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Abstract

Antimicrobial resistance is becoming increasingly common and is causing a global health

crisis. Microorganisms have developed numerous sophisticated resistance mechanisms

contributing to the reduced efficacy of antimicrobials. Combined with slow development

of new antimicrobial drugs (including antibiotics) the possibility of a post-antimicrobial

era is growing. To combat this global issue, we need to develop new treatments for

microbial infections, and engineering novel targets could be a solution.

Genetically identical cells can display significantly different phenotypes in the same

environment. Developing our understanding of how bacterial cells support and generate

different phenotypes without changes to their DNA is critical in combatting antimicro-

bial resistance, as some cell fate decisions (such as generating persister cells) enable cells

to tolerate high concentrations of antibiotics and outlast antibiotic treatment. Conse-

quently, persister cells, and other antimicrobial resistance phenotypes, reduce the efficacy

of antibiotics, and increase the difficulty of eradicating infections.

To do this, we first need to better understand how cells in an isogenic population gener-

ate different phenotypes. Functionally vital cell fate decisions from a range of phenotypic

choices are made by regulatory networks, the dynamics of which rely on gene expres-

sion and hence depend on cellular energy availability, particularly ATP levels. However,

despite pronounced cell-to-cell ATP differences observed across biological systems, the

influence of energy availability on regulatory network dynamics is often overlooked as

modulating cellular decision-making and phenotypic variation, limiting our knowledge of

how energy budgets affect cell behaviour.

This study will introduce and analyse the behaviour of gene regulatory networks reg-

ulating cellular decisions when cell-to-cell ATP variability is considered. Results for a

simple generalisable network will be presented, and then the model will be extended to



develop a more scalable and general modelling framework for analysing the effects of en-

ergy availability within a clonal population on the dynamics of regulatory networks. This

framework is then applied to a gene regulatory network underlying a clinically-important

antimicrobial resistance mechanism.

An alternate mathematical modelling investigation into antimicrobial resistance will

then be introduced. In this approach, a framework called HyperTraPS is applied to resis-

tance profiles of Pseudomonas aeruginosa samples extracted from patients being treated

in hospitals located in Mexico. Results from this framework allow the inference of possible

pathways leading to the acquisition of resistance to a set of antibiotics commonly used in

the treatment of this clinically-relevant bacterial species.

Throughout this study we will demonstrate that energetic differences between cells

may be an important consideration to help explain observed variability in cellular decision-

making across biological systems, including those decisions promoting resistance, and

provide a novel target for future therapeutics.
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CHAPTER 1

INTRODUCTION

1.1 Antimicrobial resistance

Antimicrobial resistance (AMR) is a huge global health challenge, contributing to over

700,000 deaths worldwide [208]. AMR is when a microorganism is able to circumvent

antimicrobial treatment through intrinsic, acquired, or adaptive mechanisms (for example,

bacteria can become resistant to antibiotics). It has been estimated that the number of

deaths caused by antimicrobial-resistant bacteria, if left neglected, could surpass deaths

attributed to cancer by 2050 [209]. The accelerating issue of AMR resulted in the World

Health Organization (WHO), in coordination with the Food and Agriculture Organization

of the United Nations, endorsing a global action plan to help tackle it in 2015 [210].

The ‘Golden Age’ of antibiotic discovery, between the 1940s and 1960s, led to a healthy

production of effective antibiotics for patient use, providing enough options to still effec-

tively treat resistant infections [295] (see Fig. 1.1). However, the development of each

new antibacterial drug was followed by the detection of resistance to it [295] (shown in

Fig. 1.1). Although the detection of resistance to an antibiotic does not render it uni-

versally ineffective, it reduces the available treatments for a patient. Since these years of

rich antibiotic discovery, the pipeline of new antibiotic discoveries has slowed down and

the spread of AMR has accelerated, creating a progressive and growing threat to public

health worldwide.
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Figure 1.1: A timeline of key events: Year of clinical deployment and reported
resistance for antibiotic classes. Timeline displaying the approximate year of clinical
deployment (purple) and observed resistance (green) for several antibiotic classes; based
on information from [68, 83, 94, 140, 249, 287, 303]. Although new generations of current
antibiotic classes are still engineered, only a few new classes have been discovered since
the mid-1960s. Notes: (1) The observation of penicillin resistance pre-dated clinical
deployment [3]; (2) In the presence of conflicting data, the earliest date was selected.
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Mathematical modelling is an underused and powerful tool that can aid in the fight

against AMR. Traditionally, studies aimed at tackling AMR have been purely empirical,

using a “reductionist” approach and focussing on particular elements within resistance

mechanisms or pathways. Employing theoretical models can provide insights into complex

AMR processes that would otherwise be significantly more difficult, or even impossible,

to investigate experimentally. By considering a resistance system as a whole, theoretical

frameworks can analyse how the system operates, rather than considering effects of a

reduced subset of elements within the system. Mathematical analyses can therefore com-

plement traditional experimental biology, providing potential sources of new targets by

exploiting the knowledge of the system as a whole [238, 239, 272]. Integrating theoretical

and experimental research as a combined strategy may offer an accelerated approach to

combat AMR.

To understand how mathematical modelling can help tackle AMR, we briefly survey

several resistance mechanisms, providing some context and focussing down on partic-

ular modelling-related case studies. Contained within this is a detailed discussion on

efflux pumps, a mechanism that confers intrinsic (inherent properties of the bacterium)

and acquired (a previously sensitive bacterium acquires a resistance mechanism) resis-

tance to antibiotics, and is investigated later in this thesis. Following this, a summary

of data-driven studies of AMR evolution is provided, exhibiting the range and volume of

AMR-related data that is accessible, and how it can be employed within computational

frameworks. The chapter is concluded by examining the dependence of ATP (the molec-

ular energy currency of a cell) in regulatory processes, the variability of single-cell ATP

levels within a genetically identical population, and the potential consideration of ATP

as a novel AMR target.
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1.2 Existing mathematical contributions to combat-

ting AMR

Theoretical modelling can help the development pipeline of new antimicrobial treatments

by advising on optimal drug doses and dose regimen [97, 159, 176, 271], investigating the

probability of resistant mutants emerging in a bacterial population when exposed to var-

ious dosing regimens [19, 105, 202] and analysing the effectiveness of novel antimicrobial

treatments [238, 239, 272]. Results from these models can provide an explicit theoretical

basis to advise on the development and evaluation of new or current treatments. This

could, for example, predict the conditions under which a treatment might be expected

to eradicate the infection, or if a combination of multiple antibiotics is a more effective

treatment strategy. An accurate framework could also analyse the compound modifica-

tions that make a substance more potent, or evaluate different drug doses, significantly

quicker than testing experimentally. Employing theoretical models could accelerate the

current drug pipeline, a requirement to tackle the current spread of AMR.

1.2.1 Mathematical modelling of mechanisms that reduce an-
tibiotic efficacy

Mechanisms of AMR in bacteria generally fall into three major categories: target mod-

ification, drug inactivation and drug transport. Combatting each mechanism involved

with reducing antibiotic efficacy is important in the battle against AMR. In this section

we will present mathematical models of a selection of AMR mechanisms. The discussed

mechanisms of antimicrobial resistance are in no part suggested to be of more importance

than those not reviewed (spontaneous mutations or modification of drug targets, for ex-

ample [33]), and mathematical models of efflux pumps will be discussed in the section

that follows.

Numerous resistance mechanisms can be transferred between bacteria through hor-

izontal gene transfer (HGT), a process of acquisition of new genetic material from an

4



external source or by taking up free fragments of DNA, often in the form of plasmids.

HGT plays a crucial role in the development of multidrug resistance (MDR) in bacteria

[84], and contributes significantly to the rapid spread of resistance in clinical environments

[143]. The accumulated antibiotic resistance genes (ARGs) via HGT may be involved in

different resistance mechanisms, increasing the number of AMR mechanisms a bacterium

can utilize, and the severity of resistance. Mathematical models have previously inves-

tigated HGT processes in natural bacterial communities, assisting the development of

monitoring strategies [86, 192, 259]. Gama et al. [86] developed an ordinary differential

equation (ODE) model analysing plasmid maintenance in a bacterial population when

there are multiple interacting plasmids. Simulations of the model predict the conditions

required for plasmid survival in bacterial populations, for example, if they provide a fitness

advantage. It is important to understand how interference between plasmids determine

their stability in bacterial populations, as this can help guide the development of novel

treatments tackling AMR through HGT.

Decreased permeability of the bacterial outer membrane reduces the influx of antibi-

otics [82, 196, 289]. Limiting antibiotic entry into the bacterial cell in combination with

efflux of the drug is a well-established mechanism of intrinsic antibiotic resistance. This

combination limits the interaction of the drug with its intracellular target, reducing ef-

ficacy. Mathematical modelling has quantitatively described a passive influx process in

bacteria, estimating the optimal permeability coefficient to ensure passive permeation into

replicating bacterial cells [190]. This coefficient can advise the development of novel an-

tibacterial agents by advancing the understanding of drug penetration into Gram-negative

and Gram-positive bacteria. This framework can also be adapted to quantitatively ana-

lyze the interplay between passive inwardly directed permeation and active efflux [190].

Quantitative modelling can be used alongside experimental research to guide drug devel-

opment or discovery, advising on compound properties to more effectively penetrate the

cell and reach the target site.

Bacterial persistence is a transient tolerance to external stress, including lethal doses

5



of antibiotics, by a small fraction (roughly 10−5 to 10−3 %) of an otherwise susceptible

bacterial population [135, 149]. Persister tolerance to antibiotics is different to resistance

as a persister cell is genetically identical to a susceptible cell in the population. Persisters

can stochastically switch to the wild-type phenotype, subsequently growing a new pop-

ulation. This attribute is why they are considered a leading factor in the recalcitrance

of chronic infections [80], including oral thrush [136], lung infections in cystic fibrosis pa-

tients [182] and tuberculosis [317]. Although there is currently no general mechanism for

generating the persister phenotype, numerous mechanisms have been identified, including

toxin/antitoxin modules [58, 66, 128, 284], SOS response [308], (p)ppGpp [64, 91, 134, 257]

and more recently, an ATP/energy-related mechanism [56, 153, 184, 251, 315]; specifi-

cally, results suggest low energy is sufficient for tolerance [56, 251, 315]. Persister-related

mathematical models have investigated toxin-antitoxin (TA) modules [89, 157, 244], the

(p)ppGpp biochemical network [8] and population level dynamics [21, 42, 144]. Investi-

gating a proposed mechanism of persister formation through a mathematical framework

facilitates the investigation of a system as a whole, helping experimental investigations of

persister cells by predicting key elements that significantly modulate the level of persisters

[89, 157, 244]. From mathematical studies of TA module regulation, for example, it was

proposed that increasing the toxin level above a threshold results in bacterial dormancy

[89, 244]; this prediction was later validated experimentally [244]. Mathematical frame-

works can help facilitate the detection of key elements that could be used as anti-persister

targets.

1.2.2 Mathematical modelling of efflux pumps

Efflux pumps are protein structures that are located in the cytoplasmic membrane. These

protein structures have been observed in numerous Gram-positive and Gram-negative

bacterial species, including Streptococcus pneumoniae [92], Acinetobacter baumannii [1],

Pseudomonas aeruginosa [151], Klebsiella pneumoniae [160], Haemophilus influenzae [246]

and E. coli [90]. Efflux pumps are able to expel antibiotics from the intracellular to the
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extracellular environment of a bacterium, decreasing cellular drug accumulation. This

function, enabling the expulsion of drug-specific compounds [197, 224] or multiple un-

related substances [199, 224], is why they are a mechanism of drug resistance. Efflux

pumps that excrete a wide range of compounds can result in multidrug resistance (MDR)

[146, 198].

Numerous mathematical models studying the effect of efflux pumps on bacterial drug

resistance have captured this mechanism through systems of ODEs [37, 158, 220, 305, 314].

The models often aim to describe the change in intracellular antibiotic concentration by

considering efflux pumps as a mechanism of expelling drug compounds. Establishing the

relationship between certain input parameters and model outcomes within mathematical

models, by perturbing model parameters, can provide an insight into the elements that

have a larger effect on resistance; theoretically computing this is significantly quicker

than performing the equivalent experiments. Analysing this information can complement

experimental biology by providing potential new drug targets. Accurate models can also

be used to extrapolate beyond situations for which experimental data is not available.

Perez et al. [220] applied an ODE framework to model the major facilitator superfam-

ily efflux pump, TetB, in the Gram-negative bacterium E. coli (each cell has an inner and

outer membrane). The major facilitator superfamily efflux pumps span one membrane,

and TetB is responsible for resistance to tetracycline antibiotics. The model considered

substrate diffusion across both the inner and outer cell membranes, with TetB effluxing

the substrate from the cytoplasm to the periplasm. The study calculated the steady states

of the system of equations for the concentration of substrate in the cytoplasm, to then

determine an equation relating growth rate to the substrate concentration in the media

surrounding the E. coli cells. By applying the model to fitness data of strains expressing

a chromosomal copy of tet(B) at a wide range of tetracycline concentrations, binding

constants of the substrate to the transporter as well as a parameter relating to pump

efficiency could be estimated. We highlight this study as an example of applying a math-

ematical framework to experimental data to predict parameters that would otherwise be
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more difficult to calculate experimentally. The prediction of parameter values or rela-

tionships between model parameters may help advise the development of adjuvants that

block, or reduce, the efflux of antibiotics, increasing the potency of antibiotic treatments.

Bootsma et al. [37] presented a model to analyse non-inherited antibiotic resistance

levels in bacteria through different means of physiological adaptation, including efflux

pumps. The model described efflux pump density, intracellular antibiotic concentration

and antibiotic MIC-value dynamics to observe the development of antibiotic resistance

caused by physiological adaptations (without genetic changes). This theoretical frame-

work predicted the time it takes (after stopping exposure to an antibiotic) for a cell’s

MIC-value to decrease to a susceptible level [37]. This data can be used to advise on the

optimal dosage regimen that increases the efficacy of the drug and reduces the risk of

developing resistance.

1.2.3 Mathematical models of gene regulatory networks control-
ling efflux pump genes

Diverse resistance mechanisms are under the control of a gene, or signalling, regulatory

network. Each regulatory network consists of a group of genes, proteins, enzymes etc.

which interact to modulate the expression of target genes. Gene expression variability

leads to cell-to-cell variations in mRNA and protein levels in genetically identical cells

and can drive the generation of diverse phenotypes and strategies for survival [34, 59,

85, 123, 212]. This phenomena, where a cell can realise different cell fates, is known as

cellular decision-making, and provides bacteria with a strategy to overcome environmental

stressors by generating phenotypic diversity, for example, the generation of persister cells

[244] and sporulation [223]. Mathematical frameworks have previously been applied to

model important regulatory networks involved in drug resistance [46, 74, 88, 244]. By

understanding the dynamics of these networks, mathematical models can determine the

influential factors in these cellular processes and the effects when these processes are

dysregulated. Further, regulatory models can be extended to observe the effect of new
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or hypothetical elements, a task that can be more difficult to accomplish in experimental

research.

The expression of efflux pumps is under the control of various transcriptional regulators

which, together with the genes encoding them, form a gene regulatory network (GRN)

modulating the expression of efflux pump genes [10, 32, 201, 264]. Efflux pump GRNs

are complex, yet those that are known are still considered to be incomplete. Additionally,

individual components within a network may perform other functional roles within a

bacterium. For example, the multidrug resistance regulators MarA, SoxS, Rob, and RamA

in Salmonella enterica serovar Typhimurium also, either directly or indirectly, regulate

flagellar gene expression and motility [276]. In E. coli, the RND pump regulator MarA

has been shown to also regulate lipid trafficking and DNA repair [252].

Mathematical modelling of efflux pump GRNs enables a deeper insight into the be-

haviour of efflux pumps that is otherwise difficult, or impossible, to investigate exper-

imentally. Each regulatory network is often determined through genome sequencing,

computational predictions, and experiments [124, 142, 172, 177], and are often part of

a larger, inter-connected regulatory network. One such example is Youlden et al. [314],

where an ODE model of the GRN governing the expression of efflux genes acrAB acrEF

in Salmonella is presented, and a complex asymptotic analysis is used to tackle the lack

of quantitative information on the resulting large parameter set. They also calculated

asymptotic approximations of the steady states, for both wild-type and ramR mutant (a

bacterium with an alteration to the DNA sequence of ramR) cases, allowing an insight

into the dominant behaviours that control the GRN. Together, with identifying parameter

groupings that have the most effect on the expression of efflux genes, the asymptotic anal-

ysis can provide potential targets that can be tested experimentally in order to combat

efflux related MDR.

The role of efflux pumps in MDR, pathogenesis and biofilms, makes them an important

therapeutic target. To combat efflux pump related AMR, molecules that inhibit efflux

pump expression have been considered as potential therapeutic agents. Efflux pump
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inhibitors (EPIs) are small compounds that can work in conjunction with antibiotics that

would otherwise not be effective against bacterial pathogens [189, 219, 265, 311, 319].

Developing our understanding of regulatory pathways involved with antibiotic efflux, may

enable novel targets and treatments to be developed.

1.2.4 Data-driven studies of AMR evolution

The development of faster genome sequencing and phenotypic susceptibility testing across

microbiology has enabled increasing volumes of real-time data to be accessible, aiding ear-

lier and more accurate diagnoses of resistant bacterial infections [48, 65, 76]. Previous

work has produced significant volumes of genomic data that can be utilized in studies of

AMR, including genetic mutation data, the evolutionary relatedness of clinical isolates

through phylogenomic analysis, and the presence of acquired antimicrobial resistance

genes [17, 43, 93, 137, 232, 234]. Lam et al. [137] developed a tool for analysing genomes

of K. pneumoniae (and its associated species complex) and determine the relatedness of

the isolates. The ability of this tool to rapidly and accurately genotype large-scale clinical

isolate data, to identify clinically relevant features including genetic mutations and the

prevalence of AMR genes, provides a framework that can supply a detailed evolution-

ary insight into a clinically relevant bacterial species, and support genomic surveillance

including highlighting global trends in K. pneumoniae AMR.

A study by Casali et al. [43] conducted whole-genome sequencing of 1,000 patient

isolates from Russia to determine the transmissibility and prevalence of drug-resistant

tuberculosis in a population. Whole-genome sequencing enabled the tracking of evolu-

tionary mechanisms that promote the development and transmission of drug resistance

within pathogen populations by identifying loci that are subject to frequent mutation

within the isolates, and polymorphisms that could contribute to resistant phenotypes.

Following this, a maximum-likelihood phylogeny was reconstructed, presenting the evolu-

tionary relationships among the isolates, which shows the genetic diversity in the isolates

and the global lineage of the isolates. The phylogenetically linked data can also be har-
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nessed to learn about the dynamics of evolution and disease progression [120, 121, 307],

including the evolution of MDR in tuberculosis [95].

Developing computational frameworks that can utilize the abundance of real-time data

to predict the likelihood of evolving resistance to individual antibiotics, can be useful tools

for clinicians. These tools could suggest appropriate antibiotics based on current isolate

data, supporting clinical decisions, and complementing current diagnostic methodologies.

This could enable advanced, real-time treatment for patients, improving their treatment

and accelerating recovery. Advancing diagnostic frameworks, that involve both computa-

tional and experimental developments, could be a powerful tool in combatting antimicro-

bial resistant infections.

Of particular importance is the development of frameworks that can be applied to

bacterial strains stated to be of critical priority for the research and development of new

and effective antibiotic treatments by the WHO. Included in the critical priority list is

Pseudomonas aeruginosa, a Gram-negative, opportunistic, bacterial pathogen associated

with a broad spectrum of infections in humans. Developing new and effective antibiotic

treatments, and reducing AMR of this bacterium is crucial, due to its intrinsic resistance

to several classes of antibiotics, the ability to develop resistance to last-line therapeutic

options [267], and the ability of this microorganism to persist within hospitals (con-

taminating floors, bed rails and sinks [50]). Utlizing the large volumes of phenotypic

and genotypic data of AMR bacteria (such as P. aeruginosa [93]) within computational

frameworks may improve patient outcomes, and decrease the spread of infections caused

by multidrug-resistant organisms, through data-driven decisions on prescribing therapeu-

tics.
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1.3 ATP and cellular free energy

1.3.1 The molecular currency of the cell and its influence on
cellular processes

Numerous mechanisms promoting the resistance of antimicrobials are controlled by an

underlying GRN. The regulation of gene expression within each regulatory network relies

on several processes, including transcription, translation and post-translational modifica-

tions. Transcription and translation have been shown to contain a core dependence on

ATP [62, 122], the principal molecule for storing and transferring energy in cells, and

considered the “molecular currency” in all forms of living cells [98, 114]. Therefore, there

exists a core ATP dependence in the dynamics of gene expression and gene regulatory

networks.

