the restricted isometry constant of matriz A

satisfies one of the following conditions:

(i) 03r < B*, where 5* € (0,1) is the real root of

(1) mo(f]1) 7+ o

(ii) O3y satisfies

2
mrerrer e = (57) ({)

531: <

Then the sequence generated by RPGOT satisfies the relation (5.20).

Theorem 5.3.10. Let x* be the solution to the problem (5.3), and n* :=y — Ax*. Let
q > 2k be a positive integer number. Suppose the restricted isometry constant of matriz A

satisfies the following condition:

53k: < 5




Then the sequence generated by RPGOTP satisfies the relation (5.28).

These results demonstrate how far the iterate "' generated by the algorithm is from
the optimal solution x* of the problem (5.3) and show that the bound of ||z?*! — z*||

depends on the value ||n*||2 = ||y — Az™||2.

5.4 Numerical Experiments

Simulations via synthetic data are carried out to demonstrate the numerical performance
of the PGROTP which is the main implementable algorithm proposed in this chapter. We
test the algorithm on four aspects: objective reduction, the average number of iterations
required for solving the problem (5.3), success frequency in vector reconstruction and phase
transition in terms of success rate. Unless otherwise stated, the measurement matrices
used in experiments are Gaussian random matrices whose entries follow standard normal
distribution N'(0,1). For sparse vectors, their entries also follow the A(0,1) and the
position of nonzero entries of the vector follows the uniform distribution. All the convex
optimization problems arising were solved by CVX developed by Grant and Boyd [66]

with solver "Mosek’ [3].

5.4.1 Residual reduction

This experiment is used to investigate the objective-reduction performance of the PGROTP
with different ¢, including ¢ = k, 2k, 3k and n. We set A € R*%19%0 and y = Az*, where
x* is a generated k -sparse vector. Thus z* is a global solution of the problem (7). Fig.
1 records the changes of the objective value |y — Az||; in the course of the algorithm
up to 70 iterations. Fig. 1 (a) and Fig. 1 (b) include the results for the sparsity level
|z*||, = 162 and 197 , respectively. It can be seen that PGROTP is able to reduce the
objective value during iterations. Moreover, this experiment also indicates that the optimal

k -thresholding methods with partial gradients often perform better in objective reduction
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than the ones using full gradients.
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(a) Sparsity level k = 162 (b) Sparsity level k = 197

Figure 5.1: Residual change in the course of iterations for PGROTP with different ¢, i.e.,
q = k,2k,3k,n. The size of measurement matrix is 500 x 1000, and the measurements are
exact, i.e., y = Az™.

5.4.2 Number of iterations

Experiments were also performed to demonstrate the average number of iterations needed
for PGROTP to reconstruct the sparse signal. The signal length is fixed to be 1000,
and the size of the measurement matrix is m x 1000, where m takes the following a few
different values: m = 300, 400, 500, 600. The measurements y = Az™ are accurate. In this

experiment, if the iterate z” satisfies the criterion

B2 _*T*Hz

<1073, (5.31)
[Ecd P

the algorithm terminates and the number of iterations p is recorded. If the algorithm
cannot meet the criterion (5.31) within 50 iterations, the algorithm stops, and the number
of iterations performed is recorded as 50. For each given sparsity level, the average number
of iterations is obtained by attempting 50 trials. The outcomes are shown in Fig. 5.2 which
indicate that the required iterations of PGROTP for vector reconstructions are usually low
when the sparsity level of x* is low, and that the number of iterations which is required

for solving the problem increases as the sparsity level increases. This figure also shows
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Figure 5.2: Comparison of the average number of iterations required by different q. The
length of the target signal is 1000, and measurements are exact, i.e., y = Ax".
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that which is for a given sparsity level, the more measurements are required, the lower
the average number of iterations are needed by the PGROTP to meet the reconstruction

criterion (5.31).

5.4.3 Sparse signal recovery

Simulations were also carried out to compare the success rates of the PGROTP algorithm
in sparse vector reconstruction with several existing algorithms, such as ¢;-minimization,
SP, OMP and ROTP2 (see [134] and [139]). The size of the measurement matrix is
still 500 x 1000. For every given ratio of the sparsity level k£ and n, the success rate of
the algorithm is obtained by 50 random attempts. In this experiment, SP, ROTP2 and
PGROTP perform a total of 50 iterations, whereas OMP is performed k iterations. After
performing the required iterations, the algorithm is counted as success if the condition
(5.31) is satisfied. The success rates for accurate and inaccurate measurements are
summarized in Fig. 3 (a) and (b), respectively. The inaccurate measurements are given as
y = Ax™ 4+ 0.001n, where 7 is a standard Gaussian vector. Compared with several existing
algorithms, it can be seen that the PGROTP is robust and efficient for the sparse vector

reconstruction in both noise and noiseless environment.