The ATP-dependence within the core processes required for gene expression and reg-

ulation asserts this simple molecule as a possible target and area of exploration to tackle

bacterial infections, including those that are resistant to antibiotics. Previous work has

proposed the development and use of novel or pre-existing compounds targeting ATP-

related machinery, including the enzyme producing ATP in bacteria, called the ATP syn-

thase [52, 138, 141]. These approaches would be required to selectively target pathogenic

bacteria without harming non-pathogenic bacteria and human cells. In theory, this could

eradicate a bacterial infection without toxicity to human cells. Collectively, targeting ATP

is a plausible and novel opportunity for treating both susceptible and resistant microbial

infections. ATP’s role in cells is significant, as survival is impossible without it. Aiming

to develop novel therapeutics focussed on targeting ATP may have far-reaching effects in

the future of medicine.

1.3.2 Measuring single-cell ATP

The continuous development of methods to quantify single-cell ATP concentrations, and

further understanding intracellular ATP variability is essential. The development of
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genetically-encoded biosensors in the last two decades has transformed the analyses of

important intra- and extracellular metabolites. Indicators that quantitatively measure

intracellular metabolites involved with cellular energy, such as ATP, at a single-cell level

have only been developed in recent years. This new technology has generated numerous

sensors for use in both prokaryotic and eukaryotic cells, advancing the understanding of

heterogeneity of metabolites in genetically-identical cells.

The genetically-encoded protein-based sensors are a relatively non-invasive way to

accurately measure intracellular ATP in living cells. Prior to the development of the in-

dicators called ATeams [111], conventional ATP quantification methods contained several

limitations, including pH sensitivity, or outputs provided the averaged ATP level of an

ensemble of cells. Since the development of ATeams, other novel ATP biosensors have

been engineered, including QUEEN [309], BTeam [313] and ARSeNL [179]. Additional

biosensors have been based on previous iterations of proven ATP indicators, improving

upon indicator limitations or targeting alternative metabolites [38, 154, 185, 280]. Con-

tinuing to develop novel, or re-engineered, biosensors will improve the direct, quantitative

measurements of intracellular ATP dynamics.

1.3.3 Cell-to-cell variability in ATP

The application of ATP biosensors has demonstrated that identical cells within a popula-

tion can display substantial variability in ATP levels. In prokaryotes, clonal populations of

E. coli [309] and S. aureus [315] have displayed significant single-cell ATP variability. The

quantified range of intracellular ATP can cover almost an order of magnitude, varying be-

tween 0.32-2.76 mM in E. coli [309], for example. Further, an E. coli population contained

heterogeneous cell-to-cell ATP levels in each observed growth phase [242], indicating it

is not sub-populations at different stages in the growth cycle leading to the population

level ATP variability. Instead, it has been suggested variability in ATP levels is a result

of stochastic fluctuations in the abundance of energy-generating components [166, 309].

Intracellular ATP variability has also been observed in other branches of life, including
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yeast [269, 270], plants [63] and human cell lines [154, 235, 313]. Continuing to improve

the current ability of biosensors will allow the magnitude of cell-to-cell heterogeneity to

become clearer.

The core ATP-dependence within the fundamental processes required for gene expres-

sion and regulation, and the substantially different levels of available energy (linked to

the level of intracellular ATP) suggest the dynamics, and thus potentially the outputs, of

regulatory networks involved with resistance may vary between cells due to these diverse

ATP levels.

1.4 Thesis outline

In Chapter 2, we introduce a framework to investigate the role of intracellular energy in

decision-making capacity, which is the process of a cell supporting different numbers of

functionally important fates, without genetic modifications. The motivation, and appli-

cation, of the framework considers both prokaryotic and eukaryotic cell types, allowing

an investigation into the potential role of intracellular energy in decision-making capacity

more generally.

Chapter 3 develops a more scalable framework to explore the influence of ATP variabil-

ity on GRN dynamics. This framework, using a coarse-grained Boolean network modelling

approach, modified to integrate ATP-dependence within GRN processes, is applied to two

GRNs controlling the expression of efflux pump genes in E. coli and Salmonella. Using

these powerful tools, this thesis aims to advance the current understanding of the roles

and influences of single-cell ATP variability on cellular decision-making and AMR-related

mechanism behaviour.

Finally, in Chapter 4, we explore an alternative method to investigate the global AMR

issue. We apply a Bayesian inference methodology to predict pathways leading to AMR

through the acquisition of resistance to several antibiotics in the opportunistic pathogen P.

aeruginosa. By applying this inference tool, we are able to investigate the development of
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antimicrobial resistance, offering a different insight into the evolution of AMR in bacteria,

which could allow patient treatment based on the current antimicrobial resistance profile

status of the clinical strain causing the resistant infection.

Overall, this research expands the current knowledge of how ATP dynamics modu-

late a decision-making mechanism at the single-cell level. Additionally, the theoretical

frameworks are used to identify how energy availability modulates regulatory network

behaviour, and advocate further investigation into the development of ATP-related an-

timicrobial therapies as novel AMR treatments.
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CHAPTER 2

INTRACELLULAR ENERGY VARIABILITY
MODULATES CELLULAR DECISION-MAKING

CAPACITY

Cells generate phenotypic diversity both during development and in response to stressful

and changing environments, aiding survival. For example, the generation of persister cells

in a genetically identical bacterial population can reduce the efficacy of antimicrobials,

and developing multicellular organisms make decisions to follow different developmental

pathways, and hence towards one of a diverse range of possible phenotypes. Furthering

our understanding of how a clonal population displays intrinsic phenotypic heterogeneity

may lead to the development of novel methods to regulate this behaviour. In this chapter,

we consider a mathematical model of a highly generalisable, ATP-dependent, decision-

making regulatory network, and observe how cell-to-cell ATP variability modulates the

set of phenotypes a cell can support.

The theoretical work in this chapter is taken from research published by Kerr et al.

[131].

2.1 Introduction

Biological cells are faced with many decisions during their existence. Genetically identical

single cells in a population choose different phenotypic strategies for survival. Across
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organisms, gene expression variability leads to cell-to-cell variations in mRNA and protein

levels in genetically identical cells and can drive the generation of diverse phenotypes and

strategies for survival [34, 59, 85, 123, 212]. The process of a cell assuming different

functionally important fates from a range of phenotypic possibilities in response to or in

anticipation of extracellular change, without genetic modifications, is known as a cellular

decision [39].

In multicellular organisms, phenotypic heterogeneity has been observed in a diverse

range of cell types [22] for a wide range of cellular decisions, from seed germination

[118, 181, 279] through the famous example of hematopoietic cell differentiation [45, 70],

to mosaic development of retinal cells in the Drosophila eye [306]. Waddington’s famous

‘epigenetic landscape’ [292] pictures these developmental decisions as bifurcating channels

that a developmental ‘ball’ can roll down to select different possible cell fate decisions; bi-

furcations in the landscape correspond to multistability, where a cell can support distinct,

differentiated cell fates. These repeated differentiation decisions allow, for example, hu-

man pluripotent stem cells to differentiate into all cell types in the human body [214, 273],

while modern technology allows differentiated cells to move back ‘up’ the epigenetic land-

scape [214, 268]. These cellular decisions are central to development and knowledge of

their dynamics offers useful applications in medicine and fundamental biology [165].

Single-celled organisms also embrace the advantages of diverse cell behaviours. Cells

in their natural environment have to deal with the challenges presented by changes in

extracellular conditions. These may include temperature changes, pH variability, nutrient

limitation or, in some cases, the presence of antibiotics. To overcome such environmental

fluctuations, genetically homogenous cells can generate phenotypic diversity in order to

increase the probability that some members of the population will survive [110, 147,

180]. This variability may enable a cell to support multiple, distinct phenotypes [4, 262,

306] potentially helping a cell handle different environmental conditions; the resulting

population heterogeneity may even increase the overall fitness of the species [4, 255].

In microbiology, diversity and cell decision-making underlie a range of biologically
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and medically important behaviours. Large-scale studies have revealed the generation

of phenotypic diversity in yeast through noisy gene expression, potentially benefitting

the population in varying and often stressful environments [34, 188]. The decision for

bacteria to sporulate into robust endospores is a survival mechanism used by diverse

genera including Bacillus and Clostridium [223], contributing to foodborne disease and

food spoilage [9, 304]. The decision to become a persister cell (a phenotype more tolerant

to external stress, including antibiotics), is made in several bacterial species [21, 53, 56,

135] and can have a dramatic impact on the efficacy of treatments [80, 149, 182, 317].

Many of the mechanisms behind cellular decision making in eukaryotes and prokaryotes

remain poorly understood, challenging our knowledge of fundamental biology and our

ability to design cellular interventions to suit human purposes. Regulatory networks,

representing the interactions between genes that govern these decisions, are often used

to summarise our knowledge [125]. Typically, edges in a schematic network illustrate

processes such as transcription and translation and nodes represent genes. However, this

coarse-graining can often omit a substantial amount of important detail. In particular,

the fact that the processes represented by these edges are energy dependent (Fig. 2.1(a)-

(b)) is rarely considered. Transcription and translation require a substantial ATP budget

[62, 122], so there exists a core energy dependence in the dynamics of gene regulatory

networks.

This energy dependence is important because different cells, particularly in micro-

biology, can have substantially different levels of available energy, potentially affecting

the decisions supported by a given cell. Energy variability has been observed within

genetically-identical Escherichia coli bacteria cells in a population, where absolute con-

centrations of intracellular ATP were spread over at least half an order of magnitude, in

a skewed distribution around 1.54 ± 1.22mM [309]. Substantial intracellular ATP vari-

ability has also been observed in other branches of life, including yeast [270], HeLa cells

[313] and plants [63]. Clearly, the dynamics, and thus potentially the outputs, of cellular

decision-making networks may vary between cells due to these diverse energy levels.
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Previous work has shown that energy availability can modulate the stability of decision-

making circuits in eukaryotic cells [119], supported by experimental observations linking,

for example, mitochondrial content and quality (supporting high, stable ATP supply) to

less differentiated cell outcomes [126, 248, 273]. However, the broader influence of energy

variability on the behaviour of these circuits remains to be revealed, and a theoretical un-

derstanding of this potentially important modulator of cellular decision-making remains

absent. Here, we seek to address this challenge using a theoretical approach that both

provides highly generalisable understanding and circumvents the experimental difficulties

in interrogating these complex systems. We use a general regulatory network to model a

genetic architecture observed as a decision-making motif across organisms. By including

the effects of energy variability on physiological processes, we explore how the behaviour

of the system will change when cell-to-cell variability exists in intracellular energy supply,

and what effects result on the ability of cells to make diverse decisions.

2.2 Methods

2.2.1 Regulatory architecture

We consider a well-known cellular decision-making architecture consisting of two genes,

their respective protein products, and the regulation occurring through their interactions

[109, 119]. To study a general model of cellular decision-making we designate the genes

‘Gene 1’ and ‘Gene 2’, as displayed in Fig. 2.1(b). Protein 1 and Protein 2 (expression

levels x1 and x2) are expressed by Gene 1 and Gene 2 respectively, which then apply

feedback control to the system through self-activation and cross-repression; both proteins

also degrade. We define a cell fate as the level of these proteins at steady state.

We construct the governing ordinary differential equations (ODEs) with guidance from

the literature [109]. We coarse-grain gene expression dynamics, avoiding an explicit repre-

sentation of mRNA levels, and focussing on the levels of the protein products, correlating
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Figure 2.1: Energy dependence in model genetic architectures. (a) Energy de-
pendence in gene regulation. In an example schematic regulatory network (i), genes have
positive and negative regulatory interactions. The expression of these genes, and thus
their regulatory interactions, rely on transcription and translation, processes with sub-
stantial ATP requirements (ii). The dynamics, behaviour, and states supported by a
regulatory network are thus expected to be ATP-dependent (iii). In this example, when
ATP levels are high, activation by a positive promoter (blue) may lead to high levels
of expression of a downstream target (black). However, when ATP levels are low, there
may be insufficient energy to support this increased expression level, and the system’s
behaviour is instead dominated by a repressive interaction (red). (b) The regulatory
network for the general system considered in our model. The system involves two genes
which self-activate and cross-repress, with both sets of processes being ATP-dependent
(i). The energy dependence is often neglected in shorthand network representations of
gene regulatory networks (ii). (iii) shows a possible arrangement of regulatory regions for
one gene in the system.
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with the expression level of their respective gene in our model. The expression of each

gene has contributions from self-activation (via the gene’s product activating a condi-

tional promoter) and from a constitutive promoter (which can be repressed by the other

gene’s product), Fig. 2.1(b). For Gene i, the maximum expression level of the conditional

promoter for Gene i is ai, and the basal expression level of the constitutive promoter is

bi. Each protein product is degraded with rate ki. Overall, we then obtain Equations

(2.2.1)-(2.2.2) with initial conditions (2.2.3), previously studied by Huang et al. [109],

with x1,0, x2,0 ∈ R being some initial levels of proteins x1 and x2.

dx1

dt
= a1

xn
1

θna1 + xn
1

+ b1
θnb1

θnb1 + xn
2

− k1x1, (2.2.1)

dx2

dt
= a2

xn
2

θna2 + xn
2

+ b2
θnb2

θnb2 + xn
1

− k2x2, (2.2.2)

x1(0) = x1,0, x2(0) = x2,0. (2.2.3)

The additive terms in Equations (2.2.1)-(2.2.2) reflect, from left to right, self-activation

up to a maximum level of ai, cross-repression down from a basal level of bi, and degrada-

tion. The interaction processes are represented by Hill functions, with n and θ parameters

determining the steepness and inflection point of the sigmoidal curves, respectively; θai , θbi

can be interpreted as the dissociation constants of the activator and inhibitor regulatory

proteins to the promoter regions, respectively.

Huang et al. suggest a default example parameter set [109], with ai = bi = ki =

1, θai = θbi = 0.5, n = 4 (i = 1, 2). These parameters give rise to a tristable system,

where, depending on initial conditions, the steady state can take one of three values.

Interpreting these protein level values as cell fates, this tristability corresponds to three

possible cell fates for an organism and therefore, for example, a wider decision-making

landscape compared to a monostable system.
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2.2.2 Energy dependence

Each step in transcription and translation requires energy in the form of ATP (Fig.

2.1(a)), so we enforce that the rates of the corresponding gene expression processes in

our model are dependent on an ATP concentration parameter. To this end, we first

transform the parameters ai and bi to ai → λai and bi → λbi (i = 1, 2) with λ being a

function of intracellular ATP level. For simplicity and generality, we ignore the possible

energy dependence of degradation as being of lower magnitude than these constructive

processes. We will usually consider λ values between 0 and 1, reflecting the modulation

of transcription rates from a theoretical maximum value (when ATP supply is not rate-

limiting) to zero (in the absence of any available ATP supply), but consider relaxation of

this scale later.

The rates of biophysical processes depend on corresponding free energy availability, a

complicated quantity that for gene expression strongly depends on the cellular ATP/ADP

ratio, as well as other metabolic factors. Typical ATP/ADP ratio values have been

shown to vary between 2-3 in mouse pancreatic β-cells [200], and 19 ± 4 in wild-type

E. coli cells [116]; variability has also been observed within and between different plant

cell components [260]. To model this complex quantity and make it transferable across

different biological species, we use a parameter A∗ to reflect a ratio of a cell’s free energy

availability to a maximum possible value. This sets the upper and lower limits of A∗ to

be 0 and 1 for each cell. By assuming a constant sum of ATP and ADP concentrations

within an E. coli cell, as observed by Jensen and Michelson [116] for wild-type and atp

mutant cells, an increase in ATP concentration corresponds to an increase in free energy

availability by changing the ATP/ADP ratio, and allows values of A∗ to be mapped to,

for example, specific ATP concentrations for a given biological system of interest (Fig.

2.2).

To model the dependence of transcription rate λ on energy availability A∗, we follow

das Neves et al. [62], who found a sigmoidal relationship between the total transcrip-

tion rate in a cell and ATP concentration. As we are primarily concerned with the ATP

22



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.2

0.4

0.6

0.8

1
0 552 1104 1656 2208 2760

λ
(A

∗ )

E. coli Intracellular ATP Concentration (µM)

A∗

Figure 2.2: Model relationship between energy availability and gene expression
rates. Sigmoidal curve given by Equation (2.2.4), displaying limiting λ for small A∗

and maximal λ as A∗ approaches 1. Secondary x-axis (top x-axis) provides a biological
example of the intracellular ATP concentration of E. coli with respect to the maximum
ATP concentration using known upper and lower bounds [309]. In this example, the lower
bound of E. coli intracellular ATP concentration is 320 µM, corresponding to small λ.

dependence of gene expression, we modelled λ with a sigmoidal curve, yielding monoton-

ically increasing rates as energy increases (adoption of a linear rather than a sigmoidal

relationship between scaled energy and dynamic rates did not change our qualitative ob-

servations, as displayed in Section 2.3.2). Specifically, we use Equation (2.2.4), where

s1 = 16, s2 = −8 are chosen to produce the monotonically increasing curve for λ(A∗) in

Fig. 2.2.

λ(A∗) =
1

1 + e−(s1A∗+s2)
. (2.2.4)

For biological reference, Fig. 2.2 displays the known range of intracellular ATP con-

centration of E. coli (1.54± 1.22 mM [309]). At the lower bound of ATP concentration,

320 µM, λ is small, equating to a low maximum expression level. For the upper bound,

2760 µM, λ is at its maximum value and represents maximal expression level. Concentra-

tions below 320 µM are outside the detected E. coli ATP range [309], so we take this to

be the critical intracellular energy to continue as a living cell and therefore may represent
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non-living or dying cells. Overall we thus obtain:

dx1

dt
= λ(A∗)a1

xn
1

θna1 + xn
1

+ λ(A∗)b1
θnb1

θnb1 + xn
2

− k1x1, (2.2.5)

dx2

dt
= λ(A∗)a2

xn
2

θna2 + xn
2

+ λ(A∗)b2
θnb2

θnb2 + xn
1

− k2x2. (2.2.6)

Time-dependent and steady state numerical solutions of Equations (2.2.5)-(2.2.6), with

Equation (2.2.4), were generated in Python 3.6.5 using the integrate.odeint and opti-

mize.root functions within the Scipy module; integrate.odeint is a stiff or non-stiff solver

for a system of first-order ordinary differential equations which implements a Backward

Differentiation Formula (stiff) or predictor-corrector (non-stiff) method, and optimize.root

solves the system of nonlinear equations using a modification of the Levenberg-Marquardt

algorithm. Prescribed initial conditions covered a grid of x1 and x2 at equally spaced

points when calculating numerical solutions; bifurcation diagrams and heatmaps were

constructed using the numerical solutions. In the case where multiple degenerate solu-

tions are found, attractor quantity was confirmed using both Maple (2019) and Mat-

lab (R2018a; Mathworks). All scripts used for this study are openly accessible through

https://github.com/kerr-mathbio/energy-variability-decision-making.git.

For each parameter set, the stable steady states of the system correspond to cell fates.

We do not consider unstable or metastable steady states to represent cell fates as small

perturbations in expression due to noise will move the system towards a stable point;

we consider both unstable and metastable steady states as ‘functionally unstable’ in our

study. If multiple stable states exist, the level of proteins x1 and x2 at each steady state

determine the different phenotypes a cell can generate, as shown by Huang et al. [109];

in their study, high x1 and low x2 corresponded to a progenitor cell differentiating into

an erythroid cell, rather than a myeloid cell.

As we are modelling the observed interactions in Fig. 2.1(b) rather than biochemical

interactions, the analysis of our results considers the qualitative behaviour rather than
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observing quantitative results.

From this point, we set a = a1 = a2, b = b1 = b2, k = k1 = k2, θa = θa1 = θa2 ,

θb = θb1 = θb2 and each section will explicitly state the fixed and varied parameters for

the work that follows.

2.3 Results

Our model system generally exhibits dynamic behaviour that, starting from some initial

condition (x1,0, x2,0), converges to a particular steady state characterised by values (x1, x2).

A limited number of these steady states exist for a given parameterisation of the system;

these are attractors, so called because initial conditions are ‘attracted’ towards these

stable states. A range of initial conditions will converge to the same attractor; this range

of (x1,0, x2,0) values is the attractor basin of that attractor.

We view distinct attractors, with distinct patterns of protein levels, as distinct cell

fates. The attractor basin of each corresponds to the range of cell states that will return

to that cell fate. This range makes each fate robust to fluctuations: for example, a small

change in the level of one protein in one attractor state will likely still fall within that

attractor’s basin, so the system will return there.

In the following sections, we consider the number and properties of distinct cell fates

(attractors) supported by the system at different energy levels. As we increase energy

levels we often observe bifurcation, where one stable state transitions to two new states

(increasing the number of options for cellular decision making). We also consider the

“difficulty” of switching between attractors (moving from one cell fate to another); in

biology this can be accomplished through noisy or controlled external influences [215,

217, 274].
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2.3.1 Intracellular energy availability modulates cellular decision-
making landscapes

We first sought to understand how increasing energy availability changes the number of

decision-making options available to the cell. To this end, we explored the bifurcation

behaviour of the steady-state protein levels in our model as we changed energy availability.

As our parameterisation for now imposes a symmetric structure on the phase space of

steady-state protein levels, we begin by simply using the diversity of state level x2 levels

to illustrate the range of attractors present in the system for given energy levels. An

example bifurcation diagram for default values and varying A∗ is displayed in Fig. 2.3,

with inset figures displaying time-dependent trajectories towards stable attractors for

fixed A∗ values. Throughout this section, θa, θb and n are fixed at their default values,

and parameters a, b and k are varied.

We explored the emergence of different attractors (hence, the emergence of different

cell fates that can be decided between) with energy level A∗ under a variety of different

parameterisations. A clear general trend emerged, whereby the number of distinct attrac-

tors supported by the system increases with increasing energy availability (Figs. 2.4-2.6).

There is thus an increased diversity of stable protein states, and hence an increased num-

ber of options for cellular decisions, if energy levels are higher. The separation of these

attractors also increased with increasing energy, with the attractor basin associated with

the intermediate attractor becoming wider, in agreement with [109, 119]. This suggests

a biological stabilisation of states characterised by intermediate protein levels (see Fig.

2.4(b) for example).

The quantitative properties of these attractor states vary with model parameters. In-

creased promoter activity a and b has the effect of increasing the separation of protein

levels in distinct states, likely due to a simple elevation of maximum level. Correspond-

ingly, increased degradation activity k has the opposite effect, diminishing the differences

between distinct states (Fig. 2.6). In particular, high values of k prevent the emergence of

tristability, limiting the system to bistability even at high energy levels (Fig. 2.6(c)-(d)).
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Figure 2.3: Increasing energy levels support more distinct attractors. Bifurca-
tion diagram for the default parameter set, displaying stable steady states (blue circles)
and unstable steady states (red circles) for A∗ ∈ [0, 1] in steps of size 5 × 10−3. Insets
show behaviour of time-dependent simulations with multiple initial conditions at specified
A∗ values. Time-dependent examples are displayed for A∗ = 0.25, 0.5 and 0.8 to show
examples of the behaviour included in the bifurcation diagram.

The bifurcation dynamics display some subtle variation in different cases. For example,

at high levels of a (the maximum expression level of the conditional promoter), increasing

energy availability drives the system through re-entrant behaviour, where the number of

attractors (decision options) runs from 1 to 3 then down to 2 before returning to 3 (see

Figs. 2.7 and 2.8 for detailed views of this behaviour). We shall see below (for example in

Figs. 2.9 and 2.10) that similar behaviour is also observed in other regions of parameter

space.

Generally, a single stable branch exists below an A∗ threshold (Figs. 2.4-2.6). Bi-

ologically this implies that a single cell fate exists below an intracellular energy level,

restricting the decision-making ability of a cell under this architecture. Once intracellu-
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Figure 2.4: Attractor basins with increasing energy availability A∗ and maxi-
mum expression level from conditional promoter. Panels (a)-(d) display bifurca-
tion diagrams for increasing values of the maximum conditional promoter expression level
a. Plots display x2 values for stable steady states (blue circles) and unstable steady states
(red circles) over A∗ ∈ [0, 1] in steps of size 5× 10−3. Throughout (a)-(d), all parameters,
except a and A∗, are fixed at their default values.
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(a) b = 0.25 (b) b = 0.50
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Figure 2.5: Attractor basins with increasing energy availability A∗ and con-
stitutive expression level. Panels (a)-(d) display bifurcation diagrams for increasing
constitutive promoter expression b. Plots display x2 values for stable steady states (blue
circles) and unstable steady states (red circles) over A∗ ∈ [0, 1] in steps of size 5 × 10−3.
Throughout (a)-(d), all parameters, except b and A∗, are fixed at their default values.
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(a) k = 0.50 (b) k = 1.25
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(c) k = 1.50 (d) k = 3.00
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Figure 2.6: Attractor basins with increasing energy availability A∗ and degra-
dation level. Panels (a)-(d) display bifurcation diagrams for increasing values of degra-
dation level k. Plots display x2 values for stable steady states (blue circles) and unstable
steady states (red circles) over A∗ ∈ [0, 1] in steps of size 5 × 10−3. Throughout (a)-(d),
all parameters, except k and A∗, are fixed at their default values.
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Figure 2.7: Re-entrant behaviour in decision making options. Close-up view of
Fig. 2.4(d) over A∗ ∈ [0.4, 0.46] in steps of size 5×10−4. The figure displays stable steady
states (blue circles) and unstable steady states (red circles). The number of stable steady
states transitions from 1 to 3, then 3 to 2 and finally 2 to 3 in a small region of A∗.

lar energy availability exceeds a threshold, multiple steady states are present, enabling

cellular decision-making. All figures demonstrate that, for our decision-making architec-

ture, an increase in A∗ generally has the effect of accumulating stable branches in the

bifurcation diagrams. This means a broader decision-making landscape for a cell when it

has high intracellular energy availability. If degradation, k, is too high the central stable

attractor does not exist and the system is limited to bistability. Therefore, the decision-

making capabilities of a cell would be reduced if the degradation level is sufficiently high.

Re-entrant stable steady state behaviour exists for certain parameter sets, suggesting a

potential optimum intracellular energy range for phenotypic diversity. This may give a

cell an optimal range of intracellular energy levels to support an increased variety in cell

phenotypes, enabling superior adaption to stochastic extracellular environmental changes.

This behaviour could also have negative consequences for a cell due to phenotypes be-

coming unsupported with slight variances in energy, forcing a cell to establish a different

phenotype which, due to being a time dependent process, may not be performed quick

enough to tolerate an environmental change.

In Fig. 2.9 we show this ‘phase portrait’ of attractor landscapes for varying energy
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Figure 2.8: Destabilisation of central attractor in re-entrant behaviour. Close-up
view of Fig. 2.5(b) for A∗ ∈ [0.48, 0.54] in steps of size 5×10−4. The figure displays stable
steady states (blue circles) and unstable steady states (red circles). The number of stable
steady states transitions from 1 to 3, then 3 to 2 in the small region of A∗.

A∗ and constitutive expression b, along with example structures of the corresponding at-

tractor basins. The general observation of increasing number of fate options with energy

holds throughout. There is a separatrix line in this phase portrait between regions sup-

porting a single attractor basin and those supporting more than one. For a given dynamic

parameter, this separatrix is crossed as energy availability increases, then further increase

has the effect of expanding the attractor basin associated with the state where both genes

are expressed symmetrically (as in Johnston et al. [119]).

What is the physical intuition behind these structural changes with energy and dy-

namic parameters? Start with the low activity, low energy case. Here there is simply

not enough cellular ‘production capacity’ – the ability to express genes – to allow dy-

namic signalling interactions between gene products. The system is limited to low levels

of expression for both products, favouring a single, low-expression state.

As we now increase b, the basal expression rate increases, and the high coefficient

associated with the cross-repression term induces very high antagonism – any balance

between the gene products is highly unstable. The system invests all available energy
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Figure 2.9: Decision-making capacity depends on cellular energy and dynamic
parameters. Heatmap for a = 1, b ∈ [0, 3] and A∗ ∈ [0, 1], with all remaining parameters
fixed at their default values. Inset figures present examples of the attractor landscape
with solution trajectories (coloured) and stable steady states (green circles with black
circumference). The 4 categories are, when viewed in portrait orientation, 1 stable steady
state (bottom left, turquoise), 2 stable steady states (bottom right, blue), 3 stable steady
states (top right, purple) and 4 stable steady states (top left, pink).
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getting to either one state or another. The low energy levels and correspondingly low

expression levels mean that ‘small number’ effects are important: any small perturbations

from symmetric expression will be amplified to favour one gene over the other.

In the alternative case, where we have low basal expression but high energy, we have

substantial ‘production capacity’ that can now support an energetically more demand-

ing intermediate state. Higher expression levels mean that fluctuations can be buffered

and intermediate states are more stable. Here, there is constant tension between genes,

requiring high energy levels; the fixed states are also still supported. In order to favour

either gene product we need enough initial protein to jump-start the system (otherwise

we reach the trivial zero or near-zero attractor).

This latter case remains true in the final case of high energy and high basal expression,

except here the zero or near-zero attractor is unstable because from here, the substantial

‘production capacity’ means that some protein can always be produced, which is likely to

drive the system towards one of the non-trivial attractors.

We next explored this behaviour varying both promoter levels a and b together (Fig.

2.10). At low values of the conditional promoter activity (a ≤ 0.5) the system is restricted

to mono- or bistability for all values of b and a single stable attractor exists below an A∗

threshold. High values of a support the greater diversity of stable states previously seen

in Fig. 2.9, however the attractor landscape changes minimally for higher a (Fig. 2.10(e)-

(f)). For high a and some values of b, we again see the re-entrant behaviour from the

bifurcation diagrams (Figs. 2.7 and 2.8), with the 4-attractor state supported only at

some intermediate values of energy availability. Illustrations of the nature of these re-

entrant steady states are given in Figs. 2.11 and 2.12, for increasing values of A∗ and b

respectively.

This re-entrant behaviour for increasing values of A∗ or b (Figs. 2.7-2.12) merits further

analysis. The reduction from 4 to 3 stable states with increasing energy is likely due to

the destabilisation of the near-zero attractor (Fig. 2.11), where expression levels of both

genes is low. Above an energetic threshold, a baseline of production will be constantly
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Figure 2.10: Decision-making landscapes depend on energy availability and dy-
namic rate parameters. Panels (a)-(f) display heatmaps for 6 increasing values of a,
when n = 4. Each panel exhibits the number of stable steady states for combinations of
b ∈ [0, 3] and A∗ ∈ [0, 1]. Throughout (a)-(f), all parameters, except a, b and A∗, are fixed
at their default values.
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occurring, and if the activity of the conditional promoter (a) is high enough, any small

increases in protein level can rapidly self-amplify and drive the system to an attractor

with higher expression of protein products. The 4-attractor system will then only be

supported at low b and sufficiently low energies, as we observe. When the number of

attractors (decision options) runs from 1 to 3 then down to 2 before returning to 3, the

central stable attractor is destabilised as energy increases (Fig. 2.12). This is likely due

to a higher contribution from the constitutively expressed promoter as a proportion of

the overall expression when energy increases, enhancing the antagonism, increasing the

overall expression of both proteins and therefore driving the system to one state or the

other as the central state cannot be sustained.

In summary, when a is small (Fig. 2.10(a)-(b)), the system is limited to mono- or

bistability, which may equate to a limited diversity in phenotypic possibilities for a cell.

Increasing a lowers the separatrix and decreases the A∗ threshold for tristability. Biologi-

cally, this suggests that for our decision-making architecture, as the maximum expression

level of the promoter under activator control increases, less energy is required for an

expansion in a cell’s decision-making landscape. Independent of the value of a and b,

a singular stable steady state always exists at low energy, in theory limiting a cell to

generating a singular phenotype.

2.3.2 Modelling the energy parameter through a linear function

The parameter λ was initially modelled by the sigmoidal curve in Equation (2.2.4). Mod-

elling the ATP-dependent modulatory term through a linear relationship, λ = A∗ (Fig.

2.13), whilst fixing θa, θb, n and k at their default value, shows qualitatively similar be-

haviour compared to when λ(A∗) is sigmoidal (Fig. 2.10). In contrast we observe that

significantly lower A∗ thresholds are required for multiple stable steady states, increased

parameter sets with 4 stable attractors and there exist more parameter sets with re-entrant

behaviour.

The choice of function to model λ therefore has an effect on the qualitative behaviour,
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but the number of stable attractors still increases as A∗ increases. Biologically this again

displays an increased decision-making landscape for a cell as intracellular energy avail-

ability increases, as observed for sigmoidal λ.

2.3.3 Cooperativity effects on system behaviour

We next asked how these relationships between attractor basin structure (number of de-

cision options) and energy depends on the cooperative nature of our model interactions

(represented by the Hill coefficient n in our governing equations). We found that decreas-

ing the Hill coefficient to n = 3 (Fig. 2.14) led to some minor rearrangements of the

phase portrait, decreasing to n = 2 (Fig. 2.15) does not display any re-entrant behaviour,

while the quasi-linear case of n = 1 (Fig. 2.16) removed any diversity in attractor basin

structure for the parameters, and A∗ values, we consider.

Therefore, if there is noncooperative binding (n = 1) of the proteins, the number

of stable states is limited to one (Fig. 2.16). This would relate to no decision-making

capability for any cell, independent of intracellular energy level or gene expression levels,

in the regimes we are considering. In contrast, if cooperativity is reduced from n = 4

(default value, Fig. 2.10) to n = 3 or n = 2 (Fig. 2.14 or 2.15 respectively), the

observed behaviour is qualitatively similar, suggesting that a limited degree of nonlinearity

in cellular interactions is sufficient to support decision-making and that energy dependence

remains important even in these limited cases.

2.3.4 Regulatory protein binding strength can limit system be-
haviour

To understand how the binding strength of regulatory proteins affects the decision-making

abilities of a cell, the influence of Hill parameters θa and θb on attractor basin structure

was also analysed (Fig. 2.17); θa and θb can be interpreted as the dissociation constants

of the activator and inhibitor regulatory proteins to the promoter regions, respectively.
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Figure 2.13: Linear energy function displays similar qualitative decision-making
landscapes to the default case. Panels (a)-(f) display heatmaps for 6 increasing
values of a, when λ = A∗. Each panel exhibits the number of stable steady states for
combinations of b ∈ [0, 3] and A∗ ∈ [0, 1] with all remaining parameters fixed at their
default values.

40



(a) a = 0.00 (b) a = 0.50

0

0
.2

5
0
.5

0
.7

5 1

1
.2

5
1
.5

1
.7

5 2

2
.2

5
2
.5

2
.7

5 3

 

1

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0

 

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

2

2

2

2

2

1

1

1

1

1

1

2

2

2

2

2

1

1

1

1

1

1

2

2

2

2

2

2

1

1

1

1

1

2

2

2

2

2

2

1

1

1

1

1

2

2

2

2

2

2

1

1

1

1

1

2

2

2

2

2

2

1

1

1

1

1

2

2

2

2

2

2

1

1

1

1

1

2

2

2

2

2

2

1

1

1

1

1

2

2

2

2

2

2

1

1

1

1

1

2

2

2

2

2

2

1

1

1

1

1

A
∗

b

0

0
.2

5
0
.5

0
.7

5 1

1
.2

5
1
.5

1
.7

5 2

2
.2

5
2
.5

2
.7

5 3

 

1

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0

 

1

1

1

1

1

1

1

1

1

1

1

2

2

2

1

1

1

1

1

1

1

1

2

2

2

2

2

1

1

1

1

1

1

2

2

2

2

2

2

1

1

1

1

1

2

2

2

2

2

2

1

1

1

1

1

2

2

2

2

2

2

1

1

1

1

1

2

2

2

2

2

2

1

1

1

1

1

2

2

2

2

2

2

1

1

1

1

1

2

2

2

2

2

2

1

1

1

1

1

2

2

2

2

2

2

1

1

1

1

1

2

2

2

2

2

2

1

1

1

1

1

2

2

2

2

2

2

1

1

1

1

1

2

2

2

2

2

2

1

1

1

1

1

A
∗

b
(c) a = 1.00 (d) a = 1.50

0

0
.2

5
0
.5

0
.7

5 1

1
.2

5
1
.5

1
.7

5 2

2
.2

5
2
.5

2
.7

5 3

 

1

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0

 

1

1

1

1

1

1

1

3

3

3

3

2

1

1

1

1

1

1

3

3

3

3

3

2

1

1

1

1

1

3

3

3

3

3

2

1

1

1

1

1

3

3

3

3

3

2

1

1

1

1

1

3

3

3

3

3

2

1

1

1

1

1

3

3

3

3

3

2

1

1

1

1

1

3

3

3

3

3

2

1

1

1

1

1

3

3

3

3

3

2

1

1

1

1

1

3

3

3

3

3

2

1

1

1

1

1

3

3

3

3

3

2

1

1

1

1

1

3

3

3

3

3

2

2

1

1

1

1

3

3

3

3

3

2

2

1

1

1

1

4

4

4

4

A
∗

b

0

0
.2

5
0
.5

0
.7

5 1

1
.2

5
1
.5

1
.7

5 2

2
.2

5
2
.5

2
.7

5 3

 

1

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0

 1

1

1

1

1

1

3

3

3

3

3

3

1

1

1

1

1

3

3

3

3

3

2

1

1

1

1

1

3

3

3

3

3

2

1

1

1

1

1

3

3

3

3

3

2

1

1

1

1

1

3

3

3

3

3

2

1

1

1

1

1

3

3

3

3

3

2

1

1

1

1

1

3

3

3

3

3

2

1

1

1

1

1

3

3

3

3

3

2

1

1

1

1

1

3

3

3

3

3

2

2

1

1

1

1

3

3

3

3

3

2

2

1

1

1

1

3

3

3

3

3

2

2

1

1

1

1

3

3

3

3

3

2

2

1

1

1

1

4

4

4

4

4

A
∗

b
(e) a = 2.00 (f) a = 3.00

0

0
.2

5
0
.5

0
.7

5 1

1
.2

5
1
.5

1
.7

5 2

2
.2

5
2
.5

2
.7

5 3

 

1

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0

 

1

1

1

1

1

3

3

3

3

3

1

1

1

1

1

3

3

3

3

3

3

1

1

1

1

1

3

3

3

3

3

3

1

1

1

1

1

3

3

3

3

3

3

1

1

1

1

1

3

3

3

3

3

3

1

1

1

1

1

3

3

3

3

3

3

1

1

1

1

1

3

3

3

3

3

3

1

1

1

1

1

3

3

3

3

3

3

2

1

1

1

1

3

3

3

3

3

3

2

1

1

1

1

3

3

3

3

3

3

2

1

1

1

1

3

3

3

3

3

3

2

1

1

1

1

3

3

3

3

3

3

2

1

1

1

1

4

4

4

4

4

4 4A
∗

b

0

0
.2

5
0
.5

0
.7

5 1

1
.2

5
1
.5

1
.7

5 2

2
.2

5
2
.5

2
.7

5 3

 

1

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0

 

1

1

1

1

1

3

3

3

3

3

3

1

1

1

1

1

3

3

3

3

3

3

1

1

1

1

1

3

3

3

3

3

3

1

1

1

1

1

3

3

3

3

3

3

1

1

1

1

1

3

3

3

3

3

3

1

1

1

1

1

3

3

3

3

3

3

2

1

1

1

1

3

3

3

3

3

3

2

1

1

1

1

3

3

3

3

3

3

2

1

1

1

1

3

3

3

3

3

3

2

1

1

1

1

3

3

3

3

3

3

2

1

1

1

1

3

3

3

3

3

3

2

1

1

1

1

3

3

3

3

3

3

2

1

1

1

1

4

4

4

4

4

4A
∗

b

Figure 2.14: Reduced Hill coefficient value (n = 3) displays similar qualitative
decision-making landscapes to the default value (n = 4). Panels (a)-(f) display
heatmaps for 6 increasing values of a, when n = 3. Each panel exhibits the number of
stable steady states for combinations of b ∈ [0, 3] and A∗ ∈ [0, 1], with all remaining
parameters fixed at their default values.
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Figure 2.15: Hill coefficient n = 2 displays simplified qualitative decision-making
landscapes to the default value (n = 4). Panels (a)-(f) display heatmaps for 6
increasing values of a, when n = 2. Each panel exhibits the number of stable steady
states for combinations of b ∈ [0, 3] and A∗ ∈ [0, 1], with all remaining parameters fixed
at their default values.
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Figure 2.16: Non-cooperative binding limits the decision-making landscape.
Panels (a)-(f) display heatmaps for 6 increasing values of a, when n = 1. Each panel
displays the number of stable steady states when spanning b ∈ [0, 3] and A∗ ∈ [0, 1], with
all remaining parameters fixed at their default values.
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Figure 2.17: Strength of binding limits the decision-making landscape. Main
panels display the number of stable states for (a) θa, (b) θb ∈ [0.1, 1.5] and A∗ ∈ [0, 1].
Inset sub-panels display stable attractor behaviour for θa, θb ∈ [0.01, 0.1]. Each panel
contains colour coordinated number of stable steady states: 1 (turquoise); 2 (blue); 3
(purple). Remaining parameters are fixed at their default values. Behaviour displayed for
θa = θb = 1.5 continues for larger values of each parameter.

44



Increasing θa (θb) corresponds to decreasing the binding affinity of the corresponding

protein to the relevant promoter site, thus requiring more protein to achieve the equivalent

levels of activation (inhibition).

Changing θa changes the A∗ threshold required for tristability; there is a ‘sweet spot’

in θa that supports tristability at higher A∗ values. This behaviour is not observed for θb;

for low θb, single, double, and triple stable states are observed at different energy levels,

while for high θb the system is limited to a single attractor.

Hence, the relationship between energy availability and decision-making capacity of

the system depends differently on the interactions encoded by θa and θb (Fig. 2.17). There

is an optimal range of θa for tristability, and outside of this range it is more probable for

the system to be bistable, but it can also be limited to monostability. This suggests a cell

requires a stronger activator binding strength to be less sensitive to changes in the number

of activator proteins modulating expression levels. The optimal range for tristability is

increased when parameter θb is varied. A cell would be less sensitive to changes in the

number of inhibitor proteins modulating expression for both weak and strong binding

strengths of the inhibitor protein. When the inhibitor binding strength becomes too weak

the system is limited to a single stable state, removing the decision-making ability for a

cell.