*— % \ “o L,-min * N —G— Lymin
09l \ AV —— 5P 1 0ol %\ A —x— 5P

\ ROTP2 ROTP2
* \ —+— OMP x —%— OMP
08} % — ~— PGROTP [ 081} * . | — ~— PGROTP|{

o . . . . == L 0 . . . . oL s St el
0.14 0.16 0.18 0.2 0.22 0.24 0.26 0.28 03 0.14 0.16 0.18 02 0.22 0.24 0.26 0.28 03
The ratio kin The ratio kin

(a) Exact measurements (b) Inexact measurements

Figure 5.3: Comparisons of success rate of sparse signal reconstruction between several
algorithms.
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5.4.4 Phase transition

We also conducted experiments to demonstrate the phase transition of PGROTP(q = k)
and compare with /;-minimization, SP and ROTP2 algorithms. In this experiment, the
length of the target vector x* is fixed as n = 2048. We take 40 different sparsity levels
uniformly from 1 to m, i.e., k = Lll()mJ R, EﬁmJ ,n. For the number of measurements
m, we require m > 40 to ensure that there are 40 different sparsity levels. We take a
total of 20 different values for the measurements, 10 uniformly from [40, 0.4n] and 10 from
(0.4n,n]. The matrix A is a Gaussian random matrix whose entries follow the normal
distribution N(0,1/y/m). The measurements of z* are inexact, i.e., y = Az* + 107",
where 7 is a standard Gaussian vector. The iterative algorithms terminate either when
the criterion (5.31) is met, or the maximum of 30 iterations are reached. The algorithm
is counted as success when (5.31) is satisfied. For each pair of (m, k), we use 10 trials to
calculate the success rate and the average time consumption for success recoveries. In Fig.
5.4-5.7, the vertical axis represents over-sampling rate p = k/m, while the horizontal axis
represents under-sampling rate § = m/n.

Fig. 5.4 shows how the success rate changes with ¢ and p for these four algorithms. It
can be seen that all four algorithms are efficient for sparse signal recovery. What surprised
us is the performance of the SP algorithm, which fails to recover the signal when p > 0.5
even if the number of measurements increases, except for when the measurement matrix is
square. In Fig. 5.5, we plot their phase transition curves to make an intuitional comparison
of their recovery capability of sparse signal recovery.

For every given 4, the logistic regression model is used to determine the specific success
rate corresponding to p. The phase transition curves can be obtained in terms of different
success rates, where Fig. 5.5 (a)-(c) demonstrate the curves for the success rates 0.9, 0.5
and 0.1, respectively. Such curves delineate the regions where the algorithms can recover
the target signal with a specific success rate and the region where they cannot. In general,
the higher the curve, the better the performance of the algorithm. Fig. 5.5 indicates

that PGROTP performs comparably to the other three algorithms. We also see that
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Figure 5.6: Time consumption of ¢;-minimization, SP, PGROTP and ROTP2 algorithms
for successful recovery

although PGROTP adopts a partial gradient direction, it maintains a similar performance
to ROTP2 in sparse signal recovery.

We now shed some light on the comparison between the CPU time for successful
recovery of these four algorithms, as shown in Fig. 5.6. For iterative-type algorithms, it
can be seen that when more measurements are used to recover a denser signal, more time
is required for successful reconstruction. The graph for ¢;-minimization indicates that its
time consumption is highly related to the size of the measurement matrix rather than the
sparsity level, which is quite different from the case of iterative methods. And we also see
that the optimal-thresholding-type algorithms require much more time than the others

due to solving the quadratic optimization problem.
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Finally, we compare the performance of PGROTP and ROTP2 via time consumption
time(ROTP2(4, p))
time(PGROTP(4, p))
region. The difference in time consumption between the two algorithms is more pronounced

over the phase transition

ratio. Fig. 5.7 shows the time ratio r =

when more measurements are used to recover a sparse signal. Fig. 5.7 clearly shows that
when dealing with signals with low sparsity levels, the PGROTP algorithm can recover a
wide range of signals with less time than ROTP2. This does show that using the partial

gradient information may help reduce the runtime of the optimal k-thresholding method.
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Figure 5.7: Time consumption ratio of PGROTP and ROTP2

5.4.5 Main findings

The main findings from numerical performances can be summarized as follows. In reducing
the objective value, optimal k-thresholding techniques using partial gradients perform
better than those using full gradients. When the sparsity level is relatively low relative to
its length, PGROTP requires a small number of iterations to recover a sparse signal. The
PGROTP is robust and efficient for sparse signal recovery, and it is also comparable to
{1-minimization, SP and ROTP2 in terms of the success rates. The optimal-thresholding-
type algorithms usually require more computational time to solve the sparse optimization
problem than traditional hard thresholding and existing heuristic algorithms. The primary
computational task is to solve quadratic optimization problems. Nevertheless, optimal-
thresholding algorithms have the advantage of being more stable, robust and capable of

stronger reconstruction than some existing methods.

5.5 Conclusion

Motivated by the recently proposed optimal k-thresholding technique, we developed the
partial gradient-based optimal k-thresholding method. Under the restricted isometry prop-
erty (RIP), we established sufficient conditions including the convergence of the algorithms

when ¢ € [2k,n) for sparse signal recovery. Numerical experiments demonstrate that the
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PGROTP algorithm is efficient for sparse signal reconstruction, and it is comparable to
some other popular compressed sensing algorithms. The framework of gradient optimal
thresholding can be extended to solve the general sparse optimization problem (3.4). We

leave this as future work.
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CHAPTER 6

OPTIMAL PARTIAL GRADIENT HARD
THRESHOLDING ALGORITHMS

6.1 Introduction

In Chapter 5, we presented methods that combine the partial gradient method and
optimal k-thresholding technique, and demonstrated that they are efficient for sparse
signal reconstruction. For unconstrained optimization problems, using a partial gradient
may slow down the decrease of the objective value compared to the full gradient. However,
for sparsity-constrained optimization problems, it is helpful to reduce a sudden increase of
the objective value during the course of iterations. In this chapter, we adopt the so-called
optimal partial gradient direction to develop a new hard-thresholding-type approach.

We still consider the problem of the form:
min {f(2) : [lzllo < k}. (6.1)

The ideal search direction of an iterative algorithm for solving (6.1) is the one that could

simultaneously keep the sparsity of iterates and reduce the objective value, i.e.,
f@@*h) = f(a? +d) < f(aP),

where both the new iterate z'*' and the current iterate 2 are k-sparse. However,
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such a direction is usually difficult to find. Thresholding methods have been proposed
as compromises by generating an iterate using traditional descent directions and then
restoring sparsity by using specific thresholding strategies. However, as pointed out in
[134], imposing the hard thresholding operator on a dense vector may increase the objective
value, thus we adopt the partial gradient to generate an iterate sparser than the one
generated by a full gradient. In Chapter 5, we use the major part of the gradient, i.e.,
H,(Vf(z)) where ¢ > 0 is an integer. In this chapter, we adopt the so-called optimal

partial gradient that minimizes the objective function, leading to
up = 'Tp + )\ dopt—par('xp) = Ip - )‘vf(‘rp) ® U)*7 (62)
where A > 0 denotes the stepsize, and the vector w* is given as

w* = argmin{f (2P — AV f(2P) @ w) : e’w = q,w € {0, 1}”}

w

The integer ¢ > 0 is used to determine how many elements are extracted from the full
gradient. Since the iterate u” generated by (6.2) may not be k-sparse, we use the hard
thresholding operator H;, to generate the iterate satisfying the constraint of (6.1), leading
to

2P = Hy (2P + X doptpar (27))

which is the key step for the proposed algorithms in this chapter. The main contribution

can be highlighted as follows.

i. We introduce a class of optimal-partial-gradient-based hard thresholding methods,
including optimal partial gradient hard thresholding (OPGHT), relaxed optimal partial
gradient hard thresholding (ROPGHT) and relaxed optimal partial gradient hard
thresholding pursuit (ROPGHTP), described in Algorithms 6.1-6.3, respectively.

ii. Theoretical analysis of the proposed algorithms for sparse signal recovery was carried

out using the restricted isometry property (RIP). The main results are given in
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Theorems 6.3.1, 6.3.3, and 6.3.4, respectively.

iii. Numerical experiments indicate that the proposed algorithms are comparable to the
hard threshold pursuit (HTP) algorithm, and the ROPGHTP is less sensitive to the

choice of stepsize than HTP.

6.2 Algorithms
We focus on the specific problem
.1 9
min {2y = Al s oo < k. (63)
for which the key step for optimal gradient hard thresholding can be written as
Pt = Hy (2P — AV f(2P) @ wP),

where V f(z) = —A” (y — Az) and w? is the minimizer of the following problem:

w” = arg min {ly=A@" = AV @w)|;:e"w=qwe{0,1}"}.  (64)

The optimal partial gradient hard thresholding (OPGHT) is given as Algorithm 6.1 with
stepsize A = 1. The problem in (6.4) is a binary optimization problem. To avoid possible

expensive computation, we can solve its relaxation version as follows:
wP = argmin{”y — AP =\ ") @w)|s:efw=¢0<w< e},
w

based on which the relaxed version of OPGHT is stated as Algorithm 6.2. Moreover, it can
be further accelerated by using a pursuit step, leading eventually to the so-called relaxed
optimal partial gradient hard thresholding pursuit (ROPGHTP), which is described as
Algorithm 6.3.