2.3.5 External ATP effects on decision-making landscapes

We next asked how the presence of external ATP sources (for example, from the envi-

ronment, other cells, or a host cell in the case of a parasite) affected decision-making

behaviour in our model. The effect of uptake of external ATP is to raise the baseline level

of energy available for transcription [62]. We capture this by adopting a non-zero value of

the sigmoid function (λ) at A∗ = 0, and allowing its maximum to surpass 1 (Fig. 2.18).

This models an externally available ATP source for a cell. We found that external

ATP supply shifted the profile of supported phenotypic states towards those with more

stable phenotypes (Fig. 2.19), suggesting that external ATP enables the cell to enter
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Figure 2.18: Model relationship between energy availability and gene expression
rates with external ATP influences. Modified λ produced by vertically displacing
the original sigmoid in Fig. 2.2.

a higher-decision state-space more easily (for example, compare Fig. 2.10(c) and Fig.

2.19(c)).

2.3.6 Stable steady-state transitions

The transition between phenotypes can be analysed by observing the ‘difficulty’ of moving

between attractors at each energy level. Here, we consider the minimum work to transition

from one extreme attractor state to another, by calculating the distance required to tran-

sition directly or indirectly between extreme attractor basins. This distance qualitatively

corresponds to the magnitude of an intrinsic fluctuation, or an externally induced change,

in gene expression levels required to induce a permanent shift in phenotype. Specifically,

we compute the minimum of the following quantities: (i) the shortest distance in (x1, x2)

space between the high-x1 attractor and the high-x2 basin; (ii) the sum of shortest dis-

tances between the high-x1 attractor and an intermediate basin and the shortest distance

from that intermediate attractor to the high-x2 basin. In (ii), an indirect transition within

the 3 or 4 attractor landscape can occur through a move into an intermediate attractor

basin, relaxing towards the intermediate attractor point, and then a movement into the

second extreme attractor basin. This distance is only calculated for landscapes with 2 or
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Figure 2.19: Decision-making landscape variability is observed when considering
external ATP influences. Panels (a)-(f) display heatmaps for 6 increasing values of a,
when n = 4, for the sigmoid in Fig, 2.18. Each panel exhibits the number of stable steady
states for combinations of b ∈ [0, 3] and A∗ ∈ [0, 1], with all remaining parameters fixed
at their default values.
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Figure 2.20: The ability to transition between extreme states becomes harder as
energy availability increases. Panels (a)-(f) display heatmaps for 6 increasing values
of a, when n = 4. Each panel exhibits the minimum distance between stable steady states,
representing the ‘difficulty’ of extreme attractor transitions, for combinations of b ∈ [0, 3]
and A∗ ∈ [0, 1], with all remaining parameters fixed at their default values. The work
required to transition ranges from low (dark blue) to high (dark red). For monostable
landscapes the metric is not defined and is represented by black in each panel.
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more attractors, as a monostable system cannot transition.

The easiest transitions (shortest distances) occur as soon as the landscapes transitions

from monostable to multi-stable (Figs. 2.10 and 2.20), where extreme attractors are clos-

est with little intermediate volume of phase space. The most difficult transitions (hence,

most stable phenotypic states) appear for high values of the conditional promoter activity

(a = 3) where attractors in the landscape are spread apart (see Fig. 2.20(f)). We consis-

tently observe the most stable phenotypic states for large b, however, for intermediate a

values (Fig. 2.20(c)-(d)) the transition difficulty at large b values is reduced compared to

low and high a (Fig. 2.20(b) and (f) respectively).

Therefore, increasing energy availability both increases the number of phenotypic

choices supported by our model architecture and stabilises the corresponding states (Figs.

2.10 and 2.20). For a bistable system, moderate A∗ enables easier transitions, and an in-

crease in energy availability shifts the transitions to be considerably more difficult, stabil-

ising phenotypes. In a tristable landscape, the transition ‘difficulty’ is initially similar to

the bistable case, but an increase in A∗ does not alter the transition distance to match that

of the bistable landscape, unless a is very high, where transitions become considerably

more difficult.

2.4 Experimentally exploring the degree of ATP vari-

ability in real E. coli cells

Possible experimental tests, which would help validate model predictions, would involve

jointly tracking bacterial ATP levels and a measurable phenotypic response in a clonal

population prior to, during and post introduction of an antibiotic, using fluorescent re-

porters. To do this, we adapted an initial protocol to qualitatively monitor single-cell

ATP concentrations in a clonal bacterial population. Our methodology followed that of

Yaginuma et al. [309], who developed a genetically-encoded ratiometric fluorescent ATP

indicator “QUEEN”, constructed from circularly permuted Green Fluorescent Protein
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(cpGFP) fused to an ATP-binding subunit of Bacillus PS3 F0F1 ATP synthase, suitable

for quantifying ATP concentrations inside bacteria cells. This single fluorescent protein

biosensor can be excited at two wavelengths, and the ratio between the two emission

signals reports a ratiometric ATP level; the ratio does not depend on the amount of the

reporter, eliminating errors due to variability in QUEEN-2m levels amongst bacterial cells

[309].

We initially transformed E. coli JM109(DE3) (wild-type) cells with a plasmid con-

taining the ATP indicator sequence (either the 2m or 7µ variant) and then cultured the

cells on selective media (100 µg ml−1 ampicillin). The qualitative measurement of ATP

concentration within single-cells was determined by calculating the relationship between

the emission profile of QUEEN within cells following 458nm (458ex) and 488nm (488ex)

excitation. In the original study, samples were excited by 405nm and 480nm, which was

unavailable for our protocol. Although the optimal emission would be produced from

405ex and 480ex, our setup still allowed for a quantitative understanding of cell-to-cell

variability in ATP within a population.

(a) (b) (c) (d)

Figure 2.21: Sample mounting preparation protocol for microscopy. Schematic
illustration of individual steps to prepare the imaging sample with coverslips, agarose pad
and bacterial culture. A small volume of E. coli sample is placed onto a microscope slide
(a)-(b), before the agarose pad (c) and cover slip (d) are placed on top. Samples are then
imaged in this setup.

For the single-cell measurement of QUEEN, E. coli -2m cells were immobilised on

top of a cover slip using a thin agarose pad (see Fig. 2.21) [254, 309]. This technique

helps immobilize the cells during the imaging process, aiding in multi-colour fluorescence
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microscopy experiments, in addition to lowering induced stress on the bacterial cells. A

small amount of cell suspension (5-8 µl), grown to OD600 = 0.2, was used in each imaging

sample. The immobilised cells were imaged with a Zeiss LSM 710 confocal microscope,

and the emission profiles of the sample were exported for image analysis.

The acquired images (Fig. 2.22(a)) were analyzed with original Python scripts and

processed using the following method. First, digital images captured from the microscope

were grouped into 458ex and 488ex pairs, and the 488ex image segmented by apply-

ing morphological operations on the original image, determining cell boundaries (Fig.

2.22(b)). The boundaries allowed the areas of segmented cells (in number of pixels) to

be calculated, with cell areas below a threshold removed for the subsequent calculations.

For each cell, mean intensity of all pixels within the cell boundary was calculated (for

both 458ex and 488ex images in each pair). Finally, single-cell 488ex/458ex ratio was

calculated from the average emission intensity values for each cell.

Image analysis of E. coli -2m samples displayed a negatively skewed distribution with

mean µ = 5.154 and standard deviation σ = 0.664 (the output from Fig. 2.22(b) is

displayed in Fig. 2.23(a)); cells displaying an average 458ex intensity below a threshold

were removed from the final ratiometric calculation (see arrows in Fig. 2.22). From the

distribution (Fig. 2.23(a)) it is also observed that the range of 488ex/458ex values covers

cells which have twice the ratiometric value to other, genetically-identical cells. To ensure

the behaviour contained within outputs was cell-to-cell ATP heterogeneity, and not an

artefact of the assay, wild-type E. coli cells were imaged as a negative control, under the

same conditions and protocol, and displayed negligible fluorescence,.

Further checks were considered within the E. coli -2m analysis. For the population

of cells imaged, single-cell 488ex/458ex ratio was plotted against mean 458ex intensity

(see Fig. 2.23(b)), and single-cell area (see Fig. 2.23(c)). These additional correlation

checks were performed to tighten the confidence that the data was displaying a real effect

of cell-to-cell ATP heterogeneity and not an artefact of, for example, cells with larger

areas displaying an increased ratio (correlating to ATP level). To confirm our data was
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(a)

(b)

Figure 2.22: Segmentation of microscopy images. Microscopy image of an E. coli -2m
cell sample, displaying the emission profile after excitation at 488nm (a). Emission inten-
sity was labelled in green for improved image analysis. Segmentation software provided
the boundaries of recognised cells within the sample (b). Individual cells with an average
458ex intensity below a threshold are removed (pink arrows).
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(c)

Figure 2.23: Clonal E. coli populations display cell-to-cell heterogeneity in a
stress-free environment. (a) Negatively skewed distribution of 488ex/458ex ratio of
E. coli QUEEN-2m cells in liquid culture, and scatter plots displaying 488ex/458ex ratio
against (b) mean 458ex intensity, and (c) cell size of individual E. coli cells. In (b)-(c),
correlation coefficient, R, is calculated to quantify the strength of the relationship between
the two pieces of data.
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displaying cell-to-cell ATP heterogeneity, we calculated the Pearson correlation coefficient,

R, measuring how strong the linear relationship is between two variables. In both cases,

there was a weak linear relationship (Fig. 2.23(b)-(c)). Together, our results qualitatively

agreed with the original study [309] in the degree of cell-to-cell heterogeneity in ATP

levels (see Fig. 2.23(a)).

Our original objective aimed to follow the imaging and ratiometric analysis with map-

ping single-cell ATP ratio levels to absolute intracellular ATP concentrations, similar to

the original research [309]. Once the protocol was refined, the intention was to jointly

track bacterial ATP levels and persister cell development in a clonal population prior

to, during and after exposure to an antibiotic. After developing our protocol monitoring

qualitative cell-to-cell ATP heterogeneity, the subsequent experimentation was disrupted

due to COVID-19. Although we were unable to complete this research, a similar project

was recently completed by Manuse et al. [166]. The group observed a general low energy

mechanism of persister formation, strengthening previous reports of a link between ATP

level and persister formation in bacteria [251, 298, 315], and supporting our theoretical

prediction that energy availability modulates cellular-decision making (see Discussion).

2.5 Discussion

We have used a simple and general regulatory model, representative of the core of several

known decision-making motifs [81, 108, 109, 205, 318], to explore how the decision-making

capacity of a cell depends on the energy available to fuel the processes involved in this

decision making. Our theory predicts that, across a broad range of biological contexts,

differences in cellular energy levels will cause differences in the dynamics and stable out-

comes of cellular decision-making, via modulation of the expression rates of interacting

regulatory genes. More precisely, increased ATP levels both support the ability to tran-

sition into multiple stable states, and increase the separation between the attractors as

energy increases, stabilising the decisions that can be made (Figs. 2.4-2.6). Concurrently,
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without a sufficient energy supply, decision-making circuits lose the capacity to select

different phenotypes (Figs. 2.4-2.6 and 2.10). Higher energy levels allow, and stabilise,

separate and intermediate states.

Our findings – that the fate choices supported by decision-making architectures depend

on available energy – exists independently of the other metabolic requirements of given

precursor or descendant cell types. It is therefore predicted the influence of ATP variability

on the dynamics of regulatory motifs can cause this general dependence, which exists in

addition to specific metabolic budgets of the cell types in question.

The architecture we consider (Fig. 2.1(b)) can describe the behaviour of many naturally-

occurring decision-making circuits, and our findings that energy availability influence this

behaviour thus provide testable predictions for this class of systems. Accordingly, our

preliminary experimental design (see Section 2.4) can be developed to readily test our

theoretical predictions. Jointly tracking single-cell ATP concentrations within a clonal

bacterial population, together with the activity of an intrinsic AMR mechanism (such as

efflux pumps or persisters), before, during, and after antibiotic exposure, will allow new

insights into the effects of energy availability on AMR, and cell-to-cell ATP heterogeneity

in a bacterial population in different environments. More generally, our hypothesis can be

tested by, for example, jointly tracking prokaryotic phenotype or eukaryotic fate decisions

in a culture exposed to the same stimulus but titrated with different external concen-

trations of ATP. Our prediction that phenotypic decisions depend on ATP is already

supported by several independent experimental observations, discussed below.

The observation that different levels of ATP may induce different cellular behaviours

comes as increasing cell heterogeneity in ATP levels is being experimentally characterised.

From our own experimental work, we observed significant ATP variability in a clonal E.

coli population (see Section 2.4), qualitatively agreeing with the degree of heterogeneity

in previous E. coli studies [309]. The connection between energy variability and cellular

decision-making in bacteria has also been discussed previously [56, 251], further support-

ing the hypothesis that energy diversity may modulate the number of regulatory states
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supported by a bacterium, playing an important causal role in inducing variability in

cellular decision-making within bacteria.

Setting a1 = a2 = 0 reduces the system to consist of a bistable switch with cross

repression, known as a toggle-switch. This motif is found at the core of several known

decision-making architectures throughout biology, with an extensive body of associated

literature [36, 49, 152, 155, 221, 281, 288, 299]. Notably, this motif occurs in the λ-

bacteriophage switch from lysogenic (integrates its genome into the host cell genome) to

lytic (actively reproduces using a host cell to manufacture more phages) state in E. coli.

The lysis-lysogen decision can generally be described as being determined by two genes,

cI and cro, which mutually cross-repress through their products; the outcome of high cI

(cro) expression is cro (cI ) repression and cI (cro) transcription, resulting in the lysogenic

(lysis) state [5, 16, 18, 228]. The switch from lysogenic to lytic state occurs when the cI

product is cleaved by RecA, a result of the response to DNA damage, derepressing cro,

increasing Cro production and turning off cI [5].

This motif consisting of two genes with feedback loops is found at the core of several

known decision-making architectures throughout biology, but of course, it will not exist

in isolation in real biological systems (although theoretical studies have underlined how

analysis of its dynamics can be valuable in understanding its downstream physiological

significance [109, 118, 119]). However, our hypothesised link between energy variability

and decision-making dynamics is not restricted to this motif. Relaxing the toggle-swtich

picture used here, links between energy variability and cell fate are anticipated in a broad

variety of other cell decisions. A pertinent example already mentioned is the formation

of bacterial persister phenotypes in the presence of antibiotics. One regulatory motif

involved here is the hipBA module, which expresses HipA (toxin) and HipB (antitoxin),

which can form a complex that represses their own expression. Rotem et al. [244] found

that cells become dormant if the level of HipA exceeds a threshold, and as the level of

HipA exceeded the threshold further, it determined the duration of dormancy. This is

similar to our model and architecture where the protein levels, x1 and x2, feed back into the
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system and establish the generated cell fate. Current experimental observations, in both S.

aureus [56] and E. coli [251], suggest a low-energy mechanism of persister generation. The

application of our generalisable framework to the hipBA module could provide theoretical

support into whether intracellular energy availability is a factor involved in the persister

decision.

ATP variability in eukaryotic cell types has also been observed. Intracellular ATP has

been quantified to vary between 3.7-3.9mM in HeLa cells [313], 3-4mM in living yeast

cells [270] and over a several-fold change occurs in different tissues of a plant [63]. The

connection between energy variability and cellular decision-making in eukaryotic cells

has also been discussed previously [14, 51, 78, 248, 273]. In particular, the relationship

between pluripotent stem cell behaviour and energy metabolism has been extensively

studied [273]. Culturing human embryonic stem cells (ESCs) in low oxygen (suppressing

oxidative phosphorylation and thus reducing energy production) prevents differentiation

[78]. Differentiation of pluripotent stem cells (PSCs) to cardiomyocytes requires a high

oxidative phosphorylation capacity [51], and human PSCs maintain higher mitochondrial

membrane potential (∆Ψm) than their differentiated descendants [14]. In mouse ESCs,

cells with high ∆Ψm remained in a pluripotent state while cells with low ∆Ψm largely

adopted a single differentiated state [248]. These observations all align with our prediction

of reduced decision-making capacity at low energy levels due to the energy dependence of

regulatory networks (although the different metabolic requirements of different cell types

will also play a role in these observations). Together, this further supports the hypothesis

that energy diversity may modulate the number of regulatory states supported by a cell,

playing an important causal role in inducing variability in cellular decision-making.

We predict that ATP variability will influence fate decisions across this broad variety

of systems, organisms and branches of life. Generally, the propensity to generate different

cell fates will be intrinsically affected by ATP supply (in addition to extrinsic signals that

may also be linked to nutrient and energy availability), and for bistable regulatory motifs,

higher ATP levels will promote undifferentiated states from which more fates are possible.
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The influence of noise in gene expression [215, 217, 274] on the behaviour and stability

of this system will also be valuable to link to specific biological situations. Together, the

inclusion of noise and additional genetic actors will help shed further light on how cells are

able to support different cell fates (in our model, how the number of available attractor

states are accomplished). Some subtle and re-entrant behaviour was observed in the

bifurcation dynamics associated with transitions between different numbers of distinct

stable states. If this behaviour is general across other architectures, it may provide a

potential optimum intracellular energy range for phenotypic diversity, enabling a cell to

have superior adaption to stochastic extracellular environmental change.
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CHAPTER 3

DYNAMIC BOOLEAN MODELLING REVEALS
THE INFLUENCE OF ENERGY SUPPLY ON
BACTERIAL EFFLUX PUMP EXPRESSION

One key factor contributing to AMR is the ability of bacteria to export drugs through

efflux pumps, which relies on the ATP-dependent expression and interaction of several

controlling genes. Recent studies have shown there exists significant cell-to-cell ATP

variability within a clonal bacterial population, but the contribution of intrinsic cell-to-cell

ATP heterogeneity is generally overlooked in understanding efflux pump behaviour. Here,

we could apply the energy-dependent ordinary differential equation (ODE) framework

from Chapter 2. However, while ODE models can in principle be used for GRNs of

arbitrary size, the associated parameter space rapidly increases with network size. In

this chapter, we consider how ATP availability influences two gene regulatory networks

(GRNs) controlling the expression of efflux pump genes in two different bacterial species,

by applying scalable framework which can explore the influence of ATP variability on

GRN dynamics and observe how differences in energy availability can cause pronounced

downstream heterogeneity in efflux gene expression.

Work in this chapter is taken from research published by Kerr et al. [130].
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3.1 Heterogeneity in efflux pump expression

Protein complexes called efflux pumps are an important mechanism for intrinsic (and

acquired) resistance to antibiotics [173, 174, 225, 256, 285]. Efflux pumps are capable

of transporting a range of substances from the cell compartment to the extracellular

medium, reducing intracellular accumulation of substances including antibiotics, and thus

conferring resistance [198, 199, 226]. Their central role in facilitating clinically relevant

AMR makes efflux pumps an attractive drug target, with much research directed at efflux

pump inhibitors as a novel therapeutic to overcome efflux-mediated resistance [156, 168,

187, 219, 265].

A current mystery in the activity of efflux pumps is the causes and effects of cell-to-cell

heterogeneity in their expression. Recent data demonstrates efflux pump gene expression

is not homogeneous throughout the population – instead, bacterial populations display

significant cell-to-cell variability [73, 213, 247]. Heterogeneity in efflux activity has been

suggested to have further downstream influence on AMR. One study, by Sánchez-Romero

and Casadesús [247], reported a correlation between bacteria with high efflux pump ac-

tivity in the absence of antibiotic compounds and increased resistance to antibiotics.

Additionally, a study by El Meouche and Dunlop [73] has shown a sub-population of bac-

teria with higher efflux pump expression has lower expression of mismatch repair genes,

facilitating mutations which can lead to permanent genetic changes bestowing resistance.

However, the underlying dynamics and influences of efflux heterogeneity in cellular pop-

ulations remain to be uncovered.

One potential source of heterogeneity in gene expression dynamics and interactions

is cell-to-cell differences in available energy supply [119, 131], which is increasingly being

characterised experimentally in bacteria [309, 315] (and other species; see Chapter 1).

Following theoretical work showing the potentially profound influence of this variability

on gene regulatory networks [119, 131], we here investigate the hypothesis that cell-to-

cell differences in available energy can contribute to cell heterogeneity in efflux pump

expression, intrinsic resistance to antimicrobials, and response to different environmental
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stressors.

Because of the experimental challenges involved in revealing general principles of the

behaviour of many interacting components, we adopt a modelling approach grounded

in and validated by experimental observations. We represent the interacting genetic ar-

chitecture shaping efflux pumps expression as a GRN. These networks can be modelled

using various mathematical approaches [125], including continuous [112, 115, 211, 291]

and stochastic [11, 75] frameworks. In Chapter 2, we applied an energy-dependent ordi-

nary differential equation (ODE) framework to a simple GRN, describing the behaviour

of many naturally-occurring decision-making circuits. We predicted that differences in

cellular energy levels will cause differences in the dynamics and stable outcomes of cellu-

lar decision-making. More precisely, without a sufficient energy supply, decision-making

circuits lose the capacity to select different phenotypes. Higher intracellular energy levels

increase the decision-making capacity, and also stabilise the available phenotypes.