137



Algorithm 6.1 Optimal Partial Gradient Hard Thresholding (OPGHT)

o Input: measurement matrix A, measurements y, sparsity level k, integer ¢ > 0 and
an initial point °.

o Iteration:

d? = AT (y — AxP) (OPGHT,)
w? = argmin{|jy — A (22 +w @ )| : e"w = ¢,w € {0,1}"} (OPGHTY)
2P = Hy (2P + wP @ dP) (OPGHT3)

« Output: k-sparse vector z* := 2P

Algorithm 6.2 Relaxed Optimal Partial Gradient Hard Thresholding (ROPGHT)

o Input: measurement matrix A, measurements y, sparsity level k, integer ¢ > 0 and
an initial point z°.

» [teration:
&’ = A" (y — AxP)
w? = argmin{||y — A2’ + w @ d")|5 : e’w = ¢q,0 <w < e}
v =H (W @ dP)

Pt = Hp (2P + oP)

« Output: k-sparse vector z* := 2P

Algorithm 6.3 Relaxed Optimal Partial Gradient Hard Thresholding Pursuit
(ROPGHTP)

o Input: measurement matrix A, measurements y, sparsity level k, integer ¢ > 0 and
an initial point z°.

 [teration:
dr = AT (y — AxP)
wP = argmin{|ly — A2’ + w@ d)|5: e’w = ¢,0 <w < e}

SPT = Ly (2P + Hy (0" @ dP))
2Pt = argmin{||y — AZH; s supp(z) €SP}

« Output: k-sparse vector z* := aP™.
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6.3 Theoretical Analysis

In this section, under the restricted isometry property (RIP), we establish the guaranteed

performance of the proposed algorithms with ¢ = 2k.

6.3.1 Analysis of OPGHT in noisy scenarios

The main result for OPGHT is summarized as follows.

Theorem 6.3.1. Let y = Ax + 1 be the noisy measurements of the signal x, and q = 2k.

Suppose the restricted isometry constant dy, of the measurement matriz A satisfies that
541@ < 0.4031.

The sequence generated by the OPGHT satisfies

pr+1 —st - \/5+152k 1+ 0o, (V5 + 1)(3+ a1
, <

Y4
— x|, +
2 1— o4 |2" = s, 21 — our

[Azg + 7]y

In particular, if x is k-sparse and n = 0, the sequence generated by the OPGHT converges

to x.

Proof. Let SP*t = L} (2? + w” @ uP) and S = Li(x). Applying Lemma 5.3.2 we immedi-

ately have that

o7t s, = e (@7 + 0” © ) s

ﬁ+1”
9

Vi+1
9

<

(27 +w” @ d” — 15) g 50411l

< |2P — zg + wP @ d?||,. (6.5)

Denote y = Az +n = Axg + 1’ with = Azg + n, where S denotes the complementary
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set of S. Due to the fact card(S U SP Usupp(w”)) < 4k, we can write

ly = Al +w” @ d)[l, = [[A(zs — 2 —w” @ d”) + 1 |,
> [ A(zs — 2 —w” @ d)l|, — [0,

> 1 = dullws — a2 —w? @ dlly — |[7']],, (6.6)

where the last inequality follows from the RIP since card(zg — 2P — w? ® dP) < 4k. By an
analysis similar to the proof of Theorem 4.3 in [134], we may bound the left-hand side of
(6.6). In fact, there exists a 2k-sparse vector w € {0, 1}" such that ¥ ® (xg —2?) = xg —2”.
By the structure of algorithm, the vector w? is the optimal solution to problem (OPGHTS,),

therefore we can write

ly = A" +w? @ )|, < |ly — Al@? + 0@ )|,
= [|[A(zs —2? —w @ d") + 7',
= [[A((zs — ¥ — d¥) @ D)) + 77|
< [|A((zs — a” — d¥) @ @))[l5 + [l

< V1 Oll(ws — 2" — d”) @ @]y + [I7'll,, (6.7)

where the last inequality holds since card(supp(w)) < 2k. Combining (6.6) and (6.7) leads

to
1+ 09y, ~ 2
lzs — 2" —w” @ d”lly < /17— " [(zs — 2" —d”) @ ||, + ﬁ“ﬁlny (6.8)
By the definition of d” and y = Axg + 7/, we have
rg —af —df = (I — ATA)(xg — 2P) — ATy (6.9)

Since card(supp(w) < 2k) and card(supp(xzs — 2P) U supp(w)) < 2k, substituting (6.9)
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into (6.8) and applying Lemma 3.3.1 yields

l(xs —2” = &) @ @), = ||((I = A" A)(ws —2") @@ — (A") @ @,

< (0 -7 y(as —07)

S (SRR

< Oanllrs — 2|5 + /1 + Oall7'[l,. (6.10)

Combining (6.8) and (6.10), we have

1+ 52k 3+ (52k

T lles = a7l +

|lzg — 2P — wP @ dP||, < o, (6.11)

Combining (6.11) and (6.5) yields

o+t — ], < YO gy [ L0y, DO 0
S g = 2 2k 1_(5 xrs 2 2m 9-

To guarantee that zP*! is better than z¥ to approximate zg, it is sufficient to require

I
_ VBl [ltom (6.12)
> 1~ oy

2 2
541 5+1

which indicates

as a result of dg, < d4,. Thus sufficient condition for (6.12) is d4 < 0.4031, as desired.
In particular, if = is k-sparse and 1 = 0, the sequence generated by OPGHT converges

to x with

[ — |2 < plla” =zl < PP 2" — 22,

where p is given in (6.12). |

6.3.2 Analysis of ROPGHT in noisy scenarios

The following lemma is useful to our analysis.
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Lemma 6.3.2 (Lemma 2.5 in [142]). Let A C {1,...,n} be an index set satisfying

that A Nsupp(u) = 0 and card(A Usupp(u)) < t. One has
072, <6

The main result of ROPGHT is summarized as follows.

Theorem 6.3.3. Let y = Ax + n be the noisy measurements of the signal x, and q = 2k.

Suppose the restricted isometry constant of the measurement matriz A satisfies
dar < 0.1033.

The sequence generated by the ROPGHT algorithm satisfies

p+1

ot~ ‘”SHQ < plla? = zslla + Tl Azg + 1]l

where
NGEE 1>2< 52k\/1+52k+353k\/1+6k>
= Oor + O + 6.13
P ( 5 2k T 04k s, (6.13)
and

VB4 1\? [ 6 + 30 + 6
= 2¢/1 + 6 . 6.14
T < 5 ST =00 + 24/ 1 + 09 ( )
Proof. Still we denote SP** = supp(2™!) and S? = supp(z”). Applying Lemma 5.3.2, we

have

|artt = s, = 1M (@@ + %) — 25l

V5 +1
2

< \/52+1

Vo1
2

- <\/5+1
=\ 2

<

(2P + 0P — 25) g gpe1lly

|27 + v — sl

||3:‘p —xg + %Qk(wp & dp>H2

(6.15)

2
) H(xp —rg+uw'® dp)SuSPuSupp(v”) 2’
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Since S U SP Usupp(v?) = (S U SP) U (supp(v?)\(S U SP)), we then can write

H(xp + dP @ w? — l’S)guSPUSupp(vp) 2

= [ + (@ @ wP) guig — w5 + (& @ W) gy susm)

2

<l + (@ w”) gois — sy + || (@ © W) ey sus)

(6.16)

9 Y

where the last inequality follows from the triangle inequality. The first term of (6.16) on

the right-hand side can be written as

2P + (& ® wp)spus - $5||2
= [[(a" —zs) @ WP + (d" ® WP) g5 + (2" — 25) ® (€ — W),
= [[(a" — 25+ d") gp g @ W' + (2" — 25) ® (€ — wP)]|,

< (2P —xg 4+ dP) gp g @ WP||, + [[(2F — 25) @ (€ — wP)]|,. (6.17)
Combining (6.16) and (6.17) leads to

H(xp +d’ @ uwP — xS)SUSPUsupp(vp)

9 < H(dp ® wp)supp('up)\(SUSP) 9 + H(xp o .f(fs) ® (e - wp>H2

+ (2 — x5+ d") s @ W7, (6.18)
We now bound the first term of (6.18) on the right-hand side. Since 0 < w” < e, one has

2 < H<dp)supp(vp)\(5usp)

|(@ ® W), oo suse (6.19)

5"

Note that d” = A" (y — Az?), and y = Az +n = x5 + 1 with o' = Arg +n. Thus (6.19)
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can be bounded by

(A" (y — Aa7))

P _
H(d )supp(vp)\(SUS”) 2 supp(v?)\(SUSP) ||o

= (AT (Azs +1n — A:vp))

supp(v?)\(SUS?) |5

< (ATA (xs — xp))

Jt | AT oupptorn(sus)

supp(v?)\(SUSP) 2

< Our |z — 2P|y + /1 + Sarl[n]]2, (6.20)

where the last inequality follows from Lemma 6.3.2 due to the fact card((supp(v?)\(S U
SP)) Usupp(zs — 2P)) < 4k and Lemma 5.3.1 since card(supp(v?)\ (S U S?)) < 2k. Com-
bining (6.19) and (6.20) leads to

, S 0uflzs — 2y 4 /1 + bax I [l (6.21)

(@ ® wP),uppumpcsusn

The second term on the right-hand side of (6.18) can be bounded as

(2" — x5 + d¥) gu 5 @ W[y < |[(2” — 25 + A7) g5l
< H [(I N ATA) G xs)}SPUSH2 T H (ATn/)SPUSH2

< Ok [lzs — 2P|y + /1 + 0k [[7']]5, (6.22)

where the last inequality follows from Lemma 5.3.1 since card(supp(a? —zg)U(SPUS)) < 2k

and card(S? U S) < 2k. We now show that the third term of (6.18) can be bounded as

l(zs — a?) @ (e — w?)|, < 2VET Ot B0V I H 00y gy o G2 £ 3R EE)
’ P VI=du R I T
(6.23)