These results from ODE modelling demonstrated the influence of ATP supply on

regulatory dynamics. However, while ODE models can in principle be used for GRNs

of arbitrary size, the associated parameter space rapidly increases with network size.

This expansion makes it harder to investigate general principles, as each parameter’s

contribution must be investigated for a comprehensive analysis of the system. Because of

this challenge, we sought a more scalable way to explore the influence of ATP variability on

GRN dynamics. To this end, we adopt an alternative framework. Boolean network models

(introduced by Kauffman [127] and Thomas [275]) coarse-grain the complex dynamics

within gene regulation by describing the logical interactions contained within a network

(allowing genes to be “on” or “off” and allowing simple positive or negative regulatory

interactions between genes – see Fig. 3.1(a)). This framework, although a simplification of

realistic biological events, has been successfully applied, for example, to the yeast cell-cycle

network [150], T helper cell differentiation network [186], and the Drosophila melanogaster

segment polarity network [6]; although to date few Boolean modelling studies focus on

understanding bacterial virulence and resistance mechanisms [24, 61].
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While Boolean models have been successfully used in a range of cases, the fact that

their edges correspond to ATP-dependent processes has rarely been considered [23, 24,

113, 127]. This ATP dependence is important, because genetically-identical cells in a

bacterial population can have substantially different levels of ATP [309, 315]. We therefore

developed a simple but highly generalisable modification for including energy dependence

in Boolean models of regulatory networks. We construct empirically-derived regulatory

networks for efflux pump expression in E. coli and Salmonella, focusing primarily on

behaviour at the transcriptional-level, and validate our models by comparing our results to

independent experimental observations. Although these networks are reasonably simple,

an ODE-based analysis would still involve a large set of parameters (many of which are

not well characterised), so these cases serve to demonstrate our scalable Boolean approach

as well as being of intrinsic scientific and translational interest. We then further analyse

theoretical outputs, first by considering the case where available energy is not a limiting

factor on the dynamics of the system. Subsequently, we consider how the dynamics of

these processes change when levels of available energy vary between cells.

3.2 Methods

3.2.1 Literature-based model construction accounting for en-
ergy availability

We first sought to construct a Boolean modelling framework describing efflux pump ex-

pression dynamics, supported by data and yielding verifiable predictions about biological

behaviour. We considered AcrAB-TolC, an efflux pump associated with clinically impor-

tant drug resistance in E. coli [77, 173, 301] and Salmonella [27, 71, 225, 237]. TolC is

constitutively expressed [277] and predicted to be integrated within at least seven addi-

tional efflux transport systems in E. coli [310, 316], suggesting the dynamics of acrAB are

more limiting on producing the complete efflux pump system within each cell. We per-
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Figure 3.1: Boolean network modelling of gene regulatory network architectures
controlling efflux pump gene expression. (a) Schematic overview of the Boolean
network framework. Regulatory architectures (i) are converted into wiring diagram form
(ii). These wiring diagrams include “ghost nodes” (G1) if necessary, providing a constant
signal to ensure constitutively expressed genes are “on” unless switched “off” by a regula-
tor. The considered network is repeatedly simulated over a set number of timesteps (iii),
from some initial configuration, producing individual and averaged pictures of network
behaviour through transition matrices and expression dynamics of each node per timestep
(iv). In the given transition matrix (iv), ‘000’ can transition to any of ‘000’, ‘110’, ‘111’,
and so on, with the probability of each transition given by the colouring in each entry.
(b-c) Coarse-grained E. coli (b) and Salmonella (c) AcrAB efflux pump gene regulatory
networks, containing a collection of genetic regulators (blue circles) that interact with
each other (directed edges) and govern the expression level of efflux genes acrAB. Full
layouts with parameterizations are given in Fig. 3.2. Antibiotics, or other noxious stressor
substances (lightning bolt), can reversibly bind to a gene product (transcription factor)
removing its ability to bind to DNA and regulate its target (displayed through orange
edges), with consequent downstream effects through the network. Removal of the stres-
sor is integrated through a repressive interaction from acrAB to the stress node (dotted
edges).
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formed a broad literature review of efflux pump gene regulation in E. coli and Salmonella

to define a core GRN of acrAB in each species (Fig. 3.1(b)-(c)). This review, which is

summarised below, defined the structure of our model, i.e. the nodes, regulatory interac-

tions and edge weights in the corresponding wiring diagrams (Fig. 3.2(a)-(b)).

A key regulator of efflux-related drug resistance in E. coli is the multiple antibiotic

resistance (mar) operon [54, 163]. This genomic region contains the marRAB operon,

encoding three proteins named MarR, MarA and MarB [54]. MarR has a repressive

function, acting on the basal expression of the mar operon in stress-free conditions [12,

54, 250]. MarA, the marA gene product, is a member of the AraC/XylS family of proteins

which induces acrAB expression and undergoes positive feedback through auto-activation

of the marRAB operon [169, 175]; in addition to acrAB and marRAB, MarA regulates

the expression of numerous other genes, either directly or indirectly, in its regulon [25].

The final product from the operon, MarB, is a small periplasmic protein that represses

marRAB but does so through an unknown mechanism and is therefore omitted from our

regulatory network [290].

Salmonella has a second MarA-like protein called RamA, an AraC/XylS transcription

activator synthesised from ramA [283]. ramA is a homologue of the E. coli marA gene,

having 45% similarity [69]; while not present in E. coli, ramA is present in a wide range of

Enterobacteriaceae. Like MarA in E. coli, RamA positively regulates acrAB expression

in S. enterica [195, 236] by binding to the region upstream of acrAB. RamR is the tran-

scriptional repressor of ramR and ramA, binding to the ramRA intergenic region [2, 26].

We include the ramRA regulatory region in Salmonella’s gene regulatory network (Fig.

3.1(c)) and omit the mar operon due to previous studies showing inactivation of marR

and marA (as well as soxR, and soxS ) did not affect the susceptibilities of a S. enterica

serovar Typhimurium strain, whereas inactivating ramR resulted in a multidrug resis-

tance phenotype [2]. This observation, along with other supporting studies, suggests the

ramRA regulatory region primarily controls AcrAB and efflux-mediated multidrug resis-

tance in Salmonella [195, 282]. The major roles of the mar operon and ramRA region in
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regulating acrAB expression, in E. coli and Salmonella respectively, supports the choice

of these regulators in our coarse-grained GRNs (Fig. 3.1(b)-(c)). Additional regulation of

acrAB is provided locally in both species by acrR [162, 207]. Its product, AcrR, is known

to repress both its own synthesis and acrAB from a divergently transcribed region [162].

Under normal conditions, acrR is transcribed at a basal level, preventing over-expression

of acrAB [162, 302].

The expression of efflux pumps is inducible by the presence of environmental signals,

or chemical compounds (such as antibiotics), which we will generally refer to as ‘stressors’.

The inducibility of efflux genes enables bacteria to adapt to a wide range of environmental

conditions. Noxious substances, such as antibiotics, can bind to GRN products MarR,

RamR and AcrR, inhibiting their ability to bind to DNA, and initiating a response cascade

that leads to the up-regulation of efflux genes acrAB [7, 26, 139, 170, 261, 312]. In our

model the expression of acrAB corresponds to the capacity of the assembled efflux pump

to export molecules.

Having constructed the architecture of each network, we can proceed to query them

about biological behaviour. To avoid the aforementioned parameterization issues in con-

tinuous models, we developed a general Boolean framework that captures the influence of

energy availability. We now describe our framework in more detail.

3.2.2 Wiring diagrams

Wiring diagrams, consisting of nodes (genes) and edges (activatory or inhibitory reg-

ulatory interactions), schematically represent the interactions between elements within

regulatory networks (Fig. 3.2). Edge weights for our model were chosen through a man-

ual tuning process, seeking to reproduce our “training” observations given the imposed

structure of the regulatory network from the literature review. In a Boolean network,

edge weights encode logical interactions rather than specific physical rates or quantities,

and therefore there is substantial flexibility in the particular values used (see Discussion).

Instead of a Boolean modelling approach, an ODE methodology could be applied to the
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efflux pump networks. The parameterisation of the ODE model would itself produce pa-

rameters that are unknown, however the Boolean framework, due to its coarse-grained

approach, would produce fewer parameters to be estimated. Together, the nodes, edges,

and edge weights produce a directed graph representation of the regulatory network. A

stress, such as antimicrobial exposure, is included through the ‘stress node’, S, within

the wiring diagram. A stress input is modelled as repressing gene-gene regulatory edges,

representing a ‘repressive’ modulation of transcription factors (MarR/RamR and AcrR).

The capacity of the assembled efflux pump (AcrAB-TolC) to remove stressors is integrated

through a repressive regulation from acrAB to S.

In E. coli, the marRA operon is separated into its individual components to allow each

regulation of marRA to be captured, but are coupled in all iterative updates; the inability

to model a node that both positively and negatively regulates itself is a limitation of

the Boolean modelling framework. Experimental data has shown transcription of marA

and acrA increase in marR mutant cells [191], and MICs of various antibiotics increase

in an acrR mutant strain [206] (consistent with the limited repressor function of AcrR

[162]). Together, these suggest, under normal conditions, edge weights of interactions

from marR to marRA and acrR to acrAB should be dominant. Inactivation of the ramR

gene upstream of ramA resulted in increased expression of ramA and the AcrAB efflux

pump in Salmonella [2]. This requires the edge weight from ramR to ramA to outweigh

ramA basal expression under normal conditions. Constitutive gene expression is captured

using “ghost nodes”. These nodes are permanently “on” in the network, supplying a

constant positive influx to a node.

Interaction matrix J, used in node updates (Section 3.2.5), is constructed from the

data contained within a wiring diagram. A weighted edge from node j to node i, is

represented by element Ji,j within J. Each matrix element can take a positive, negative

or zero value; edge weight sign corresponds to a negative, positive or absence of regulation

respectively. Since edges are directed, Ji,j ̸= Jj,i, except for i = j or Ji,j = Jj,i = 0. Matrix

J is implemented in numerical simulations of the Boolean model and has dimension N -
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Figure 3.2: Schematic representation of network wiring diagrams. Wiring dia-
grams for (a) E. coli and (b) Salmonella efflux pump GRNs (Fig. 3.1(b) and (c), re-
spectively). GRN interactions directly modulate network nodes in the wiring diagram
depiction, and stress-related regulation (dashed edges to and from node S ) modulates
network regulatory edges; edge weights within the wiring diagram are estimated from
the literature, and enable each element in the network a chance to act. Each regulatory
interaction is colour coded to display positive (green) or negative (red) operations.
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by-N (N is the total number of nodes in a wiring diagram, including ghost and stress

nodes). As an example, the interaction matrix J in Equation (3.2.1) is presented for a

simple network containing two nodes A and B, with A activating B and B inhibiting A.

J =

0 −1

1 0

 (3.2.1)

3.2.3 Initial conditions

Two configurations of initial node states were considered in simulations of the E. coli and

Salmonella wiring diagrams. These were named the “unstressed” and “stressed” initial

condition, with the initial node states set as follows:

marR marA acrR acrAB
Unstressed 0 0 1 0
Stressed 1 1 0 1

Table 3.1: E. coli node initial values. Table defines the stressed and unstressed initial
conditions for E. coli gene regulatory network components (Fig. 3.1(b)).

ramR ramA acrR acrAB
Unstressed 1 0 1 0
Stressed 0 1 0 1

Table 3.2: Salmonella node initial values. Table defines the stressed and unstressed
initial conditions for Salmonella gene regulatory network components (Fig. 3.1(c)).

3.2.4 Modulation of transition rates allows energy variability to
be captured in GRN models

The edges within wiring diagrams (Fig. 3.2) often illustrate combined processes such as

transcription, translation and phosphorylation. The processes that are combined within

each edge are reduced into a single parameter within our Boolean model, and can be

expressed as individual parameters within ODE models [314]. The parameters within our
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Boolean model can capture similar behaviour compared to the corresponding parameters

within an ODE model. For example, a stronger transcription rate increases the rate with

which regulatory interactions can be applied from node X to node Y in the Boolean

model, increasing the corresponding edge weight, and similarly it would increase the

transcription rate value in the ODE model. However, the information contained within

edges in regulatory networks is coarse-grained, omitting a substantial amount of important

biological detail. Several of the processes represented by these edges require ATP as an

energy source [62, 122], so there exists a core energy dependence in the dynamics modelled

within each wiring diagram.

To address this and capture the fact that all the processes involved in gene expression

depend on ATP, we constructed a modelling approach modulating the strength of regu-

lation from node X to node Y according to cellular energy levels. This reflects the fact

that, for example, cells with low ATP will have a lower rate of transcription elongation

per timestep [62]. We interpret this modulation as influencing the rate with which regu-

latory interactions can be applied from node X to node Y . The rationale for this picture

is that if the expression of regulatory components is slowed by reduced energy levels, the

corresponding biochemical interactions will occur at a lower rate.

In the absence of energy variability, our asynchronous Boolean modelling framework

interprets regulatory interactions as stochastic events occurring with a characteristic mean

rate of one per timestep per interaction. To include the influence of energy availability

on the system, we allow this rate to be a function of energy level. To capture an order-of-

magnitude range across cells, we define three energy levels “high”, “intermediate”, and

“low”, respectively involving a characteristic mean rate of 1 (hence, all interactions are

always realised), 1/2, and 1/10 per simulation, corresponding to the aforementioned order

of magnitude range observed in biology. We thus modulate the probability of any given

interaction being realised in a given simulation timestep by the level of available cellular

energy.
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3.2.5 Node update function

Nodes within the Boolean network are updated iteratively, using an update function. An

update function defines the value of each node according to its regulatory nodes and

remains fixed for all timesteps [96]. We consider a threshold update function to update

the state of node i at timestep t = τ +1, denoted σi(τ +1). The argument of the update

function consists of the regulatory nodes of node i, the states of these nodes at t = τ and

the N -by-N interaction matrix J, where N is the total number of nodes in the wiring

diagram. The summation value determines the state of node i at t = τ + 1.

During an active stress time frame, the state of stress node S (Fig. 3.2) is imposed

to be “on” at the start of each timestep, regardless of the behaviour from the previous

update. This enables the framework to model a bacterial cell being continuously exposed

to an antibiotic concentration throughout a set time period. Once the final timestep

within the stress period is reached, S is allowed to be switched “off” from regulation

within the network.

We consider the update function displayed in Equation (3.2.2). Here, a node requires

a non-zero sum of its inputs to change state from t = τ to t = τ + 1. In the case where

the sum is zero, the node state remains unchanged.

σi(τ + 1) =



1 if
∑N

j=1(Ji,j · σj(τ)) > 0,

σi(τ) if
∑N

j=1(Ji,j · σj(τ)) = 0,

0 if
∑N

j=1(Ji,j · σj(τ)) < 0.

(3.2.2)

Alternate threshold update functions are possible. We could, for example, consider

the conditions that set a node as “on” if there is an overall positive input, and “off”

otherwise. However, this would automatically remove a stress in the system by setting

the stress node state to “off” once reaching the end-point of the stress time frame, instead

of allowing the efflux node to “expel” the stress through feedback to the stress node S
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(Fig. 3.2). By choosing update rule (3.2.2), it allows the efflux pump node to have the

capacity to remove stress in the network, through regulatory interactions, modelling the

behaviour observed in bacteria.

At each timestep, the binary vector containing all node states is the global, or network,

state [125]. The set of all possible global states forms the state space of a network [96].

The state space for Salmonella’s GRN is of size 2M , as we are interested in the dynamics

of the M -component GRN network being modelled, and 2M−1 for E. coli, due to the

coupling of marR and marA.

3.2.6 Node update methods

There are two methods for updating global states, synchronous and asynchronous. In

the synchronous mode, all the nodes (including the stress node) are updated at every

timestep, with the state of each node at t = τ + 1 depending on the states of its inputs

at t = τ . The deterministic nature of synchronous Boolean models, combined with each

model containing a finite state space (2M or 2M−1, where M is the number of elements in

the original GRN), guarantees that a synchronously updated time series simulation will

eventually end at a steady-state attractor, or a cycle of repeating global states [96]. It

also means the network will always reach the same state for a given initial condition and

number of timesteps. We do not consider synchronous updating here due to the artefacts

that can arise from its imposition, and its inability to model stochastic processes in the

case of maximal energy availability. A more complex, but biologically realistic, protocol

is the asynchronous mode, which gives a reasonable overview of the random dynamics

in the cell and better captures transient behaviour. This method updates nodes of the

system according to the last update of their regulator nodes, either from the previous

or current iteration [113]. Previous studies have employed numerous different versions of

asynchronous updating [47, 61, 101, 297], including methods where all nodes are updated

according to a random sequence, or one randomly selected node is updated at a time step

[245]. In our framework the asynchronous protocol updates η nodes per timestep, with
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η drawn from a Poisson distribution (as the number of nodes updated at one timestep is

independent of all other timesteps) with a mean equal to the number of original elements

in the regulatory network (M), plus the stress node. Additionally, each node can be

updated more than once per timestep and the state of each node at t = τ + 1 depends

on the states of its inputs at the most recent update. We used an asynchronous protocol

because we believe it better captures the stochasticity in the cell.

3.2.7 Methods to analyse the Boolean network

In summary, our model represents genes as nodes in a network, where each gene can be

“on” (expressed) or “off” (not expressed) at a given time. Edges describe activating and

repressing interactions, and the state of a network changes over time with asynchronous

update rules following these interactions (Sections 3.2.2 and 3.2.6), capturing the stochas-

tic nature of gene regulatory dynamics. Edge weights for our model were chosen through a

manual tuning process, seeking to reproduce our ‘training’ observations given the imposed

structure of the regulatory network from the literature review. In a Boolean network, edge

weights encode logical interactions rather than specific physical rates or quantities, and

therefore there is substantial flexibility in the particular values used (see Discussion).

To explicitly capture the fact that the fundamental processes (hence all gene interaction

“arrows”) involved in gene expression depend on ATP, we modulate the rate with which

regulatory interactions from node X to node Y are applied according to cellular energy

levels (Section 3.2.4). This reflects the fact that, for example, cells with low ATP will

have a lower rate of transcription elongation per timestep [62], slowing the dynamics of

the biochemical intermediates involved in these regulatory interactions, and thus slowing

the interactions themselves. While fast fluctuations in ATP supply may exist within cells,

as gene expression processes are dynamically slower, we assume the network is exposed

to a time-averaged ATP level, and thus define three energy levels “high”, “intermedi-

ate”, and “low”, respectively involving a characteristic mean rate of 1, 1/2, and 1/10 per

simulation.
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Taken together, the wiring diagram, initial conditions, update functions and update

method form the Boolean network model. Time-dependent numerical solutions of the

presented Boolean model were generated in Python 3.8.2 using modules numpy, pandas

and random. Numerical solutions were calculated from prescribed initial conditions cover-

ing the stressed and unstressed state of each network (Section 3.2.3). Time-series figures,

displaying the expression profiles of each node, were constructed from the mean of node

expression and standard deviation per timestep, from 104 simulations. Expression level

coefficient of variation (ELCV) is calculated for each timestep from dividing the standard

deviation of the number of simulations a node is “on” at timestep i, by the mean number

of simulations a node is “on” at timestep i, and corresponds to population variability in

gene expression. A low ELCV is interpreted as a population displaying negligible cell-

to-cell variability in gene expression activity, and high ELCV values suggest substantial

cell-to-cell variability exists in the population. We will see in Section 3.3.2 that individual

simulations exhibit pulses of gene expression. Therefore, an additional metric, the coeffi-

cient of variation of pulse lengths (PLCV), is calculated to investigate the variability of

efflux pump gene expression pulses (see Section 3.3.5).

Visualisations of “single-cell” expression profiles, and pulse statistics, were constructed

from 20 and 5000 randomly selected simulations respectively. Transition matrices were

constructed from the simulation data and visualised through a heatmap structure, from

107 simulations. Each entry of the transition matrix is a non-negative real number repre-

senting the probability of transitioning between two network states from timestep t = τ

to t = τ + 1. Clustering of global states was performed using the same data, with a

Euclidean distance matrix from modules scipy.cluster and scipy.cluster.hierarchy. All

scripts are openly accessible through:

https://github.com/kerr-mathbio/boolean-modelling-efflux-grns.git.

73



3.3 Results

In this section we initially validate both of our models by comparing our results to inde-

pendent experimental observations. We then further analyse theoretical outputs, first by

considering the E. coli network in the case where available energy is not a limiting factor

on the dynamics of the system, and then when levels of available energy vary between

cells. The results for E. coli are then compared to those from Salmonella.