Since y = Axg + 1, we can write

ly = A@@? +d" @u), = [[Avs — A (2" + d” @ w?) + 17

> | A(zs — 2" —d @ w”)|l, = [Inll, - (6.24)
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There exists a 2k-sparse binary vector @ such that supp (xg — 2P) C supp(w). By the
algorithm structure, the vector w? is the optimal solution to the relaxed optimization

problem, thus one has

ly = A(a? + & @ w?)], < [ly = A (2" + & @ W)l
<A (zs —a” = d” @ )|, + [I7']],

= [ A((zs =" = d) @ D), + 7'l - (6.25)
Let zg — 2P = (zg — 2P) @ wP + (x5 — 2P) @ (e — wP). We can write

A (zs — 2P = d” @ wP)[|, = [|[A((zs — 2") @ (e — w’) + (x5 — ") @ w’ — d” @ wP)||,
> [[A((zs —2") @ (e —w”))[l, = |[A (x5 — 2 — d”) @ wP)|,.
(6.26)

The vector (zg — 2P) ® (e — w?) is 2k-sparse, thus, by the RIP, one has
[A ((zg — 2%) @ (e = w”))lly = /1 = do || (25 — 2") @ (e — w)[;. (6.27)
Combining (6.24)-(6.27) leads to

[(zs = 2") © (e — w") ((zg —a? —d’) @ w)

1 2
<—— |4 — = Iy
Hz_m\l Hﬁmlln I®
1
Vi [A((zs — 2" = d") @ w")|,. (6.28)

Note that vector @ is a 2k-sparse binary vector such that supp(zg — ) C supp(w). Since
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d? = AT (y — AxP), we can write

|A (w5 — % = d") @ D)l < \/1+ 0 || (w5 — 27 — &) @ ],
=140 ([((1 - A7) (s —a) @ @+ (A7) @ )
< b ([ (A7) s =)+ (A7)
< b/ 1+ O |z — 27|y + (1 + 8 Il - (6.29)

where the last inequality follows from Lemma 5.3.1 and the fact card(supp(zg — ) U
supp(w)) < 2k and card(supp(w)) < 2k. Decompose the vector w” as the way described
in Lemma 4.3.6, i.e.,

w? = (wP)y + W)y, (W),

1 n’

where A; denotes the support set of the first largest k& magnitudes of w”, A, denotes
the support set of the second largest k magnitudes of w?, and so on. Denote v =

(xg — 2P — d?) ® (wP),,. The last term in (6.28) can be decomposed as

\/1+5,§ZH

A ((xg — 2P — dP) @ wP)||, = HAZU ., (6.30)

h
<3 ],
i=1

where the last inequality follows the triangle inequality. The term ||v®||, can be bounded

as

2

=|((zg —a? = d’) @ w?),

2

)

2

® wP + (AT'r]’) ® wp)

+|((am) o),

((I ATA) xg — zP)

=
(

)
((1-ATA) (x5 —2")) @ w”)

IN

Aillg

<[] (- ama) s =), |+ lenn L (47, ],
< || P, | Gan llzs — 21l + || (w?), | v/ L+ 3k Il (6.31)
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where the last inequality follows from Lemma 5.3.1 as a result of card(supp(zg —a?)UA;) <

3k and card(A;) < k. Since e’ w? = 2k, applying Lemma 4.3.6, we immediately have

< 3. (6.32)

+ s,
00 9)

s, + -+ [on,
Combining (6.30)-(6.32) leads to
[A ((zs — 2" = d”) @ wP)|ly < 3dax\/1 + 0 lzs — 2”[l, + 3 (1 + ) [l (6.33)

Substituting (6.29) and (6.33) into (6.28) leads to the relation (6.23). Combining (6.15),
(6.18), (6.21)-(6.23), we have that

o7 = zg||, < pllws — Il + 7 11l

where
V5 + 1>2< 62k\/1+52k+353k\/1+5k>
— Oope —+ Ou + 6.34
P ( 2 2k 4k m ( )
and

VB4 1\ (8 + 36, + 6
= + 24/1 4 o | -
g ( 2 Ni=rm 2%
To guarantee the performance of {2}, it is sufficient to require p < 1. Due to the fact

that dor < 03 < d41, the condition p < 1 is guaranteed by

2
1 146
2 \/g+ Oup -+ 404 + 4k<1,
2 1 — Oup

which is equivalent to

(16 +48%)635, + (16 — 48% — 48)63, + (48 +1) — 1 < 0,

Vi+1
9

2
) . A sufficient condition to guarantee the inequality above is

where § = (
dg < 0.1033.
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In particular, if z is k-sparse and n = 0, the sequence {2”} generated by OPGHT
satisfies

a7~ zlly < plle? — lla < P |2° — o

where p is given as (6.34), which implies that {#"} converges to z when p — 0. |

6.3.3 Analysis of ROPGHTP in noisy scenarios

Theorem 6.3.4. Let y = Ax + 1 be the noisy measurements of the signal x, and q = 2k.