3.3.1 Efflux network models reproduce experimentally observed
behaviour in E. coli and Salmonella

Having constructed our model based on a set of experimental observations, we next asked

whether it made predictions that could be tested using independent experimental data. In

Table 3.3 we present a table assessing the predictions of our model, for our choice of edge

weights, with respect to a multiscale set of experiments at both the population and single-

cell level, where agreement is demonstrated across a wide variety of observations (Table

3.3). Estimates of the edge weights were obtained from balancing the data from relevant

literature and enabling each component of the networks to function (from performing

preliminary simulations with variations in edge weight choices). The overall behaviour of

both systems – which we will describe in detail below – predicts a range of single-cell and

population-level features observed in independent experiments, including pronounced gene

expression heterogeneity at the single-cell level, prominent increases in gene expression

when a short or long stress signal is provided, the expression of repressive genes in response

to stress, and the details of expression levels of different actors in the GRN in the presence

and absence of stress.
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3.3.2 Stress-free efflux network behaviour with a maximal cel-
lular energy budget

To dissect the dynamics of these networks in more detail, we explored the stress-free

population-level behaviour of each network. In the absence of stress, the population-wide

mean behaviour in expression levels approaches a steady state (pre-stress dynamics in

Fig. 3.3). We found at high energy availability, initial conditions had no influence on

this population-level equilibrium of the E. coli and Salmonella networks (compare Figs.

3.3 and 3.4 for E. coli, and Figs. 3.6 and 3.7 for Salmonella respectively). We therefore

proceed by investigating network behaviour starting from a particular initial state – which

models an “unstressed” baseline condition – in the rest of the study and focus on the E.

coli network before comparing the behaviour of the two networks. We note that when

allowing for energy variability within the model, the population-level equilibrium of the

E. coli and Salmonella networks was again unaffected by the choice of initial condition

(compare Fig. 3.3 to Fig. 3.4 for E. coli), supporting the use of the unstressed initial

condition within this investigation.

To explore the variability within the equilibrium population without energetic limi-

tations, we calculated the ELCV (expression level coefficient of variation) for each ge-

netic component in the E. coli network (Fig. 3.5 (i)). In the absence of stress, ELCV,

corresponding to population variability in gene expression, ranged between 1.0-1.35 at

equilibrium (see pre-stress dynamics in Fig. 3.5 (i)), suggesting significant cell-to-cell

heterogeneity exists in the expression of each gene within the E. coli network when there

are no energetic limitations. This diversity is due to population-level asynchrony in ex-

pression dynamics; in simulated individual bacteria, network components are expressed

in heterogeneous pulses (pre-stress dynamics in Figs. 3.9 and 3.10). This diversity, par-

ticularly in acrAB, suggests that the network structure itself may support a degree of

“bet-hedging” in the absence of stress, where some members of a population are primed

to respond to stressors at any given time, agreeing with experimentally observed behaviour

in Salmonella enterica [247] (see Discussion).
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Figure 3.3: Mean expression dynamics for E. coli from the unstressed initial
condition in response to a short or long stress period. Time-series dynamics of
mean expression (coloured line for low (red), intermediate (green) and high (blue) energy
levels) for ((i), (iii)) efflux genes acrAB and ((ii), (iv)) remaining regulatory components
in E. coli ; all panels include stressor behaviour. Behaviour is shown when the network is
exposed to a (i)-(ii) short (t = 150) or (iii)-(iv) long (t = 150-174) stress period, from the
unstressed initial condition. The initial time region of each regulatory component prior
to stress application (grey shaded region) displays the complete stress-free behaviour.
Note: Standard deviation (corresponding coloured shaded area) is included within efflux
panels to represent the uncertainty, but the actual expression level cannot exceed the [0, 1]
domain.
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Figure 3.4: E. coli mean expression dynamics from the stressed initial condi-
tion. Time-series dynamics of mean expression (coloured line for low (red), intermediate
(green) and high (blue) energy levels) for ((i), (iii)) efflux genes acrAB and ((ii), (iv))
remaining regulatory components in E. coli, from the stressed initial condition; all panels
include stressor behaviour. Behaviour is shown when the network is exposed to a (i)-(ii)
short (t = 150) or (iii)-(iv) long (t = 150-174) stress period. The initial time region of
each regulatory component prior to stress application (grey shaded region) displays the
complete stress-free behaviour. Note: Standard deviation (corresponding coloured shaded
area) is included within efflux panels to represent the uncertainty, but the actual expres-
sion level cannot exceed the [0, 1] domain.
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Figure 3.5: E. coli expression level coefficient of variation. Time-series dynamics
of ELCV (expression level coefficient of variation) for each regulatory component in E.
coli ’s GRN, from the unstressed initial condition (coloured line for low (red), intermediate
(green) and high (blue) energy levels). Behaviour is shown when the network is exposed
to a (i) short (t = 150) or (ii) long (t = 150-174) stress period. The initial time region of
each regulatory component prior to stress application (grey shaded region) displays the
complete stress-free behaviour.
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Figure 3.6: Mean expression dynamics for Salmonella from the unstressed ini-
tial condition in response to a short or long stressor duration. Time-series
dynamics of mean expression (coloured line for low (red), intermediate (green) and high
(blue) energy levels) for ((i), (iii)) efflux genes acrAB and ((ii), (iv)) remaining regula-
tory components in Salmonella, from the unstressed initial condition; all panels include
stressor behaviour. Behaviour is shown when the network is exposed to a (i)-(ii) short
(t = 150) or (iii)-(iv) long (t = 150-174) stress period. The initial time region of each reg-
ulatory component prior to stress application (grey shaded region) displays the complete
stress-free behaviour. Note: Standard deviation (corresponding coloured shaded area) is
included within efflux panels to represent the uncertainty, but the actual expression level
cannot exceed the [0, 1] domain.

86



Sh
or

t S
tre

ss
 P

er
io

d
(ii)

(iv)

(i)

(iii)

Lo
ng

 S
tre

ss
 P

er
io

d

Figure 3.7: Salmonella mean expression dynamics from the stressed initial
condition. Time-series dynamics of mean expression (coloured line for low (red), inter-
mediate (green) and high (blue) energy levels) for ((i), (iii)) efflux genes acrAB and ((ii),
(iv)) remaining regulatory components in Salmonella, from the stressed initial condition;
all panels include stressor behaviour. Behaviour is shown when the network is exposed
to a (i)-(ii) short (t = 150) or (iii)-(iv) long (t = 150-174) stress period. The initial
time region of each regulatory component prior to stress application (grey shaded region)
displays the complete stress-free behaviour. Note: Standard deviation (corresponding
coloured shaded area) is included within efflux panels to represent the uncertainty, but
the actual expression level cannot exceed the [0, 1] domain.
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Figure 3.8: Salmonella expression level coefficient of variation. Time-series dy-
namics of ELCV (expression level coefficient of variation) for each regulatory component
in Salmonella’s GRN, from the unstressed initial condition (coloured line for low (red),
intermediate (green) and high (blue) energy levels). Behaviour is shown when the network
is exposed to a (i) short (t = 150) or (ii) long (t = 150-174) stress period. The initial
time region of each regulatory component prior to stress application (grey shaded region)
displays the complete stress-free behaviour.
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Figure 3.9: E. coli displays significant heterogeneity in marRA gene expression
in the absence of stress. Qualitative plots displaying marRA “on”/“off” (dark/light
grey) dynamics for 20 randomly selected individual E. coli simulations, when exposed to
a (i)-(iii) short or (iv)-(vi) long stressor period. Panels display marRA dynamics between
timesteps t = 120-250 at low, intermediate, and high energy availability. The short
stressor period is a single timestep pulse activated at t = 150 (blue line) and the long
stressor period is activated at t = 150 (blue line) until t = 174.
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Figure 3.10: Simulations predict E. coli expresses acrAB in heterogeneous
pulses in the absence of stress. Qualitative plots displaying acrAB “on”/“off”
(dark/light grey) dynamics for 20 randomly selected individual E. coli simulations, when
exposed to a (i)-(iii) short or (iv)-(vi) long stressor period. Panels display acrAB dynam-
ics between timesteps t = 120-250 at low, intermediate, and high energy availability. The
short stressor period is a single timestep pulse activated at t = 150 (blue line) and the
long stressor period is activated at t = 150 (blue line) until t = 174.

90



Figure 3.11: Salmonella displays significant heterogeneity in ramA gene ex-
pression in the absence of stress. Qualitative plots displaying ramA “on”/“off”
(dark/light grey) dynamics for 20 randomly selected individual Salmonella simulations,
when exposed to a (i)-(iii) short or (iv)-(vi) long stressor period. Panels display ramA
dynamics between timesteps t = 120-250 at low, intermediate, and high energy availabil-
ity. The short stressor period is a single timestep pulse activated at t = 150 (blue line)
and the long stressor period is activated at t = 150 (blue line) until t = 174.
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Figure 3.12: Simulations predict Salmonella expresses acrAB in heterogeneous
pulses in the absence of stress. Qualitative plots displaying acrAB “on”/“off”
(dark/light grey) dynamics for 20 randomly selected individual Salmonella simulations,
when exposed to a (i)-(iii) short or (iv)-(vi) long stressor period. Panels display acrAB
dynamics between timesteps t = 120-250 at low, intermediate, and high energy availabil-
ity. The short stressor period is a single timestep pulse activated at t = 150 (blue line)
and the long stressor period is activated at t = 150 (blue line) until t = 174.
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3.3.3 Efflux network behaviour with a maximal cellular energy
budget after exposure to a stressor

We next asked how exposure to a stressor affects network behaviour. Following a simulated

stress-free period as in the previous section, we simulated exposure to a stressor for either

a short (one timestep) or long (25 timesteps) stress period. In response to long stress,

the mean expression levels of all genes in the system change, with different rates and

magnitude (Fig. 3.3). acrAB mean expression rises throughout stress exposure, thus

becoming higher for the longer stress duration (Fig. 3.3 (i) and (iii)). After the long

stress period, the high energy population displays homogeneous behaviour (active efflux

expression), increasing the capacity of each cell to remove the stressor (see Fig. 3.10 (iv)

to qualitatively observe this behaviour). The high energy population can then rapidly,

and collectively, expel the noxious substance, promptly restoring baseline conditions in

mean expression following the steps discussed previously.

When stimulated by a short stress (Fig. 3.3 (i)), high variability is observed in efflux

pump activity throughout the entire stress response, corresponding to diverse responses

across the bacterial population. Individual simulation dynamics (Fig. 3.10 (i)) sug-

gest this behaviour originates from sub-populations of cells developing unsynchronised

responses to stress, and a delayed development of the efflux response. The unsynchro-

nised dynamics prolong the population-level stress response, potentially benefiting a clonal

population by providing a hedging mechanism against future stress.

In response to both stress lengths, the expression of repressive genes increases (Figs.

3.3 and 3.6), agreeing with experimental observations [162, 263]. It is predicted that

the binding of the stress compound to the repressive transcription factors [7, 261, 312]

removes their ability to bind to the DNA regions and down-regulate the expression of

their targets (including their own expression), allowing the expression of repressive genes

to increase. Once the simulated stressor is removed, repressive transcription factors can

resume down-regulation of their GRN target, initially reducing the mean expression level

of marRA and acrR, followed by a reduction in acrAB mean expression (Fig. 3.3). This
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process switches off the response cascade, allowing acrAB mean expression to return to

the pre-stress population equilibrium (Fig. 3.3).

We next asked when the population of E. coli cells reached an equilibrium in acrAB

expression after each perturbation – that is, when the statistics of efflux gene expression

levels no longer changed with time in the population after the stress period. We found

that the number of timesteps for acrAB to attain a post-stress population equilibrium,

in the maximal energy case, was similar after a short or long stress (9 timesteps versus

8 timesteps respectively, Fig. 3.3 (i) and (iii)), and the equilibrium eventually attained

was the same for both stress durations. These timings differ when energy is limited, as

described in the following sections.

To understand these dynamics in more depth, we next asked how the different patterns

of gene expression between which a network can transition vary when a cell is exposed

to stress (reflecting the diversity of behaviours supported by the network). We define

‘accessible transitions’ to be the set of expression patterns that can be reached directly

from a given network state. To explore this, we analysed the transition matrices (see Fig.

3.1(a) and Section 3.2.7 for an illustration and description of the process to yield these

outputs) describing the dynamics of the E. coli regulatory network in the presence and

absence of a stressor, visualised through heatmap images (Fig. 3.13).

In the absence of stress, all transitions are accessible (Fig. 3.13 (i)). When a stress

is applied, the accessible transitions for each network state are significantly restricted

(compare Fig. 3.13 (i) to (iv)). The presence of a stressor removes the negative regulation

within E. coli ’s regulatory architecture (Fig. 3.1(b)), and consequently the ability to

actively switch components “off”. The stressed network contains a steady-state attractor

– a single state that when reached stays constant – corresponding to all components of

the network being “on”, including the genes encoding repressors in the network. Under

stress-free conditions no such single steady-state attractor exists (Fig. 3.13 (i)). The

presence of this attractor implies that an E. coli cell under stress shifts its regulatory

poise to allow the expression of each GRN component, allowing a response to the stressor
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(i) (iv)

(ii)

(iii)

(v)

(vi)

Absence of Stress Presence of Stress

Figure 3.13: E. coli transition dynamics depend on cellular energy and the
presence of stress. Heatmap plots showing E. coli ’s transition matrix. Each row
contains the transition probability distribution from each of possible global states (rows)
to each subsequent state (columns), in the absence (i)-(iii) and presence (iv)-(vi) of a
stressor, with increasing energy availability; here, due to the coupling of marR and marA
(as they form the marRA operon), we do not artificially implement unattainable network
states, for example, ‘1011’. Each matrix element is coloured to indicate the probability p
(using a logarithmic scale) that global state A transitions to global state B from timestep
t = τ to t = τ + 1. Hierarchical clustering of global states is calculated using the
destination possibilities (t = τ + 1) for each t = τ global state, with clustering employing
a Euclidean distance metric to determine the distances between each element. Global
state binary vectors are displayed in the order [marR, marA, acrR, acrAB ].
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and a faster dynamic response when the stress is removed (as repressive transcription

factors can immediately resume down-regulation of their targets.)

3.3.4 Efflux network behaviour is modulated by available cellu-
lar energy

We next sought to understand how energy availability changes network behaviour in E.

coli cells, in an environment with and without a stressor. We first explored how the

amount of energy available to a cell affects the accessible network transitions. Both with

and without stress, the accessible transitions for each network state are the same across

all energy levels, but the probabilities of these transitions vary dramatically with energy

(Fig. 3.13). At lower energies, it is more likely that the system remains in the same

state from one timestep to the next; increasing energy distributes the probability of each

accessible transition more evenly amongst the total accessible transitions.

When a stressor is present, accessible transitions are restricted to subsets of the stress-

free case at each energy level (Fig. 3.13 (i)-(iii) versus (iv)-(vi)). As energy increases, the

likelihood of transitioning between supported network behaviours expands, transitioning

more directly toward the steady-state attractor, ‘1111’. Therefore, increasing energy

availability supports more rapid shifting of behaviour in the E. coli efflux network (Fig.

3.13), particularly towards a high efflux state.

Next, we asked whether the equilibrium mean expression of efflux pump genes changed

at different energy levels, both in the presence and absence of stress. Counterintuitively,

we found that increasing energy availability decreased the mean expression equilibrium

of acrAB in simulated stress-free conditions (Fig. 3.3). This behaviour is a possible

consequence of the less dynamic behaviour at low energy (Fig. 3.13 (i)). In the case where

a simulation transitions to a state with active efflux expression, the network may become

‘stuck’ in this state, contributing to the increase in acrAB mean activation. Although

low energy cells would be expected to conserve energy by dampening gene expression, an

increased sub-population of active efflux cells at each time-step could provide a beneficial
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bet-hedging mechanism.

In the presence of a stressor, the population response is more rapid and of higher

magnitude as energy availability increases (Fig. 3.3), suggesting high energy cells develop

a more superior response to stress. Simulated single-cell dynamics predict cell-to-cell vari-

ability in the time taken to transition to an active efflux expression state during stress

exposure in each energy state (Fig. 3.10). The delayed response is more pronounced as

energy decreases (Fig. 3.10 (iv) versus (vi)), indicating low energy cells may be disad-

vantaged in responding to stress, and potentially why the low energy population supports

a higher mean expression equilibrium of acrAB in simulated stress-free conditions, com-

pared to the high energy population. Following either stress period, the network returns

to the pre-stress equilibrium more rapidly at higher energy levels (Fig. 3.3).

3.3.5 Energy levels influence heterogeneity in individual expres-
sion level dynamics

To investigate how energy level influences the detailed dynamics of single-cell pulses of

efflux pump genes acrAB, we calculated the mean pulse length in acrAB expression at dif-

ferent energy levels (Fig. 3.14(i) and (iii) displays mean pulse length in acrAB expression

for a short and long stress respectively). Intuitively, from time-scaling effects, mean pulse

length increased as energy decreased (Fig. 3.14 (i)), agreeing with qualitative observations

in the simulations (Fig. 3.10 (i)-(iii)). The introduction of a short stress results in only a

very small transient increase in mean pulse length, which is more pronounced at higher

energy (the increase is observed at each energy level in Fig. 3.14(i)). Pulse lengths during

the long stress period are more dependent on energy level, with mean pulse length in

high-energy cells increasing more rapidly from the baseline value compared to low-energy

cells (Fig. 3.14(iii)).

We next addressed our central hypothesis, whether energy availability could be a

cause of the observed cell-to-cell variability in efflux pump expression. To explore this,

we calculated the dynamics of the ELCV for E. coli acrAB at each energy level (Fig.
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Figure 3.14: Energy availability and stress modulate E. coli acrAB pulse vari-
ability. Scatter plots displaying the (logarithmic) mean and PLCV (coefficient of varia-
tion of acrAB pulse lengths) starting at each timestep in E. coli (coloured dots for low
(red), intermediate (green) and high (blue) energy levels). Statistics are displayed be-
tween timesteps t = 50-250 to observe pulse behaviour before, during and after a (i)-(ii)
short or (iii)-(iv) long stress period. The short stressor period is a single timestep pulse
activated at t = 150 and the long stressor period is activated at t = 150 until t = 174.

3.5). As seen previously, substantial cell-to-cell variability exists in the system in the

absence of a stressor, reflecting asynchrony and intrinsic noise in the system (see pre-stress

dynamics in Fig. 3.5 (i)). This variability is initially higher for low-energy cells, before

reaching a lower value at steady state compared to high-energy cells (ELCV 1.01 at low

energy, 1.34 at high energy in Fig. 3.5 (i)). Exposure to stress reduces this variability,

as the population synchronises and responds in a similar way to the imposed stressor

(observe the reduction in ELCV in Fig. 3.5 (i) and (ii)). Exposure to a longer stress

period imposed a more substantial decrease in efflux variability than a shorter stress at

all energy levels (compare Fig. 3.5 (i) and (ii)) and, as observed for the maximal energy

case (Section 3.3.3), the ELCV converged to zero at intermediate to high energy (Fig.

3.5 (ii)). After the stress exposure, the original level of variability is recovered, allowing

the same potential ‘hedging’ against further stress in the future (Fig. 3.5 (i) and (ii))

[21, 118, 148, 286].
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Next, we quantitatively investigated how energy level influences the variability of efflux

pump gene expression pulses, by calculating the PLCV (coefficient of variation of pulse

lengths) starting from each timestep in acrAB (Fig. 3.14 (ii) and (iv)). A pulse is defined

as a gene being “on” for one or more consecutive time-steps until it is switched “off”. The

PLCV is calculated for each timestep from dividing the standard deviation of the length of

pulses starting from timestep i, by the mean length of pulses starting from timestep i, and

corresponds to population variability in pulse lengths; a low PLCV value is interpreted as

negligible variability in gene expression pulses between cells, and high values as significant

cell-to-cell variability in pulse lengths. In the absence of stress, heterogeneity in pulse

length is higher at lower energy (Fig. 3.14 (ii) and (iv)), whilst high energy levels display

relatively low PLCV < 1, corresponding to lower variability when dynamics are faster and

individual events less rare. As with expression level dynamics, when stimulated by a short

stress period, PLCV decreases, more dramatically at lower energy levels (Fig. 3.14 (ii)),

as the population becomes more synchronised by the imposition of an external stress. For

longer stress periods (Fig. 3.14 (iv)), differences between different energy levels are more

dramatic. Pulse lengths remain highly variable for the low energy population, but PLCV

decreases to zero at higher energy. Thus, higher energy availability allows more concerted

and synchronous population-level behaviour in dealing with the stressor. Following stress

exposure, PLCV behaviour returns to its pre-stress level for each energy level.

3.3.6 E. coli and Salmonella efflux networks share functional
similarity

We next compared the behaviour of the Salmonella network to identify similarities and

differences between bacterial species. We first explored the capacity of the Salmonella

network to transition between expression states. As with E. coli, the Salmonella network

architecture supports the same accessible transitions (Fig. 3.15). Clustering by the set of

accessible transitions for each global state at a given energy level shows analogous features

in both bacterial species, with transitions between states limited by energy (Fig. 3.15).
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(i) (iv)

(ii)

(iii)

(v)

(vi)

Absence of Stress Presence of Stress

Figure 3.15: Salmonella displays analogous coarse-grained qualitative be-
haviour compared to E. coli. Heatmap plots showing Salmonella’s transition matrix.
Each row contains the transition probability distribution for each of 2M possible global
states, in the absence (i)-(iii) and presence (iv)-(vi) of a stressor, with increasing energy
availability; M here is the number of nodes in the initial GRN. Each matrix element is
coloured to indicate the probability p (using a logarithmic scale) that global state A tran-
sitions to global state B from timestep t = τ to t = τ +1. Hierarchical clustering of global
states is calculated using the destination possibilities (t = τ + 1) for each t = τ global
state, with clustering employing a Euclidean distance metric to determine the distances
between each element. Global state binary vectors are displayed in the order [ramR,
ramA, acrR, acrAB ].

Next, we asked how Salmonella’s acrAB efflux pump genes respond to a stressor,

compared to the homologous efflux pump in E. coli, by analysing the population-level

activity of acrAB in both species in response to a short and long stress period (Fig. 3.3
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and Fig. 3.6 for E. coli and Salmonella respectively). Simulation results predict both

species respond more dynamically to stress at higher energy, regardless of stress duration

and, at each energy level, rapidly return to baseline conditions after the stress period

(compare Fig. 3.3 and Fig. 3.6).

Salmonella displays several other analogous behaviours compared to E. coli. At max-

imal energy availability, the number of timesteps for Salmonella to return to the mean

expression baseline after a short and long stress period is similar (Fig. 3.6), as observed

for E. coli (see Section 3.3.2). Other analogous behaviours include a zero acrAB ELCV at

the maximum stress response to the long stress period (Fig. 3.8 (ii)), and the observation

of heterogeneous pulses in network components (Figs. 3.11-3.12).

Simulations predict the stress-free acrAB ELCV is lower in Salmonella at low and

intermediate energy, but greater at high energy, compared to E. coli (compare Fig. 3.5 (i)

and Fig. 3.8 (i)). This behaviour is a downstream consequence of the mean and variability

in global activator expression in each species, which is modulated by the energy level, and

the decoupled expression of Salmonella’s activator ramA and repressor ramR, compared

with E. coli ’s coupled marRA operon (Fig. 3.1(b)-(c)).

Together, this suggests the gene regulatory networks for both bacterial species in this

investigation display behavioural similarities in the presence and absence of a stressor, but

despite structural similarities in their architectures (Fig. 3.1(b)-(c)) there are differences

in the dynamics of efflux pump expression (Fig. 3.3 and Fig. 3.6).

3.4 Discussion

We have applied a Boolean modelling framework to coarse-grained E. coli and Salmonella

efflux pump GRNs, to explore how efflux pump activity depends on the energy available

to fuel the expression of efflux proteins and their regulators. We find quantitative support

for our hypothesis that differences in available energy can contribute to cell heterogeneity

in efflux pump expression, and dissect this heterogeneity in different mechanisms (see
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Low
Energy

Intermediate
Energy

High
Energy

Speed of network dynamics. • •• • • •
Diversity of supported network behaviour in
the absence of stress

• • • • • • • • •
Diversity of supported network behaviour in
the presence of stress

• • •
Cell-to-cell variability in population-level
acrAB expression in the absence of stress.

• • • • • • • • •
Cell-to-cell variability in population-level
acrAB expression in the presence of stress.

•• • •
Cell-to-cell variability in pulses of acrAB ex-
pression in the absence of stress.

• • • •• •
Cell-to-cell variability in pulses of acrAB ex-
pression in the presence of stress.

• • • • •

Table 3.4: Summary of energy availability effects on regulatory network be-
haviour. The table displays a summary of our main results from applying the modified
Boolean network framework to E. coli and Salmonella acrAB GRNs. The strength of the
effect of low, intermediate, and high energy availability on each key result is presented
through a discretised scale: weak ( • ), medium ( •• ) and strong ( • • • ).

Table 3.4 for a summary).

In the absence of differences in available energy, our model suggests (supported by

experiments) that substantial intrinsic variability exists in efflux gene expression. The

imposition of a population-wide stressor reduces this intrinsic variability by partially

synchronising cell behaviour; stochastic effects after stress exposure recover the origi-

nal variability. This intrinsic noise can potentially be acting to hedge the population

against future stress, while maintaining cells that invest less resource in defence mecha-

nisms and/or protect the lineage from diverse environmental conditions. When extrinsic

differences in ATP availability between cells are additionally imposed, the population

variability in efflux response is amplified in the simulations. Cells with lower energy levels

experience more variable expression of efflux components (amplifying intrinsic variability),

slower responses to stressors, and hence slower removal of stressors from the environment.

In future, experimental tests of this hypothesis could involve, for example, jointly tracking

bacterial ATP levels (using the assay in Section 2.4) and efflux gene expression in a culture

prior to, during and post antibiotic stress using fluorescent reporters [30, 73, 213, 309].
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In our model, stress-free bacteria naturally express heterogeneous pulses of efflux genes

(Fig. 3.10 and Fig. 3.12). This behaviour may be biologically valuable for several reasons.

The products of acrAB have an extremely long half-life in E. coli [44], suggesting that

the genes may only need to be transcribed in short pulses (which is predicted to be a less

energetically demanding process compared to translation [161]) for the protein to be in

an abundant supply. Dealing with external stressors is one role of the AcrAB-TolC efflux

pump, but it also, for example, removes endogenous waste products [35], suggesting the

pulse behaviour could aid physiological functions by expressing acrAB mRNA to be used

in these processes. The pulse behaviour may also confer a natural resistance phenotype

to a fraction of cells in stress-free environmental conditions at all times, as reported

experimentally in Salmonella enterica [247]. Therefore, the predicted pulsing behaviour

may contribute to several essential intracellular functions.

Recent mathematical models have studied the mar network at the protein level, sug-

gesting the motif is monostable, and supports a single deterministic steady-state in the

absence of stress [87, 240]. A theoretical study has also shown, at the protein level, the

development of stochastic pulses in marRA products [87]. The cell-to-cell heterogeneity

in mar expression that we predict agrees with ODE models of the mar operon – which

account for the inherent stochasticity of biological systems – and experimental demon-

strations of heterogeneous cell-to-cell steady-state mar expression within a population, in

the presence and absence of stress [74, 87, 241] (Figs. 3.3-3.9). With the development of

advanced experimental assays, future studies may resolve the behaviour at the transcript

level to test our theoretical predictions.

Even for these relatively simple networks, our Boolean modelling approach has demon-

strated general principles of energy influence without requiring characterization of a

large parameter space. Developed with a view to scalability, this approach can be ap-

plied to many naturally-occurring decision-making phenomena. Our work in Chapter 2

demonstrated the profound influence that energy variability can have on simple decision-

making circuits. This GRN approach allows the expansion of this philosophy to a much
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wider range of architectures. In the broader regulatory context of these core networks

(Fig. 3.1(b)-(c)), this could include, for example, the inclusion of soxRS, rob and acrZ

within our GRNs, which are known to be integrated into regulating acrAB expression

[13, 104, 171, 178], providing additional layers of control; the current understanding is

that soxRS, rob, and acrZ play a minor role compared to the mar, ram and acrR regula-

tors [2, 29, 104, 195, 224, 302]. As cell-to-cell variability in ATP is increasingly elucidated

[63, 270, 313] we believe that our approach will help reveal the theoretical underpinnings

of this important influence on regulatory dynamics.

It is important to note some limitations of our modelling approach. First, the coarse-

grained nature of a Boolean model limits the precise quantitative agreement of individual

observations with either more detailed models or biological reality. Instead we focus on the

relative magnitudes and directions of behaviour – for example, does X increase or decrease

Y, and does Z do so more. Second, our models are deliberately simple. Model refinements,

including allowing heterogeneity in the timescales [47] and ATP dependencies of different

genes, could be invoked to allow a more detailed connection with biology, and doing so as

more data becomes available is an important target for future work. Third, our models

are not guaranteed to be unique. The edge weights in our models were manually chosen

for compatibility with our training observations. As they encode logical interactions

rather than physical quantities, there are ranges of values around our choices that will

give networks that behave identically. The existence of non-overlapping sets of parameter

values that would also describe and predict observations has not been addressed here.

Parameter inference approaches including approximate Bayesian computation [117, 278]

could be used in future work to explore parameter space more fully.

Our hypothesised relationship between energy availability and efflux-pump activity,

variability, and capacity to respond to antimicrobials has, as far as we are aware, not been

previously considered. However, our hypothesis is not restricted to this AMR mechanism

or motif. A connected phenomenon that may be mechanistically related is the formation

of bacterial persisters in the presence of antibiotics [21, 31, 67]. Here, phenotypic variants
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display a transient tolerance to external stress [135, 149], causing a leading factor in the

recalcitrance of chronic infections [80, 136, 182, 317]. Increasing evidence has reported

a mechanism linking persister cells and intracellular energy, or more specifically ATP

[56, 153, 184, 251, 315]. One study has gone further, suggesting there may be a general

low energy mechanism of persister formation in bacteria [166]. This relationship bears

substantial similarities to our model where we predict high variability and noise in gene

expression pulses in low energy cells, compared to intermediate and high energy cells.

High expression variability contributes to cell-to-cell variation within a clonal population,

implying a different set of phenotypes may be expressed in the low energy sub-population.

As energy, or more precisely ATP, increases, cell-to-cell variability decreases, implying a

uniform phenotype displayed across the population. We would predict, in agreement with

growing evidence, intracellular ATP is a factor in the mechanisms of persister generation,

and future work will explore this using our approach when the governing GRNs can be

identified.

105



CHAPTER 4

IDENTIFYING EVOLUTIONARY PATHWAYS OF
ANTIBIOTIC RESISTANCE IN P. AERUGINOSA

USING BAYESIAN MODELLING

Identifying the antimicrobial resistance profile of an isolate taken from a patient’s infection

is key to managing their treatment and recovery. Based on the current resistance profile

of a sample, it is difficult to predict whether the bacteria causing the infection will acquire

resistance to other antimicrobials (reducing the available treatments for a patient). In

this chapter, we apply the HyperTraPS algorithm [121], a statistical framework combining

stochastic modelling with Bayesian inference, to phenotypic susceptibility data of clinical

P. aeruginosa isolates. This framework is used to infer the dynamic probabilistic pathways

of antibiotic resistance acquisition in the P. aeruginosa isolates. In general, this could

allow more optimal treatment strategies based on current real-time data.

4.1 Introduction

P. aeruginosa is a bacterial pathogen associated with a broad spectrum of infections in

humans and has been ranked as a critical priority for the research and development of new

and effective antibiotic treatments by the WHO. This is due to its intrinsic resistance to

several classes of antibiotics, and the ability to acquire resistance to last-line therapeutic

options [267]. Strategies to prevent P. aeruginosa infection and reduce the likelihood
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of antimicrobial resistance should be prioritised when treating patients vulnerable to, or

infected with, this microorganism.

The current platform of genome sequencing and phenotypic susceptibility testing

across microbiology has the ability to monitor the epidemiology of infectious diseases,

and enable earlier and more accurate diagnoses [48, 65, 76]. Computational tools can

be applied to genome sequencing and phenotypic susceptibility data to complement cur-

rent diagnostic methodologies, providing predictive tools that suggest appropriate an-

tibiotics based on current isolate data. This could enable advanced, real-time treatment

for patients. Advancing diagnostic frameworks, that involve both computational and ex-

perimental developments, could be a powerful tool in combatting antimicrobial resistant

infections.

In relation to this, the recently developed HyperTraPS (hypercubic transition path

sampling) algorithm aims to quantitatively resolve evolutionary questions in different or-

ganisms, regarding the acquisition of numerous discrete, coupled features [95, 121, 307].

HyperTraPS, a statistical framework combining stochastic modelling with Bayesian in-

ference, takes a set of related observations displaying a set of features, and infers the

potential ordering in which individual features were most likely acquired. Here, we ap-

ply the HyperTraPS algorithm to phenotypic susceptibility data of clinical P. aeruginosa

isolates to infer the dynamic probabilistic pathways of antibiotic resistance acquisition in

these cells. We identify general trends of early and late acquisition of resistance to each

antibiotic, which can be used to predict future behaviours, such as the order in which re-

sistance may arise to individual antibiotics within a P. aeruginosa isolate from a patient’s

sample. This data could aid in suggesting the best paths of treatment based on current

real-time data from a patient’s sample, allowing more optimal treatment strategies that

are quick and cost-effective to get results.

107



Inputs

HyperTraPS parametric inference 
algorithm

Parameterised hypercubic transition 
network from Bayesian posterior

Visualisation of feature ordering 
posteriors

Random walk simulations leading to 
Transition Graph in state space

Calculations

Outputs

Related sample data containing a set of features, 
converted into transition data

Figure 4.1: Coarse-grained illustration of the HyperTraPS pipeline. Schematic
illustration of the HyperTraPS framework from inputs to outputs. The input for Hyper-
TraPS is a set of transition data, produced from related sample data containing a set of
L features. These inputs feed into the HyperTraPS parametric inference algorithm and
random walk simulations, returning a parameterised hypercubic transition network from
the Bayesian posterior. The inferred feature ordering posteriors can then be visualised.

4.2 Methods

4.2.1 Methodology overview

HyperTraPS describes the features, or traits, of each state of a system by a binary string

of length L (total features), where the ith position corresponds to the absence (0) or

presence (1) of the ith trait. A system can be in any of the 2L possible states, and

our interest is in the transitions between each of these states. Therefore, we consider

a set of related data (phylogenetically coupled), D, which can be represented as a set

of transitions D = {si, ti}, where si, ti are the ith start and target states, and there

are nD observations in total (see Fig. 4.1 for illustration of the HyperTraPS pipeline).

The different states, corresponding to all possible combinations of the presence (1) and

absence (0) of L features, can be represented as a hypercubic space, connecting all possible

patterns of feature presence and absence, with neighbouring nodes differing by a single

feature.
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On the hypercubic space we have a transition network π, describing the probability

of a transition between two states. The set of transition probabilities in π leading away

from any node are, by definition, constrained to the sum of 1. We allow evolutionary

transitions between nodes on the hypercubic space, so that traits are acquired one by

one, and each transition between nodes has a probability which is determined from the

data, D. Evolution is modelled as a walk on the hypercubic state space starting at the

state of all 0’s, and potentially ending at the state of all 1’s, with individual transitions

along the walk occurring randomly, weighted by transition probability.

We will use a Bayesian inference framework for inferring parameters (transition proba-

bilities) for the set of edge weights π on the hypercubic transition graph that explain data

D. Initially, we assign an uninformative uniform prior over the outgoing edge weights

from any given node, interpreted as all possible options leaving a node as being equally

likely a priori.

Next, we apply the core algorithm of HyperTraPS to efficiently estimate the likeli-

hood, L(π|D). We initially note that we work in the picture of a hidden Markov model

[231]. Trajectories emit ‘signals’ at random with a characteristic rate, allowing observa-

tion of a sequence of states visited in the trajectory. Of interest is the probability that

randomly emitted signal(s) from a randomly sampled evolutionary trajectory matches an

observation [121]. The product of this probability over all nD independent observations

constitutes the likelihood L(π|D) of a given transition network π given data D.

A set of random walkers are simulated along the hypercubic space and we write

Pemission to denote the probability of emitting signals at the required times along a walk

to allow the observation of a transition between the initial and final state. The proba-

bility of observing a transition matching an observation is generally proportional to the

product of the transition probability between start and target states, and the probability

of reaching the initial state (P (ti|si, π) = Preach(si|π)). In general we have

Pobserve(si → ti) = Pemission(si, ti)Preach(si|π)P (ti|si, π). (4.2.1)
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As signals are emitted uniformly with a characteristic rate, and independently of π,

Pemission is a constant multiplicative factor, leaving Pobserve(si → ti) = P (ti|si, π)Preach(si|π).

It is shown by Johnston and Williams [121] that the term Preach(si|π) is unity both for

convergent (distantly related organisms independently evolve similar traits) and non-

convergent evolution (taxonomically related relationships). In convergent evolution, the

initial state is always the origin state O where all trajectories start, and Preach(O|π) = 1.

In non-convergent evolution, if si is the end state of one observation, then in the over-

all likelihood product we can take Preach(si|π) to be 1. This leaves Pobserve(si → ti) =

P (ti|si, π) in both evolutionary pictures. The likelihood can then be decomposed into the

form in Equation 4.2.2, which is the product of the probabilities of observed transitions

to ti, from si, for a given parameterization of π, and returns a single estimated likelihood

for a given parameterization and set of observations. For computational convenience,

log-likelihood l = log L is used.

L(π|D) =

nD∏
i=1

Pobserve(si → ti). (4.2.2)

To compute the probabilities associated with all trajectories that lead from si to ti,

we need to sample the set of paths that start at the first state and finish at the second,

preferentially sampling the paths that are most likely. This calculation becomes compu-

tationally expensive for systems of dimensions approximately L ≳ 10 [95]. Instead, this

problem is tackled through path sampling, by performing biased random walks restricted

to pathways that end in ti, introduced by Johnston and Williams [121]. In brief, a trajec-

tory is initialised, and the probability of making a move to a state consisting of features

displayed in state ti (called t-compatible) is noted. This step is repeatedly performed until

ti is reached, with the product of probabilities computed, and the amount of bias required

to keep in t-compatible states recorded. After performing numerous trajectories, the av-

erage probability product is computed, and the aggregated amount of bias controlled for.

This sampling method is an efficient framework to accurately estimate the likelihood, and
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allows systems with more features to be considered than previously has been the case.

After estimating the likelihood, it is then embedded within a Bayesian inference frame-

work to infer the set of edge weights π on the hypercubic transition graph that explain

the data D. We are therefore concerned with obtaining posterior distributions on π, using

Bayes’ theorem (Equation 4.2.3),

P (π|D) =
P (D|π)∫

P (D|π)P (π)dπ
P (π). (4.2.3)

As we choose a uniform prior, P (π), we only need to consider the calculation of L(π|D)

to derive samples from the posterior probability distribution.

To sample parameterizations that are associated with high likelihoods, the Hyper-

TraPS framework embeds its likelihood estimation algorithm within a Markov chain

Monte Carlo (MCMC) sampler [300], sequentially drawing new parameter estimates π′

(called the trial transition matrix), after applying a Gaussian-distributed perturbation to

each element of the current transition matrix π. The standard deviation of the pertur-

bation is dependent on the kernel value used in simulation inputs. If the trial transition

matrix π′ is outside the prior, it is automatically rejected and a different trial matrix is

considered. Otherwise, the likelihood is calculated for trial matrix π′ and accepted based

on comparisons to the likelihood of the current transition matrix π, using the Metropo-

lis–Hastings algorithm [41]. This inference process yields inferred posterior distributions

on the hypercubic edge weights π (displayed within “Calculations” in Fig. 4.1).

Although recently developed, this framework has been successfully applied to diverse

real-world problems, including the prediction of clinical risk of children with severe malaria

and the evolution of multi-drug resistance in Tuberculosis, displaying its capabilities [95,

120].
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Antibiotic Class Antibiotics

Fluoroquinolones Gatifloxacin, Levofloxacin, Ciprofloxacin.
Nitrofurans Nitrofurantoin.
Aminoglycosides Amikacin, Tobramycin, Gentamicin.
Antifolates Trimethoprim.
Cephalosporins Ceftazidime, Cefotetan, Cefazolin, Cefepime, Cefurox-

ime, Cefotaxime, Ceftriaxone.
Carbapenems Meropenem, Imipenem.
Penicillins Amoxicillin, Ampicillin, Piperacillin/Tazobactam, Ticar-

cillin/Clavulanic acid.

Table 4.1: Antibiotics grouped by antibiotic class. Each row in the table states
an antibiotic class and the group of antibiotics from the 21 tested compounds that are
within it; based on information from [133]. Note: 1) Cephalosporins, carbapenems and
penicillins are all part of the β-lactam family, and antibiotics within the same class can be
from different generations of antibiotic development; 2) Tazobactam and clavulanic acid
are both β-lactamase inhibitors.

4.2.2 Application of Bayesian inference framework to P. aerug-
inosa data

We applied HyperTraPS and Bayesian inference methodologies to a dataset consisting

of antibiotic resistance profiles for P. aeruginosa isolates causing nosocomial infections

in patients located at public hospitals of northeastern Mexico [93]. The data consists

of 92 isolates tested against 21 antibiotic treatments, from several classes, including

cephalosporins, aminoglycosides and carbapenems (see Table 4.1 and Fig. 4.2). To pro-

duce this data, González-Olvera et al. [93] obtained antibiotic resistance profiles for

each isolate using the automated MicroScan autoSCAN-4 System. For each antibiotic

a minimum inhibitory concentration (MIC) was determined, relating to the resistance

status of each isolate (sensitive, resistant, or indeterminate). In addition, the presence

of β-lactamases in response to each antibiotic was evaluated. Out of the 92 isolates, 26

(28.6%) were found to be multidrug resistant (MDR), and 21 (22.83%) were classified as

extremely drug resistant (XDR); categorization of P. aeruginosa isolates as MDR and

XDR is as defined in [164].