Suppose that the restricted isometry constant of the measurement matriz A satisfies that
d3r < 0.0609.
The sequence {xP} generated by the ROPGHTP satisfies
o7 = s, < o lla? = asll, + 7 [ Awg +

where

. 1 V5 1\ 8ok /T + Oap, + 3035v/T + 0%
— 52k + 53k +

= <1 6.35
= (Y e G

and

V146 1 <\/5+1>2< 6+36k+62k>
T = + 146+ /14 0gp + ———— | . (6.36
1— oy T2 2 5 \/ k \/ 2% 5 ( )

Proof. The ROPGHTP is regarded as a combination of ROPGHT with a pursuit step.

Denote by xP the intermediate vector in ROPGHTP was generated by ROPGHT algorithm.
Applying Lemma 3.3.8, we have

1 _ V1+90
27 = 2slle < ——Ilzs = 7P||> + :

03, 1 = oz,

[17']]2- (6.37)
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We can directly recall the results for ROPGHT, i.e.,
lzs = 2Plly < pllzs — 2Py + 710, (6.38)

where p and 7 are given as (6.13) and (6.14), respectively. Gathering (6.37) and (6.38)
leads to

|7+t = 25|, < Pllws — a?lly + 7l I (6.39)

where p* and 7 are given by (6.35) and (6.36) in the Theorem 6.3.4, respectively. For the

guaranteed performance of xg by RSDHTP, it is sufficient to ensure p* < 1, which implies

VE+1\° 1 1564
2 4 _ 1 A4
( 7 52 54k + 54k 1 54k < (6 0)

4k

due to the fact that do < 3 < dgg. The inequality (6.40) indicates

(2062 + 86 + 1)d3;, + (126% — 1)d5, — (88 + 1)du + 1 > 0,

V5 +1
2

2
where § = ( ) . Therefore, a sufficient condition to guarantee (6.40) is given by

d4r < 0.0609.

In particular, if the vector z is k-sparse and n = 0, the relation (6.39) is reduced to

o+t = all, < pla? = ally < (o7 = 2°

27
where p* is given in (6.35). It implies that the sequence {z?} generated by ROPGHTP

converges to x when p — o0. [ |

Prior to performing numerical experiments, we consider the computational complexity

of the proposed algorithms.

Remark 6.3.1

Based on Remarks 4.3.3 and 5.3.2, it can be seen that the ROPGHT algorithm requires
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about O (mn + q3’5L) flops, which is comparable to the PGROT algorithm, and the
ROPGHTP algorithm requires involves O (mn + 5L + k;3) or O (mn + 5L + m3> de-
pending on the strategy applied to the pursuit step, where ¢ > 0 is the number of elements
extracted from the full gradient and L is the size of the problem data encoding in binary.

In Table 6.1, we summarize the computational complexity for each iteration of the main
algorithms proposed in the thesis. While an algorithm may have a lower complexity, it
may perform worse in practical applications, such as recovering sparse signals and solving
sparse optimization problems. The complexity of an algorithm reflects limited knowledge
of the algorithm, and the proper choice between different algorithms may depend upon

the particular circumstances and specific requirements.

Table 6.1: Complexity each iteration of the main algorithms in the thesis

Algorithm Complexity
NSIHT O (mn* +n?)
NSHTP O (mn? +n® + k)
NTROT O (mn2 +nd+ n3'5L)

NTROTP | O (mn2 +n3 4+ 035 + k:3)

PGROT O (mn + (q¢+ k)**L)

PGROTP | O (mn + (q+ k)*°L + k*)

ROPGHT O (mn + q3'5L)

ROPGHTP O (mn+¢*L+ k*)

6.4 Numerical Experiments

Experiments were performed to investigate the performance of the proposed algorithms in
terms of residual reduction and phase transition for signal reconstruction. The measurement
matrices generated in this section are Gaussian random matrices whose entries are i.i.d.

and following the normal distribution N'(0,1/y/m). Nonzero entries of random sparse
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vectors follow the standard normal distribution A/(0,1), and their positions are chosen

according to a uniform distribution. Related convex optimization problems are solved by

the CVX [66] with solver "Mosek’ [3].

6.4.1 Residual reduction

This experiment compares the residual value of the HTP, ROPGHT, ROPGHTP, PGROT
and the PGROTP algorithms in the course of iterations. We set A € R?**512 ¢ — Ag*
and stepsize A = 1, and all algorithms start with the initial point 2° = 0. For partial
gradient algorithms, we use k-sparse partial gradient directions, i.e., ¢ = k and ¢ = 2k,
where k is the sparsity level of the generated signal. As illustrated in Fig. 6.1 and 6.2, the
ROPGHTP is capable of reducing residual values, and its initial value is smaller than those
of the other approaches, whereas the ROPGHT without using pursuit steps is trapped at

a local point and thus the residual convergence is not achieved.