An initial problem within the dataset was that isolates were categorized as producing

β-lactamases in response to an antibiotic (some of which are from the β-lactam family)
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Gatifloxacin
Trimethoprim
Nitrofurantoin

Ceftazidime
Amoxicillin

Levofloxacin
Cefotetan
Amikacin
Cefazolin
Ampicillin

Tobramycin
Cefepime
Imipenem

Piperacillin/Tazobactam
Cefuroxime
Gentamicin
Cefotaxime
Ceftriaxone
Meropenem

Ticarcillin/Clavulanic acid
Ciprofloxacin

Figure 4.2: Antibiotic resistance profiles of 92 P. aeruginosa isolates. Replica
dataset displaying antibiotic resistance profiles of 92 clinical isolates isolated from nosoco-
mial infections in various anatomical sites, such as urine, respiratory and auditive tract,
wounds (from different parts of the body), in addition to bloodstream samples. The
squares below each isolate represent the resistance pattern of each isolate to different
antibiotics, indicating sensitive (green), induction of beta-lactamase (yellow), resistance
(red) and indeterminate data (dark blue). Replicated from the original version in [93]
which includes phylogenetic relationships of all 92 P. aeruginosa isolates.

without being defined as displaying a resistant phenotype, even though β-lactamases are

known to be a sophisticated, clinically-relevant resistance mechanism [233]. To investigate

any underlying relationships within the data that may be missed by categorising an isolate

as susceptible and β-lactamases producing, we have taken two interpretations of the data

and will perform the analysis separately on both datasets. In the first dataset, we define

traits as a resistance or induction of β-lactamase phenotype (red and yellow squares in

Fig. 4.2), and the second defines traits as a resistant phenotype only (red squares in

Fig. 4.2); the two datasets are named the “Test Dataset” and “Resistance Dataset”

respectively, conveying that one dataset is testing an alternative resistance phenotype

definition compared to that by González-Olvera et al. [93].

We describe the antibiotic resistance profile of each isolate by a binary string of length

L = 21, where the ith position corresponds to the absence (0) or presence (1) of the ith

trait, which here is being susceptible (0) or resistant (1) to antibiotic i. The full set of

all binary strings of length L = 21 can be represented as a hypercubic graph, with each

node representing a possible state.

It is typically perceived that antimicrobial-resistant bacteria might be less fit, or the

AMR machinery imposes a fitness cost on the host, leading to the loss of the resistance
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mechanism or resistant bacterial population, but it has been shown this is often not the

case [20, 60, 216]. In the case where resistant bacteria might be less fit, compensatory

mutations can restore fitness to wild-type levels, enabling resistant clinical isolates to pro-

liferate and spread [167]. We therefore proceed by assuming the acquisition of resistance

in the dataset is not lost once gained. This assumption removes the possibility of contin-

uous losses and gains of a trait, equating to eliminating the prospect of walks containing

loops on the hypercube, which would otherwise be computationally exhaustive. Proceed-

ing with this assumption enables the application of HyperTraPS to the P. aeruginosa

data.

With this assumption, we work backwards through the phylogeny calculated by González-

Olvera et al. [93] and infer, using maximum parsimony, the antibiotic resistance profile

of every unobserved parent state. Briefly, this includes comparing the resistance profiles

of the descendants from each internal node within the phylogenetic tree; we performed

this computationally using Python 3.9.4. From these estimates, we can reconstruct the

transitions from parent nodes to descendent nodes on the phylogeny (see [93]) using the

phylogenetic relationship to establish the resistance profile of a parent node which can

evolve to any of its connecting descendants (using an OR function in Python 3.9.4 compu-

tations). These transitions then form the observations used by the HyperTraPS platform,

which is embedded within a Bayesian inference framework to sample from the posterior

distribution for the parameters within our model.

For each of the datasets in our results, 2000 HyperTraPS trajectories were used to

estimate likelihoods. 4 × 105 MCMC iterations are performed with a burn-in period

of 2 × 104 iterations, and posterior samples taken every 103 iterations. To determine

an appropriate value of the perturbation kernel for Gaussian-distributed perturbations on

transition matrix π, and that there was good chain mixing and convergence, we compared

the results from several different simulation protocols, involving different random number

seeds and step sizes (by modulating the kernel value to yield an acceptance rate between

20%-40%), in our preliminary investigation. We found for both datasets, a perturbation

114



with standard deviation of 0.05 on each element in the current transition matrix π when

obtaining new parameters, produced good mixing (reasonable for preliminary investiga-

tions) and a good acceptance rate of transitions. The agreement between the posteriors

in different random number seeds cases then confirmed the convergence of the algorithm.

Information from the inferred posterior distributions are then visually summarised by

recording the probability with which a given feature is gained/lost at a given ordering on

an evolutionary pathway.

4.3 Posterior orderings for the Test and Resistance

Datasets

In Figs. 4.3-4.4 we show the inferred orderings of antibiotic resistance acquisition for the

Test and Resistance Dataset respectively. Traits for each isolate are defined as display-

ing β-lactamase activity or a resistance phenotype in the Test Dataset, and displaying a

resistance phenotype in the Resistance Dataset, when tested against each antibiotic; we

will call these the “resistance” traits of each dataset (see Fig. 4.1 for illustration of the

process to yield these outputs). Inferred orderings of the Test and Resistance Datasets are

simulated with different random numbers, with each random number being an integer ini-

tialising the random number generator within the MCMC algorithm, and different values

are run to check for convergence (outputs display confluent behaviour). The convergent

and contrasting behaviour will be discussed.

The inferred ordering distributions of the Test Dataset display some confluent be-

haviour when simulated with different random number seeds (Fig. 4.3), however, there is

a lack of convergence in the outputs. The lack of convergence means that there is strong

uncertainty in the produced results for the majority of antibiotics within the data. To

improve this convergence, simulations of the Test Dataset need to be extended, but this

preliminary stage of the project is time-limited. The features that are conserved across

simulations are for a small subset of the antibiotics, including cefotetan, gentamicin, and
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meropenem. It is predicted that resistance to cefotetan is acquired earlier than other drugs

tested, and resistance to gentamicin and meropenem is acquired later (Fig. 4.3). Gen-

tamicin also displays minor bimodality in the inferred ordering, suggesting resistance to

this drug might be acquired at different stages, but with a skew towards later acquisition.

Next, we investigated the inferred ordering distributions of individual antibiotics for

the Resistance Dataset across different random number seeds (Fig. 4.4). In this dataset,

resistance traits are defined as an isolate phenotypically displaying resistance to any of the

21 antibiotics in susceptibility testing. It is initially observed the general structure and

variability in ordering distributions is more confluent between different random number

seed simulations, suggesting better convergence for the Resistance Dataset and giving

more confidence in the posterior orderings. There is, however, a degree of difference within

the posterior distributions for piperacillin/tazobactam and meropenem still present.

The Resistance Dataset displays general trends of early, intermediate, and late ac-

quisition of resistance to each antibiotic. Gatifloxacin, trimethoprim and nitrofurantoin

resistance is predicted to be acquired earlier than other drugs tested, and resistance to

drugs such as cefuroxime, and meropenem is acquired later (Fig. 4.4). Between the

drugs with heavily skewed early or late distributions, resistance to some antibiotics is

predicted to be acquired at intermediate orderings (for example, imipenem), or the order-

ing distribution is evenly distributed over the majority of possible positions (for example,

amikacin).

There is significant multimodality in the ordering distributions of individual antibiotics

(Fig. 4.4), suggesting resistance to these drugs might be acquired at different stages and

through independent evolutionary pathways. Notably, levofloxacin and ampicillin display

bimodality in their ordering distributions, predicting several different pathways in which

these traits may be acquired early or late, but not at intermediate orderings (Fig. 4.4).
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(a)

(b)

Late 
Acquisition

Early 
Acquisition

Late 
Acquisition

Early 
Acquisition

Figure 4.3: Inferred pathways of antibiotic resistance acquisition in P. aerugi-
nosa isolates. Posterior orderings of drug-resistance features for the Test Dataset with
random number seeds (a) 2 and (b) 3. Columns display the inferred ordering for resis-
tance of 21 antibiotics, and the radius of a disk is proportional to the posterior probability
that resistance to a given drug (horizontal axis) is acquired at a given position (vertical
axis) in an evolutionary path starting with no drug resistance. Distributions are a relative
statement about the ordering of different events and do not enforce that evolution must
happen from no resistance to a full resistance profile.
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Late 
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Late 
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Early 
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Figure 4.4: Inferred acquisition order for drug resistance in P. aeruginosa clin-
ical isolates. Posterior orderings of drug-resistance features for the Resistance Dataset
with random number seeds (a) 2 and (b) 3. Columns display the inferred ordering for
resistance of 21 antibiotics, and the probability of drug-resistance acquisition in each
position (purple circles increasing in radius for higher probabilities). Distributions are a
relative statement about the ordering of different events and do not enforce that evolution
must happen from no resistance to a full resistance profile.
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4.4 Discussion

We have applied a highly generalizable statistical framework, combining stochastic mod-

elling with Bayesian inference, to infer the structure of evolutionary pathways to explore

the acquisition of antibiotic resistance across clinical P. aeruginosa isolates. We compared

ordering distributions for two versions of the P. aeruginosa dataset, identifying structure

and variability in antibiotic resistance acquisition (Figs. 4.3-4.4).

The inferred orderings from simulations with different random number seeds for the

Resistance Dataset display a substantial level of convergence, providing a strong degree

of confidence in the predicted behaviour, compared with the Test Dataset, which displays

lack of confluence in the posterior distributions. The results from the Test Dataset will not

contribute to the final discussion due to the uncertainty in the outputs. By considering

the Resistance Dataset, the behaviour is being reported from the initial categorization of

isolate susceptibility in the original study [93], where β-lactamase activity was not defined

as an isolate displaying a resistance phenotype.

Our dynamic pathway inference results predict new insights into the structure of the

trajectories by which antibiotic resistance is acquired. The Resistance Dataset provides

predictions of drugs with early resistance acquisition, and multimodality in the ordering

distributions of individual antibiotics, for example, levofloxacin (Figs. 4.4). Resistance to

imipenem (Fig. 4.4) is predicted to be acquired at intermediate orderings, suggesting use

of these drugs initially, or as last-line choices, may be more effective for optimal anti-P.

aeruginosa therapy.

In the Resistance Dataset, antibiotics with predicted early resistance acquisition come

from several antibiotic families (Table 4.1) and have a selection of primary targets [133].

An example of this is the fluoroquinolone family, where there is a possibility of acquiring

levofloxacin and gatifloxacin resistance early, but ciprofloxacin resistance is inferred to

be acquired at intermediate or late orderings. More generally, it can also be observed

that ordering distributions of individual antibiotics from the same antibiotic family or

primary mechanism of action do not exhibit consistent ordering behaviour, suggesting,

119



from this phenotypic data, the choice of prescribed antibiotic needs to be considered on

an individual basis, and not by family or drug target.

Multimodality is the signature of independent evolutionary paths in a system, where a

feature can be acquired at different points, for example, early or late but not at intermedi-

ate orderings. It is observed, in the original susceptibility data, resistance to levofloxacin

is distributed evenly throughout the isolates (Fig. 4.2). Contained within the antibiotic

susceptibility data are isolates resistant to amoxicillin and susceptible to levofloxacin, iso-

lates susceptible to amoxicillin and resistant to levofloxacin, and isolates resistant to both

antibiotics. This observation implies there are multiple independent trajectories in which

these traits can be acquired, relating to independent evolutionary paths through the set

of acquisitions, and is supported by the predicted bimodality of levofloxacin in posterior

orderings (Fig. 4.4).

Resistance to the aminoglycosides, amikacin and tobramycin, is predicted to be ac-

quired throughout the majority of orderings, with tobramycin resistance peaking at in-

termediate orderings. This suggests, tobramycin would be a reasonable choice as a later

therapeutic option, but it may be better to limit the use of amikacin as resistance can be

acquired at any stage. In a clinical-setting, it is suggested that broad spectrum β-lactams

are the first therapeutic option for the treatment of P. aeruginosa infections, with col-

istin and aminoglycosides kept as later therapeutic options [266]. Our prediction, that

resistance to gentamicin (an aminoglycoside, see Table 4.1) is heavily skewed towards late

acquisition (Fig. 4.4), conforms with the clinical use of this drug as a later therapeutic op-

tion. The predicted ordering for gentamicin suggests that this antibiotic is a good choice

to treat P. aeruginosa infections early on, indicating that results from our simulations

need to be considered in a clinical context to provide the most appropriate proposals for

drug use.

Together, the posterior of the Resistance Dataset provides a predictive framework

which can be utilized, for example, to predict the next likely antibiotic resistance acquisi-

tion given an isolate from a real-world patient, and suggest an optimal treatment strategy
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based on the isolate’s current state. Whilst the posterior for the Resistance Dataset pro-

vides reasonable convergence, it is clear that simulations of both datasets need to be

extended. This would provide longer chains to improve convergence and confidence in the

posteriors.
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CHAPTER 5

CONCLUSIONS

The accelerating spread of AMR is a huge global challenge. The methods used to treat

infections for almost 100 years are failing, and the current development of antimicrobial

treatments is not able to keep pace with the escalation of resistance. Numerous pathways

conferring resistance contain an underlying regulatory network. Traditional research of

AMR considers specific elements within a network thought to be involved with a resistance

mechanism, rather than the system as a whole. Mathematical analysis is able to observe

how a complete system makes a decision, rather than the effects of a small subset of

network elements. By considering a resistance system as a whole, theoretical frameworks

can complement traditional experimental methods, providing a combined strategy that

may progress the current approach to tackling antimicrobial resistance.

In Chapter 2, we introduced a simple, ODE model of a general gene regulatory net-

work consisting of two genes, representative of the core of several known decision-making

motifs [81, 108, 109, 205, 318], to explore the effects of cell-to-cell ATP variability on

cellular decision-making. From the analysis of our model, it is predicted that differences

in cellular energy levels will cause differences in the dynamics and stable outcomes of

cellular decision-making (Sections 2.3.1 and 2.3.6). Without a sufficient energy supply,

decision-making circuits lose the capacity to select different phenotypes (Section 2.3.1),

agreeing with experimentally observed behaviour within both eukaryotic and prokary-

otic cells [78, 248, 251]. As energy availability increases, the decision-making landscape
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expands, allowing, and stabilising, separate and intermediate states. Investigating the

influence of noise in gene expression [215, 217, 274] on the behaviour and stability of this

system will be valuable to shed further light on how decisions are made by a cell. Whilst

this model gave us basic insights into how energy availability modulates the decision-

making landscape, scaling this framework to larger GRNs develops a large parameter

space with numerous unknown parameter values, resulting in the analysis of parameter

sensitivity becoming computationally exhaustive.

The framework presented in Chapter 2 could be tailored to model different AMR mech-

anisms. The relationship between energy level and a cellular decision reducing antibiotic

efficacy in prokaryotes (persister cells) has been previously predicted [166]. Applying our

framework to GRNs predicted to be involved with the persister decision may improve our

current understanding of the role of energy availability in persister formation. Develop-

ing our understanding of the role of energy availability in persister formation may help

develop novel or enhanced treatments for recalcitrant infections caused by persister cells.

This is of increasing importance, as recent theoretical models predict persisters facilitate

the evolution of resistance within a bacterial population [145], identifying the larger po-

tential role of persister cells in antimicrobial resistance. The broader application of this

general framework to networks controlling AMR mechanisms, including efflux pumps and

β-lactamase production, may identify novel methods for the treatment of AMR infections.

To investigate how heterogeneity in energy availability may affect cellular decision-

making within a clonal population, we developed a preliminary experimental assay to

image, segment and output quantitative single-cell values of ATP levels in an E. coli pop-

ulation (Section 2.4). The degree of heterogeneity we observed in an E. coli population

was in qualitative agreement with the study from where the assay was first given [309],

suggesting significant cell-to-cell variability in energy availability. This degree of hetero-

geneity in a clonal population has been experimentally observed in additional studies in

eukaryotic and prokaryotic cells [63, 270, 313, 315]. By jointly tracking ATP concen-

trations and a pre-specified cellular decision in single-cells (or, for example, monitoring
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continuous-time efflux gene expression), the role of energy availability on cellular-decision

making may be further elucidated.

In Chapter 3, we applied a more coarse-grained modelling framework to investigate

how efflux pump activity (in the presence and absence of stress) depends on the energy

available to fuel the expression of efflux proteins and their regulators. Developed with

a view for scalability to networks consisting of more genetic actors, a Boolean network

methodology was proposed. We show that the inclusion of energy dependence within a

Boolean network framework – something that has not been observed to be done previ-

ously – predicted that differences in available energy can contribute to pronounced cell

heterogeneity in efflux pump gene expression. We found both the level of available energy

and the stress duration influence the population-level variability in efflux pump expres-

sion (Section 3.3.4). Cells, in the absence of stress, are predicted to express heterogeneous

pulses of efflux genes, and at low energy availability, we predict high variability and noise

in gene expression pulses (Section 3.3.5). Pulse behaviour has been predicted at the pro-

tein level in a previous study of the mar operon [87], a regulator of acrAB in E. coli, and

future studies may resolve the behaviour at the transcript level to test our theoretical

predictions.

It is important to note some limitations of our modelling approach in Chapter 3. First,

the coarse-grained nature of a Boolean model limits the precise quantitative agreement of

individual observations with either more detailed models or biological reality. Instead we

focus on the relative magnitudes and directions of behaviour – for example, does X increase

or decrease Y, and does Z do so more. Second, the Boolean modelling framework is

deliberately simple, and model refinements, including allowing cell death in the presence of

stress (which could be an antibiotic exposure), would allow a more accurate representation

of cell dynamics, and thus produce more detailed predictions on population behaviour, in

stressed and stress-free environments. This development of the framework could improve

its use in AMR applications.

There is accumulating evidence suggesting efflux pumps have broader functional roles
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in antibiotic survival unrelated to the transport of toxic compounds. First, a study by El

Meouche and Dunlop [73] reported bacteria with increased expression of the AcrAB-TolC

system have lower expression of mismatch repair genes, facilitating mutations which can

lead to permanent genetic changes bestowing resistance. Second, a recent publication re-

ports multi-drug efflux-associated genes, acrA, acrB, and tolC showed significantly higher

expression in persisters, and that tolC is important in promoting persister formation [229];

further research has suggested a link between the AcrAB-TolC efflux pump and persister

development [40, 296]. The broader influences of heterogeneity in efflux expression in

cellular populations remains to be uncovered, and further investigation into the predicted

link between efflux pump activity and persisters may determine a general role of energy

availability in antimicrobial resistance-related mechanisms.

In Chapter 4, we applied a Bayesian inference framework to predict pathways leading

to AMR through the potential ordering of resistance acquisition to several antibiotics, in

clinical Pseudomonas aeruginosa isolates. This ordering offers a different insight into the

evolution of AMR bacteria. We have shown, from this alternative method to investigate

the global AMR issue, general trends of early and late resistance acquisition in the order-

ing distributions of antibiotics (Section 4.3). In the early and late groups of antibiotics,

no common characteristics, such as antibiotic family and target, were observed. It was

also predicted that resistance to several antibiotics is acquired through multiple indepen-

dent evolutionary paths. The potential possibilities of this, and similar applications, are

extensive and could provide a basis for personalised and tailored treatments for patients,

improving the outcomes against AMR infections. Here, we have only displayed one of the

many capabilities that HyperTraPS may provide, and applications to further real-world

genomic or phenotypic data will show the possible clinical application of this tool. In con-

nection with the work performed here, there is the prospect of feeding the HyperTraPS

framework outputs into mathematical models of GRNs governing resistance mechanisms.

For example, following the development of a (energy-dependent) mathematical model of a

GRN governing a resistance mechanism, HyperTraPS can be applied to phylogenetically-
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related mutation data considering the genes in the modelled GRN [137, 234] and help

predict the evolutionary paths of resistance acquisition through mutations in genes con-

tained within the GRN. This information can then drive the relevant modifications and

simulations of the mathematical model, providing predictions of the effect of each muta-

tion on model outputs (such as the level of efflux pump expression). The collaborative

strategy of investigating AMR mechanisms, could accelerate the development of novel

targets or treatment strategies to combat AMR bacterial infections.

We believe that this work provides useful frameworks to investigate bacterial AMR.

In Chapters 2-3, we have developed two generalisable methodologies that enable an in-

vestigation into the influence of intrinsic cell-to-cell ATP variability on cellular decision-

making and AMR-related network behaviour. With our theoretical results supporting

our hypotheses throughout, this should provide motivation for further investigation, both

theoretically and experimentally, into the effect of cell-to-cell ATP heterogeneity on cel-

lular behaviour. In Chapter 4, we have applied the HyperTraPS framework to predict

evolutionary pathways of AMR acquisition, which we hope can progress forward and be

used together with the energy-dependent mathematical model methodologies to improve

the current understanding of AMR mechanisms, and inspire a broader investigation into

employing ATP, or ATP-synthase, as an antimicrobial drug target.
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