T
—>— HTP
—%— ROPGHT

—x— HTP
—v— ROPGHT
ROPGHTP % ROPGHTP
257% —-— PGROT || 25h | — — PGROT
| |
i

—O— PGROTP —— PGROTP_|]

The value of residual
¢

The number of iterations The number of iterations

(a) k =50 (b) k=70

Figure 6.1: Residual change in the course of iterations between HTP, ROPGHT,
ROPGHTP, PGROT and PGROTP algorithms. For partial gradient algorithms, ¢ = k.
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T T
JE— % HTP
—v— ROPGHT X —v— ROPGHT
ROPGHTP ROPGHTP
— — PGROT 3r —— PGROT ]
ol —o— PGROTP || b — ¢ PGROTP

251 3

151 44

The value of residual
The value of residual

b0 6 6 DD 0060660006066 660 04 0 4 A 664
0 5 10 15 20 25 30 0 5 10 15 20 25 30
The number of iterations The number of iterations

(a) k =50 (b) k=70

Figure 6.2: Residual change in the course of iterations between HTP, ROPGHT,
ROPGHTP, PGROT and PGROTP algorithms. For partial gradient algorithms, ¢ = 2k.

6.4.2 Phase transition

This experiment compares the phase transition phenomenon of HTP and ROPGHTP with
different stepsizes in terms of the success rate for sparse signal recovery. Experimental
settings are similar to the experiments performed in Section 5.4.4. In this case, we fix
the vector length as n = 512. The algorithm terminates either when the maximum 30
iterations are reached or the stopping criterion ||z — 2*||o/||2*||» < 107%. At each pair of
(m, k), 10 trials are generated to calculate the success rate.

Fig. 6.3 shows the phase transition of HTP and ROPGHTP algorithms, confirming
their effectiveness for signal reconstruction, where ¢ is set to be k and 2k for ROPGHTP,
respectively. It can be seen that HTP is more sensitive to the stepsize A than ROPGHTP as
the shaded area is significantly reduced when A increases. It appears that the ROPGHTP

performs better than HTP when A = 5 and 10 under such circumstances.
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Figure 6.3: Phase transition of HTP and ROPGHTP (g = k) with different stepsizes in
terms of success rates.
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Figure 6.5: Phase transition curves of HTP and ROPGHTP (¢ = 2k) with A = 1 in terms
of different success rates.

Fig. 6.4-6.5 demonstrate the phase transition curves of HTP and ROPGHTP with
respect to the success rates 0.9 and 0.1 when A = 1. It can be seen from Fig. 6.4 that
the curve for ROPGHTP is slightly lower than that of HTP, indicating that using the
optimal partial gradient does not contribute to improving the performance of HTP under
such circumstances. Moreover, compared with Fig. 6.5, when ¢ is increased to be 2k,
the performance of ROPGHTP becomes even worse. Whether the performance of the
proposed algorithms in this chapter can be further improved is an interesting question to

address in the near future.
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6.5 Conclusion

This chapter investigates the method which combines the so-called optimal partial gradient
and hard thresholding. We have proven that the proposed algorithms with ¢ = 2k are
guaranteed to recover the sparse signal under the restricted isometry property (RIP).
Empirical results show that the ROPGHTP generally works efficient for sparse signal
recovery. The algorithms with other choices of ¢, i.e., ¢ # 2k, are still worth investigating

in the future.
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CHAPTER 7

CONCLUSIONS AND FUTURE WORK

Four thresholding algorithms are proposed in this thesis by applying novel search directions
(Newton-type and partial gradient) to existing hard and optimal thresholding methods.
Under the assumption of restricted isometry property, we have shown that the proposed
algorithms are guaranteed to reconstruct the sparse signal if the parameters in the
algorithms are suitably chosen. Numerical experiments via synthetic data indicate that
the proposed algorithms are robust and efficient for signal recovery, and are comparable to
several mainstream compressed sensing algorithms.

With respect to the research presented in this thesis, certain potential future research
areas merit further examination, excluding those already discussed. Thresholding methods
usually adopt a search direction d from the classic optimization theory, utilize some

stepsize A and specific thresholding operator 7, to obtain sparse vectors, i.e.,
Pt = Te(a? + X d).

Most existing work uses the hard thresholding, optimal k-thresholding or soft thresholding
operator and uses gradient, partial gradient, or Newton-type direction as a search direction.
The traditional Newton or steepest descent direction is not necessarily the most efficient
direction for sparse optimization problems for which many traditional optimization theory
and tools are actually lost. Thus an interesting future work might be exploring more

efficient thresholding operators and possibly optimal stepsizes or the optimal search
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directions in the sparsity-based space or settings.
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